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WAVE PROPAGATION IN RANDOM WAVEGUIDES WITH
LONG-RANGE CORRELATIONS*

CHRISTOPHE GOMEZ' AND KNUT SgLNA#?

Abstract. The paper presents an analysis of acoustic wave propagation in a waveguide with
random fluctuations of its sound speed profile. These random perturbations are assumed to have
long-range correlation properties. In the waveguide, a monochromatic wave can be decomposed in
propagating modes and evanescent modes, and the random perturbation couples all these modes. The
paper presents an asymptotic analysis of the mode-coupling mechanism and uses this to characterize
the transmitted wave. The paper presents the first fully rigorous characterization of wave propagation
in long-range non-layered media.
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1. Introduction

Analysis of physical measurements shows that, for waves, the propagation medium
may exhibit perturbations with long-range dependencies and this has stimulated interest
in a mathematical understanding of how waves propagate through multiscale media [6,
18,21,22]. Multiscale random media with long-range correlations are used to model, for
instance, the heterogenous earth crust, the turbulent atmosphere and also for biological
tissue. There is a large literature about propagation in heterogeneous media which
vary on a well-defined microscale [10], but for multiscale random media there are many
open questions. In order to be efficient, imaging and communication algorithms require
insight about how the wave is affected by the rough medium fluctuations. In view of its
potential for applications, mathematical description of wave propagation in multiscale
random media with long-range correlations has attracted a lot of interest over the last
decade [3,12,15,16,19,20,23].

Multiscale random media with long-range correlations affect the wave in a way
which is very different from the corruption caused by media fluctuating on a well-
defined microscale and with mixing properties [10]. Wave propagation in random media
with long-range correlations has already been considered in one-dimensional propagation
media [12,20] or open media under the paraxial approximation [3,7,8,15,16]. More
recently, the paraxial approximation has been derived in this context from the full wave
equation [17]. These works show in particular that for wave propagation in long-range
media the stochastic effects appear at different propagation scales, all the stochastic
effects do not appear at the same time, which is in contrast with the situation in media
with mixing properties. Perturbations with long-range correlations induce first a phase
modulation on the waves, a modulation that is driven by a single standard fractional
Brownian motion, which does not depend on the frequency band [3,20]. For larger
propagation distances, the random phase modulation starts to oscillate very fast to
produce anomalous diffusion phenomena and affects the energy propagation [12,15,16].
Here, we follow this line of research by considering the full wave equation in a waveguide
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with a continuous multiscale medium modeled through a stochastic process with long-
range correlations.

In this paper, we consider acoustic wave propagation in a planar waveguide with a
bounded cross-section D= (0,d), and given by the linearized conservation equations of
mass and momentum (see [10])

1
—~ 9p+V.au=0,
K(zx)" (1.1)

p(z,x)0u+Vp=F.

Here, p is the acoustic pressure, u is the acoustic velocity, p is the density of the medium,
and K is the bulk modulus. The coordinate z represents the propagation axis along the
waveguide, and the coordinate = represents the bounded transverse section D= (0,d) of
the waveguide. The forcing term F(t,z,z) is given by

F(t,z,z)=f(t)¥(z)6(z— Lg)e., (1.2)

where e, is the unit vector pointing in the z-direction. Therefore, this term models
a source located in the plan z=Lg <0, emitting a wave f(t) in the z-direction, with
a transverse profile ¥(x) (see Figure 1.1). In this paper, we assume that the medium
parameters are given by:

[ +(1+EV(z,2)) if z€[0,L/e%]
K(z,x) % if z€(—00,0)U(L/e®,+00)
p(z,x)=p,  z€(—00,400) and z€(0,d),
where V(z,2) models the fluctuations of the propagation medium and the parameter
s describes the order of magnitude with respect to € of the propagation distance in

the random section. This last parameter will be chosen so that we observe nontrivial
stochastic effects. The medium perturbations V(z,z) are assumed to be given by

V(z,2):=0(By(z,2)), (1.3)
where By is a mean-zero continuous Gaussian random field with covariance function
E[By (2 +2",2)By (2 ,y)] =74 (2) R(x,y).
Here, R is assumed to be a continuous symmetric function bounded by R(z,z)=1, and

Ty is a continuous even function so that |ry(2)| <ry(0)=1, and

Cy .
ry(2) oo h with he(0,1). (1.4)
This last relation is the so-called long-range property. The function © is a bounded
smooth and odd function on R so that the bulk modulus K takes only positive values
and E[V(z,2)]=0. Moreover, we assume that for all [ €N,

sup|©) (u)| < C§, (1.5)
uw€eER

where O stands for the I-th derivative of ©. This assumption is of course not optimal,

but it has the advantage to provide a simple presentation. The long-range property for
V then follows (see Proposition 6.1 Section 6):

Ch . C‘J + _ 2/2 2
/ / — z
E[V(z+2,2)V(,y)] LT R(z,y) with Cj o (/ xO(z)e dz) .

— 00
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D

FIGURE 1.1. Illustration of the waveguide model. The source f€ generates a wave that is propa-
gating in the positive z direction. The section z €[0,L/e%] is randomly heterogeneous with long range
correlations. Our objective is to characterize the pulse as it emerges at the termination of the random
section, at z=1L/e®.

The main consequence of the long-range property for the medium perturbations is that
its autocorrelation function is not integrable,

“+o0o
/ B[V (z+ 2, 2)V ()] |dz = +00,
0

and this is the reason why the cumulative stochastic effects for the wave propagation
are very different from the ones obtained in the classical mixing case (see [10, Chapter
20] and [12,16,20]).

The goal of this paper is to prove that waves propagating in the random waveg-
uide, when we let s=1/(2—§), exhibit a mode- and frequency-dependent random phase
modulations. However, for all the frequencies generated by the source and all the prop-
agating modes of the wave decomposition, the randomness of the phase modulations
is defined in terms of the same standard fractional Brownian motion. This result is
consistent with the ones already obtained in [3,20] for perturbations with long-range
correlations, and in contrast with the ones obtained for perturbations with mixing prop-
erties. In fact, if mixing properties are considered for the random fluctuations, the phase
modulations are obtained for s=1 (in addition to a deterministic wave deformation af-
fecting its energy) and are given by a vector of Brownian motions. The size of this vector
depends on the number of propagating modes, and its correlation matrix depends on
the frequency band of the source [10, Chapter 20]. In this paper, to prove the main
result of this paper, we use a moment technique [3] which is very convenient in the case
of long-range correlations with Gaussian underlying fluctuations.

The organization of this paper is as follows. In Section 2, we describe the wave
propagation in the waveguide through a modal decomposition, moreover, the mode-
coupling mechanism induced by the medium perturbations. In Section 3, we state the
main result of this paper, which is used in Section 4 and Section 5 to study pulse
propagation. In Section 6 we give technical results needed to deal with the long-range
dependencies of the medium perturbations. These are used in Section 7 to prove the
main result of this paper (Theorem 3.1). Finally, in Section 8 and Section 9, we prove
respectively Theorem 4.1 and Theorem 4.2 stated in Section 4.
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2. Wave propagation
In this section we describe the general strategy we use to study wave propagation
in waveguides. From (1.1) we obtain the standard wave equation for the pressure wave:

1
Ap— 5 (14 VeV (2,2)1p,1/ex) ()% p=V -F, (2.1)

where A=0?+0? and c=/K/p is the sound speed. In this paper we consider mainly
Dirichlet boundary conditions (Neumann boundary conditions are considered in Section
5)

p(t,0,2)=p(t,d,z) =0, Y(t,z) eRxR.

In (2.1) the random fluctuations of the velocity profile are modeled as a slab for z €
[0,L/e°] with the z-direction being the propagation axis of the waveguide. The depth z =
L/e* is the position of the receivers recording the incoming signal that has propagated
through the unknown medium. Assuming that no wave is incoming from the right side
of the receivers, this setup provides a energy conservation relation which will be useful
for the forthcoming analysis.

The wave Equation (2.1) is a linear equation so that the pressure wave can be
decomposed as a superposition of monochromatic wave with the Fourier transform

N : 1 [ By
p(w,x,z)z/p(t,x,z)e““tdt and p(t,x,z)zf/p(w,m,z)e Wi,
T

Therefore, the pressure field p(w,x,z) satisfies the following Helmholtz equation (time-
harmonic wave equation) in z € (Lg,+00) (resp. z€(—00,Lg))

02p(w, x,2) + 07 P(w,x,2) + k(W) (1+ VeV (2,2) Lo, 1 o) (2) )P, 2, 2) =0, (2.2)
where k(w)=w/c is the wavenumber, and with Dirichlet boundary conditions,
P(w,0,2) =p(w,d,z) =0, VzeR.

Moreover, according to the form of the source term (1.2) the pressure field satisfies the
following jump conditions and longitudinal velocity continuity across the plane z=Lg

plw,z,LY) —plw,z,Lg) = f(w)\Il(x) and 0,p(w,r,LE)=0,p(w,z,L3). (2.3)

The transverse Laplacian —d? with Dirichlet boundary conditions on 9D is a positive
self-adjoint operator in L?(D), and then its spectrum is composed of a countably infinite
number of positive eigenvalues (A;);>1 since D=(0,d) is a bounded domain. Therefore,
let us introduce for all j>1

—02¢;(x)=N;p;(x) VzeD, and  ¢;(0)=¢;(d)=0,

where 0 < A\; < A2 <--- and the eigenvectors (¢;);>1 form an orthonormal basis of L?(D),

d
| éx@ranarda=s.

Here, d,; denotes the Kronecker symbol. In the planar case D= (0,d), we have explicit
expressions for the eigenvectors and eigenvalues:

¢i(x)= \/gsin(ij/d) and Aj= 2 Vji>1.
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As a result, we have the following decomposition of the wave field

P(w,x,z2) ij (w,2)¢;(z (2.4)

j>1

The two next sections present the modal decomposition of p(w,z,2), first in a homoge-
neous waveguide (V' =0) and then for the randomly perturbed waveguide.

1. Modal decomposition in homogeneous waveguides (V =0). This
section is devoted to the modal decomposition (2.4) for a homogeneous waveguide.
This describes the wave propagation from the source location z= Lg to the beginning
of the random section z=0 (see Figure 1.1). According to (2.2) and (2.4), we have for
all z#Lg and j>1

%;f’\j(w’zﬂﬂf(w)ﬁj(w’z) =0, (2.5)
with
Bi(w)=1/k2(w)—¥;,  forje{l,....N(w)},
and

Biw) =[N —k2w),  for j=N(w)+1.

Here, N(w) is the integer such that Ay, §kz2(w)<)\N(w)+1, that is for our planar
waveguide
wd
o= (2]
(w)=|—
where [-] stands for the integer part. As a result, according to (2.5) the pressure field
can be expanded as follows

N(w)
o aj,0wW i3 (w)z ~ —B;(w)z
Bz =] 3 B (@) T B0 60 L o (2)
= VBiW) J2N(w)+1
& E —i i(w)z -~ i(w)z
[Zj B+ S Gol@)e 70i(@)] 1 e (2),
j=1 F>N(w)+1
propagating modes evanescent modes
(2.6)
and using (2.3) we find
dj0(w)=—Dbjo(w)e s
w) ~ B (w .
) (w)e P (¢, W) 1, o gy for FE{L, N(w)}, (2.7)

and

. B (w N (o Bj(w) ~ .
Pro(w)e™ 8 = =Gjo(w)e It = S Fw) (€5, W) a0y, Tor §2 N(w)+1
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(w,2) ia(w,z) —
b(w, 0) 0
—
bt L/e

FIGURE 2.1. Illustration of the right-going and left-going propagating mode amplitudes E(w, z) and

E(w,z). The source generates the probing wave ag(w), the reflected wave is b(w,0) and the transmitted
wave, which is our interest, is a(w,L/e®). Note that there is no energy coming from z>L/e*.

In (2.6), we refer to the modes with j€{1,...,N(w)} as propagating modes, these are
modes which can propagate over large distances. The evanescent mode are the modes
with j> N(w)+1, and correspond to modes which cannot propagate over large dis-
tances. Here, N(w) corresponds to the number of propagating modes, @;(w) (resp.
gjyo(w)) is the amplitude of the jth right-going (resp. left-going) propagating mode
and pjo(w) (resp. @jo(w)) is the amplitude of the jth right-going (resp. left-going)
evanescent mode. Note that with relatively high-frequency waves, that is with short
wave-lengths compared to the cross-section d, there are relatively many propagating
modes.

2.2. Mode coupling for randomly perturbed waveguides. In this section
we are interested in the modal decomposition of the pressure field over the randomly
perturbed section of the waveguide (0,L/e®). In this case, the perturbations of the
propagation medium induce a mode coupling. To describe this coupling mechanism,
let us define the right-going and left-going propagating mode amplitudes @;(w,z) and
bi(w,z) (j€{1,...,N(w)}) such that

~ Q;(2)eiPi* +b,(2)e1Ps*
py(e) = M
J

(see Figure 2.1) which give

and  9:p;(2) =i/B;(@; ()" ~b;(2)e™7),

18iPj(2) +0:0i (%) —ip,= 4 Bi(2) = iﬁjﬁj(z) —0:0;(2) g, =

Bj 2iv/B;
Therefore, according to (2.2) and (2.4), we have the following coupled differential equa-
tions for the mode amplitudes

aj(z)=

N(w)
Z Cji(w,2) (@ (w,2)e i(B(w)— ﬂj(w))z+bl(w z)e fi(ﬂz(w)%j(w»z)
=1

d .
%aj (wvz) _\E

zk2(

> Cilw)VR@pilw,2)e ), (28)

I>N(w)+1
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d ~ 12 N(w) ‘ R A
:bj(wﬁ):f\@" 2@’) 3 Cpa(w,2) (@1, 2) e AT B 2 4T (15, 2) =B~ (D)2)
=1
ik‘g w ~ 1B (w)z
_ﬁT() Cit(w,2)V/Bi(w)pi(w, 2)e’s )7, (2.9)

I>N(w)+1

for j€{1,...,N(w)}, and

2

%ﬁj(a},z)—B?(w)@(w,z)—&—%@gj(w,z):0, (2.10)

for j > N(w)+1, where

N
9;(2)=k* D" Ciul2)/BiBibu(2) +k* Y Ciu(2)/B; (an(2)e™= + by (z)e %),
=1

I>N+1

In these equations the coupling coefficients are defined by
1
Cin() = — / V(z,2)¢ (2)¢1(x)dz. (2.11)
VBibi Jp

We complement the systems (2.8), (2.9) and (2.10) for z € (0,L/e®) with the boundary
conditions (for every ¢):

4;(w,0)=a;0(w) and  b;(w,L/e*)=0, (2.12)

(see Figure 2.1) where a@; o(w) is defined by (2.7)). The second condition in (2.12) means
that no propagating wave is incoming from the right hand side of the perturbed section
(0,L/e®). We also introduce the following radiation condition

i > pw)P =0, (2.13)
I>N(w)+1

Using these conditions, one can show following [11, Section 3.2] the global conservation

relation

[@(w, L/e*)[En o +116(w, 0)[Exc) = G0 (@) 1B (2.14)

where ||-||cn e stands for the Euclidian norm on CN). This energy conservation can
be easily derived if we neglect the coupling between the propagating and the evanescent
modes since in that case the mode coupling mechanism for the propagating modes is
skew Hermitian.

2.3. Propagating mode amplitude equations and propagator. The cou-
pled mode Equations (2.8) and (2.9) for the propagating mode amplitudes are not
closed, they involve also the evanescent mode amplitudes. However, it is possible to
derive a closed system (2.15) for the propagating mode amplitudes taking into account
the influence of the evanescent modes on the propagating modes up to an error lead-
ing to negligible effects compared to the ones discussed in the remaining of the paper
(see [10,11,13,14]). This process gives the following system of coupled differential
equations for the mode amplitudes

i [f 2] - [vameon s o) 0] e
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with boundary conditions given by (2.12), and where

w.2) = H(w,2) H"(w,2) an w2 — G%(w,2) G’ (w,z)
Hw, )_le(w,z) Ha(w,z)] d Glw, )_[ w ]

with
k2 , 2 .
;%(z>=% Cin(2)e! =202, HY () = = - Cp()e! P20
>y I 1By (2-+) =82~ By ]
a C , Cl 1Bi(zt+u)—1Biz—P0y |u d
Jl(z) 4 l/>N+1/ jl ) ”(z—i—u) u, (216)

zk4 Fo0
G?l(z)— Z / le, )Cl’l(Z-i-U) iB1(z+u)+iBz— B,/|u\du
I'>N+1

and Cji(z) defined by (2.11). Here, the matrices H* and H® describe the coupling
between the propagating modes, while the matrices G* and G describe the coupling
between the evanescent modes with the propagating modes. Rescaling the propagating
mode amplitudes according to the order of magnitude of the propagation distance, we
consider

@ (w,2)=d(w,z/e®)  and b (w,z)=b(w,z/e"),

for z €0, L], satisfying the scaled coupled mode equations

d [a°(w,2)] 1 1—s z af(w,z)
iz [bf(w,z)}_[gs—l/zH( S)rea (e )] [bf( 2) (2.17)
with boundary conditions
@°(w,0)=dp(w) and b (w,L)=0. (2.18)

The two-point boundary value problem (2.17) and (2.18) can be solved using the prop-
agator matrix defined as the unique solution of

iPE(w,z):[Es_%/gH(w,fs)—|—61_5G(w,§s)}P5(w,z) with  P*(w,0) = Idan(w),

dz
(2.19)
so that for all z€[0, L]

e O o I

according to (2.12). Because of the form of H(w,z) and G(w,z), the propagator can be
expressed as

,L)] (L) [@0(‘”70)} . (2.20)

w
0 b (w,0)

P (w,2) Pb(cm)} (2.21)

P (w,2) = [Pb,s(w,z) Poc(w,z)]’

where P%¢(w,z) describes the coupling mechanisms of the right-going modes (resp.
left-going modes) with themselves, while P*¢(w,z) describes the coupling mechanisms
between the right-going and left-going modes.

In the next section we study the asymptotic distribution as € — 0 of the propagator
and we specify the propagation parameter s leading to a nontrivial asymptotic behavior.
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3. Phase modulation for the propagator

This section is devoted to the main results of this paper, which are used to describe
the pulse propagation in the two next sections. Note that according to (2.21) one can
restrict the study of the asymptotic distribution of the propagator to the one of the two
blocks

P(2) = e )| €M ©) x My (©),

where My (,,)(C) stands for the set of N(w)x N(w) matrices with complex coefficients.
This analysis is done in the following theorem.

THEOREM 3.1. For s=1/(2—h) and for all z€ [0, L], the family (P°(w,z)). converges
in distribution in My (C)x My (C) to

i)

with

D(w,z)=diag(e'@rn@)Br(z)  gionu(@)Bu(2)y (3.1)
where By is a standard fractional Brownian motion with Hurst index H=(2—§)/2¢€
(1/2,1),

_ kK*(w) | CyRyjy4
 2Bj(w) \| H2H—-1)’

O'j,H(UJ) (32)

and

Ruwnpg = / R, )b (@) m (2)6 (2 )by (' )drd. (3.3)
DxD

The proof of Theorem 3.1 is given in Section 7. Next, we present some remarks
regarding this result. First, Theorem 3.1 implies that the first significant stochastic
effects affecting the wave take place for s=1/(2H) < 1. This is in contrast to the classical
mixing case (see [10, Chapter 20]) for which all the stochastic effects appear for s=1.
The second one concerns the convergence of P»¢(w, z) in probability to the zero matrix
meaning that the coupling mechanisms between the right-going and left-going modes are
negligible for € small. In other words, the backscattering is negligible for € small. The
third one concerns the convergence in distribution of P*¢(w,z) to a diagonal matrix,
which means that the coupling mechanisms between two different right-going modes is
also negligible for € small. Finally, the propagating modes are only affected by mode- and
frequency-dependent phase modulations, but driven by the same fractional Brownian
motion, which does not depend on the frequency. The fact that the modes depend on
a common Brownian motion reflects the situation that the modes propagate through
the same medium with fluctuations that are “smoother” than in the mixing case due to
the long-range correlations. This effect of mode-dependent phase modulation driven by
a single fractional Brownian motion has already been observed in [3, Theorem 1.2] for
the random Schrédinger equation with long-range correlations.

We finish this section with two multifrequency versions of Theorem 3.1 which will
be useful for the study of the pulse propagation in the next section. The proofs of the
following requires only simple modifications of the one of Theorem 3.1.

THEOREM 3.2. Let s=1/(2—h), yeN*, and z€]0,L].
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o For all (w1,...,wy) such that
N(w;)=N vied{l,....v},

the family (P¢(w1,2),...,P¢(wy,2))e converges in distribution in (Mny(C)x
Mn(C))Y to

D(w1,2)  D(wsy,z)
0 0

e For all M>0, and (hi,....,hy)€[-M,M]", the family (P*(w+
€9hy,2),..., P (w+elhy,2))e, with q€(0,s], converges in distribution in

(MN(w) ((C) X MN(w) (C))’Y to
D(w,z) D(w,z)
0 0

where D(w,z) is defined by (3.1).

This theorem characterizes the behavior of the propagator at different and nearby
frequencies. It turns out that the energy and the asymptotic statistical behavior of the
propagator for different frequencies are not affected on the propagation scale L/e®, with
s=1/(2—1). On this scale the wave does not propagate enough and accumulate enough
scattering events to affect neither the frequency coherence nor the energy. This type of
phenomenon has already been observed in [12] for one-dimensional propagation media
and in [16] for the random Schrédinger equation with long-range correlations.

4. Pulse propagation for s=1/(2—5)

In this section we describe the asymptotic behavior of a pulse at the end of the ran-
dom section z=1L/e® with s=1/(2—h). We assume that the pulse has been generated
by the source (1.2) with

FE(t)=f(e)e™™0t sothat  fT(w)= Eiqf(“’ ngo)'

This profile models a source with carrier frequency wp and bandwidth of order 7.
However, for the sake of simplicity we assume that f(w) is a compactly supported smooth
function, and we model the carrier frequency oscillations by a complex exponential
e~ ot for more convenient mathematical manipulations. This later consideration leads
of course to complex valued pulse profiles, but to get back to real valued pulses one
only needs to add its complex conjugate which would then correspond to a source of
the form 2f(£9t)cos(wot).

Throughout this section, we refer to a broadband pulse if ¢<s (the order of the
pulse width is small compared to the propagation distance e~9 <« e~*) and narrowband
if ¢=s (the order of the pulse width is comparable to the order of the propagation
distance e~9=¢""). According to the boundary conditions (2.18) (no wave is incoming
from the right) the pulse can be decomposed into two parts

L L L
p(tax7;> =Da (t,%,;) + De (t,l’,;g),
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where

N(w) ’\5

pat. 2) =5 [ ’l”tzﬁw"‘”)L/E'“sﬁj(x),

is the propagating part of the pulse, and

po(ta ) =5 [due ™ Y Bwnl/eo)

J2N(w)+1

is the evanescent part of the pulse, which is small in the limit ¢ —0. Therefore, in
what follows, we focus our attention on the propagating component of the pressure
wave p,. In order to use Theorem 3.1 we need to express the forward-propagating mode
amplitudes a°(w, L) in terms of P¢(w,L). This can be done according to the right-hand
side of (2.20), but note though that the backward-propagating mode amplitudes b (w,0)
are not specified. However, by introducing

L it W — W ) w) poe
R 4mq/dwe ) Z /5 P D)

7l
w eBi(W)L/e® o—ifi(w)Ls (bj (.Z‘) o1, U

>L2(O,d)’

we get
S palts0,/2") o (1L SC [ 1T et 0 )t

using (2.14) and the change of variable
w—wo+eh,

and where C'>0 is a deterministic constant. Then, with simple modifications of the
proof of Proposition 7.1, we obtain

. N b,e _
tg [ FOELIP (ot 2, L) | 1=
so that

lim]P’(sup |pa(t,x,L/e®) —ppr(t,x,L/c?)] >n) =0.
e—0 t,x

As a result, the asymptotic behavior of the pulse p(¢,z,L/e®) is equivalent to the
one of py,(t,z,L/e®) according to [4, Theorem 3.1 pp. 27]. This is the reason why, in the
next section, we only study the asymptotic behavior of p,,(t,z,L/c®). Before starting,
we also remark that the nature of the source affects strongly the asymptotic shape of
the transmitted pulse. Let us investigate the cases of a broadband source (¢ <s) and a
narrowband source (¢=s) in the contexts of a homogeneous medium, and then with a
random medium in order to understand the effects the random perturbations have on
the pulse.



1568 WAVES IN SLOWLY DECORRELATING RANDOM WAVEGUIDES

4.1. Broadband (¢<s) and Narrowband (¢=s) Pulse in the homogenous
case. This section is devoted to the study of the pulse (4.1) in a homogeneous medium.
The results presented in this section will be compared to the ones obtained in Section
4.2 and Section 4.3.

In the homogeneous case we have P**(w, L) = Idy/(.,), and after the change of vari-
able w=wq+¢&?h the pulse (4.1) becomes, to leading order

t Ly et/ N
(o ) B0 2 900

« / (=B (o)D) /277 F(1y) 383 (90) /<" i (W)E/e" 72 (=if; (o) Ls g,

where

Nq

B(m=3 5 et (42

n=2

with ®°(h)=0 if s<2¢, and ny=[s/q]+1. Here, we made the identification N(wo)=
N(wp+¢e9h) since we assumed that ]?(h) has a compact support and ¢ is small. In the
broadband case the source pulsewidth, which is of order 1/e9, is small compared to the
order of propagation distance 1/¢°, so that a modal dispersion can be observed. In
this context, we observe the pulse for a time window of order the pulse width 1/ and
centered at t,ps/e° which is of order of the total travel time from z=_Lg to z=L/e*:

L tobs .
— = +% with we[-T,T].
3

g5 gs

PROPOSITION 4.1.  For all j€{1,...,N(wp)}, let us consider

) s ) s t;  wu L
_ iR L L .
pipr(uava):e iB;(wo)(L/e S)e’MOtJ/E ezwou/s p r( ]g + gqaxv 53)7

where s=1/(2—4) and
tj :5;»(000)11. (43)

o Ifq€[s/2,s), we have

1
Yimp; pr (w, L) = S K% f ()65 (@)(05,¥) 2 g a):

where
% _ 2P wo)L/2 _S -5 .
so(h)=¢€e"" , if 7= and K;p(t)=0(t), if q>
o Ifqe(0,s/2), we have
gi_%p;pr(u,x,L) =0.
Consequently, in the broadband case, we can observe a train of coherent transmit-

ted pulses at several well-separated observation times ¢;. At these times, the pulse is
a single mode traveling with the group velocity 1/f3}(wo) and dispersed through the
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kernel K 1. Note that for the case 0<¢<s/2, that is for a source with a very small
pulsewidth compared to the propagation distance, the generated wave is not able to
propagate. This can be understood through the stationary phase theorem and that
such a pulse is carrying highly oscillating frequencies which cancel out during the prop-
agation. However, we will see in Section 5, considering Neumann boundary conditions,
that such a pulse with ¢=0 can propagate in that case.

Next we consider the narrowband case. In this case the orders of the source
pulsewidth and the propagation distance are the same (~1/e°) so that the propagating
modes overlap, there is no modal dispersion. In this case, to describe the asymptotic
behavior of the pulse, we need to compensate the rapid phase ei(“)L/e"  However,
note that (4.1) is a superposition of N(wg) eigenvector ¢;, so that one can study the
finite-dimensional vectors corresponding to the modal decomposition compensated by
the fast phase as described in the following result.

PROPOSITION 4.2.  For all j€{1,...,N(wo)}, let us consider the projection

P S
Pjpr(t,L)=e il (Bfem=ls) gleot/= <ppr(€s7 Tes ) ¢J>L2(o d)’

We have for s=1/(2—8)

. 1
glj;%pj,pr@’l’) = §f(t _ﬁ; (WO)L)<¢jaW>L2(O’d)- (45)
Roughly speaking, we can then write
¢ Ly e—iwor/e MO |
~ - _ i85 (wo)(L/e*—L
ppT‘(;ax,;) E:O 9 Zl f(t ﬂ](wO)L)e ( 0)( / S ¢ ( <¢]3\11>L2(0 d)
J:

The transmitted pulse is therefore a superposition of modes and each of them is centered
around its travel time t; defined by (4.3).

In the two following sections we describe how the pulse is affected by the random
perturbations of the propagation medium. We consider first, the case of a pulse gener-
ated by a broadband source and second by a narrowband source.

4.2. Broadband pulse (¢<s=1/(2—b)) in the random case. Following
the lines of Section 4.1, making the change of variable w=wy+¢%h in (4.1) we have

tobs u L
ppT( +7axa7>

es ed es
e iwotons /2* g —iwou/et N{20) Bi(wo) s i
_ § Bj(wo)L/e® ,—ifi(wo)Ls 4 . N
4 £ 5j(wo)e ‘ 05 ()01 V) 20,0

J,l=1

/ I F () e P o Lt ) [ AR UL/ P (g g9, L)dh,  (4.6)

where ®° is given by (4.2). As in the homogeneous case, we can observe a train of
coherent transmitted pulses, described in the following result, at several well-separated
observation times tq5s =t; defined by (4.3).

THEOREM 4.1.  For all j€{1,...,N(wo)}, let us consider

; s ; s t; L
pj,pr(u’x’L)ze_lﬁj(wo)(L/s ~hs)ghenti/e elwou/sqpm(i‘i‘l x 7)? (4.7

gs g1’ gs

where s=1/(2—).
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o« If qels/25), the family (55 (niL)seesPiyny e (D)o comverges
in  distribution on  C([=T,T]x (0,d),CN®0)) as & goes to 0 to
(p?,pr('f’L)a---ap?v(wo)’pr('7‘,L))g, where

et05,H(wo)Bu (L)

p?,pr(u?$7L) = ij}L * f(u)¢j (x)<¢ja‘I]>L2(07d)- (48)

Here Kj 1, is defined by (4.4), By is a standard fractional Brownian motion
with Hurst index H=(2—1)/2€(1/2,1), and 0 g(wo) is defined by (3.2).

o If q€(0,s/2), the family (pjpr(',~,L),...7p§V(w0)7pr(~,~,L))€ converges in proba-
bility on C([—T,T] x (0,d),CN0)) to 0 as & goes to 0.

This result shows that the random perturbations of the propagation medium induce
on the pulse, a mode-dependent and frequency-dependent phase modulation driven by
a single standard fractional Brownian motion, and spread dispersively through the ker-
nel K 1. This result is in contrast with the case of random perturbations with mixing
properties (see [10, Section 20.4.3]) and s =1 in three respects. First, the random modu-
lation is driven by a fractional Brownian motion and not by a standard Brownian motion.
Second, in our case, the fractional Brownian motion is the same for all the transmitted
waves and not a family of standard Brownian motion with some frequency-dependent
correlation matrix. Finally, as already discussed in Section 3, on this propagation scale
(L/e® with s=1/(2H)) the pulse does not accumulate enough scattering events to affect
its energy [12,16]: we have

N(wo)

1
>[It D adu=3 [ 1) Pdul 9],
j=1

where the right-hand side is the total energy produced by the source and entering the
random medium.

4.3. Narrowband pulse (¢=s=1/(2—)) in the random case. As discussed
in Section 4.1, in the context of a narrowband pulse, the propagating modes overlap,
there is no modal dispersion, and we have from (4.1)

—iwot/e® N (wo)

¢ L € BZ(WO) Bj(wo)L/e® ,—ifi(wo)Ls
r\ —ooly o | = RN I E @ ] 7\11
Py (58 v 55) 47 Py ﬁj(wo)e € ¢J(x)<¢l >L2(0,d)
X / F(R)e(Bi(wo)L=t) P (wo+e°h, L)dh. (4.9)

As in the homogeneous case, because of the mode overlapping, we study the finite-
dimensional vectors corresponding to the modal decomposition and compensated by
the fast phase. The precise result is given in the following theorem.

THEOREM 4.2. For all j€{1,...,N(wp)}, let us consider the projection

Loy syt ([t L
(t7L):€ iB5(wo)(L/e Ls)ezwut/e <pp7“(€757'77)’¢j>142(07d)'

€
pj’PT s

The family (p5 (-, L), 7p‘j\,(wO)’pT(~,L))E converges in distribution in C([—T,T],CN(0))

as € goes to 0 to (p(l),pr('aL)v'"»p?v(wo),pr('vL))m where for je{1,...,N(wo)}

(g
Ppr (8, 1) = 5 et OB F (1= B (w00) L)(6,9) 1 g 4
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Here, By is a standard fractional Brownian motion with Hurst index H € (1/2,1), and
o; m(wo) is defined by (3.2).

Roughly speaking, the pulse can be described as

t L
()

e—iwot/e* N(@0) v Bu(L / i3, L/e*—L
3 Z 03,8 (wo) Ba ( )f(t—ﬂj(wo)L)ewf(w”)( /e = S)¢j(x)<¢j"l/>[/2(0,d).
j=1

The transmitted pulse is therefore a superposition of modes, each of them is centered
around its travel time ¢; defined by (4.3), but also modulated by a mode-dependent and
frequency-dependent random phase. Once again the randomness comes from the same
fractional Brownian motion for all the propagating modes.

5. Pulse propagation for a single-mode waveguide with Neumann bound-
ary conditions

In this section we study, using Theorem 3.2, the particular case of a single-mode
waveguide with Neumann boundary conditions on 9D to make the link with earlier
works in one-dimensional propagation media [19,20] and make a distinction with the
above results. Considering Neumann conditions at the waveguide boundaries, signals
with pulsewidth of order 1 (¢=0) can propagate through the waveguide. The reason
is that, compared to the context of Dirichlet boundary conditions, the Laplacian now
has a null eigenvalue. Moreover, as described below, in the Neumann case the random
medium fluctuations produce a random travel time correction for the pulse. In this
context, the spectral analysis of the transverse Laplacian 92 in (2.2) is slightly different:
—0?2 with Neumann boundary conditions on 9D is a nonnegative self-adjoint operator in
L?(0,d). Tts spectrum consists of a countably infinite number of nonnegative eigenvalues
(Aj)j>0 since (0,d) is a bounded domain. Therefore, we have for all >0

—92¢;(x)=X;¢;(x) Vze(0,d), and  ¢(0)=¢}(d)=0,

where 0=X9<A; <--- and the eigenvectors (¢;);>o form an orthonormal basis of
L?(0,d). In our context, we have explicit expressions for the eigenvectors and eigen-
values

/\0 =0 and ¢0 =

al-

and

j2ﬂ.2

Aj o and (bj(gc):\/gcos(ij/d), for j >1.

Moreover, in this context the number of propagating modes is now given by

Nw)=1+ [“—d}

m™c

so that in order to have only one propagating mode (N(w)=1), we have to take

W E (—We,we) with We=c\/\1.
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Let us assume that the temporal profile of the source (1.2) is given by f¢(¢) = f(t), for
which the support of ]?(w) is included in (—we,we). According to the remarks at the
beginning of Section 4, to study the asymptotic behavior of the pulse, we consider the
following propagating part with only one mode:

d
L, J59(@)dz [~ i iiiees) [mae——] "1
polt 2) =20 D% [ Flwye -t [P, do
Here, the coefficient [P{;"(w,L)] ™! is called the transmission coefficient, and is derived
from the right hand side of (2.20) and that [Py (w,L)|? — |[PYf(w,L)[2=1. Conse-
quently, we observe the transmitted pulse in a time window of order 1 (comparable to
the pulse width) and centered at L/(ce®) (of order the total travel time)

L L d{E —zwu a, —
pZ(UﬂL):pa(is +u’*5) fo /f [Plla( L)] 1dw7
ce €
and we have the following result.
THEOREM 5.1.  For s=1/(2—1Y) the family (p5(-,L))s converges in distribution on
C([-T.T]) as € goes to O to

d
i1 = o 20

Here, By is a standard fractional Brownian motion with Hurst index H=(2—1)/2¢€
(1/2,1), and

f(t—ouBu(L)).

C

2 b / /
=9 ____ R drda’.
OH= 4 (2H —1)d2c2 /(07602 (@,@")dvdz

The proof of this result follows closely the one of Theorem 4.1 and Theorem 4.2 using
the first point of Theorem 3.2. The result obtained in Theorem 5.1 is similar to the
ones obtained in [19,20] for one-dimensional propagation media. The transmitted pulse
is the original pulse with a random time shift given by a fractional Brownian motion.
In contrast to the result obtained in the same context (single-mode random waveguide),
but with random perturbations having mixing properties [11, Proposition 3|, the ran-
dom shift is here a fractional Brownian motion, and not a standard Brownian motion.
Moreover there is here no determinist deformation of the pulse and the energy is not
affected because the pulse does not accumulate enough scattering events to affect it.

In the remaining part of the paper we first derive some properties on the stochastic
process V(z,x2) which we then use in the proof of Theorem 3.1, Theorem 4.1, and
Theorem 4.2.

6. The random fluctuations model

This section is devoted to some properties of the random field V(z,z) (defined by
(1.3)) modeling the medium fluctuations. The long-range property (1.4) is the key to
observe stochastic effects driven by a fractional Brownian motion and not a standard
one as in the mixing case [10, Chapter 20]. The following proposition shows that V'
exhibits the long-range property as well.

PROPOSITION 6.1.  For all s€R and (z,y) € (0,d)?, we have
C too 2
E[V(z4s,2)V(s,y)] ~ —2R(z,y) with Cy= ;—b (/ @(x)xeiﬁ/zd:z) .

z—+o0 2D m S
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The proof of this proposition follows exactly along the lines of [19, Lemma 1], but we
present it in this section as preliminaries for the proof of Proposition 6.2.

Proof. (Proof of Proposition 6.1.) The following proof is based on decomposi-
tions over the Hermite polynomials which are defined by:

(l) u . 67’11,2/2
19 ), with g(u):= ol (6.1)

which form an orthogonal basis of L?(R,g(u)du) satisfying

(Hi,Hp,) =U01m. (6.2)

L2(R,g(u)du)
Let us recall the Mehler formula, which is
E[H; (X)) Hpm(X2)] = UE[X1 Xa] 61,

for two centered Gaussian random variables such that E[X?]=E[X2]=1.
Now, decomposing O in this basis

S
=> WHz(x), where  ©;= <Hl7®>L2(R,ﬂ1(fﬂ)d$)’

1>1

and using the Mehler formula, we have

16 By (=-+5,0)) OBy (5.0)) = Y @lﬁ ELH(By (= + 5,2)) By (5.0))]

I
I,m>1
—Z 2)R(z,y)
1>1
=071y (2)R(z,y +Z (2)R'(z,y).

1>2
Now, let us remark that for [ > 2 we have 27r h( z) —0 as z — +o0, and for z large enough
| TRV P - e
1>2 1>2
since for all I >1 we have assumed (1.5). Therefore, we finally have

zhE[V(z—i-s,x)V(s,y)] et c;,@%R(x,y),

which concludes the proof of Proposition 6.1. ]

The proof of Theorem 3.1 is based on a moment technique, and we then have to
evaluate moments of the form

{_:n(%l/Z/A - [pl:[@(gh petly )]cpa(zzl, o Zn)dz1 .. dzy,

where n is an even number (otherwise this moment is 0 by symmetry), and

An(z)={(21,....,20) €[0,2]", st. 0<z;<z;1 Vje{2,...,n}}.
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The following proposition gives the leading order term of these moments.

PROPOSITION 6.2.  For all even numbersn>2, and s=1/(2—0), there exists a positive
constant C' such that

dzl...dzngcnnnm,

7 |
sup sup —
£€(0.1) (1,002 ) [0, €L/ [0,2]"

#[TTo(@(2)

;%M/An(Z)E[ﬁ@(Bb (i—?xp))}cpe(z,zl,...,zn)dzl...dzn

p=1

n R )
:limch/Q/ Lﬂlhgw&(zazlw..azn)dzl...dzn)
-y 2 F piarer 1l

where @, is a bounded function for all €. Here, the sum is over over all the pairings F
of {1,...,n}, and the limit € — 0 is uniform with respect to (r1,...,2y).

We recall that a pairing formed over vertices of S={1,...,2l} is a partition of S
into ! pairs of couple (p,q) such that all the elements of S appear only in one of the
pairs and with p<gq. A corresponding proposition has been proved in [17], but for the
sake of completeness we provide here a version of the proof adapted to our notations.

Proof. (Proof of Proposition 6.2.) The proof of this proposition is inspired by
some ideas developed in [24]. For the first part of the result, we decompose the function
x+— O(\;1z) over the Hermite polynomials with resulting coefficients ©,,;. We then
have

n

=[T10(5(2.0))] ==[IT0 (5 00 (2:0))
oy (ﬁ@lz;p)ﬁ[ﬁmp@ngh(g,%))}

Iyeyln>1 \p=1

Here, we introduce M, :=(n—2)"1/2 for technical reason. As we will see below, this
parameter allows us to enforce the convergence of a series. Now, we would like to
use [24, Lemma 3.2] stating that for n>2 and a (X3,...,X,,) standard Gaussian vector,
that is a mean zero Gaussian vector satisfying

EX;]=1 and [E[X;X)]|<1 V(i) e{l,...,n}* with j#,
we have

I!---1,!
24 (q') Z TivgiTiaga ** " Tigdq
VIl yeln) (6.3)

E[ H, (X }:
pl;[l 1 (%) if LAl =2g and 0<l1,...,In<gq
0 otherwise

with Tij :]E[XZX]], and

Iy, 0n) ={ (i1, 1, iged) €{1,...,n}%, st ig#js VBE{l,....q}
and all index re{l,...,n} appearsl, times}.
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However, we cannot apply (6.3) directly because of the parameter A,. To handle this
term, we first make use of the following multiplication theorem [9]:

/2] I
__\! 2
Hi(Au) =X, (1-2, )k ST

k=0

Hy_op(u).

Rewriting (6.3) to our case, we have

]E{pli[lepzkp (Bb (?%))]
S| CICESS LEN

— I(l1,.0n) A=1 ~ -
if Ii+-+l,=2¢and 0<ly,...,0l,<q with lp =1y —2kp,
0 otherwise.

Now, let us remark :chat all the indices [ are odd since O is assumed to be odd (©,,;=0
for I even). Hence, I, =1, —2k,>1 for all p=1,...,n, so that ¢>n/2. Let us consider

q
2 — 2
Agn :=/ H Ty (%)R(zim,x]‘m) dzy...dzy,.
(0,2]™ m=1 €
From the definition of I(l~1,...,l~n) one can deduce that each of the zq,...,2, appear at

least once in the above product. Then, by keeping n/2 of them to integrate 7y, and
bounding ry by sup,, | (u)| =1 for the others, we obtain

—_—

Z1,T2

n/2

Th (5%) ’du) . (6.4)

<1

using the fact that the function ry is even.

Now, we want to estimate the cardinal of I(y,...,I,). For this, we apply again (6.3)
with X; =---=X,, =X, where X ~N(0,1), and with now r;_ ; =1. Hence, combining

(6.3) and (6.4),
[ BT (52 )
(/ ’Th ‘du> Hlf[lep—zk,,(X)H.

Moreover, according to [24, Lemma 3.1], we have

]| TT a0 < [Tn-v2 vt ©5)
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so that

/[Oz]n {HHl ()\ Bh( ))]dzl...dzn
<o ([ () T35

5 n— lp/2—kp -2 _1\kp [ZP/ZN
< 2 e = S T =)

p=1,...n p=1

kp=0,....[lp/2]

After standard computations, we find for [, odd,

(I, —2k,) > 2l /A=ke ([1, /2] — k), and  (n—1)l/27ke <pl/2(n —1)ll/2=F

and then, with the binomial theorem,

(ln/2]

n—1)%/2=ks (\=2 _1)k» [1p/2]!
Z( DY OGE ) 2kp k1 / (1, — 2k, )!

kp=0
nl/2 [ln/2] ,/2]!
< (TL— 1)[lp/2]7kp(A:2 _1)kpp—
20»/2] k;Z_:O ' kp!([1p/2] = Kp)!
1/2
—QT[sz/z] (42,2 =2) /2,

Hence, using again that all the indices [, are odd numbers, we obtain

/[o,z]n]E[f[l@(Bh (%’x”»}dzl“-dzn
<p™/20m (/ ‘”) ‘du> n/2 Z ﬁ 2[)1;/'2]6; 1/2 +)\;2 _2)[lp/2]

36{17 ,n}
z n/2
<(An/2)rom / ’r (ﬁ)‘du Z|@n2l+1|
>\Nn o b o5

We consider now the decomposition

[nM]-1
‘Gn 2l+1| ‘@n,2l+1|
D e IR Z =
>0 =[nM]
=T +1I,

where M is independent of n and will be specified later. In what follows, we consider
only the case [ >1 since the bound is direct for /=0 . For I, using definition (6.1), an
integration by parts in ©,, 241 gives

On2i1=X,"( 2l/@(l) (A, g (u) = 1953)217
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and using (6.2), we obtain
1O 2041 <AL NOM (W) | 2(Rog () | ot | 2.2, g (wyawy < Ay, P sup [©) () [/ (20)!

As a result, using that (21)! <22/(I!)? we have

[nM]—1
I<Ci+Cn'? Y 2 <Cy+nl/2emM.
=1

For II, using again definition (6.1), we have after 2[ integration by parts,
Onais1 =\, /@21 (A7 ) g™ (u)du.

Then, using (1.5) and that I! >e(l/e)!, we obtain

Z \®n2l+1| 2 Z ( ) (eC2).

1>[nM] 1>[nM] : 1>[nM]

Setting M > eCg, we obtain 11 <C, and then

[, L0 )i zavicn ([ (2 )

To conclude, it remains to estimate the term involving 7. According to (1.4), there
exists 2o >0 such that for all 2>z, we have |ry(2)| < C|z|7", and therefore, for all

z> 2,
z
/0

with s=1/(2—8).
To prove the second result of the proposition, we just need to decompose © itself

over the Hermite polynomials:
('—)lp n P
RN CACIERN))

(le(s(2)))- ¥ (11
=01y, I m(™5

n/2

Th (%)‘duSC(ss+esh/j |u|7hdu) <Ce* (6.6)

E%Z0

Iyl >1

>R(IQ,I5)+RZ(2’1,...,Zn),

F (a,B)EF
with
" ~O L Z;
R (21, 20, @1,y Ty) = Z Hl'] E{HHIJ(B;)(?J]-)H,
p=15,(l1,esln) \J=1 7 j=1
and

Sp(ly,..lp)={lx=1for k<p; 1,€{2,...,n}, le{l,...,n} for k>p}.
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According to (6.3), RS can be recast as

AT Sl SIS H<@lm>E[i[lﬂlm(sh@,xm))],

p=lq>n/2+15, (I1,...,l,) m=1

where Sp o (I1,..,0n) = Sp(l1,.. ., 1n) N {l1 +---+1, =2¢}. An important point here is the
following. Since there is at least one index I; greater than 2, and that n is even, we
necessarily have ¢>n/2+1. This is the reason why we obtain some extra powers of
e, and then obtain the convergence to the leading term. Moreover, as before, we can
estimate Ay, in the same way for ¢>n/2+1. Using that ry, and R are bounded by
one, we have for all (i1,71,...,9¢,7¢) €I(l1,...,1n),

n/2+1 :
Aqn</ H |r L ]m)|dzl .dzp,
[0,2]" 1,
where (i/l’ji"“’i;,/2+1’j7l1/2+1) repeats j twice. Moreover, since n/2+1 is odd, there

is only one other index, denoted by j’, which appears twice, and therefore two cases
are possible in the multiple integral. In the first case, we have a term of the form
ro((2j —zjr)/¢) (if any there is only one), and

Cie®h  ifhe(0,1/2),

/ dzj/ dzj/rﬁ(zj _Szj')g Cie®log(1/e%) if h=1/2,
0 0 € Cles  ifpe(1/2,1),

and then, using (6.6),

n/2+1

Aqn</ IT Iro(Z %) [don .
0,z]™

m=1

n/2—1
(/ du/ dv‘rh |dudu) /du/ dvrh dudv

<Ceshm/2gs(b0A(1-D)) log(l/s ).

Now, if we are not in the first case, we have a term of the form ry((z; —2;/)/e%)ry ((2; —
zk)/€%), k#7’. Then, the Cauchy-Schwarz inequality with respect to z;, a change of
variable, the fact that 7y is even, and again (6.6), lead to

n/2+1

Agn </ H |7“ ’dzl dzy,
0,2]"

n/2—1 2z u
<C (/ du/ dv|rp, |dudv> X/O T (gs)du

<Ceshn/2g5(0n1-h) log(l/a ).

As before, one can bound the cardinal of I(ly,...,l,), and then obtain

n Zm
/[OJ]R Ifup’)zn EL}_[ Hlm (Bh (g—é,zm))} ‘dzl ...dzy,

<C€shn/2 s(hA(1— h))10g (1/%) [H H, H




C. GOMEZ AND K. SOLNA 1579

so that using (6.5),

1
[ S
en(s—1/2) /[ ]nxl,}.l.r,)mn

<O Mg/ Y Y H'Glm n_1)

j= 1q>n/2+15']q(117. lp)m= 1

]E{RfL(zl,...,zn,xl,...,zn)} ‘dzl,_,dzn

n

_ 6|(n—1)!
<e*ONA=D) ]0g(1 /e%)nC™ 2“7
1>1 vl

Moreover, according to (1.5), we have
|@1|:‘/@(l)(u)g(u)du‘ <ccl

so that the sum above is finite for n fixed, and then the error term R}, converges to zero
as € = 0. As a result, it remains to treat the leading term. For this term, we have

— b
Za— 28 ey ’
Il Th( ) dz...dz

(n 1) u
n! 525 1

5?)0
’”h — N dudv

)

"

Ju—of

where (n—l)!!:n!/(?"/Q(n/Q)!) is the number of pairings of {1,...,n}. According to
(1.4), for any >0 and zo such that for z > zg, we have |ry(2) —cp|2| 77| <ney 2|77, and
then,

esh
- £ ‘dudv
e2s-1 |, T u—vlp
Snch/ \u—v|_hdudv+5/ rh(u—v)dudv—i—cb/ |u—v| " dudv,
lu—v|>e%zg lu—v|<zo lu—v|<ezo
Finally, for all >0, we have
u v
< b
e—>052(8 5 Th - |h ’dudv nch/ / |u—v|""dudv,
which concludes the proof. 0

7. Proof of Theorem 3.1

The proof of this theorem is based on the idea developed in [3] in which the authors
study the asymptotic behavior of the solution of the random Schrédinger equation with
long-range correlations. The technique is based on the characterization of the moments
of the limiting process. This technique is very convenient in our case. In fact, even if
the field V' (z,x) in (1.3) is not Gaussian, the field By is Gaussian and the moments of
V' can be managed as described in Proposition 6.2.

To apply the moment technique to P¢(w, z), we iterate the integrated form of (2.19),

Pea= ][] ) sl Dl
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so that the transfer operator is given in term of a series

+oo
=Y P (w,2), (7.2)
n=0
where

portonr= o[ T T [P+ m ] [0

m=1

and
An(z)={(z1,....,20) €[0,2]", st. 0<z;<z;1 Vje{2,...,n}}.

Here, we use the notation

Fif (@) =F35 (.0 =H' (0,5 ), Fyi ) =Fi5 (w.u) =H(w. ).

es es

2, 2, u 2, 2, b u

F11€ (w,u) = F22E (w,u)= G* (w7 ;) F21€ (w,u)= F125 (w,u) =G (w7 ;) )
to make the distinction in the forthcoming computations between the terms produced by
the forward (resp. backward)-going propagating modes and forward (resp. backward)-
going evanescent modes. As a result, we can write P=™(w,z) as follows

N LT X e | A

(i1,0rsin) €{1,2}7 (%) m=1

and
im /2= 8 im € IdN _ %Zn: im — NS Z(pl ,,,,, pn)€E{1,2}7 H?n:lF;’Tn,’flvpm(w7Um)
£ F (w,um) 0 =€ m=1 n 1m € ’
(g1,--s qn)€{1,2}7 Hm:l 9m—1,9m (UJ’uW)
(7.4)
where po=p,=¢,=1 and gy =2. As we will see, only the component i;=1 and p;=
1 (I=1,...,n) in (7.4) has a nontrivial limit. All the other terms converge to 0 in

probability.

m=1

PROPOSITION 7.1.  The series (7.2) is well defined and

X¢(w,2) H }
0 M (C)x M (C)

)

hmE[pr(w,z) - [

e—0

where P¢(w,z) is defined by (7.1), and X¢(w,z) is defined by

+o0o
=) X"(w,2), (7.5)
n=0

with
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Let us remark that X¢(w,z) corresponds to the terms i;=1 and p;=1 (I=1,...,n)
in (7.4). In view of (2.19) X¢(w,z) would correspond to the dynamic of a forward-going
wave only, with no evanescent mode. Therefore, for this term we have

d
%Xe(waz)zmHa(w,g—s)Xe(w,z) with X% (w,0)=1Id,
so that for all z € [0, L]
N(w)
Y X5, 2)P =N(w), (7.7)
jl=1

since H%(w,z) is skew Hermitian, meaning that X°¢(w,-) is uniformly bounded. The
following result deals with the asymptotic behavior of X¢(w,-), and then concludes the
proof of Theorem 3.1 according to [4, Theorem 3.1 pp. 27].

PROPOSITION 7.2.  For all z€[0,L], the family (X¢(w,2))e converges in distribution
on Mn(C) to

D(w,z) =diag(e®rn@Bu(z)  gionma(@)Bu(z)y (7.8)

with oj g(w) defined by (3.2), and where By is a standard fractional Brownian motion
with Hurst index H=(2—14)/2, and defined on a probability space (Q,T,P).

The remainder of this section consists of proving Proposition 7.2 and Proposition
7.1. We start with the proof of Proposition 7.2, because it allows us to illustrate all the
important points arising in the proof of Proposition 7.1.

Let us note that we will prove in Proposition 7.1 (resp. Proposition 7.2) the con-
vergence in distribution on My (C) x My (C) (resp. My (C)) equipped with the weak
topology. However, since the weak and the strong topology are the same on finite-
dimensional vector spaces, this strategy allows lighter notations without changing the
result.

7.1. Proof of Proposition 7.2. To prove the convergence of (X°(w,z)). we
only have to focus on the convergence of its moments. In fact, (X¢(w,z)). being a
bounded family we directly have its tightness, that is

Vn>0, Ju>0 such that HP<|<XE(M,Z),)\>|2>,U)§T].
e—0

Therefore, the computation of the moments allows us to characterize uniquely all the
accumulation points. To compute the moments, we focus first on the first-order moment
as illustration (Proposition 7.3)

N
E[<X6(w7z)v>‘>] = Z E[X;l(wvz)]rjla
Ji=1

where A € My (C). Then, we investigate the arbitrary high order moments (Proposition
7.4)

E {<X5(cu,z),)\>M1 <X5(w,z),)\>M2}
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M1 N M2 N M1 M2
. € €
O ID D SEED DI} | ESRIRED] | DN
P1=151,pq5l1,py =1P2=1]2 py,l2,po =1  p1=1 p2=1
Mo
X H )\31 p1l1,py H /\]2 pal2,pg* (79)
p1=1 p2=1

7.1.1. Proof of Proposition 7.2: Moment of order one. In this section we
investigate the convergence of the expectation of X¢(w,z). This step is also useful to
understand more easily the computations which are similar for the high-order moments.
Throughout this section let (j,1) €{1,...,N}? be two fixed indexes. According to (7.6),
we have

X" (w,2)

71132 ( ) / /’ i( () (@) =
W E : j,,n 17 (w,um/ss)e’ Jm (@ ﬁjm_1 w))um/€e U,
ongn(s—1/2) m d

J1yeendn—1=1 n(2) m=1

(7.10)

where jo=7 and j, =I.

PROPOSITION 7.3.  For all (j,1)€{1,...,N}2, we have
lim E[X5, (w, )] =B |l (P15,
where B is the expectation associated to the probability space on which the standard

fractional Brownian motion By is defined.

Proof.  (Proof of Proposition 7.3.) To compute the limit in € of E[X5;(w, )],
we have the two following lemmas.

LEMMA 7.1.  The series (7.5) is well defined, and we have for all (j,1) €{1,...,N(w)}?

—+o0
ELXG(w,2)] =E| > X5 (w.2)] = mewz
n=0 n=0
and
En
hmE Zsh_anEX (w,2)].

Proof. (Proof of Lemma 7.1.) This lemma follows from a simple adaptation of
the proof of the first point in Proposition 6.2. In fact, it suffices to show

sup E[|X;l’"(w,z)|2]1/2 <400,
nZOEG(O’l)
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and we have

E[|X5" (w,2)]?] <w Z H duy, du?
gl ’ —922ng2n(s—1/2) : m

]1a 7]n, =1
J1’ ’Jn_lfl

< B[ TT sy (@b /) (2|

FEAY
m=1
- C2nnn
where the Cj; are defined by (2.11), which concludes the proof of the lemma. |

Lemma 7.1 concerns the inversion between the expectation and the sum with respect
to n, as well as the inversion between the limit in ¢ and the sum. As a result, we have

too inan(w) N
n,e
ilg(l)E[ j1(w,2)] = ZT Z ilﬂ%fm, ,Jn(z)’
n=0 jla-“vjnfl 1
where
Iﬂf win
/ VO ey
= Cn jm(w,um/as)]dul...dun,
G Bno) B @B (@) Lt

with jo=j and j,, ={. However, from the Gaussian property of By and because © is an
odd function, the product in the expectation needs to contain an even number of terms,
let say n=2n’, otherwise the expectation is 0. Therefore, according to the second point
of Proposition 6.2, we have

2n’
’ ’ R ] ) ]
E[[] G (wotinfe)] ~ Cprerny [ Doecrieiase

Ug — U~ |D
m=1 Font (a,Y)EF o, ‘ « 'Y|

where the sum is over all the pairings of {1,...,2n'}. As a result, for s=1/(2H) with
H=(2-1)/2, the limit in ¢ of the diagonal terms is

/
2n' e ChRJJJJ 2H -9
}5%13,;7 J(Z) ( ﬂ2 A E H [t — U | duy ...dugy, .
2n’ ]:271/ (o, y)EFq,
However, we also have
)
1rquq
2H—2 __ n'
> I lwe-w T =clyE o172 w(dry)|,
]:271’ (04,’}/)6]:2,”/

where w(dr) is a Gaussian white noise defined on a probability space (Q,7,P), and

1,y =T2H—1)sin(nH)/m. (7.11)
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Therefore, we obtain

o’ e _ Rjjii\"™ 1H ~ e'ra*
gg%lﬂ’ ’J(Z)_<Chﬁjz.(w)> H irglrq \H 1/2 (drq)}

~ (e /;g”))" Cl(’;f;j’!HE[B%f’(zn,

with
Cop =7/(H(2H — )T (2H —1)sin(Hr)), (7.12)
and
1 eirr 1

is a standard fractional Brownian motion with Hurst index H=(2—15)/2. As a result,
we obtain

(6.1 (w)Bu (2))*"
(2n")!

CyRjjjj
H(2H —1)57(w)’

lim 727" (2 )=IE[

~92 o
lim 755 } where G5 y(w)=

and Rjimy is defined by (3.3). The following lemma deals with the offdiagonal terms,
and shows that these terms converge to 0 as € — 0 because of the fast oscillating phase
terms.

LEMMA 7.2. If there exists ng €{1,...,2n'} such that jn,—1 7 jny, then

n,e _
il_I,I(l)IJOa “Jon (Z)—O

Proof. (Proof of Lemma 7.2.) According to the second point of Proposition 6.2
we have

I d m
JOx J2n! s%O H mz/ /2n’(z)7nH1 "
< I n

a—1Jajy—1Jy et Bia (W) =By (W))ua/e® (ﬂjw(w)*ﬂjw,l(w))uv/fsduadu )
|ta —uy[? !
(v, Y)E€Fo,

For a fixed pairing Fa, let us consider the couple (ag,70) involving ng, let say ag=mno.
Using the fact that
eir(ufv)

s

|u—v\7h =c1,H

we have

|Ua0 . |—hei(ﬁja0 (W) =Bjny—1 (W))tag /e® ei(ﬁjyo (W) =Bjpg—1 (W))urg /e°

e / | ‘L o100 (B () =By (@))/€7) o =iting (r= (B (@) =By _y (@))/e%) g,
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Using an integration by parts in the variables u,,, for
etulr+(B5(w)=Pr(w))/e*) _1

i(r+(B5(w) = Biw))/e%)”

etulr+(B;(w)—Fr(w))/e%) with primitive

we obtain
2n’
n,e . < — _b
| (o) ;gréol/w() M T lee—uwl
! m—=1 (Dt,’Y)e]:gnl
%z:o (e, 7)#(0,70)
e tean—1 (r+(Bjag (W) =Bjqy—1 (W))/€%) _
/‘ T+ (Bjag (W) = Bjuy 1 (W))/E° ‘l?’ll"
2n’
T, _ —=h
By U | IR T
2n/ m;énazl—&-l (o, y)EFqp,r
m;é(,)yo (a77)#(a0+17’70)
/‘ Zuwo(r-i-(ﬁyao(w) Biag—1(@))/e%) _ ‘
T4 (Bjag (W) = Bjuy_1 (w)) /5 T|r[t=0”
where

AL (2) = { (W1 g1 g 15+ iznr) €[0,2]7 72,
stouj<uj—y Vie{2,....2n'}\{ao}}
A;i)/(z) :{(ul,...,uao,ua0+2,...,u2n:),
st u; <wuy_q Vj€{2,...,2n’}\{050+1}}.
To conclude the proof of Lemma 7.2, we have the following lemma.

LEMMA 7.3. For all a#0 and u#0, we have

iu(r—a/e®) _ 1‘2

dr=0

i [ 1€
1im _—
) r=ae P

Proof. (Proof of Lemma 7.3.) Let >0 and >0 be small parameters. We
decompose the integral into three parts as follows

|eiu(r7a/ss) _ 1‘

r=a/e T

|eiu(7'—a/ss) _1‘
:(/ +/ +/ >—s 1_hd’l".
|r—a/e|>pn/e® n<|r—a/es|<p/e® |r—a/es|<n |T’—a/6 ||r|

For the last integral, making the change of variable r —r+a/e®r we have

/ |eiu(r—a/es) _ 1| p / | iur 1|2 ir
=
[r—a/es|<n |T7a/€sl|r‘2H71 |r|<n |r|‘r+a/€s|l b

dr
ir|<n [T +a/es[10

< |u|68(1—b)/ _dr
irl<n llal —e*n|t=0

chs(l—h).

dr

< ful
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For the second one, making the change of variable r —r/e® we have

/ |ezu(r ale )_1‘2 dr:ES/ |ezu(e r—a)/e _1|dr
n<lr—afes|<p/es [T —a/e*P|r|2H =1 con<lesr—al<p €57 —al[r[t
:gsu—h)/ dr
esn<|r—al<p [r —al|r[t=Y

65(17{7) dr
< 71_,3/ —
(|a| _Eél’l/> esn<|ul<p |u|

< Ce*1"D1og(1/e).

Finally, making the change of variable r —r/c®, we have

/ |eiu(7'—a/53)_1dr:gs(l_h)/ |eiu(7'—a)ss_1‘dr
|r—a/es|>p/es r—a/55||r|1—h [r—al>p |r—a|\r|1—h

<ﬂwj S
N [r—al>p |T_a|‘r|lih

oo
As a result, we obtain

I (ik2(w)5; 2 /
B[ (v, 2))= Y T B g s,

which concludes the proof of Proposition 7.3. 0

7.1.2. Proof of Proposition 7.2: Arbitrary order moments. To iden-
tify properly the limit in distribution of X¢(w,z) as e =0, we need to identify all the
moments

M
gigéE X5, @) ] Xz, i, @.2)]. (7.14)
p1=1 pa=1

However, as we will see, the computations follow the ones of the first-order moment. In
the previous expression and in the forthcoming computations, all the indexes with the
subscript 2 correspond to the complex conjugate terms.

PROPOSITION 7.4.  For all (j1.1,--,J1,My552,15 -+ J2.05) € {1,.., N}M1FM2 “ype have

Mo
: €
;I—I{%JE ]1 pilieg (w,2) H Xj?ypzllm (w’z>]
p1=1 p2=1
My
T iy, (W) B (%) —i0jy . H(w)Bu(2)
7E[ H e P 6]1 11,1 € w2 §J2 pal2, PQ}
p1=1 p2=1

where By is defined by (7.13).
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Proof. Using (7.10) we have

Ml M2

€ e (i ~)
H le,mllxm <w’z) H XJ'Z,ple,pz (UJ’Z)
p1=1 p2=1

My M N N

Y Y Y S S X,

P1=1p2=1n1,p, =0n2,py =0J1,p1,150-201,p1,n1 p; —171J2,p2,a2,15+-352,p2 .09 py —1=1

_ 5
=> X5
Ty

where
e M
X i n2k2n(w) 1
nj T ongn(s—1/2) H A
p1=1 ni, P1 Ang Pz
M; TMi1,py
s
X H H le,pl,Wlepl—ljl,pl,v‘ul’pl (w7u17p1777L1,p1 /5 )
p1=1mq p, =1
i(B; (w)—B; 1 (@)ut,pymy g, /€
X e ILp1,m1,py J1,p1,my,py —1 P1,M1,py dul,mﬂm,pl
M> N2 py
s
X H H CjQ,pQ,TnQ,p271j2,p2,m2’p2 (wqu,pmmz,pz /5 )
pg:lmgy;,Q:l
—i(B; (w)—B; 1 (@)uz,py,my ,, /7
Xe o 2P2m2p, 2p2.m2,py ~1 PR dug gy s
with

ny= g N1py s Ny = g N2.py s and n=nji+ns.

p1=1 p2=1

Moreover, we have j15,,0=071,p1» J1,p1,n1.5, =11 J2,p2,0 =J2,ps A0 J2,py 05, =12,ps-
To obtain the limit in € of the expectation of the previous expression, we need first to
exchange the infinite sums with the expectation. To do so, we use an adapted version
of Lemma 7.1.

LEMMA 7.4.  We have

My Mo
E[ T X500, @2) 1 X5, i, (@52)] = E[XG;,
p1=1 p2=1 Jnj
and
My Mo
;%E[pgl)(;mhm (w,z)pglxgmlm (w,2)] :JHJ;RE[X;J].

Proof. (Proof of Lemma 7.4.) To prove this lemma, it suffices to show,

Z sup E[X, ;] Y2 < oo,
Ja 5601)
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Following the proof of Lemma 7.1, we have

My

k4n(w)
il o T1 o I i
p1=1 71’1 p*l 71’2
where

1
B . =————— [ | I I | (w o /€°)
_ m - m 1 m
o o2n(s—1/2) (0,220 Jl P11 py —191,p1,m1 py M L prma gy

p1=1mq p, =1

x C;

2
J1,py,m1 1 —1J1, P1,Mm1,py (Wvul,pl,mLm /E )

n2,pg

X 1 s
x H H J2.p2.m3,py —192.p2.m2 py (W’UQ’p2vm2,p2 /5 )

p2=1mao p2_1

2 s
x Cﬂpg mo p2—1]p2 m2 py (w7u2,p2,m2)p2 /5 ):|

nl;Fl n2’p2
1 2 1 2
H dul)pl:ml,pl dul,thl,pl H du2:p27m2,p2 du2)p21m2,p2,
mlyplzl mz)pzzl

so that for s=1/(2H) we obtain by following the proof of the first point in Proposition
6.2

|E J| < CQn
Consequently, we have

My o, pln m Mz Cn2p2n22p2

s B < 1] =

€€(0,1) nl,m pa=1

which concludes the proof of Lemma 7.4. O

According to Lemma 7.4, to compute (7.14), it suffices to compute termwise
lim._,0 E[X;j], which is done in the two following lemmas. The first one deals with
the “diagonal” terms while the second one deals with the “offdiagonal” terms. In the
first lemma, we need to have n=2n’ to obtain a nontrivial limit.

LEMMA 7.5.  If for all (i,p;,m; p,) €{1,2} x{1,...,M;} x{1,...,n5 p, },
ji,pi,mpl. :ji,pia

then we have

M, 1

lim E[X ] =E[ T] [i0),,,,,0(@) B ()] ——— ] [~y Bu ()] ——

M, 1
£550 n1p, ! : No.p, !
p1=1 »P1 pa=1 P2

with o g (w) defined by (3.2).
LEMMA 7.6. If there exists (i,p;,mip,) €{1,2} x{1,...,M;} x{1,...,n;, } such that,

Ji,pi,mip, #jlwphmi,p,i -1,
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then we have

lim E[X5, ;] =0.

e—0
These two lemmas imply that
Ml M2
. 5 ~= 7 N\ _ . £
;L{%E[ H le,mll,m (w,2) H X;Z,p2l2,p2 (w’z)] - Q%E[Xn,j]
p1=1 p2=1 Jnj
M, ) Mo )
:E[ H ewjl,pl,H(W)BH(Z)(;ijlllyp1 H e_zajz,pZ,H(W)BH(Z)(;jQ)leQYpQ}’
p1=1 p2=1

which concludes the proof of Proposition 7.4.

Proof. (Proof of Lemma 7.5.) Adapting the second point of Proposition 6.2, we
have for s=1/(2H) and n=2n'

lim ]E[Xij]
e—0 k
M, 1/2 M, 1/2

‘n1—ng 1.4n’ : . . . : . . .
_imTmE (w) H [Rm,mm,mm,mm,m}”1'” 1 [ 12‘12212‘122]2‘122]2‘1)2}nz’m 1
- |

2277‘/ le,pl (W) : pgl ﬂj2>p2 (CU)

n1,p, N2,py-

M, Mip My  Ma2,py

C
x/[o’z]%, H H dui p, q1,m1 p, H H dung,mgvpzz H m’

p1=1my p, =1 p2=1mao p,=1 Fn,j(@,y)EFn;

where the sum is over all the pairings of I, ; defined by

Invj = {(i,pi,mi%) S {1,2} X {1,,MZ} X {1,...,ni7pi}}. (715)
Moreover, we have

M- M1,pq

I R

Fn,j(a,7)EFn,j p1=1mq p, =1

Mo
<11

p2=1ma p,=1

T1,p1,my py Y1,p1,my py

‘rlp " |H—1/2 w(drlvphml,pl)
,P1,M1,py

n2,pg

ei"“2wp2wm2‘p2 U2,p2,m2 py
H |H—1/2 w(dTQ,pmmsz) )

‘TQ,PZ ;M2 po

where w(dr) is a Gaussian white noise on the probability space (Q,T,P), ¢ g is given
by (7.11). Then, we finally have

iy 5[ T [ s ]
1m nil = .~ (& ,HC JH j1,p1J1,p1J1,p1J1,p H\Z
e—0 J p1=1 26]’1,;;1 (W) T L dtn e Sl nip, !
Mo 1.2
—ik?(w) rare 1
T\ CiR.. - . . B } ]
pa=1 [25]’2,;;2 (UJ) \/cl’HCQaH h4Y2,pyd2,p092,p2 2,02 H(Z) 712,172!

where ¢ g is given by (7.12), and By by (7.13). O
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Proof. (Proof of Lemma 7.6.) First, we have

: €
ili}(l)]E[Xn,‘]}

k2n ]Ml n1,p1 n2,pgy
S| A7 NN | g /[ T e
Any pl pa=1 Ang Pl (2) ma py=1

n1,p1

XH H z(Bn,m,mlypl(w) Bit p1my py —1 @ULp1my /8
p1=1mq p, =1

n2,po

» H H 1Bz g ma py DBz pg my 1 (W)U2,p5,ma 4, /€

p2= 1m2 pz—l

s

X En,j7
with

My, M1,py

. S
E n.j _5;11—>0 En s— 1/2) |: H H J :P1,m1,py —1J1.p1 My pg (w7u1’p1’ml’p1 /5 )
p1=1my p, =1
My  M2,pg

S
X H I I CjZ,pZ,'/nzpr—1j2,p2,7n2m2 (w’u27p2;m2,p2 /E )

p2=1ma p,=1

_Z H Cb Rja—(O,O,l)jaj'y—(O,O,l)j'y

— b ’
s e 12T Bi 0y @81 )85 0y )55, ()

by adapting the proof of the second point in Proposition 6.2, and where the sum is
over all the pairings of I, ; defined by (7.15). Let us fix a pairing Fy; and denote
io=(4,pi, My p,) given in the statement of the lemma such that

ji7pi’mi,pi #jimi,mpi*l'
Following the proof of Lemma 7.2 and using Lemma 7.3, we obtain

ni, m

E_,an s— 1/2)/ /11) ) dUao

« ‘u Cu | 6 i (Bia (9) =By (D)t /2" (B () =Bs, Ly @)us/* _

(a;'Y)e}-n,J
and then
lim E[X 51=0,

e—0

since all the pairings F, j contain a term (cv,vo) involving ip. That concludes the proof
of Lemma 7.6 and at the same time the one of Proposition 7.4. oo

7.2. Proof of Proposition 7.1.  The first point of the proposition follows the
idea of Lemma 7.1, and for the second point (the convergence in probability) we only

need to prove that
s[5 [l =0
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thanks to the Markov’s inequality, where

- Xe(w,2)| (M
<P (w,z)— |: 0 :|7|:)\2:|>
However, both points need the following lemma.

LEMMA 7.7. We have

N
Z (P?if(w,z) —le(w,z)))\l)jl JFP?f(va))‘?vﬂ'
ji=1

S sup E[[PL" (w,2) P12+ B[P (w,2) ]2 < +o0.
n>06€(0 1)

According to this result and the proof of Lemma 7.1, we have

lim E[|P5;" (w,2) - X5 (w <§ jhmE (1P (w,2) = X5 (w,2)|P]V/2. (7.16)
and
b = 2
; € ; JE5T 211/2
lm B[P (w,2)[] < 570513%1@“7’3«1 (w,2)[7]/=. (7.17)

Proof. (Proof of Lemma 7.7.) The proof of this result consists of adapting the
one of Lemma 7.1. In fact, according to (7.3) and following the proof of the first point
in Proposition 6.2, the terms

E[|P;""(w2)"]  and  E[P;""(w,2)[’]

can be bounded by sums and products of terms of the form

//|u—v|_hdudv<—|—oo7
0 Jo

“+ oo z u
QLW/ dwe—ﬁz(w)lwl// u
=5~

65

%[C/ / |u—v| ™Y dudv < +o0, (7.18)
1

coming from H%, H’, G%, and G® defined by (2.16). Let us remark that we get rid of
the w in the right hand side of (7.18) using the fact w— |u —v+¢e%w|~" is a decreasing
function with respect to |w|. Moreover, we have to remark that the infinite sums in the
definition of G¢, and G° give rise to finite terms in all these estimates. In fact, thanks
o (7.18), these infinite sums involve

> @21@ < +o0, (7.19)

I>N(w)+1

and

—l—w—i’_ dudv
68

since we consider a planar waveguide. Finally, with all these estimates we obtain

1sn 1/2 an 1/2 Cn n/2
> sup IEI (w,2) PV +E[|Py; <> 00,

n>05€(0:20) n>0
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which concludes the proof of Lemma 7.7. ]

Now, to compute (7.16) and (7.17), we remark that according to (7.3) and Propo-
sition 6.2, the terms

B[P (w,2) - X" @,2)F] and  E[PF"(w,2)f)

can be expressed by sums and products of terms of the form

lu—v| e By (W) =v By (W))u/e” gi(Bry (W) +Bj, (W))v/e”
where v e {—1,1} and

2;3/2 / duweBin (@)W =By (@)w]
ges—

11— 04 £5] D (B () =118y (@)u/e” giBuy (@) =2y (@)v/e”
where (v1,15) €{—1,1}2. The contribution of these two terms is 0 in the limit ¢ — 0.
It is easy to see according to (7.18) that the contribution of the second term is 0 in

the limit e —0. For the first one, it suffices to follow exactly the proof of Lemma 7.2.
Consequently, we have

U B[P (w,2) = X5"(w,2)])] =0 and  ImE[P;"" (w,2)]*]=0,

which concludes the proof of Proposition 7.1.

8. Proof of Theorem 4.1
First of all, let us remark that according to Proposition 7.1, we have

P (suplp (1, L/=") By (1., L/2")| > ) =0, (8.1)

where p,, is defined by (4.1), and

72wtf W= wo Z

7,l=1
> elﬁj(w)L/E e_iﬁl(W)LS¢j(x)<¢lﬂlll>L2(O’d)'

ppr (t X, w L)

Then, according to [4, Theorem 3.1 pp. 27] we just have to prove Theorem 4.1 by
replacing p,, with pp,. Second, let us remark that C([—T,T] x (0,d),CN(«0)) equipped
with the supremum norm on [—T,7T]x (0,d) is a separable Banach space, so that the
tightness and the relative compactness are the same (see [4, Theorem 5.2 pp. 60]). Con-
sequently, according to the Arzela—Ascoli theorem, we only need to prove the following
result.

LEMMA 8.1. We have

N(wo)
lim mp(sup Z ‘pjpr U, L))>M):O

M —+o00e—0 u,x

and for all n>0

N(wo)
lim mp( sSup Z ‘ﬁ;,pr(uhxle> _ﬁj,pr(u27m27L)‘ >7]) =0.

720620 Ny — [+ us —ua | <7 j=1
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Consequently, using that the family (ppr(-,-,L/€°)). is uniformly bounded, we just
have to characterize all the possible limits through their moments as is done in the two
following lemmas.

LEMMA 8.2.  We have

2
~¢
hmE{ H ]1 DT ul,mlaxl,mlaL) H pb m27pr(u2,m27$2,m2a[/):|
mi1= 1 ’I’I’L2:1

Y1 2
_Te 0
—]E|: p}z mo DT (u17m1 ,1717m1 7L) H D= (u27m2?I2777l2aL):| 9

J2,mq,PT

ml—l m2:1

for all (y1,72) € (N*)?, (un.m) € [-T T2, (2,m) €(0,d)2, and (fon) €
{1,...,N(wo)}"* 2. Here, p] o 18 defined by (4.8) and E is the expectation associated
to the probability space on which the standard fractional Brownian motion is defined.

Proof. (Proof of Lemma 8.1.) This lemma is a direct consequence of (7.7). For
the first point we have

HE[sup ‘p] or (0T L)|] §C'N(WO)/|f(h)|dh<+oo7

e—0 jou,

in addition to the Markov’s inequality. For the second point, in the same way and using
the regularity of the eigenvectors ¢; we have for all 7>0

hmE[sup sup |p§7pr(u1,m1,L) —pj’pr(uQ,xQ,Lﬂ < CN(WU)T/ |h]?(h)|dh,
€0 J o |z1—z2 |+ ur —uz|<T
which concludes the proof of Lemma 8.1. O

Proof. (Proof of Lemma 8.2.) Expanding the product

V2
M. =E H (.my1m, L) ] 22 R )
5 Jl myPT 1,mqis41l,my> ) ij,mz’pT( 2,mo L2, mas ) 9
mi1=1 mo=1

according to the definition (4.7) (with X¢(w, L) instead of P*¢(w, L)), gives

NI Bty m, (W0)Bis ,, (w0)

D > 11 ,

(47T) ' ’ 1<mi<v1 1<, mql1,mq <N(wp)m1,m2 /8‘71 mi ( )6'72’m2 (w())
1SmM2<92 1<4s 1my,l2,mq <N (wo)

Y e By, m,y (Wo)— ﬂjlymrl (wo))L/e? —l(ﬂyg,mz(wo)
i(B

x e \i1my

X By oy (T1,m1) Bty 1, (20)Biis 1y (T2,m5) Bl 1,y ()

o A | R R

my,Mm2

(wo))L/e*

12 ma

(wo)— ﬁzlml(wo))Ls —i(B; (w0) =By, (wo))Ls

J2,mq

eih1,ml( i1, ml( wo)— /3 1(wo))L/ES*qe—ihz,mQ(B;-ZMZ (wo)— 512 o (wo))L/e%"1

i(®F

X e J1,mq

x E[ IT X5t Wote%hm, L)XE (wo +5qh2,m2,L)] .

J2,mal2,mo

(h1,my )—4)?2’7”2 (h2,m,))L/e%~2

my,ma
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According to Proposition 7.4 (with slight adaptations regarding the frequency) we have

lim]E{ T X5t @0t ey, DXE, (o +e0ham, ,L)}

e—0
my,ma
:E|: H Djl,nlljl,nll (wO7L)Dj2,m2j2,m2(wo7L):| H 6j1,771111,nll6j2,m2l2,m2'
mi,ma mi,m2

Moreover, using the Riemann-Lebesgue lemma and the terms of the form
!B (wo)=Bj(wo) L/ 1) M., the only nontrivial term in the limit € — 0 is obtained for
J1,my =J1,my and j2 m, = J2.m,. Therefore, in the case ¢>s/2, we have

D z (WO,L)
hmMe—E[ || Fwm )95, (@1m)5, . (20)

e—0 2

mi=1

m m ( OaL)
X H ]2 2]2 2 f(UQ,m?,)d)jz’mQ(xQ,mg)d)jQ’mQ(xO) >

mgl

and in the case ¢=s/2
V1

X ~ D: j (WOaL)
ilir(l)ME Z]E[ H L 1]1’2 L Kjl,m17L *f(ul,ml)gbjl’ml (xl,ml)d)jlﬁml (330)

72 D 3 (wO,L)
x H = ’2]2)2/2 Kj?,mng * f<u2’m2)¢32,m2 (xz’m2)¢32.m2 (.Z'O):| :

’HL2:1

Finally, the case ¢€(0,s/2) is a consequence of the stationary phase method, which
therefore concludes the proof of Lemma 8.2. 0

9. Proof of Theorem 4.2

The proof of this theorem follows closely the one of Theorem 4.1. Using (8.1) we
just need to prove Theorem 4.2 for p,, instead of p,,.. The tightness of the family
(55 pr (L)) ¢ follows along the same lines, and for the identification of the moments we
also have using Proposition 7.4 (with a slight adaptations regarding the frequency) for
all (71,72) € (N2, (tm) € [~ T, T1%2, and (nm) € (0,d)74572

72
Q%E[ H Jl miyo pT 1 ml’L) H ﬁ??,m/vaT(t27m27L):|
ml— mg:l
2
—]E{ H pjl s pr t1 mle) H pglmypr(tQ,'rng;L)]
mi= 1 m2:1

Conclusion. We have considered wave propagation in a random medium that ex-
hibits long-range correlations. The waves propagate in a waveguide with a random speed
of propagation. In Theorem 3.1 and Theorem 3.2 we described the case of monochro-
matic waves, while in Theorem 4.1 and Theorem 4.2 we investigated the cases of broad-
band and narrowband pulses. In all these cases the propagating wave is affected by
a random mode-dependent and frequency-dependent phase modulation driven by the
same fractional Brownian motion for all the propagating modes, and without affecting
its energy. Moreover, the shapes of the modes are not affected by the ramdomness.
Finally, in Theorem 5.1 we have investigated the case of a single-mode waveguide. In



C. GOMEZ AND K. SOLNA 1595

this case, the wave propagation is affected by a random time shift given by a fractional
Brownian motion without affecting the pulse shape nor its energy. In the notation of
Theorem 3.1 the phase modulation appears at depths L/e® with s=1/(2H) for H the
Hurst exponent characterizing the random medium. We assume here that H >1/2 so
that the medium fluctuations are persistent and then the phase shift appears before the
shape of the pulse starts to be modified due to scattering. The smoother the medium
fluctuations are (the larger the Hurst index H is), the earlier the onset of the random
phase correction. As also observed for one-dimensional propagation media and the ran-
dom Schrodinger equation [12,16], the wave has not experienced enough scattering to
affect its energy at the depth regime of the onset of the random phase. To observe
significant effects on the energy propagation, the waves need to go deeper in the ran-
dom medium, with the depth depending on the Hurst coefficient. These aspects will
be addressed in future works. Note however also that in such a context the forward
scattering regime is not necessarily valid and some significant back scattering can oc-
cur. Note finally that the results presented in this paper are in contrast with the case of
mixing random fluctuations when the pulse transformation and travel time correction
appear simultaneously and for larger propagation distance (L/e® with s=1).
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