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STRONG CONVERGENCE OF FULL-DISCRETE
NONLINEARITY-TRUNCATED ACCELERATED EXPONENTIAL
EULER-TYPE APPROXIMATIONS FOR STOCHASTIC
KURAMOTO-SIVASHINSKY EQUATIONS*

MARTIN HUTZENTHALER', ARNULF JENTZEN?, AND DIYORA SALIMOVAS

Abstract. This article introduces and analyzes a new explicit, easily implementable, and full-
discrete accelerated exponential Euler-type approximation scheme for additive space-time white noise
driven stochastic partial differential equations (SPDEs) with possibly non-globally monotone nonlin-
earities such as stochastic Kuramoto-Sivashinsky equations. The main result of this article proves that
the proposed approximation scheme converges strongly and numerically weakly to the solution process
of such an SPDE. Key ingredients in the proof of our convergence result are a suitable generalized
coercivity-type condition, the specific design of the accelerated exponential Euler-type approximation
scheme, and an application of Fernique’s theorem.
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1. Introduction

For strong L2-convergence of a sequence of approximations to a square integrable
limit, it is necessary that the L2-norms of the approximations are uniformly bounded.
In the case of finite-dimensional stochastic differential equations (SDEs), this can be
achieved by the well-known coercivity-type condition that there exists ¢€R such that
for all 2 €R? it holds that

(@, 1(@))ra + 3 ll0(2) [Fis (e gy < (L4 2]7a), (L.1)

where y1: R?— R9 is the drift coefficient of the SDE under consideration, where o : R% —
R94%4 is the diffusion coefficient of the SDE under consideration, and where d €N is the
dimension of the SDE under consideration. In the case of an infinite-dimensional sepa-
rable Hilbert space H, this coercivity-type condition, in particular, forces the diffusion
coefficient to satisfy that ||o(0)| gs(m,m) <oo. So, the infinite-dimensional version of
the well-known coercivity-type condition (1.1) is not satisfied in the important case of
additive space-time white noise where the diffusion coefficient is constantly equal to the
identity operator or a non-zero multiple hereof (note for every d €N that the Hilbert-
Schmidt norm of the identity operator Igs on the R? is equal to ||Iga s (re,Re) = Vad).
This is one central reason why almost all temporal strong convergence results in the
literature (see the discussion in the next paragraph) apply only to trace-class noise. In
particular, to the best of our knowledge, there exists no strong approximation result
for stochastic Kuramoto-Sivashinsky (K-S) equations with space-time white noise in the
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scientific literature. The key contribution of this work is to impose an appropriately gen-
eralized coercivity-type condition in which the coercivity constant (that is, the constant
c€Rin (1.1)) may depend on the noise process (cf. (1.3), (1.8), Theorem 4.1, and Corol-
lary 5.2 below) and to introduce a suitable new explicit approximation scheme which is,
roughly speaking, designed in a way so that it respects this generalized coercivity-type
condition (see (1.8)-(1.10) and Proposition 2.1 below). This new coercivity-type condi-
tion allows us to analyse a number of additive space-time white noise driven stochastic
evolution equations (SEEs) with superlinearly growing nonlinearities which could not
be handled before. In particular, it enables us to prove strong convergence of the pro-
posed scheme in the case of stochastic K-S equations (see Theorem 4.1 and Corollary 5.2
below). The analysis of further SEEs is subject to future research.

Next, we review the literature on strongly converging approximations of additive
noise-driven SEEs with superlinearly growing nonlinearities. It was shown that the ex-
plicit Euler scheme and the linear-implicit Euler scheme do, in general, not converge
strongly and numerically weakly in the case of such SEEs; cf., e.g., Theorem 2.1 in [22],
Theorem 2.1 in [24], and Section 5.1 in Kurniawan [32]. Fully drift-implicit Euler meth-
ods, by contrast, converge strongly for some SEEs with superlinearly growing nonlin-
earities; see, e.g., Theorem 2.4 in Hu [18], Theorem 2.10 in Gyongy & Millet [13], Theo-
rem 7.1 in BrzeZniak [5], and Theorem 1.1 in Kovécs et al. [31]. However, to implement
these methods, a nonlinear equation has to be solved in each time step approximatively
and this results in an additional computational cost (especially, when the state space
of the considered SEE is high dimensional, see, e.g., Figure 4 in [23]). Moreover, it is
not yet known whether such approximate implementations of fully drift-implicit Euler
schemes do converge strongly. Recently, a series of appropriately modified versions of
the explicit Euler scheme have been proposed and shown to converge strongly for some
SEEs with superlinearly growing nonlinearities; cf., e.g., Hutzenthaler et al. [23], Wang
& Gan [42], Hutzenthaler & Jentzen [21], Tretyakov & Zhang [41], and Sabanis [37,38]
in the case of finite dimensional SEEs and cf., e.g., Gyongy et al. [14], Kurniawan [32],
Jentzen & Pusnik [29], and Becker & Jentzen [2] in the case of infinite dimensional SEEs.
These methods are explicit, easily realizable, and somehow tame/truncate superlinearly
growing nonlinearities to prevent from strong divergence. However, except of Becker &
Jentzen [2], each of the above mentioned temporal strong convergence results for implicit
(see, e.g., [5,13,18,31]) or explicit (see, e.g., [2,14,21,23,29,32,37,38,41,42]) schemes
applies merely to trace-class noise driven SEEs and excludes the important case of the
more irregular space-time white noise. In Becker & Jentzen [2] a coercivity /Lyapunov-
type condition has been imposed and used to establish strong convergence rates in the
case of stochastic Ginzburg-Landau equations with additive space-time white noise; cf.
(85) in [2], Lemma 6.2 in [2], and Corollaries 6.16-6.17 in [2]. However, the machinery
in [2] does not exploit the powerful negativity of the linear operator (cf. (85) in [2] with
(1.8) below where the H;/o-norm appears on the right-hand side) and thereby applies
merely to stochastic Ginzburg-Landau equations but excludes most of the challenging
additive space-time white noise driven SEEs with superlinearly growing nonlinearities
such as stochastic K-S equations. To be more specific, [2] employs, roughly speaking,
a coercivity-type condition of the form that for a given Hilbert space (H,(:,")u, |l 5)
there exist a real number ¢ €R and a suitable measurable function ®: H — [0,00) such
that for all v,w € H it holds that

(v, F(v+w)) i <c|of|F +®(w), (1.2)

where F' is the nonlinearity of the SEE under consideration (cf., e.g., in [2, (85) and
Lemma 6.2]). In this work, we employ a coercivity-type condition of the form that there
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exist suitable measurable functions ¢, ®: D(A) — [0,00) and a real number ¢ € [0,1) such
that for all v,w € D(A) it holds that

(v, pAv+F(v+w)) g < p(w)|v]|F +D(w), (1.3)

where A is the dominant linear operator of the SEE under consideration. In the case
of stochastic K-S equations the linear operator A is the square of the Laplace operator
with suitable boundary conditions plus appropriate lower order terms. This operator is
highly negative and, thereby, helps us to control the F(-)-term in the inner product in
(1.3). In particular, the coefficients of the stochastic K-S equations fail to satisfy (1.2)
but they do satisfy (1.3) (see Lemma 5.2 below).

In the following, we illustrate the main result of this article (see Theorem 4.1 in
Section 4 below) by means of an application of this result in the case of stochastic K-S
equations (see Corollary 5.2 in Section 5 below). More formally, let Hp((0,1),R) be
the Sobolev space of weakly differentiable periodic functions with square integrable
derivatives, let T €(0,00), €€ Hp((0,1),R), H=L?((0,1);R), let F: L*((0,1);R)—
H71((0,1),R) be the function which satisfies for all v€ L*((0,1);R) that F(v)=v—
1/2(v?)’, let A: D(A)C H— H be the Laplacian with periodic boundary conditions
on H, let A: D(A)C H— H be the linear operator which satisfies for all ve D(A)
that D(A)=D(A?) and Av=—A%*v—Av—v, let B€ L(H,H *((0,1),R)) be the lin-
ear operator with the property that for all v€ H it holds that Bv=4', let (Q,F,P)
be a probability space with a normal filtration (F%)icjo,r], and let (W;)iepo,r) be
an Idg-cylindrical (F;)¢cjo,r)-Wiener process. The above assumptions ensure that
there exists an up to indistinguishability unique (F%)cjo,7)-adapted stochastic process
X:[0,T] xQ— L*((0,1);R) with continuous sample paths which satisfies that for all
t€[0,77] it holds P-a.s. that

¢ ¢

X, :etAf—l-/ e(t_s)AF(Xs)ds—i-/ =4 Baw, (1.4)
0 0

(cf., e.g., Duan & Ervin [10]). The stochastic process X is thus a mild solution of the

stochastic K-S equation

2 X, (2) = — 22 Xi(2) — 25 Xy () = Xi (1) - 2 X () + 5255 Wi () (1.5)

with X,(0) =X, (1), X;(0)=X/(1), X/'(0)=X/'(1), X\”(0) =X{* (1), and Xo(z) =& (x)
for x €(0,1), t€[0,T]. Note that the noise in (1.4) and (1.5) is quite rough in the sense
that %Wt(x), x€(0,1), t€[0,71], is the distributional space derivative of the space-
time white noise 2 W;(z), z€(0,1), t€[0,7]. In this article we introduce the following
nonlinearity-truncated accelerated exponential Euler-type scheme to approximate the
solution process X of the SPDE (1.5). Let (en)nez CH, (Pn)nen CL(H), (hy)nen C
(0,00), o€ (Y/16,3/32), x €(0,¢/2—1/32] satisty for all neN, ve H that eg=1, ey(-)=
V2cos(2n7m (), e—n(-)=+2sin(2n7 (")), Po(v)=>r__, {er,v) ek, limsup,_, . h, =0,
let |-|n: R—=R, he(0,00), be the mappings which satisfy for all h e (0,00), t €R that
|t]n =max((—o0,t]N{0,h,—h,2h,—2h,...}), and let O™: [0,T] x Q— P,(H), n€N, and
X" 0,T]xQ— P, (H), neN, be stochastic processes which satisfy that for all neN,
t€[0,7] it holds P-a.s. that OF = [ P,e(~*)4 BdW, and

X =P, e e 0p

t
(t—s)A
+/0 Fue™ ey

Ls)h,

e +I(—= A)e[OF. F(X[y), )ds.
(1.6)

| A Pett e gy < by |mX)
Ls)hy,
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In Corollary 5.2 in Section 5 below, we demonstrate that the approximation scheme (1.6)
converges strongly to the solution of the SPDE (1.5). More precisely, Corollary 5.2 (with
B=3/16,)=k=1, p=0, b =0, by =2km, X" =X" O"=0O", X=X for keZ, neN in
the notation of Corollary 5.2) proves that for all p € (0,00) it holds that

limsup, o 5Py 0,1y B Xe — 27 f,] =0. (17)

Corollary 5.2 follows from an application of Theorem 4.1 below, which is the main result
of this paper. Theorem 4.1 establishes strong convergence for a more general class of
SPDEs as well as for a more general type of approximation schemes.

We now add a few comments on the approximation scheme (1.6) and on key ideas
in the proof of Corollary 5.2 and Theorem 4.1, respectively. First, we note that the
approximation scheme (1.6) does not temporally discretize the semigroup (etA)te[O,oo)
appearing in (1.4) and is thus an appropriate modification of the accelerated expo-
nential Euler scheme in Section 3 in Jentzen & Kloeden [26] (cf., e.g., also Section 4
in Jentzen & Kloeden [25] for an overview and e.g., Lord & Tambue [33] and Wang
& Qi [43] for further results on accelerated exponential Euler approximations). This
lack of discretization of the semigroup in the stochastic integral (1.4) has been pro-
posed in Jentzen & Kloeden [26] to obtain an approximation scheme which converges
under suitable assumptions with a significant higher convergence rate than previously
analyzed approximation schemes such as the linear implicit Euler scheme or the ex-
ponential Euler scheme (cf., e.g., Theorem 3.1 in Jentzen & Kloeden [26], Theorem 1
in [27], Theorem 3.1 in Wang & Qi [43], and Theorem 3.1 in Qi & Wang [36]). In
this article, the lack of discretization of the semigroup in the non-stochastic integral
in (1.4) is employed for a different purpose, that is, here this lack of discretization is
used to obtain a scheme that inherits an appropriate a priori estimate from the exact
solution process of the SPDE (1.5). More specifically, we observe that the nonlinear-
ity F: L*((0,1);R) — H~'((0,1),R) appearing in (1.4) satisfies that there exist suitable
measurable functions ¢,®: C([0,1],R) —[0,00) and a real number ¢ €[0,1) such that
for all v,w € Hy it holds that

(v, F(v+w)) g < p(w)llvllF +elvll, , +@(w) (1.8)

(see Lemma 5.2 for the proof of (1.8) and see also the proof of Corollary 5.2 for
the specific choice of ¢, ®, and ¢). Inequality (1.8), in turn, ensures that for ev-
ery continuous stochastic process O: [0,T] x Q— C([0,1],R) with Yue[0,T]: P(O,=
Jy e 4 BdW,)=1 and every t € [0,T] it holds P-a.s. that

t
1 Xeller <Ol + \/efotw(os)ds HfH%I—kQ/ el 20000 dug (0, ds. (1.9)
0

Note that (1.8) is an appropriate generalized coercivity-type condition for the SPDE
under consideration (cf., e.g., Chapter 4 in Prévot & Rockner [35]). A key contribution
of this paper is to reveal that the approximation scheme (1.6) inherits (1.9) in the sense
that there exists 6 € (0,00) such that for all ¢ €[0,7], n €N it holds P-a.s. that

& [ <10 || &

! r s b 6 u
+\/€f0 2¢(OLSJ;L”)(L HgH%{_‘_2/ efs 2¢(0Lujh")d [(I)(OTSJ,L )+9|hn|1/e ds (1_10)
0 n
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(see Proposition 2.1 for the proof of (1.10)). Strong convergence results for explicit (see,
e.g., [2,14,21,23,29,32,37,38,41,42]) and implicit (see, e.g., [5,13, 18, 31]) numerical
approximation schemes for SEEs in the literature impose coercivity-type assumptions
in which ¢ and ® are constants (cf., e.g., Assumption (B)’ in Hu [18], (C2) in Gyoéngy
& Millet [13], Section 1 in Hutzenthaler et al. [23], Assumption 2.1 in Wang & Gan [42],
(2.11) in Hutzenthaler & Jentzen [21], Assumption 2.1 in Tretyakov & Zhang [41], Sec-
tion 7 in Brzezniak [5], (A-1) in Sabanis [37], (A-4) in Sabanis [38], Assumption 1 in
Gyodngy et al. [14], (4.79) in Kurniawan [32], Section 7.4 in Jentzen & Pusnik [29],
Section 3.1 in Kovécs et al. [31], and (85) in Becker & Jentzen [2]). Such a coercivity-
type condition is not fulfilled in the case of a number of nonlinear SPDEs with rough
noise such as (1.5). In particular, none of the above mentioned references applies to
the stochastic K-S equation (1.5) and Theorem 4.1 and Corollary 5.2 below, respec-
tively, are, to the best of our knowledge, the first strong approximation results for the
stochastic K-S equation (1.5). We would also like to add that in the above mentioned
articles on accelerated exponential Euler approximations, it was crucial to avoid the
discretization of the semigroup in the stochastic integral while our analysis exploits the
fact that the semigroup in the non-stochastic integral in (1.4) is not discretized but
allows discretizations of the semigroup in the stochastic integral (cf. Theorem 4.1 in
Section 4).

Next, we observe that the approximation scheme (1.6) can be easily realized on a
computer. More formally, note that for all n€N, ke NN (—o0,T/n, —1] it holds P-a.s.
that

(k41)hn
Olkt1)h, = " A0, +/ Py el (DM =9)A By,
khy,

n _ _hnAyn n hnAmn
X1y, =€ Xih,  Olhgiyn, —€ " Ok,

-1/ _hn,A
+ P A7 (e =1dm) Ly —ayexy, |uti(-A)e0}

n
fo B 4 PuckhnAg] | <|ho -} F (X, )

(1.11)

and (1.11) can be used directly in an implementation. We illustrate this in Fig-
ures 1.1 and 1.2 where three realizations of Xr(w), w € Q, are calculated approximatively
with the numerical approximation method (1.6) for the case where T'=1, n=10000,
hn=1/y/n, 0="5/64, x=1/128, and £ =0. The MATLAB code used to generate Figure 1.1
can be found in Figure 1.2 below. The approximation scheme (1.6) is thus an easily
implementable strongly convergent approximation method for the SPDE (1.5). In par-
ticular, to the best of our knowledge, the scheme (1.6) is the first approximation method
in the scientific literature that has been shown to converge strongly to the solution of
the stochastic K-S equation (1.5).

In addition, we would like to point out that although the main result of this pa-
per proves strong convergence, it does not provide any information on the speed of
convergence. Moreover, we note that in the general framework of our main result
in Theorem 4.1, it is not possible to prove strong convergence rates (cf., e.g., [28]
and [11, 15,16, 22, 24, 34, 44, 45]). Nonetheless, it is an interesting subject of future
research to provide further conditions besides the hypotheses that we use which are suf-
ficient to ensure that a numerical scheme converges strongly to the solution of a stochas-
tic K-S equation with a strictly positive polynomial rate of convergence. The difficulty
which arises in achieving a strictly positive polynomial strong rate of convergence in
the case of stochastic K-S equations and other equations with similar nonlinearities is
that these equations fail to satisfy a global monotonicity property under which many
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1 1 1
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Fic. 1.1. Result of a call of the MATLAB code in Figure 1.2.

results and techniques are available and the counterexamples in [28] and [11] lie within
the region where the global monotonicity condition is not satisfied. There are also some
results in the literature which prove strong convergence rates in the case of multidimen-
sional SDEs and SPDEs with non-globally monotone nonlinearities (see, for example,
Theorem 1.3 and Theorem 1.4 in [20] and Corollary 3.2 in Dérsek [9]). The approach
developed in [20] employs a suitable perturbation theory together with suitable expo-
nential integrability properties of the numerical approximation. It is a subject of future
research to establish whether this approach can be extended to stochastic K-S equations,
and, in particular, to study whether suitable exponential integrability properties can be
established for appropriate numerical approximations in the case of the stochastic K-S
equation (1.5).

The remainder of this article is organized as follows. In Section 2 the required a
priori moment bounds for the nonlinearity-truncated approximation schemes are estab-
lished and in Section 3 the error analysis is performed in the pathwise sense under the
hypothesis of suitable a priori bounds for the approximation processes. Section 4 com-
bines the results of Section 2 and Section 3 and thereby establishes strong convergence
in Theorem 4.1, which is the main result of this article. The analysis in Sections 2-4 is
carried out for abstract stochastic evolution equations on separable Banach and Hilbert
spaces, respectively. Section 5 then verifies that the assumptions of Theorem 4.1 in
Section 4 are satisfied in the case of concrete K-S equations of the type (1.5) and, in
particular, establishes Corollary 5.2.

1.1. Notation. Throughout this article, the following notation is used. We
denote by N={1,2,3,...} the set of all natural numbers. For two sets A and B we
denote by M(A, B) the set of all mappings from A to B. For a set A we denote by
P(A) the power set of A, we denote by #.4: P(A)— [0,00] the counting measure on
A, and we denote by Po(A) the set given by Po(A)={BeP(A): #4(B)<oo}. For
two measurable spaces (A,A) and (B,B) we denote by M(A,B) the set of all A/B-
measurable mappings. Let I': (0,00) — (0,00) be the function with the property that for
all z € (0,00) it holds that I'(z)= [;"t*"Ye~*dt (Gamma function). Let E,: [0,00) —
[0,00), € (0,00), be the functions with the property that for all r € (0,00), x €[0,00)
it holds that E, [z]zzm:()% (cf. Chapter 7 in Henry [17]). For a topological
space (X,7) we denote by B(X) the Borel sigma-algebra of (X,7). For a set A we
denote by Id4: A— A the mapping with the property that for all a € A it holds that
Id 4 (a) =a (identity mapping on A). For a set A€ B(R) we denote by Aa: B(A)—[0,00]
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rng (> default 7);

N = 10000; h = 1/sqrt(N); chi = 1/128; varrho = 5/64;
A= —(— NN) "4.%16xpi"4+(—N:N). " 2.%x4xpi"2—1;
S = sqrt ((exp(2xh*A)—1)./A/2)*2*xpi.x(—=N:N); X = zeros (3,2xN+1);

for m = 1:3

Y = zeros (1,2xN+1); O_.old = zeros(1,2xN+1);

for n = 1l:sqrt (N)

O_new = exp(Axh).* O_old+S.*randn (1,2*xN+1);

y = [Y(N4+1),1i*Y(N: —=1:1)*sqrt(2)+Y(N+2:end)*sqrt (2),zeros (1,N)];
y = real (fft(y)); yl = ifft(y."2);

y2 = [imag(yl(N—i—l:—l:Z))*sqrt(2) real (y1(1)),real(yl(2:N+1))xsqrt (2)];
FY = (Yfpi*fllplr( 2).x(—=N:N))..

.#(norm((—A)." varrho. *Y)—l—norm( ) “varrho.xO_old)<=h"(—chi));

Y = exp(Axh).*YH+A."(—1).x(exp (Axh) —1).«FY+O_new—exp (Axh).x O_old ;
O_old = O_.new;

end

X(m,:) = [Y(N+1),1i*Y(N: —1:1)xsqrt(2)+Y(N+2:end)*sqrt (2),zeros (1,N)];
X(Iclli,:) = real (fft (X(m,:)));

figure (1); subplot(1,3,1);

plot ((1:2%«N+1)/(2«N+2),X(1,:),’k’,’LineWidth’,0.3); ylim([—1 1]);
subplot (1,3,2);

plot ((1:2«N+1)/(2«N+2),X(2,:),’k’,’LineWidth’,0.3); ylim([—-1 1]);
subplot (1,3,3);

plot ((1:2xN+1)/(2xN+2),X(3,:), ’k’,’LineWidth’,0.3); ylim([—-1 1]);}

F1G. 1.2. MATLAB code for Figure 1.1.

the Lebesgue-Borel measure on A. For a measure space (£,F,u), a measurable space
(5,S), a set RCS, and a function f: Q— R we denote by [f] s the set given by
[fls={9e M(F,8): (BA€F: p(A)=0and{weQ: f(w)#g(w )}CA)} We denote
by | ]n: R—=R, he(0,00), and [-]5: R—R, he(0,00), the mappings with the property
that for all teR, he(0,00) it holds that |t]; =max((—o0,t|N{0,h,—h,2h,—2h,...})
and [t]p =min([t,00),{0,h,—h,2h,—2h,...}). For real numbers p€ [1,00), 6 €(0,1) and
a B((0,1))/B(R)-measurable function v: (0,1) =R we denote by ||v|l\ye.»((0,1),r) the
extended real number given by

1
‘ P
[ollwous (0,08 = [/ o(a Ipder// i IR

2. A priori bounds

In this section we accomplish in Proposition 2.1 and Corollary 2.1 below appropriate
a priori bounds for our approximation scheme. Before we establish Proposition 2.1 and
Corollary 2.1 below, we present in Lemma 2.1, Lemma 2.2, Lemma 2.3, and Lemma 2.4
a few elementary auxiliary results for Proposition 2.1 and Corollary 2.1.

2.1. Regularity of the numerical approximations. The following ele-
mentary and well-known lemma is a slight generalization of Lemma 3.3 in Becker &
Jentzen [2]. In particular, the proof of Lemma 2.1 is a slight adaptation of the proof of
Lemma 3.3 in Becker & Jentzen [2].

LEMMA 2.1.  Let (V,[-||\,) be an R-Banach space, let A: D(A)CV —V be a generator
of a strongly continuous analytic semigroup with spectrum(A) C{z€C: Re(z) <0}, and
let T,he(0,00), Y,Z€M([0,T],V) satisfy for all t€[0,T] that Yt:fote(t_s)AZLthds.
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Then
(i) it holds for all t€[0,T] that Y; € D(A),
(1) it holds that the function [0,T]>t— Y, € D(A) is continuous,
(i11) it holds that the function [0,T]>t—Y; €V is Lipschitz continuous,

(iv) it holds that the function [0,T]\{0,h,2h,...} 3t—Y, €V is continuously differen-
tiable,

(v) it holds for all t€[0,T]\{0,h,2h,...} that Ot =AY, +Z;),, and
(vi) it holds for all t€[0,T) that Y, = [ [AYs+Z4),] ds.

LEMMA 2.2. Let (V|||ly;) be an R-Banach space, let A: D(A)CV =V be a
generator of a strongly continuous semigroup, and let T € (0,00), Y eM([0,T],V),
Ze M(B([0,T1),B(V)) satisfy for all t€[0,T] that supeo,r)llZsllv <oo and Yi=

fote(t_s)AZs ds. Then it holds that Y is right-continuous.
Proof. Note that for all t€[0,T),h € (0,7 —1t] it holds that

t+h ( " t (s)
o t+h—s t—s)A
t - - s - 5
IYitr —Yellv / e Zsds / e Zsds
0 0

%

t t+h
[l e [z
0 Vv t Vv

t
S/O H (e(tJrhfs)A _e(tfs)A) Zs"vd3+h (Supse[O,T] ||€SA||L(V)> (SUPSG(O,T) ||ZsHV> .
(2.1)

Combining Lebesgue’s theorem of dominated convergence with the assumption that
A: D(A)CV =V is a generator of a strongly continuous semigroup and the assumption
that sup,e (o, [|Zs|lv < oo hence yields that for all £€[0,7’) it holds that

limsup ¥ — Yi[|y =0. (22)
RN\O
The proof of Lemma 2.2 is thus completed. ]

LemMA 2.3. Let (V,||-|l,) be a separable R-Banach space, let (Q,F,P) be a proba-
bility space, let A€ D(A)CV =V be a generator of a strongly continuous semigroup,
let O: [0,T]xQ—V be a stochastic process, and let T,h € (0,00), Y € M([0,T] xQ,V),
FeM(B(V?),B(V)) satisfy for all t€[0,T] that Yt:fge(t*S)AF(YLSJh,OLSJh)derOt.
Then it holds that Y: [0,T|xQ—V is a stochastic process and it holds that Y —
0:[0,T]xQ—V is a stochastic process with right-continuous sample paths.

Proof. First, we claim that for all k € Ny it holds that
YVt e [0,min{T,kh}]: Y: e M(F,B(V)). (2.3)

In the following we prove (2.3) by induction on k€Ny. The base case k=0 fol-
lows from the fact that Yo=00e M(F,B(V)). Next, observe that the fact that
Vte[0,T]: O, e M(F,B(V)) shows that for all k€ Ny, ¢t € [min{T,kh}, min{T, (k+1)h}]
with Vs € [0,min{7T,kh}]: Y, € M(F,B(V)) it holds that

t
Y, — o(t—min{T\kh})A Ymin{T,kh} +/ et=5)A F(YszmOszh)dS
min{T,kh}
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+0;— e(tfmin{T,k:h})A Omin{T,k:h}
t

:e(t_min{TJgh})AY;nin{T,kh}+/ e(t_S)AF(Ymin{[TJh,kh}vOmin{[TJh,kh})dS
min{T,kh}
+Ot — e(t—min{T,kh})AOmin{T’kh} < M(]:,B(V)) (24)

The induction step Ng>k —k+1€N follows from (2.4) and the induction hypothesis.
Induction hence proves (2.3). In the next step we observe that (2.3) together with the
assumption that O: [0,7]xQ—V is a stochastic process ensures that Y —O: [0,7] x
Q—V is also a stochastic process. This and Lemma 2.2 show that Y —O: [0,T]x Q—V
is a stochastic process with right-continuous sample paths. The proof of Lemma 2.3 is
thus completed. 0

2.2. Semi-globally Lipschitz continuous functions.
Lemma 2.4, Let (V[Illv), Vs llly)s (W5l ), and OV, ]|-ly,) be normed R-vector
spaces with V-CV continuously, W CW continuously, and V #{0} and let €,0 € [0,00),
£,9€(0,00), FeM(V,W) satisfy for all v,weV that |[F(v)—F(w)|lw <e(1+|v|l5+
[wll$) [lv—wllv, 9=2¢, and

o=macfc] an ][t s ] Qoo
u€W\{0} ev\{o}

2 2 [l 52
(8¢ +2[|[F(0)|7) max{ 1, sup Yor o r. (2.5)
uev\{oy MV

Then it holds for all v,w €V that |F(v)||3, <Omax{1,||v|3} and
1F (0) = F(w)[[y < 6max{1, [v][{ }|o—w]}+6 o w3 (2.6)
Proof.  Combining the fact that Va,b,c€R: (a+b+c)? <3(a?+b*+c?) and the

fact that Va,b,z €[0,00): (a+4b)* <2max{z—1.0} (4= £ p*) with the triangle inequality
proves that for all v,w €V it holds that

2
1P~ Pl < | sw ] 1r0) - Falk

ueW\{0}
- 12
<3| sup AU (T ollF + [lwllF) o —w]
Lue W\{0} J
12
< 3¢2 sup HZHW (1+(1+2max{25—1,0})”v‘|%€+2max{25—1,0}Hv_wH%e)Hv_wll%
Luew\{0} ]
i elw |
<3e?| sup Uw
Luew foy 1w |

U

=

\4

2¢e
(v | s febe] (1 amexeion ol amexE bl ) ol
ueV\{0}

2 2¢e
ZIW} <1+[ sup |||Z|||v] )<1+2max{251,0})
uev\{o} """

<3¢é [ sup
ueW\{0}

E

- (max{L[[v][§7 } + [lv —w[57) o —wlf,
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< fmax{L, [[o[[} o —w|[} + 6o — w5 (2.7)
Moreover, the triangle inequality implies that for all v €V it holds that

IF@) I} < (1F @) = FO)llw + [ F(0)]lw)

<2(@+ [0S IS+ I1F ) 1)
< (8¢ +2| F(0)[fy) max{1, o] 5
2+2¢
< (82 2/ F(0)]13) max{ 1, [sup,ev oy 2] pmax{1, o)
< Omax{1, [o][2+}. (28)
This and (2.7) complete the proof of Lemma 2.4. d

2.3. A priori bounds.

PROPOSITION 2.1 (A priori bounds).  Let (H,{(-,-)y,|lly) be a separable R-Hilbert
space, let (Q,F,P) be a probability space, let A€ L(H) be a diagonal linear operator
with sup(ap(A)) <0, let (Hr () g s|l-llg,)s T€ER, be a family of interpolation spaces
associated to —A (cf., e.g., [39, Section 3.7]), let Y,0: [0,T|xQ— H be stochas-
tic processes, and let FeC(H,H), ¢,®c M(B(H),B([0,00))), ¢€]0,1), ac[0,l/2],
p€l0,1—a), o€[p,p+1], 0,9,x€[0,00), T €(0,00), he€(0,1] satisfy for all v,we Hy,
te[0,7] that (v,F(v+w))y < so()llolF+elvlE, , +38w), [F@)-Fw)ly ,<
gmax{L, ol Hlo—wl3, +0lv—wllZ?, [F)I%_. <omax{1,|oll3"}, and

t
A —s)A
Yi=e (YO—O(>)+/O Iy 101y, iy <h o} F (Vs ) ds+0p - (29)
Then it holds for all t €[0,T)] that
t t
Y= Ol (1) [ el Oy, 0, [, , ds

t
Se‘fotd)(otsjh)ds HYb _OOH%I""/ ef.:¢(OLth)du |:(I>(OLth,)
0

0(1+\/§)2+19 p2min{(1+9/2)(1—a—p—(1+9/2)x),e—p—(1+9/2)x,1—a—p—(14+9)x}
+ (/2= (1—a—p)*F7

ds.  (2.10)

Proof. Throughout this proof let , CQ, t€[0,T], be the sets with the prop-
erty that for all t€[0,T] it holds that Q= {||Y[s}, |z, + 04}, Iz, <h™X} and let
Y eM([0,T],H) be the function with the property that for all ¢t€[0,7] it holds that
Y; =Y; — O;. Next, note that for all ¢ € [0,7] it holds that

t
E:e”‘ifo+/ =)o F(Y,),)ds. (2.11)
0

Lemma 2.1 hence proves that ¥ has continuous sample paths and that for all ¢ € [0,T]
it holds that Y; :l_/o—i—fot Al_/s—l—]lQSF(YLth) ds. The fundamental theorem of calculus
therefore ensures for all t € [0,7] that

e‘f5¢(otsih)ds||l7;||§{
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— t S —_ —
=||Yo||%+/0 2 J0 YL (Y, AV, +1q, F(Y]s),)),, ds
t
_/ $(Os),,) e I 2O |V )12 ds
0
t
=||Yo||%1+2/ e~ Jo #OL) M (Y AV, + 10, F (Vi +0)4),)) , ds
0
t
— [ (O, )du N/ \
+2/0 el O g (V,, F(Viap,) = F (Vo + Olip,)) s
t
= [ 601y, ) O s (212)
0

Next, observe that for all s€[0,7T] it holds that

(Yo, AYS) 410, 52| VillR, , < (Ve AYL) , + 952 Vil
= (V,,AY,), — U538V, AY,)
(

H 2

(2.13)
This, (2.12), and the Cauchy-Schwartz inequality show for all ¢ €[0,7] that
e Jo L) % 5,

~ %ol +2 e BT, AT, + 1, F(T,+01))
0

+2/Ote‘f5¢<otm)d“1195<(—A)1/232,(—A)‘1/2 [F(Ylap,) = F(Ys+0),)]) y ds

- [ 601 e Om 5

< I¥ol%+2 /Ote‘f°s"5(o““’d“<Ys,“*ﬁAansF(motth»Hds

2 [ O 1 [T, i, F(Yap) ~ F(Ta 0Ly i

~ OS2 Vally, | ds /Ot‘ﬁ(OLth)e_f“S O Y, [y ds (214)
The fact that Va,b€R,e € (0,00): ab<ea?+ % therefore proves for all ¢ € [0,77] that

e Jo#CL ) |7

t
< ||YO||%I+/ e~ o YOt MY (14) AV, +210, F (Yo +0|4),))  ds
0

t
+ 1 / e~ Iy # L) g ||F(V]e),) = F (Ve 4O, , ds
0

t
_/ $(Os),,) e Jo ¢ @) V)12, ds. (2.15)
0



1500 NUMERICAL APPROXIMATIONS OF STOCHASTIC K-S EQUATIONS

In the next step we use the fact that VYo,we H,=H: HF(U)—F(w)H%Ll/QS
9max{1,||v||%9}||v—w||%{p+9Hv—w||ilt19 to obtain for all v,we Hy =H, s€0,T] that

(Yisp,) = FYs+ 0,05,
<o, Omax{L, | Yap, 1%, HIVisp, = Ysllzr, + 10,001V s), = Vel 3

<10,001s), ~ Valliy, (74 Vi), ~ Vel ) (2.16)
Moreover, observe that the fact that Vg € [0,1],¢ € (0,00): [|(—A4)~%(e'* —Idg)|| () <t

and the fact that Vg€ [0,1],t € (0,00): [|(—A)9e| 1y <t imply that for all s € [0,7]
it holds that

_YSHHP = HQS H (6(3— LQJh)A_IdH) YLSJh +L‘§ e(g_u)AF(YLSJh)duHH
S|h P

S]IQS [|57 LSJh|g_p||YLsJ;L HQJFL{ (sfu)_(a+p) ||F(YLSJ;L) H_, dU]
slh

— = —|s|n|tT@r 149
<, [Is = LsJnl® 2 0T, + =50 Ve {1, |, 177}

< 22 (RO Vg, i, + VOR' O max{1,h X0/

—1

(VO pmintememxtmerom (02
(I—a—p) '

— l-—a—

< _Lo. [hg P=X 4 /eI P—x—0X/2
(2.17)
Putting (2.17) into (2.16) shows for all s € [0,7] that

_ 6(1+ \/5)2 p2min{e—p—x,1—a—p—(14+9/2)x}
Lo, |F(Yis),) = F(Ys+ O, . <

(1-a-p)?
B—0x (1+V/0)? pomin{e—p—x1—a—p=(1+9/2)x}
T (T=a=p)

20(1 +\/§)2+19 h2min{9*p*)(,1*a*p*(1+19/2)x} h19min{gfpfx,lfafpf(1+19/2)X,7X}
- (I—a—p)2H

20 (1 + /)29 p2min{e—p—x1=a—p=(14+9/2)x} pPmin{l—a—p—(1+9/2)x,~x}
- (1—a—p)2t?

20(141/0)2+? p2min{(14+9/2)(1-a—p—(1+0/2)x).0=p=(1+0/2)x.1~a—p—(1+0)x}
B . (2.18)

(1—a—p)2t?

In the next step we put (2.18) into (2.15) to obtain that for all ¢ €[0,7] it holds that

e I3 X0 1Y, |3

t
< |\YO||§,+/O eI O B (14 Q)| , 210, (Ve F (Vo 4014 ,) )| ds

t

2+9 p2min{(14+9/2)(1—a—p—(1+9/2)x),0—p—(1+9/2)x,1 —a—p—(1+9)x} s

+e(1+\/§) p2min or x),eme xolmame x e Jo #(OLuy,)du gg
(1/2—¢/2) (1—a=p)*+? o

t
o R A (2.19)
0
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The assumption that Vo,we€Hi: (v,F(v+w))y <io(w)|v]% +elvld, , + 1o(w)
hence proves that for all ¢ €[0,7] it holds that

t ) )
e~ Jo 901148 |1 7,)12, < |Vl

t
+ / e~ X0 [ (140) [V, + 6Oy, ) sl + 201l + @(01, )] ds

t
0(1 9)2+9 p2min{(1+9/2)(1—a—p—(1+9/2)x),e—p—(1+9/2)x,1—a—p—(1+39)x} _ s
+ A/2—o/D(—a—p)=7 /Oe Jo #(OLu ) du g
t
‘/ $(Oysy, ) e Jo POl 1Y, ds. (2.20)
0

Therefore, we obtain for all ¢ € [0,T] that

e o ¢ 1Y |,

t
<ol [ e HOm I (20— (14 Iy, , +0(01,)] s

t
9(1+\/§)2+19h2miﬂ{(1+19/2)(1*0<*P7(1+19/2)x)1g7p7(1+19/2>x~17a7p7(1+19)x} — [5$(O)u d
+ (1/2—¢/2) 1—a—p)2F7? | e Jo ¢©O L) du g,
(2.21)
This assures for all ¢ €[0,T] that
v (2 .y o du |3 1|12
Filfy+ (1) [ el O s
t
<O Tl [ o0 [0(0,)
0
0 (14+/0)2+7 p2min{(149/2)(1—a—p=(14+9/2)x),0=p—(14+9/2)x,1=a—p—(1+9)x}
+ (1/2=¢/2) (I—a—p)2+0 ds. (2.22)
The proof of Proposition 2.1 is thus completed. O
COROLLARY 2.1 (A priori moment bounds). Let (H,(-,)g.|'llg) be a sepa-

rable R-Hilbert space, let (2, F,P) be a probability space, let A€ L(H) be a diag-
onal linear operator with sup(oy,(A)) <0, let (Hp, () |l ), r€R, be a fam-
ily of interpolation spaces associated to —A (cf., e.g., [39, Section 5.7]), let
O: [0,T] xQ¥— H be a stochastic process, and let Y e M([0,T|xQ,H), FeC(H,H),
¢, @€ M(B(H),B([0,00))), p€[0,1), a€[0,%/2], p€[0,1—a), 0€[p,p+1], §,9€[0,00),
X€1[0,(2—2a—2p)/(2+9)], T€(0,00), he(0,1], pe[2,00) satisfy for all v,we Hy,
Lel0.T] that {0, F(v+w))y < So(w) ol +¢lolBy, , + 30(w), [F@)-F@)l? <

Omax{L,lollf, o —wllZ, +0lv—w|3, [F@)%_ <0max{L o3}, and

—a

t
K:A e(t—s)Al{llymhHHQ_,_HOLSMHHQSh—X}F(YLSJh)ds—i—Ot. (2.23)

Then it holds that Y —O: [0,T] x Q) — H is a stochastic process with continuous sample
paths and it holds that

Vi~ Ol
Y e o
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T T w 0(1+0 249 pmin{2¢,2—2a—9x} —2p—(2+9)x
S\//O Hefs Oty )4 [q’(OLthH‘ — )(1/2_¢/2)(1_a_p)2+19 }

Lr/2(P;R)
0(1+\/§)2+19 hmin{29,27204719)(}72/37(24»19)34j|
= \/[1 * /2= D) (T=a=p)F?
T T 4(0O d 2/p
: /0 (E[e”/% ¢(OLu;) “maX{1,|<I>(OLSJh)|”/2}” ds. (2.24)

Proof.  Note that the assumption that O: [0,7] x Q— H is a stochastic process
and Lemma 2.3 yield that Y: [0,7] x Q— H is also a stochastic process. Combining
Proposition 2.1 with the assumption that y € [0,(2—2a—2p)/(2+ )] hence yields that

sup [|Y; —O4|%
te[0,T)

o
< sup ] (fefs #(Ouy,,) du |:‘I)(OLSJh)

te[0,71 \0

+

0 (1-4+/0)2F7 p2min{(149/2) (1 —a—p—(14+9/2)x),e=p—(14+9/2)x,1—a—p—(14+0)x} d
1/2—¢/2) (1—a—p)2+? 5

t
— to(O w du 9(1+\/§)2+0 pmin{2e,2—2a—9x}—2p—(2+9)x
= sup (/ efs #(Ouyy,) [‘I)(O[sjh)+ (1/2—¢/2) (1—a—p)2+? }ds

te[0,T) 0
T
T ) w 0 1+\/§ 2+19hmin{2g,272a719)<}72p7(2+19)x
:/ e O [B(0), )4 LI [ds. (22)
0

Moreover, the fact that Y: [0,7]xQ— H is a stochastic process, the assumption
that O: [0,7]xQ— H is a stochastic process, (2.23), and Lemma 2.1 prove that
Y—-0:[0,T|xQ2— H is a stochastic process with continuous sample paths. Hence,
we obtain that (23w supcio rl|Yi(w) = Oi(w)|m €R) € M(F,B(R)). This, (2.25),
Minkowski’s integral inequality, and the assumption that p > 2 show that

HSUptG[QT] Y2 _OtHH‘ £7(P;R)

O|u du 1+f)2+ﬂhm1n{292 2a—9x}—2p—(2+19)x
¢ [ et oo a0, sz e

LP/2(P;R)
(2.26)

The proof of Corollary 2.1 is thus completed. 0
3. Pathwise convergence

3.1. Setting. Let (V|||l,,) and (W,||-|ly;;) be R-Banach spaces and let
T.x€(0,00), TeR, «a€cl0,1), (Pu)neneMNN,L(V)), (hn)nen€M(N,(0,00)),
FeC(V,W), VeM([0,00],[0,00]), X,0€C([0,T],V), SeM(B((0,T]),B(L(W,V))),
(X™)nen, (O™)nen € M(N,M([0,T],V)) satisfy for all r€[0,00], t€[0,T], n€N that
limsupm_)ooh =0, ¥([0,00))CR, T:supte(oﬂ(taHStHL(W’V)), \I/(r):sup({O}U

{”F Sl v weViotwmax{|ollv lwlv <)), Xe= [y s F(X,)ds+O;,

Hv %

t
Xt":/o PuSis Lo~ (120, v +100,, Iv)F(XR, Jds+0r.  (3.1)
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3.2. Auxiliary results.
LEMMA 3.1.  Assume the setting in Section 3.1 and let n€N, t€[0,T]. Then

T¢ 11—«
1= & v <[00 - Oy, + m\Il(suupse[o,ﬂ 1Xollv ) [supscgo g 1Xs = Xiag,, v
Y| Ay, Xt "
ey (5ecton IFCG) ) (supacion 1%l + 1021y 1)

t
+ (supeeio 1P ) [ 100y =P8l v s
+T|:||Pn||L(V)W(Supse[o,max{o,[ﬂhnfhn}] max{[| X ||v, | v })

t
¥ (spacto 1Py )] [ =) 1X0,, =2, v ds. (3:2)
Proof. Observe that the triangle inequality proves that
t
1X,— &7y < ||ot—<9§’||v+/ [Se—s [F(X:) = F (X s, )]l ds

/HSt (X i) = Lo, (1A, v 1O, V) F(X s )] ds

/ 11St—s = P St—e] Lo 51 (17, v +1OT, V) E (X, )|y ds

/ 1P St Lo = (1A, v + 1O, 1) [F (X g, ) = F (XL, )]l ds

(3.3)
Next, note that
t
LIS PO =P (X, )] ds
t
< [0Sl IFCE) =P (X,
t
<9 (b IXullv) [ (6=5) X=X, v ds
T«
< 1=y ¥ (5Pucion 1Kl ) [sup.cion 16 = Xiop, v ] (3.4)

Moreover, observe that

/ |St=s [F(X 5], ) = Lio, 1|~ X](”XLeJhHHVJF”O thn”V)F(XLSJnn)]HvdS
/ [1St—s Lt —x.00) (1AL, 1V + 10T, V) F(X s, ) ||y ds
/ 1Ss—s 1l . w, vy Lt ~x,00) (1X ]S, HV+HOL3JM||V)||F(XLann)HWdS

t
<Y (supsepo [ F(Xo)lly ) [ (E=5)" (105, v +10L, lIv) [hal¥ds
0 n
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< [ ¥ (5P, (X))

t
- / (t—)" (X 1ags, — X0y, v+ 11X (o),

v +107),, [Iv)ds

t
TP (s9paciog IFCEDI ) [ (6=9)72 1K1, =Ty, v ds
Y|k, Xt

(1 —04) (Supse[o,t] ||F(Xs)||W> (Supse[o,t] [”XS”V + ||O;LHV]> (3.5)

and

t
/O |[St—s = PuSe—s) g0, (1X]2 ), v+ 107, V) F(Xs) |4 ds
t
< / 11dy = P)St—ollpwey IF(X o), )l ds
t
< (supecto 1P ) [ 100y =S lyaw ds

t
= (suPacto 1Py ) [ 100y = P)S. gy s (36)

Furthermore, note that
t
/0 [PnSe—s Lo, (1XLsy,, IV HIOL, V) [F (X (s, ) = F(X, )]y ds

t
< / 1Pl 1e—s oy 1F (X s, ) = F (R, )|y ds

t
<Y Pallpy [ =) X s, = XL, 1@ (max{ Xy, v, 127, lIv))ds
0

<Y Pall vy ¥ (5UPse0,maxto, 11, -y 08X [ Xl [V })

¢

/0 (t=5)" | X o), — AT, llvds. (3.7)
Combining (3.3)-(3.7) completes the proof of Lemma 3.1. |
COROLLARY 3.1. Assume the setting in Section 3.1, let neN, and
assume  that supyepo 11 [|OF lv < oo. Then it holds for all t€[0,T] that

SUDs¢[0,max{0,[t]n, —hn}] maX{HXSH\U”Xsn”V} <oo and

supgeqo, 1 Xs — &S [v

" TTlfa
< [SUPse[o,T] [0s=O%lv + W‘I’(SUPse[o,T] ||Xs||V) [Supse[O,T] [ Xs — X5, ||V}
T fh T .
(oo (e IFCG) ) (supscio i 11Xy 102 1)

T
+ (SuPse[O,T] ”F(XS)HW) g H(IdV - Pn)SSHL(W,V) ds]

/a-a) n
Ei-a [t|r<1am Pl vy ¥ (SUPseio maso i1, —ymax{ X v 1221 )
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Y-
i (swpscor 1)) || < (3

Proof. Note that Lemma 3.1 implies for all ¢ € [0,7] that

SUPse|0,t] | Xs =X v
11—«

) \II(SHPSG[O,T] HXgHV) [SupsE[O,T] ”Xs _XI_SJhn HV}

<supyepo,r 105 — O lv + —a)

Y |y [X T2
=i ma (o PG ) (supcioin (1% v + 102 1])

+ (suPaeto ) IF (X)) 10 10y = Pa)Se | awyr s

+7 [”PRHL(V) W (SUP e (0,maxf0,[t]n, —hn 08X [ Xs [V, (1A [V })
t
X (s0cto,ry IF (Xl ) | 10=5)7 (smPueo 1K= X v ds. (3.9)

Moreover, note that the assumption that sup,c(o 71 [|Of'[[v <oc and the assumption that
0€eC([0,T],V) imply that
supyepo, 7] |0t — OF [[v <supyeio, 7 [|Ot v +supsejo,1 |OF [|v < co. (3.10)

This yields that

SUP¢e(o,T] X[l < sup [[OF v
t€[0,T)

1 Pull vy (maxee (0,n, 20,300,177 (X)) [Supte[o,T] IollSe=sllLwv) dS}
< sup [|Of|lv
t€[0,T]

t
+ Y| Pall vy (maxse 0,h, 2 300,77 | F (X2 lw) [ sup f(t—S)_adS]
te[0,7]0

T Pall vy (MmaXae 0,h 21, y0l0.7] |

FEDw) _

= sup ||OF||v+ 3.11
a1 % v (1-a) 10
The assumption that X €C([0,7],V) hence yields that
supyepo, 7] 1 Xt — X v <supyeqo, [ Xellv +supyeqo, |4 | < oc. (3.12)
Moreover, note that
T T
gH(Idv —Po)Ssll Loy ds < (I1dv Loy + [ Pallnovy) { 1S5l Low,v ds
T T(1+|P T
ST+ Pallo)) [5~ds= ( |<1”_|LS)) <oo. (3.13)

In the next step we combine (3.9)-(3.13) with the generalized Gronwall lemma in Chap-
ter 7 in Henry [17] (cf., e.g., Lemma 2.6 in Andersson et al. [1]) to obtain that for all
t€[0,T] it holds that

SUPsel0,t] [ Xs — &7 v
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(1-a)
Y|y X T

TTl— ¢
11—«
G (o IFCG) ) (swpacio (Xl + 1021y ])

< [supsem |0 =0 v+ W (supsepp 1) 1 XlIv) [supapo 1 = X op, V]

T
- (subacto 1O ) 100y = PS4l ]
1/ —a n
‘Ei-q |:t|F(1—Ot)T’ ¢ )[HPnHL(m\Ij(supse[o,max{o,Mh"—hn}]maX{HXSHVa||Xs ||V})
X Y(1-a)
il (supsepo.r [P )| | <o (3.14)

The proof of Corollary 3.1 is thus completed. ]

3.3. Pathwise convergence.
ProrosiTiON 3.1. Assume the setting in Section 3.1 and assume that

. T n
timsup,, o ([ [(1dy = o) Sl wv) ds+5up,ego [0 — 02 [v) =0 and
limsup,, o | Pallzv) <oo. Then

(i) it holds that limsup,,_, .. supcpo 71 | Xs — X[y =0 and

(i) it holds that there exists a real number C € (0,00) such that for all n €N it holds
that

sup || Xy =Xty <C| sup [|Os=Oflv+|hn[*+ sup [[Xs—X5), v
s€[0,T] s€[0,T] s€[0,T]

T
+({H(IdePn)SsHL(W,V)ds . (3.15)

Proof.  Note that the assumption that limsup,,_, . supsejo 7 [|Os — OF[[v =0 and
the assumption that O €C([0,T],V) imply that

hmsupn—mosupsE[O,T] ”OgHV
<supyeqo,7|0slv +limsup,,_, . sup,cpo, 71 |Os — O [|v < oco. (3.16)

This and the assumption that
limsupn_)oo(foT [(Idy — P)Ss || ow,v) ds +supsepo, 71 |0s — OF lv) =0 yield that

) TTl—a
limsup [ \Il(supse[oj] ||XS||V) [SuPse[o,T] 1 Xs = X\s)n, ||V}
n—00 (1 Ol)

Y |y X TL .
i (e 1)y ) (supcio 11X Iy + 102 1)

T
#5104~ OF v + (supactoy IF (Xl ) [ 15y = Po)Sils o | =0
(3.17)

Combining this with (3.16) and the fact that sup,cy [||Pallz(v)+|hn|X] <oo ensures
that there exists a natural number N €N such that

SUPpe{N,N+1,...} SUPse[0,T) [0V <oo (3.18)
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and

TTlfa
sup ——U(sup, Xsllv [supS Xs— X5, v}
nE{N,N+17~~}<{(1_a) ( etor 1| ) co | Lelnn

Tl T ,
i (e 1Py ) (supcio 11X Iy + 102 1)
T
D011 105 = OZ v + (supeto.ry [F X0 ) 10y = P)Silpv ds}

/(1-a
Eima| T =)0 [Pl ¥ (500Xl +1)
Y(1-a)
X (5o 71| F (X oy )| D<1<oo. (3.19)

Moreover, observe that the triangle inequality shows for all ¢ €[0,T], n €N that

sup,eo,i max{ | Xlv, 165 v } < supepo g max{[| Xslv, | Xallv + 1 X — X|v }
=sup,c(o, (1 Xsllv +1Xs = X llv) Ssupsepo 1 Xsllv +supsepo 1 Xs = XL [lv
< supefo, 7 | Xsllv +2sup, e o, g max{ | Xsllv-, 45" |v }- (3.20)

Combining Corollary 3.1 with (3.18) and the fact that ¥ is non-decreasing hence proves
for all n€ {N,N +1,...}, k€NogN(—00,7/h, —1] that supe(g ks, [ Xs — X[V < oo and

SUPse(0,(k41)ha] 1 Xs — X' lv < [SuPse[O,T] 10s = OFlv

TTl—a
+ mW(SUPse[O,T] HXSHV) [SUPse[O,T] ||Xs _XLSJ;M ”V}

T Jhy [F T .
iy (s IFChy ) (supciorm (1Kol +10211))
T
 (supacio [l ) 100 = RSl ]
Y@-a n
Ei [T|r<1—a>r| T IPall vy ¥ (9P X v+ 5o o, 16 = X21v)

/(1-a)
X (supseo my IF(X) I )| | (3.21)

Next, let n€ {N,N+1,...}. We then claim that for all k€ NyN[0,7/n,] it holds that

SUPe0,khn] 1 Xs — XS [V < 1. (3.22)

We prove (3.22) by induction on k€NyN[0,7/n,]. Combining (3.19) and the fact that
n€{N,N+1,...} with the fact that Vo €[0,00): E1_4[z] > 1 shows that

supse oy [ Xs = A v =[|Xo = G [lv =00 = Og[lv < supepo,ry 05 = O¢flv < 1. (3.23)

This proves (3.22) for the base case k=0. The induction step NoN (—o00,T/h, —1]3k —
k+1eNN(—00,T/n,] is an immediate consequence of (3.19), (3.21), and the induction
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hypothesis. Induction hence proves (3.22). Inequality (3.22), in particular, shows that
for all ne {N,N+1,...} it holds that
SUPse[0,max{0,[Tn, —hn }] 1 Xs — X v < 1. (3.24)

In the mnext step we combine (3.24) and the fact that Vne{N,N+
L.} s supyeo,m 0% v <oo with Corollary 3.1 and (3.20) to obtain that for all
ne{N,N+1,...}, t€[0,7T] it holds that
SUPselo,¢] [ Xs — X v
" TTlfa
< | supsejo,n 105 — O ”VJFW\II(Supse[O,T] 1 Xsllv) [Supse[o,T] 1 Xs — X s)n,, ||v}
Y |h, X T2
(1-a)

T
+ (subacto 1 Xl ) [0y = Pa)S ]

(supaciory 1P lw ) (supeosry [y + 10211

Bima [ TIE=0) T] [1Pall 0 (5t e1, {471
ACET)
A CT e TS R R (3.25)

This and the fact that sup,ey[||Pollnov)+|halX] <oo imply (3.15). More-
over, (3.25), the fact that sup,ey[||PallLv)+|hnlX] <oo, and (3.17) prove

limsup,, _, o SUP,eo,77 11 Xs — XNy, =0. The proof of Proposition 3.1 is thus completed.
O

4. Strong convergence

In this section, we accomplish in Theorem 4.1 strong convergence for our approxi-
mation scheme. Before we establish Theorem 4.1, we present in Lemma 4.1, Lemma 4.2,
Lemma 4.3, Corollary 4.1, and Proposition 4.1 a few elementary results on an appropri-
ate convergence concept for random fields. We employ Corollary 4.1 and Proposition 4.1
in the proof of Theorem 4.1.

4.1. Weakly uniform convergence in probability
LEmMmMA 4.1. Let (Q,F,P) be a probability space, let P*: P(2)—[0,00] be
the mapping with the property that for all A€P(Q) it holds that P*(A)=
inf({P(B) €[0,1]: (BEF and ACB)}), let Qe{AcP(Q): P*(A)=1}, and let
Xn: Q—=RU{oo,—o0}, neN, be mappings which satisfy for all weQ that
limsup,, | Xn(w)|=0. Then it holds for all € € (0,00) that liminf,, . P*(|X,|<e)=
1.

Proof. Throughout this proof let Y,,: Q—[0,00], n €N, be the mappings with the
property that for all n €N it holds that

Y.= sup |Xnl (4.1)
meNN[n,00)

Note that the fact that VneN: Y, 1 <Y, ensures that for all neN, € (0,00) it
holds that {Y,, <e} C{Y, 41 <e}. Proposition 1.5.12 in Bogachev [4] and the fact that
P*: P(£2) = [0,00] is non-decreasing hence prove for all £ € (0,00) that

P* (Upen{Y, <e}) =liminf P* (Y, <¢) < liminf P* (| X,,| <¢). (4.2)
n— oo n—00
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Moreover, again the fact that P*: P(Q2) —[0,00] is non-decreasing shows that for all
e €(0,00) it holds that

P*(Unen{Yn <e})=P*({IneN: Y, <e}) =P*({IneN: (VmeNN[n,00): |X,,|<e)})
>P*(Q) =1. (4.3)

Combining this with (4.2), the fact that P*: P(2) — [0,00] is non-decreasing, and the
fact that P*| =P ensures that for all £ € (0,00) it holds that

1 <P* (Upere{Y, <&}) < liminfP*(| X, <) <P*(Q) =P(Q) = 1. (4.4)
n—oo

This completes proof of Lemma 4.1. ]

LEMMA 4.2. Let I be a non-empty set, let (0, F,P) be a probability space, let c € (0,00),
and let X™: I xQ—RU{co,—o0}, n€N, be random fields. Then the following three
statements are equivalent:

(i) It holds for all € € (0,00) that limsup,,_, . sup,;c;P(| X} > 6) 0.
(i) It holds for all € € (0,00) that liminf, . inf;c/P(|X]|<e)=
(iti) It holds that limsup,,_, . sup;c;E[min{c,|X'[}] =
Proof. First, note that Markov’s inequality proves for all e € (0,¢), n€N, ¢ € I that

]E[min{c,\Xﬂ}] .

P(|X}'| > ) =P(min{c,| X[} > ¢) < 6

(4.5)

This shows that ((ii7) = (4)). In the next step observe for all € € (0,00) that

limsupsupP(|X}| >¢) =limsupsup [1 —P(|X}*| <¢)] =limsup |1 finﬁP’(\Xﬂ <e)
n— o0 1€

n—oo i€l n—oo i€l

—1—hm1nf1anP’(|X”| <e). (4.6)

n—oo i€l

This ensures that ((¢) < (44)). It thus remains to prove that ((¢) = (¢i¢)). Note that for
all € € (0,00) it holds that

limsupsupE [min{c, | X}"[}]

n—oo 1€l

<llmbupbupE[]l{|Xn|>€}mln{c \X"|}] —|—hmbup5upE[]l{‘XnKE}mln{c | X7 |}}

n—oo 1€
<climsupsupP(|X]*| >¢)+e¢. (4.7
n—oo i€l
This shows that ((¢) = (4¢7)). The proof of Lemma 4.2 is thus completed. ad
LEMMA 4.3. Let Q@ and I be non-empty sets, let p: P(Q)—[0,00] be a

non-decreasing mapping, and let X"™: IxQ—-RU{oco,—o0}, neN, be mappings.
Then it holds for all € €(0,00), n€N that inficrp(| X <e)>p(sup;er | X7 | <e) and
liminf,, o0 infier p(| X" <€) > liminf,, o0 p(sup; e | X" <e).

Proof. Note that the fact that p: P(2) — [0,00] is non-decreasing ensures that for
allneN, jel, e€(0,00) it holds that

u(1Xj <€) = p(sup;er | X' <e). (4.8)
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This yields for all n€N, €€ (0,00) that inf;crp(| X} <e)> pu(sup;cr|X7?| <e). This
completes the proof of Lemma 4.3. O

Informally speaking, the following corollary, Corollary 4.1, shows that convergence
uniformly in an index set I on a measurable set of probability 1 implies convergence
in probability uniformly in the index set. This statement is nontrivial since arbitrary
suprema over random variables are, in general, not random variables.

COROLLARY 4.1.  Let (Q,F,P) be a probability space, let Qe {Ae F: P(A)=1}, let
I be a non-empty set, and let X™: I x Q—RU{oo,—c0}, n€N, be random fields which
satisfy for all w€Q that limsup,,_, . sup;c; | XP(w)|=0. Then it holds for all & € (0,00)
that limsup,,_, . sup,c; P(|X]*| >¢)=0.

Proof.  Throughout this proof let P*: P(£2) = [0,00] be the mapping with the prop-
erty that for all A€P(Q) it holds that P*(A)=inf({P(B) €[0,1]: (B€F and AC B)})
and let V,,: Q@ —=RU{oo,—00}, n€N, be the mappings with the property that for all
neN, weQ it holds that Y, (w)=sup,;c;| X/ (w)|. Next, note that P*(Q)=1. Com-
bining Lemma 4.1 with the fact that YweQ: limsup,, . |Y,(w)|=0 hence proves
for all €€ (0,00) that liminf, ,P*(]Y,| <e)=1. This implies for all € (0,00) that
liminf, o P*(sup;e; | X]*|<e)=1. The fact that P*|z=P and Lemma 4.3 therefore
prove that

11m1nf1nf]P’(|X”|<6)—hm1nf1an*(|X”|<5)>hm1nf]P’ (sup;er | X' |<e)=1. (4.9)

n—oo iel n—oo i€l

Hence, it holds for all € € (0,00) that liminf,,_, o inf;e;P(|X?*| <e)=1. Combining this
with Lemma 4.2 shows that for all € € (0,00) it holds that limsup,, . sup;c;P(|X]| >
€)=0. The proof of Corollary 4.1 is thus completed. ]

Informally speaking, the following proposition, Proposition 4.1, proves for all
p€ (0,00) that convergence in probability uniformly in an index set I together with uni-
form moment bounds of the approximations implies for every g€ (0,p) Li-convergence
uniformly in I. In applications to stochastic processes the index set I can be a time
interval.

PROPOSITION 4.1.  Let I be a non-empty set, let (Q,F,P) be a probability space, let
p€(0,00), let (V,||-||y,) be a separable normed R-vector space, and let X™: IxQ—=V,ne
No, be random fields which satisfy for all € € (0,00) that limsup,,_, . sup;c; E[[| XP|5] <
oo and limsup,,_, o sup;c; P(| X — X|ly >€)=0. Then it holds for all g€ (0,p) that
limsup,, o0 Sup;e B [[| X7 = X7|Y, ] =0 and sup;e B[ X7|},] <oo.

Proof. Observe that, e.g., Lemma 3.10 in [21], the assumption that
hmsupn%oosupiel ]E[HX?”Z\)/} <0,
and the assumption that Ve € (0,00): limsup,,_,.sup;c; P(|| X2 — X[||v >¢€)=0 yield
that

supE [[| X7]1%] <buphm1anE[HX”Hp] <hmbupbup]E[||X"||p] 0. (4.10)

icl n—oo i€l
Next, note that Holder’s inequality ensures for all ¢ € (0,p), n €N that

sup E[[| X7 — X7'|{/]
el

=sup (E[MX?—X:|v21}||X?—X?II\q/} +E[]1{||X?—X:|v<1}||X?—XZL||§‘/}>
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<sup ([B(IXP = X7l > 1|7 (EIXP - XFIP))7) +supBmin{1, X0 X7[)].
(4.11)

The fact that Va,beR: |a+b|P <2P(|a|’ +|b]P) together with the triangle inequality
hence shows for all g€ (0,p), n €N that

supE[|| X7~ X[f] < 2sup ([B(IXP - X7 > 1) (EIXPI])?)

+2vsup ([B(LX? X7y 2 )| 7 (B IE)F) + supEfmin (1, X0 - X7 4)).
(4.12)

Moreover, observe that Lemma 4.2 and the assumption that
Ve (0,00): limsup,, , . sup;c;P(||[ XY — X[y >€)=0 prove that for all ge(0,p) it
holds that

limsupsupE [min{1, || X? - X7||{}] =0. (4.13)
n—oo i€l
This, (4.12), (4.10), the assumption that limsup,_,..sup;c; E[| X7||}/] <oo, and the
fact that limsup,,_,. sup;c;P(||X? — X["|[v >1)=0 yield that for all g€ (0,p) it holds
that

limsupsupE[[| X} — X7"[|%,] =0. (4.14)

n—oo 1€l
Combining this with (4.10) completes the proof of Proposition 4.1. ]

4.2. Main result of this article.
THEOREM 4.1. Let (H,{-,-) g, |I'llg) be a separable R-Hilbert space, let (Q,F,P)
be a probability space, let HCH be a non-empty orthonormal basis of H, let
A: H—(0,00) be a function with the property that infpeg Ap >0, let A: D(A)CH—H
be the linear operator such that D(A)={veH: Y, u|X(b,v)y|* <oo} and such
that for all ve D(A) it holds that AU—ZbeH Ao (b,v) b, et (Hieo () g MMl )s
reR, be a family of interpolation spaces associated to —A (cf., e.g., [39, Sec-
tion 37/): let aG[O,l/z], 906[0’1); pE[O,].*OL), QG(p,].*Ot), Taeaﬂe((),Op);
x € (0,0=a=p)/(1+20)|N(0,(e=P)/(1+0)], pE€[2,0), EZEe{BeF: P(B)=1}, Qe
P(Q), FeC(H, H_,), ¢, e M(B(Hy),B(]0,00))), (H,, ) nen € M(N, Py (H)),
(Po)nen € M(N,L(H)), (hp)nen €M(N,(0,00)), (X")pen € M(N,M([0,7] % Q,H,)),
let X™: [0,T|xQ—H,, neN, and O": [0,T]|xQ—H,, neN, be stochastic pro-
cesses, let X,0: [0,T|xQ—H, be stochastic processes with continuous sample
paths, and assume for all vywe Hy, t€[0,T], neN, weZ that (v,F(v+w))y <
o) [0l +ellol, . +0(w),  F@)—F )l <00+ vl +lwl,) lo—wlm,,
liminf,, oo inf({Ap: beH\H,, }U{o0}) =00, P,(v)= ZbeH (b,v) b, imsup,,,_, o hm =
0, O™([0,T)xQ)CP, (H), Q={Vse[0,T]: X,=[jel*~ “AF( X,)du+0s}N{Vme
N,s€[0,77]: Xla), = thm}m“’ limsup,,,_, o Sup,epo, 17 [|0s (W) — O (w) ||, =0,

n__rt n n
Xy =JoPue ™ Lyap, i, 1%, iy <l F (X[, )ds+OF,

limsup,,, , o SUpse(o 7 E [||(9m|\p —l—fo exp(f po( Lthm)du)

max{1,|d(OF ) J<oco, and  P(X,= [ etIAR(X,)ds+0,) =P(X} =
xmy=1.

Then




1512 NUMERICAL APPROXIMATIONS OF STOCHASTIC K-S EQUATIONS

(i) it holds that Q€ F and P(Q) =1,
(ii) it holds for all weQ that Hmsup,, _, oo SUPseo 1) | Xt (w) =X (w) [, =0,
(i11) it holds for every n €N that X" —O": [0,T]x Q— H, is a stochastic process with
continuous sample paths,
(iv) it holds that limsup,, o supyepo r B[ Xell% + X7 1% +supcpo ry [IXE — O3] <
o0, and
(v) it holds for all g€ (0,p) that imsup,,_, . Sup;cjo,7] E[| X, — X0 %] =

Proof. Throughout this proof let X,0: [0,7]xQ— H, be the mappings
with the property that for all t€[0,7] it holds that X;=15X; and O;=150;—
lo\g fote(t_S)AF(O) ds, let (X™)nen, (O™)nen € M(N,M([0,T] x Q, H,)) be the mappings
with the property that for all n€N, ¢ € [0,T] it holds that OF = 1508 + LowaPn O, and

t . .
th:ane( s)A ]I{H;gL iy e HIOT ||Hg§|hn\fx}F(XL5Jhn)dS-f—O;Lv (4.15)

hnp

let 9,0 (0,00) be the real numbers given by 9 =29 and

; Jul? e
9:max{392[ sup |u|h;1/2:| |:1+ sup :u:;{?p:| (1_i_zrnax{Q'&—l,O})7
u€H_o\{0} H- ueH,\{0} """ He

2429
(862 +2/|F(0)[%, )max{l, sup ”“L}} (4.16)
. ueH\ {0} Il
and let ¢, : P,(H)—[0,00), n€N, and ®,,: P,(H)— [0,00), n€N, be the mappings
with the property that for all n €N, v e P, (H) it holds that ¢,,(v) =2-$(v) and ®,,(v) =
2-®(v). Next, observe that the assumption that X,0: [0,T] x Q— H, are stochastic
processes with continuous sample paths and the assumption that V¢ € [0,7]: IP’(Xt:

fge(t*S)AF(Xs)ds+Ot) =1 ensure that {Vt€[0,7]: X, :fge(t*S)AF(Xs)ds+Ot} eF
and P(Vt€[0,T]: X, :fote(t*s)AF(Xs)ds+Ot) =1. The assumption that VneN, te
[0,7]: P(X} =A]")=1 and the assumption that P(Z)=1 hence yield that Q€ F and
P(Q2) =1. This establishes (i). In the next step we observe that for all n€N, t€[0,7],
€€(0,1—p—a) it holds that

supse(o,r) (8T e M L mr,)) =5uPse(o,m (—5A4) €T e Ly < T<o0  (4.17)

and

t t
[ 00 = P oo ds < [ 11 = Pl I s
0 0

t
:II(—A)’E(IdH—Pn)IluH)A I(=A) =) A ) ds

I(=A)~" (I — Pa) g,y " ¢
(I-e—a—e) '

t
<(=A) (s = Pa) [y /0 slerere) gg
(4.18)

This together with the assumption that liminf,, o inf({\y: b€ H\H,, } U{oo}) =00 en-
sures that

t
limsup sup (/ ||(IdH—Pn)eSA||L(HQ)He)ds> =0. (4.19)
0

n—oo te[0,T]
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In addition, the assumption that Vw € = limsup,,_, o sup;¢o, ] HOt( )= O (w)||lz, =0
and the fact that QC 5 imply that limsup,, . SUDye 0,7 10, — Of|la,=0. Combin-
ing this with (4.17), (4.19), the fact that Yte[0,T]: X,= f e(t DAF(X,)ds+ Oy,
and the fact that limsup,, . [|Pyl/z(z,)=1<oc allows us to apply Proposition 3.1
(with V=H, W=H_,, T=T, x=x, a=p+a, P,=(H,>v— P,(v) € Hy), hy,=hy,
F=F|p,€C(HyH ), Sp=(H_o>v+seYve H,) for t€(0,T], n€N in the notation
of Proposition 3.1) to obtain that limsup,,_,..supsc(, 1 X, — PEt”HHQ =0. This together
with the fact that Ywe Q, t€[0,T], neN: X, (w) — X (w) = X;(w) — X} (w) proves (ii).
In the next step note that Lemma 2.1 yields for every n €N that X* —O™: [0,T] xQ—
H, is a stochastic process with continuous sample paths. This establishes (iii). Next,
observe that Lemma 2.4 implies that for all v,w € H, it holds that

IF (0) = F(w)|[3_, ,, <0max{1,||o]|5, }o—wllF, +0]o—w|F’ (4.20)
and
IF@)[I5_, <fmax{1, ||v||2+19} (4.21)

In addition, observe that the assumption that x € (0,(1—a—p)/(1429)], in particular, as-
sures that x € [O,(2—2a—2p)/(2+1§)]. Combining this with (4.20) and (4.21) enables
us to apply Corollary 2.1 (with H = P, (H), (2,F,P)=(Q,F,P), A=(P,(H)>v+— Ave
P, (H))€ L(P,(H)), O=([0,T]x 2> (t,w) O (w) € P,(H)), Y=([0,T] x Q23 (t,w)
X (w) e Py(H)), F=(P.,(H)>v— P, F(v)€P,(H))€C(P,(H),P,(H)), ¢=bp, =
D, p=p, a=a, p=p, 0=0, 0=0, 9=10, x=x, T=T, h=h,, p=p for ne{me
N: h,, <1} in the notation of Corollary 2.1) to obtain that for all n €N with h,, <1 it
holds that

H SUP¢elo,T] ||X~tn - @?HHHm(P;R)

\/|:1+ §(1-416]1/2)2H7 |, [min {20,220 —dx} ~20— (2+19)x:|

(1/2—¢/2) (1—a—p)>*7

2
T 2 (TG (On u . b
.\/f E[egfs ¢n(OF,), )d max{1,|fl)n((9’fsbm)p/z}} ds

0

5 511/2\2420 2[min{e,1—a—9x}—p—(1+9)x]
g\/2 |14+ B2 }

(1/2=p/2) (1—a—p)2+2?
T
A
0

Next, observe that the assumption that x € (0,(1-a=r)/(1429)]N(0,(e=r)/(1+9)] ensures
that

E[ Pf ¢(O ujh )d umax{1,|<1> OTSJ )P/Z}:des. (422)

(I—a—p)—(1429)x >0 and (o—p)—(14+9)x>0. (4.23)
This, in turn, proves that

min{o,1 —a—3Ix} —p— (1+9)x=min{(0—p) — (1+9)x,(1—a—p)— (1+29)x} >0.
(4.24)
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Hence, we obtain for all n € N with h,, <1 that |h,, |2ir{el-a=dx}=p=(+9)x] <1, Com-
bining this with (4.22) proves that for all n€N with h,, <1 it holds that

H SUP¢eo,T] ||)€‘tn - @?HHHLP(P;R)

T
(1+‘9|1/2)2+219 pf (z)(o Lu )d .
\/2 |:1+(1/2 0/2)(1—a— p)2+219:|\/0 ‘]E|: Lulp, maX{l |(I) LSJ )|/2}

2/p
ds.

(4.25)

The fact that YweQ, t€[0,7], neN: A(w) =X} (w), 0 (w) =0 w), (i), and (iii)
hence yield that for all n €N with h, <1 it holds that

suprero r1 12 = OF 1|

Lr(P;R)
T 2/p
1+01/2)2+219 Pf »(O " )du »
\/2 [+ St p>2+2”}/0 ’E{ b max{1,2(0),, n)|/2}} *
(1+|9|1/2)2+219
\/2 [+ ety
T ST oo, du
T+E / e’ Ledny, max{l,|<1>((9’fsjh P2 }ds| |- (4.26)
o
Combining this with the assumption that limsup,,_, ., h, =0 implies that
limsup,, o |[$uDse(o ) IXF — OF | o iy < 50 (1.27)

This, the assumption that limsup,, . supscpo 7 E[|OZ[%;] <oo, and the triangle in-
equality assure that

hmsupnﬁoosupte 0,T] “|Xn”p ] . (428)

Next, note that (ii) and the fact H,C H continuously ensure for all weQ that
limsup,, _, o Sup¢fo, 77 [ Xt (w) — X3 (w)[| i =0. Combining this with (i) allows us to apply
Corollary 4.1 to obtain that for all € € (0,00) it holds that limsup,, _, . supefo, ) P([| Xt —
Xl >¢e)=0. Proposition 4.1 together with (4.28) hence ensures that for all ¢ € (0,p)
it holds that Supte[O,T]E[llXtH;;[} <oo and limsup,,_, ., SUPte[o,T]E[HXt -Xp%] =

Combining this with (4.27), (4.28), and the assumption that VneN, t€[0,T]: P(X* =
X?%) =1 establishes (iv) and (v). The proof of Theorem 4.1 is thus completed. d

5. Stochastic Kuramoto-Sivashinsky equations
In this section we establish a few elementary results which, in particular, demon-
strate that Theorem 4.1 can be applied to the stochastic K-S equation (1.5).

5.1, Setting.  Let (H. () n, |-l 1) = (L2(\0.0 R ) 12 a0 Il )
pe(l/s,l/2), Tyne(0,00), keR, oec(Y16,5/2), xe(0,0/2—1/32], E€Hyyy,
(en)kez €M(Z,H), (Mi)kez,  (bk)kez,  (bi)kez €M(Z,R) satisfy for all neN,
keZ  that  eo=[(1)uco.)lro.5®): en=[(V2c08(2n72)) we(0,1) 201y B®)»
€ n= [(\/isin(erx))ZE(OJ)])\(DYI)7B(R), e =16k*7* —4k?*72 +n, and Y, (|bm|®+
b |?)|m|*~* <00, let A: D(A)CH—H be the linear operator such that

D(A)={veH: Y,z \{er,v)a* <oo} and such that for all veD(A) it holds
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that Av=>", ; —Ailex,v)mer, let (Hy, () g 5 loll5, ), 7€R, be a family of interpola-
tion spaces associated to —A (cf., e.g., [39, Section 3.7]), let (Q2,F,P) be a probability
space with a normal filtration (F3)icjo,7), let F€ M(H 16,H_1,4), BEM(H,H 1),
(hn)nen €EM(N,(0,00)), (Pp)nen €M(N,L(H)) satisfy for all ve H;/6, n€N that
F(v)znv—g(vQ)', Bv=3 "} c;(brler,v) g +brle_g,v)i)er, limsupy,_, ., hx =0,
Po(v)=304__,(ex,v)mer, for every we{[v]y,, 5w €L(A0,1):R): veC((0,1),R)}
let weC((0,1),R) be the function which satisfies that [w]y ) s@)=w, let (Wi)iejo,1)
be an Idg-cylindrical (F;):epo,r)-Wiener process, let X™: [0,7]xQ— P,(H), neN,
and O™: [0,T)xQ— P,(H), n€N, be stochastic processes, and assume for all n €N,
t€[0,7] that [OF]p g sy = Jo PuetA BdW, and

P(Xt”:PnetA§+O?

t
(t—s)A n _
P L iy, +Pnetﬁihn*‘f|Hg§|hnX}F(XLthn)dS) =1 (1)

Lslhy,

5.2. Properties of the nonlinearity. In Lemma 5.2 and Lemma 5.3 below, we
demonstrate that the function F' in Section 5.1 fulfills the hypotheses of Theorem 4.1
above. Our proofs of Lemma 5.2 and Lemma 5.3 use the following well-known lemma.

LEMMA 5.1. Assume the setting in Section 5.1 and let ve€ Hy. Then ||v'||g <
24 ollm,,, and |olF, , <Ilvlzlollm, .-

Proof. Note that Parseval’s identity and integration by parts prove that

2 2

1 1
[0l =S Henetal =Y | [ o) @) @ds| =3 [ (e (@)(w)da
keZ kez!’0 kez!/0
1 2
= 2k7r/ e_r(@)v(@)da| = 47 [(e_k,v)ul = 4k*7*|(er,v)ul?
keZ 0 keZ keZ
< STVE 16k — 4k ) e vhan P = V2 S Il e )P = Vol
keZ kEZ
(5.2)
Moreover, Holder’s inequality shows that
2 2 2
lol%,, = 3 Al o)l < o/ ezl en) Py Sz Pl Hew )
kEZ
:”U”HHU”Hl/z' (53)
Combining this and (5.2) completes the proof of Lemma 5.1. d

The next simple lemma is a slight modification of Lemma 5.7 in Blomker &
Jentzen [3].

LEMMA 5.2.  Assume the setting in Section 5.1 and let v,w € Hy, € € (0,00). Then
(v, F(v+w)) g4
4

<llollfy (3 + 551+ Yel2 + e [supye o, (@) ) + 3ol , + lwl+ w1
(5.4)
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Proof. Note that integration by parts yields that

(v, Fv+w)) = (v,n(v+w)—5((v+w)? >H

=l a5 [ o) (w+l?) (@) de

=l +nvw)y+ 5 [0 @) @) @R de

(5.5)

The Cauchy-Schwartz inequality and the fact that Va,y,r € (0,00): zy < g—j + % there-
fore prove that

(v, F(vtw)) g <nllolF+nllolmlwlle+ sl allvwlle+ 5o L llw?| o
<nlloll2 4 2oll2, + 2lwll2 4+ £ o' ]12 2 L RE N2 L ,,.2012
<nllvllz + 3 lvllE + 3wz + v lE +ellvwlls + 510w+ 1 lwllEm
3 2 2
S7"||U||§1+g||w\@z+[Z?JF%]HU'H%IJFEHUH%[Supze(o,l)@(3«“)|2 +illw?lE. (5.6)
Lemma 5.1 and again the fact that Va,y,r € (0,00): xy < & —|— ® hence show that

(0, F(v+w))

< vl + Flleoly + V26 [£ + 1 lolalloll, .
el [supse o ) (@] + w1

< Bl + Gl [ + 1 1ol + ), ,
el [supre o (@] + 3w

3 4
=0l (2 + 55 11+ Vel +e[supacion @) ] ) + lol%, , + Slhwll + Hlw? -

(5.7)
The proof of Lemma 5.2 is thus completed. 0
LEMMA 5.3.  Assume the setting in Section 5.1 and let v,w € Hy/,s. Then
11/16 HUH%‘l()\(O 1)§R)
1) =Fw)lla_,,, < |{n ™ +|sl|  sup ——m—""
wety Moy Nullzr,
([0l g+ 0l ) =0l <000 (5.8)
Proof. First, note that
lo—wlla e <N N lo=wll e =17 llo =wllm, 16
< (ol g, g 0l o) 10 =0y g (5.9)

Next, observe that for all uw € H it holds that

(=A) (W) = ((—A) ). (5.10)
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This and Lemma 5.1 prove that
1(0?) = (@) N[, 5 = 1(=A) () = (@)l =|((=A)""*[* = w?])'[|
<274|(=A) 0 = w?]||my =270 — 0P

< 21/4Hv+w”L4(A(o.1);R)||U—w||L4()\(o,1)§R)

2
u 4)\ .
§21/4 Su M ”U"HUHH ”U—’UJHH
u€H; /16\{0} ||u||H1/16 1/16 1/16
I ecr
<2|  sup e EOOB Nl Ye—wl, . (5.1)
luGHl/lG\{O} H ||H1/16 ( Hiy 16 H1/16) Hy 6

This together with (5.9) shows that

1P ) = P, . = [In(w—=w) =5 () = @*)) ||, |

§77Hv_w||H_1/4 + @”(’02)/_ (wQ)/||H_1/4

- (’7“/16+|F»|

Next, observe that the Sobolev embedding theorem ensures that

2
[l
sup @
u€H; ,16\{0} H ||H1/16

) (Ul g el ) o=l -

(5.12)

Hu||%4()\(o 1);R)
sup e < 00. (5.13)
u€H, /16\{0} ||U||H1,16

Combining this with (5.12) completes the proof of Lemma 5.3. o

5.3. Fernique’s theorem. In the next result, Lemma 5.4 below, we recall a
well-known version of Fernique’s theorem (cf., for example, Stroock [40, Theorem 8.2.1]).
Lemma 5.4 will be used in the proof of Corollary 5.1 to establish integrability properties
for the stochastic convolution processes in (5.32) below. Corollary 5.1 will be employed
in the proof of Corollary 5.2 in Section 5.5 to establish strong convergence in (5.51)
below.

LEMMA 5.4.  Let (V,||-|l,) be a separable R-Banach space, let (2, F,P) be a probability
space, let X: Q—V be a mapping which satisfies that for every €V’ it holds that

poX: Q—R is a centered Gaussian random variable, and let r€(0,00) satisfy that
P(||X||2, >7) <1/10. Then

fo())emeFi

Proof.  Note that (5.14) is an immediate consequence of the fact that P(||X]?, <
r)>9/10 and of Fernique’s theorem (see, e.g., Stroock [40, Theorem 8.2.1]). The proof
of Lemma 5.4 is thus completed. 0
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5.4. Properties of the stochastic convolution process.
LEMMA 5.5.  Assume the setting in Section 5.1 and let (a)kez € M(Z,R), S€Py(Z).
Then

|

Proof.  Throughout this proof let S€Py(Z) be the set given by S={—k: ke S}.
Next, note that It0’s isometry proves that

Z ag fotei)‘k(tis) (bk d<€k7Ws>H —|—l~)k d<€_k,Ws>H)
kesS

) 5
|ag b + |ay by |?
|«

(5.15)

E akf e~k (t—s (bkd<€k7 ) K +brd{e_r, Way) ]

keS
) 2
=E || axby fge_)‘k(t_s) dlex,Ws) g+ > arby fge_’\k(t_s)d@,k,WS}H ]

kes keS

2
=K Z ar by fge_/\k(t_s) d<6k7W5>H+ Z a_j l;fk fote_kfk(t_s) d<6k7W5>H ]
kesS kesS

=E|| 3 (arbr+a_pb_g) [ e D d(e, W) p+ 3 apby [y e M) d{ey, W)

kesSnS keS\S
~ 2 _ t
+ Z a,kbikfge*)\k(tfs)d<ek,WS>H ]— Z |akbk+a7kb7k|2/ 672)\k(t75)d8
keS\S kesSns 0

+ Z |akbk|2/ (=) gg 4 Z la_pb_ k|2/ e 2ARt=8) g, (5.16)

keS\S keS\S
2]

Z |akbk—|—a kb k| Z |akbk| Z |a kb k|2

The fact that Va,y €R: |z +y|? <222+ 2y? hence ensures that

\zakfe—w ) (bd(er, W) g + B e Wa) )

kesns keS\S Ak keS\S

b b by b
Z |ak k| -Ha k k| Z |ak k Z \a k k| (5.17)
kesSns keS\S keS\S

This yields that

E|| S ap fye ) (byd{ey, W)y +brdle—ik, W) i)

kesS

T
< Z \akbk Z |CL kb k| Z |ak)\bk| Z |a kb k|

k

keSS kesSns keS\S keS\S
_ Z \akbk| Z |akbk| Z |ay bg | Z |akbk| Z|akbk| +|akbk|2
kesns keSns keS\S A kES\S kes

(5.18)



M. HUTZENTHALER, A. JENTZEN, AND D. SALIMOVA 1519

The proof of Lemma 5.5 is thus completed. ]

LEMMA 5.6.  Assume the setting in Section 5.1, let p€ (1/s,00), t€[0,T], n€N, and
let Y: Q—R be a standard normal random variable. Then

Ak

Y " max{|km|*? 2 72y
(E[Supxe(o,nlg(x)lﬂ) <VI0(E[|Y]?])”” [Z {7, 13 (10| +|bk|)]

k=—n

[sup({supseon (@)l [0€C(0,1).R) and [vlws .oz <1]})] <0, (5.19)

Proof. First, note that Jensen’s inequality proves that
E[sup,c(0.) 107 (@)
2
< |sup({supsco.n [v(@)]: [0€C((0.1),R) and [[ollywos(o. ) <1} )]

n 2
D[/ P

< [sup ({supseqon [o(@)]: [0€C((0,1)R) and olbwsqonz <1]})]

(EIO o) 520

Moreover, observe that

oy O () d E@ -G,
M HW’“’ | )P do+ \x y|1+ﬁp ray
p/2
E[ve] [ (E[lor@e])” do+ B[y g AUlg) dwd
) [ (Ellor@r]) " e +Ey] // |x = vdy.
(5.21)
Next, note that Lemma 5.5 ensures that for all x € (0,1) it holds that
2
E[[07@)P] =E || 3 ex(@) fje 0 (bd(er. We)y +bed(e—, W) )
k=—n
e (@) [0k + [bx]?] “~[bx]* + [bi |
< — <2 _ . .22
<y I oy 5o Il 522
k=—n k=—n
This yields that
~ p/2
' i  [bk]” + [bx |
n 2 < 97/2 k k )
/0 (E[l0p@)P])" dw<o L;ﬂ - (5.23)

Moreover, Lemma 5.5 proves that for all z,y € (0,1) it holds that

E[|0} ()~ OF ()]
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=E || 3 [eula) —es(w)] fye ) (brlen W) -+ Bed(e W) )
- z": Iek(x)—ek(y)2|bk|2;;ek(x)—ek(y)l2|5k2'

(5.24)

k=—n

In addition, the assumption that §<1/2 and the fact that Vz,y € R: max{|sin(z)—
sin(y)|,|cos(x) —cos(y)|} < |x—y| ensure for all z,y € (0,1), k € Z that

lex(z) — ex(y)|? < 2max{|sin(2k7z) —sin(2kmy)|?,| cos(2kmz) — cos(2kmy)|* }
<9348 max{|sin(2k7rz) — sin(2k7y) 1* | cos(2kma) — cos(2k7ry)|4ﬁ}
<28 |kr|* |z —y|*P. (5.25)

Combining this with (5.24) proves for all x,y € (0,1) that

E[\@(m)—@(y)ﬂ <23z —y|* En: |kﬂ46(b§f+|g’“|2). (5.26)
k=—n
This and the assumption that Sp>1 yield that
@-0pw])”
// va y|trer dedy
<o LG|k7r|46(|b/1\¢|2 |bg |2 1 / / e —y|P dudy
<25p/2[2 | ( |bk|2+|bk| )1 | (5.27)
k=—n

Combining (5.21), (5.23), and the fact that Va,y€R: |z+y|7» <|z|? +|y|”/* hence
shows that

(Gl

n ~ r/2
/o) s bk +bw[* +|bk| 802 [kt 47 (bx > + [bx|*)
<(sfp]) " {2 3 o] §
k=—n k=—n
~ 1/2
/| o= max E|*8, 1} (|br|? + b |?
<V10(E[|Y]?])’ [Z {[fer| /\}k(| d ’“”] . (5.28)
k=—n

Next, observe that the Sobolev embedding theorem and the assumption that Sp>1
ensure that

sup({supxe(mU lv()|: [veC((0,1),R) and |[v|[yys.r((0,1),r) <1] }) < 00. (5.29)

Combining this with (5.20) and (5.28) establishes (5.19). The proof of Lemma 5.6 is
thus completed. ]
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LEMMA 5.7. Let a€(0,00), z,7€[0,00). Then " <a "([r|1+1)le*”.
Proof. Note that

[r]i+1 1 lr]1+1 r
e > 141921 > Lt laz] > _lazl” (5.30)
([rJa+D ™ (frli+D8 = (i +1)!
The proof of Lemma 5.7 is thus completed. O
COROLLARY 5.1. Assume the setting in Section 5.1 and let ¢,P¢€

M(B(H,),B(]0,00))), p€ (1/8,00), € € (0,00) satisfy for allv € Hy that $(v) = 377’—1-’1%[1-1-

Yol 4 [supacqoy [2(@)2], D)=l + 323, and

1 max{[kr|*? 1} (bel2+ 5612 | |
€ < 550057 {max{l,kgz o

[sup({sup,e 0 o(@)]: [vEC(0,1),R) and ||v||Wg,p((0,1)yR)g1]})}72. (5.31)

Then it holds that limsup,,_, .. supse[O’T]]E[H(’);"—l—PmeSA§||§'{] < oo and

T T
limsupE {/ exp (qus(onjh -l-PmeLthmAf) du>
0 T i

m—o0

.max{l,}fb((’)%hm +Pme|_TJhmA§)’P/2}d’l":| <oo. (5.32)

Proof.  First, note that Markov’s inequality, e.g., Lemma 4.7 in [19], Lemma 5.6,
and (5.31) imply for all meN, t€[0,7] that

- 1
P(SUPxE(O,l) 07 (@) = 72pT€)

<T2TEE [sup,e(0.1) 07" (@) ]

2
< 720p°Te [sup({sup (0.1 [0(@)]: [0€C((0,1),R) and [[v]wo.so.nym <1] })]

=—m

Lemma 5.4 hence shows that for all m €N, ¢€[0,77] it holds that

E [exp <4pT5{sup1€(071) |%(ac)|2})} <13. (5.34)

Moreover, Holder’s inequality ensures for all r € [0,T], m €N that

T p
E[QXP <fp¢’((9ﬁnm + Pl Ag) du) maX{L |20, +PmelrmAg)| /2}

T /27 |
<E {exp (({pd)((’)f}” v+ PrettlnmAe) du> max{l, |©(OF), 4 Ppel™mAg)| /2}

T -

: ¢ B |exp(J200(0L, + Bl 26 du) | E[L+[00,, + Pl )]
0 m m ]

(5.35)
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Next, note that the fact that Yo,y eR: (z+y)? <222+ 2y? yields that for all meN it
holds that

E {exp (f2p¢( m N —&—PmeL“J”""Af) du)]

=E [exp <f3p17+ %[14—1/5]2 —|—2p€{supme(0,1) ‘Onh + Pl ’LmAf(;U)|2} du)}
0 m

T
<exp <3an+ PTRC ] 416 +ape | {SquG(O,l) | Pettdm Aé(w)lz}dU>

T
E [exp <£4p5{supx€(0,1) |Omhm(a:)|2}du)] . (5.36)

In addition, observe that the triangle inequality and the fact that Vx,yeR, a€
[1,00): |z +y|* <297 z|* 4297 ]y|* show for all € [0,T], m €N that

B[|2(0),,, + Puelm )]

[ |30, + Puel A6l + (O, , +Pret 0]

7 nm
SE[z |07, + Pmelrlin g2+ e [ (OF1,, +Pmelhm4e)*| |77
<E[ % {subseion) |Ofy,,, + el Ae(@) |
+ zp%{supxem,l) 00 +Pm€m“”‘45($>\4p”
<2272 {sup e 0,1y | Pl A€ (@) 2} 42572 {sup e g 1y [ Prmel1m A ()4}
+1E[22p*2np{supxe(o,n\% (a:)‘2p}+23p72{supxe(071) o, (x)|4”}]. (5.37)

Lemma 5.7 hence proves for all r € [0,7], m €N that

E “q;(of:]hm +Pme|.7”Jh7nA€) ‘p]

< 22p_277p{supze(0,1) |PmeLTJhmA£(m)|2p} +23p_2{SUPze(O,1) |PmeLTJhmA§(m)‘4p}

2p—2_p | 3p—2 ! m
B[ (Bt 2t exp (4pTe{supc 1) (O, (@)} )]
(5.38)

Combining this with (5.35), (5.36), and the fact that Va,y€[0,00): Vo +y<z+/y
ensures that for all m €N it holds that

T T
E / eXp(fp(b((’)th +PmeL“JhmA§) du) max{l,
0 r "

q)( ﬁ]hm _A'_PmeLrJhmAg)‘P/z}dr]

Sexp<3pT"+pT” [141/)? +2p€f[supme(0 1)|P ellnmAg (g )| }du)

T 2
/B {exp (({4108{51110306(0,1) |Oﬁjhm (@)] }du)}
T
. (/ 1+2p‘1np/2{supwe(o,1> |M(x)|p}dr
0
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T
+ [ 2 s P!t )7

! m 2
o) (e ﬁ%£®Eh%WR%%m@ww¢wwﬂm>

(5.39)

Next, note that Jensen’s inequality (cf., e.g., Lemma 2.22 in Cox et al. [6]) and (5.34)
show that for all m € N it holds that

T 2
E [exp (({ 4p8{supgﬂe(0’1) ’Othm (ac)| }du)}

< ;/OTE{QXP(ZIPTE{SUPIG(OJ) |%(x)|2})] du<13. (5.40)

Combining (5.39) with (5.34) hence shows for all m €N that

E

T T P
/ <fp¢((9mz + Prel® JhmAﬁ)du) max{ 1, (Of, + Peln )| /Z}dT]
0 T
T

<mexp(?m2T77+Pfg4[1+1/a]2+2psg{sup$e(o,1) W(@P}du)

T
(4 [ 2 {supscio [ Pucl el

0

T
— r P ! !
5 o P e a1 i (P S

(5.41)
Moreover, the Sobolev embedding theorem implies that
sup({supxe(ml) lv(x)]: [v € Hy4 and ||'U||H1/4 < 1} }) < 00. (5.42)
This yields for all s€[0,7], m €N that
SUPze(0,1) ‘M(ﬂc”
< [sup({sup,e o l(@)]: [ve Hypg and Jolla,,, <1]}) |1 Pne ¢l .
< {sup({supme(m) ()| [ve Hyyy and |vl|g,,, <1] })} €1, 4 <o00. (5.43)

Combining this with (5.41) implies that

T T
limsupE {/ exp(quﬁ((’)njh —|—PmeLthmA£) du>
0 r m

m—r o0

max{l |® (O . +Pm6LTJhmA£)|P/2}dT:|<OO. (5.44)

In the next step observe that Lemma 5.7 and (5.34) prove that for all meN, s€0,T)
it holds that

E[|O2 ] <E[sup,e 0,1 |08 (@)1 < YPL2LEN R exp (4pT= {sup,c o.1) |02 ()2} )]
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13(|p/2]1+1)!
SW. (5.45)

The triangle inequality and the fact that Vz,y €R: |z +y|P <2P~1|x|P +2P~|y|P hence
show that

limsup sup E[[|OF + Pm€SA§||ZI)-I]

m—o0 s€(0,T

<2p—1limsup< sup E[|O7|% ]+ SupT ||PmesA€||%>

m—00 \s€[0,T] s€[0,77]
13(|p/2)1+1)! _
< YR 20 el <oc. (5.46)
Combining this with (5.44) completes the proof of Corollary 5.1. d

LEMMA 5.8. Assume the setting in Section 5.1, let p€[2,00), n€N, e €[0,8/2—9), let
O:[0,T] xQ— H, be a stochastic process, and assume for all t € [0,T] that [O]p ()=

Jy e )ABAW,. Then

n _ 1y (B—2e—2¢) 1/2 -
tg[%loﬂ||0t—0t ler@:m,) < {p(pzw)—Tz)} 1Bl s, i1y mn™ " (547)
Proof. First, observe that the Burkholder-Davis-Gundy-type inequality in

Lemma 7.7 in Da Prato & Zabczyk [8] implies that for all ¢ €[0,7] it holds that

t
10t = O} || 2o (b:11,) = H{(IdH —P,) "4 BdW,
1/2
ds}

t /2
p(p—1) 2 _ (t—s)A|2
< BB, 00 =P s Gas)

Lr(P;H,)

t
< [”“’;”g |0 = Po) e Bl .,

Next, note that the fact that Vg€ [0,1],t € (0,00): [|(—A)?e" || (zry) <t ™7 proves for all
t€[0,7] that

t
A2
~/0 H(IdH—P’n)e(t )A||L(H(g71)/27He)ds

t
—s)A
< / it = Pall o, 1y 1M s o,y

t
=[1(=A) Mg~ P) Ty | N(=A) 2 A oy ds
0

t —8e 4(B—2p—2¢)
. t
<|An _26/ s 2ot =D/2) ds < n— 5.49
I +1| 0 (/B . 2@ _ 25) ( )
This together with (5.48) yields that for all ¢ €[0,77] it holds that
n P(P*l)T(ﬁ_QQ_QE) Y2 —4e
10t = O} || v #;11,) < {W Bl s m 1 )n - (5.50)

The proof of Lemma 5.8 is thus completed. ]



M. HUTZENTHALER, A. JENTZEN, AND D. SALIMOVA 1525

5.5. Strong convergence.
COROLLARY 5.2.  Assume the setting in Section 5.1 and let X: [0,T)xQ— H, be
a stochastic process with continuous sample paths which satisfies for all t€[0,T] that
[(Xile 5oy = [ 46+ [( e A F(X,) dsp () —i—f(;s e=9)ABAW,. Then it holds for all
p€(0,00) that

limsup sup IE[HXt—Xt"H’;I] =0. (5.51)
n—o0o t€[0,T)

Proof. Throughout this proof let ¢,® e M(B(H,),B([0,00))), €€ (0,5/2—p),
4

p,7 € (0,00), q € (max{p,1/s8,4/},00) satisfy for all ve€ H; that ¢(v)= 37’7 + 5 1+14]2+

¥ [supc o, (@)

1 max{ k|7 1} (b 2410612 ||
Y < 500457 [max{l,kgz h

®(v) = 3[vll + 1 llv*[7, and

-2
: [sup({supxe(ojl) lu(x)]: [veC((0,1),R) and [[v]lys.a(0,1),7) <1] })] . (5.52)
Next, note that Lemma 5.2 implies that for all v,w € Hy it holds that
(v, F(v+w)) r <g(w)vllF; + 5 l[vllF, , + @ (w). (5.53)

Moreover, Lemma 5.3 proves that for all v,w € H; it holds that F'€ C(Hy16,H_1/4) and

l[ull74 :
||F(v)—F(w)||H71/4S 7]11/16+|’43| sup M
u€H;/16\{0} ||u||H1/16

(Il + ool ) o=l g, < 0. (5.54)

In the next step observe that the Burkholder-Davis-Gundy-type inequality in Lemma 7.7
in Da Prato & Zabczyk [8] shows that for all n €N, ¢1,t5€[0,7] with ¢; <ty it holds
that

t1 ta 2
‘ / P,et=9)A paw, — / P, et2=9)A4 paw,
0 0 Lq(p;[{g)
t1 ta 2
+‘/ e(“’s)ABdWs—/ e(t2=3)A Baw,
0 0 Lq(]P’;Hg)

to
<q(q— 1)/t He(tTS)ABHiIS(H,Hg)dS
1

t
+Q(q—1)/ 1 H(e(tl_S)A_e(tQ_S)A)BHiJS(HH yds
O ’ e

SQ<q_1)||B||§{S(H,H(ﬁ,1)/2)
b2 _s 2 h —s —t1 2
[/t He(t2 ‘)AHL(H(/;,U/z,Hg)dSJF/O He(t1 )A(IdH—e(tz ¢ )A)HL(H(Bfm/z’He)ds
1
(5.55)

The fact that Vr € [0,1],t € (0,00): [|(—A) " (e'* —=Idg)||r.(zr) <t" and the fact that Vr €
[0,1],t € (0,00): |[(—A)"€"||(zr) <t~" therefore imply that for all n€N, ty,t5€[0,T]
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with t; <t9 it holds that

t1 to 2
/ P,eltr=9)A Baw/, —/ P, et2=9)4 Baw,
0 0

La(P;H,)
t1 to 2
/ e =)ABdW, — / e2=A BdW,
0 0

.

La(P;H,)

to
_(B— _s 2
<q(q_1)”B§{S(H7H(/31)/2)[/t H(_A)(Q V) gtz )AHL(H)ds
1

h (s _ 2 _ y—ty 2
+/0 H(_A)(a (B=D/2+¢) o(ta S)AHL(H) H(_A) E(IdH—e(t t )A)HL(H) ds]
<a(a=DIBlIisa.msr))

to “
. l:/ (t2 _5)(5*1729) d$+/ (tl _S)(ﬁ71729725) (t2 _tl)Qg d8:|

t1 0
ty—t1)B=20) |t |(B—20=20) (1, — ;)%
=q(q—1)|IBIl} (
q(q )” HHS(H,H(L;,U/Q) |: (,B_2Q) + (6_29_25)
_ 2 (B—20-2¢) (1, _ )2

<2Q(q DIBI s s(r, by )T (b2 =11)™

- (8—20—2¢)
Combining this with the Kolmogorov-Chentsov theorem and the fact that ge > 1 yields
that there exist stochastic processes O: [0,T] xQ— H, and O": [0,T]x Q— P, (H), n€
N, with continuous sample paths which satisfy for all n €N, t€[0,T] that [O]p ()=

fge(‘ffs)ABdT/VS and [OF]p 5 zngne(t*S)ABdWS. Next, observe that Lemma 5.8
proves that for all n €N it holds that

(5.56)

o _1)7(B—20-2¢) 1/2 e
S[%PT]HOt*Ot | ca(e;m,) < [—q(qg(}g)_zg_gg) |Bllas g )m * (5.57)
te|0,

This, the fact that O: [0,T] x Q@ — H, and O™: [0,T] x Q— P,,(H), n €N, are stochastic
processes with continuous sample paths, (5.56), and Corollary 2.11 in Cox et al. [7]
(with T=T, p=gq, B=¢, 0V ={F €[0,00): keNoN[O, NI}, (B, [l ,5) = (Hos Il 1z,):
YN =([0,T]x Q3 (t,w)— ON(w)e H,), Y'=0, a=0, e=¢/2 for N €N in the notation
of Corollary 2.11 in Cox et al. [7]) ensure that

sup [0 — O || u,
t€[0,T)

sup [ n(@>=1
neN

< 0. (5.58)
La(P;R)

Lemma 3.21 in [21] (cf., e.g., Theorem 7.12 in Graham & Talay [12] and Lemma 2.1 in
Kloeden & Neuenkirch [30]) together with the fact that /2 —1/¢> 1/ hence yields that

]P’(limsup sup OS—@;’HHQ—O) =1 (5.59)

n—oo s€[0,7T]
In the next step observe that for all n€N, ¢t €[0,77] it holds that

1(1dzr — Po) e €|, < I (=A)¢*(Adaz = P)ll o 1€l 1, 0
=2 N€l 11y <00 € (5.60)
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Combining this with (5.59) proves that

]P’<limsup sup H(Oer@SAﬁ)(@QJFPneSAf)HHQ0>

n—oo s€[0,T]

1. (5.61)

Moreover, note that the fact that YneN, te[0,T]: P(OF =Or)=1 and (5.1) ensure
that for all n€N, t€[0,T] it holds that

P (Xt” =P, ete+Or

t

(t—s)A . n _
T L, |Hg+|OTSJhﬁPnethg|Hg<|hn|X}F(thm)d5> =1 (5:62)

In addition, Corollary 5.1, (5.52), and again the fact that VneN, t€[0,7]: P(O} =
O}) =1 show that

limsupE

m—r o0

T T -
0 r

.max{1,|<1)((§7ﬂjhm+Pme[rjh,mA£)|a/2}dr +limsup sup E[||(§;n+Pm@SA§H§J < 0.

m—oo s€[0,T]

(5.63)

Combining  (5.53)-(5.54), (5.61)-(5.63), the fact that pe(0,q), the fact
t

that Vt€[0,7]: P(X,= [, e""94F(X,)ds+ 0, +e4¢)=1, and Item (v) in
Theorem 4.1 (with H={ey€H: k€Z}, a=14, =2, p=1l16, o=y,
9:7711/16+|K|[SuPueH1/1s\{0} ||u\|i4(k(0,1);R)/Hu\ﬁ{l/w], 9=1, p=q, F=F, ¢=0¢,
O=0, H,={ex€H: ke{-n,1—n,....n—1,n}}, hp=hy, X"=([0,T]xQ>
(tw) = X (w)eH,),  O"=([0,T] x5 (t,w)— (O} (w)+ P,etA¢) e H,), X=X,
O=([0,T]x Q3 (t,w) > (Oy(w) +e4¢)€H,), g=p for ne€N in the notation of
Theorem 4.1) completes the proof of Corollary 5.2. a
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