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ERROR ESTIMATES OF FINITE DIFFERENCE TIME DOMAIN
METHODS FOR THE KLEIN-GORDON-DIRAC SYSTEM IN THE
NONRELATIVISTIC LIMIT REGIME*

YONGYONG CAIT AND WENFAN YTI#

Abstract. In this paper, we establish error estimates of finite difference time domain (FDTD)
methods for the Klein-Gordon-Dirac (KGD) system in the nonrelativistic limit regime, involving a small
dimensionless parameter 0 << 1 inversely proportional to the speed of light. In this limit regime, the
solution of the KGD system propagates waves with O(2) and O(1)-wavelength in time and space
respectively. The high oscillation and the nonlinear coupling between the real scalar Klein-Gordon field
and the complex Dirac vector field bring great challenges to the analysis of the numerical methods
for the KGD system in the nonrelativistic limit regime. Four implicit/semi-implicit/explicit FDTD
methods are rigorously analyzed. By applying the energy method and cut-off technique, we obtain the
error bounds for the FDTD methods at O(72/e% +h?/e) with time step 7 and mesh size h. Thus, in
order to compute ‘correct’ solutions when 0 <e <1, the estimates suggest that the meshing strategy
requirement of the FDTD methods is 7=0(e?) and h=0(y/). In addition, numerical results are
reported to support our conclusions. Our approach is valid in one, two and three dimensions.

Keywords. Klein-Gordon-Dirac system; nonrelativistic limit regime; Yukawa interaction; finite
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1. Introduction

In quantum electrodynamics and/or particle physics, the Klein-Gordon-Dirac
(KGD) system describes the nuclear force between nucleons through the Yukawa po-
tential [13,23,24,29,32], and is a fundamental model to describe the dynamics of a
complex-valued Dirac vector field, W(t,x)= (v1(t,x),92(t,x), ¥3(t,x),4(t,x))T € C*,
interacting with a neutral real-valued meson scalar field ¢(¢,x) €R. The KGD system
is given in three-dimensions (3D) [13,19,32] as:

2.2

1 mic
?att(i)(t,x) - A¢(t,x) + ?
3
ihoy U (t,x) +ihe > a;j0; W (t,x) —mac? BV (¢,x) — AgpBY(t,x) =0,
j=1

o(t,x) = 4T A\U* BT (t,x),
x€R? >0, (1.1)

where 0 < X € R is the coupling constant, ¢ is the speed of light, £ is the Planck’s constant,
mq >0 is the mass of the meson and msy >0 is the mass of the electron. Here, i =+/—1
is the imaginary unit, (¢,x) €RxR3, ¢ is time, x is the spatial coordinate vector as
x=(z1,22,23)7 (equivalently written as x=(z,y,2)T), 9;=0/0x; (j=1,2,3) and A=
Z?Zl 8]2- in 3D. In addition, ¥* v is the conjugate transpose, ai, ag, a3 and S are
4 x 4 matrices given as

o 00’j . o 110
aj_(o.]0>3 ]_172337 ﬁ_<0_1)7 (12)

*Received: February 16, 2018; Accepted (in revised form): June 8, 2018. Communicated by Pingwen
Zhang.

TBeijing Computational Science Research Center, Beijing 100193, China (yongyong.cai@csrc.ac.cn).

fCorresponding author. Beijing Computational Science Research Center, Beijing 100193, China, and
Key Laboratory of HPC&SIP (MOE of China), Hunan Normal University, Changsha, Hunan 410081,
China (wfyi@hnu.edu.cn).

1325



1326 FDTD FOR THE KGD SYSTEM IN THE NONRELATIVISTIC LIMIT REGIME

with o, (§=1,2,3) being the Pauli matrices and I being the 2 x 2 identity matrix as

(1) () 0 () o

In order to nondimensionalize the KGD (1.1), we introduce

5=£7 %= W% =2l 0(x), 03(57’2):0“;;}()’

where t4, x4, ¢ are the time unit, length unit and meson field unit, respectively, satisfy-
ing t,=my22/h and ¢ = /dwm; h/(mlxi’/Z) with the wave speed v=u/t; =h/(mixs).
Plugging (1.4) into (1.1), after a simple computation and then removing all  the di-
mensionless KGD system can be expressed as

(1.4)

5%%¢axy—A¢@xy+é¢amy=¢w5m@x%
. 1.5
Zat\;[}(t7x)+é iaJaJ\II(t7X)_%ﬁm(t7x)_g¢ﬁq](t?x):05 ( )
j=1

where ¢ is a dimensionless parameter inversely proportional to the speed of light given
by

s h
O<ei=o=1s = <1, (1.6)
c tsc micxs

the coupling constant g=A/4mmizs/heR and the ratio 0 <w= % <1 between the
mass of the electron and the mass of the meson are two dimensionless constants in-
dependent of €. Note that the choice of x, determines the observation scale of the
evolution of the particles. In fact, there are two important parameter regimes: one is
e=0(1), then the KGD (1.5) describes the case that the wave speed is of the same order
to the speed of light (i.e. the dimensionless length unit is chosen as x5 ="%/(m1c), then
te=x4/c and ¢, =4whm,c*?/h in (1.4)); the other one is 0 <e < 1, then the KGD
(1.5) is in the nonrelativistic limit regime.
To study the dynamics of the KGD (1.5), the initial data is usually assigned as

60,30 =6°(3), 016(0,%) = (), B(0,5) =2 (x) = (65(x), ¥5), 500, ()",
(1.7)
where the functions ¢°(x), v(x) € R and ¥9(x) € C* are independent of €. Similar to the
dimension reduction of the nonlinear Schrédinger equation and the (nonlinear) Dirac
equation [2,3,6,37], under proper assumptions on the initial data, the KGD (1.5) can
be reduced to a 2D (or 1D) system with x = (x,y)7 €R? (or x=z). In fact, they can
be written in a unified way in d-dimensions (d=1,2,3) as

20u6(1,x) — A0(6:X)+ 5 0(1,%) =W B (1),
. 1.8
10 (t,x) —|—é Xd: a;0;¥(t,x)— ;}—Qﬁ\IJ(t,x) — 98P (t,x)=0. (18)
j=1

The KGD (1.8) is dispersive and conserves the total electron mass, i.e.

4
N Baguay = [ W) Pdx= [ S s Pax= [0y (19
j=1
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In addition, the energy is conserved
e 2 1 2 1 2
g(t)zi |8t¢(t7x)| dx+5 ‘V(b(t,X” dx+72 ¢ (t,X)dX
2 Rd 2 Rd 2e Rd

. d
. W, .
+ /R L ;ajajwt,x)?w BY(t,x) — goU* AU (t,x) | dx

=£(0), t>0. (1.10)

It is easy to check that the energy £(t)=O(e~?) is unbounded when € — 07.

In lower dimensions (d=1,2), two components of the Dirac vector fields are usually
adopted as in the (nonlinear) Dirac equation cases [5,7]. Accordingly, the KGD (1.8)
can be reduced to a simplified form in 1D and 2D as

1
e20u6(t,x) — Ag(t,x) + —¢(t,x) =gV o3V (t,x),
i d < (1.11)
10,V (t,x)+ - > 00;9(t,x)— E—Zag\ll(t,x) —goos¥(t,x)=0,
j=1

where ¢(t,x) €R and ¥(t,x) € C2. Because of its simplicity, the KGD (1.11) with a
two-vector form of the Dirac field is widely used in 1D and 2D.

For the KGD (1.8)((1.11)), there are extensive analytical results in the literature,
such as the existence and multiplicity of bound state solutions and the well-posedness
of the Cauchy problem, for which we refer to [1,14,15,17,18, 21,22, 28,31] and refer-
ences therein. For the numerical part, when e =1, i.e. O(1)-speed of light regime, in
our recent work [37], four conservative/non-conservative implicit/semi-implicit/explicit
FDTD methods have been analyzed for the KGD system. We have proved discrete-H'
error estimates for the Klein-Gordon component and [? error estimates for the Dirac
component of these FDTD discretizations by employing energy methods and mathe-
matical induction. However, in the nonrelativistic regime, i.e. 0<e <1, the analysis
and efficient computation are mathematically and numerically rather complicated is-
sues. Besides the challenges brought by the Dirac part and the nonlinear interaction
terms, one of the main difficulties is due to that there exist highly oscillatory waves
with wavelength of O(g?) in time. To illustrate the oscillations further, Figures 1.1-1.2
show the solutions in 1D for different e, obtained numerically, on a bounded inter-
val [—128,128] with ¢°(z) =e /2, y(z)= %e*ﬁ/z, Vo(z)=(e® /2,6’(””’1)2/2)T under
periodic boundary conditions.

This highly temporal oscillatory nature of the solution causes severe numerical bur-
dens, making the numerical approximations of the KGD (1.8)((1.11)) extremely chal-
lenging and costive, especially in the nonrelativistic limit regime (0 <e<1). Recently,
the FDTD methods and spectral methods have been proposed and analyzed for the
efficient computation of the wave propagation in quantum physics with/without the
highly oscillatory behavior in time, i.e. dispersive waves in the Dirac equation (see,
e.g., [6—7,25,27] and references therein), Klein-Gordon equation (see, e.g., [8,9,12,20] and
references therein) and/or dispersive PDEs (see, e.g., [10,11,33] and references therein).
To the best of our knowledge, so far there are very few works addressing the efficiency
of the numerics for the KGD (1.8)((1.11)) as e —0%. The aim of this paper is to carry
out rigorous error analysis of the FDTD methods for the KGD (1.8)((1.11)) in the non-
relativistic limit regime. We will establish the error bounds of several conservative/non-
conservative implicit /semi-implicit /explicit FDTD discretizations and focus on how the
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F1G. 1.1. The solution ¢(t=1,x) and ¢(t,2=0) of the KGD (1.11) with d=1 for different e.
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Fia. 1.2. The solution ¢1(t=1,x) and ¥1(t,2=0) of the KGD (1.11) with d=1 for different e.
real(f) denotes the real part of f.

errors depend explicitly on the small parameter € in addition to the time step 7 and
mesh size h. Different from the e=1 case [37], in the nonrelativistic regime, there is
no optimal control on the nonlinear terms by directly generalizing the mathematical
induction approach employed in [37] due to the e-dependence of the wave operator in
the Klein-Gordon part. Instead, we use the cut-off technique and energy methods for
the error analysis.

The rest of the paper is organized as follows. In Section 2, four second-order
conservative/non-conservative implicit/explicit FDTD methods are revisited and an-
alyzed. Section 3 is devoted to the main results of this paper and details the rigorous
error analysis. Numerical comparison results are reported in Section 4. Finally, some
concluding remarks are drawn in Section 5. Throughout this paper, we adopt the stan-
dard notations for Sobolev spaces and use p < ¢ to represent that there exists a generic
constant C' which is independent of 7, h and ¢, such that |p|<Cq. C denotes some
constant independent of 7, h and €, which may change from line to line.

2. FDTD methods and their analysis
In this section, we present four FDTD methods for the KGD (1.11) in the nonrela-
tivistic limit regime. For simplicity of notations, we shall only illustrate the numerical
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methods and their analysis in 1D. Generalizations to higher dimensions and the KGD
(1.11) (or (1.8)) are straightforward for tensor grids and results remain valid under mi-
nor modifications. In practical computation, we truncate the whole space problem onto
an interval ) = (a,b) with periodic boundary conditions, which is large enough such that
the truncation error is negligible. The KGD (1.11), on the bounded domain €2, reads

e20ud(t,x) — Opr (2, x)—i— (b(t,x) gU*o3U(t,x), z€N, t>0,

100 (¢, x)—l—eala U(t, m)—s—agkll(t,m) gpos¥(t,x)=0, z€Q, t>0,
¢(t,a) =o(t,b), Ou(t,a) =0xg(t,0), W(t,a) =V(t,b), 0. W(t,a) =0V (t,b),
#(0,2) =¢°(z), 8t¢(0,x):€l27(:1:), U(0,2)=0%z), z€Q, t>0,

where ¢:=¢(t,z) ER and V:=W(t,2) = (V1 (t, ), 2 (t,x))T € C2.

2.1. FDTD methods. Choose the space mesh size h:= Az = bi—[a with M
being an even positive integer and time step size 7:= At >0, the index sets 7 ={j|j =
0,1,---, M}, 75 =1{jli=0,1,---,M —1}, the grid points and time steps are:

(2.1)

rj:=a+jh, jETN; tpi=nt, n=0,1,2. (2.2)

Denote Xy ={U = (U;)je9 |[U; € C?, Uy =Upnr} CCM+VX2 Xy = {U = (Uj) e 70, |U;
eR,Uy=Up} CRM+L and we always use U_1 =Up;—1 and Upr41 =U; if they are in-
volved. The standard discrete [?-norm, semi-H!-norm and [*°-norm for U € X,; (or
UeX ) are defined as

WU :=h > (U 6FUIP=h > 165U1%  [Ulleo:= sup |Uj].
JETY 1 JETY JETNy
Let (¢7,¥7") be the numerical approximation of (¢(z;,t,),¥(z;,t,)) for j € T and

n=0,1,2,---, and denote ¢" = (4%, ¢7,--, ¢7,)T € Xpy and U" = (7, 07, ... W )T e
X as the solution vectors at t=t,,. We introduce some finite difference operators for
UeX,sor XM,

n+1 n n+1 n—1 n n n+1 n
6+U”=Uj —Uj ST = uym—=u; o= Uy —Uj UnJrl/QZUj +Uj
tI T 27 2n 2
ur., —20r+U? yrtt_our4pyn-t Urtt+urt
2rm _ Zg+1 J Jj—1 2rn _ _J J J n_ J
0,U} = % , U= = , AU = f
Here we consider several frequently used FDTD methods to discretize the KGD (2.1)
for j € 7).
e Crank-Nicolson finite difference (CNFD) method
n 3 1 3 n\* n
2070} — LAY} + 5 AS) =g(9]) 03V}, n=>1, (2.3)

. n 7 w n n n
i6 W= [5015m + 5203} V2 gt T e w0 (2.4)
e A semi-implicit energy conservative finite difference (SIFD1) method
207} — 52¢>”+ S AP =g(U) 030, n>1, (2.5)

10,V = [— 010 +— 03} AV +g¢Tos AVY, n>1; (2.6)
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e Another semi-implicit finite difference (SIFD2) method
2070 — 02 APY + iAqs’? =g(¥) o3y, n>1, (2.7)
10, W7 = —7015 3 + 03A\I' +gAP o3 AV, n>1; (2.8)
e Leap-frog finite difference (LFFD) method
2070 — 52¢"+ 507 =g(V)) o3¥}, n>1, (2.9)
10,7} = [8015 + = 03] U+ gdiosVy, n>1. (2.10)

The initial and boundary conditions in (2.1) are discretized for j € 7 and n>0 as

¢9:¢0($3)7 'I]’LL}FI — n+1’ ¢n+1 7](44;117 \IIO \I]O(.CL']) \I,K%FI :\I/g+1, \11714*1 \IIT]%FID )
2.11
and the first step for the Dirac field ! can be updated for the SIFD1 (2.6), SIFD2

(2.8) and LFFD (2.10) as

wl=w) 7 %Sin(g)al(\Ilo) (%)—H(%Sln( )—|—g¢0)03\110]7 jeT%. (2.12)

Meanwhile, the first step for the Klein-Gordon field ¢! is computed as

0} = 00+ sin( ;)1 (5) + 2507 () [(6°)" (2) + 9(W8) " 0309] — 250 (5 5)%, j€ 7.
(2.13)
REMARK 2.1.
(1) By using Taylor expansion, the first step can be simply computed as

2
=8+ T(ar) o |00 (ay) — o (W)l e T,

1
plogl_ |2
J J TL

i .
0'1(\1’0)/(17]‘)4’&_2(w+€29¢?)03\1/?:| , j@%&.
The above approximations are not appropriate if € < 1, in which case, 7 has to

be very small to bound ¢1 and \111 In order to get the ﬁrst step value ( ],\Iljl)

1
uniformly bounded for € € (0,1], we adopt fsm(f) and fsm(—Q) instead of —
T e T e 5

1
and — such that the modified versions (2.12)-(2.13) are second order in terms

of 7 satisfying ||¢']|oc <1 and [|¥!]|o <1 for any fixed 0<e<1. We remark
here that they can be simply replaced by 1 when e =0O(1).

(2) The CNFD, SIFD1, SIFD2 and LFFD (2.3)-(2.10) are uniquely solvable at each
time step. As illustrated in [37], all the schemes can be decoupled such that only
linear systems need to be solved at each step and the solvability and uniqueness
are straightforward.

The above four methods are all time-symmetric and time-reversible. The CNFD

(2.3)-(2.4) conserves the mass ||["|| (n>0) and the energy at the discrete level,

a1 w2, 1 " n Loon n
"= 5el16 "I + 710 "1 + 1107 ¢ ||2)+4?2(||¢ P+l 1)
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ih n—+1yx* n+1 wh b1y x nal
+? Z (\I]J )Ul(swq]j _ET Z (\I/] )0’3@]-
=5 D (@ e T T =£"=0(5), n>0.
JETN

In addition, the SIFD1 (2.5)-(2.6) conserves the mass [|U" (|24 || ¥"|? (n>0) and the
discrete energy

~n,_1 20 s+ n|2 h + n o+ n+1 1 n+12 n| 2
e L I W R A BEe S G0
3631\91—1
h ok kW kyx k
+— Z {z(\llj) Ul(sx\llj_g(\llj) 03‘1/]}

2e
jeTYy 1 k=nn+1

gh n * n n * _ ol 1
9 Yo (6T oW 4 g (U)o ] :5020(;2)7 n=0.
JE€ETN 1

The proof is quite standard and similar to those for the O(1) case [37]. We omit them
for brevity.

Furthermore, following the linear stability analysis of the FDTD methods for the
Dirac equation and Klein-Gordon equation via Von Neumann method [6,9], we have
the following lemma, with the proof omitted.

LEMMA 2.1.
(i). The CNFD (2.3)-(2.4) is unconditionally stable for any 7, h>0 and 0 <e<1.

(ii). The SIFD1, SIFD2 and LFFD (2.5)-(2.10) are stable under the stability con-
dition

0<t<e’h/Vh2+e2, h>0, 0<e<l.

3. Error estimates

3.1. Main results. Motivated by the analytical studies on the nonlinear Dirac
equation and Klein-Gordon equation [7,9](and references therein), we make the following
assumptions on the exact solution of the KGD (2.1)

¢(t,z) € CO([0,T]; L)NCH([0,T); W,y )N C3([0,T1; W= )N C2([0,T]; W)
NCH([0, T W,y >)NC([0,T]; W, >);

U(t,x) e CH[0, T [LT)NC?([0,T];[W, 1) N C2([0,T]; [W, %)
NCH([0, T W31 NC([0,T); W, > 1?);

1 ar+s
9(t,) H otrdxs

(4)

r+S
H 0 U (t,x)

1
S—,0<r<4,0< <5
otrox* S =T SrESsS

9
wNE2T

L Lo

with 0<T'<T* (T* the maximal common existence time of the solution), W™ =
{ulue Wm>°(Q), dLu(a)=0Lu(b),1=0,1,---,m—1} for m>1, L>®=L>([0,T]; L*°) for
¢ and L = L>([0,T];[L>]?) for V.

Denote

Ny= sup ||¢(t,x)||L~, Ny= sup [|U(t,z)|re~,
e€(0,1] e€(0,1]
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and the grid error functions n™ cX v and e € Xy as
Nt =¢(tn, ;) — @), € =W(ty,x;)—V}, j€Ty, n>0,

where (¢}, ¥}) is the numerical approximation obtained from the FDTD methods.
For the CNFD (2.3)-(2.4), the error estimates can be established as follows (see its
proof in Section 3.1).

THEOREM 3.1 (Error bounds of CNFD). Under the Assumption (A), there exist con-
stants 19 >0 and ho>0 sufficiently small and independent of €, such that, for any
0<e<1, when 0<7<719e® and 0<h<hge'/?, we have the error estimates for the
CNFD (2.3)-(2.4) with (2.11) given as

h2 ,7_2 h2 7_2
IS S =+, ||+ 15T e S = + =, 3.1
I+ I8t IS =+ 550 e+l el S =+ 5 (3.1)

T
[6" o <1+ Ny,  [[¥"[c<1+Ngy, 0<n<—. (3.2)
T

For the SIFD1 (2.5)-(2.6), under the stability condition

T<ae’h/\V/h24+e2, O<a<l, h>0, (3.3)
we establish the following error estimates (see its proof in Section 3.2).

THEOREM 3.2 (Error bounds of SIFD1).  Under the Assumption (A) and the stability
condition (3.3), there exist constants 7o >0 and ho >0 sufficiently small and independent
of €, such that, for any 0<e <1, when 0 <7 <79e® and 0 < h < hoe'/?, we have the error
estimates for the SIFD1 (2.5)-(2.6) with (2.11) given as

h2 7_2 h2 7_2
+ +
I+ S T+ Sy e+ lf el s =+ (3.4)
T
19" loo <14+Ng,  [[¥"]loo<1+Ny,  0<n<—. (3.5)

REMARK 3.1.

(1) In 2D (d=2) and 3D (d=3) cases, the above theorems are still valid under the
technical conditions 0<7<e?/\/Cy(h) and 0<h<e/?2/,/Cy(h). The key is
to control ||n"||ec and ||€"]|s by the discrete Sobolev inequality [3,34] in 2D
and 3D as

1, d
1Ulloo SCa(h) [IIUNI+1165UN],  Ca(h)={ [nh|, d
K12 4

L
2,
3

)

)

when U is a periodic 2D /3D mesh function.
(2) The error bounds for the SIFD2 and LFFD (2.7)-(2.10) are the same as those in
Theorem 3.1 and Theorem 3.2 under the stability condition 7 < ae?h/v/h2 + &2
(0 <a<1), which can also be derived by proceeding in the analogous lines for
the CNFD or SIFD1. The details are skipped.
Based on the above theorems, the four FDTD methods studied here share the same
temporal/spatial resolution capacity in the nonrelativistic limit regime. In fact, given
an accuracy bound p, the e-scalability of the FDTD methods should be

7=0(*V0)=0(*), h=0(,/pe)=0(Ve), 0<e<l.
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3.2. The proof of Theorem 3.1.  For the CNFD (2.3)-(2.4), we establish the
error estimates in Theorem 3.1. The proof is quite different from the conservative FDTD
methods for the KGD system in the O(1)-speed of light regime [37] and the nonlinear
Schrodinger type equations [3,4,35,36]. In fact, due to the e-dependence of the wave
operator Jy; and the indefiniteness of the ‘free’ Dirac operator —501814—5%03 in the
KGD (2.1), there is no control on the {* norm of the numerical solution (¢™,¥™) and
the nonlinear terms ((¥")*o3¥™ and ¢" /2030 1/2) in 1D by the Sobolev inequality
and the energy conservation. Thus, the main difficulty is to show that the numerical
solution (¢™,¥™) is uniformly bounded, i.e. [[¢"]o0 S1 and [[¥" || <1. There is a good
news, in [7,16,33], a similar difficulty was tackled by truncating the nonlinearity to a
global Lipschitz function with compact support in d-dimensions. Here, we use the same
cut-off idea. Choosing a function p(s) € C°(R) such that

L, <,
p(s)=4 €[0,1], |s| <2,
0, |s| >2.

Denote Ny = (1+Ng)?>0, No=(14Ny)? >0 and define
Fr, (1) =p(|¥*/N1)¥,  Fy,(0)=p(|¢]°/N2)o, WEC?, $ER,

then Fy, (V) and Fi,(¢) have compact support and are smooth and global Lipschitz,
i.e there exist C'y, >0 and Cl, >0, such that V¥, Uy € C2 ¢y, ¢o €R,

P, (1) —F, (02)| S On, [W1 = W], [Fi, (61) = Fiv,y (62)] <O, |1 = 2| (3.6)

Set @0 = ¢, qbl ¢, U0 =00 and determine qS” € X, and U™ € X, as follows

e2676) — 52A¢”+ A¢”—g( 1) osFN, (U]), jETN, n>1, (3.7)

iéj\ff?:{—ialéw—&-e?ag}\I/?+1/2+9F]\Zr;/20 Ful2 jedy, n>0, (3.8)

n+1 2 an Tn pnt1/2 Fo (Hn F Hn
where Fy Y/ = (B, (077 +F, (U7))/2 and Fy 3 = (Fy, (67 7) + Fx,y (67))/2. In
fact, we can view (¢, V") as another approximation to (¢(tn,z;), ¥ (tn,z;)). It is easy
to verify that the above scheme (3.7)-(3.8) is uniquely solvable, for sufficiently small 7,
using the properties of p and standard techniques [3]. Define the corresponding errors
as
0= (t,a)) — 0, & =U(ty,a;) V", jeTy, n>0. (3.9)

i © i
Regarding the error bounds on (7,€"), we have the following estimates.

THEOREM 3.3. Under the Assumption (A), there exist constants 1o >0 and ho >0
sufficiently small and independent of €, such that, for any 0<e<1, when 0< 71 < 79>
and 0 <h<hoe'/2, (3.7)-(3.8) have the error bounds as

. h2 7_2 R o h2 7_2
17+ 161 S =+ S5 R+ 67 e | S =+ (3.10)
~ ~ T
[6"loo <1+ Ng, [l <1+Ngy,  0<n<—. (3.11)

T
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We begin with the local truncation errors of (3.7)-(3.8) (C",6") given as

Zgn =207 P(tn, ;) — %@%W(%Hﬁj) +é(th—1,75))+ L(<Z5(7fn+1,$j) +é(th-1,75))

2¢e2
T
— gV (ty,x)03Y (ty,x5), F€ TN, lsn<——1, (3.12)
~ . ) w
9?Z:Z(S;F\IJ(tn,.’Ej)—l—?gdléw(@(tn+1,$j)+\I’(tn,xj))—@0’3(\1’@”+1,.’L‘j)+\ﬂ(tn,$j))
g . T
7Z(Qs(tn-i-l?xj)+¢(tn7$j))g3(\ll(tn+17xj)+\I/(tn7‘rj))a jegj\%a OSTLS;*I
(3.13)

The following estimates hold for E" and 0".

LeEmMA 3.1 (Local truncation errors ¢ and 5") Under the Assumption (A), there
exist constants 19 >0 and ho >0 sufficiently small and independent of e, s.t., for any
0<e<1, when 0<7 <795 and 0<h <hyg, the local truncation errors (3.12)-(3.13) satisfy

~n ~ 72 T ~ ~ . _ht 72 T
S8 S+ T Sns T L+ I0R S 4 S0 Sns T 1. (3.14)

Proof.  Under the Assumption (A) and noticing (2.1), applying Taylor expansion
to the local truncation errors (3.12)-(3.13), we derive that

2, 2 2 B2
|Cn| SEE |0etet Al Lo + 7||attxm¢”L°° + ﬁ”attéﬁHLoo + ﬁ”amméi’”LWa
2

h

2
1= 2( Ozt ¥| Loo + [|O0p W[ o)

72
|5+Cn| Sﬁt”z”attttm(bnmo + = ||attmm¢||L°° + = | Otta bl Lo

|9"|< IIE)m\I/IILoo gllattt‘l’llm

2
+ ZQ(IIG&HL% 00| Loe + 1] Lo |0re@l| Lo + (01| L |00 | L),

B2 72 72
|(5+9n| < ||aamﬂmc\lj||Loo + g”atttm\IJHL‘” + 4762 (5||amtt\IJHL°° + ”attr\IJHL“)

+ ZQ(lWHLw |0tt2 V|| oo + (|02l Loo || Oet ¥ | oo + |V | oo |Osta Bl Lo
H02: ¥ || oo |0 || Loe + 1|02l Lo |02 V| Lo + (| Ot Pl Lov (|00 | Lo )

with the help of the triangle inequality and the Cauchy-Schwartz inequality.
These immediately imply

T h? 7 T
I8+ 1087 oo S+ T 1 €< E 1 o 38 5 o+ S0 <me D

Thus, the conclusions for the local truncation errors follow. 0

Since the first step is calculated differently from the others, we investigate the first
step separately and illustrate the error estimates in the following lemma.

LEMMA 3.2 (Error bounds at n=1).  Under the Assumption (A), there exist constants
T0>0 and hg>0 sufficiently small and independent of €, such that, for any 0<e <1,
when 0 <7 <719 and 0 < h < hge'/?, the error bounds for (3.7)-(3.8) at n=1 satisfy

A+ 110271 S 5l

. - h: 72 ~
|+ 1652 S+ 518 oo 14+ Ny, 8 o S 14 Ny (3.15)
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Proof. Under the Assumption (A) and 0<7<e3, in view of (3.9) for n=1, (2.13)
implies

1= /o( ~3) 0w (sr.a;)ds + | 5 Mn@]wmﬁ[wn (32)~ 5 o)
+ [;g—QSiHQ(;E)] [(¢0)"(mj)+g(\l’ ) 0,3,1}0]

T

7_3 ,/._3
<l i + g @) 1m0+ sy N+ g (16 @) ey +983) 5 5.

Ny +
24 12 24 246

which also implies that [67;] < ;5 and [627;

<$1 are obvious for bufﬁmently small 7.
Noticing 8" =0 € X, subtracting (3.8) from (3.13) leads to

j€.77. The estimates on 7' and

|f\/€5’

‘A1 7 w .
Tej+26015 i "5 o5 =00+%0, jeTy, (3.16)
where

>0

=2 | (9(r.2;) = Fn, (3)) ) 05 (W0(a) + F, ()
+(o(r,2;)+¢°(25)) o3 (\I/(T,xj) —FNI(\T!})M )
In view of (3.6), we get

RN <[ (It~ + |Fx, (B} i+ ot a) =16} 1] . je 73, <3.17>
65 < CL(10CE2)  +[Foy (D) ) 1017+ 19 0 (E,2) [ 7|+ D068, [
+(llo(t2) L + 17 )03 8], € T, (3.18)

where the constant C' is independent of h, 7 and «.
Multiplying hT(/é})* on both sides of (3.16) from left and summing up over j € 7, _,
yields

1 ihT ST 1 whrt 1 A\ /7D

i[et]|? + —— Z () o1d.€; ~ 5 Z (€j) 03e; Y—hr Z (e;)" (05 +>?§))
JETN JETN JETN

(3.19)

Taking the imaginary parts, we can derive the estimate for [[€'|| by the Young’s inequal-

ity and the triangle inequality, with the help of the property of Fn,,

[ 12 =1m [hr S @) (B+%2) | S (1812 + 1812+ 1172).
€Ty 1
where I'm(f) denotes the imaginary part of f. Thus, together with Lemma 3.1 and the
estimates on 7', for sufficiently small 7, the above inequality suggests

2

R h? 7' 2
[ 2 < (12 + 11 17) ( ) (3.20)

6
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Similarly as above, multiplying h7(52€ 1) on both sides of (3.16) from left, summing
up over j € 7Y _, and taking the imaginary parts, we obtain

6@ 1> =1m [hr Y~ (55€))70F (87 +KY)

j€918171
1 1 ~ . .
S (11678 2+ 1812+ 107112 + 12+ 17" 112
For sufficiently small 7, Lemma 3.1, (3.20) and the estimates on 7' imply

R R R R B2 2\?
o582 S (18 2+ 1o+l 1P+ 17 17) < (B + 5 ) . e

6

Thus, the error estimates on €' are proved. It remains to estimate ||¥!|.. Using

the discrete Sobolev inequality, for sufficiently small 0 <7 <e®/\/Cq(h) and 0<h <

e'/2/,/Cq4(h), we have

N h2 7_2
6t < Cath) (4 + 1058 < € (4 5 ) <1,

and U |loo < | ¥(¢,2) || o + & |oc < Ny + 1. O

Next, we study the growth of the errors. Subtracting (3.7)-(3.8) from (3.12)-(3.13),
respectively, we have the error equations as

1 ~ o~ T
2~n+1 2-~n—1 ’\nJrl ~n—1
207} —*(%m HOT ) o (T +iT ) =6 A7, 1sn<——1, (3.22)

o el | oo~ Wl any P, o r
zéj'e;l+%al(5ze;’ +5xe?)72—€203(e? +e7)=07+X7, Ogng;fl, (3.23)
ﬁg:%v 7/7\1’11:7/77\/1—1’ ﬁ?zoa /ég:/éTZ\L/[v 6711:67]7\‘4_17 62207 jeg]\%a (324)

where A" = (A2, A7, A2 )T e Xy and X" = (R0, X7, -, X)) € Xas are the errors of
the nonlinear terms as

N i= g (W (b, 25)05 W (b, 5) = (89) 03 F oy, (37)] (3.25)

K= g [0m 2 (@) W 2 g — B Pog PR (3.26)
where u"t1/2(2;) = (u(tpi1,2;) +ultn,z;))/2 with u=V or u=¢.
In order to prove Theorem 3.3, we control the nonlinear terms as follows.
LEMMA 3.3. Under the Assumption (A), the nonlinear terms A" and X" (1<n<
%—l) satisfy
n ~n In ~n ~n ~n+1/2
NS SIS ST [+, IR™ N S I 2+ 172, (3.27)
16 RIS ™2+ (a7 e™ 2 4 1712 + (|62 . (3.28)

Proof. Noticing (3.6) and (3.25)-(3.26), by direct calculation for j€ .7} and
1§n§%—1, we get
VL = (N

X <C (Nt [Fw, (8) e

An+1/2’+ ‘Fn+1/2‘

~n41/2
),
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6N C [ (109 e + |6 B, (8] ) 671+ (Vo + [P, (8] ) 63851
551 < O 00w oe [ 4 N 557572 | - o Bl - &7
|| Jore

where the constant C' is independent of h, 7 and e. Under the Assumption (A), com-
bining the above inequalities with the properties of Fp, and F N, will complete the
proof.

o

Proof. (Proof of Theorem 3.3.) When n=0, the estimates in (3.10)-(3.11)
are obvious and the n=1 case is already verified in Lemma 3.2 for sufficiently small
0<7<7 and 0<h<hy. Thus we only need to prove (3.10)-(3.11) for 2<n<Z. The
proof is divided into two parts.

Part 1. (estimate |7+ |63 77+ + (" + |63 8" | for 1<n< T —1): com-
puting h(ﬁ;”rl —ﬁ?fl)*(3.22) —h(égﬁ?“ —637’7\?71)*(3.22), summing up over j € 75
and applying the Cauchy inequality, Lemmas 3.1 & 3.3 imply

_ _ 1 _
(1S = 67 7 2+ 00 6 12 = 0 0 2) + 5 (o 12 = o )
_ 1 _ _
272 = 1827 12) + 5 U1 = 7 2 4+ )2 = 7))
DI (A (GRS R G A I (Y
JETN
<re2 (102 6 2+ ok o P+ 0 )
T A’ﬂ An An An
S UG 2+ IR 2+ 1185 S 12+ ] 37 2)

SIS A 1A 124 155 7P+ 07 )
~n |2 +an 2 2 > ?
CECl R ey

T
+lz , 1<n<=—-—1. (3.29)
e T

Then, computing hr (e} +8)*(3.23) —h762(e} " +@7)*(3.23), taking the imaginary
parts, summing up over j € .7;;_; and making use of the triangle inequality, the Cauchy
inequality and Lemmas 3.1 & 3.3, we derive

~n+1 ~n ~n+1 ~n
[&" 12— €™ 1> + |5, e ||* — |15 e |?
=onr 30 Im|@ TR @ %)+ o @ TRy (0 + 3]
j€9£1_1
<r([&" P+ 8" 12+ 118,12+ [lo €™ 12+ 10717+ 1R™117 + 165 67117 + 1163 R™11°)
e k2 k2 | k)2 k2 R r2\? T
ST YR+ 1030 12+ |12 + 63 7| >+T(€+€6) A=n<— -1 (3.30)
k=n
Define
. 1 n+1 R R N
S"=*(I5 1>+ 16505013 + 55 > [E2NSFAF I+ 1627%1%) + 17" 1% + 116 7% 1]

2e2
k=n
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1, . ~
+€7(||en+1\|2+\\5$en+l||2)7 n>0. (3.31)

Under the condition 0 <7 <7e? for some 75 >0, in view of the initial data (3.24) and
Lemma 3.2, we get

1 _ . . ~
S = (|01 + 1168 °N) + 5z [* (o At I + 10577 1%) + 12" I + 1o ' 117)

1 R R2 r2\?
PR S 5 (T4 )

e &8
The inequalities (3.29) and (3.30) imply

1<n<—-—1.
T

2 2\ 2
T
Sn_Sn—l 57’(8" Sn 1) 52 <h T ) :

e &%

Summing the above inequalities for time steps from 1 to n, we have

h? 72 2 T
0 k
-8 <TZS < €6>  1<n< -1

Hence, the discrete Gronwall’s inequality [26,30] would suggest that there exists a con-
stant 73 > 0, sufficiently small; such that, when 0 <7 <73, the following holds

n?or2\? T
ST <S04 ( +TG> . l<n<=— -1 (3.32)
e2\e ¢ T
Recalling (3.31), we obtain
R . h2 2 T
7 I+ a7+ [ 1P [l e +1||2§?+;67 l<n<—-—1. (3.33)
T

Part 2. (estimate ||¢"+!||s and [|¥"]|o for 1<n< L _1): the discrete Sobolev
inequality will imply

h2 7_2 o h2 7_2
7 e <Cath (T 2T D <0 (B4 ) I8 <0 (4 ).

Thus, there exist hy >0 and 74 >0, sufficiently small; when 0 < h < hye'/2/,/C4(h) and
0<7<74e?/\/Cy(h), we get

16" oo <Nl @(tns1,2) | oo + 17" oo < N +1,
1" oo < 12 (@) [ o= +1[€" oo < Ny +1.

The proof of Theorem 3.3 is then complete by choosing 7o =min{r, 72,735,714} and hg=
min{hl,hz}. 0

Proof. (Proof of Theorem 3.1.) In view of the definition of p, Theorem 3.3
implies that (3.7)-(3.8) collapse to (2.3)-(2.4). By the unique solvability of the CNFD

(c.f. Remark 2.1), (gg",\/l}”) is identical to (¢™,¥™). Thus Theorem 3.1 is a direct
consequence of Theorem 3.3. ]
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3.3. The proof of Theorem 3.2. For the SIFD1 (2.5)-(2.6), we establish
the estimates in Theorem 3.2. Throughout this section, the stability condition 7 <
ag?h/vVh2+e2 (0<a<1) is assumed. Here, we sketch the proof and omit those parts
similar to the proof in Section 3.2.

Determine another approximation to (¢(ty,z;), ¥ (t,,x;)) from

~ - 1 o~ ~ ‘
25707 — 0207 + 5 A =g(T]) 03, (T]), 6" =¢°, ' =", je 7, n>1, (3.34)
z6t\I/ —[— 0104+ — 03} A‘Il +gFN2(¢?)U3AF%17j7(I\/O:\IIO’\/I\Jl:Q/l’jey]\(/)[,nZl,
(3.35)

where AFY, ;=[Fy, (\TI?H) +Fn, (@?_1)]/2 For sufficiently small 7, the unique solv-

ability of (3.34)-(3.35) holds true in view of the Lipschitz property of Fy, and Fy,.
Introduce the error functions as

~

~

& = Wltnay) =T}, T =0(tna;)—d}, jET, 0<n<, (3.36)

J VE .
then the following error estimates hold.

THEOREM 3.4. Under the Assumption (A), there exist constants hg>0 and 19 >0
sufficiently small and independent of ¢, such that, for any 0<e <1, when 0 <h < hoe'/?
and 0 <1 <7193, (3.34)-(3.35) have the error bounds as

N h2 7_2 N h2 2
N6 < —+ =, €+ 6Fe"<— , 3.37
I I+ S =+ 5 IR+ 18IS T+ 5 (3.37)
~ ~ T
16700 S14+Ns [ <14+Ny,  O0<n<—. (3.38)

Similar to the proof of Theorem 3.1, if Theorem 3.4 holds, (QAS”,\/I\I”) is then identical

o (¢™,¥"), and Theorem 3.2 holds ture. Thus, we only need to show the proof of
Theorem 3.4. We use similar notations as those in Section 3.2 and denote the local
truncation errors §" = (90 N OM) € Xy and ("= ((0 NI CM) € Xy of (3.34)-
(3.35) as

~ 1
C;L 21625tz¢(tn,l‘j) 7(52¢(tn,1’j)+7(¢(tn+1,l’j)+¢(tn_1,1'j)) 79\11*(1571,1']')0'3\1/@”,1’]‘),

2e2
(3.39)
~ . 7 w
6‘?::zét\ll(tmmj)—l—goléw(klf(tnﬂ,xj)+\I/(tn,1,a?j))—@ag(m(tnﬂ,xj)+\Il(tn,1,xj))
. T
,g¢(tn,xj)ag(qf(tn+l,xj)+\If(tn_1,xj)), jeTy, I<n<——1. (3.40)

Similarly as Lemma 3.1, under the Assumption (A), we have the estimates on (Zn,ﬁn)
as

IS+ N6 ¢ I Sh?+ =5, 10" 1+ 11050" | S —+ 5, 1<n<—-1. (3.41)
9 3 3 T

The error equations for (3.34)-(3.35) can be derived as

1 fon 1 ~n— ATL A’I’L T
26,1} **5x77g sz (T4 ) =G A, 1sn<——1, (3.42)
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i6,87 +2 018, (@7 +e7 ) —

~ ~ ~0 .
770:77Ma 77—1:;7\?\/[—17 77j:0a eO:eMv eﬁlze%—lv ej:()a ]eyl\gﬁ(344)

An ~n— i ~ T
2“’203( e T =0 X LSS~ ~1,(3.43)

where A= (g, AT, A5)T € Xar and X" = (xis-» Xi)T € Xar (1<n<T/r—1)
are given below

N =g [0 (b, y) oW (b, y) — (U5) 05 F o, (7)], € 73, (3.45)
~n 1 - n n
X5 =9 |:2¢(tnvmj)o—3(\ll(tn+17xj)+\Ij(tn1axj))_FN2(¢j )03~AFN1,j ’ (346)
and can be controlled as
IXISIE™, sz IS e I+ 1™, IR S I I+ e Hi+1a™l,  (3.47)
IR IS N0+ (16" [+ 167 |+ 18" [+ 18" | + 7™ (3.48)

Now we proceed to prove Theorem 3.4.

Proof. ( Proof of Theorem 3.4.) Since the conclusions in (3.37)-(3.38) for n=0
are obvious, thus we only need to prove (3.37)-(3.38) for 1<n<ZI. For n=1, similar as

Lemma 3.2, under the Assumption (A) and the stability condition 7 <ag?h/v/h2 + 2
(0<a<1), we can derive

1

. . (T T L (T T

e}|: 7-2/0 (1—5)0u¥(sT,2;)ds+iw {sm (6—2) —5—2} 03\112—&— [Sln(g) —g} -1 (U0) ()
s 0 0) s
§||3tt‘1’||L°°+76||‘1’ (@)l Q)+ H(‘l’ (@)@ <O <1,

and |7+ |57 §CZ—6 <1. The conclusions of Theorem 3.4 at n=1 follow by the

triangle inequality with sufficiently small 0 <7 <7® (71 >0).
Next, we estimate [|n" (| +[|6; "1+ [le"* ||+ |6 e T || for 1<n<L —1. De-
fine

2 n+1
~] ~k
5= (- 1) o+ logaar ) g2 2 (P4 I 1021 + 072 )
]. ~n ~n ~n
b S R - T T et
JETN 4
(S — o). (3.49)

Under the stability condition 7 <ae?h/vh?+e2 (0<a <1), using the estimates for 7]
and 61, we can conclude that
IR . 1 -
S* =67 1” + 116582 1°) + 5z (1 1° + 1@ P lIoE TP+ llotet?) < NI
(3.50)

and for 0 <2Cy =¢?(1—a?) <e?—72/h? (using the stability assumption to get 72 /h% <
e2a?), we have
n+1
ke ~k
"2 g 3 (1P I ISEH 7 155051 4 oI+ 1261

(3.51)
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On the one hand, computing h(7; T T 1) (3.42) —hd? (’\"'H 71 (3.42), sum-
ming up over j€.7))_;, using the bummatlon by parts formula, (3. 41) and (3.47), for
1§n§%—1, we obtain

2
(52—m)(||6 R = o e 2 s )
oy 2 = = 2 )
1 ’ﬂ n n— n—
+5r [ =) + (=) = (e =y ™2 = (e — )]
€Ty

1 n n n—
+or (8 e =) + (6 — 6y )2 = (6 )y — 6 m1)?
36918171

_(5:_77?+11 5t 77])]
=h Z (G + A7) 0 T =)+ 0 (G AN (o = )]

- T n n T T2 2
Setr Z (10F 12+ 1655 212) + S loserP + e P+ 5 (124 55 ) . (a2

k=n—1

On the other hand, computing 2h7(e] et +e; 1)*(3.43)—2h702 (A"'H —&—’e\?_l)*
(3.43), taking the i 1mag1nary parts, summing up over j € 73 _,, in view of (3 41), (3.47)
and (3.48), for 1<n <Z ——1, we could get

le™ 1 — e HI* + [|af e I* ~ [l o e |

—hr Y Im{(§?+l+€?_1) (9”+xj)+6+( "“+é§?‘1) 6;(55%22)}
JETN 1

B2 72\?
S WD SR (L PR L) REN Caruasy I LD
k=n+1,n—1

Combining (3.49), (3.52) and (3.53), we have

GRS T
S 8" S Car(S"+8" ) + 2< +T6> , 1<n<=——1,  (3.54)
9 3 9 T

where C,, =max{1/(1—a?),2}. Summing up the above inequality for time steps from
1 to n, we arrive at

R2 72\? T
S" <20 TZS”+SO ( +6> , 1<n<=—1. (3.55)
P E £ £ T

By the discrete Gronwall’s inequality [26, 30], there exists a constant 75 >0, such that,

when 0 < 7 < 79, sufficiently small; depending on the parameter a € (0,1) in the stability
assumption,

2 2\ 2 T
sngg(+;>, 1<n<loy, (3.56)



1342  FDTD FOR THE KGD SYSTEM IN THE NONRELATIVISTIC LIMIT REGIME

where C depends on T, g, w, the exact solution (¢(¢t,z),¥(t,z)) and the parameter
a€(0,1) in the stability assumption. Together with (3.51), the above inequality results
in
192 12 12 12 2 r\?
e R e O e e IR X
with C independent of h, 7 and . Thus, the estimates on 7"*! and e"*! are complete.

Lastly, we prove the estimates of [|[¥" 1|/, and [|¢" ™|l for 1<n<ZL —1. In fact,
the discrete Sobolev inequality will imply

~n+1 +on41 ~n+1 h? T ~n+1 h? T
7 oo < Cat) T+ 17D <O (T4 55 ), I ez (T4 5

There exist h; >0 and 73>0 sufficiently small, when 7<73e3//C4(h) and h<
hie'/?/\/Cq4(h), the triangle inequality gives

16" oo <Nl @(tns1,2) oo + 11" oo < No +1,
19" oo 1 (tns1,2) [z + €7 oo < Ny +1.

Overall, the estimates in Theorem 3.4 are valid under the stability condition 7<
ag?h/vh?2+e2 (0<a<1) and the choices of 7o=min{r,79,73} and ho=h;. Hence,
the proofs of Theorem 3.4 and Theorem 3.2 are complete. ]

4. Numerical examples

In this section, we apply the FDTD methods presented in Section 2 for the KGD
(2.1) and report numerical results to verify our error analysis. In the computation,
the problem is solved numerically with the coefficients g=1 and w=1 on an interval
O =[-128,128], i.e. a=-128 and b=128 with periodic boundary conditions. The
‘reference’ solution (¢(t,z),¥(t,z)) is obtained numerically by using the TSFP method
[6,20] with a very small time step and a very fine mesh size, e.g. 7.=5x107% and
he=1/1024. Denote ( h ,\I”Tﬂh) as the numerical solution obtained by a numerical
method with time step 7 and mesh size h. In order to quantify the numerical results,
we define the discrete H!-error as follows:

eu(tn): \/Hu(tm')_u:},hlp—"_ Héj(u(tm')_ug,hﬂpv u=¢ or V.

The initial data is given as
(;50(1‘):6_362/2 ,y(l,):%e—xz/Q \IIO(x):(e—xQ/Q e—(x—1)2/2)T
) 2 ) ) -

Firstly, we test the spatial errors. In order to do this, we choose a very small time step.
e.g. T=T,, such that the errors from the time discretization are negligible, and solve
the KGD (2.1) with the FDTD methods under different mesh sizes h. Table 4.1 lists the
numerical errors ey and e, at t =2 with different mesh sizes h for the CNFD (2.3)-(2.4).
Table 4.2 shows the similar results about the spatial discretization errors for the SIFD1
(2.5)-(2.6).

Secondly, we check the temporal errors at t =2, listed in Tables 4.3-4.4. Due to the
stability constraints for the SIFD1 (2.5)-(2.6), we set

T<e’h/\V/h2+e?
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E—Scalability ho = 1/2 h0/2 h0/22 h0/23 h0/24
eo=1/2 6.36E-1 1.90E-1 4.94E-2 1.24E-2 3.11E-3
order - 1.74 1.95 1.99 2.00
eo=1/4 6.16E-1 1.97E-1 5.18E-2 1.31E-2 3.28E-3
order - 1.65 1.92 1.99 2.00
eo=1/8 6.36E-1 2.10E-1 5.59E-2 1.41E-2 3.54E-3
order - 1.60 1.91 1.98 2.00
eo=1/16 6.42E-1 2.15E-1 5.75E-2 1.46E-2 3.70E-3
order - 1.58 1.91 1.98 1.98
eo=1/2 1.13E-1 2.99E-2 7.49E-3 1.87E-3 4.68E-4
order - 1.91 2.00 2.00 2.00
eo=1/4 1.52E-1 3.99E-2 1.00E-2 2.51E-3 6.29E-4
order - 1.93 1.99 2.00 2.00
eo=1/8 1.77E-1 4.80E-2 1.22E-2 3.06E-3 7.68E-4
order - 1.88 1.98 1.99 2.00
e0=1/16 1.87E-1 5.11E-2 1.31E-2 3.40E-3 9.98E-4
order - 1.87 1.96 1.95 1.77

TABLE 4.1. Spatial errors of CNFD with T=5E—6, ey (upper rows) and ey (lower rows).

E—Scalability ho = 1/2 h0/2 h0/22 h0/23 h0/24
eo=1/2 6.36E-1 1.90E-1 4.94E-2 1.24E-2 3.11E-3
order - 1.74 1.95 1.99 2.00
eo=1/4 6.16E-1 1.97E-1 5.18E-2 1.31E-2 3.28E-3
order - 1.65 1.92 1.99 2.00
e0=1/8 6.36E-1 2.10E-1 5.59E-2 1.41E-2 3.55E-3
order - 1.60 1.91 1.98 2.00
e0=1/16 6.42E-1 2.15E-1 5.76E-2 1.48E-2 3.92E-3
order - 1.58 1.90 1.96 1.91
eo=1/2 1.13E-1 2.99E-2 7.49E-3 1.87E-3 4.67E-4
order - 1.91 2.00 2.00 2.00
eo=1/4 1.52E-1 3.99E-2 1.00E-2 2.51E-3 6.29E-4
order - 1.93 1.99 2.00 2.00
e0=1/8 1.77E-1 4.80E-2 1.22E-2 3.06E-3 7.68E-4
order - 1.88 1.98 1.99 2.00
eo=1/16 1.87E-1 5.11E-2 1.31E-2 3.40E-3 9.96E-4
order - 1.87 1.96 1.95 1.77

TABLE 4.2. Spatial errors of SIFD1 with T=5E —6, ey (upper rows) and ey (lower rows).

in Table 4.4. The numerical results of the other two discretizations (SIFD2 and LFFD)
are similar to those of CNFD and SIFD1, and are skipped here for brevity.

From Tables 4.1-4.4 and additional results not shown here, we can draw the following

observations:

For any fixed e=¢09>0, the FDTD methods are second-order accurate in both
temporal and spatial discretizations. In the nonrelativistic limit regime, i.e. 0 <e <1,
each column in Tables 4.1-4.2 shows that the spatial errors are almost independent of ¢.
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e-Scalability 70=0.1 70/8 70/82 70/8° 70/8%
eo=1/2 2.53E+0 9.06E-3 1.42E-4 2.93E-6 1.02E-6
order - 2.71 2.00 1.87 -
eo=1/4 2.32E+0 2.99E-1 4.74E-3 7.45E-5 1.89E-6
order - 0.99 1.99 2.00 1.77
eo=1/8 2.31E+0 4.78E-1 2.55E-1 3.98E-3 6.27E-5
order - 0.76 0.30 2.00 2.00
e0=1/16 2.31E+0 2.52E+0 9.98E-1 2.47E-1 3.86E-3
order - -0.04 0.45 0.67 2.00
eo=1/2 1.65E+0 1.30E-2 2.04E-4 3.43E-6 1.49E-6
order - 2.33 2.00 1.96 -
eo=1/4 2.52E+0 4.36E-1 6.86E-3 1.07E-4 1.80E-6
order - 0.84 2.00 2.00 1.97
eo=1/8 1.48E+0 3.60E+0 6.83E-1 1.06E-2 1.66E-4
order - -0.43 0.80 2.00 2.00
e0=1/16 2.17E+0 4.60E+0  3.58E+0 5.66E-1 8.30E-3
order - -0.36 0.12 0.89 2.03

TABLE 4.3. Temporal errors of CNFD under O(e3) with h=1/2048, eg

(lower rows).

(upper rows) and ey

e-Scalability 70=0.1 T0/8 70/8% 70/8° 70/8%
ho=2 ho/8 ho /82 ho/83 ho/8*
eo=1/2 2.10E+40 2.08E-1 3.40E-3 5.32E-5 2.08E-6
order - 1.11 1.98 2.00 -
eo=1/4 2.16E+0 1.16E+0 1.90E-2 2.97E-4 5.94E-6
order - 0.30 1.98 2.00 1.88
e0=1/8 2.18E+40 3.20E+0 9.95E-1 1.58E-2 2.49E-4
order - -0.18 0.56 1.99 1.99
€0 = 1/16 2.17E+0 3.55E+40 3.53E-1 9.79E-1 1.55E-2
order - -0.24 1.11 -0.49 1.99
eo=1/2 1.69E4-0 3.69E-2 5.78E-4 9.08E-6 1.48E-6
order - 1.84 2.00 2.00 -
g0 = 1/4 2.39E+0 4.19E-1 6.55E-3 1.02E-4 1.60E-6
order - 0.84 2.00 2.00 2.00
eo=1/8 1.24E4-0 3.35E+0 6.77E-1 1.06E-2 1.65E-4
order - -0.48 0.77 2.00 2.00
e0=1/16 1.86E+0 4.52E+0  3.64E+0 5.64E-1 8.27E-3
order - -0.43 0.10 0.90 2.03

TABLE 4.4. Temporal errors of SIFD1 under O(e?), ey (upper rows) and ey (lower rows).

We note that the h? /e spatial error comes from the ‘free’ Dirac operator —éalaa; + 303
in the Dirac component, which is mainly caused by the lowest frequencies of the solution
in phase space [6,7]. However, such dependence on ¢ is not visible in most numerical
tests, as usually, only a very small fraction of the solution lies in the lowest frequencies.
In fact, by using the example in [6], i.e. choosing g =0, WO (z)= (e?™ (= +1) Imilz+INT
#°(x)=0 and v(z)=0 (-=1<z<1) in (2.1), we could observe numerically the spatial
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errors of order h?/e and the details are omitted here for brevity. In addition, Tables
4.3-4.4 suggest that the ‘correct’ e-scalability of the time step is 7 =0(g?) which verifies
our theoretical results. In fact, for 0 <e < 1, we can obtain second-order convergence in
time only when 7 <3 (cf. upper triangles in the lower parts of Tables 4.3-4.4).

5. Conclusion

Four conservative/non-conservative implicit/semi-implicit /explicit FDTD methods
were analyzed and compared based on their temporal /spatial resolution for numerically
solving the KGD system in the nonrelativistic limit regime, i.e. 0<e<1. The main
difficulty was that the KGD system admits rapid oscillations in time as e — 0™, while the
nonlinear Yukawa interaction and the indefinite Dirac operator bring another significant
difficulty. Error estimates were rigorously established using energy methods and the cut-
off technique, which are geared towards understanding the temporal resolution capacity
of the FDTD methods for the KGD system in the nonrelativistic limit regime. The
estimates suggest that the e-scalability and meshing strategy of the FDTD methods
should be 7=0(g3) and h=0( /¢) for 0<e< 1.
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