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REGULARIZED SEMI-SUPERVISED LEAST SQUARES REGRESSION
WITH DEPENDENT SAMPLES∗

HONGZHI TONG† AND MICHAEL NG‡

Abstract. In this paper, we study regularized semi-supervised least squares regression with de-
pendent samples. We analyze the regularized algorithm based on reproducing kernel Hilbert spaces,
and show, with the use of unlabelled data that the regularized least squares algorithm can achieve the
nearly minimax optimal learning rate with a logarithmic term for dependent samples. Our new results
are better than existing results in the literature.
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1. Introduction
In this paper, we consider the regularized semi-supervised least squares regression

with non-iid sampling. Let X be a compact subset of Rn, Y ⊂ [−M,M ] for some M>0.
The relation between the input x∈X and output y∈Y is described by a (unknown)
probability distribution ρ on X×Y . Let ρX be the marginal distribution of ρ on X and
ρ(·|x) be the conditional probability distribution at x∈X. Then the regression function
fρ :X �→Y is defined by

fρ(x) :=E[y|x]=
∫
Y

ydρ(y|x), x∈X.

With a set of labelled samples D={zi}mi=1={(xi,yi)}mi=1 drawn according to ρ, the
regularized least squares regression scheme is stated as follows:

fD,λ :=arg min
f∈HK

{
1

m

m∑
i=1

(yi−f(xi))
2+λ‖f‖2K

}
, (1.1)

where λ>0 is a regularization parameter, and (HK ,‖·‖K) is a reproducing kernel
Hilbert space (RKHS) induced by a Mercer kernel K.

The analysis of regularized least square algorithm has received attention in statistics
and learning theory. The main task is to estimate ‖fD,λ−fρ‖L2

ρX
. Note the fact

‖fD,λ−fρ‖L2
ρX
≤‖fD,λ−fλ‖L2

ρX
+‖fλ−fρ‖L2

ρX
(1.2)

where fλ is a regularization function defined by

fλ :=arg min
f∈HK

{∫
X×Y

(y−f(x))2dρ+λ‖f‖2K
}
. (1.3)

The first term on the right-hand side of (1.2) is sample error and the second term is
approximation error. Let LK be the integral operator on HK (or L2

ρX
) defined by

LKg :=

∫
X

Kxg(x)dρX ,
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where Kx is the function K(·,x) in HK . To estimate the approximation error, a regu-
larity condition on the regression function fρ is required:

fρ=Lr
K(gρ) for some gρ∈L2

ρX
with r>0. (1.4)

For independent samples with respect to ρ, it is proved in [3] that, if (1.4) holds with
some r≥ 1

2 (which implies fρ∈HK) and the eigenvalues of LK satisfy λi∼ i−2α for some
α> 1

2 , then the minimax optimal learning rate of regularized least squares algorithm is

O(m
−2α

4αr+1 ).
In practice, dependent samples often occur. In [13], the term “effective number of

observations” was proposed for mixing sequences in the sense that though we have in
hand m observations, but the information contained is equivalent to that contained by
only m̂<m independent samples. This implies that for an algorithm, if we have the rate
of O(m−γ) for independent samples with γ >0, then the rate for the mixing sequences is
O(m̂−γ). For example, when an exponentially strongly mixing sequence is considered,

it is shown that the effective number of observations is m̂=O(m
t

t+1 ), where t is given
in (2.1), see Dehling and Philipp [6]. Based on this effective number of observations,
some capacity-dependent learning rates were derived in the literature, see [19]. On the
other hand, capacity-independent learning rates were studied [16, 17]. In [16], if the
approximation error

‖fλ−fρ‖L2
ρX
≤λr‖gρ‖L2

ρX
(1.5)

holds for r∈ (0, 12 ), then the learning rate of the regularized least squares algorithm is

O
(
m

−2r
3+2r (logm)

1
2t

)
. It is further improved to O

(
m

−3r
4(1+r) (logm)

1
2t

)
in [17]. There is

still a gap between the above learning rates and the optimal rate under independent
samples. The main contribution of this paper is to make use of unlabelled data to study
regularized semi-supervised least squares regression with dependent samples. The main
advantage of using unlabelled data is that the learning rate can be enhanced. It should
be pointed out that using unlabelled data to improve the learning rate of least squares
regression with the i.i.d sampling has been studied in the literature, see, e.g. [1,4,12]. In
practice, the cost of labelling can be expensive, but the cost of collecting data samples is
quite cheap [9,10]. By using the analysis on reproducing kernel Hilbert spaces, we show
that the regularized least squares algorithm can achieve the nearly minimax optimal

learning rate O
(
m− r

2r+β (logm)
3
2t

)
where β≤1 and r∈ (0, 12 ). It is obvious that our

result are better than those in [16, 17].
The outline of this paper is given as follows. In Section 2, we present preliminaries

about dependent samples and probabilistic results. In Section 3, we present the frame-
work of the regularized semi-supervised least squares algorithm, and establish the new
results of learning rate when unlabelled data is used in the framework. Some concluding
remarks are given in Section 4.

2. Preliminaries
Let Z={zi}i≥1 be a stationary random sequence with unknown distribution ρ.

It implies that zi (i≥1) have the same distribution ρ. The σ-algebras generated by
(za,za+1, · · · ,zb) is denoted by Ab

a. In order to employ dependent samples, we need to
figure out their correlation. To estimate the correlation between the σ-algebras Ai

1 and
A∞

i+n, various mixing coefficients have been proposed and used in the literature [8,14,18]:

α(Z,n) := sup
A∈Ai

1,B∈A∞i+n

|ρ(A∩B)−ρ(A)ρ(B)|,
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β(Z,n) :=E sup
B∈A∞i+n

|ρ(B)−ρ(B|Ai
1)|,

φ(Z,n) := sup
A∈Ai

1,B∈A∞i+n

|ρ(B)−ρ(B|A)|.

It is well-known that these coefficients satisfy

2α(Z,n)≤β(Z,n)≤φ(Z,n),

see [2]. We remark that small coefficients refer to weak dependence among samples.
Therefore, the α-mixing coefficients are the weakest notion for describing the dependence
structure. In this paper, we focus only on α-mixing processes.

Definition 2.1. A stochastic process Z={zi}i≥1 is called α-mixing if there holds

lim
n→∞α(Z,n)=0.

Moreover, a stochastic process Z is called geometrically α-mixing, if

α(Z,n)≤ ce−bnt

, n≥1. (2.1)

for some constants b>0, c≥0 and t>0.

For a random variable ξ with values in a Hilbert space H and 1≤u≤+∞ denote the
u-th moment as ‖ξ‖u=(E‖ξ‖uH)1/u if 1≤u<+∞ and ‖ξ‖∞=sup‖ξ‖H. The following
lemma was proved by Dehling and Philipp [6].

Lemma 2.1. Let ξ and χ be random variables with values in a separable Hilbert space
H measurable σ-algebras J and K and having finite u-th and v-th moments respectively.
If 1<u,v,t<+∞ with u−1+v−1+ t−1=1 or u=v=∞,t=1, then

|E<ξ,χ>−<Eξ,Eχ> |≤15α1/t(J ,K)‖ξ‖u‖χ‖v,
where α(J ,K) is the α-coefficient of J and K defined as

α(J ,K) := sup
A∈J ,B∈K

|ρ(A∩B)−ρ(A)ρ(B)|.

By using this lemma, we derive the following results.

Lemma 2.2. Let Z={zi}i≥1 be a stationary α-mixing sequence that satisfies (2.1).
For a random variable ξ on (Z,ρ) with values in a Hilbert space H, we have, for any
0<δ≤∞

E

∥∥∥∥∥ 1

m

m∑
i=1

ξ(zi)−E(ξ)

∥∥∥∥∥
2

≤ 1

m
‖ξ‖22+

30C1

m

(
2+δ

δ

)1/t

‖ξ‖22+δ,

where C1 is a constant given by c
∫∞
0

b−1/te−yt

dy.

Proof. We first note that∥∥∥∥∥ 1

m

m∑
i=1

ξ(zi)−E(ξ)

∥∥∥∥∥
2

=

∥∥∥∥∥ 1

m

m∑
i=1

ξ(zi)

∥∥∥∥∥
2

− 2

m

m∑
i=1

〈ξ(zi),E(ξ)〉+‖E(ξ)‖2.
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By taking expectations on both sides of the above equality, we have

E

∥∥∥∥∥ 1

m

m∑
i=1

ξ(zi)−E(ξ)

∥∥∥∥∥
2

=E

∥∥∥∥∥ 1

m

m∑
i=1

ξ(zi)

∥∥∥∥∥
2

− 2

m

m∑
i=1

〈Eξ(zi),E(ξ)〉+‖E(ξ)‖2

=E

∥∥∥∥∥ 1

m

m∑
i=1

ξ(zi)

∥∥∥∥∥
2

−‖E(ξ)‖2. (2.2)

By using Lemma 2.1 with u=v=2+δ,t= 2+δ
δ with δ>0, we have for j <i

E 〈ξ(zi),ξ(zj)〉≤〈Eξ(zi),Eξ(zj)〉+15α
δ

2+δ (Z,i−j)‖ξ(zi)‖2+δ‖ξ(zj)‖2+δ

=‖Eξ‖2+15α
δ

2+δ (Z,i−j)‖ξ‖22+δ. (2.3)

Here we compute the term in (2.2) as follows:∥∥∥∥∥ 1

m

m∑
i=1

ξ(zi)

∥∥∥∥∥
2

=
1

m

m∑
i=1

〈
ξ(zi),

1

m
ξ(zi)+

1

m

∑
j �=i

ξ(j)

〉

=
1

m2

m∑
i=1

‖ξ(zi)‖2+ 1

m2

m∑
i=1

∑
j �=i

〈ξ(zi),ξ(zj)〉 .

By taking the expectation of above equality and using (2.3), we obtain

E

∥∥∥∥∥ 1

m

m∑
i=1

ξ(zi)

∥∥∥∥∥
2

=
1

m2

m∑
i=1

E‖ξ(zi)‖2+ 1

m2

m∑
i=1

∑
j �=i

E 〈ξ(zi),ξ(zj)〉

≤ 1

m
E‖ξ‖2+m−1

m
‖Eξ‖2+ 30

m
‖ξ‖22+δ

m−1∑
l=1

α
δ

2+δ (Z,l)

=
1

m
‖ξ‖22+

m−1

m
‖Eξ‖2+ 30

m
‖ξ‖22+δ

m−1∑
l=1

α
δ

2+δ (Z,l). (2.4)

On the other hand, it is easy to see from (2.1) that

m−1∑
l=1

α
δ

2+δ (Z,l)≤ c

m−1∑
l=1

exp

(−bδlt
2+δ

)

≤ c

∫ m−1

0

exp

(−bδxt

2+δ

)
dx

≤ c

(
2+δ

δ

)1/t∫ ∞

0

b−1/t exp(−yt)dy=C1

(
2+δ

δ

)1/t

. (2.5)

By putting (2.5) and (2.4) into (2.2), we get

E

∥∥∥∥∥ 1

m

m∑
i=1

ξ(zi)−E(ξ)

∥∥∥∥∥
2

≤ 1

m
‖ξ‖22−

1

m
‖Eξ‖2+ 30C1

(
2+δ
δ

)1/t
m

‖ξ‖22+δ

≤ 1

m
‖ξ‖22+

30C1

m

(
2+δ

δ

)1/t

‖ξ‖22+δ.
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The result follows.

In the next section, we consider Lemma 2.2 for α-mixing sequence of dependent
samples and analyze the learning rate with both labelled and unlabelled data.

3. Regularized semi-supervised least squares regression
In addition to a set of labelled samples D=(zi)

m
i=1={(xi,yi)}mi=1 drawn according

to ρ, we have a sequence of unlabelled data

Dx̃={xm+1, · · · ,xm+l}.
Here we combine both labelled and unlabelled data together by constructing a combined
training set as follows:

D∗={(xi,y
′
i)}m+l

i=1 ,

where

y′i=
{

m+l
m yi, if 1≤ i≤m,

0, otherwise.

Denote by

D∗
x=(x1, · · · ,xm+l)∈Rm+l, Dx=(x1, · · · ,xm)∈Rm,

and

D∗
y=(y′1, · · · ,y′m,0, · · · ,0)∈Rm+l, Dy=(y1, · · · ,ym)∈Rm.

With the training data D∗, the semi-supervised regularized least squares regression
scheme is given by

fD∗,λ :=arg min
f∈HK

{
1

m+ l

m+l∑
i=1

(y′i−f(xi))
2+λ‖f‖2K

}
. (3.1)

We see that the problem in (3.1) is similar to that in (1.1) except that unlabelled data is
used. The aim is still to estimate ‖fD∗,λ−fρ‖L2

ρX
or more precisely ‖fD∗,λ−fλ‖L2

ρX
+

‖fλ−fρ‖L2
ρX

, i.e., the sum of the sample error and the approximation error. Here fλ is

defined in (1.3).
Define the sampling operator SD∗x :HK→R

m+l as SD∗x(f) :=(f(x1), · · · ,f(xm+l))∈
R

m+l. Then its adjoint is

ST
D∗x

c :=
1

m+ l

m+l∑
i=1

ciKxi

for c=(c1, · · · ,cm+l)∈Rm+l. Let LK,D∗x be the data-dependent approximation of LK

defined by

LK,D∗xf :=ST
D∗x

SD∗xf =
1

m+ l

m+l∑
i=1

f(xi)Kxi .

It is well-known (see [3, 15]) that

fλ=(LK+λI)−1LKfρ (3.2)
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and

fD∗,λ=(LK,D∗x +λI)−1ST
D∗x

D∗
y.

It is easy to check

ST
D∗x

D∗
y=

1

m

m∑
i=1

yiKxi
=ST

Dx
Dy.

Therefore,

fD∗,λ=(LK,D∗x +λI)−1ST
Dx

Dy. (3.3)

We see from (3.3) that fD∗,λ involves the labelled data Dy and data-dependent samples
D∗

x.

3.1. Error analysis. Firstly, the following lemma can be found in [15], which
gives an estimate of the approximation error ‖fλ−fρ‖L2

ρX
.

Lemma 3.1. Assume (1.4) with 0<r≤1. There holds

‖fλ−fρ‖L2
ρX
≤λr‖gρ‖L2

ρX
. (3.4)

Now we focus on estimating the sample error ‖fD∗,λ−fλ‖L2
ρX

.

Proposition 3.1. Let fD∗,λ and fλ be given by (3.3) and (3.2) respectively. Then
we have

‖fD∗,λ−fλ‖L2
ρX
≤ I1(I2+I3‖fλ‖K),

where

I1 :=‖(LK+λI)(LK,D∗x +λI)−1‖,

I2 :=‖(LK+λI)−1/2(LKfρ−ST
Dx

Dy)‖K
and

I3 :=‖(LK+λI)−1/2(LK−LK,D∗x)‖.

Proof. We first find that

fD∗,λ−fλ=(LK,D∗x +λI)−1ST
Dx

Dy−(LK+λI)−1LKfρ

=(LK,D∗x +λI)−1(ST
Dx

Dy−LKfρ)+[(LK,D∗x +λI)−1−(LK+λI)−1]LKfρ.

By [5, Corollary 4.13], every f ∈HK can be written as f =L
1/2
K g for some g∈L2

ρX
, and

‖g‖L2
ρX

=‖f‖K ≤‖(LK+λI)1/2g‖K .

It follows that

‖fD∗,λ−fλ‖L2
ρX
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≤‖(LK+λI)1/2(LK,D∗x +λI)−1(ST
Dx

Dy−LKfρ)‖K
+‖(LK+λI)1/2[(LK,D∗x +λI)−1−(LK+λI)−1]LKfρ‖K

≤‖(LK+λI)1/2(LK,D∗x +λI)−1/2‖2‖(LK+λI)−1/2(LKfρ−ST
Dx

Dy)‖K
+‖(LK+λI)1/2(LK,D∗x +λI)−1(LK−LK,D∗x)(LK+λI)−1LKfρ‖K

≤‖(LK+λI)1/2(LK,D∗x +λI)−1/2‖2‖(LK+λI)−1/2(LKfρ−ST
Dx

Dy)‖K
+‖(LK+λI)1/2(LK,D∗x +λI)−1/2‖2‖(LK+λI)−1/2(LK−LK,D∗x)‖‖(LK+λI)−1LKfρ‖K .

Here, we have used in the second inequality, the fact

A−1−B−1=A−1(B−A)B−1

for positive operatorsA andB. Moveover, we have used in the second and last inequality,
the fact

‖AB‖=‖ATBT ‖=‖(BA)T ‖=‖BA‖
for self-adjoint operators A and B. By Lemma 1 in [7], we know that

‖(LK+λI)1/2(LK,D∗x +λI)−1/2‖2≤‖(LK+λI)(LK,D∗x +λI)−1‖.
We thus prove the proposition by using (3.2).

Next, we define a quantity measuring the complexity of HK with respect to ρX , the
effective dimension (see [20]) is the trace of the operator (LK+λI)−1LK as

N (λ) :=Tr((LK+λI)−1LK), λ>0.

Also, we denote κ := supx∈X

√
K(x,x).

We are setting out to bound I1,I2,I3 by some lemmas. Some techniques used in the
proofs are adopted from [11,16].

Lemma 3.2. Let the sampling sequence D∗
x be a stationary α-mixing sequence that

satisfies (2.1). Then, for any 0<δ≤+∞,

E
[‖I3‖2]≤ κ2N (λ)

m+ l
+

30C1κ
4(1+δ)
2+δ

m+ l

(
2+δ

δ

)1/t(N (λ)

λδ/2

)2/(2+δ)

. (3.5)

Proof. We would like to apply Lemma 2.2 to the random variable ξ1 defined by

ξ1(x) :=(LK+λI)−1/2< ·,Kx>K Kx, x∈X.

It takes values in HS(HK), the Hilbert space of Hilbert-Schmidt operators on HK ,
with inner product <A,B>HS=Tr(BTA). The norm is given by ‖A‖2HS =

∑
i‖Aei‖2K ,

where {ei} is an orthonormal basis of HK . The space HS(HK) is a subspace of the
space of bounded linear operators on HK , denoted as (L(HK),‖·‖), with the norm
relations

‖A‖≤‖A‖HS and ‖AB‖HS≤‖A‖HS‖B‖. (3.6)

It is easy to check that

E(ξ1)=(LK+λI)−1/2LK
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and

1

m+ l

m+l∑
i=1

ξ1(xi)=(LK+λI)−1/2LK,D∗x .

Recall the set of normalized (in HK) eigenfunctions {ϕi}i of LK . It is an orthonormal
basis of HK . If we regard LK as an operator on L2

ρX
, the normalized eigenfunctions in

L2
ρX

are { ϕi√
λi
}i (λi>0 is the eigenvalue corresponding to ϕi); they form an orthonormal

basis of the orthogonal complement of the eigenspace associated with the zero eigenvalue.
By the Mercer Theorem,

K(x,x̄)=
∑
i

ϕi(x)ϕi(x̄). (3.7)

By the definition of the HS norm and (3.7), we have

‖ξ1(x)‖2HS =
∑
i

‖(LK+λI)−1/2< ·,Kx>K Kxϕi‖2K

=
∑
i

‖(LK+λI)−1/2ϕi(x)Kx‖2K

=
∑
i

ϕ2
i (x)‖(LK+λI)−1/2

∑
l

ϕl(x)ϕl‖2K

=
∑
i

ϕ2
i (x)

∑
l

ϕ2
l (x)

λ+λl

=K(x,x)
∑
l

ϕ2
l (x)

λ+λl
.

Therefore, we obtain

‖ξ1‖22=E‖ξ1(x)‖2HS ≤ κ2E

[∑
l

ϕ2
l (x)

λ+λl

]
= κ2

∑
l

‖ϕl‖2L2
ρX

λ+λl
=κ2

∑
l

λl

λ+λl

=κ2N (λ).

For δ>0, we obtain

‖ξ1‖2+δ =(E‖ξ1(x)‖2+δ
HS )1/(2+δ)≤

⎡
⎣E
(
K(x,x)

∑
l

ϕ2
l (x)

λ+λl

) 2+δ
2

⎤
⎦
1/(2+δ)

≤κ

⎡
⎣E
(∑

l

ϕ2
l (x)

λ+λl

)(∑
l

ϕ2
l (x)

λ+λl

) δ
2

⎤
⎦
1/(2+δ)

≤κ

(
κ√
λ

) δ
2+δ

[
E

(∑
l

ϕ2
l (x)

λ+λl

)]1/2+δ

≤κ
2+2δ
2+δ

(N (λ)

λδ/2

)1/(2+δ)

,
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and for δ=∞,

‖ξ1‖∞=sup‖ξ1(x)‖HS =sup

(
K(x,x)

∑
l

ϕ2
l (x)

λ+λl

)1/2

≤ κ2

√
λ
.

By applying Lemma 2.2 to ξ1(x), we have

E[‖I3‖2HS ]=E
[
‖(LK+λI)−1/2(LK−LK,D∗x)‖2HS

]

=E

∥∥∥∥∥ 1

m+ l

m+l∑
i=1

ξ1(xi)−E(ξ1)

∥∥∥∥∥
2

HS

≤ κ2N (λ)

m+ l
+

30C1κ
4(1+δ)
2+δ

m+ l

(
2+δ

δ

)1/t(N (λ)

λδ/2

)2/(2+δ)

.

Then (3.5) follows from the first inequality of (3.6).

Lemma 3.3. Let the sampling sequence D∗
x be a stationary α-mixing sequence that

satisfies (2.1), g be a measurable bounded function on X×Y and ξg be the random
variable with values on HK given by ξg(z)=g(z)Kx for z=(x,y)∈X×Y. Then, for
any 0<δ≤∞

E

⎡
⎣
∥∥∥∥∥(LK+λI)−1/2

(
1

m

m∑
1=1

ξg(zi)−E(ξg)

)∥∥∥∥∥
2

K

⎤
⎦

≤‖g‖2∞
(
N (λ)

m
+

30C1κ
2δ

2+δ

m

(
2+δ

δ

)1/t(N (λ)

λδ/2

)2/(2+δ)
)
. (3.8)

Proof. Consider the random variable ξ2 defined by

ξ2(z)=(LK+λI)−1/2(ξg(z)), z∈X×Y.

It takes values in HK . By (3.7), we obtain

‖ξ2‖22=E‖ξ2(z)‖2K =E
[
‖(LK+λI)−1/2(g(z)Kx)‖2K

]

≤‖g‖2∞E

[
‖(LK+λI)−1/2

∑
l

ϕl(x)ϕl‖2K
]

=‖g‖2∞E

[∑
l

ϕ2
l (x)

λ+λl

]

=‖g‖2∞
∑
l

‖ϕl‖2L2
ρX

λ+λl

=‖g‖2∞
∑
l

λl

λ+λl
=‖g‖2∞N (λ).

For δ>0, we get

‖ξ2‖2+δ =(E‖ξ2(z)‖2+δ
K )1/(2+δ)≤‖g‖∞

(
E
[
‖(LK+λI)−1/2Kx)‖2+δ

K

])1/(2+δ)
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=‖g‖∞
⎛
⎝E

[∑
l

ϕ2
l (x)

λ+λl

][∑
l

ϕ2
l (x)

λ+λl

] δ
2

⎞
⎠

1
2+δ

≤‖g‖∞κ
δ

2+δ

(N (λ)

λδ/2

) 1
2+δ

.

and for δ=∞, we have

‖ξ2‖∞=sup‖ξ2(z)‖K ≤‖g‖∞ sup
∥∥∥(LK+λI)−1/2Kx)

∥∥∥
K

=‖g‖∞ sup

[∑
l

ϕ2
l (x)

λ+λl

]1/2

≤‖g‖∞ sup

(
K(x,x)

λ

)1/2

≤ κ‖g‖∞√
λ

.

By applying Lemma 2.2 to ξ2, we derive

E

⎡
⎣
∥∥∥∥∥(LK+λI)−1/2

(
1

m

m∑
1=1

ξg(zi)−E(ξg)

)∥∥∥∥∥
2

K

⎤
⎦

=E

⎡
⎣
∥∥∥∥∥ 1

m

m∑
i=1

ξ2(zi)−E(ξ2)

∥∥∥∥∥
2

K

⎤
⎦

≤ ‖g‖
2
∞N (λ)

m
+

30C1κ
2δ

2+δ ‖g‖2∞
m

(
2+δ

δ

)1/t(N (λ)

λδ/2

)2/(2+δ)

.

The result follows.

By applying Lemma 3.3, we can get the estimate of E[I22 ].

Corollary 3.1. Let the sampling sequence D∗
x be a stationary α-mixing sequence that

satisfies (2.1). Then for any 0<δ≤∞

E
[
I22
]≤M2

(
N (λ)

m
+

30C1κ
2δ

2+δ

m

(
2+δ

δ

)1/t(N (λ)

λδ/2

)2/(2+δ)
)
. (3.9)

Proof. Taking g(z)=y for any z=(x,y)∈X×Y. Then E(ξg)=LKfρ. Therefore,

I2=‖(LK+λI)−1/2(LKfρ−ST
Dx

Dy)‖K =

∥∥∥∥∥(LK+λI)1/2

(
1

m

m∑
1=1

ξg(zi)−E(ξg)

)∥∥∥∥∥
K

.

Since |y|≤M, ‖g‖∞≤M . Then our desirable bound is obtained by using Lemma 3.3.

The last task is to estimate the bound I1 by a decomposition of operator product.
Let A and B be invertible operators on a Banach space. Then we can get (see [11])

BA−1=(B−A)B−1(B−A)A−1+(B−A)B−1+I. (3.10)
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Lemma 3.4. Let the sampling sequence D∗
x be a stationary α-mixing sequence that

satisfies (2.1). Then. we have

I1≤2(λ−1I23 +1). (3.11)

Proof. We apply (3.10) to operators A=LK,D∗x +λI and B=LK+λI. Since

‖(LK,D∗x +λI)−1‖≤1/λ and (LK+λI)−1/2≤1/
√
λ,

we find

I1≤λ−1‖(LK+λI)−1/2(LK−LK,D∗x)‖2+λ−1/2‖(LK+λI)−1/2(LK−LK,D∗x)‖+1

=λ−1I23 +λ−1/2I3+1 ≤ 2(λ−1I23 +1).

3.2. Learning rate. To derive the explicit learning rate of algorithm (3.1), one
needs the following assumption as a characteristic of the complexity of the hypothesis
space (see [1, 3, 7, 11]):

N (λ)≤C0λ
−β , ∀λ>0. (3.12)

for some 0<β≤1 and C0>0. Now we establish the main results of this paper.

Theorem 3.1. Let the sampling sequence D∗
x be a stationary α-mixing sequence that

satisfies (2.1). Let fD∗,λ be given by (3.3). Assume (3.12) holds. For 0<r<1/2, if

λ=m
−1

2r+β and l≥m
1+β
2r+β −m, then, for any 0<η<1, with confidence 1−η,

‖fD∗,λ−fρ‖L2
ρX
≤C ′

(
(logm)1/t

η

) 3
2

m− r
2r+β . (3.13)

For 1/2≤ r≤1, if λ=m
−1

2r+β and l=0, then, for any 0<η<1, with confidence 1−η,

‖fD,λ−fρ‖L2
ρX
≤ C̃

(
(logm)1/t

η

) 3
2

m− r
2r+β . (3.14)

Here C ′ and C̃ are constants independent of m, l and η.

Proof. For 0<r< 1
2 , we set δ= 2

logm−1 , l≥m
1+β
2r+β −m and λ=m

−1
2r+β . Then by

Lemma 3.3 and the assumption in (3.12), we have

E[I23 ]≤
κ2N (λ)

m+ l
+

30C1κ
4(logm)1/t

m+ l

(
(N (λ))1−1/ logm

λ1/ logm

)

≤ (C0κ
2+30C0C1κ

4)(logm)1/t

[
mβ/(2r+β)

m+ l
+

mβ/(2r+β)e
1−β
2r+β

m+ l

]

≤2(C0κ
2+30C0C1κ

4)e
1−β
2r+β (logm)1/tm

−1
2r+β .

Therefore, for any 0<η<1, by using Markov inequality, with confidence 1− η
2 , we obtain

I3≤ 2√
η
((C0κ

2+30C0C1κ
4)e

1−β
2r+β )1/2(logm)

1
2tm

−1
2(2r+β) . (3.15)
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It thus follows from Lemma 3.4 with the same confidence set as in (3.15):

I1≤ 8

η
(logm)

1
t ((C0κ

2+30C0C1κ
4)e

1−β
2r+β +1). (3.16)

Similarly, by taking δ= 2
logm−1 and λ=m

−1
2r+β , and using Corollary 3.1 and the assump-

tion in (3.12), we have

E[I22 ]≤M2

(
κ2N (λ)

m
+

30C1κ
2(logm)1/t

m

(
(N (λ))1−1/ logm

λ1/ logm

))

≤M2(C0κ
2+30C0C1κ

2)(logm)1/tm
−2r
2r+β

(
1+m

1−β
(2r+β)logm

)
≤2M2(C0κ

2+30C0C1κ
2)e

1−β
2r+β (logm)1/tm

−2r
2r+β .

Again, by using Markov inequality, it implies that with confidence 1− η
2 ,

I2≤ 2M√
η
((C0κ

2+30C0C1κ
2)e

1−β
2r+β )1/2(logm)

1
2tm

−r
2r+β . (3.17)

Moreover, by (3.2) and (1.4), we have

‖fλ‖K =‖(LK+λI)−1LKfρ‖K
=‖(LK+λI)−1LKLr

Kgρ‖K
≤‖(LK+λI)−1L

r+1/2
K ‖‖L1/2

K gρ‖K
≤λr−1/2‖gρ‖L2

ρX

=m
1−2r

2(2r+β) ‖gρ‖L2
ρX

. (3.18)

Now putting the estimates (3.15)-(3.18) into Proposition 3.1, we get with confidence
1−η

‖fD∗,λ−fλ‖L2
ρX

≤32

(
((C0κ

2+30C0C1κ
4)e

1−β
2r+β +1)(logm)1/t

η

) 3
2

(M+‖gρ‖L2
ρX

)m
−r

2r+β .

By combining the estimate of the approximation error in Lemma 3.1 and the above
estimate of the sample error, the results in (3.13) follow by setting

C ′=32((C0κ
2+30C0C1κ

4)e
1−β
2r+β +1)

3
2 (M+‖gρ‖L2

ρX
)+‖gρ‖L2

ρX
.

When 1/2≤ r<1, we take l=0 (i.e., without using other unlabelled samples). Then
fD∗,λ=fD,λ. By (3.2), we have

‖fλ‖K =‖(LK+λI)−1LKfρ‖K ≤‖fρ‖K ≤κM. (3.19)

By taking δ= 2
logm−1 and λ=m

−1
2r+β in Lemma 3.3, we can see from (3.12) that

E[I23 ]≤
κ2N (λ)

m
+

30C1κ
4(logm)1/t

m

(
(N (λ))1−1/ logm

λ1/ logm

)
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≤ (C0κ
2+30C0C1κ

4)(logm)1/tm
−2r
2r+β (1+e

1−β
2r+β )

≤2(C0κ
2+30C0C1κ

4)e
1−β
2r+β (logm)1/tm

−2r
2r+β .

It follows from Markov inequality that with confidence 1−η/2

I3≤ 2√
η
((C0κ

2+30C0C1κ
4)e

1−β
2r+β )1/2(logm)

1
2tm

−r
2r+β . (3.20)

Then by Lemma 3.4, with the same confidence set as in (3.20), there holds

I1≤ 8

η
(logm)

1
t ((C0κ

2+30C0C1κ
4)e

1−β
2r+β +1). (3.21)

Therefore, putting (3.17) and (3.19)-(3.21) into Proposition 3.1, we get with confidence
1−η,

‖fD,λ−fλ‖L2
ρX

≤32

(
((C0κ

2+30C0C1κ
4)e

1−β
2r+β +1)(logm)1/t

η

) 3
2

(κ+1)Mm
−r

2r+β .

This together with (3.2) and (3.4) implies that with the confidence 1−η,

‖fD,λ−fρ‖L2
ρX

≤
⎧⎨
⎩32

(
((C0κ

2+30C0C1κ
4)e

1−β
2r+β +1)(logm)1/t

η

) 3
2

(κ+1)M+‖gρ‖L2
ρX

⎫⎬
⎭m

−r
2r+β .

We thus prove (3.14) with C̃=32((C0κ
2+30C0C1κ

4)e
1−β
2r+β +1)

3
2 (κ+1)M+‖gρ‖L2

ρX
.

Remark 3.1. The condition (3.12) with β=1 is always satisfied with C0=κ2. For 0<
β<1, (3.12) is more general than the eigenvalue decaying assumption in the literature
(see, e.g. [3]). It is shown in [7] if λi∼ i−2α for some α> 1

2 , then (3.12) holds with β= 1
2α .

So the results in Theorem 3.1 state that the regularized semi-supervised least squares
algorithm can achieve the nearly minimax optimal learning rate for dependent samples
and r∈ (0,1], except an extra logarithmic term compared with the minimax optimal

learning rate O(m
−2α

4αr+1 ) of the regularized least squares algorithm for independent
samples.

Also it is obvious that for r∈ (0, 12 ), the learning rate of the proposed method in

Theorem 3.1 is better than that O
(
m

−3r
4(1+r) (logm)

1
2t

)
stated in [17].

Remark 3.2. In our setting, the parameter t (2.1) is used to measure the correlations
of the samples. If t is large, the samples are more “independent”. The learning rate
in Theorem 3.1 will get better; this is reflected by the logarithmic term (logm)

3
2t (t

only appears in this term) becoming smaller. In particular, when t→∞, the samples
are completely independent and the logarithmic term disappears. The results in Theo-
rem 3.1 accordingly reduce to the same minimax optimal learning rate as that for the
independent sampling.
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4. Concluding remarks
We have studied and analyzed regularized least squares regression with dependent

samples. Because of dependent samples, the learning rate of the regularized least squares
algorithm is not optimal. In order to improve the learning rate of the regularized least
squares regression with dependent samples, we make use of unlabelled data, i.e., we
collect more data samples without label. In practice, the cost of labelling can be expen-
sive, but the cost of collecting data samples is quite cheap. Our idea is to formulate a
regularized semi-supervised least squares regression using all data samples (even depen-
dent) and limited labels. The theoretical results show that except for a logarithmic term
which is caused by the correlations of the samples, the learning rate of the proposed
method is nearly minimax optimal no matter fρ∈HK or not.
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12306616, 12200317, and HKBU RC-ICRS/16-17/03.
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