COMMUN. MATH. SCI. (© 2018 International Press
Vol. 16, No. 7, pp. 1801-1825

QUANTUM KAC’S CHAOS*

GEORGE ANDROULAKIST AND RADE MUSULIN?¥

Abstract. We study the notion of quantum Kac’s chaos which was implicitly introduced by Spohn
and explicitly formulated by Gottlieb. We prove the analogue of a result of Sznitman which gives the
equivalence of Kac’s chaos to 2-chaoticity and to convergence of empirical measures. Finally we give a
simple, different proof of a result of Spohn which states that chaos propagates with respect to certain
Hamiltonians that define the evolution of the mean field limit for interacting quantum systems.
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1. The motivation behind Kac’s Chaos

The origins of chaos, as discussed in this paper, dates back to Kac. In 1956, Kac
[15] was interested in solving the non-linear integro-differential equation known as the
Boltzmann equation [15, Equation (1.1)]. The solution to the Boltzmann equation is a
family (fV ))}’V":l of probability density functions, where f(™) describes the velocities
and positions of N dilute gas molecules moving in R?, interacting via elastic binary
collisions. The non-linearity of the Boltzmann equation provided difficulty in obtaining
the existence of its solution.

If the gas is restricted to a container of fixed volume, there are no external forces,
and the number N of molecules is assumed to be equidistributed, then f™) depends on
the velocities of the NV gas molecules and time, thus having 3N + 1 real variables. Then
the Boltzmann equation takes a simplified reduced form [15, Equation (1.3)] which is still
a non-linear integro-differential equation. Further assuming that the kinetic energy of
the system remains constant, proportional to N, the 3N variables representing velocity
lie on a sphere of radius v/ N in R3V | and in order to obtain a further simplified version
of the Boltzmann equation, one can replace the 3N real variables by one real variable z.
This further reduces the Boltzmann equation to the reduced Boltzmann equation [15,
Equation (3.5)]:

oo 27
% = %/ {f(xcosO+ysinb,t)f(—xsinf@+ycosb,t)— f(x,t)f(y,t)}dOdy.

—o00 J0
(1.1)
Kac further introduced a linear differential equation which he called the “Master
(N)

Equation” [15, Equation (2.6)]. If ) is a solution to Kac’s “Master Equation”, ¢
and gng) will denote the first and second marginals of ¢(N), respectively, i.e.

gN)(a:,t) = / M (2,20, ..., xn, t)doy (g, . .., 2N)
z2+.. . +ad =N—z2

and

¢;N)(‘ray7t) = / ¢(N)($ay7333, e ,Z‘N,t)dO’g(Z‘Q, cee 7xN)

r%—i—...—i—z?\]:N—rQ—yQ
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1802 QUANTUM KAC’S CHAOS

where 01, 05 are normalized uniform measures on the spheres of RV-1 and RV -2 respec-
tively, centered at the origin and having radii v/N — 2 and \/N — 22 — y2 respectively.

Kac [15] noticed that if lim o™ (2,0) exists weakly in L'(R) and Jim o) (2,0)
— 00 — 00
exists weakly in L'(R?), and

Jim o8 (@,y,0) = tim (" (2,0) lim ¢{™(y,0), (1.2)
— 00 N — o0 N —o0
then the same limits exist at any later time ¢, and satisfy
Jim 95" (2, 0) = lim ¢ (@,1) lim oi™ (y,1). (1.3)
— 00 N—o00 N—oco
Then equation (1.3) implies that the function f defined by
fla,t) = lim ¢\ (z,t)
N—o00

satisfies equation (1.1). Hence, Kac proved the existence of the solution to the reduced
Boltzmann equation for N = 1. Kac [15] referred to the property in equation (1.3) for
a fixed t > 0 as the “Boltzmann property”. Whenever equation (1.2) implies equation
(1.3) for all times ¢ > 0, we say that the “Boltzmann property propagates in time”.
Hence, Kac [15] proved that the Boltzmann property propagates in time for his “Master
Equation”.

Many authors including McKean [16], Johnson [14], Tanaka [24], Ueno [25], Griin-
baum [13], Graham and Méléard [12], Sznitman [23], Mischler [18], Carlen, Carvalho
and Loss [7], Mischler and Mouhot [19] have abstracted the idea of the “Boltzmann
property” to a sequence of probability measures on a topological space. Instead of
having the “Boltzmann property”, the sequence of probability measures nowadays are
said to be chaotic. In order to discuss chaotic sequences of probability measures, these
authors first define the notion of a symmetric probability measure.

DEFINITION 1.1. Let E be a topological space, N be a positive integer, uny be a
probability measure on the Borel subsets of EY. Then py is called symmetric if for
any N-many continuous scalar-valued bounded functions on E, ¢1,¢pa, ..., ON,

. ¢1(z1)p2(2) - I (vN)dpun = /EN D1(T2(1))P2(Tr(2)) -+ - On(Tr(v))dun
for any permutation © of {1,...,N}.
A chaotic sequence of probability measures is then defined as follows.

DEFINITION 1.2.  Let E be a topological space, |1 be a Borel probability measure on
E, and for every N € N let uy be a symmetric Borel probability measure on EN.
For k € N, we say that (un)—, is k — p-chaotic if for every choice ¢1, ¢, ..., ¢ of
continuous bounded scalar-valued functions on E, we have

N—o00 EN

k
lim m@mmwmmmwwzﬂé%mww.

We say that (un)35_, is p-chaotic if (un)¥_y is k — p-chaotic for all k > 1.

Boltzmann’s equation and equation (1.1) describe evolutions in models of classi-
cal mechanics. Corresponding quantum mechanical models are described in [21, V.
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Quantum Mechanical Models]. In such models, density functions are replaced by den-
sity operators, (positive operators of trace equal to 1), which, via the trace duality,
define states on algebras of bounded linear operators acting on Hilbert spaces. The
corresponding notion to the chaotic sequences of probability measures, as well as the
corresponding notion to the propagation of chaos appears in [21, Theorem 5.7] where
the time evolution is given by a specific family of Hamiltonians. Gottlieb [11] formu-
lated the notion of chaotic sequences of density operators. In the current article, we
study the notion of chaos which was introduced by Spohn and formalized by Gottlieb.
To honor the fact that the definition of chaos was originated by the work of Kac for
classical models, we refer to its quantum version as “quantum Kac’s chaos”. We prove
two main results in this article. The first result is our Theorem 2.1 which is the analogue
of [23, Proposition 2.2(i)]. The second result of this article is our Theorem 3.1 which is
a simpler, different proof of the propagation of chaos result of Spohn [21, Theorem 5.7].
This result shows that chaos propagates in the mean field limit for interacting quantum
systems.

Notation: Throughout this paper, H will denote an arbitrary Hilbert space, B(H)
will denote the set of bounded operators on H, and D(H) will denote the set of density
operators on H. The identity operator on B(H) will be denoted by 1. For any operator
A € B(H) and k € N, A®* will denote the tensor product of A with itself k times. In
addition, for any A € B(H), ||A||s will denote the B(H) norm of A. If A is a trace class
operator on H, then ||A||; will denote the trace class norm of A.

For any k, N € N with k < N, and py € D(H®N), we will denote by p € D(H®*)
the partial trace of py where we trace out all but the first & copies of H. In addition, for

an index set A C {1, ..., N}, we will denote by tra(pn) the partial trace of pny where we

trace out the copies of H indexed by elements of A. Notice that trj, 1 nj(pN) = va)-

Given a topological space E, we will denote by M (F) the set of Borel probability
measures on F. The set of continuous bounded real-valued functions on E will be
denoted by Cy(E). Finally, for N € N, Xy will denote the set of all permutations of
the set {1,2,..., N}.

REMARK 1.1. The article is part of the second author’s Ph.D. thesis which was
completed at the University of South Carolina under the supervision of the first author.

Acknowledgment. The authors would like to thank Eric Carlen for bringing the
topic of quantum Kac’s chaos to their attention. They also would like to thank the
referee for the insightful comments and for bringing to their attention the references [3]
and [20]. In particular, the existence of the inequality of Corollary 2.1 was conjectured
by the referee.

2. Equivalent statements of quantum Kac’s chaos
Sznitman used probabilistic methods to show existence [22] and uniqueness [23] to
the homogeneous Boltzmann equation. The next result was important in his proofs.

PROPOSITION 2.1. [23, Proposition 2.2] Let E be a separable metric space, (un)—; @
sequence of symmetric probability measures on EY, and u be a probability measure on
E. The following are equivalent:

(1) The sequence (un)F—q s p-chaotic (as in Definition 1.2).

1 N
(2) The function Xy : EN — M(E) defined by Xy (x1,....,2x5) = N Z . (where

0, stands for the Dirac measure at ), converges in law with respect _t o un to the
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constant random variable u, i.e. for every g € Cy(E) we have that

/ |(Xn — w)g|*duny — 0.
EN N—o00

(3) The sequence (pn)R9—y i 2 — p-chaotic (as in Definition 1.2).

The main result of this section is to obtain a quantum analogue of Proposition 2.1.
Instead of considering probability density functions, we consider density operators. We
first have to extend the definition of symmetric measures (Definition 1.1) to density
operators. The following is the quantum version of symmetry (Definition 1.1) we will
use in this paper.

DEFINITION 2.1.  Let N € N. A density operator px € D(H®V) is symmetric if and
only if for every Ay, ..., Ay € B(H) and for every permutation m € Xy,
t’I’(Al ®- - ® ANPN) = t’r’(A,T(l) X ® A‘/r(N)PN)-

This is not the same formulation of the definition of symmetric density operators given
by Gottlieb [11]. To obtain the formulation given by Gottlieb [11], for N € N, define

for each m € X5 the unitary operator U Ve B(H®N) by
UN (21 ® -+ @ an) =Tr-1(1) @ - @ Tr—1(N)- (2.1)

A density operator py € B(H®Y) is symmetric according to [11] if and only if U7[TN]pN =
pNU7[TN] for every m € Xy. However, Gottlieb’s definition of symmetric densities is
equivalent to Definition 2.1 as we show next.

PROPOSITION 2.2.  Let N € N and py 6 D(H®N). Then py is symmetric (as in
Definition 2.1) if and only if U[ ]pN = pNU for all ™€ 3y.

Proof. (=) Let m € X¥. Then

tr(A; ® - @ Anpn) = tr(Ara) @ - @ Agaypn) = tr(UN (A4 @ - @ An)UN py)
=tr((A1® - ® AN)ULN pnU) (2.2)
for any Aj, ..., Ay € B(H®Y).

Let (e;)ier be an orthonormal basis of H. Then (e;, ® €;, @ -+ ® €y )iy in,....inel

is an orthonormal basis of H®V. Now assume that U[ ] PN UT[FJ\_”1 # pn. This im-

plies that for some (j1,...,5%) € I x --- x I we have ulN ]pNUT[rA_”l (ej, ® - - Qejy) #

pn (€5, ® -+ ® ej, ), hence there exists (ki,...,kn) € I x --- x I such that

(er, ® - ey, UNpnUN e @ - @ ejy) # (er, @ ® eny, pyej, @+ @ ey ).

This implies that

tr (UNon U e, (en| @ less) (o] @+ @ les) {eny])
= (e, ®"'®€kN,U7[rN]PNU7[TJY]16j1 R Qejy) # (er, @ - Dery,pnej, @ Rejy)
=tr (pn lej,) (er| @ lej,) (e, ® -+ @ lejy) (ernl)

which contradicts equation (2.2). Therefore U N]lp UM = PN
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(<) For each 7 € Xy,

tr(d; @ - ® Anpn)
tr(Ar1 @ - @ ANUN pn UMDY = e (4 @ - @ An) U py)
=tr(A;(1) ® - @ Ar(n)PN).

Some examples of symmetric density operators are as follows.

EXAMPLE 2.1. Let p € D(H). For any N € N, define pn := p®N. It is clear that px
18 symmetric.

EXAMPLE 2.2. Let N € N and By, ...,By € D(H). Then
1 N
PN = N Z By1y® -+ ® By € D(H®Y)
ogEXN
18 symmetric.

EXAMPLE 2.3. Let E be a separable topological space, D : E — D(H) be continuous,
N €N, and uy € M(EN) be symmetric. Then

Dy = D(w1) ® D(w2) ®@ -+ @ D(wn)dun (w1, w2, ..., wn )

EN
exists as a Bochner integral and Dy € D(H®V) is symmetric.
Proof. For each m € ¥ and Ay, ..., Ay € B(H),
tr(A; @@ ANDy)

(
tl"(A e ® AN o D(wl)®D(UJ2)®"'®D(UJN)d/LN)

tI‘(AlD(wl))tI‘(AQD(WQ)) cee tr(AND(wN))d,uN

2

tr(AlD(OJTr—l(l))tr(AQD(wﬂ.—l(z))) cee tr(AND(wﬂq(N)))d,uN

I
m\m\m\
z

tr(Azr ) D(w1))tr(Aq @) D(wz)) - - tr(Az vy D(wn))dpn

N

iy ®++® Ay [ D) ® Dlwn) @ -+ © Dlwaw)d)
E

(1) ® @ Arn)Dn)-

tr

(A
tr(A

o
The following is the quantum version of Definition 1.2 that we will use in this paper.

DEFINITION 2.2.  Let (pn)F—; be a sequence of symmetric density operators such that
pn € DH®N) for each N € N, p € D(H) be a density operator, and k € N. Then
(pN)F—y s k — p-chaotic if and only if for all Aq, ..., Ay € B(H),

k

tr(A; ® - ® Ap @ 120K ) o tr(pA;). (2.3)
—
j=1
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We say that (pn)F_, is p-chaotic if and only if (pn )35, is k— p-chaotic for all k > 1.

Next, we give many equivalent formulations of this definition. We will use the fact
that the partial trace of a density operator is a density operator.

PROPOSITION 2.3.  Let (pn)X_, be a sequence of symmetric density matrices such
that py € D(H®N) for each N € N, p € D(H), and k € N. The following are equivalent

(1) (p3)R—s is b — p-chaotic,
(2) tr((pg\lf) - p®k> Al @ ®Ak) ~= 0 for all Ay, ..., Ay € B(H),
(3) (s, (pg\lﬁ) - p®k> t) S 0 for all s,t € H®*, and
(4) trlpky” = | = 0.
Proof.
(1) < (2): This is obvious since tr(A; ®---® Ay p®*) = ﬁl tr(pA;), and by Attal [1,
j=

Theorem 2.28], tr(A; @ -+ ® Ay @ 120 "R py) = tr(A; @ - @ Ak:pg\I;))'

(2) = (3): Let € > 0, and ¢, s € H®*. Without loss of generality, we can make |[|¢|| =
[|s|| = 1. Fix an orthonormal basis (e;)icr of H. Then (e;, ® €, @ -+ ® €, )iy in,....inel
is an orthonormal basis of H®*, and we can write

t= E tivig..i,€i7 €y @+ Qe and s = E Sj1j2...5k €1 D €jy ¥ -+ X ej,

01,02, €1 J1,J2,--Jk €L

with

2 2
Z |tirio..in|” =1 and Z |$40d2.gil” = 1.

P10, ik €1 1,925 Jk €1

For every finite index set J C I, let

g = Z Livig. in€iy @ €1y @+ ® e,
Q1,020 €INJ
ty = Z Livig..inCiy @ €iy @ -+ @ ey,

1400 in €T

and similarly define sy, ; and s;.

Choose a finite index set J C I such that HtI\JH < € and HS]\JH < €. Then we
have

(t, (pgi) - p®k) )
= (b, () = 0™ ) s) (2.4)

+(ts, (nglfc) - P®k> spg) + (tn, (pE\’?) - p®k) s7) + (trg, (/355) - P®k) sp\g)- (2.5)

We have that ||P§€V - P®k||OO < ||P§Cv - P®kH1 < 2. Thus, using Cauchy-Schwarz in-
equalities, line (2.5) is bounded independent of N by

el {[ (68 = 2| Msrall+ Henal ][ (o857 = 22)||_ sl
o0 oo
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lenall|| (28 = #%)||_ [snall < 26+ 26 + 26 = 4+ 262,
o

Line (2.4) is equal to

E : — . e ) ) (k)
tlllzmlkshm-u]k <621 X iy @+ @ ey, (pN -

0150050l

15725+ Jk€J

p®k) €j; ®ejpy @ - ®ejk>

[
(]

(k) Rk
Tivio...ig Sirja...jp T ((PN =) ey ®ej, @ ®ejy) (e @ein @ @ ey
91,82, 050k,
J1,325-dk €T

k k
) Livig...if Sjrga iy b ((ng) - p® ) leji) (eir| @ leja) (ein] ® - @ lejy) <€ik|)-
11,12, ik,
1502545 Jk€J

(2.6)

By assumption, there exists an N7 € N such that for all N > Ny, line (2.6) is bounded
by €. Therefore, for every N > Ny,

‘(t, (pg\’;) - p®k) s}’ < €+ de + 2¢% = Be + 262

(3) < (4): Wehrl [26, Theorem 3] proved that a sequence, (Dy)%_; C D(K), of
density operators on a Hilbert space K converges in the weak operator topology to a
density operator D € D(K) if and only if it converges in norm, i.e. tr|Dy — D| o 0.

— 00

Our result follows by letting K = H®* Dy = pg\]f) for each N, and D = p®k. (Wehrl [26]
assumed in his paper that all Hilbert spaces considered are separable. However, the
examination of his proof shows that the assumption of separability of the Hilbert space
is not needed in Theorem 3.)

4) = (2): This is obvious. O
(4) = (2)

REMARK 2.1. Notice that condition (3) of Proposition 2.3 is equivalent to
tr ((pg\],c) - p®k) A) o 0 for all finite rank operators A € B(H®*).  (2.7)
Furthermore, since (2.7) is weaker than
tr ((pg\];) - p®k) A) == 0 for all A € B(H®*) (2.8)

which is further weaker than condition (4) of Proposition 2.3, we have that conditions
(2.7) and (2.8) are equivalent to the conditions presented in Proposition 2.3.

Condition (4) in Proposition 2.3 appears in [21, Theorem 5.7]. Gottlieb [11] used
this condition for all k£ to define that “py is p-chaotic”. Proposition 2.3 shows that
Gottlieb’s definition agrees with ours. We will now give some examples of chaotic
sequences.

EXAMPLE 2.4. Let p € B(H). For each N € N, define py := p®V. Then it is clear
that (pn)9_, is p-chaotic.

The following example due to Gottlieb [11, Lemma 1.3.2] gives a way of construct-
ing a chaotic sequence of density operators from any classically chaotic sequence of
probability measures.
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EXAMPLE 2.5. Let E be a separable topological space, and for each N € N let
pn € M(EYN) and p € M(E) such that (un)_, is p-chaotic. Let D : E — D(H)
be a continuous function. Then for N € N, Dy := [py D(w1) ® D(w2) ® - - - ®
D(wn)duy (w1, wa, ...,wn) and D := fED(w)du exist as Bochner integrals, Dy €
D(H®N) is symmetric, D € D(H), and (Dy)_, is D-chaotic.

Proof. For any k > 1 and Ay, ..., Ay, € B(H),
(@ 4910 [ Dwn) -+ Dlwn)duy)
= tr (/ A1D(w1) ® -+ @ ApD(wg) @ D(wgs1) Q-+ ® D(wN)d,uN)

_ /tr(AlD(wl)) e tr(ARD(wp))dpn

which converges to
k
/tr(AlD(wl)) (A D(wy))dp®F = H tr (Aj /D(w)du)
j=1

as N approaches infinity by Definition 1.2. o

Now we are ready to prove the analogous statement to Proposition 2.1 ([23, Propo-
sition 2.2]) for chaotic sequences of density operators.

THEOREM 2.1.  Let (pn)F—; be a sequence of symmetric density operators such that
pn € D(H®YN) for each N € N, and let p € D(H). Then the following are equivalent.
(1) (pN)F—; is k — p-chaotic for all k € N,

(2) (pN)F—q is 2 — p-chaotic, and

(3) for each A € B(H),

2

N
1 . .
il ®(i—1) ®(N—j7) _ ®N
tr jEZl 1 ®A®1 tr(Ap)1l 0 B 0. (2.9)

DEFINITION 2.3.  For N € N, define Xy : B(H) — B(H®Y) by

N
1 . ,
Xn(A) = ~ E :1®(1—1) QAR 18W=I),

=1

The function Xy is studied in [10] and is called a quantum empirical measure.
The above theorem and [23, Proposition 2.2] give more justifications for the choice of
this term.

Proof.
((1) = (2)) This is obvious.
((2) = (3)) Let A € B(H). Notice that

2
N
1 ) .
@(G-1) &(N—j) _ ®N
tr E T A®1 7 —tr(Ap)l PN

j=1
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N
1 ) )
— tr((ﬁ E 196=1) ®RA*® 19N —1)

i=1

=

—tr(Ap)19N)( Z 0D 9 A0 18W=9) —tr(4p)1%V)pN).  (2.10)

By distributing, we obtain that the last expression is equal to

N
1 ) ) . .
At D (AP R AT @180 (180D @ A@ 1901 py) (2.11)
i,j=1
tr(Ap) > ®3i—1) * o 1®(N—j)
S ()1 @A ®1 oN) (2.12)
j=1
ir(4p) N~ 001 B(N—3)
— Ttr(z 1 RAR1 oN) (2.13)
j=1
+ |tr(Ap) . (2.14)

We will obtain that the sum of lines (2.11), (2.12), (2.13), and (2.14) goes to zero as
N approaches infinity. To evaluate (2.11), we consider three cases: when 7 = j, when
1 < 7, and when j <. If i = j, then by symmetry of py,

N
1 . B . _
72 2 1PV @ AP @ 12y ) = Str(|AP @ 190V py)

i=1
< AP ||oo

A2 1®(N 1)
\H I"® lloollpnlls = =

which goes to zero as N approaches infinity. If ¢ < j, then by symmetry of py,

1 . . .
e Ztr(l‘g@*l) RA*® 190G —i=1) RAR® 1®(N*J)pN)
i<j
1 N!
“ N2 o o)

N -1 —p—chaotic 1 1
= tr(A* @ A @ 180N =2) ) 220=haolie, ZprApytr(A*p) = = [tr(Ap)[%.

(A*®A®1®(N 2) )

If j < i we obtain exactly the same limit. Thus, we have that line (2.11) converges to
[tr(Ap)|? as N approaches infinity.
Using symmetry of py and by assumption, we obtain the limit of line (2.12),

—tr(Ap)

N
~ tr(z 1®(j—1) RA*® 1®(N—j)pN)

j=1
= —tr(Ap)tr(A* @ 18V "Dy ) —— —tr(Ap)tr(A*p) = —|tr(Ap)|?,

N —oc0

where, in the last limit, we used the obvious fact that if py is 2 — p-chaotic then it is
1 — p-chaotic. Similarly, line (2.13) converges to —|tr(Ap)|? as N approaches infinity.
Therefore, the sum of lines (2.11), (2.12), (2.13), and (2.14) converge to

[tr(Ap)[* — [tr(Ap)[* — [tx(Ap)[* + [tx(4p)* = 0,
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and line (2.10) converges to 0 as N approaches infinity.
((3) = (1)): Let k € N and Ay, ..., Ay € B(H). Then

k
tr (Al ®- QA ® 1®<N—k)pN) - H tr(pA;) (2.15)
j=1

< lbr (A1 Q@A ® 1®(N_k),0N) (2.16)

k
H (Aj ®1%WV-D 110 4; 1902 ... 4 12W-D g Aj)
k

N (Aj ®1°WV-1) L 1@ A;® 18(N=2) L . L ®N-1) o 4. ) )
(2

N
- H tr(pA;)

We label the first and second lines after the inequality by (2.16) and the third and fourth
lines after the inequality by (2.17). Our goal will be to show that the sum of lines (2.16)
and (2.17) goes to 0 as N approaches infinity.

For lines (2.16), for k¥ < N we define Ej n to be the set of embeddings (i.e. one-to-
one maps)

o:{l,...,k} = {1,...,N}. Notice that #E, n =
and i € {1,..., N}, define

N!
m. Furthermore, for o € Ej N

. A; wheno(j) =1
7 1 otherwise.

Then, by symmetry of py, we can rewrite lines (2.16) as

(N — k)!

tr N

Z [Aa,l ® AU,2 K& AU,N] (218)

G‘GE}C,N

s \

k
H (Aj ® 19(N-1) 4 1®Aj ® 19(N-2) et 19(N-1) ®Aj) PN

(2.19)

In line (2.19), there are two types of terms: the terms with N — k 1’s in the expanded
form which we call the off-diagonal terms, and all the other terms which we call the
N! N!
diagonal terms. There are W off-diagonal terms and N* — ( N
terms. Let M : = max, [|Aj]|oc. The off-diagonal terms are exactly the terms of line
J

(2.18). Thus, the addition of line (2.18) and the off-diagonal terms of line (2.19) is
bounded by

N —k)! 1
<( NI > Z Aa 10 ® Aa,N

c€EL N

diagonal

N [((N—k)! 1 .
< - — .
llowlly < (N—k)!( N! Nk)M

oo



GEORGE ANDROULAKIS AND RADE MUSULIN 1811

Each diagonal term is also bounded by M¥. Thus, the diagonal terms of line (2.19)
1 N!

are bounded by NF (Nk — (N_k)'> M*. Hence, we can bound lines (2.16) and take

the limit as IV approaches oo,

Mt

- [( 1) Nk(z]vw_ B +N’f(JJGH— P! (Nk(]f\;!_ S 1>]

o (5 )] - e

So line (2.16) goes to 0 as N approaches infinity.
Lines (2.17) can be rewritten as

k
tr HXN H (pA;) 1N oy
k=1 [/ 1 I+1
= Ztr Htr(pA H Xn(A Htr pA;) H Xn(ANIEN | py
1=0 | \u=1 j=l+1 J=l+2
i k
= Ztr (XN (A1) — tr(pAp1)1®Y Htr pA;) H Xn(Aj)pn ||,
i j=1+2

and can be bounded by

l k
tr [(XN(AZ+1) — tr(pAir1)1%Y ) 1:[ A;) .HQXN(AJ')PN]

x

—1

l

Il
o

< \/tr [|XN(A?+1) (pAl+1 1®N|2/’N] Coltr [
l

el

l

k
[TereA) TT X

j=1 j=1+2

-

4A;5) pN]

(2.20)

I
<}

since by [6, Lemma 2.3.10] applied to the positive linear functional w(-) := tr(-pn),

1/2 1/2
we obtain |tr (BCpy)| < tr <|B*|2 pN) tr (|C’|2 pN) for any B,C € B(H®Y). The
quantities that appear inside the brackets of (2.20) resemble the so called “correlation
errors” which are studied by Paul, Pulvirenti, and Simonella [20] (see also references
within). The rate of convergence of these quantities is called the “size of chaos” in [20].
By assumption, for each [,

\/tr “XN(A;“JA) - tr(pAl*+1)1®N|2pN] — 0,

N—oc0

and if M := max [|4;]]o0, since || Xn(Aj)]loo < |4l < M, we have that
i=1..,

2 2
l k

l
tr H H XN PN H pA )| tr H XN(AJ) PN

j=1 j=l+2 j=l+2



1812 QUANTUM KAC’S CHAOS

2

l k l
< [TlectoApn? || TT Xn(An)|| llonlly < M [T ler(p4;)[?
j=1 j=1+2 - j=1

which is bounded independent of N. Hence, lines (2.17) converge to 0 as N goes to
infinity. Therefore, line (2.15) converges to 0 as N approaches infinity. ]

We can extract from the proof of Theorem 2.1, a bound on the rate of convergence
of the limit in line (2.3), given the rate of the associated empirical measures convergence
in line (2.9). In other words, we are able to find a bound on how fast marginals of py
converge to a tensor product in the sense of condition (2) of Proposition 2.3 knowing
how fast the quantum empirical measures converge. The following corollary makes this
statement precise.

COROLLARY 2.1.  For each N € N and A € B(H), define en(A) to be the quantity in
line (2.10), and for k € N and each Ay, As, ..., Ay, € B(H), define Cy v (A1, ..., Ay) to be
the quantity in line (2.15). Then by examination of the proof of Theorem 2.1, we are
able to see that

k—1

l k
Cron(Ar, o Ag) <> Jen (A ) | [TEeAD TT 145115
j=1

l =142
k
N!
21T 1Al (1= ——— ).
el (1 s 7

The next corollary follows from Theorem 2.1 and Proposition 2.3.

I
o

COROLLARY 2.2.  Let (pn)F—; be a sequence of symmetric density operators such that
pn € D(H®YN) for each N € N, and let p € D(H). Then the following are equivalent.

(1) (pN)F—; is p-chaotic,
(2) tr‘pg\lf) - p®k‘ —— 0 for all k € N, and
N—oo

(8) tr

3. Propagation of chaos

Spohn proved that under evolutions governed by certain families of Hamiltonians,
chaotic sequences of density operators propagate in time [21, Theorem 5.7]. In this
section, we will use the ideas of the proofs of Ducomet [9, Theorem 3.1], and Bardos,
Golse, Gottlieb, and Mauser [2, Theorem 3.1] to give a simple, different proof to the
result of Spohn. First, we define propagation of chaos.

(2) 2
PN =P mo-

DEFINITION 3.1.  Let (pn(0))F_, be a sequence of density operators and let (Hn)F_,
be a sequence of Hamiltonians where pyn(0) € D(H®N) and Hy € B(H®N) for every
N € N. For eacht >0 and N € N, define the density operator

o (t) := e N o (0)e Y € DHPY). (3.1)

If, for each fized t > 0, the sequence (pn(t))F_, is p(t)-chaotic for some p(t) € D(H),
then we say that chaos propagates with respect to (Hy)J_;.

We will now construct, as in Spohn [21], examples of propagation of chaos. We will
examine the mean field limit for interacting quantum particles, see [21, pages 609 - 613].
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For each N € N and 7w € X, define the unitary operator U7[TN] € B(H®Y) by equation
(2.1). For Ae B(H), Ve BH®H), N €N, and j € {1, ..., N}, define

AN = 180D @ A @ 18(V=I-1 ¢ BH®Y),

Vl[év} =V ®19WN-2),
and

vt = uvi o

where 7 is any permutation where 7(i) = 1 and 7(j) = 2. Notice that this operator is
well defined and independent of the permutation 7 that we use, (as long as 7(i) = 1 and
7(j) = 2) because when applied to a simple tensor z; ® - -- ® x, all but the z; and x;
spots are left invariant. For any self-adjoint A € B(H), any self-adjoint V' € B(H @ H),
and each N € N, consider the Hamiltonian

N N
_ vy, 1 (V]
Hy =Y A + 5 v (3.2)
j=1

i#j56,4=1

Also, define

Hon = zn: Z v (3.3)
j=1

#M,J 1

for each n, N € N, n < N.

The main result of this section is Theorem 3.1. In this theorem, we will assume
that a sequence of density operators (pn(0))3%—; is p(0)-chaotic and we will show that
if (Hn)9_, is defined by equation (3.2) and for all ¢ > 0, (pn(t))RF-, is defined by
equation (3.1), then for all ¢ > 0 the sequence (pn(t))¥—; is p(t)-chaotic for some
p(t) € D(H), i.e. chaos propagates with respect to (Hy)3_,. Before proving our
main result (Theorem 3.1), we need to establish some preliminary results. The first
preliminary result consists of proving that py(t) is symmetric for each N € N and
t>0.

PROPOSITION 3.1.  For each N € N andt > 0, pn(t) (as defined in equation (3.1)) is
symmetric.

Proof. Let m € ¥. By Proposition 2.2, we must show that
U] emitty o (0) ey UINT = U] o (U = iy (1),

Since py(0) is symmetric, it is enough to show that U}fﬂ et IND — GitHn | Fyrther-
more, it is enough to show that U []\_[]1 HyUZ [N _

First we prove that U Z A N]U Zl Aj N Tndeed,
i= =

N N
U ]\,[]1 ZABN]UT[FN] (33‘1 R JTN) = Z U,,[r]\j]lAgN] (Z‘ﬂ,—l(l) R ajﬂq(N))

j=1 j=1

N
=Y U (@) @ @ Tr-1(j-1) © Al@r-1) ® Tro1(ian) @ -+ @ T ()
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I
[]=
=
®

R Tr-1(j)—1 ® A(Tr-1(3j)) ® Tr-1(jy41 ® - QTN

j=1
N N
=N 5@ @ 0Ar @m0 @y =Y AV (@ @ @),
j=1 j=1
: N S IV V] KN >
Next, we will show that U2, >7 V;7Uzr' = > V. Foreachij €
i#£50,7=1 i£750,7=1

{1,..., N} with i # j, choose 0;; € ¥y with 0;;(7) =1 and 0;;(j) = 2. Then

N N
[N [Nl77[N] _ [Nl INI77[N] [N] 77[N] 1 ANT 77 [N 7 [NV
U Z V;j U7L V= Z Uﬂ’l‘/ij U7[T V= Z Uﬂ'*anfjl Vl2 Uc[n]]UL ]

i#j5i,5=1 i¢j§'7j_1 i#j5i,5=1
_ N]
- Z U(UZ -1 Vig URL (3.4)
i#£jii,5=1

Notice that (o;;7) (771 (i)) = 1 and (o;;7)(7~*(j)) = 2, and thus, line (3.4) is equal to

Z Ve Z Vi

i#£751,j=1 i#558,5=1
where the last equality is valid because i # j if and only if 771(i) # 7~ !(j). Thus,
N N
we obtain that Ug\,[]l > Vi[jN} U7[TN] = 3 V;[jN]. Hence, we have that UT[rJY]l HNU7[TN] =

i#j=1 i#j=1
Hy, and py(t) is symmetric. 1]
N-1
We will construct two similar families of differential equations for ( 5\7) (t)) and
n=1
(p(t)®™)>_,. The following Proposition gives a family of differential equations which is
N-1
satisfied by (pN)(t)> .
n=1

ProprosiTIiON 3.2. Let N e N. Forne N, n < N —1, andt > 0, we have

d n n N-—-n = n n
i2eoN () = Haw, o8 O+ = Y trnsn Vi + VI 0 (0] 35)

j=1
where pn(t) is given by (3.1) and Hy, n is given by (3.3).
Proof. We know

i%PN(t) = [Hn, pn(1)] -

Taking the partial trace of both sides, and using the fact that partial traces and deriva-
tives commute, we obtain

d (n
izeo) () = g v [Hy . px (). (3.6)

We claim that

tring1,v] ([N, pn (1))
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n Nﬁ

n+1 n+1
il v oGt (3)

In order to prove equation (3.7), by line [1, equation (2.11)], we need to prove that for
every B € B(H®™)

n
—n n 1 n n
tr ([Hy, oy (@)B & 150 ) =t | |3 Al + S v 00| B

=1 i#j=1
N —n i n+1 n+1 (n+1
+ T tr (tf{n+1}[VJ[n+1] Vr£+1]]7 PN )( )]B) .
j=1
Let B € B(H®™), and we have
N
tr ZABN] Z N pn(t)| B 12W-m
Jj=1 #J 4,5=1
ZA[N ot B®1®N n) Z V[N] B®1®(N n)
z;éj i,7=1
N 1 N
—on @)Y A Be1#V T — Zpn(t) Y VI Be1e T
=1 i#jiig=1

N N
_ ®(N—n) (V] 1 ®(N—n)
—tr(B®1 > A pu(t)+ B@1 >

=1 i£j5i,j=1
N
—pn(t) Y AN By 1o —pN Z VNl B g 18-
J=1 i#j51,5=1
N N
=tr [ Bo12W= 3" ANy (1) — o ()Y AN B 18- (3.8)
j=1 =1
tr %B ® 1®(N—n) Z V[N] NpN Z B ® 1®(N=n)
i#j31,5=1 i#ji1,j=1
(3.9)
Line (3.8) can be rewritten as
n n
tr | Bo1®W= S AN @) | —tr | on(t) Y AN B 180 (3.10)
j=1 j=1
N N
+tr | Be12W=m 3™ ANy | — o | ST AN Be12Wmmpn(r) | (3.11)
j=n+1 Jj=n+1

: SISy N . .
Notice that B @ 1®WV-7) Aj7 = > AT B® I(N=1) "and so line (3.11) is
j=n+1 j=n+1
equal to zero (even without taking the trace into account). Notice that in line (3.10),
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ABN] = Ag"] ® 1®V=7) for j < n, thus line (3.10) can be written as

tr BZAEM ® 1®(N—")pN(t) —tr [ pn(t) ZAE-”]B & 18 -n)

j=1 j=1

=tr pg\?) (t)BZAE-n] —tr ps\r;)(t) ZALH]B (by [1, equation (2.11)])

Line (3.9) can be rewritten as

1 —n
r (11[3@1@““") Z VN o ) + tr (NB®1®(N ) > vi[].N]pN(t)>

i#ji,j=1 1<i<n<j<N

N
1 n 1 n
~B®1®Nm N Vi[jN]pN(t)) +tr (NB @120y V.[J.N]pN(t)>

1<j<n<i<N i#731,j=n+1

i#£j51,j=1 1<i<n<j<N

N

N —n 1 N N—-n
Nev® >0 v Be1e? >)—tr<NpN<t> > v Ber™ )>-

1<j<n<i<N

; (N
1 ~ LN ®(N—n) 1 (™) ®(N-n)
—tr(NpN(t) > v Bwel —tr NpN(t) > vyl Bw®i1

i#j51,j=n+1
The first and fifth terms of the above expression give
1 ®(N—n) V], (V] ®(N-n)
r(NB®1 Z Vi — NpN Z viM Bw1 .(3.12)
1#£551,7=1 i#£j31,7=1
The second and sixth terms of the same expression give

1 ®(N—n) (V] 1 [N] ®(N—n)
r (NB®1 Z Vi pn(t) | —tr NpN(t) Z Vi 'B®l .

1<i<n<j<N 1<i<n<j<N

(3.13)
The third and seventh terms of the same expression give

1 n 1 —-n
(e £ ) oo sere).

1<j<n<i<N 1<j<n<i<N

(3.14)
The fourth and eighth terms of the same expression give

N N
1 . 1 —n
r (NB® D S AN ( )) —tr (N Y viVBe 1™ ),DN(t)) .

i#g3i,j=n+1 i#gsi,j=n+1

(3.15)
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! S V] S (V]
Notice that B @ [®WN-m) > vEY = >, Vi ' B® I12(N=") "and so

itiigentl i jent
line (3.15) is equal to zero (even without taking the trace into account).

Notice that V[N] V["] ®@1®(N=n) for i j < n,, thus line (3.12) can be rewritten as

—tr Z Vi[jn] ® 18W-m) on(t) | — —tr Z Vi[j"]B ® 190" pn(t)
i#j3i,5=1 i#£j31,j=1

1 () 4 () 4 -

Ntr ( Z ) ( Z "l p (by [1, equation (2.11)])

i#ji,5=1 i#ji,5=1

I & o (o
o([p )
i£j=1

There are N —n values of j in line (3.13) and by symmetry of px (t) we can replace
all of these values of j by n + 1 and thus we have that line (3.13) can be rewritten as

N-—n —-n
¥ <B®1®(N n) Z m+1PN( )) (Z m+1 B®1®W )pN(t)>.

1=1
Notice that V[N] VZ[ZIP ® 1®8WN=(n+1) for j < n, thus the last displayed equation is
equal to

N —n n+1 n—
N <<B® 1 2 m[n+1]) @181 pN<t>>
N D g vl Be1| @18W-n-1) o (t)
N in+1

i=1

and therefore by [1, equation (2.11)] the last displayed expression is equal to

N n n n n
- <B®1 ZVMI}] $V+1)(t)> <Z Z(n_:rll) B®1lp ( +1)(t)>

n+1] n+1 1 n+1
( (s EV“(t)}B@l)f—Ztr(trW} Vil e w1B)

where again we used [1, equation (2.11)] to obtain the last equality.
Similarly, line (3.14) can be rewritten as

N —-n n+1 n+1
Ztr (trminy VI oV 0B)

Thus, (3.6) and (3.7) lead to the result

d n n n n+1 n+1
PN (1) = [Ha, o (0 +—Ztr{n+l} Vit + VA v ).
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The next proposition concludes with a family of differential equations which is

satisfied by (p(t)®"),—,. This family of differential equations is similar to the ones

displayed in equation (3.5).

PROPOSITION 3.3.  Let p(0) € D(H). If p(t) is the solution to the differential equation
i p(t) = [A, p(t)] + tregy VIS + VI p(t) @ p(t 3.16
Zdtp() [A, p(8)] + trizy [Vig' + Va1, p(t) @ p(t) (3.16)

for t > 0 (which is called the Hartree equation) with initial condition p(0), (see Re-

mark 3.1), then we have that (p(t)®") ", satisfies the family of differential equations

iZp®" = 3[4, o] + 3 trpy [V + VI a2+ L (3.17)
j=1 j=1

Proof. We have

— ()" =" p0)®V "V @i—p(t) @ p()*")  (“product” rule)

= di

di
= p®)* Ve ([A p()] + trizy [VE] + Vi p(t) @ p(t)D ® p(t)* 9
j=1

by assumption. The last expression splits into the following two parts

S0P @ [A, p(t)] @ p(t) > (3.18)
j=1

+ 3oV @ trpy [V + Vi o) @ p(0)] @ p(0)° ) (3.19)
j=1

Line (3.18) can be rewritten as
[A, p(t)] @ p(1)2 ™D + p(t) @ [4, p(1)] @ p(t) 2D + -+ + p(1) 2 @ [A, p(t)]
—Z{ ot } (3.20)
We claim that for j < n,
n+1 n n+1 n+1 n
trejvny ((‘/J[JJrl] + V[+J1ry]> P(t)®( H)> =t {ny1) ((‘/j[nil] + V7£+J1rg]) p(t) ®( H)) .
(3.21)

Indeed, by [1, equation (2.11)], for any Bj,..., B, € B(H), we have by the symmetry of
p()= D),

tr (tr{j+1} ((V][?Ill] + V.Tfjl ) (t)®("+1)) Bi® ® Bn>
= ((VJ[?Ill] + V[Z‘I*‘Jl]) p(H)2 B ® ... ® Bi®l®Bj1® - ® Bn)

= tr (31 ®---®B;®1l®Bj1® - ®B, (Vj[ﬁrll] Vy[ﬁr;]> p(t )®(n+1)>
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—tr (Br@- @By @1 (Vi + vt =)

— b (tr{n_H} ((v}’;ﬁ + Vﬁﬁ]) p(t)®("+1)) Bi® ® Bn)

where for the second to last equality we used the symmetry of p(t)®("+1) to move each
By, (for k > j + 1) to the k-th spot and 1 to the (n + 1)-th spot.
Similar to equation (3.21), we have that for j < n,

n n+1 n+1 n n—+1 n+1
gy (o020 (VR V) = ey (o020 (VT vi)).
(3.22)

Line (3.19) can be rewritten as

n

p()*U7Y @ trgz ((Vg] + Vz[f]) p(t) ® p(t)) @ p(t)®n=7)
1

J
n

=3 pPI @ trpay (plt) @ p(t) (V5 + VAT ) @ plt) )

j=1

n+1 n+1 n n n+1 ntl
=Dt ((Vj[jﬂ] + Vj[+1j]) PO = p(t) 2D (Vj[jﬂ] * Vj[“j]» '
(3.23)

By equations (3.21) and (3.22), line (3.23) is equal to

n

> (tr{n+1} ((V}[Z,fﬂ + Vi’iﬁ‘]) P(t)®<n+1>>
j=1

= gy (p0°0D (Vi - V)
- i gy [V + VI o200 (3.24)
j=1

Of course (3.20) and (3.24) complete the proof. 0

Equation (3.16) has a unique solution. This solution p(t) is self-adjoint trace class
for each ¢ > 0, see [5, Theorem 4.1]. We will see in the proof of Theorem 3.1 that p(?) is
a density operator for each ¢ > 0. The next remark checks that equation (3.16) satisfies
the conditions of [5, Theorem 4.1].

REMARK 3.1. Let X be the real Banach space of self-adjoint trace class operators on
H. Define the mapping f: X — X by f(T) = —itro {VE] + Vz[f],T ® T]

We will first prove that f is locally Lipschitzian. Let r > 0, and 7,5 € X with

[|T]|, <rand ||S||[; <r. Then

@) = £l = || -itreay Vi3 + VLT 0 7] + itrgey [V + Vi, 5 98] ||
= Htl"{z} [VE] +VE TeT-S® S] H1

< |||V +vil Ter-ses||| <aviiTeT-se s,
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=4||V|NT QT -TS+T®S5-5S®5|,
<A|Vlo (1T (T = S)ly + (T = 5) @ S]ly)
<4r |Vl T = Slly

which shows that f is locally Lipschitzian.

We will now prove that f satisfies ||T||1 < ||T — af(T)||; for all @« > 0 and T €
X [5, inequality (4.1)]. Let « > 0, T € X, and S = T — af(T). We have that

o0
T = Y A\ |zi) (2] for some orthonormal sequence (z;);-, C H and some sequence

(Ni)io; C R. Define o = Y~ sign(\;) |z;) (5. Thus, |T| =To = oT, and

P
tr (f(T)o) = =it (trgy [V + Vi T @ T) o) = —itr (Vi + Vi, T2 T| 0 01)
= —itr ((VE] + Vv ) (TRT)(c@1)—(T®T) (v@ + Vg[f]) (c® 1))
= —itr (Vi§l + Vi) Ine T — e T (Vi + Vi)
= —itr (Vi + vl Tl e 7)) 0.

By the cyclicity of the trace, we also have tr (o f(T")) = 0. Hence, we have

N —

T, = %tr(TU’+0’T) =—tr (S+af(T)o+o(S+af(T)))

e

= %tr (So+0S)+ —tr (f(T)o +of(T)) = %tr (So+05)

2
1 1
< gtrfSo+ o8] < 5 (151 llolle + llolle [15111) = lloll [151];
=IS[ly = IT = af (D], -

Finally, it is clear that M(-) = —i[A, ] defines the infinitesimal generator of the
contraction semigroup T;(-) = e~#4 (:)e"4 in X. Thus, all of the conditions of [5,
Theorem 4.1] are satisfied.

The similarity of the two equations (3.5) and (3.17) helps to prove the propagation
of chaos presented in the following theorem. The idea of the proof of this theorem comes
from Ducomet [9, Theorem 3.1], and Bardos, Golse, Gottlieb, and Mauser [2, Theorem
3.1].

THEOREM 3.1. Let a sequence (pn(0))X¥_; of density operators be p(0)-chaotic where
p(0) € D(H). Let (Hy)F—; be a sequence of Hamiltonians defined by equation (3.2).
Then, for each fized t > 0, the sequence of density operators (pn(t))5_, defined in
equation (3.1) is p(t)-chaotic where p(t) is the solution of the Hartree equation (equation
(8.16)) with initial condition p(0). Thus chaos propagates with respect to the Hamilto-
nians (HN)—_;-

Bardos, Golse, and Mauser [3, Theorem 5.4] prove propagation of chaos for a similar
sequence of Hamiltonians using a different approach. In the present paper, we consider
density operators while the above authors present their results in terms of the equivalent
density matrices. There are several differences between Theorem 3.1 and Theorem 5.4
of [3]. For example, the sequence of Hamiltonians in Theorem 3.1 is constructed using
an arbitrary bounded self-adjoint operator A on an arbitrary Hilbert space, whereas in
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[3, Theorem 5.4], the authors consider —A on an appropriate Hilbert space. In addition,
the sequence of Hamiltonians present in Theorem 3.1 is constructed using an arbitrary
bounded self-adjoint operator V', whereas in [3, Theorem 5.4], the authors consider a
bounded function V on R which acts multiplicatively on the wave function, is bounded
from below, and vanishes at infinity. Another paper that examines an evolution via a
similar sequence of Hamiltonians using the language of wave functions and density
matrices is [8].

Proof. Fix Ty € NU{0}. Let K, :=sup{||p(t)||; : t € [To,To + 1]} < oo since by
[5, Theorem 4.1] we know that the self-adjoint trace class solution p(t) to the Hartree
1

equation is continuous with respect to time. Let o7, := 5 V= D Knl £ 1
max 00y To

where [8 (max{||V||s,1}) K] is the integer part of 8 (max{||V ||, 1}) K1,

In order to prove Theorem 3.1 we will show the following:

Fix tg := Ty + kdp, for some k € {0,1,...,[8 (max{||V]|eo, 1}) K1,]}. Assume
that (pN(to))?\,o 1 1s p(to)-chaotic where p(ty) € D(H). Then for t € [to,to + or,],
(pn (1) 3~ is p(t)-chaotic where p(t) € D(H) is the solution to the Hartree equation
(equation (3.16)) with initial condition p(tp).

For ¢ € [tg, 00), by Proposition 3.3, for each n € N,

Z [A["],p ®"] + Ztr{n+1} |:‘/j['n+l] + V[Tﬁ]af)( )®(n+1)} -(3.25)
j=1 Jj=1

Also notice that for each n, N € N with n < N — 1, by Proposition 3.2

d n n n+1] n+1
izeo (1) = [Hox o) Ztr{m} Vi + v e o)

=3 [P AP0) + Y e VD VA 0

S

n

—1 - n+1 n+l]  (n+1
N Z [VZ[J}’pN }_ Ztr{nﬂ} an+1] Vr£+1g]’ gv )( t)]
itji=1

(o (¢ +th{n+1} i v 0 @)+ et N, i (to))

(3.26)

where L, (-) == i [AE-"], ] and

j=1

n

n+1 n+1
(t N PN tO Z |: ij 7pN :| Z r{n+1} jn+1] +V7£+-il_j]? S\/'Jr )( )]
#j=1 =1

Define E,, n(t) := ps\?)( t) — p(t)®" for each n < N. Then, by subtracting (3.25)
from (3.26), we obtain that for each n, N € N with n < N — 1,

n

. d [n] ylnt [n+1]
’L&En,N(t) = ; |:Aj s BN ( ] + Ztr{nH} [ int1 T Vil 7En+1,N(t)} +en(t, N, pn (to)).
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The next step is to obtain an upper bound for the trace class norm of E,, () which
does not involve ||Al|oo. In order to do this, we define a new evolution U, ; which will
be evaluated at E,, n(t).

, ity Al s Al

We define U, +(-) := e#n(:) = e =t * (Je =t ' . We claim that U, is an
isometry on the trace class operators on H®" for each n € N and ¢ € [0, 00). Indeed, if
T € B(H®™) is a trace class operator, then

it 3o Al it Z Al it 3 Al —it 35 Al
|t ()|l = [le ="~ Te lh<fle =" " HloollTlhlle 7= 7 loo = [T]]1,
—it 32 Al it 3o Al
and similarly, by observing that T =¢ =t ° U, (T)e =* ~ | we get the reverse

inequality.
Now define Z,, y(t) := Uy +(En n(t)). Then

d n
ZZnn i _Z;A M (B () = il ZA[
= ilhno | La +Ztr{n+1}[}ni¥+vﬁ§, Bruirn(8)] + ealt, N p (t0)

n
= =i > U (g [VIE! 4 VI Bt v (0)]) = U (n(t N, v (t0)) - (3:27)
j=1

where the last equality follows because U, + and £,, commute, hence

i3 AT U (B (1)) = il (B v (8)) D AT — it (L (B (1)) = 0.

j=1
Line (3.27) is continuous from [0,00) to the trace class operators on H®". Thus,

the Fundamental Theorem of Calculus is valid [17, Theorem 2.3]. By integrating both
sides of equation (3.27), we obtain that, for each n, N € N with n < N — 1,

n t
Zun(0) = Znt0) =i Y [ Uns (s [V + VI, B (0] ) s
3 to

¢
—i/ Un.s (en(s, N, pn(to))) ds.
to
We will aim to show that lim ||E, n(¢)|l1 = 0. We have
N—oo

1 En,NnOlr = [|Zn,n Ol < [|Zn,n ()] ]1

Z/ s tr{n+1} [V][nﬁ + Viﬁ],EnH ~(s )D ds

1

n,s (En(S, Na PN(tO)))

1

n t
<[ En,n (to)lly + (2 = to)llen(s, N, pn (to)) |1 +4||VH<><>Z/ [[Eny1,n ()], ds. (3.28)
i=1“to
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We notice that for every n, N € N with n < N — 1 and s € [0, 00),

llen(s, N, prv (t0)) |11

1 n - n n - s
=l X i) - 3 2 e VA V)
i#j=1 =1 1
1 n n n
! " 1 n+1 n+1
=N Z {V;[j]’pgv)(s)} Y Ztr{nJrl} ‘/J[nil] + V[JJ], P ()]
i#j5ij=1 . = 1
n(n—1 4n? 5n2
S‘%vlmmw+W“”M§7vm“w (3.29)

Inequalities (3.28) and (3.29) give

5n2 n t
1B, (Ol < [[Bn. v (o)l + =7 1V loo (¢ = t0) + 4]V ]| Z/ |Ent1,5(s)|lds.  (3.30)
—1Jto

Fixing n € N and iterating this inequality m more times for m € N and m <
N —n — 1, we obtain

5n?
En @Ol < [[Bn.n (o)l + = IV [loo (¢~ t0)

m n  n+l1 n+k—1 n 2 —to k+1
2 MIV* [ZZ > (2 i, + 2 o L )]

n n+l n+m

t1 tm
FAV]e)™E DT> > / / /t N Entms1,n (tmi1)|ly dbmsrdtm - - dtr. (3.31)
to 0

Jji1=1j2=1 Jm4+1=1

(n+m+1) ( )

Since py is a density operator, by the definition of K7, we have that

| Enmr1n(s)]] <1+ Kpim+t < ofcpem+

for s € [Ty, To + 1] (since K1, > ||p(Tp)|]; = 1). Thus the last line of inequality (3.31)
can be bounded above by

n n+l n+m

t tl trn
(4‘|V||Oo)m+l Z Z Z / / / 2K%]+m+1dtm+1dtm_“dt1
to to

ji=1ja=1  jmpi=1"%0
(t _ to)m+1
(m+1)!

(4| Voo K1, (t — o)™

= 2K§Ejm+l(4||V||oo)m+1n(n +1)---(n+m)

nn+1)---(n+m)
(m+1)!

= 2853, () AV ¢ = 10)) < 2 ) GV o ¢ 1)

— 2K},

where we used that

(1) o EEml_rn_snrmt eny

C (n—=1DY(m+ 1) (n—1)! n! - n!
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Thus, by (3.31), we obtain

5n?
1Enn @Il < [[Enn (o)l + —7 [[V]|o(t o)

m n n+l n+k—1 k41
(n + k)2 (t — to)
I; 1(1”[ ||OO ]; 1]; ] J; ] < HE’IH-k N(tO)Hl N H HOO (k 1)'

QK%O n m+1
+ (A m) (4 |V]|oo Ko,y ( — 20))™

Let € > 0. Fix ¢ € [to, to + d7,]. Choose m such that

K%ﬁ] n m—+1 QK%) n e
(4 )" (Voo Eory (E— 10) ™ < L) (5) < 5

where the first inequality is valid by the choice of d7;,. Then since hm [|[En,n(to)ll, =

by Proposition 2.3, we can choose N7 € N large enough such that

n n+l n+k—1 (t ¢ )k

—to c
|| B, (to HH‘Z 4|V]|oo)® Z Z Z T||En+k,zv(to)||1 <3

J1=1j2=1 Jr=1

for all N > Nj.
Then choose Ny € N such that

n n+l n+k—1

- 5(n + k)? (t—to)**1 €
- _ (4 k e SO ) -
||V||oot to) +k§::1 Vi) > > >, = WVl <3

J1=172=1 Jr=1

for all N > Ny. For N > max{Ny, Na},

1En Nl <

ie. lim [|En n(t)]]1 =0 for all ¢t € [to,to + dr,]. Since, for n =1,

[|Eq, N( ||1 = Hp(l) (t)Hl ~= 0 and p%) are density operators for all N, we
— 00

now obtain that p(t) € D(H) for all ¢ € [to,to + 0r,]. Therefore p'\) (t) is p(t)-chaotic

for all ¢ € [to, to + O1,]- O

REMARK 3.2. In the beginning of the previous proof, we only knew from [5] that the
solution p(t) to the Hartree equation (3.16) is a self-adjoint trace class operator and
we set Kp, = sup{||p(t)|]1 : t € [Ty, To + 1]} for each Ty € N U {0} where p(t) is the
solution to the Hartree equation (3.16). At the end of the previous proof, we concluded
that p(t) is a positive and trace 1 operator, hence a density operator for every ¢ > 0.
Thus K7, = 1 for all To € NU {0}, and ép,, which is defined in the beginning of the

1
itV #0. If V=0, then
4[V]oo

equation (3.30) becomes ||E, n(t)|[1 < ||En,n(0)]]1. Therefore, the rate of chaos does
not increase.

previous proof can be picked infinitesimally close to
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