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A REGULARITY CRITERION OF
STRONG SOLUTIONS TO THE 2D CAUCHY PROBLEM OF THE

KINETIC-FLUID MODEL FOR FLOCKING∗

BINGKANG HUANG† AND LAN ZHANG‡

Abstract. In this paper, we consider the blow-up criterion for the two dimensional kinetic-fluid
model in the whole space. For particle and fluid dynamics, we employ the Cucker-Smale-Fokker-Planck
model for the flocking particle part, and the isentropic compressible Navier-Stokes equations for the
fluid part, and the separate systems are coupled through the drag force. We show that the strong
solution exists globally if the L∞(0,T ;L∞) norm of the fluid density ρ(t,x) is bounded.
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1. Introduction
In this paper, we consider a coupled kinetic-fluid model for the interactions between

Cucker-Smale particles and compressible viscous fluid via a friction force in a random
environment, which can be modeled by the coupled system of kinetic CS-FP type equa-
tion with a degenerate diffusion coefficient and compressible isentropic Navier-Stokes
equations. More precisely, let f =f(t,x,v) be the one-particle distribution function of
a Cucker-Smale ensemble with velocity v=(v1,v2)∈R2 at position x=(x1,x2)∈R2 at
time t>0 for the particle side, and let ρ(t,x) be the density and u=u(t,x)=(u1,u2)(t,x)
be the bulk velocity of the compressible fluid. Then the coupled dynamics of [f,ρ,u] is
governed by the following kinetic-fluid system:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂tf+v ·∇xf+∇v ·(fL[f ]+(u−v)f)=Δv(|v−vc|2f),
∂tρ+∇x ·(ρu)=0,

∂t(ρu)+∇x ·(ρu⊗u)+∇xP (ρ)=μΔxu+(μ+λ)∇xdivu+

∫
R2

(v−u)fdv,

vc :=

∫
R4 vfdvdx∫
R4 fdvdx

, L[f ](t,x,v) :=

∫
R4

ψ(x−y)(v∗−v)f(t,y,v∗)dv∗dy,

(1.1)

subject to the initial condition:

(f(0,x,v),ρ(0,x),u(0,x))=(f0(x,v),ρ0(x),u0(x)), (x,v)∈R2×R
2, (1.2)

and the far field behavior

(f(t,x,v),ρ(t,x),u(t,x))→ (0,0,0), as(|x|, |v|)→+∞, t>0, (1.3)
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where P (ρ) is the pressure given by

P (ρ)=ργ , γ >1,

ψ(x−y)=ψ(|x−y|) in L[f ] is a communication weight representing a degree of com-
munication between particles located at x and y. For definiteness, we assumed that ψ is
uniformly bounded and away from zero, and is sufficiently regular: there exist positive
constants ψm and ψM such that the communication function ψ satisfies the following
property:

0<ψ(s)≤ψM <+∞, s≥0,
∑

1≤i≤3

∥∥∥diψ
dsi

∥∥∥
L∞(R+)

<∞.

Here, we only consider viscosity coefficients μ and λ are constant, and satisfy the fol-
lowing physical restrictions

μ>0, μ+λ≥0.

Moreover, ρf and uf denote the local mass density, and average local velocity of particle
ensemble, respectively:

ρf :=

∫
R2

fdv and uf :=

{ ∫
R2

vfdv∫
R2

fdv
if ρf 	=0,

0 if ρf =0.

There is a huge amount of literature on the studies about the mechanism of blow-up and
structure of possible singularities of strong and classical solutions to the compressible
Navier-Stokes equations. The pioneering work can be traced to Serrin’s criterion [25] on
the Leray-Hopf weak solutions to the three-dimensional incompressible Navier-Stokes
equations, which can be stated that if a weak solution u satisfies

u∈Ls(0,T ;Lr),
2

s
+

3

r
=1, 3<r≤+∞ (1.4)

then u is regular one. Recently, Serrin-type blow-up criterion was extended to the
compressible Navier-Stokes system in [15,17–19], especially the initial density is allowed
to vanish. For more information about the blow-up criteria for compressible flows, we
can refer to [26], in which the authors proved a blow-up criterion in terms of the upper
bound of the density for the strong solution to the 3-D compressible Navier-Stokes
equations. In [28], a blow-up criterion for the strong solution for 3D viscous liquid-gas
two-phase flow model in a smooth bounded domain is obtained.

In [16,22,24,29], the global solvability of the two-dimensional barotropic compress-
ible Navier-Stokes system with vacuum and large initial data was considered. The main
technical point in these proofs is to apply the spatial weight function on the energy
estimates. These tools help us to control the fluid part in the coupled system (1.1).

In [12] and [13], the authors considered the global classical solutions to kinetic-fluid
coupled system with large initial data and may contain vacuum. The main difficulty
comes from the kinetic and fluid interaction term which has high nonlinearity. We
can refer to [1, 8, 14] for existence of strong solution for the Cucker-Smale model and
refer to [3–5, 11] for local/global existence of strong solution for the coupled system.
Moreover, under suitable assumptions on the initial configurations, the finite-time blow-
up phenomena of classical solutions for Vlasov/Navier-Stokes equations was considered
in [7].
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These previous results lead to a natural question: is it possible to find a blow-up
criterion for strong solution to the system (1.1) with fluid density which may contain
vacuum ? In this coupled system, the terms need be controlled not only from the fluid
and kinetic parts but also from the interactions of the kinetic and fluid parts which have
high nonlinearity.

The rest of paper is organized as follows. In Section 1 and 2, we briefly discuss a
framework and present our main results. In Section 3, we provide several lemmas to be
used later. In Section 4, we derive a priori estimates in the whole space and provide a
proof of the main result.

Notation. Throughout the paper, C denotes a generic positive constant which may
change line by line. The small constants to be chosen are denoted by ε and δ. For
function spaces, W k,p(R2) and W k,p(R4) denote the standard Sobolev spaces with

standard norm ‖·‖Wk,p , and Hk :=W k,2. ‖·‖p := (
∫
R2 | · |pdx)

1
p or (

∫
R4 | · |pdvdx)

1
p with

1≤p≤+∞. For notational simplicity, we denote

∂α∗
β∗ f :=∂

α∗
x ∂β∗

v f, α∗=[α∗1,α∗2], β∗=[β∗1,β∗2],

‖f‖WN,p
k

:=
∑

|α∗|+|β∗|≤N

‖〈v〉k∂α∗
β∗ f‖Lp(R4), k≥0.

Homogeneous Sobolev spaceD�,p(�≥1) is defined byD�,p(R2)={u∈L1
loc(R

2)|‖∇�u‖p<
+∞} with ‖u‖D�,p :=‖∇�u‖p. For the special case p=2, we denote D� as D�,2.

2. Main result
In this section, we present our main results. Before presenting our main result, let

us recall the precise definition of strong solutions.

Definition 2.1. If all derivatives involved in (1.1) for [f,ρ,u] are regular distributions,
equations (1.1) hold almost everywhere in (0,T )×R

2, and for q>2, p>4,

ρ(t,x)≥0, ∀(t,x)∈ [0,T ]×R
2,

ρ(t,x)∈C([0,T ];L1(R2)∩H1(R2)∩W 1,q(R2)),

ρt(t,x)∈C([0,T ];Lq),

u(t,x)∈C([0,T ;D1,2∩D2,2)∩L2(0,T ;D2,q),

ut(t,x)∈L2(0,T ;D1,2), (
√
ρut)(t,x)∈L∞(0,T ;L2),

f(t,x,v)>0, f(t,x,v)∈C(0,T ;W 2,p
k ).

(2.1)

then [f,ρ,u] is called a strong solution of the system (1.1).

Theorem 2.1. Suppose the initial value [f0(x,v),ρ0(x),u0(x)] satisfies that

ρ0(x)≥0,x̄
5a
4 ρ0(x)∈L1(R2),x̄aρ0(x)∈D1,2(R2)∩D1,q(R2),

x̄=(e+ |x|2) 1
2 log1+σ(e+ |x|2)

ρ0(x)∈L1(R2)∩H1(R2)∩W 1,q(R2),∇u0(x)∈L2(R2),
√
ρ0u0∈L2(R2),

f0(x,v)>0,x2f0(x,v)∈L2(R2×R
2),f0(x,v)∈L∞(0,T ;W 2,p

k (R2)),

(2.2)

with σ>0, q>2, p>4, 1<a< 8
5 , k is sufficiently large, and the compatibility condition

−μΔu0−(μ+λ)∇divu0+u0ρf0−uf0ρf0 +∇P (ρ0)=
√
ρ0g (2.3)
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for some g(x)∈L2(R2). Let [f(t,x,v),ρ(t,x),u(t,x)] be a strong solution to the Cauchy
problem (1.1)-(1.2). If T ∗<∞ is the maximal time for that solution, then we have

lim
T→T∗

‖ρ‖L∞(0,T ;L∞)=∞. (2.4)

Some remarks are listed as below:

Remark 2.1.
• Our method can also be applied to the case that μ and λ are smooth functions
dependent on ρ(t,x) similar to [17, 22].

• We fail to quantify the index k, and it is insignificant. The reason results from
that k is dependent on p in Lemma 4.4 and Corollary 4.1, and several places
have used it in this paper.

Now, we briefly sketch the main ideas to derive our result in this paper. Owing
to the fact that the initial density ρ0(x) may contain vacuum, it is difficult to bound
the Lp-norm of u(t,x) from the zero-order energy estimate. To overcome this diffi-
culty, we introduce the Hardy-type ‖ux̄−η‖ 2+ε

η̃
estimate in (3.3) for zero-order u(t,x).

In the meantime, imposing the space weight on fluid density ρ(t,x) in (4.11) is essen-
tial. Next, the coupled terms in (1.1)2 which have high nonlinearity have the following
difficulties that we need to deal with. Fortunately, as (i) in Lemma 4.2 holds, we can
have nice bounds for kinetic-fluid coupled terms in (4.14) and (4.21). These zero-order
coupled-type estimates are crucial in the proof. The a priori estimates on L∞

t L
q
x-norm

of ∇ρ(t,x) and the L1
tL

∞
x -norm of the velocity u(t,x) can be obtained by solving a

logarithmic Gronwall’s inequality in Lemma 4.7. Finally, the higher-order estimate on
kinetic density distribution f(t,x,v) will be considered in Lemma 4.9.

3. Preliminaries

3.1. Elementary inequalities. In this part, we recall several elementary
inequalities. These inequalities play an important role in our proof. We first state the
following Sobolev inequality which will be used frequently:

Lemma 3.1. [27] There exists a positive constant C such that the following estimates

hold for any function o∈{o∈Lp|∇o∈L 2p
p+2 (R2)}, h∈H1(R2), w∈Lr(R2)∩D1,p(R2),

for any p∈ (2,∞) and r∈ (1,∞),

‖o‖p≤Cp 1
2 ‖∇o‖ 2p

p+2
, ‖h‖p≤Cp 1

2 ‖h‖
2
p

2 ‖∇h‖
1− 2

p

2 ,

‖w‖∞≤C(p,r)‖w‖
r(p−2)

2p+r(p−2)
r ‖∇w‖

2p
2p+r(p−2)
p .

(3.1)

Then one has the following weighted Lp bounds for elements of D1,2(R2) (cf. Theorem
B.1 in [23]):

Lemma 3.2. For m∈ [2,∞), θ∈ (1+m/2,∞) and w∈D1,2(R2), it holds that

(∫
R2

|w|m
e+ |x|2 (log(e+ |x|

2))−θdx

) 1
m

�‖w‖2(B1)+‖∇w‖2, (3.2)

where B1 :={x∈R2
∣∣|x|<1}.

The combination of Lemma 3.1 and Lemma 3.2 yields the following Hardy-type
inequality which cites the Lemma 2.4 in [16].
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Lemma 3.3. Let x̄ be as in (2.2). Assume that ρ(t,x) is a non-negative function such
that ∫

BN1

ρdx≥M1, ‖ρ‖L1∩L∞ ≤M2

for positive constantsMi(i=1,2), a, and N1≥1. Then for ε,η>0, there exists a positive
constant C depending only on ε, η, Mi(i=1,2), a, N1 such that for every v∈D1,2(R2)
satisfies

‖vx̄−η‖ 2+ε
η̄
≤C(‖√ρv‖2+‖∇v‖2), (3.3)

with η̄=min{1,η}.
The following Beale-Kato-Majda-type inequality will be crucial to derive the L∞-

norm of ∇u(t,x).
Lemma 3.4 ( [6,10,19]). For 2<q<+∞, there exists a positive constant C that may
depend on q such that the following estimate holds for all ∇u∈W 1,q(R2)∩L2(R2),

‖∇u‖∞≤C(‖divu‖∞+‖curlu‖∞)log(e+‖∇2u‖q)+C‖∇u‖2+C.

The following elliptic estimates have been frequently used in Section 4. We state
the result directly and omit the proof.

Lemma 3.5. Let [f(t,x,v),ρ(t,x),u(t,x)] be a strong solution to the coupled system
(1.1). For ∇⊥=(−∂x2 ,∂x1), u̇=ut+u ·∇u, we can rewrite the momentum equation
(1.1)3 as:

ΔF =div(ρu̇+(u−uf )ρf ), μΔω=∇⊥ ·(ρu̇+(u−uf )ρf ), (3.4)

where F =(λ+2μ)divu−P , ω=∂x1
u2−∂x2

u1. Then we have the following Lp estimate
for the above elliptic system,

‖∇F‖p+‖∇ω‖p≤C‖ρu̇‖p+C‖(u−uf )ρf‖p, (3.5)

‖F‖p+‖ω‖p≤C(‖ρu̇‖2+‖(u−uf )ρf‖2)1− 2
p (‖∇u‖2+‖P‖2) 2

p , (3.6)

‖∇u‖p≤C(‖ρu̇‖2+‖(u−uf )ρf‖2)1− 2
p (‖∇u‖2+‖P‖2) 2

p +C‖P‖p. (3.7)

4. A priori estimates and proof of Theorem 2.1
Let [f(t,x,v),ρ(t,x),u(t,x)] be a strong solution to the coupled system (1.1). Sup-

pose that (2.4) were false, that is, there exists a constant M0>0 such that

lim
T→T∗

‖ρ‖L∞(0,T ;L∞)≤M0<∞. (4.1)

First, we state elementary energy estimates for the coupled system without proofs.
The estimate on the L∞(0,T ;Lp) norm of the density could be deduced from (1.1)2.

Lemma 4.1. Under the conditions (2.2) and (4.1), it holds that for any T ∈ (0,T ∗),

sup
0≤t≤T

‖ρ‖L1∩L∞ ≤C. (4.2)
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Lemma 4.2. Suppose that initial data [f0,ρ0,u0] satisfy the conditions (2.2), let [f,ρ,u]
be a smooth solution to system (1.1)-(1.2) in [0,T ) and T ∈ (0,T ∗), we have

(i)

(∫
R4

|v|2fdvdx+
∫
R2

ρu2dx+

∫
R2

(ργ+ρ)dx

)
(t)

+

∫
[0,t]×R2

(μ|∇u|2+(μ+λ)(divu)2)dxdτ+

∫
[0,t]×R4

|u−v|2fdvdxdτ ≤C.

(ii) ‖f‖L∞(0,T ;Lp(R4))+‖|v−vc|∇v(f
p
2 )‖

2
p

L2(0,T ;L2(R4))≤C, 1≤p<∞.

(iii) ‖f‖L∞(0,T ;L∞(R4))≤C, inf
0≤t≤T

∫
BN1

ρdx≥ 1

4

∫
R2

ρ0dx,

(iv) sup
0≤t≤T

∫
R4

fdvdx≤C, sup
0≤t≤T

∫
R4

|x|2fdvdx≤C, sup
0≤t≤T

|vc|≤C.

for some constant N1>0 depending on T and and BN1 :={x∈R2
∣∣ |x|<N1},

Proof. For (i), we multiply (1.1)1 by the v2

2 and integrate the resulting equation
with respect to x, v over R4 to get

1

2

d

dt

∫
R4

v2fdvdx=

∫
R8

ψ(x−y)v ·(v∗−v)f(t,y,v∗)f(t,x,v)dv∗dvdydx

+

∫
R4

(u−v) ·vfdvdx+2

∫
R4

|v−vc|2fdvdx

≤
∫
R4

(u−v) ·vfdvdx+2

∫
R4

|v−vc|2fdvdx

≤C
∫
R4

v2f(t,x,v)dvdx+

∫
R4

(u−v) ·vfdvdx, (4.3)

where we use that the term
∫
R8ψ(x−y)v ·(v∗−v)f(t,y,v∗)f(t,x,v)dv∗dvdydx has neg-

ative sign due to anti-symmetry.
Then, multiply (1.1)2 by the γ

γ−1ρ
γ−1 and (1.1)3 by the u, summing the resulting

equation, we use the integration by parts to have(
1

2
ρu2+

1

γ−1
ργ

)
t

+div

(
1

2
ρuu2+

γ

γ−1
ργu

)

=div

[
1

2
μ∇u2+(λ+μ)divuu

]
−μ|∇u|2−(μ+λ)(divu)2+

∫
R2

u ·(v−u)fdv. (4.4)

Integrate the above equation with respect to x over R2 to obtain

d

dt

∫
R2

(
1

2
ρu2+

1

γ−1
ργ

)
dx+

∫
R2

(μ|∇u|2+(μ+λ)(divu)2)dx=

∫
R4

u ·(v−u)fdvdx.
(4.5)

Combining (4.3) with (4.5), we get

d

dt

(
1

2

∫
R4

v2fdvdx+

∫
R2

1

2
ρu2dx+

∫
R2

1

γ−1
ργdx

)
+

∫
R2

(μ|∇u|2+(μ+λ)(divu)2)dx

+

∫
R4

|u−v|2fdvdx≤C
∫
R4

v2f(t,x,v)dvdx. (4.6)
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We use Gronwall’s inequality and (4.2) to have (i).
For (ii), we multiply (1.1)1 by fp−1, integrate the resulting equation with respect

to x, v and use integration by parts to have

1

p

d

dt
‖f‖pLp =

∫
R8

∇v(f
p−1(t,x,v)) ·(v∗−v)ψ(x−y)f(t,y,v∗)f(t,x,v)dv∗dvdydx

+

∫
R4

∇v(f
p−1) ·(u−v)fdvdx

−
∫
R4

∇v(f
p−1) ·(2(v−vc)f+ |v−vc|2∇f)dvdx

=
2(p−1)

p

∫
R8

ψ(x−y)f(t,y,v∗)fp(t,x,v)dv∗dvdydx

+
6(p−1)

p
‖f‖pLp−(p−1)

∫
R4

|v−vc|2fp−2|∇f |2dvdx

≤C p−1

p
‖f‖pLp−(p−1)

∫
R4

|v−vc|2fp−2|∇f |2dvdx. (4.7)

We use Gronwall’s inequality to get (ii).
For (iii), according to (4.7), we let p→∞ and use the relation limp→∞ p−1

p =1 to

have ‖f‖L∞(0,T ;L∞(R4))≤C.
For N , we construct a smooth function φN such that 0≤φN ≤1, |∇φN |≤ 2

N , and
for |x|≤N , φN =1;for |x|≥2N , φN =0.

The mass conservation equation (1.1)2 yields that∫
R2

ρdx=

∫
R2

ρ0dx.

There exists a N0, such that
∫
BN0

ρ0dx≥ 1
2

∫
R2 ρ0dx.

It follows from the above equality and (1.1)2 that

d

dt

∫
R2

ρφNdx=

∫
R2

ρu ·∇φNdx≥− 2

N

(∫
R2

ρdx

) 1
2
(∫

R2

ρu2dx

) 1
2

≥−2C

N

(∫
R2

ρ0dx

) 1
2

,

which gives

inf
0≤t≤T

∫
R2

ρφNdx≥
∫
R2

ρ0φNdx− 2CT

N

(∫
R2

ρ0dx

) 1
2

. (4.8)

Immediately, for N1=N0+
16CT

(
∫
R2

ρ0dx)
1
2
, we use (4.8) to have

inf
0≤t≤T

∫
BN1

ρdx≥ inf
0≤t≤T

∫
R2

ρφN1
2
dx≥

∫
R2

ρ0φN1
2
dx− 4CT

N1

(∫
R2

ρ0dx

) 1
2

≥ 1

4

∫
R2

ρ0dx.

For (iv), integrating (1.1)1 with respect to x, v over R
4, according to the initial

data (2.2), we directly obtain that
∫
R4 fdvdx=

∫
R4 f0dvdx≤C.

Multiplying (1.1)1 by x2

2 and integrating the resulting equation with respect to x,
v over R4 to get

1

2

d

dt

∫
R4

x2fdvdx=

∫
R4

x ·vfdvdx≤ 1

2

(∫
R4

x2fdvdx+

∫
R4

v2fdvdx

)
(4.9)
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We combine (ii) with (4.9) and use the Gronwall inequality to get
∫
R4 |x|2fdvdx≤C.

Using
∫
R4 fdvdx=

∫
R4 f0dvdx and

∫
R4 v

2fdvdx≤C, we can get

|vc|2≤ 1

2

(∫
R4

v2fdvdx+

∫
R4

fdvdx

)
≤C. (4.10)

Lemma 4.3. Under the conditions (2.2), it holds that for any T ∈ (0,T ∗),∫
R2

ρx̄
5a
4 dx≤C. (4.11)

Proof. Multiplying (1.1)2 by x̄
5a
4 and integrating the resulting equation over R2,

we obtain that

d

dt

∫
R2

ρx̄
5a
4 dx≤C

∫
R2

ρ|u|x̄ 5a
4 −1log1+σ(e+ |x|2)dx

≤C
(∫

R2

ρx̄
5a
2 −2log2(1+σ)(e+ |x|2)dx

) 1
2
(∫

R2

ρu2dx

) 1
2

≤C
(∫

R2

ρx̄
5a
4 dx

) 1
2

, (4.12)

where in the last inequality we have used 1<a< 8
5 and (ii) in Lemma 4.2.

We use Gronwall’s inequality to derive (4.11).

Next, we show some momentum (velocity) estimates for the kinetic part f .
For this, we set

mkf(t,x) :=

∫
R2

|v|kf(t,x,v)dv.

Lemma 4.4. Under the same settings as in Lemma 4.2, we have

(i) mk1f(t,x)≤C(1+‖f‖L∞
t,x,v

)(mk2f(t,x))
k1+2
k2+2 , ∀k2>k1≥0,

(ii) sup
0≤t≤T

∫
R4

(1+ |v|k)fdvdx≤C
∫
R4

(1+ |v|k)f0dvdx+C,

where k≥1 is a positive constant.

Proof. (i) Note that for R>0,∫
R2

|v|k1fdv=

∫
|v|≤R

|v|k1fdv+

∫
|v|>R

|v|k1fdv�‖f‖L∞
t,x,v

Rk1+2+
1

Rk2−k1

∫
R2

|v|k2fdv.

We now choose R=(
∫
R2 |v|k2fdv)

1
k2+2 in the above relation to obtain

∫
R2

|v|k1fdv� (‖f‖L∞
t,x,v

+1)

(∫
R2

|v|k2fdv

) k1+2
k2+2

.

(ii) We multiply (1.1)1 by (1+ |v|k) to have

d

dt

∫
R4

(1+ |v|k)fdvdx
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=−
∫
R4

|v|k∇v · [fL[f ]+(u−v)f+∇v(|v−vc|2f)]dvdx

=

∫
R4

v ·(v∗−v)ψ(x−y)k|v|k−2f(y,v∗,t)f(x,v,t)dv∗dydvdx

+

∫
R4

k|v|k−2v ·(u−v)fdvdx−
∫
R4

k|v|k−2v ·∇v(|v−vc|2f)dvdx
:=I11+I12+I13. (4.13)

Below, we estimate the terms I1i(1≤ i≤3), separately.

• (Estimate of I11): We use the Hölder inequality and Lemma 4.2 to obtain

I11≤C
∫
R4

|v|k−1fdvdx

∫
R4

|v∗|fdv∗dy

≤C
(∫

R4

|v|kfdvdx
) k−1

k
(∫

R4

fdvdx

) 1
k
∫
R4

(v2∗+1)fdv∗dy

≤C
(∫

R4

(1+ |v|k)fdvdx
) 2k+2

2k+3

.

• (Estimate of I12): Again we apply the Hölder inequality and the result (i) in Lemma
4.4 to obtain

I12≤−
∫
R4

k|v|kfdvdx+C
(∫

R2

(∫
R2

x̄
1

k+1 |v|k−1fdv

) 2k+3
2(k+1)

dx

) 2k+2
2k+3

‖ux̄− 1
k+1 ‖2k+3

≤C
⎛
⎝∫

R2

(∫
R2

v
k(k−1)(2k+3)

2k2+2k−1 fdv

) 2k2+2k−1
2k(k+1)

(∫
R2

x̄
k(2k+3)

(k+1)2 fdv

) 1
2k

dx

⎞
⎠

2k+2
2k+3

×‖ux̄− 1
k+1 ‖2k+3

≤C
⎛
⎝∫

R2

(∫
R2

v
k(k−1)(2k+3)

2k2+2k−1 fdv

) 2k2+2k−1
(2k−1)(k+1)

dx+

∫
R4

x̄
k(2k+3)

(k+1)2 fdvdx

⎞
⎠

2k+2
2k+3

×‖ux̄− 1
k+1 ‖2k+3

≤C
((∫

R4

vkfdvdx

) 2k+2
2k+3

+1

)
(‖√ρu‖2+‖∇u‖2), (4.14)

where in the last inequality we have used k(2k+3)
(k+1)2 <2, (i) in Lemma 4.2, (4.11) and (3.3).

• (Estimate of I13): We use integration by parts and the estimate |vc|≤C to get

I13=
∫
R4

k2|v|k−2(v2−2v ·vc+v2c )fdvdx�C
∫
R4

(1+ |v|k)fdvdx.

In (4.13), we collect estimates I11, I12, I13 to find

d

dt

(∫
R4

(1+ |v|k)fdvdx
) 1

2k+3

�C
(∫

R4

(1+ |v|k)fdvdx
) 1

2k+3

+C(‖√ρu‖2+‖∇u‖2).
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Finally, we integrate the above inequality over [0,t] and use (i) in Lemma 4.2 and
Gronwall’s inequality to derive the desired estimate.

Corollary 4.1. Under the conditions in Lemma 4.2, we have

(i) sup
0≤t≤T

∫
R4

(1+ |v|k)fdvdx≤C, 2≤k<∞.

(ii) sup
0≤t≤T

‖ρf‖pp≤C, sup
0≤t≤T

‖ρfuf‖pp≤C, sup
0≤t≤T

‖m2f‖pp≤C, p≥1.
(4.15)

Proof. The estimates in (4.15) are easy consequences of Lemma 4.2 and Lemma
4.4. For brevity, we omit the details.

Lemma 4.5. Under the condition (4.1) and the conditions in Lemma 4.2, we have
that for T ∈ (0,T ∗),

sup
0≤t≤T

(
‖∇u‖22+

∫
R4

(u−v)2fdvdx
)
+

∫ T

0

‖√ρu̇‖22dt≤C. (4.16)

Proof. Multiplying (1.1)2 by u̇ and integrating the resulting equation over R2 give
that ∫

R2

ρ|u̇|2dx+ d

dt

∫
R4

(
1

2
u2f−u ·vf

)
dvdx

=−
∫
R2

u̇ ·∇Pdx+μ
∫
R2

u̇ ·Δudx+(λ+μ)

∫
R2

u̇ ·∇divudx

+

∫
R4

(
1

2
u2ft−u ·vft

)
dvdx−

∫
R2

u ·∇u(u−uf )ρfdx. (4.17)

Moreover, multiplying (1.1)1 by v2

2 and integrating the resulting equation over R2×R
2

give that

1

2

d

dt

∫
R4

v2fdvdx=

∫
R4

v ·(L[f ]+u−v)fdvdx+2

∫
R4

|v−vc|2fdvdx. (4.18)

We combine (4.17) and (4.18) to have∫
R2

ρ|u̇|2dx+ 1

2

d

dt

∫
R4

(u−v)2fdvdx

=−
∫
R2

u̇ ·∇Pdx+μ
∫
R2

u̇ ·Δudx+(λ+μ)

∫
R2

u̇ ·∇divudx

+

∫
R4

(
1

2
u2ft−u ·vft

)
dvdx−

∫
R2

u ·∇u(u−uf )ρfdx

+

∫
R4

[v ·(L[f ]+u−v)f+2|v−vc|2f ]dvdx

:=
6∑

i=1

I2i. (4.19)

Now, we estimate the terms I2i, i=1, · · ·6, separately.
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• (Estimate of I21): Integrating by parts, we derive from (4.1) that

I21=
∫
R2

[(divu)tP −(u ·∇u) ·∇P ]dx

=
d

dt

∫
R2

(divu)Pdx+

∫
R2

[(γ−1)(divu)2P +∂jui∂iujP ]dx

≤ d

dt

∫
R2

(divu)Pdx+C‖∇u‖22+‖∇u‖33).

• (Estimate of I22): Integrating by parts, we can get that

I22=μ
∫
R2

(ut+u ·∇u) ·Δudx

=−μ
2

d

dt
‖∇u‖22+

μ

2

∫
R2

∂iui∂kuj∂kujdx−μ
∫
R2

∂kui∂iuj∂kujdx

≤−μ
2

d

dt
‖∇u‖22+C‖∇u‖33.

• (Estimate of I23): Similar to I22, we have that

I23 ≤−λ+μ
2

d

dt
‖divu‖22+C‖∇u‖33.

• (Estimate of I24): We have from (1.1)1 that∫
R2

ftdv=−
∫
R2

v ·∇xfdv,

∫
R2

vftdv=−
∫
R2

vv ·∇xfdv+

∫
R2

(L[f ]+u−v)fdv.
(4.20)

Applying the integration by parts on space variables, we have that

|I24|=
∣∣∣∣
∫
R4

u ·∇u ·vfdvdx−
∫
R4

v ·∇u ·vfdvdx−
∫
R4

u ·(L[f ]+u−v)fdvdx
∣∣∣∣

≤C
(
‖∇u‖2‖uufρf‖2+‖∇u‖2‖m2f‖2+

∫
R4

f(1+ |u|2+ |v|2)dvdx
)
.

For zero-order coupled term for fluid velocity u(t,x) and density distribution function
f(t,x,v), we only consider the term ‖uufρf‖2 for simplicity. Other terms in the estimate
of I24 have similar estimates.

We use Hölder’s inequality, (3.3), (4.11), Corollary 4.1 and Lemma 4.2 to have that

‖uufρf‖2≤C‖ux̄−η‖ 2p
p−2
‖x̄ηufρf‖p

≤C‖ux̄−η‖ 2p
p−2

⎛
⎝∫

R2

(∫
R2

x̄ηp1fdv

) p
p1

(∫
R2

v
p1

p1−1 fdv

) p(p1−1)
p1

dx

⎞
⎠

1
p

≤C‖ux̄−η‖ 2p
p−2

⎛
⎝∫

R2

⎛
⎝∫

R2

x̄ηp1fdv+

(∫
R2

v
p1

p1−1 fdv

) p(p1−1)
p1−p

⎞
⎠dx

⎞
⎠

1
p

≤C‖ux̄−η‖ 2p
p−2

(∫
R4

(
x̄ηp1f+v

p1(3p−2)
p1−p f

)
dvdx

) 1
p
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≤C(1+‖∇u‖2), (4.21)

when p1>1, p>2 and 0<η<1 satisfy that

pη

p−2
>1, ηp1<2, p1>p, 3pp1−2p−3p1+2≥0.

Using the above inequality, we have the following further estimate for I24.

|I24|≤C‖∇u‖22+C.

• (Estimate of I25 and I26) Similar to estimate of I24, we omit the details and give the
estimate directly,

|I25+I26|≤C‖∇u‖22+C.

Similar to (4.21), according to Lemma 4.1 and (3.7), it holds that

‖∇u‖33≤
1

2
‖√ρu̇‖22+C(1+‖∇u‖42).

Collecting the estimates I2i, i=1, . . . ,6, together, we have

d

dt

(
1

2

∫
R4

(u−v)2fdvdx+ μ

2
‖∇u‖22+

λ+μ

2
‖divu‖22−

∫
R2

divuPdx

)
+

∫
R2

ρ|u̇|2dx

≤C‖∇u‖22+C‖∇u‖33+C
≤1

2
‖√ρu̇‖22+C(1+‖∇u‖22)‖∇u‖22+C,

where

μ

2
‖∇u‖22−C≤

μ

2
‖∇u‖22+

λ+μ

2
‖divu‖22−

∫
R2

divuPdx≤μ‖∇u‖22+C

due to Lemma 4.1.
We use (ii) in Lemma 4.2 and Gronwall’s inequality to complete the proof.

Lemma 4.6. Suppose that the condition (4.1) and the conditions in Lemma 4.2 hold.
Then, for T ∈ (0,T ∗), we have

sup
0≤t≤T

‖√ρu̇‖22(t)+
∫ T

0

(‖∇u̇‖22+‖
√
ρf u̇‖22)dt≤C. (4.22)

Proof. Note that

u̇j [∂t(ρu̇j)+div(uρu̇j)]=
1

2
ρ∂t(u̇j)

2+
1

2
ρu ·∇(u̇j)

2.

Then, we apply the operator u̇j [∂t+div(u·)] to (1.1)3,j and use (4.20) to have

d

dt

∫
R2

ρ|u̇|2dx+2

∫
R2

ρf |u̇|2dx=−2
∫
R2

u̇j [∂jtP (ρ)+div(u∂jP (ρ))]dx

+2μ

∫
R2

u̇j [∂tΔuj+div(uΔuj)]dx
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+2

∫
R2

u̇j [∂jt((μ+λ)divu)+div(u∂j((μ+λ)divu))]dx

+2

∫
R2

u̇j [u ·∇ujρf +ujdiv(ufρf )−div(u(ujρf ))]dx

+2

∫
R2

u̇j [

∫
R2

((Lj [f ]+uj−vj)f−vj(v ·∇f))dv+div(u(ufρf )j)]dx

:=

5∑
i=1

I3i, (4.23)

•(Estimate of
∑3

i=1I3i): Similar to the corresponding estimates in Lemma 3.9 [16], we
have

3∑
i=1

I3i≤−3μ

2
‖∇u̇‖22−

3μ

2
‖∂tdivu+u ·∇divu‖22+C(1+‖∇u‖44).

•(Estimate of I34 and I35): We apply (3.3) on u̇, use the integration by parts, Corollary
4.1 and (4.21)-type estimate to have

I34≤C(|u̇||u||∇u||ρf |+ |∇u̇||u||ufρf |+ |u̇||∇u||ufρf |+ |∇u̇||u|2|ρf |)
≤C(‖√ρu̇‖2+‖∇u̇‖2)‖∇u‖2(1+‖∇u‖2)+C‖∇u̇‖2(‖∇u‖22+1)

≤ε‖∇u̇‖22+C(‖
√
ρu̇‖22+1),

ε>0 is a small positive constant.
Similarly, we have

I35≤C|∇u̇||u||ufρf |+C|∇u̇||m2f |+C|u̇||u||ρf |+C|u̇||ufρf |
≤ε‖∇u̇‖22+C(‖

√
ρu̇‖22+1).

We collect all estimates of I3i in (4.23) to obtain

d

dt
‖√ρu̇‖22+‖∇u̇‖22+‖

√
ρf u̇‖22≤ε‖∇u̇‖22+C(‖

√
ρu̇‖22+‖∇u‖44+1).

Note that

‖∇u‖44≤C(‖ω‖44+‖divu‖44)≤C(‖F‖44+‖ω‖44+‖P (ρ)‖44)
≤C(‖∇F‖22+‖∇ω‖22+1)

≤C‖√ρu̇‖22+C,
by Lemma 3.5, (4.2), (4.16) and (4.21)-type estimate.
We can apply Gronwall’s inequality to further obtain

‖√ρu̇‖22(t)+
∫ t

0

(‖∇u̇‖22+‖
√
ρf u̇‖22)dτ ≤C. (4.24)

Lemma 4.7. Under the conditions listed in (2.2) and the index q being same as in
Theorem 2.1, for T ∈ (0,T ∗), it holds that

sup
0≤t≤T

(‖ρ‖H1∩W 1,q +‖∇u‖H1)(t)+

∫ T

0

‖∇2u‖2qdt≤C. (4.25)
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Proof. We apply the operator ∇ to (1.1)2, multiply by q|∇ρ|q−2∇ρ, and then
integrate the resulting equation over R2 to have

d

dt

∫
R2

|∇ρ|qdx=−(q−1)

∫
R2

|∇ρ|qdivudx

−q
∫
R2

|∇ρ|q−2∇ρ ·∇u ·∇ρdx−q
∫
R2

|∇ρ|q−2ρ∇ρ ·∇(divu)dx.

It yields that

d

dt
‖∇ρ‖q≤C(‖∇u‖∞‖∇ρ‖q+‖∇2u‖q). (4.26)

We use Sobolev’s inequality, Lemma 3.5, Corollary 4.1 and (4.21)-type estimate to have

‖divu‖∞+‖ω‖∞≤C(‖F‖∞+‖P (ρ)‖∞+‖ω‖∞)

≤C(‖∇F‖
q

2(q−1)
q +‖∇ω‖

q
2(q−1)
q +1)

≤C(‖ρu̇‖
q

2(q−1)
q +‖(u−uf )ρf‖

q
2(q−1)
q +1)

≤C(‖ρu̇‖
q

2(q−1)
q +1). (4.27)

We deduce from the standard Lp-estimates for elliptic system, Lemma 4.1 and Lemma
3.5 that

‖∇2u‖q≤C(‖∇divu‖q+‖∇ω‖q)
≤C(‖∇F‖q+‖∇ω‖q+‖∇P (ρ)‖q)
≤C(‖ρu̇‖q+‖∇ρ‖q)+C. (4.28)

By the Beale-Kato-Majda-type inequality, (4.27) and (4.28), it follows that

‖∇u‖∞≤C(‖divu‖∞+‖ω‖∞)log(e+‖∇2u‖q)+C‖∇u‖2+C
≤C(‖ρu̇‖

q
2(q−1)
q +1)log(e+‖ρu̇‖q+‖∇ρ‖q)+C. (4.29)

Moreover, from (3.3) and (4.22), it holds that

‖ρu̇‖q≤C‖ρu̇‖
2(q−1)

q2−2

2 ‖ρu̇‖
q(q−2)

q2−2

q2

≤C‖ρu̇‖
2(q−1)

q2−2

2 (‖√ρu̇‖2+‖∇u̇‖2)
q(q−2)

q2−2

≤C(‖∇u̇‖
q(q−2)

q2−2

2 +1). (4.30)

We combine (4.29) and (4.30) to have

‖∇u‖∞≤C(1+‖∇u̇‖2)log(e+‖∇u̇‖2+‖∇ρ‖q)+C.. (4.31)

Then, substituting (4.31), (4.28) into (4.26), we use logarithmic Gronwall’s inequality
and (4.22) to deduce that

sup
0≤t≤T

‖∇ρ‖q≤C, (4.32)
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which along with (4.29), shows

∫ T

0

‖∇u‖2∞dt≤C. (4.33)

Finally, it follows from (1.1)2 and Sobolev’s inequality that

d

dt
‖∇ρ‖2≤C(1+‖∇u‖∞)‖∇ρ‖2+C‖∇2u‖2. (4.34)

For ‖∇2u‖2, we use (3.5) and (4.32) to have that

‖∇2u‖2≤C(‖∇ω‖2+‖∇divu‖2)
≤C(‖∇ω‖2+‖∇F‖2+‖∇P (ρ)‖2)
≤ 1

2
‖∇2u‖2+C(‖ρu̇‖2+‖∇ρ‖2+1). (4.35)

We use (4.33), (4.34) and (4.35) to get that

sup
0≤t≤T

(‖∇ρ‖2+‖∇2u‖22)≤C. (4.36)

Using (4.28), (4.30) and (4.32) to show that

∫ T

0

‖∇2u‖2qdt≤C. (4.37)

With the bound of ‖∇2u‖L2(0,T ;Lq), q>2, one can get the higher-order estimates of
f(t,x,v) as follows.

Lemma 4.8. Under the conditions listed in (2.2) and for 4<p<∞ and T ∈ (0,T ∗) we
have

sup
0≤t≤T

(‖〈v〉k∇xf‖pp+‖〈v〉k∇vf‖pp)(t)

+

∫ T

0

(‖|v−vc|〈v〉
kp
2 ∇v(|∇xf |

p
2 )‖22+‖|v−vc|〈v〉

kp
2 ∇v(|∇vf |

p
2 )‖22)dt≤C. (4.38)

Proof. We apply the operator ∂xi
to (1.1)1 to obtain

∂t∂xif+v ·∇∂xif+∇v ·(
∫
R4

∂xi(ψ(x−y))(v∗−v)f(v∗,y,t)dv∗dyf)

+∇v ·(
∫
R4

(ψ(x−y))(v∗−v)f(v∗,y,t)dv∗dy∂xi
f)+∇v ·((u−v)∂xi

f)+∇v ·(∂xi
uf)

=∂xi
Δv(|v−vc|2f).

We multiply the above equation by 〈v〉kpp|∂xif |p−2∂xif , and integrate the resulting
equations with respect to x, v over R4 to give

d

dt
‖〈v〉k∂xif‖pp

=−
∫
R4

〈v〉kpp|∂xi
f |p−2∂xi

f∇v ·(
∫
R4

∂xi
(ψ(x−y))(v∗−v)f(v∗,y,t)dv∗dyf)dvdx
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−
∫
R4

〈v〉kpp|∂xi
f |p−2∂xi

f∇v ·(
∫
R4

(ψ(x−y))(v∗−v)f(v∗,y,t)dv∗dy∂xi
f)dvdx

−
∫
R4

〈v〉kpp|∂xi
f |p−2∂xi

f∇v ·((u−v)∂xi
f)dvdx

−
∫
R4

〈v〉kpp|∂xif |p−2∂xif∇v ·(∂xiuf)dvdx

+

∫
R4

〈v〉kpp|∂xi
f |p−2∂xi

f∂xi
Δv(|v−vc|2f)dvdx

=:
5∑

i=1

I4i. (4.39)

Now we deal with I4i, i=1, · · · ,5, as below.

• (Estimate of I41): By direct calculation, we have

I41=−
∫
R4

〈v〉kpp|∂xif |p−2∂xif∇v ·(
∫
R4

∂xi(ψ(x−y))(v∗−vc)f(v∗,y,t)dv∗dyf)dvdx

−
∫
R4

〈v〉kpp|∂xi
f |p−2∂xi

f∇v ·(
∫
R4

∂xi
(ψ(x−y))(vc−v)f(v∗,y,t)dv∗dyf)dvdx

:=I411+I412.

Note that

|I411|≤ sup
x∈R2

|∇xψ|
∫
R4

〈v〉kpp|∂xi
f |p−1|∂vjf |

(∫
R4

|vj∗−vc,j |f(v∗,y,t)dv∗dy
)
dvdx

≤C(‖〈v〉k∂xi
f‖pp+‖〈v〉k∇vf‖pp),

|I412|≤p(p−1)

∫
R4

〈v〉kpf |∂xif |p−2|∂2xivjf ||vj−vc,j |dvdx

+kp2
∫
R4

〈v〉kp−1f |∂xi
f |p−1dvdx

≤ε‖|v−vc|〈v〉
kp
2 ∇v|∇xf |

p
2 ‖22+C(‖〈v〉k∂xi

f‖pp+‖〈v〉kf‖pp),

where ε>0 is a small constant. We further estimate I41 as

|I41|≤ p−1

p
‖|v−vc|〈v〉

kp
2 ∇v(|∇xf |

p
2 )‖22+C(‖〈v〉k∂xi

f‖pp+‖〈v〉kf‖pp).

• (Estimate of I4i(i=2,3,4)): We use integration by parts to obtain

|I42|+ |I43|≤C‖〈v〉k∂xi
f‖pp,

|I44|≤‖∇u‖∞
∫
R4

〈v〉kp|∂xi
f |p−1|∇vf |dvdx

≤C‖∇u‖∞(‖〈v〉k∂xi
f‖pp+‖〈v〉k∇vf‖pp).



B.-K. HUANG AND L. ZHANG 1843

• (Estimate of I45): Again, we use integration by parts to have

I45=
∫
R4

p〈v〉kp|∂xi
f |p−2∂xi

f∂xi
(4f+4(v−vc) ·∇vf+ |v−vc|2Δvf)dvdx

=−
∫
R4

[
4p(〈v〉kp|∂xif |p+kpv(v−vc)〈v〉kp−2|∂xif |p)+2〈v〉kp(v−vc)∇v(|∂xif |p)

+ kp〈v〉kp−2|v−vc|2v ·∇v(|∂xif |p)
]
dvdx− 4(p−1)

p
‖|v−vc|〈v〉

kp
2 ∇v(|∇xf |

p
2 )‖22

≤−2(p−1)

p
‖|v−vc|〈v〉

kp
2 ∇v(|∇xf |

p
2 )‖22+C‖〈v〉k∂xi

f‖pp.

We collect all estimates of I4i in (4.39) to find

d

dt
‖〈v〉k∇xf‖pp+

p−1

p
‖|v−vc|〈v〉

kp
2 ∇v(|∇xf |

p
2 )‖22

≤C(1+‖∇u‖∞)(‖〈v〉k∇xf‖pp+‖〈v〉k∇vf‖pp)).
Similarly, we can obtain

d

dt
‖〈v〉k∇vf‖pp+

p−1

p
‖|v−vc|〈v〉

kp
2 ∇v(|∇vf |

p
2 )‖22≤C(‖〈v〉k∇xf‖pp+‖〈v〉k∇vf |pp).

Then we combine the above two estimates to have

d

dt
(‖〈v〉k∇xf‖pp+‖〈v〉k∇vf‖pp)≤C(1+‖∇u‖∞)(‖〈v〉k∇xf‖pp+‖〈v〉k∇vf‖pp).

We further apply the Gronwall inequality and use Lemma 4.7 to derive (4.38).

Lemma 4.9. Under the conditions listed in (2.2). Then, we have

sup
0≤t≤T

∑
|α∗|+|β∗|=2

‖〈v〉k∂α∗
β∗ f‖p(t)≤C, 4<p<∞. (4.40)

Proof. We apply ∂α∗(|α∗|=2) to (1.1)1, multiply the above equation by

〈v〉kpp|∂α∗f |p−2∂α∗f,

and integrate the resulting equations with respect to x, v over R4 to obtain

d

dt
‖〈v〉k∂α∗f‖pp=−

∫
R4

〈v〉kpp|∂α∗f |p−2∂α∗f

×∇v ·
(∫

R4

∂α∗(ψ(x−y))(v∗−v)f(v∗,y,t)dv∗dyf
)
dvdx

−2
∑

|α′|=1

∫
R4

〈v〉kpp|∂α∗f |p−2∂α∗f

×∇v ·
(∫

R4

∂α
′
(ψ(x−y))(v∗−v)f(v∗,y,t)dv∗dy∂α−α′

f
)
dvdx

−
∫
R4

〈v〉kpp|∂α∗f |p−2∂α∗f

×∇v ·
(∫

R4

(ψ(x−y))(v∗−v)f(v∗,y,t)dv∗dy∂α∗f
)
dvdx
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−
∫
R4

〈v〉kpp|∂α∗f |p−2∂α∗f∇v ·((u−v)∂α∗f)dvdx

−2
∑

|α′|=1

∫
R4

〈v〉kpp|∂α∗f |p−2∂α∗f∇v ·(∂α′
u∂α−α′

f)dvdx

−
∫
R4

〈v〉kpp|∂α∗f |p−2∂α∗f∇v ·(∂α∗uf)dvdx

+

∫
R4

〈v〉kpp|∂α∗f |p−2∂α∗f∂α∗Δv(|v−vc|2f)dvdx

=:
7∑

i=1

I5i. (4.41)

In the sequel, we estimate the terms I5i separately.
• (Estimate of I51): We rewrite I51 as follows.

I51=−
∫
R4

〈v〉kpp|∂α∗f |p−2∂α∗f∇v ·
(∫

R4

∂α∗(ψ(x−y))(v∗−vc)f(v∗,y,)dv∗dyf
)
dvdx

−
∫
R4

〈v〉kpp|∂α∗f |p−2∂α∗f∇v ·
(∫

R4

∂α∗(ψ(x−y))(vc−v)f(v∗,y,)dv∗dyf
)
dvdx

:=I511+I512.
By direct computation, we have

|I511|≤ sup
x∈R2

|∇2
xψ|

∫
R4

〈v〉kpp|∂α∗f |p−1|∇vf |dvdx
∫
R4

|v∗−vc|f(v∗,y)dv∗dy)

≤C(‖〈v〉k∂α∗f‖pp+‖〈v〉k∇vf‖pp),
|I512|≤p(p−1)

∫
R4

〈v〉kpf |∂α∗f |p−2|∇v∂
α∗f ||v−vc|dvdx

+kp2
∫
R4

〈v〉kp−1f |∂2xixj
f |p−1dvdx

≤p−1

p
‖|v−vc|〈v〉

kp
2 ∇v(|∇2

xf |
p
2 )‖22+C(‖〈v〉k∂α∗f‖pp+‖〈v〉kf‖pp).

Then, we can further estimate I51 as

|I51|≤ p−1

p
‖|v−vc|〈v〉

kp
2 ∇v|∇2

xf |
p
2 ‖22+C(‖〈v〉k∂α∗f‖pp+‖〈v〉k∇vf‖pp+‖〈v〉kf‖pp).

Similarly, we use integration by parts to have

|I52|+ |I53|+ |I54|≤C(‖〈v〉k∂α∗f‖pp+‖〈v〉k∇2
x,vf‖pp),

|I55|+ |I56|≤C‖∇u‖∞‖〈v〉k∂α∗f‖(p−1)
p ‖〈v〉k∇2

x,vf‖p
+C‖∇2u‖2p‖〈v〉k∂α∗f‖(p−1)

p ‖〈v〉k∇vf‖2p
≤C(‖∇u‖∞+‖∇2u‖2p)(‖〈v〉k∂α∗f‖p+‖〈v〉k∇2

x,vf‖p+1).

Similar to the estimate of I45, we have

I57≤−2(p−1)

p
‖|v−vc|〈v〉

kp
2 ∇v(|∇2

xf |
p
2 )‖22+C(p)‖〈v〉k∂α∗f‖pp.
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We collect the estimates of I5i in (4.41) to have

d

dt
‖〈v〉k∂α∗f‖pp+

p−1

p
‖|v−vc|〈v〉

kp
2 ∇v|∇2

xf |
p
2 ‖22

≤C(‖∇u‖∞+‖∇2u‖2p)(‖〈v〉k∂α∗f‖p+‖〈v〉k∇2
x,vf‖p+1). (4.42)

Similarly, we can obtain

d

dt
‖〈v〉k∇x∇vf‖pp+

p−1

p
‖|v−vc|〈v〉

kp
2 ∇x∇2

v|∇2
xf |

p
2 ‖22

≤C(‖〈v〉k∇2
vf‖p+‖〈v〉k∇2

x,vf‖p+1),

d

dt
‖〈v〉k∇2

vf‖pp+
p−1

p
‖|v−vc|〈v〉

kp
2 ∇3

v|∇2
xf |

p
2 ‖22≤C(‖〈v〉k∇2

vf‖p+‖〈v〉k∇2
x,vf‖p+1).

(4.43)

We combine (4.42) and (4.43)to have

d

dt

( ∑
|α∗|+|β∗|=2

‖〈v〉k∂α∗
β∗ f‖p

)

≤C(‖∇u‖∞+‖∇2u‖2p)(‖〈v〉k∇2
xf‖p+‖〈v〉k∇2

vf‖p+‖〈v〉k∇2
x,vf‖p+1).

We further apply Gronwall’s inequality and use Lemma 4.7 to have (4.40).

Lemma 4.10. Suppose the conditions (2.2) hold and the index q is same as in Theorem
2.1, it holds that

sup
0≤t≤T

(‖x̄aρ‖D1,2∩D1,q )(t)≤C. (4.44)

Proof. First, for 0<δ<1, it follows from (3.3) and (4.16) that

‖ux̄−δ‖ 4
δ
≤C.

We use Sobolev’s inequality to have that

‖∇(ux̄−δ)‖q≤C‖∇u‖q+C‖ux̄−δ‖∞‖(e+ |x|2)− 1
2 ‖q

≤ 1

2
‖∇(ux̄−δ)‖q+C‖∇u‖q+C‖ux̄−δ‖ 4

δ
.

Combining the above estimates, we have

‖ux̄−δ‖∞≤C+C‖∇u‖q. (4.45)

Then, we use (1.1)2 to get that

(ρx̄a)t+u ·∇(ρx̄a)−aρx̄au ·∇logx̄+ρx̄adivu=0.

Direct calculations give that

(‖∇(ρx̄a)‖q)t≤C(1+‖∇u‖∞+‖u ·∇logx̄‖∞)‖∇(ρx̄a)‖q
+C(‖|∇u||∇logx̄|‖q+‖|u||∇2logx̄|‖q+‖∇2u‖q)‖ρx̄a‖∞

≤C(1+‖∇u‖W 1,q )‖∇(ρx̄a)‖q
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+C‖(ρx̄a)‖∞(‖∇u‖q+‖ux̄− 1
2 ‖∞‖x̄− 3

2 ‖q+‖∇2u‖q)
≤C(1+‖∇2u‖q+‖∇u‖W 1,q )(1+‖∇(ρx̄a)‖q),

where in the last inequality, we have used (4.45) and the following Sobolev’s inequality,

‖ρx̄a‖∞≤C‖ρx̄a‖ 5
4
+C‖∇(ρx̄a)‖q

≤C
(
‖ρ‖ 1

4∞
∫
R2

ρx̄
5a
4 dx

) 4
5

+C‖∇(ρx̄a)‖q
≤C+C‖∇(ρx̄a)‖q. (4.46)

From (4.25) and Gronwall’s inequality, we get that

sup
0≤t≤T

‖∇(ρx̄a)‖q≤C.

Specially, sup0≤t≤T ‖∇(ρx̄a)‖2≤C also holds.

With Lemma 4.1-4.10 at hand, we are now in a position to prove our theorem.

4.1. Proof of Theorem 2.1. We argue by contradiction. Suppose that (4.1)
holds. Note that the generic constant C in Lemma 4.1-4.10 remains bounded for all
T <T ∗, so the functions [f(T ∗,x,v),ρ(T ∗,x),u(T ∗,x)] := limt→T∗ [f(t,x,v),ρ(t,x),u(t,x)]
satisfy the conditions imposed on the initial data at the time t=T ∗. Furthermore,
standard arguments yield that ρu̇∈C([0,T ];L2), which implies

ρu̇(T ∗,x)= lim
t→T∗

ρu̇∈L2.

Hence,

−μΔu−(μ+λ)∇divu+uρf −ufρf +∇P |t=T∗ =
√
ρ(T ∗,x)g(x)

with

g(x) :=

{√
ρ(T ∗,x)u̇(T ∗,x), if x∈{x|ρ(T ∗,x)>0},

0, if x∈{x|ρ(T ∗,x)=0},
(4.47)

satisfying g∈L2 due to Lemma 4.7. Therefore, one can take
[f(T ∗,x,v),ρ(T ∗,x),u(T ∗,x)] as the initial data and extend the local strong solu-
tion beyond T ∗. This contradicts the assumption on T ∗. We thus finish the proof of
Theorem 2.1.
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