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A REGULARITY CRITERION OF
STRONG SOLUTIONS TO THE 2D CAUCHY PROBLEM OF THE
KINETIC-FLUID MODEL FOR FLOCKING*

BINGKANG HUANGT AND LAN ZHANGH

Abstract. In this paper, we consider the blow-up criterion for the two dimensional kinetic-fluid
model in the whole space. For particle and fluid dynamics, we employ the Cucker-Smale-Fokker-Planck
model for the flocking particle part, and the isentropic compressible Navier-Stokes equations for the
fluid part, and the separate systems are coupled through the drag force. We show that the strong
solution exists globally if the L°°(0,7"; L°°) norm of the fluid density p(¢,z) is bounded.
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1. Introduction

In this paper, we consider a coupled kinetic-fluid model for the interactions between
Cucker-Smale particles and compressible viscous fluid via a friction force in a random
environment, which can be modeled by the coupled system of kinetic CS-FP type equa-
tion with a degenerate diffusion coefficient and compressible isentropic Navier-Stokes
equations. More precisely, let f= f(t,x,v) be the one-particle distribution function of
a Cucker-Smale ensemble with velocity v= (v1,v2) €R? at position == (z1,22) €R? at
time ¢ > 0 for the particle side, and let p(t,z) be the density and u=wu(t,z) = (u1,u2)(t, )
be the bulk velocity of the compressible fluid. Then the coupled dynamics of [f,p,u] is
governed by the following kinetic-fluid system:

8tf+'v'vzf+vv'(fL[f]+(u_v)f):Av(|v_UC|2f)a
Oep+ V- (pu) =0,

Or(pu)+ V- (pu@u)+ V. P(p) = pAu+ (u+/\)Vzdivu+/ (v—u)fdv, (1.1

R?
 Jpavfdvdx
ver= Jga fdvdx’

Liflt)i= [ ol =)o~ o)t )dvedy,
subject to the initial condition:
(f(0,2,0),p(0,2),u(0,2)) = (fo(z,v),po(2),uo(x)), (z,0) ER*xR?,  (1.2)
and the far field behavior
(f(t,z,v),p(t,z),u(t,z)) —(0,0,0), as(|z|,|v])— +o0, t>0, (1.3)
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1828 A REGULARITY CRITERION OF THE KINETIC-FLUID MODEL FOR FLOCKING

where P(p) is the pressure given by

P(p)=p", v>1,

Y(x—y)=¢(Jxr—y|) in L[f] is a communication weight representing a degree of com-
munication between particles located at x and y. For definiteness, we assumed that 1 is
uniformly bounded and away from zero, and is sufficiently regular: there exist positive
constants v, and ¥,; such that the communication function v satisfies the following

property:

di
0<b(s) Shr<too, 520, Y[98

L (Ry)

Here, we only consider viscosity coefficients p and A are constant, and satisfy the fol-
lowing physical restrictions

n>0, pw+A>0.

Moreover, py and us denote the local mass density, and average local velocity of particle
ensemble, respectively:

Joz vfdv .
py ::/ fdv and upi= Jg2 fdv if pr #0,
R2 0 if ps=0.

There is a huge amount of literature on the studies about the mechanism of blow-up and
structure of possible singularities of strong and classical solutions to the compressible
Navier-Stokes equations. The pioneering work can be traced to Serrin’s criterion [25] on
the Leray-Hopf weak solutions to the three-dimensional incompressible Navier-Stokes
equations, which can be stated that if a weak solution u satisfies

2 3
weL*(0.T:L7), S+5=1, 3<r<+oo (1.4)

then u is regular one. Recently, Serrin-type blow-up criterion was extended to the
compressible Navier-Stokes system in [15,17-19], especially the initial density is allowed
to vanish. For more information about the blow-up criteria for compressible flows, we
can refer to [26], in which the authors proved a blow-up criterion in terms of the upper
bound of the density for the strong solution to the 3-D compressible Navier-Stokes
equations. In [28], a blow-up criterion for the strong solution for 3D viscous liquid-gas
two-phase flow model in a smooth bounded domain is obtained.

In [16,22,24,29], the global solvability of the two-dimensional barotropic compress-
ible Navier-Stokes system with vacuum and large initial data was considered. The main
technical point in these proofs is to apply the spatial weight function on the energy
estimates. These tools help us to control the fluid part in the coupled system (1.1).

In [12] and [13], the authors considered the global classical solutions to kinetic-fluid
coupled system with large initial data and may contain vacuum. The main difficulty
comes from the kinetic and fluid interaction term which has high nonlinearity. We
can refer to [1,8,14] for existence of strong solution for the Cucker-Smale model and
refer to [3-5,11] for local/global existence of strong solution for the coupled system.
Moreover, under suitable assumptions on the initial configurations, the finite-time blow-
up phenomena of classical solutions for Vlasov/Navier-Stokes equations was considered
in [7].
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These previous results lead to a natural question: is it possible to find a blow-up
criterion for strong solution to the system (1.1) with fluid density which may contain
vacuum ¢ In this coupled system, the terms need be controlled not only from the fluid
and kinetic parts but also from the interactions of the kinetic and fluid parts which have
high nonlinearity.

The rest of paper is organized as follows. In Section 1 and 2, we briefly discuss a
framework and present our main results. In Section 3, we provide several lemmas to be
used later. In Section 4, we derive a priori estimates in the whole space and provide a
proof of the main result.

Notation. Throughout the paper, C' denotes a generic positive constant which may
change line by line. The small constants to be chosen are denoted by € and 4. For
function spaces, W*P(R?) and W*P?(R*) denote the standard Sobolev spaces with

standard norm ||« ||y, and HX :=WHE2 |||, :=([g |- |Pdz)? or (Jgal- Pdvdz)? with
1 <p<+o0. For notational simplicity, we denote

6g:f3=8§*55*f’ Oé*:[a*l,a*g], ﬁ*z[ﬁ*laﬁ*ﬂ?
I lwso= > )05 fllresy, k20.

[as|+[B| <N

Homogeneous Sobolev space D“P (¢ > 1) is defined by D*?(R?) ={u € Lloc (]RQ) | ||Veu||p
+oo} with ||ul| pe.» :=||V¥u||,. For the special case p=2, we denote D* as D*?

2. Main result
In this section, we present our main results. Before presenting our main result, let
us recall the precise definition of strong solutions.

DEFINITION 2.1.  If all derivatives involved in (1.1) for [f,p,u] are reqular distributions,
equations (1.1) hold almost everywhere in (0,T) x R?, and for ¢>2, p>4,

p(t,r)>0, VY(t,z)e€[0,T]xR?,
T

p(t,x) € C([0,T]; L (R*) N HY (R*) nW4(R?)),
pi(t,z) € C([0,T]; L7),
u(t,r) € C([0,T; D**N D*?)N L*(0,T; D*1), 2.1)
wy(t,z) € L*(0,T;D%?),  (Vpue)(t,x) € L=(0,T;L?),
ft,z,v)>0, f(t,z,v)e C(O,T;sz’p).
then [f,p,u] is called a strong solution of the system (1.1).
THEOREM 2.1.  Suppose the initial value [fo(z,v),po(x),uo(x)] satisfies that
pol) 2 0,5% po() € L1 (R?), 5% po () € DV(R2) N DL1(R),
7= o+ Jaf?) Hog™*? (e ) 0
po(z) € LY (R*) N H(R*) nW19(R?), Vug(2) € L*(R?), /pouo € L*(R?),
fo(z,v) > 0,22 fo (z,v) € L*(R? x R?), fo(x,v) € L>(0,T; WP (R?)),

with 0 >0, ¢>2, p>4, 1<a< %, k is sufficiently large, and the compatibility condition

—uAug — (p+ ) Vdivug FUuopfy —Ufy Py +VP(po)=+/pog (2.3)
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for some g(x) € L*>(R?). Let [f(t,x,v),p(t,x),u(t,z)] be a strong solution to the Cauchy
problem (1.1)-(1.2). If T* < oo is the mazimal time for that solution, then we have

Ti{g{*HPHL (0,T;L) =30 (2.4)

Some remarks are listed as below:

REMARK 2.1.
e Our method can also be applied to the case that p and A are smooth functions
dependent on p(t,x) similar to [17,22].
o We fail to quantify the index k, and it is insignificant. The reason results from
that k& is dependent on p in Lemma 4.4 and Corollary 4.1, and several places
have used it in this paper.

Now, we briefly sketch the main ideas to derive our result in this paper. Owing
to the fact that the initial density po(z) may contain vacuum, it is difficult to bound
the LP-norm of wu(t,x) from the zero-order energy estimate. To overcome this diffi-
culty, we introduce the Hardy-type ||uz || 24 estimate in (3.3) for zero-order u(t,x).

In the meantime, imposing the space weight on fluid density p(¢,x) in (4.11) is essen-
tial. Next, the coupled terms in (1.1), which have high nonlinearity have the following
difficulties that we need to deal with. Fortunately, as (i) in Lemma 4.2 holds, we can
have nice bounds for kinetic-fluid coupled terms in (4.14) and (4.21). These zero-order
coupled-type estimates are crucial in the proof. The a priori estimates on L{°L%-norm
of Vp(t,r) and the L} L°-norm of the velocity u(t,z) can be obtained by solving a
logarithmic Gronwall’s inequality in Lemma 4.7. Finally, the higher-order estimate on
kinetic density distribution f(¢,2,v) will be considered in Lemma 4.9.

3. Preliminaries

3.1. Elementary inequalities. In this part, we recall several elementary
inequalities. These inequalities play an important role in our proof. We first state the
following Sobolev inequality which will be used frequently:

LEMMA 3.1. [27] There exists a positive constant C such that the following estimates
hold for any function o€ {o€ LP|Voe Lt (R?)}, he HY(R?), we L"(R?)ND*?(R?),
for any pe(2,00) and r € (1,00),

1 102 1-2
lolly <Cp=(IVoll 2o, [lhll, < Cpz|[AlIF VAl 7 51)

r(p—2)

2p
[wlleo < Clpr) w7 [V |lp" 72

Then one has the following weighted L” bounds for elements of D':2(R?) (cf. Theorem
B.1 in [23]):

LEMMA 3.2. For me|[2,00), 0 € (14+m/2,00) and we DY2(R?), it holds that

w|™ _ ™
(/ ™ oot |z[2) edx) < Jwllaz) + V]2, (3.2)

2 e+ |x|?
where By :={x € R?||z|<1}.

The combination of Lemma 3.1 and Lemma 3.2 yields the following Hardy-type
inequality which cites the Lemma 2.4 in [16].
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LEMMA 3.3.  Let T be as in (2.2). Assume that p(t,x) is a non-negative function such
that

/ pdz> My, ||pllLiapee <M
BN1

for positive constants M;(i=1,2), a, and Ny >1. Then for e,n>0, there exists a positive
constant C depending only on €, n, M;(i=1,2), a, Ny such that for every v D%2(R?)
satisfies

[v27 ][22 <C([lVpvll2+[Vo]2), (3.3)
with f=min{1,n}.

The following Beale-Kato-Majda-type inequality will be crucial to derive the L>°-
norm of Vu(t,z).

LeEMMA 3.4 ([6,10,19]). For 2<gq<+4oo, there exists a positive constant C' that may
depend on q such that the following estimate holds for all Vue€ W1 4(R?)N L?(R?),

IVulloo < C(ldivullo + [lcurlulloo)log(e+ [ V2ullg) +C Vul|2 +C.

The following elliptic estimates have been frequently used in Section 4. We state
the result directly and omit the proof.

LEMMA 3.5.  Let [f(t,z,v),p(t,x),u(t,x)] be a strong solution to the coupled system
(1.1). For Vt=(=0y,,0,,), W=us+u-Vu, we can rewrite the momentum equation
(1.1)3 as:

AF =div(pi+(u—ug)ps), pldw=V"-(pi+(u—us)py), (3.4)

where F = (A+2p)divu— P, w =0y, us — Oy, u1. Then we have the following LP estimate
for the above elliptic system,

IVElp+[IVwll, <Clipill, +Cll(u—up)psllp, (3.5)
111+ llwllp < Cllpallz+ [[(u—up)pgll2) ™% ([Vull2+ [ Pll2) 7, (3.6)
IVullp < Cllpilla+ [l (u—ug)psll2)' =7 (IVullz+[|Pll2) 7 +C|| Pl (3.7)

4. A priori estimates and proof of Theorem 2.1
Let [f(t,z,v),p(t,z),u(t,x)] be a strong solution to the coupled system (1.1). Sup-
pose that (2.4) were false, that is, there exists a constant M >0 such that

i oo ooy < . .
Tli)n%*HPHL (0,1:05) < Mo <00 (4.1)

First, we state elementary energy estimates for the coupled system without proofs.
The estimate on the L°°(0,T; LP) norm of the density could be deduced from (1.1)s.

LEMMA 4.1.  Under the conditions (2.2) and (4.1), it holds that for any T € (0,T%),

sup ||pllrinL= <C. (4.2)
0<t<T
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LEMMA 4.2.  Suppose that initial data [fo,po,uo] satisfy the conditions (2.2), let [f,p,u]
be a smooth solution to system (1.1)-(1.2) in [0,T) and T € (0,T*), we have

i) (/R4|v|2fdvdx+/Rzpu2dx+/Rz(p"+p)dx> (t)

+ / (,u|Vu|2—|—(,u—i—)\)(divu)Q)dxdT—i—/ |u—v|? fdvdazdr < C.
[0,t] xR? [0,t] x R4

.. 2y 2
(i) ||f||L°°(0,T;LP(R4))+||‘U_U0|vv(f2)||L2(07T;L2(R4)) <C, 1<p<oo.

1
o0 (0. Lo < i >z
(@id) || fllzoo (0,715 1)) < C; ogHtléT o, pdx74/R?p0dx,

(iv) sup fdvde<C,  sup |z)? fdvde <O, sup |v.| <C.
0<t<T JR4 0<t<T JR4 0<t<T

for some constant Ny >0 depending on T and and By, :={x € R?| |z| < N1},

v

Proof.  For (i), we multiply (1.1); by the 72 and integrate the resulting equation
with respect to z, v over R* to get

1d

Sd% 2fdvdx: V(e —y)v- (ve —v) f(t,y,vs) f(t,2,0)dv.dodyde
R8

+/ (ufv).vfdvdx+2/ |v—ve|* fdvda
R4 R*
S/ (u—v).vfdvdx+2/ |v—ve|? fdvda
R R*
<C v2f(t,:r,v)dvdx+/ (u—v)-vfdvde, (4.3)

R4 R4

where we use that the term fRS V(@ —y)v- (ve—v) f(t,y,ve) f(t,2,0)dv.dvdydz has neg-
ative sign due to anti-symmetry.

Then, multiply (1.1), by the ﬁp“f_l and (1.1), by the u, summing the resulting
equation, we use the integration by parts to have

1 1 1
—pu+——p7 —|—d1v puu +——p"u
2 v—1 ¥ — 1
1
=div {Q,thﬁ +(A+ u)divuu] — |Vl = (p+ X (divu)? +/ u-(v—u)fdv.  (4.4)
R2
Integrate the above equation with respect to  over R? to obtain
d 1
dt
Combining (4.3) with (4.5), we get

d 1/ 2fdvdx+/ 1,0u2d:v+/ ! prdx +/ (| Vul® + (4 ) (dive)?)dz
dt 2 2’Y—1 R2

/ lu—v| fdvdsc<C/ f(t,z,v)dvda. (4.6)

p7 | dx ul? ivw)?)dz = u-(v—u)fdvde.
Yzt [ vu+ e Vvt = [ - uga d(45)

17
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We use Gronwall’s inequality and (4.2) to have (i).
For (ii), we multiply (1.1); by fP~!, integrate the resulting equation with respect
to x, v and use integration by parts to have
1d

p dt Hf“gP :/]RB v”(fpil(t’xfu)) : (U* —0)1/1@ - y)f(t,y,v*)f(t,x,U)dv*dvdyd:c

- (u—v) fdvdz
+ [ Vul ) fum ) fdud
—/]R‘LVU(]”FI)(Z(U—vc)f+|v—vc|2Vf)dvdx

:2(1;?1) ¢(x—y)f(t7y7v*)fp(t,x7v)d7}*d’l)dydx
RS
6= oip — v 2PV F|?
+ 2, = =) [ Jo=o 2V Poda
SOEHfII’Zp—(p—l)/ o —vel? fP72|V fPdvda, (4.7)
p R

We use Gronwall’s inequality to get (ii).
For (iii), according to (4.7), we let p— oo and use the relation lim,_, pp%l =1 to

have | f[| Lo (0,7; ®1)) < C.

For N, we construct a smooth function ¢y such that 0< ¢y <1, |Von| < %, and
for || <N, ¢n =1sfor |x| >2N, ¢ =0.

The mass conservation equation (1.1), yields that

/pdx:/ podz.
R2 R2

There exists a Ny, such that fBN podz > % [o. poda.
0
It follows from the above equality and (1.1), that

d 2 3
— do = . de>—— d 24
dt/ﬂ§2p¢N v /]R?pu Vendo2 N(/R?p x) </R2pu x)

which gives

[N

v
|
2|8

(o)

2CT 2
; _ 27 4.8
Oﬁl?éT/]Rz P¢Ndl‘2/Rz popndx N </RZ PodOC) . (4.8)

Immediately, for Ny = Ny +—2“T " we use (4.8) to have
(Jg2 podz) 2

1
4CT 21
1 > ] > — > .
0<Htl£T/BN1 pdx_OSHtléT/Rz e dx‘/mz podsy dz Ny (/R podx) _4/]1@2 pode

For (iv), integrating (1.1), with respect to z, v over R?*, according to the initial
data (2.2), we directly obtain that [, fdvdz = [, fodvdz <C.

Multiplying (1.1), by %2 and integrating the resulting equation with respect to z,
v over R?* to get

1d 1
- — fodvd:c:/ z-vfdode <= / a:zfdvdqu/ v? fdvda (4.9)
2 dt R4 R4 2 R4 R4
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We combine (i) with (4.9) and use the Gronwall inequality to get [o, |z]* fdvdz <C.
Using [p, fdvdz = [p, fodvda and [o, v? fdvdz <C, we can get

1
lve|? < = (/ v? fdvdx + fdvda:) <C. (4.10)
2 R4 R4

0
LEMMA 4.3.  Under the conditions (2.2), it holds that for any T € (0,T*),

/ pztdz<C. (4.11)
R2

Proof.  Multiplying (1.1)2 by % and integrating the resulting equation over R?,
we obtain that

d a a
— pj%dx§0/ p\u|§757*110g1+‘7(e+|:1:|2)dx
dt R2 R2

2
§C</ pi?210g2(1+‘7)(e+|x|2)dx) (/ pu2dx)
R? R?
gc(/ pxsfdx) , (4.12)
R2

where in the last inequality we have used 1 <a < % and (i7) in Lemma 4.2.
We use Gronwall’s inequality to derive (4.11). O

=
Nl

Next, we show some momentum (velocity) estimates for the kinetic part f.
For this, we set

myf(t,x) ::/Rz lo|* f(t,z,v)dv.

LEMMA 4.4. Under the same settings as in Lemma 4.2, we have

(Z) mlﬁf(tax) SO(1+ ||fHL°° )(kaf(t,ll))%, vl€2 >k1 Zoa

t,x,v

(i) sup / (1+|v\k)fdvdx§C’/ (1+v|*) fodvdz +C,
0<t<T JR4 R4

where k>1 is a positive constant.

Proof. (i) Note that for R >0,
1
[l sao= [ v [ o oSl B g [ ol fde,
R? lv|<R lo|>R - RF2=F1 Jgo

1
We now choose R= ([, |[v]*? fdv)®+2 in the above relation to obtain

k k %
[ a0 Uslazs,. + 1) ( [ Zfdv) |
R2 ]R2

(ii) We multiply (1.1); by (14 v|*) to have

d
- 1 k
7 R4( + [v|*) fdvdx
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/|v| Vo [fLIf]+ (u—v)f+ Vo (Jv—ve* f)]dvdz
7/R4 (v —v)p(x— y)k\v|k zf(y,v*7 ) f (z,v,t)dv.dydodz

+/ k|v|k*2v~(u7v)fdvd:rf/ Elv[F 720V, (Jv —v.|? f)dvda
R4 R4

=711+ T2+ 113. (4.13)

Below, we estimate the terms Z;;(1 < <3), separately.

e (Estimate of Zy1): We use the Holder inequality and Lemma 4.2 to obtain

IHSC/ |v|k_1fdvdx/ v, | fdv.dy
R4 R4

k-1

k t t 2
§C</R4 v fdvdx) (/R4 fdvdx) /R4(v*+1)fdv*dy

2k+2
2k+3
<C </ (1+ v|k)fdvda:> :
R4

e (Estimate of Z15): Again we apply the Holder inequality and the result (i) in Lemma
4.4 to obtain

s\
Ilzé—/ k|kadvdx+0</ (/ x’vjrl|v|k_1fdv> d:c) [ uZ ™ 7T || agep3
R4 R2 \JR2

k(2k43)

2 2k—1
E(k—1)(2k+3) 2k (k+1)
<C v 2RZ+2k-1 fdo T 02 fdo dx
R2 \JR2 R2

__1
X [[uZ” T [|2p 3

w‘__

2k2 42k — 2k+3
k(k—1)(2k+3) (k=1)(k+1) k(2k+3)
<C v 2R?t26-1 fdo dz+ T =+? fdudx
R2 R2 R4

__1
X [[uZ” T [|op 3

2k+2

<C <<A4kadvdx> o —|—1> (IIV/pull2+ | Vull2), (4.14)

where in the last inequality we have used % <2, (i) in Lemma 4.2, (4.11) and (3.3).

o (Estimate of Zy3): We use integration by parts and the estimate |v.|<C to get
T3 :/ k2" 2 (v = 2v v +02) fdude < C’/ (1+ |v|*) fdvda.
R4 R4

In (4.13), we collect estimates Z11, Z12, Z13 to find

a ( / <1+|v|k>fdvdx) e ( / (1+|v|’“)fdvdx)w +C(lpull2 + [ Val).
RAL R4

dt
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Finally, we integrate the above inequality over [0,¢] and use (i) in Lemma 4.2 and
Gronwall’s inequality to derive the desired estimate. 1]
COROLLARY 4.1.  Under the conditions in Lemma 4.2, we have

(i) sup / (1+v|*) fdvdz <O, 2<k<oo.
R4

0<t<T (4.15)

(i) sup [lpflp<C,  sup |ppuslp <C, sup [mof|p<C, p>1.
0<t<T 0<t<T 0<t<T

Proof. The estimates in (4.15) are easy consequences of Lemma 4.2 and Lemma
4.4. For brevity, we omit the details. 1]

LEMMA 4.5.  Under the condition (4.1) and the conditions in Lemma 4.2, we have
that for T (0,T*),

T
sup <||Vu|§+/ (u—v)gfdvdx> —l—/ |v/pul3dt < C. (4.16)
T R4 0

0<t<

Proof. Multiplying (1.1)2 by 7 and integrating the resulting equation over R? give

that
/ |u|2dx—|—£/ }u2f—u-vf dvdz
e’ dt Jaa \ 2

z—/ ﬂ-Vde—l—u/ d-Audx—F()\—Fu)/ u- Vdivudz
R2 R2

R2
1
+/ (qut—wvft) dvd:c—/ u-Vu(u—uy)prde. (4.17)
R4 2 R2

Moreover, multiplying (1.1); by % and integrating the resulting equation over R? x R?
give that

1d 5 9

—— [ v*fdvde= | v-(L[f]+u—v)fdodz+2 [ |v—v.]"fdvdz. (4.18)

2 dt R4 R4 R4

We combine (4.17) and (4.18) to have
/RQp|a|2dx+%%/w(u—v)2fdvdm
:—/ u~Vde+,u/ u~Audx+(>\+u)/ i Vdivudz
R? R? R?
1

—I-/ (uzft—u-vft)dvdx—/ u-Vu(u—uy)prdz
i \ 2 o

+ [ 0@l =) f 2l - fldvds
R4

6
::ZIM' (4.19)
i=1

Now, we estimate the terms Zy;, 1 =1,---6, separately.
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e (Estimate of Zo1): Integrating by parts, we derive from (4.1) that
/ [(divu), P — (u-Vu)-VP]dx
/ (divu) de+/R?[('yf1)(divu)2P+8jui8iujP]dm
/ (divu) Pdz+ C|| Va|2+ [ Vull2).
e (Estimate of Zs0): Integrating by parts, we can get that
Igg:,u/R (ug +u-Vu)-Audx

:—E%HV ul|3+ /8u18ku38;€u]dx ,u/ Ok Oyu;Opujde

§_5%|‘VUH2+C”VU”3

e (Estimate of Zo3): Similar to Zsq, we have that

Atpd
Ty <—=5— 2 lldivul3+C|[Vall3.

o (Estimate of Z54): We have from (1.1), that

1837

Rthdv:—AQU-wadv, /szftdv:—/szv-vzfdv—l—/Rz(L[f]—I—u—v)fdv.
(4.20)

Applying the integration by parts on space variables, we have that

|Ig4|‘/ u~Vu~vfdvdxf/ ’U'V’LL'de’UdJJ*/ u-(L[f]+u—v)fdvdz
R4 R4 R*

< C(IVullallusps 2+ Veullallma 12 + / U+ o) dvda).

For zero-order coupled term for fluid velocity u(¢,z) and density distribution function
f(t,z,v), we only consider the term ||uuypy||2 for simplicity. Other terms in the estimate

of T4 have similar estimates.

We use Holder’s inequality, (3.3), (4.11), Corollary 4.1 and Lemma 4.2 to have that

luugpslle < Clluz ™| 2o [T7uspslly

SC”?@*"H% /R? </Rza?"p1fdv> " (/szﬁllfdv) -

p(p1—1)

SCHU./Z'_WHQJ / / jnplfd?}—f— (/ Upfllfd’l)) P1—P e
p—2 R2 R2 R2

1
3 P
< Cllua )| 2, ( /. <x”p1f+v f> dvdx)
P R4

S

S
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<O+ Vull2), (4.21)

when p; >1, p>2 and 0<n <1 satisfy that

% >1, np1<2, pi1>p, 3pp1—2p—3p1+2=0.
Using the above inequality, we have the following further estimate for Zoy.
|Zo4| < O||Vulj3+C.

e (Estimate of Zo5 and Zog) Similar to estimate of Zog, we omit the details and give the
estimate directly,

|Z25 +Ios| < C||Vul|3+C.

Similar to (4.21), according to Lemma 4.1 and (3.7), it holds that
1 .
IVull3 < Slvpils+C 1+ Vull3).

Collecting the estimates Zo;, i=1,...,6, together, we have

d (1 A
— f/ (u—v)Qfdvdx—l—B||Vu||§+ﬂ\\divu||§—/ divuPdz —|—/ plu|*dz
dt 2 R4 2 2 R2 R2
<C||Vull3+C|Vul3+C

1 .
<5 IVpil3+CO+|Vulp)|Vul3+C,
where
A
L9l -C < 5Ival+ 2 T2 divaly~ [ divapde<u| Tul+C
R2

due to Lemma 4.1.
We use (i) in Lemma 4.2 and Gronwall’s inequality to complete the proof. 0

LEMMA 4.6. Suppose that the condition (4.1) and the conditions in Lemma 4.2 hold.
Then, for T € (0,7*), we have

T
sup ||\/ﬁu||§(t)+/ (IVall3 + Il /orull3)dt < C. (4.22)
0<t<T 0

Proof. Note that
1

5PV (iy)*.

. . . . 1 .
1500 (pity) + div(upi;)] = 5 py (i) +

Then, we apply the operator ;[0 +div(u-)] to (1.1), ; and use (4.20) to have

d
— p\u|2da:+2/ pf|a\2dx=—2/ 0;[0;:P(p) +div(ud; P(p))]da
dt R2 R2 R2

+ 2,u/ 0 [0¢Au; + div(uAu;)|de
R2
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-|-2/ U [0 (4 N)dive) + div(uwd; ((p+ N)dive))]dz
R2
+2/ jlu-Vujpy +ujdiv(ugpyp) —div(u(u;py))lde
R2

+2/R211j[/R2 (L[ flH+uj—v)) f—vi(v- V) dv+div(u(urpy),)]de

5
::ZI?M (4.23)
=1

o(Estimate of 23211-37;)2 Similar to the corresponding estimates in Lemma 3.9 [16], we
have

3

3 3
§ Ta; < f?“”vung - 7“ |0 divu—+u- Vdivul|3 +C(1+ || Vul/3).
=1

o(Estimate of Z34 and Z35): We apply (3.3) on @, use the integration by parts, Corollary
4.1 and (4.21)-type estimate to have

Tsa < C(Jalul[Vullpg|+ |Vl lullugpp| + il Vullugpp |+ Vil lul*|pg])
< C(lvpillz+ IVl ) Vulla (1 + [ Vull2) + ClIVal ([ Vul3 +1)
<e|[Vall3+C(llvpulls+1),

>0 is a small positive constant.
Similarly, we have

Lss < CVil|ul|lugps| + CVil[ma f|+ Clallullps| + Clil lugpy|
<el|Val3+C(llvpul +1)-
We collect all estimates of Zs; in (4.23) to obtain

d . . . . .
@II\/EUII%L IVall5+lypralls <el|Vallz+C(lvpills+ [ Vulli+1).
Note that
IVulli <C([wlli+Idivuls) <CUF I3+l +1P(p)I7)
<C(IVF|53+(Vwl3+1)
<CllVpill3+C,

by Lemma 3.5, (4.2), (4.16) and (4.21)-type estimate.
We can apply Gronwall’s inequality to further obtain

II\/ﬁullg(t)Jr/o (Va3 +[lv/psil3)dr <C. (4.24)
0

LeEMMA 4.7.  Under the conditions listed in (2.2) and the index q being same as in
Theorem 2.1, for T € (0,T*), it holds that

T
sup (IIPHHlnww+\|VUIIH1)(t)+/ [V2u2dt < C. (4.25)
0<t<T 0
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Proof.  We apply the operator V to (1.1)s, multiply by ¢|Vp|9~2Vp, and then
integrate the resulting equation over R? to have

d
—/ |Vp|qu:—(q—1)/ |Vplidivade
dt ]RQ RZ
—q/ |Vp|q_2Vp-Vu~Vpdx—q/ |Vp|72pVp-V(divu)da
R2 R2
It yields that
d
ﬁllvm\qSC(IIVMIImIIVpllﬁ\|V2u||q)~ (4.26)
We use Sobolev’s inequality, Lemma 3.5, Corollary 4.1 and (4.21)-type estimate to have
[[divul[oc + [|wlloo S C([|Flloc + [ P(p) oo + ]l oo)
CUVFIZ™ + Vel 7 +1)
(HPUHq(" Tl —up)ps T +1)
<C(lpi T +1). (4.27)

We deduce from the standard LP-estimates for elliptic system, Lemma 4.1 and Lemma
3.5 that

[V2ullq <C([Vdivullg+ | Vew|q)
SC(IVFE[g+IVwllg+1IVP(p)llg)
<C(llpillg+IVollg) +C- (4.28)

By the Beale-Kato-Majda-type inequality, (4.27) and (4.28), it follows that

IVulloo < C(lldivullos + [[wlloo Jlog e+ [ VZullg) + ClVull2 +C

<C(llpillg"™" +Dlog(e+||pillg+ 1 Vplle) +C. (4.29)

Moreover, from (3.3) and (4.22), it holds that

204-1) a(g—2)
||pd||qSC||pit||2 ||PU|| v
<C||pU||2 H\fU|l2+||VU|l )t
SC’(HV{LH;%’Z) +1). (4.30)
We combine (4.29) and (4.30) to have
Vulloo <C(1+[[Vil2)log(e+[|Vill2 +[[Vpllq) +C.. (4.31)

Then, substituting (4.31), (4.28) into (4.26), we use logarithmic Gronwall’s inequality
and (4.22) to deduce that

sup [|Vpll, <C,
OgthH plla < (4.32)
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which along with (4.29), shows

T
/ [ Vul2.dt <C. (4.33)
0
Finally, it follows from (1.1)2 and Sobolev’s inequality that
d
Vel <CA+[[Vullo) Vol +ClIV2ula. (4.34)

For | V2ul|2, we use (3.5) and (4.32) to have that

IV2ull2 < C(IVwll2 + [ Vdivul.2)
<C(IVelz +IVEll2 +[[VP(p)]2)

1 .
<5 IV2ulla+Cllpilla + [[Voll2 +1)- (4.35)
We use (4.33), (4.34) and (4.35) to get that

sup (||Vpllz +||V3u||3) <C.
ogth(H pllz +IV=ull3) (4.36)

Using (4.28), (4.30) and (4.32) to show that

T
/ [V2ull2dt < C. (4.37)
0

O
With the bound of Hv2u||L2(07T;Lq), q>2, one can get the higher-order estimates of
f(t,xz,v) as follows.

LEMMA 4.8.  Under the conditions listed in (2.2) and for 4<p<oo and T € (0,T*) we
have

sup ([[(0)*Va fl15+ [ (0) Vo £II5) (1)
0<t<T

T :p P kp P
+/0 (v =vel (v) = Vo (IVa fI2)II3+ v —vel () = Vo (Vo fI2)[3)dt <C. (4.38)

Proof. We apply the operator 0, to (1.1); to obtain
000 f+0- V0 49| 01 (0la =) 02 =0) vty
+Vy- (/]R4 (V(x—y))(ve =) f(vs,y,t)dvadyOs, f) + Vo - (u=0) 0z, f) + Vo - (O, uf)
:awiAvUv - vc‘gf)~

We multiply the above equation by (v)*Pp|d,, f|P~20,, f, and integrate the resulting

equations with respect to x, v over R?* to give

d
AL

_— / (0)*%p|0, f
R4

720,19, 0ru (9 =9)) (0. =) f(w:)d0.dy s
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- / (0P p|0s, F1P~20, £+ ( / (2 ) (02 — ) f (00,9, 1)dvudyy, f)dvda
R R4

v kpp|8zif|p723mfvv “((u—v)0y, f)dvdx

/H;<>
- [
+[ o

v (Op;uf)dvde

5
::ZI‘M' (4.39)
i=1

Now we deal with Zy;, i1=1,---,5, as below.

e (Estimate of Z1): By direct calculation, we have

Ti=— [ (09100 120019 | 900 =) (0. 00) 00y doda

— [ 01017720, 59, ([ 2es ()00 =) (02 )0y v

=Ly11 +Ino.
Note that
|I411| < 5up |Vz¢|/ kp |8xzf‘p 1|6UJ f|(/ |Uj* —vc,j|f(v*,y,t)dv*dy)dvdx

<O 5+ VT ).
el po=1) [ @7 10012102, flloy = o

kp? / (0)7 1 £10,, f1P~ dud
]R4

kp P
<elllo—vel(v) Vo Vo f|2 |13+ C(I[(v)* 0, f

15+ 10)* £115),

where € >0 is a small constant. We further estimate Z4; as
p—1 kp Eyn2 k P k p|p
|Za1 STHIU—%\(@ 2 Vo (IVa f12)[lz +C([[(0) 0, flI5 + 1 (0) FIT)-

o (Estimate of Zy;(i=2,3,4)): We use integration by parts to obtain

|Zao| +|Zaz| < C||<”U>k5m7;f||§7
Tl <[Vl [ (o)
< ClIVule(0)*

) VL fIB).
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e (Estimate of Zy5): Again, we use integration by parts to have

Lis :/ p<v>kp|8rif‘p728mifazi (4f+4(v—v) Vo f + ‘v_v6|2Avf)dde
R4

P)+2(0)" (v~ ve) Vo (|0x, £17)

4(p—1)
p

== [ 007 0. 1P + koo o))

+ kp(0)* 72 |v —ve[*v- V, (105, f7)] dvdz — [l = vel {0y # Vo 1V f15)113

g_@mv_v |0} V(9. £15)I5+C ()

We collect all estimates of Zy; in (4.39) to find

d Py 2 5y112
v 0"V flIb+ » H|v vel(v) 2 Vo ([Va f]2)]I2
<C(1+ [ Vulloo) (I0) " Vo 15+ [1(0)* Vo £112))-

Similarly, we can obtain

d kp P
il V)V, flIE+ ) Hlv vel (V) 2 Vo (IVu f12) 115 SO (0)  Va FIIE+ [ (0) Vi £15).
Then we combine the above two estimates to have

%(II@V“VJII% (o) Vo 1) < CA+Vulloo) (1) Va5 + {0} Vo f)-

We further apply the Gronwall inequality and use Lemma 4.7 to derive (4.38). O
LEMMA 4.9.  Under the conditions listed in (2.2). Then, we have

sup Y [l(0) g f

0<t<T
=77 || +[B]=2

lp,(t)<C, 4<p<oo. (4.40)

Proof.  'We apply 0% (Jax| =2) to (1.1)1, multiply the above equation by
(0)*Ppla* fIP~20% f,

and integrate the resulting equations with respect to z, v over R* to obtain

Glro == [ twralor fir=2or g
XV, - /80‘* Y(x—y))(vs )f(m,y,t)dmdyf)dvdx

-2 ) / (0)FPp|a° fP=20° f

|/ |=1

X V- ( » 60‘/(1/1(95 —y)) (v _v)f(v*,y,t)dv*dyao‘_“/f) dvdz

- / (0)Pplo™ f
RAL

XV, (/R4 (V(x =) (v =) f (Vs, y,t)dv,dy O™ f) dvdz

p—23a*f
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P=29% £V, - ((u—0)0™ f)dvda

- [ wmpions
]RAL
-2 / ()PP 9% FIP=20% £V, (8 ud*~® f)dvdx
]RAL

la/|=1

- [ wrmpiors
]R4

+ [ wrrplon s

P=29% £V, - (0% uf)dvdx

P=29% £ Ay (Jv —ve|? f)dvda

7
::ZI&. (4.41)
=1

In the sequel, we estimate the terms Z5; separately.

e (Estimate of Z51): We rewrite Z5; as follows.
Tu=- [ (plov P20 19, ([ 0 (6o 9) 0. 00) (0 )dody ) dods
R4 R4

~ [ o o 19, ([ 0 (wla =)~ 0)f (009 )dvedys ) dvds
R4 R4
:=T511 +Is12.

By direct computation, we have

Zou < sup (V201 | (@) 2p10% 11|90 ldod [ o= vl (o))
r€ER2 R4 R4
<C(l()0™ FI2+11 ) T, £,
el <plp=1) [ (071101

VL0 f

|v—ve|dvda
+ kp? /R ) ()=t f1o7,, fIP dude
Spp%ll\|v—vc|<v>%vv(|V§f\%)II§+C(||<v>k3a*f||§+ I(0)* F112).
Then, we can further estimate Z5; as
|Zs1| < %IH@—%I@%%I%ﬂg||§+C(||<v>k5”‘*f\|5+||<v>'“va||§+ ()" £1I7).

Similarly, we use integration by parts to have

| Zso| +1Zsa| + 1 Zsal <C(I[{0)" 0% FI5+ () V2 L £I15),
| 55] +1Zs6] <C | Vulloo | (0) 0 FIFVI(0)* V2, £l
+C1V2ullzpll(0) 0 FIFVI(0)* Vo f 12
SC(IVulloo + [V2ull2p) (1{0)* 0% fllp +11(v)* V2 , fll, +1).

Similar to the estimate of Zy5, we have

2(p—1
T, < 271
p

llo=vel(0) V(192 £15) 3+ C )| (0) 0 fl5.
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We collect the estimates of Zs; in (4.41) to have
d o p—l kp D
@0 Flf+ == lllv = vel(v) F Vo[ VL2 3
p
<C(IVulloo +1V2ull2) (| {0)*0%* fllp + [{0)*VZ o flp +1). (4.42)
Similarly, we can obtain
d k p, P11 kp 212 122
prl Vvaf||p+7le—vc|<v> 2 VL VLIVLTIE

<C(Iw)* Vo fllp +11(0)* V2 fllp+1),

d p—1 kp 2
%Il<v>kvﬁf||§§+TIIIU—UCIW FVLIVIE <OV Fllp+ 1 (0) V2 o fllp+1).
(4.43)
We combine (4.42) and (4.43)to have
d k go
=00 Iwressly)
| |+]B«|=2
< C(IVulloo +1V2ull2p) (1 (0) V2 f 1o+ 11 0) V5 Fllp + 1 (0) V3 o fllp+1).
We further apply Gronwall’s inequality and use Lemma 4.7 to have (4.40). 0

LEMMA 4.10. Suppose the conditions (2.2) hold and the index q is same as in Theorem
2.1, it holds that

su T4 12Apta)(t) <C.
Ogth(H pllpt2npra)(t) (4.44)

Proof.  First, for 0<0 <1, it follows from (3.3) and (4.16) that
Juz =7y <C.
We use Sobolev’s inequality to have that
IV (=)l < ClIVaull g+ Clluz ™ ||os | (e+ [217) "%
< %||V(u:r5)||q+C|\Vqu+C||u:f*5||%.
Combining the above estimates, we have
[uZ %o <C+C||Vully- (4.45)
Then, we use (1.1)s to get that
(pz*)+u-V(pz®*) —apz®u- VlogZ + pz*divu =0.
Direct calculations give that

(IV(pz®)llg)e <CAL+ [ Voo +[lu- ViogZ||oo) [V (p2) 4
+C([1Vul[Vioga [l + | [ul | V1ogZ|llg + [V *ullg) 177" |
<CA+[Vullwra) IV (pz)llq
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FO) () oo (| Vtllg + 1uz ™% [loo 272 |g + [V 2ull )
<C(1+ | V2ullg + || Vullw.a) L+ V(02| ),

where in the last inequality, we have used (4.45) and the following Sobolev’s inequality,

|pZ?|oc <C||pz*

; +CIV (")

q

IS

1 5a B
<c (ol [ pa%as) 4w,
<C+CIV(pz), (4.46)
From (4.25) and Gronwall’s inequality, we get that

sup ||V (pz)[lq <C.
0<t<T

Specially, supy<;<7 ||V (pZ?)[|2 < C also holds. O
With Lemma 4.1-4.10 at hand, we are now in a position to prove our theorem.

4.1. Proof of Theorem 2.1.  We argue by contradiction. Suppose that (4.1)
holds. Note that the generic constant C' in Lemma 4.1-4.10 remains bounded for all
T <T*, so the functions [f(T*,z,v),p(T*,z),w(T*,x)] :=lims_, 7« [ (t,2,0), p(t, z),u(t, )]
satisfy the conditions imposed on the initial data at the time t=T7T". Furthermore,
standard arguments yield that pi€ C([0,7]; L?), which implies

pu(T*,z)= lim pucL?.
t—T*

Hence,
—pAu—(p+N)Vdivu+upy —ugps+VP|—p- =/p(T*,2)g(x)
with
g(x):_{\/ﬁ(T*,x)a(T*,x), if xe{z|p(T*,x)>0}, (847)
0, if xe{z|p(T*,x)=0},
satisfying g€L? due to Lemma 4.7. Therefore, one can take

[f(T*,2,v),p(T*,z),u(T*,x)] as the initial data and extend the local strong solu-
tion beyond 7. This contradicts the assumption on 7. We thus finish the proof of
Theorem 2.1.
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