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THE 3D COMPRESSIBLE VISCOELASTIC FLUID IN
A BOUNDED DOMAIN*

QING CHENT AND GUOCHUN WU*

Abstract. In this paper, we prove the global existence and uniqueness of strong solution for the
3D compressible viscoelastic fluid in a bounded domain under the condition that the initial data are
close to the constant equilibrium state. Based on the standard energy estimate, the estimation of the
exponential convergence rates of the strong solution is also obtained.
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1. Introduction
Let QCR? be a smooth bounded domain, we are concerned with the following
well-known compressible viscoelastic fluid system of Oldroyd type:

pe+div(pu) =0,
(pu); +div(pu®u) +VP(p) =divT +adiv(pFFT), (1.1)
Fy+u-VF=VuF,

for (z,t)eQxRT. Here p,u and F e M3*3 (the set of 3x3 matrices with positive
determinants) stand for the density, velocity and the deformation gradient of the fluid
respectively and the pressure P(p) satisfies the y-law that is P(p) =Ap?, where A>0 is
a constant, v >1 is the adiabatic exponent. F7 means the transpose matrix of F. The
stress tensor 7T is given by

T =p(Va+(Vu)")+ A(divu)L,

with the constant viscosity coefficients p and A satisfying the following physical condi-
tion:

©w>0, 3A+21>0.

a >0 denotes the elasticity coefficient. The corresponding elastic energy for system (1.1)
is the special form of the Hookean linear elasticity:

a a1 f°
W(F)=2|F] +;/0 P(s)ds.

In the context of hydrodynamics, the velocity field u(¢,z) can be described by
the flowing map, a time dependent family of orientation-preserving diff-isomorphisms
2(t,X), 0<t<T:

A (t, X)

ot :u(t,m(t,X)), (E(O,X)ZX,
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1304 VISCOELASTIC FLUID

where X is the initial labeling (Lagrangian coordinate) of the particle. Then the defor-
mation tensor F'(t,X) is defined as

F(t,X):= %.

In the Eulerian coordinate, the corresponding deformation gradient F'(¢,2) will be de-
fined as

F(t,z(t,X))=F(t,X).
Applying the chain rule, we see that F(t,z) satisfies the following transport equation
O F+u-VF=FVu,

which is exactly Equation (1.1)s.
In this paper, we consider the initial boundary value problem for the system (1.1),
which is supplemented by the following initial and boundary conditions:

(P,U7F)($,O):(p0,UO,F0)7 l‘:(l’l,l‘g,xg)EQ,
ulpa =0, t>0, (1.2)
prodl‘/|Q| =p>0.

It is well-known that many fluids do not satisfy Newtonian law. There have been
many attempts to capture different phenomena for non-Newtonian fluids; see the ex-
cellent survey papers [3,6,9, 20, 30, 35] and references therein. The fluid of Oldroyd
type is one of the classical non-Newtonian fluids with elastic property. Due to the
physical importance and mathematical challenges, the studies on the equations of the
viscoelastic flows of Oldroyd type have attracted many physicists and mathematicians
during the last decades. In the direction of incompressible case, there are many impor-
tant progresses on the investigation of the global existence and large time behavior of
smooth solution for sufficiently small initial data, refer to [1,2,5,7,16,17,19-29,34,40]
and references therein. The global existence of strong solution were proved by Lin et
al. [26], Chen and Zhang [2], Lei et al. [20-24] in Hilbert space H*, Qian [34] and Fang
et al. [5,40] in critical Besov space for the Cauchy problem. The problem is much
more complicated due to the lack of damping mechanism and boundary condition on
F for the initial boundary value problem. In order to bypass this difficulty, Lin and
Zhang [27] used some important relations, which were first introduced by Sideris and
Thomases [36], to show that some linear terms in the system are in fact high order terms
and the global existence of strong solution was established. He and Xu [7] reformulated
the original system along the particle trajectory and showed that in the Lagrangian
coordinate, the system is decoupled and the well-posedness problem is reduced to the
solvability of standard damped-wave equations with a no-slip boundary condition. They
established the global existence and exponential decay estimate of strong solution for
the equivalent system with the small and smooth initial data. Recently, Hu and Lin [8]
studied the problem for discontinuous initial data. Although there are some progresses
on the global existence of weak solutions, the global existence of weak solutions for
arbitrary data is still an outstanding open question. In the direction of the compress-
ible case, the local existence of multi-dimensional strong solution was obtained by Hu
and Wang [10]. In [11,32], the global well-posedness in the critical Besov space with
the lowest regularity was established. Hu and Wu [13] provided a detailed analysis on
the optimal time decay in H? framework. Based on [13], Jia et al. [14] obtained the
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optimal time decay rate under the critical Besov space framework. Wei et al. [37] and
Wu et al. [38] established the optimal decay rates of the smooth solution just by energy
methods. For the initial boundary value problem, global in time of the strong solution
was proved to exist uniquely near the equilibrium state in [12,33]. The main subject
of this paper is to establish the global existence and uniqueness of strong solution for
the system (1.1)-(1.2) under the condition that the initial data are close to the constant
equilibrium state in H? framework. Our main results are formulated as the following
theorem:

THEOREM 1.1.  Given the constant p >0, there exists a constant €y, such that for any
initial data (po — p,ug, Fo—I) € H*(Q) satisfying

(o — ps 1o, Fo — 1) |2 < €0, (1.3)
div(poFl) =0, (1.4)

and
Fo=(I+Vo)™t, for some o€ H*NH}, (1.5)

then the initial boundary value problem (1.1)-(1.2) admits a unique solution (p— p,u, F —
1) globally in time with p >0, which satisfies

p—p.F — 1€ CO([0,00); HA(2)) NC([0,00); H (),
we C0([0,00); H(Q2) N HY () NC([0,00): L2(2)).

Moreover, the following exponential convergence rates in time hold:

(o= pyu, F' = D)(t) |2+ [|0:(p,u, F) ($)[| < Col[(po — P w0, Fo — D[ 2exp{—not}, V =0,
(1.6)
where Cy and ng are two positive constants, which are independent of t.

Notation. Let us introduce some notations for the use throughout this paper. The
norms in the Sobolev spaces H™(§2) and W™ 7(Q2) are denoted respectively by || - ||, and
[|-lm,q for m>0 and ¢>1. In particular, for m=0 we will simply use ||-|| and || ||q.
For the sake of conciseness, we do not precise in functional space names when they are
concerned with scalar-valued or vector-valued functions, ||(f,g)||x denotes || f|lx + gl x-
C >0 denotes the generic positive constant that only depends on the parameters coming
from the problem and f < ¢ means that f <Cg. We denote V=0, =(0:1,02,03), where
0;=04,, Vi=0; and put 0’ f =V f =V(V 1 f), with an integer £>0. The integration
domain © will be always omitted without any ambiguity and (-,-) denotes the inner-
product in L?(Q).

Let us now give some comments on the key ingredients for the main difficulties
and techniques in this paper. The system (1.1) is a typical example of the quasilinear
hyperbolic-parabolic system, for which the local existence result of initial boundary
value problems can be established by a standard contraction mapping argument; we
refer to [18]. By the standard continuity argument, the global existence of the strong
solution can be established by combining a priori estimates and the local existence result,
thus it suffices to derive a priori energy estimates under the condition (1.3) if ¢ is small
enough. Due to the slip boundary condition, the classical energy estimates can not be
applied directly to spatial derivatives since the spatial derivatives are unknown on the
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boundary. To overcome this difficulty, we separate the energy estimates for the spatial
derivatives into that over the region away from the boundary and near the boundary in
spirit of Matsumura and Nishida [31]. In other words, we establish the energy estimates
for the spatial derivatives by using cutoff functions and localizations of 92. Although
our proofs are in the spirit of those for the Navier-Stokes equations, more intrinsic
properties of the viscoelastic flow system are needed to get the dispersive estimates.
It is worth mentioning that the crucial part of the proof is to obtain a Lyapunov-type
energy inequality. Compared to the case of the half space in [33], in this paper, we study
the initial boundary value problem of system (1.1) in a bounded domain. Moreover,
the exponential convergence rates of the strong solutions are also obtained, which we
believe that the result may have its own interest.

The rest of this paper is organized as follows. In Section 2, we will reformulate
the system (1.1) into a new equivalent system. Section 3 is devoted to do some careful
a priori estimates for the strong solutions and then the global existence of the strong
solutions is established by combining a priori estimates and the local existence result.

2. Reformulation and preliminaries

In this section, we are going to reformulate the initial-boundary value problem (1.1)-
(1.2). As[11,27,32] like to point out, the main difficulty for treating the initial boundary
value problem of (1.1) lies in the lack of damping mechanism on F. To overcome this
difficulty, inspired by [27,36], we introduce the following quantities:

_ 6X_1(t,$) :F_l’
Ox

In light of Equation (1.1)3, we deduce that

0;G+u-VG+GVu=0.

G: E=G-1

An important observation here is that the condition
VG =v,GI' vi, j=1,2,3

is preserved by the flow for matrix-valued function G; which means that the matrix G is
curl-free if the initial value matrix Gy is curl-free. This property is lost if we choose to
deal with F'. Since the matrix G is curl-free, there exists a physically reasonable vector
function v = (1*,92,43), which can actually be chosen as =X ~1(¢t,z) —x, such that
G =V ;9". One can easily verify that the function v satisfies

oY +u=—-u-Vi, (2.1)

and 1|sq =0 since u=0 on I, the readers can refer to [27] for detailed discussions on
1, which is originally due to Sideris and Thomas [36] in investigating the incompressible
limit of the isotropic elastodynamics. Under the aforementioned assumptions, we have

F=(Vy+1)71,
that is why we need the compatibility condition (1.5). It is easy to see that
F=1-G+O(|G*)=1-V¢+O(|Vy|?). (2.2)

It is standard that the condition (1.4) is preserved by the flow (see [11,32]), that is
div(pFT) =0 for any ¢ >0, thus we have

Vi(pF7") =V,[p(67" = V! + O(IVY|*))]
=Vip—pV;divy = V;pV;4? + O(|VY[)VO(|pVY)
-0,
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which means
Vip=pVidive+V;pVit? + O(|VY)VO(|pV)). (2.3)
This ensures that the i-th component of the vector div(pFF7T) is

Vi(pF*FiF) = V;[p(6™ = Vi)' + O(|V9[*)(67F = Vi +O(|V]?))]
= Vip—pAp' =V ;pV 9" — pV;dive) — V;pV9p7 + O(IVY) VO(|pVi))
= —pAyY* =V;pV ;' + O(|VY[)VO([pVY)).

Under the above analysis, the system (1.1), in terms of the variables p, u, 1, can be
rewritten as:

Orp+div(pu) =0,
poru+pu-Vu+VP=pAu+ (p+\)Vdivu — apAy —aVpVip + O(|V| ) VO(|pV ),
{ op+u+u-Vip=0.
(2.4)
Without loss of generality, we assume that p=a/P'(p)=1. Set m=(P’(1))"2 and
take change of variables by

n(t,2) = p(nt,ma) — 1, vit,o)=ru(r?t,ra), o(ta)=mih(r?t,ma),
we get from the system (2.4) that

ns +divv =—ndivv—vVn,

Vi — AV — (A+p)Vdivw +Vn+ Agp=— v,,::_vl‘ﬁ — 145 (BAV + (A +p) Vdivy)

o 2.5
VIV = (5~ 1) Vn+ OV VO (| (n+ 1)V o)), (2:5)
pr+m2v=—v-Vo.
The initial and boundary conditions become
{ (n,V,(b)(l’,O):(no,V0,¢0)($), (2 6)
(Va(b)‘aﬁ =0. '

By a standard continuity argument, the global existence of strong solutions will be
proved by combining the local existence result with a priori estimates. We first state
out the following local existence without proof, which can be established by using the
same idea in [18].

PROPOSITION 2.1.  Let (ng,vo) € H?(Q2) and ¢g € H*(Q2) be such that

ing{po(x)} >0 and 8f(v0,¢0)\39 =0,/=0,1.
S

Then there exist two positive numbers T and C' such that the system (2.5)-(2.6) has a
unique solution (n,v) € C([0,T); H*(Q)) and ¢ € C([0,T]; H3()). Moreover, the solution
satisfies

inf  {p(t,x)} >0,n, € C([0,T]; H (?)),¢: € C([0,T]; H*(2)),
te[0,T],zeQ

ve L2([0,T]; H*(2)),v: € C([0,T]; L*(Q))
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and

1(2, v,V 9)(8)[l2 < Cl|(120,v0, Vo) | 2-

Next, we establish global a priori estimates for strong solution.

PROPOSITION 2.2.  Let (ng,vo) € H?(Q) and ¢o € H3(Q2) be such that

ing{po(w)} >0 and 0f(vo,¢0)|an=0,£=0,1.
z€

Suppose that the system (2.5)-(2.6) has a solution (n,v)€C([0,T]);H?(Q)) and ¢ €
C([0,T); H3()) for given T >0. Then there exists a small positive € such that if

sup [|(n,v,Vo)(t)[2<e<1, (2.7)
0<t<T

then for any t € 0,7, it holds that

1(n, v, Vo) () ll2+ [0 (n, v, V@) ()| < Cill(no, Vo, Vo) l2exp{—mt}, (2.8)
where Cy and n1 are two positive constants, which are independent of t.

Proof. (Proof of Theorem 1.1.) The global existence of strong solution and large
time behavior for the system (1.1)-(1.2) in Theorem 1.1 follows from Proposition 2.1
and Proposition 2.2 by standard continuity argument. ]

3. Global existence and large-time behavior
In this section, we are devoted to prove Proposition 2.2. First, we list some elemen-
tary but useful inequalities of Sobolev type (see [4]).

LEMMA 3.1. Let Q be any bounded smooth domain in R3. Then it holds that

(@) [ fllzee <Cfll2,
(@) [fllr <Clifll, 2<p<6,
(iii) | fllze <CIV I, for f€Hs(Q),

where the positive constant C' depending only on €.

Due to the boundary condition, the classical energy estimates can not be applied
directly to spatial derivatives since the spatial derivatives are unknown on the boundary.
In order to establish the estimates on the tangential derivatives of (n,v,¢), we recall
the following lemma on the stationary Stokes equations (see [31]).

LEMMA 3.2.  Let Q be a smooth bounded domain in R®. If f € H*1(Q) and g€ H*(Q)
(k>0), then the problem

—pAu+Vp=g,
divu= f,
ufon =0,

has a solution (p,u) € H**1 x H**2N HE which is unique modulo a constant of integra-
tion for p. Moreover, it holds that

IR 2+ IVPIRE < CUL IR+ lglR)- (3.1)
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We suppose that the a priori estimate (2.7) holds throughout this section, then the
proof of Proposition 2.2 follows by several steps of delicate energy estimates which are
stated as a sequence of lemmas. First of all, the energy estimate of lower order for
(n,v,¢) is established in the following lemma.

LEMMA 3.3.  Under the conditions of Proposition 2.2, it holds:

2dt/|n &+ [v(®))?+| ()|d —&-,u/\Vv VPdr+ (A +p) /|dwv )[2dx
Zel|(Vn,Vv,V2¢)(t)||*. (3.2)

Proof.  Multiplying (2.5)1, (2.5)2 and (2.5)3 by n, v and —ﬁqu respectively and
then integrating over 2, we get

2dt/‘ 1>+ v |2+| \ da:+u/|Vv| dx+()\+,u)/|dlvv| dx

VnV¢ P'(n+1)
i ‘(<1+n>P'<1>‘1>V”’V>

HO(V)VO(|(n+1)V|),v) + <—1+Ln(uAv+(>\+u)Vdivv) VY,V

A
+<V-V¢,W—§)

=(—ndivv —vVn,n)+ (-

). (3.3)

By (2.7), Lemma 3.1, Holder’s inequality and Poincaré’s inequality, the five terms on
the right hand side of the above equation can be estimated as the following:

[((=ndivy = vVn,n)| < [(nv, V)| < [l s [V sl VIl SV (n,v) |7,

VnVe [ P'(n+1)

— - ~1
—— <(1+n)P’(1) V"’”‘
SIVOlla[vilze [Vrll+lInllca([vilLe [Vnll
SellV(n,v)|1%,

and

(O(Ve)VO(|(n+1)Vel),v)
SIVElLslvilze [Vl + Ve s [Vl IV e
<ellV(n,v,Vo)|%,

where we have used the fact

P'(n+1)

Trmpy oW

if € is sufficiently small. For the fourth term, we have

— 145 (BAV+(A+p)Vdivy) —v-Vv,v)

S IValllvvliviize +nle= VI +livizalvilze V]
S eV v)|*.
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Taking the same argument to deal with the last term, we get
A¢ < < 2 2
(V- Vo, =) S IVl Vel s [Ad] Sell(Vv, V26) .

Putting the above estimates into (3.3), we arrive at (3.2). The proof of lemma is
completed. 1]

Our next goal is to derive the energy estimate of the time derivative for (n,v,V).

LEMMA 3.4. Under the conditions of Proposition 2.2, it holds:

\Y
2dt/|nt )P4 ve(8) > +] qﬁt( )|2d +LL/|VV,; t)[2dz+ (A +p) /|dwvt t)|?dx

Se(IVv Ol +1Vve()]1%)- (3-4)

Proof.  Noticing that vt,¢t|aﬂ =0, then, by differentiating (2.5)1, (2.5)2 and (2.5)3

with respect to ¢, multiplying them by n;, v; and = 2 S respectively and integrating
over €), we ﬁnally arrive at

2dt/\nt\2+|v 1>+ |—= dw+u/|Vvt| dx+ (A +p) /\divvt| dx

:<7div(nv)t,nt>+([f an¢ — <( Pnt1) 7 1) Vn]t,vt>

¢t |2

n+1 1+n)P/(1
HOVINTO(I -+ VI ve) ([ 7 AV + (A ) Vilivw) —v- Vv, ve)
Hv T, 55), (3.5)

It follows from (2.7), Lemma 3.1, Holder’s inequality and Poincaré’s inequality that

[{(div(nv)e,ne)| S [(nedivy +ndivvy + Vnve + Vngv,ng)|
SlnellZs IV vlze + Il e [divvel el s + [ Val s [ vell o e o
Se(IVvIE+1Vvel), (3.6)

where by (2.5); and (2.7), we have used the following estimates:

el s S| divv s +[[vVnllLs Sldivellzs + ([ vl zs [Vrl s SV V] Ls- (3.7)
Similarly,
VnVe P'(n+1)
(- T80 (s =) ] v+ {099 YO+ 19w
Vn, Vo
<K nil VOl +1VnllLa Vel vl e + V7l o[ Vol Il ol Ve 2o
P'(n+1)
|t 1) T el 91Vl + 19619003 e s

HIVolIVall e [Vl rollvell e + [(O( VS VIO(| (n+1) V)], ve) |
Slnell s IVl eIV Vel + el o V20 [ vell 2o + Inell o [[Vnll LIVl Ve o
HIVells[Vedlllvellos + IVallLa [Vl alln s [1vel o + lInl Lo el s [ Ve
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+lnellza [ Valllvell e + VoIVl s [Vell o + Vel VRl o [ Vo] Lo [ vel o
HIVEIL eIV Vel + 1V O Lo VOVl + V2l sl [ [Vl e [[vell o
Se(IVvliE + Vvl ), (3.8)

where by (2.5)3 and (2.7), we have used the fact
IV el SIVVI+IVEV-VOI SIVVI+IVV]e-1]Vlle, for £=1,2. (3.9)
For the fourth term, we have

(= o AV + -+ ) Vivw) vV ve)

Slinell e IVl lIvellze +1Vn] o [ Vel vel| e
HlInllz Vvl + Il o [VVIP + VI 2o Ivel s + VY] Lo [V Vel Vel e
Se(IVvl+ 19 vel). (3.10)

From (3.9), the last term can be estimated as the following:

Agy

(V) — ) S IVillo Vol s [ Agell+ [Vl [ Verll| Ad| Se(IVvlT+(IVvel).
(3.11)
Substituting (3.6), (3.8), (3.10) and (3.11) into (3.5) gives (3.4). The proof of the lemma
is completed. ]
We derive the dissipation on ¢ in the following lemma.
LEMMA 3.5.  Under the conditions of Proposition 2.2, it holds:
/\Vfb(t)IQde§||(Vvt,VV)(t)||2+€||Vn(t)||2, (3.12)
d 2 2. < 2 ¢
2 [ 180 de+ [ |Ag(t) dz el Vv ()T + 1AV — ;)(t)H, (3.13)
d
G [IVas0Pda+ [19860)Pde IV O+ VAN =20l @14
for some positive constant C.
Proof.  From (2.3), we have
m2Vn=Vdive+nVdivg+Vn-Vo+O(|Ve|)VO(|(n+1)V)|). (3.15)

Multiplying (2.5)2 by ¢, integrating over Q and using (3.15), we finally arrive at

dive|?
|v¢>|2+7| Wj" dz
T

=(vi+ % - H%(uAv—F()\—i—,u)Vdivv)—&-vVV—k ((1]1(77:)—;/1()1) - 1) Vn
+nVdivg+Vn-Vo+O(|Ve|)VO(|(n+1)Ve|), o)

Slvelllel+lil < [[VallIV ol + ol = [Vl [ V] + [[VV [V
Hnllzee [IValllgl+ nll e IV oll* + |¢ll L [Vl Vel + |l e[|V el

SIVve, V)Vl +el[(Vn, Vo) |12
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Thus by Cauchy-Schwarz inequality we obtain (3.12).
Applying A to (2.5)3, then multiplying it by A¢ and integrating over ), we arrive
at

s [180Pdr T [180pds

f<w2A<vf§>,A¢>>f<A(v~V¢>,A¢>

¢
SlIAV - ;)HIIA¢H IVl VAV AG] + [Vl o [ V2| a | A

Then using Cauchy-Schwarz inequality, Lemma 3.1 and (2.7), we easily get (3.13).
Similarly, applying VA to (2.5)s, then multiplying it by VA¢ and integrating over
Q, we get

2 2
2dt/|VA¢| dx+—/|VA¢| dx
¢

=—(r’VA(v— ;),VAd)) —(VA(v-V¢),VA®)

¢
SIVA(v— ;)HHVA(ﬁII +[Voll= Vv VA
H V2 21 [V | 1l VAG| + [V V]| L [V A 2.
Combining the above inequality, Cauchy-Schwarz inequality, Lemma 3.1 and (2.7) yields
(3.14). The proof of lemma is completed. 0

To derive the energy estimate of the spatial derivatives for (n,v,¢), we can not apply
the classical energy estimates directly since the spatial derivatives are unknown on the
boundary. To overcome these difficulties, we employ the standard technique in [31] that
involves separating the estimates of the solution into that over the region away from the
boundary and near the boundary. Precisely, let yo be an arbitrary but fixed function
in C5°(£2), then we have the following lemma for the estimate on the region away from
the boundary.

LEMMA 3.6. Under the conditions of Proposition 2.2, it holds:

o(t
3 [19nOx0 + 19wt + 1 -2 g,

o [ IO Pds + () [ 1Vdive()xodo
STV 2+ [ 9n(®) 2+ V260 12) + [Fv @ [(Va, V2V, T20) D). (3.16)

s [192 e+ 192w+ A g,

+,u/|V3v(t))<0|2dx+(A+,u)/|V2diUV(t)Xo|2dx

Se(IVvO I3+ 1Vve O + VR 1+ IV e@) 1) + V2V(t)II(V3v,V2n,V3¢)E? Il,?)

/|V2¢(t)><ol2dw Sel Va1 +[(Vve, Vv, V2vxo, Vo) (1), (3.18)
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and

/|V3¢(t)><o|2d11S€HVTL(t)II?+||V2¢(t)||2+IIVVt(t)||2+||VV(t)||f+HVBV(t)xO||27
(3.19)
for any t>0.

Proof.  Taking the same argument in Lemma 3.4 and 3.5, we will only sketch
the outline and omit the detailed calculations for simplicity. Applying V to (2.5),

2
(2.5)2 and (2.5)3, then multiplying the resulting equations by Vnyx2, Vvx3 and —%
respectively, and integrating over 2, we arrive at

2dt/|anO|2+|VvX0\2+| ¢XO 2dx+u/|V2va|2dx+()\+u)/|Vdiva0|2dz

=—u(V?v,2VvxoVxo) — (A+p) <Vd1VV’ 2VvxoVxo) +(Vn,2VvxoVxo)

2V2¢xoV :
—(Véy, #> —(Vdiv(nv),Vnx2)

o[- (e ) Vo od

+HTIO(TENTO( (n-+ DY) Tvad) + (V(v- o), Lo

+ (V[—HLH(;LAv—i- (A p)Vdivy) —v-Vv], Vvy2)
SIVVIINAVI+ IVl V2o Vv e (VIR + V) + V2 ell1),

which gives (3.16).

Similarly, applying V2 to (2.5)1, (2.5)2 and (2.5)3, then multiplying the resulting
2 2
equations by V2nyx2, V2vx3 and Y ﬁfxo

respectively, and integrating over €2, we get

v?
th/\v nxol” +|V>vxo|* +] ¢XO| dx+u/|v3vxo| dr+ (N +p) /\V divvyo|*dx

= — u(V3v,2V?vx0Vxo0) — (A4 ) (Vdivv,2V?vxo Vo) +

(V2n,2V*vx0Vx0)
2V3hxoV
‘<V2¢“w>

—(V2div(nv),V>nxg)

[N (o 1) 7o v

V2OV VO(| (n+ 1) V)], VEvad) + (V2 (v- V), L 20X0

w2

+ <V2[7HLH(/LAv+ (A4 ) Vdivy) —v-Vv], Vvx3)
Se(IVVIE+IVVel* +Vali + V8l + V2V [(VPv, Vi, V2 9) |,
which is (3.17).

By (3.15), applying V to (2.5)2, then multiplying the resulting equation by Véx3
and integrating over €2, we finally arrive at

2
/ ‘v2¢ |Vd1V¢X0| dr

- VnV
_—<v2¢V¢,2xva0>—<de¢v¢,2X0vX0>+<v [ve+ nn+ 1¢
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P'(n+1)
1+n(,uAv+()\+u)Vd1vv)+v Vv+ <(1+n)P’(1) —1) Vn

+nVdivg+Vn-Vo+O([Ve)VO(|(n+1)Ve|)], Voxg)
SIVEIIVZoll+[(Vve, Vv, V2vxo) [ (V, Vo) || +¢l|(Vn, Vo, V29)| .
Thus by Cauchy-Schwarz inequality we obtain (3.18).

Similarly, by (3.15), applying V2 to (2.5)2, then multiplying the resulting equation
by V2¢x2 and integrating over €2, we have

2

= (V36V26,2x0Vxo) — (Vo V2, 20V xo) + (V2 [vi b~
P(n+1)
~1tn —— (pAV+ (A +p)Vdivv)+v- Vv + ((1+n)P’(1) — 1) \V4

+nVdivg+Vn-Vo+O(|Ve|)VO(|(n+1)Ve|)], VZox3)
SIVZOIIVE N+ (Vve, Vv, V2v, Vivxo) [ (V2e, V2¢) || +e(|Va [T+ [ V2el1D),
then by Cauchy-Schwarz inequality we get (3.19). The proof of lemma is completed. O

Finally, let us deal with the estimates near the boundary. Taking the same idea
n [15, 31, 39], we need a more detailed argument using the trick of estimating the
tangential derivatives and the normal derivatives Separately We choose a finite number
of bounded open sets {W; } Y, in R3, such that 9Q C UJ 1W;. In each open set W; we
choose the local coordlnates y= (yl,yg,yg) as follows:
e The surface W7 NoQ is the image of a smooth vector function 27(yi,y2)=
(z{,22,23)(y1,y2) (e.g., take the local geodesic polar coordinate), satisfying

|=1,20 -2d =0and |2 |>6>0, (3.20)

| yl ’ y1 Y2 Y2

where 4 is some positive constant independent of j, 1<j < N.
e Any x=(x1,x2,23) €W’ is represented by

zi: =W (y) =ysN? (27 (y1,y2)) + 2] (y1,y2) for i=1, 2, 3, (3.21)

where N7 (y1,y2) = (N7 ,NJ,NJ) (27 (y1,y2)) represents the internal unit normal
vector at the point 27 (y1,y2) of the surface 9€2.
We omit the subscript j in what follows for the simplicity of presentation. For k=1,2,
we define the unit vectors
Zy2
|Zy2 ‘ .
Then Frenet-Serret’s formula gives that there exist smooth functions
(al,ﬂl,’yl,ag,ﬁQ,ny) of (yl,yg) satisfying

1_ 2_
e =z, and e”=

9 el ‘ 0 —y —ag el
B el =(m 0 -5 e? |,
n N (&3] 51 0 N

' 0 —72 —az\ [e
3 el =7 0 -5 e |,
Y2 N (65) 52 0 N
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where e]” denote the i-th component of €™. An elementary calculation shows that the
Jacobian J of the transform (3.21) is

T =Wy, X Wy N =2, + (1|2 ] + B2)ys + (01 82— Braz) . (3.22)

By (3.22), we have the transform (3.21) is regular by choosing y3 so small that J>¢/2.
Therefore, the inverse function of W(y):=(¥1,W¥s,¥s)(y) exits, and we denote it by
y=VU"1(x). Moreover (y1,y2,¥3)s, () make sense and can be expressed by, using a
straight forward calculation,

1 1
axiyl = j(qjyz X \IJy.s)i = j('Aezl +Bez2) =:0a1i,
1 1
8xiy2 = j(‘ljyd X \I/yl )z = j(Cezl +D€‘Z2) =024, (323)

1
Oritps =5 (Wyy X Wy, =N =0,

where A=|zy,|+ f2ys, B=—ysas, C=—P1ys, D=14+a1ys,

J=AD—-BC>§/2. (3.24)
Obviously, (3.23) gives
3
Zagi =|N2=1, ai;a3; = asaz; =0, J*=(AC+BD)* — (A*+B?%)(C*+D?)
i=1
and
Oz, = agi Oy, , (3.25)

where we have used the Einstein convention of summing over repeated indices.
Thus, in each W, the first two equations of system (2.5) and (3.15) can be rewritten
in the local coordinates (y1,y2,y3) as following

dn 1
Lr ::d—TZ + j[(Ae1 +Be?) vy, +(Ce* +De?) vy, + JIN v, | =7,
LY :=v;— % [(A2 +Bz)vy1y1 +2(AC+BD)vy,y, + (CQ +D2>Vy2y2 + JQVysys]
1
+ one order terms of v+ j(Ae1 +BeQ)[(u+/\)(fl—7Z +nly,

dn

1 1 9 dn
+j(Ce +De?)[(u+N) 7 +n]y2+/\/[(u+>\)a+n]y3

1
+ ﬁ[("42 +B2)¢y1y1 +2(AC+BD)¢y1y2 + (C2 +D2)¢y2y2 +J2¢yaya]
+ one order terms of p=8,

1
L ::ﬁ(.Ae1 +Be?)[(Aet +362)¢y1y1 +(Ce* +De?) ¢y, + IN ¢y, ]
1
+ ﬁ(Cel +Dez)[(Ael +662)¢y1y2 + (Cel +De2)¢y2y2 + JN(bysyz]

N
+ 7 [(Ael + 362)¢y3y1 + (Cel +D62)¢y3y2 + JN¢ysys]
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2 2
— [%(Ael +Be?)n,, + 7Tj(Cel +De?)ny, + 12Ny,
+ one order terms of ¢p=9,

where

d
— :=0;+Vv-V denotes the material derivative,

dt’
§:=—ndivv,
VnVe n ) P'(n+1)
—_ ~ " A SRR VAVRY (N kB |
ol 1+n(u v+ (A+p)Vdivv) —v-Vv ((1+n)P’(1) vn

+O(IVo)VO(|(n+1)Vo|) + (u+ )V,
H=—-[nVep+Vn-Vo+O(IVe|)VO(|(n+1)Vl|)].

If we denote the tangential derivatives by 0=(0,,,0,,) and x; be arbitrary but
fixed function in C§°(W;), then y;08v=x;08¢=0on 89;1, where 0 <k <2 and Qj’l =
{yly=V"1(z),2€Q; =W,;NQ}. Taking the similar idea as in Lemma 3.6, we have the
following estimates for the tangential derivatives.

LEMMA 3.7.  Under the conditions of Proposition 2.2, it holds:

d OVo(t)x;
9 Jon(on P+ vy P+ VA g,
Q! ™
dn(t
+ [ lovvonPayt [ oy
< (IVY O+ [Vn()2 + [V26(0)1D) + [TV (Tn, Vv, T26) D). (320
d D*Vp(t)x,
T P+ P+ 2V AN 2y,
ot ™
dn(t
+ [ 1wl [ 1080 Py
Q;l Q/ﬁl dt
eIV )3+ V¥ () 2+ [Vn) |2+ V260D + [ 20| (72, T2, T0) ()
(3.27)
[ 10v6ten Py S Tn) -+ (v, V00w Do o)1 (3.28)

J

/Qfl |02V o(t)x;[*dy Se| V) [T+ V20|12 + [V vel* + Vv (@) + 107V ()11,

J

(3.29)
for any t>0.

Next, we turn to estimates of derivatives in the normal directions.

LEMMA 3.8.  Under the conditions of Proposition 2.2, it holds:

4
dt /o,

dn(t
0Py [ 1Py [ 0Py

J J J
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STV, Vo, v) DI +2ll (T30, V20) ()| + / oV )Py + / oVt [y,

J J

(3.30)
d dn(t
L okt )y, 2dy + / orarrt () 2y ¢ / 10505 (), 2 dy
dt Q;l Y3 Qj_l Y3 dt Qj_l Y3
<UL Vo) (1)2 + 2| (V. T2v, 26 (1) |2 + / A O
+[0" 0L Vo(t)x;| dy, (3.31)

Joz 10y divg(8)x;|*dy Sel| (Vn, V2O) (O +IVO(D)” + fo-+ 10ysn()x5 17y, (3.32)

|1k ais(oyFay

J

SEII(V2n7V3¢>)(t)H2+II(Vv”L,V2¢)(1f)II2Jr/ﬂf1 0% 0, n(t)x; [P dy, (3.33)

for anyt>0, k+0=1.

Proof.  First, we use the equations 9, (£"—F) =0, N(LY—&)=0, and N (L? —
$) =0, we obtain

d 1
((T?)ya + 7 [(Ael +BGQ) “Vyiys T (Cel +D62) “Vyoys T JN - Vygys]

+ one order terms of v=75,,, (3.34)

Nvi— %[(AZ + BNV, +2(ACHBDINVy, g, +(C2+D* )NV, + TN V]
+ one order terms of v+ [(u—l—)\)% +ny,

1
+ 3 [(A*+ BN by, +2(AC+BDIN by, + (€7 +D*)N by, + TNy
+ one order terms of p=N&, (3.35)

1
j[(-Ael +Be2)¢y3y1 +(Ce! +D62)¢y3yz + IN byqy,] —7r2ny3
+ one order terms of p=N§. (3.36)

To eliminate N'vy,,, and Ny, in (3.35), we take the summation p x (3.34) +(3.35) —
(3.36) and obtain

dfTL
dt
= LA+ BNy, +2(AC+ BD)NVy + (€24 DNV |~ NV,

u+A) (7 )ys + (72 + 1)1y,
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- %[(Ae1 +Be?) vy, y, + (Cet +De?) - v,,,. ]+ one order terms of v
1
— 5 (A*+ B )Ny, +2(AC+BDIN Gy, + (C* +D*)N ]
1
- j[(.Ae1 +Be?) sy, + (Ce' +De?)py,,,] + one order terms of ¢
F Sy NG N =R, (3.37)

Multiplying the above equation by (% +n)y, x? and integrating on Qj_l, we obtain the
following estimate on one order derivative in the normal direction to the boundary:

72+ 14+2u+ X d
2 dt

—(772+1+2u+)\)/

-1
Qj

dn
mxs Pyt [ @t NG (2 Dl Pl
J
dn
(V-Vn)ysnysx?dw/ﬂfl(d +1)y, RX dy. (3.38)
J

It follows from Lemma 3.1, Holder’s inequality and Cauchy’s inequality, for the first
term on the right hand side of (3.38), we can deduce that

| (v-Vn) ysnysxjdy|<}/ 7 Vnnysxjdy|+f‘/ (ny,) le(VXJ dy|
Sllvvllanlll~€||V7”LH1' (3.39)
The second term in (3.38) can be bounded as the following:
| +n y3ﬁxjdy‘

2,u—|—)\ dn 7241
<=5 /ll(fdt)ygxﬂ?dw 5 /llnyBXjIQdy+C/ 1R Pdy

20+ A dn n2+1
<=5 /ll(—dt)yngIQdy+ 5 /1|ny3><j|2dy
Q; Q;

CUTY.Tovl+el(V.To)li+ [ jo9vnPay+ [ (oo Pay)
' J (3.40)

Substituting (3.39) and (3.40) into (3.38), we obtain

dn 9 9
G iRyt [ G P
J

e T T T+ | Jovvkays [ 1ovenPa
i i
which is (3.30).
Applying 37“8[ S(k+f=1) to (3 37), multiplying the resultant equation by
0"8‘”‘1(‘1” +n)x], integrating on Q ! and as in the proof of (3.30), we conclude

d

. Nl [ 1040) Py

J

dn
‘akafjlnxj‘Qdy+/ ‘aka@rl(
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STV Vo481V T2 T2 + [ 19510}, TP +1010], Vo, Py,
which gives (3.31).
We rewrite (3.15) in the local coordinates (y1,y2,y3) as following
1 1
7 (Ae' + Be?)(divg —m7n),, + i (Ce' +De?)(dive —2n),,
+ N (divg —7°n),, +one order terms of ¢= 5.
Applying 3’“85 ,(k+£=0,1) to the above equa‘cion7 multiplying the resultant equation

by by X]Naka“ldqu, integrating on Q2 ! and as in the proof of (3.30), we yield (3.32)
and (3.33). This completes the proof of lemma. d

Finally, we apply Lemma 3.2 to get the estimates on the tangential derivatives of
n and v — %

LEMMA 3.9. Under the conditions of Proposition 2.2, it holds:

D2 >
—;)(t)ll +Vn@)|

SII(%MW)@)II%Hvt(t)l\2+IIVV(t)II?IIVQV(t)IIQJr||V¢>(t)H?IIV2¢(t)II?, (3.41)

IV2(v

10w =Sy [ a9y
ot H Q!

dn(t
SUTw) O+ IV +IV00+ [ 159 M) o1y

+ [ oding(ey Pay+ a1V )II+HV IO
+||Vn(t)||f||V2¢(t)||f+||V¢(t)||§||V2¢(t)II%, (3.42)
for any t>0.

Proof. We rewrite Equations (2.5)1 2 in the form of Stokes equations as:

dn
divv=—-1&

1
—nA(v Z’t )+ Vn=—vi+(A+p)Vdivy — Vn”_z¢ — 145 (BAV + (A +p) Vdivy)
—v-Vv— (%—1)Vn+(’)(\V¢|)VO(|(n+1)V¢|),

v]aa =0, ¢laa=0.
(3.43)
Hence applying Lemma 3.2 together with Lemma 3.1 to (3.43), we can obtain (3.41).
By using the operator x;0 to Stokes Equation (3.43)2, then together with (3.43)1 3,
we get the following Stokes problem:

div(x;0v) =—x; 8(1+n)—|—VX]8v

—pADGI(V =)+ V(x;0n) = =2uVx; V[O(v = £)] = pAx;0(v = £) + Vx;0n
+X38[ vt+()\—|—u)Vdivv—Vn"JZ¢ 1+n(,uAv+(/\+,u)levv)
VT = (s = 1) Tn+ O(IV) VO (| (n+ 1) Vo)),

Xja(v - %)IBQJ_—l =0.

(3.44)
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Thus applying Lemma 3.2 together with Lemma 3.1 to (3.44), we easily deduce (3.42).
This completes the proof of lemma. 1]

Now we are in a position to prove Proposition 2.2.

Proof. (Proof of Proposition 2.2.) We divide the proof of Proposition 2.2 into
several steps.

Step 1: We first estimate the lower order derivatives for (n,v,¢). Let D be a fixed
but large positive constant. By summing up

D®x[(3.2)+ (3.4)] + D* x (3.12) + D? x [(3.16) + (3.26)]
+D x [(3.18) 4 (3.28)] + D= x (3.30) 4 (3.32),

there exists a function Hy(v,n,®,v¢,ne, ¢, V), which is equivalent to
||(V,n,V¢,Vt,nt,V¢t,Vn)||2, such that
d N
—{H1(t) +][(Vvx0, VZoxo) 0)[*+D |0V (£)x;1* +10V (1) x| *dy }
dt = Q!
£ DTy IO+ 1V P 24 D7y (e

N
+Z/71 DIoVv(t)x;|* + [y, ()x;1*dy + DIV (1) |* + [ Vdive (t)||?

7D1/3 1(Vn, Vv, V2)(1)[|* + Ce (V*n, V2 ¢) (). (3.45)

Plugging (3.41) and (3.13) into (3.45), by the largeness of D and smallness of e, we
deduce that

{H1 () +1(Vvx0, VZdx0, 80) ()7} + VYOI + [ (Vn, Vo) (1)1 + (V1T
SCEII( 2n, V2 (t)) (1) (3.46)

Step 2: Next, we deal with the higher order derivatives for (n,v,¢). Let £=0 in
(3.31) and (3.33), then summing up

2D* x [(3.17) 4 (3.27)] + D? x [(3.19) + (3.29)] + D x (3.31) 4 (3.33),

we get

d V3px al
0
Do Vovxa 2O+ S [ oty P+ vl
’V(t)X; |2 - 2 3 2
4] Pay+ DY [ 190,n(t) P} + [V @l
T = Qfl

+Z / 1Pt Py + 920 ||2+Z / ovit)

V0l + S |02V P+ avdivo; Py
=175
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<CeD*(IVVO I3+ Vv + 1 VRB)IE+ [IV2e@)]1])
+ DY VAV, V20, Vo) (4)
+D*([Vo@)IF + IV ve @) + Vv (©)17)]- (3.47)

Taking ¢=1 in (3.31) and (3.33), then substituting (3.42) and (3.33) into (3.31), we
obtain

d
oo [ ononPa [ 1o W)y + JRRCRIONR
dt ;! ot Q;

Jr/_l|5‘V2(v—%)(t)xj|2dy+/ﬂ_l|8Vn(t)xj|2dy+/ﬂ_l|8y3Vdiv¢(t)Xj|2dy

J

<CIITROI +(Tv v Vo) -+l T P a 0P+ [ 10V Pay
/ [oVdive(t)x;|*dy] . (3.48)

Adding D x (3.47) to (3.48), there exists a function Hz(V?n) which is equivalent to
[V2n||? and satisfies

D7 (Tvxo, 20 )+ D5Z/ (e | VOO 2y )

d
TRl / 10T Py 9 ()]

N
IVl +3 [ 109 Py [VEdivo
=1 J
<C[IIVa(®)|> + DY|(Vv.v1. VO) D)2 + DPe(Vn, Vov, T3) ()|
LDV () ||(VPY, P, VP 8) (1) . (3.49)
Applying Lemma 3.2 together with Lemma 3.1 to (3.43) as (3.42), we have
IV = DO +[7n(0)
<C IV v )+ 1T + [0 |2+ [v2 22
dn(t
VAo O+ [V 2 |4 o) B9 (o)
VR IV + Vo) [21V26(0)2]. (3.50)

Step 3: Now, we are in a position to establish the energy estimate of Gronwall-

type. First of all, applying the classical LP-estimates of elliptic system to (2.5)s, it holds
that

IV2v(®)]? < Cll(ve, Vo, Vv, V29) (1) (3.51)
Due to the conservation of total mass and the Poincaré’s inequality implies that

In(®)]* < ClIVn@)].
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Then by summing up
D' % (3.46) 4+ D? x (3.49) 4+ D x (3.50) 4 (3.14),

and using the largeness of D and smallness of ¢, there exists a function Hs(n,v,¢) which
is equivalent to [|(n,v)(£)||3+ [|o()]|2 + | (e, ve, Vi) (1)) and satisfies

© Hy (1) + CUH(0) + [V (D)) <0, (3.52)

By Gronwall’s inequality, (3.52) yields the exponential decaying of H3(t). Thus we prove
(2.8) and the proof of Proposition 2.2 is completed. d
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