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TIME PERIODIC SOLUTIONS FOR A THREE-DIMENSIONAL
NON-CONSERVATIVE COMPRESSIBLE TWO-FLUID MODEL*

YINGHUI WANG' AND LEI YAOf

Abstract. In this paper, we consider the existence of time periodic solution to a non-conservative
compressible two-fluid model with constant viscosity coefficients and unequal pressure functions Pt #
P~ in periodic domains of R®. Based on the topological degree theory, we obtain the existence of the
time periodic solution under some smallness assumptions.
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1. Introduction
1.1. Background. In this paper, we consider the following generic two-phase

compressible system in periodic domains Q2 = (—L,L)3 CR3*(L >0 is an arbitrary pos-
itive constant):

at+a =1,

Oy (atpt) +div(atptut) =0,

Oy (aF pTut) +div(atptut @ut) + ot VPE(p*) =div(a®rE) +atptrE,
PH(pt) =P~ (p7)=fla"p7),

(1.1)

where x€Qp is the spatial variable, ¢ is the time variable. 0<a™ (z,t) <1 is the
volume fraction of fluid +, and 0<a (x,t)<1 is that of fluid —, which satisfies
at(—z,t)=a*(z,t). Moreover p*(z,t)>0,u™(z,t) and P*(p*) :Ai(pi)xfi are the
densities, velocities and pressures of each phase. It is assumed that 4% >1, and A* >0
are constants. Without loss of generality, we set AT = A~ =1 in the sequel. In addition,
the function f(-) € C3([0,+00)) is strictly decreasing near the equilibriums. Also, 7%+
are the viscous stress tensors:

=t (Vut + Vied) + 3 dive®1d,

where the constants u* and A* are shear and bulk viscosity coefficients satisfying p* >
0, and 2u* +3M*F >0, which deduces p* + A\ >0; 7+ = (rf,r5,r5)(z,t) are the given
external forces, which are periodic in time with periodicity T, and satisfy r*(z,t) =
—r¥(—x,t). This system is known as a two-fluid flow model. In model (1.1), we describe
the capillary pressure effects in terms of f in (1.1),, which is a natural way to explain the
capillary effects; see [12] for details. It is worth noting that the two-fluid model is related
to many other important fluid models, for instance, the compressible Navier-Stokes
equations(a™ =0 or a~ =0), and other models related to the Navier-Stokes equations.
See for instance [2,4,12,17,23] and references therein for more background information
about this model.
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In recent years, some efforts were made on this two-fluid model and related models.
Bresch et al. [4] considered the existence of global weak solutions in the periodic domain
when 1<4% <6, where the two pressure functions are equal and the capillary effects
are considered. Precisely, they assumed a common pressure PT =P~ and included a
third order derivative of a® p® to account for the capillary effects. Later, Bresch, Huang
and Li [5] showed the existence of global weak solutions in one-dimensional case with
two equal pressures, when 7+ >1; Cui et al. [10] established the decay rate estimates
of classical solutions for the same model in [4] (with two equal pressures and capillary
effects). Recently, Evje et al. [12] studied the decay rates of strong solutions to (1.1).
We can also refer to [20] for the result of the vanishing capillary limit of model (1.1)
with capillary effect.

Since there are a lot of time periodic or almost periodic processes in the hydrody-
namic applications, abundant researches have been made about time periodic solutions
of evolutionary differential equations. See [6,13, 15,21, 22, 24, 28] for the time peri-
odic solutions of Navier-Stokes equations. In [15], Galdi et al. got a special physically
time periodic solution of the incompressible Navier-Stokes equations. The work of Ma
et al. [21] was based on the spectral analysis for the optimal decay estimates on the
linearized solution operator and they got the global existence of time periodic solu-
tion in RY for N >5. Farwig and Okabe [13] considered the time periodic solution of
the incompressible Navier-Stokes equations in bounded domains of R® with inhomo-
geneous boundary conditions. About the time periodic solution, there are also some
researches about other related models, such as the magnetohydrodynamic equations,
Navier-Stokes-Fourier systems, Euler equations etc., we refer to [7,14,27]. Recently,
Geissert et al. [16] developed a general approach to time periodic incompressible fluid
flow problems and semilinear evolution equations, which is based on a combination
of interpolation and topological arguments. For more results about the time periodic
solutions of the Navier-Stokes equations, we refer to [3,29].

Our work is based on the results of Jin and Yang [18,19] about the compressible
Navier-Stokes equations, in which the topological degree method was used. In [18],
they proved the existence of time periodic solutions in periodic domain Q= (—L,L)3,
and then obtained the solutions in the whole space R? as the limit of solutions in Qy,,
when L — co. Thus, they needed the estimates of solutions independent of L. In [19],
they got the existence of time periodic solutions in periodic domain Q= (—L,L)3,
and they didn’t need the regularity assumption of (o¢,u:)(0 and u denote the density
and velocity respectively), which was necessary in [18]; but this conclusion can not be
extended to R3. In this paper, we prove the existence of time periodic solutions of (1.1)
by the topological degree method. Since the model (1.1) is more complicated than the
compressible Navier-Stokes equations, we can just get the existence result in periodic
domain. More precisely, as the coefficient of Vo is the pressure function P(o)=0",
Jin and Yang [18] can get the L? estimates of Vu, which is independent of L by the
good structure property of power function. In our framework, we can not obtain the L?
estimates of (Vu*,Vu™) independent of L, see Lemma 3.5 and Remark 3.2 for details.

1.2. Reformulations. In this subsection, we introduce some new variables and
reformulate the model (1.1). The following reformulations are similar to that in [4,12].
To begin with, we make some formal calculations. By the pressure equation (1.1),, we
can deduce the differential identity

dPt —dP~ =df(a p), (1.2)
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where P*:= P*(p*). It is obvious that

pt ‘Pi +
dP+=sidp+, dP~=s%dp~, where si::d +) ’iﬁ.

v (=)= s

Here si denote the sound speed of each phase respectively. Let us introduce two
variables

nt:=a%pF, (1.3)
which, together with (1.1), and the above calculations allow one to write
+_ 1 +_ A+ dat -_1 -1 ~dat
dp"=—(dn" —pTda™), dp” = —(dn" +p~da™). (1.4)
a a

From (1.2) and (1.4), we obtain

— 92 + - 2
da™ = X 5 —dn™ aa S;—i—f’ dn~. 1.5
2

a=pts? +atp=s? _ofp+53_+oz+p*52_

«

Putting (1.5) into (1.4), we get the following expressions:

+ — 2 — r/
ptp~ st _ a  f _
dot = dnt + + d
S P T P (p " *(p e ) )
and
+ — 2 —+ g1
_ P p Sy 4 T _a’f —
dp™ = d - d
O TR At (2 (p " *(p ra ) " )

then we can get the expression of dP*:

— rr
dPt=C? (pdn+—|— (p++p+a82f> dn> ,

and

_ _ _atf _
dp =62(p dn++(p+—p 82f>dn )

where we denote

2 .2
§783

c2:

Captsitatps?

As in [12], we focus on the case that infn® >0, infp* >0 and infa® >0 in our frame-

work. Next, we can define p* in terms of n*. More precisely, from (1.1),, we get the
following identity:

nt  n”

—+—=1, (1.6)

pt o pT
therefore

-t
__np
p =

p+—n+.
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From (1.1),, we have

vl =P ") P () )= 1.7
pT): =P (p pe—— =0. :
Differentiating 1 (p*) with respect to p™ for given n™ and n~, we have
-t
IRV 2 2
Y(p")=s3+s ) >0.

Since for given 7™ and 77, there exists o™ >n™ such that (1.7) holds; it follows from
the implicit function theorem that in a small neighborhood of the point (a*, =, p¥),
ptis a C! function of n* and n~, that is pT =pT(n*, n~). We can also assume that
this neighborhood is closed, which implies the compactness of the neighborhood. Thus
we can get the supremum of p*. Then we are able to define p~ and a® as follows:

npt(nt,n")

—(n* ) —
p ( 7n ) p_;'_(n_;,_’n_)_n_;’_?
+
Fipt ) — n
R )
+
P
a (nT,n7)=1 )

Based on the above analysis, system (1.1) can be rewritten as follows:
on* +div(ntut) =0,
Oy (nTut) +div(inTut @ut) +atC? {p’ Vnt+ <p+ +pt %) Vn*}

=div{a™ g (Vut +Viut)+ At diveTId]} +ntr, (1.8)
O(n~u™)+divin~u" ®@u~)+a C? [p_Vn+ + (p+ —p~ %{,) Vn_}

=div{a " [p~ (Vu~ +Viu")+ A divu Id]} +n"r".

In this paper, we study the existence of time periodic solutions of (1.8) around a constant
state (nt, 7™, 0, 0). Let m* =n* —a%, we can reformulate (1.8) as

omt +ntdivut =G,

oom~ +n~"divu~ =Go,

ot + B1Vmt 4+ LoV~ — (E+EH(mT,m 7)) (uh Aut + (ut +AT)Vdivut)
=G3+rT,

dyu~ + BsVmt 4+ B, Vm™ — (E4+& (mT,m™))(u™ Au™ + (p~ + A7) Vdive ™)
=Gy+r7,

(1.9)

where
2 20— \Y(nt+ 7=\ (n—
B1:<Cpf_ )(_+77_7’_)752ZC2(_+7__)+(C “ 8)2(?’nn2{ (n )7
L Cpt\ - (C2af)(nt,n7) f(n7)
53=C2(n+,n )764:< o )( +7 >_ 53—(7_7'+77_L7) )
x . 1 . 1
¢ :mm{mfp+(m++ﬁ+7m*+ﬁ*)7mfp*(m++ﬁ+,m*+ﬁ*)}’
e (mtm7) = — : £

pr(mt+nt,m—+n")
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We will assume that — s (nn <f (n7) to make sure B2 >0. Actually, by the hy-

a—(nt,n—) -
potheses, the infimum can be achleved. We also have ¢ >0. The right hand side terms
of the system are

Gy =—div(mTu™), Gy=—div(m u"),

Gh=—gf (m*,m7)om™ —gf (m*,m™)om™ — (u" V)u
+u TR (m™ m™)oymtouf +pthd (mt mT)0;mT 0u;
+u+hf(m+,m_)8jm+3iu;'+u+h;(m+,m_)8jm_8iuj'
+)\+hf(m+,m*)8im+8-u++)\+h+(m+ *)&-m*ajuj,

= —gr (m*,m) Ot — gy (m*,m™)9m™ — (u V)
+u” by (mF,mT)0m T Opuy + p” hy (mF,mT)0m” Ojuy
+u~hf (m* m™)oymT Oy +p”hy (mt,m”)0ym” du;
AT (mT,mT)o; m+8u +ATh (mT,m m~)oim” dju;,

where the summation convention is used for 1 <4, 7 <3, and gf, gzi, hli, hQi are defined
by

{gf( ( ) (bt me ) = By,
g;(m+,m—) C*(m* +nt,m=+n7) = B,

gy (mtm™)= C*(m*+nt,m +n")
cla )Y (mt+atm 4+ ) f (m n~
+ )ig(,:++ﬁ+mt—+z—z{§ '~ o,

gy (m*m7) = (G ) (m* 4t m” 4a0)
c2a™t m++ﬁ+,m7 a ) f (m~+n~
-4 )(si(m++ﬁ+7;*—‘z'£*() )_ﬁ4’
hf (m* m™) = m(ig*)mww,m—w»
hi(m*™,m™)= —(p,cz%)(m'*‘—l—ﬁ‘*‘,m_—&—ﬁ_),
hi(m*t,m™)= —(pfzi)(ﬁﬁ—kﬁ“',m_%—ﬁ_)

_(Cza’)(m++ﬁ+,m’+ﬁ7)f’(m’ﬁ’)
(38 pH)(mt+atm—+a=)

hy (m*m™)= =l (S~ )(m++n+m +77)
_ (€M) (mT 4t mm 4T f (mmn)
(sTsZp)(mF+ntm=+a=)

Notice that

C:=p1B1—B2fB3=—

since f#0 and f is a strictly decreasing function near n~.
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1.3. Main theorem.
THEOREM 1.1.  Assume that v+ € L2((0,T); H*(Qr)) with r*(—z,t) = —r*(z,t), and

s (nt,n7) J—
“arran < S0 f

T
[ et sde <o
0

for some appropriately small constant n>0, then the problem (1.9) has a time periodic
solution (m*,m~ u*,u~)e XL where Qp = (—L,L)* and X\ is defined as below.

Define
2= (o~ ) € L2((0,T): HY(©) NL2((0,7): HH ()

(m™,m™,u",u") satisfies (a),(b),(c) };

(m*m ™ utum) |5

|
. + +
= sup (I s e+ Im Wiy I s,y + 10 s )

p
/ ||m+||H4(QL) +[lm” ||H4(QL) + ||u+||H4(QL) + ™ ||H4(QL))d

X#::{(m"‘,m‘,u"‘,u) cexL:||(m*m™utu >||XL<77}

REMARK 1.1.  Similar to the last section of [19], by the standard energy method,
we can prove that the time periodic solution in Theorem 1.1 is unique, provided that
sup [[(m™*, m™, u, u”)(t)|| gaq,) is sufficiently small.

0<t<T

To prove Theorem 1.1, we first consider the following regularized problem

omtT +ntdivut —eAmt =G4,

Orm~ +n " divu~ —eAm~ =Go,

Out 4 B1VmT 4 BoVm~ — (€46 (mt,m™))(wh Aut + (ut + A7) Vdivut)

= G?) +T+7

Ou™ + B3VmT + B Vm ™ — (E4+& (mT,m™)) (™ Au= 4+ (p~ + A7) Vdive ™)
=Gy+r7,

fQL mEdr =0,

(1.10)
where Qf = (—L,L)3 CR3, r*+ are time periodic functions with periodic boundaries, and
odd functions on the space variable z. We have the following proposition.

PROPOSITION 1 1. Assume that r* € L2((0,T); H3(Qr)) with r*(—z,t) = —r*(a,t),
2 _
and — 20 ). 1f

T
|6 i<,
0
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for some appropriately small constant >0, then the regularized problem (1.10) admits
a solution (m™,m~,ut,u~) e XL that satisfies

(a) m* m~,ut u" are time periodic functions with the space period 2L and time

period T

(b) [o, mTdx=0;

(C) mi(f‘ri) :mi(xvt)vui(fxvt) - 7“‘:‘:(1'775)'

Finally, we get the existence of the time periodic solution of (1.9), by a limit pro-
cedure, € — 0, i.e., Theorem 1.1.

2. Preliminaries

Throughout this paper, C denotes a generic positive constant which may vary
in different estimates and 7;(i=1,2,3---) are suitable small positive constants which
will be identified in the proof of Theorem 1.1. We denote H*(2), the Sobolev spaces
W 2(Q), with norm |- || g7+ (q), and denote LP(Q2)(1 <p<o0), the LP spaces, with norm
|1l zr(2)- When there is no ambiguity, we will write ||- || gx(q), || [|r@) as || [z, |-l z»
respectively. The notation “(-,-)” means the inner product in L?(2). We also write
lw|| e + [|v]| e as ||(w,v)||g» for short. For the readers’ convenience, we list some useful
lemmas as follows.

LEMMA 2.1 ( [1,18]).  Assume that QCR3 is a bounded domain, and O is locally
Lipschitz continuous. If ulopno=0 (or [udr=0), then for any 1<p<N,1<q<p*=

Np
1/q X 1/p
(/ |u|qu> <C(N,p,q)|measQ|'/a-1/» (/ |Vupd:13> .
Q Q

N—p’
In particular, if q=p* = NN—QJ, then

. P~ 1/p
([rras) <covpw( [ vurar)
Q Q

LEMMA 2.2 ( [1,18]). Assume that QCR? is a bounded domain, and OS is locally
Lipschitz continuous. If u|lpa=0 (or [udz=0), then

1/2 1/2
l[ull s <C|lull}2 IV ull )2
1/4 3/4
[l 2 <Cllull 54 Vul3s

L2 i
[ullLee <ClIVul[g1,
where C' is independent of Q). Moreover, the above inequalities also hold in R? if u(z) — 0
as |x| — oo.

LEMMA 2.3 ( [11,26]). Let k>1 be an integer and 2 be a domain as above, then we
have

IV*(F e SCIflleos [V gl o2 +CIV flloa [V * g Loa
where D, P15 P2, D3, P4 € [1,00] and
1 1 1
=

11
P P1 P2 P3 pa
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LEMMA 2.4 ( [25]). Assume X CECY are Banach spaces and X << E. Then the
following embeddings are compact:

[6:6€ L90.1:X), 92 € L' (0,7:) } 5 LYO.TIB), if 1< g <00
{¢;¢eL°°(o,T;X),% eL’“(o,T;Y)} s O([0,T]:E), if 1<r<oo.

LEMMA 2.5 ( [9]). Let E be a real Banach space, QC E be an open bounded set and
the operator T: Q— E be a completely continuous. The Leray-Schauder degree has the
following properties:
(1) (Normality) deg(I,Q,0)=1 if and only if 0€Q;
(2) (Solvability) If deg(I —T,9,0)#0, then Tx=x has a solution in §);
(3) (Homotopy) Let Ty: [0,1] xQ— E be completely compact and Tyx#z for all
(t,x) €[0,1] x 9. Then deg(I —T3,82,0) doesn’t depend on t€[0,1].

For more details about topological degree theory, please refer to [8,9].
3. Existence of the time periodic solutions

3.1. Introduction of an operator S. To prove the existence of time periodic
solutions, we define an operator

S: XFx[0,1] = X*,
((nT,n=, wh, wo), )= (m™, m™, ut, u),

with 7 appropriately small, where (m™, m™, u™, v™) is the solution of the following
linear problem with periodic boundary

oymt +atdivut —eAmt =Gy (nt,wt,7),

oym~ +n divu~ —eAm™ = ég(nf,w*,T),

ot + BVt + oV~ — (E+7&t (nt,n7)) (wt Aut + (ut +AT)Vdive™)
=Gs(nt,n,wt, 1)+t (3.1)

Ayu™ 4 B3Vt + BV~ — (€476 (nt,n7))(w™ Au~ + (= + A7) Vdive ™)
=Gy(ntn"wo, )T,

fQL mEdr =0,

where

G1=—rdiv(ntw?), Gy =—rdiv(n"w™),

Gi=—7g] (n",n7)0m" — 195 (nT,n )~ —7(wT V)w;
+utrhf (nt )0t 0wl +ptTh (T nT)0im T 0w
+M+Thf(n+7n_)6jn+6iw;f +ptThy (n"’,n_)6jn_8iw;-r

+ATThT (n+,n7)6in+8jw;' +ATrhY (n*,nf)ﬁinfajw;',
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and
Gi=—7g97 (n",n 7)o" —1gy (nt,n7)oinT —7(w™ - V)w;
+p~Thy (nt 7)ot 0w, +pTThy (T nT)omT 0wy
+p”Thi (n+,n_)8jn+8iw; +u‘7h§r(n+,n_)8jn_8iw;
+)\77'h1~'(n+,n7)3in+8jwj_ +/\77h3'(n+,n7)8in78jw;.
We impose the condition 'fQL m*dxr =0 to ensure the uniqueness of the solution. Since
%fm midx:O7 and when (m™, m™, u*, u™) is a solution of (3.1), then (m™+C,

m~+C, uT, u”) is also a solution for any constant C. We should also note that when

sup ||mi||He <, and 7 is suitably small, we have
0<t<

1
t<m nt <
2 < T+n <

and for some positive constant C, we have
(g7, h7) (m* ;m ™) < C|(m* m™), |0y, (g7, hi7) (m* m™)| < C,

fori=1,2 and k> 1.
And then, we show that the operator S is well-defined by the following lemmas.

LEmMMA 3.1. Assume that 1 is sufficiently small, then for any (n*,n~,w™,
w-)eXl,mel0,1], the problem (3.1) admils a unique time periodic solution
(m*,m~utu")ext.

Proof. Let

U=mtm ™ utu ), W=mn"n" 0wt w),

G(W)=(G1,Ga,G3,G4)t,R=(0,0,77",7r)!
and A denote the matrix operator

eA 0 —ntdiv 0

0 eA 0 —n~div
=5V =BV & 0 ’
—B3V =B,V 0 &

where = E+TE (T n ) (W A+ (ut + AT Vdiv),Eo = (E+76 (T, 0™ ) (n™ A+
(1~ +A7)Vdiv). Then the system (3.1) can be written as

A:

=AU +G(W)+R

Now, consider the initial value problem of the linear system U; = AU in 7, with periodic
boundary

omT +ntdivut —eAmT =0,
orm~ +n - divu~ —eAm~ =0,
Do + LV + By Vm — (E+7EH (1 ,n)) (u+ Aut + (5 +A)Vdivet) =0,
Opu™ + B3Vm® + BsVm™ — (E+7€ (n,n7)) (™ Au +(p~ +A7) Vdive™) =0
(m*m™utu”)(2,0) = (mg .mg ,ug ug ) (@),

)

(3.2)
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where m () are even functions with Jo, mo (z E(z)dz =0, and uZ(x) are odd functions.
It is not difficult to see that the solution (m™, m™, u™, u™) has the same properties as
the initial data (mg, mg, ug, ug ).

Multiplying (3.2),, (3.2),, (3.2);, (3.2), by f1Bsm*, Bafam—, Baiitu*, fafi~u~ respec-
tively, summing up, then integrating the result over 2 by parts and combining with
the periodic boundary conditions, we obtain

1d
2dt Jq
+Bsit / (64 et *n7)) (w92 (uF +01) dive* ) da
Qr

(ﬁ153|m+|2 + BoBa|lm”™ >+ Bsnfut P+ Bai” ju” |2>d$

+ Boni~ / (§+r§ (n*,n ))<u‘|Vu_|2+(/f+)\_)|divu_|2)dx

+e/ (ﬁlﬁg\VmﬂQ+ﬂgﬁ4\Vm_|2>dx+ﬁgﬁs/ (ﬁ‘Vm+u_+ﬁ+Vm_u+>dm
Qr Q

L

=— 53ﬁ+7—/ <3n+£+Vn+ + 0 §+Vn_) (u+u+Vu+ +(pt+ )\+)u+divu+> dx
Qr,

— 52%77/ (8n+£*Vn+ + 8,1_{*an> (N*U*Vu* +(pu + )\*)u*divu*> de.
Qr
(3.3)
Multiplying (3.2),,(3.2), by m~, m™ respectively, summing up, then integrating the
result over 27, by parts and combining with the periodic boundary conditions, we obtain
/ (ﬁ*Vmﬂf Jrﬁ*Vm*qu) dz
Qr

:/ (m~0ym™ +mToym™)dx + 2¢ VmtVm~dz. (3.4)

QL QL

Note that ¢:=p184— 285>0 and £4+EE>€>0 (cf. Section 1.2), then combining the
above two equalities, we obtain

d
10 0 (<§i m*|? +<§2| [P +2B5mlt P+ 280 || da
1d B3 B2
+Zidt/ (52ﬁ4|m +B m+|2+5153|m +ﬂ 7 )

+%G/Q ( 5 1om +|2+<; [V ) da

+16/ (6254\Vm +53Vm+|2+B153|Vm++ﬁ2
Qr

ﬁVm|)

2 Ba
+€ (63ﬁ+u+|VU+\2+52ﬁ’y’|Vu’|2)dx
Qr
< ByiitT / (8n+§+Vn++6‘n7§+Vn*)(;ﬁu+Vu++(u++/\+)u+divu+)dx
Qr
*ﬂgﬁiT/ (3n+§7Vn++8n7§7Vn7)(;fu7Vu7+(u7+)\7)u7divu7>dx
Qr

<Cr (19 1o + 190 2o ) (e IVat g2 + ju” o Va~12)
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<Crn(IVu* 3z + V™ |32), (3.5)

then, when 7 is appropriately small, we have

1d B2

2dt Jo, \" Ba b1
1d

+§& (5254|m7+

(B ez

|m™ |2 +2B3njuT > +2B8o0 " |u~ |2)dx
B

3 o _ B3
Em+|2+ﬂ1ﬂs|m++am 2>dx+e/QL (CEWmﬂ?
B3

+C51|Vm_|2)dx+e/m (6264|Vm‘+ﬂ Ut 6y Byl Vi +

+5/ (ﬁ3ﬁ+u+|Vu+|2+ﬁ2ﬁ_/f|Vu_|2)dxSO. (3.6)
Qr,

By Poincaré’s inequality and Gronwall’s inequality, we obtain

(™ m ™ u™u™) ()] 2 <[ (mg mg yug ug )| p2e ™.

Similarly, applying V*,(1<k<4) to (3.2),,(3.2),, (3.2);, (3.2) ,, multiplying the results
by 5183VFEm™*, BaBsVEM™, BantVFEut, Bon~VFu~ respectively, summing up, then
integrating the result over ; by parts and combining with the periodic boundary
conditions and the Equations (3.2),, (3.2),, we obtain

1d
- ( 2vFkm +|2+<ﬁ2\ m*\Q+253ﬁ|vku+|2+252ﬁ*|vku*|2)dx

1dt Jo, B
+i%/ (ﬁ2ﬁ4|vkm_+§3vk 24 By B VEm T —|—§2Vkm |)
1
+§6/Q (CIB—TVIC mT|? JrC |Vk |2)dx
1 k — 53 k 62
+3 /Q (6264|v Vi + v V't |? + 81 85| VFVm* +5 VEVm| )

gt [ (et )t [V P 40 Vvt ) da
Qr,
+Bzﬁ‘/ ((§+T§ (nt,n ))(,u_|VkVu_|2+(,u_+A_)|deivu_|2))dx
Qr
=—5sﬁ+7/ <8n+£+Vn++8n—§+Vn_> (;ﬁVkVqu+(u++)\+)vkdivu+)vku+dx
Qr

- ﬁzﬁv/ ( 8,1 & Vnt +an_§*vn*) (,fv’fvu* o+ A’)V’“divu’) Vku~da

+ Bsn T/Q

+52n 7'/
QL 1<<k

=B, (3.7)

(I;) vigtvk (u+Au+ +(ut+ )\+)Vdivu+) VEuTde

L1<i<k

( >V£ AV l(u Au” +(p 7+)\*)Vdivu*>vku*dx

and E can be estimated as follows:

E<Cr(IVn* 1o+ 1907 llzo ) (195 | VFut o + 1V ™ 2| 95| 5o )
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+Cr(IV*nt o2+ 19507 122 ) (920t ool 90t o + 1920 115 V50" |10
<Cr (Va3 + Va3, for 2< k<4,
E<Cr([9n* o+ 9~ 120 ) (1920 2 V| o + 920 |22 Ve 10 )
<Crn (93t |32+ V2~ |32 ), for k=1,

Then, when 7 is appropriately small, we have

1d B2
2dt 1

1d k. D3
+§dt o, (52ﬁ4|v m +ﬁ4

/ (C&|Vkm+|2+gﬁz|Vkm_|2+2ﬁ3ﬁ|vku+|2+252ﬁ_|vku_|2>dx
Q, \ B4 B
VEmt 2 4 1 B3| VFmt + %Vkm* |2)dax

B3 oh+1, +12 P2 okl 2
+ N R = A v 77} dx
E/QL (<ﬂ4| m| Cﬁ1| | )
—|—e/ (ﬁ2ﬁ4|vkvm*+@V’Wmﬂ?+6163|V’“vm++@vkvm*\2)dx
QL B4 b1

+€ (63ﬁ+/ﬁ|vk+1u+|2+,6’2ﬁ_u_|vk+1u_|2>dxSO. (3.8)
Qr,

By Poincaré’s inequality and Gronwall’s inequality, we obtain
IV m ™ ut u™) ()] 22 < | VF(md mg sud ug )| p2e” €, for 1<k <4.
Therefore, we have
e Ul ez < |[Uo|l e "
Then by Duhamel’s principle, the solution to the system (3.1) can be written as

U(t)= / t=TA(G(W (r)) + R(r)) dr,

— 00

and then
t

IIU(t)IIHkS/ le* = A(GW (7)) + R(7)) || v

— 00

§/ e~ O (G(W (7)) + R(7))|| e dr

— 00

o t—iT
=Y [ DG ) + R e
=G+

o0 T
=3 [ ST GOV (47) R+ 7)) v
i=070

;’ T 1/2 T 1/2
SZ (/0 6—206((i+1)T—7—)d7—> </0 ||(G(W(T))+R(T))|§{kd7>

=0

- T 1/2
SC(G)(/O II(G(W(t))JrR(t))Il?p«dt) ; for k<3,
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where we have used the time periodic property of W and R. By the time periodic
property, we also have
t+T
U(t+T)= / UHT=A(G(W (7)) + R(r))dr

— 00

t+T
- / U =TDA(G(W (7 —T)) + R(r —T)) dr

— 00

- /_ DA (GW (7)) + R(r))dr = U (1),

That is, U(t)€ L>=((0,T); H?) is a time periodic solution of (3.1) with time period
T. Similar to the proof of Theorem 1.1 in Section 3, we have for any (n*, n=, wt,
w™)e X}, 7€(0,1], the system (3.1) admits a time periodic solution (m*, m~, u¥,
u")ex’t.

For the uniqueness, assume that there exist two solutions of system (3.1), uy = (m],
my, ul, ul), ug=(m3, my, uf, uy) for (n*, n=, wt, w-)eXl, 7€[0,1], then we
have

at(Ulng):A(UlfUQ).
Similar to the above proof, let (m*, m~, at, @)= (m{ —m3, my —m5, uf —ug,
u; —uy ), we have

T
oo o)
6/0 /QL<ﬂ4|Vm|+51Vm| dzdt

T
+5/ / (Bsn Tt |Vat >+ Bon p~ |Va~|?) dadt <0.
0 Qr,

Using Poincaré’s inequality, we have (m™,m~,a",4~) =0, which implies the uniqueness.
Finally, we see that if (m™*, m™, u™, u™)(x,t) is the periodic solution of (3.1),

then (m™, m~, —u™, —u~)(—x,t) is also the solution of (3.1), by the uniqueness of
the periodic solution, we obtain (m™*, m™, u™, u™)(z,¢)=(m™, m™, —u™, —u™)(—x,t).
The proof is completed. 0

REMARK 3.1. It is worth noting that the operator A defined above generates an
exponentially bounded semigroup on H'. One can also get the same result of Lemma
3.1 by using methods from evolution equations.

Next, we show that the operator S is completely continuous.
LEMMA 3.2.  Ifn is sufficiently small, then the operator S is compact.

Proof.  Assume that (m™, m~, u*, u™) is the solution of system (3.1). Similar
to the proof of Lemma 3.1, applying V*(1<k<4) to (3.1),,(3.1),,(3.1)5, (3.1), mul-
tiplying the results by B18sVFm™, BofaVFm™, BsnTVFut, Boin™ VFu™ respectively,
summing up, then integrating the result over €25 by parts and combining with the
periodic boundary conditions and the Equations (3.1),, (3.1),, we obtain

1d Ba ok +2, B2 gk —p2 ik, +|2 ok, 2
14t Jo, (Cﬁ4|V m’| +cﬁl|v m~|[* 42850 ViuT |+ 2007 [V u |)dx

}i k — & k +12 k + & k _2
+4dt/QL(6264|V m +54V m™ "+ 3163 Vim +51V m \)da;
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1
dye [ (CRIVETm P2 T ) da
2 Ja, \ B B

+76/ (5254|v’“vm*+ﬂ3

2 Ja, Ba

VAT + 81 B3| VIVm ™ + %v’“vm* |2>da:
1

+ﬁ3ﬁ+/ﬂ ((éwg*(nﬂn*))(u*|vkvu+|2+(u++A+)|vkdivu+|2))dz

+ﬂ2ﬁ*/ﬂ ((£+r§*(n+,n*))(u*|vkv7f|2+(;f+x)|v’<divu*|2))dx
:[—ﬁ3n+T/QL (8,L+£+Vn++8n7§+Vn_) (/ﬁ'Vszﬁ+(u++)\+)vkdivu+)vku+dx

—Boni™T /Q (6n,+£_Vn++8n7£_Vn_) (M_VkVu_—i—(u_+A_)deivu_>vku_dx

+ﬂ3ﬁ+7'/ Z <I;) vietvht (M+Au+ +(ut+ >\+)Vdivu+) VEutde
Q

L1<i<k
—— N e
+5anT Z VEV (u Au™ 4+ (u~ +27)Vdivu )V u dw]
Q l
L1<i<k
- {53<Vk_1é1,51vk+1m++52Vk+1m_>+52<Vk_162,53vk+1m++ﬁ4vk+lm_>}
_ {ﬁ3ﬁ+<vk—1ég7vk+lu+>+B2ﬁ—<vk—lé47vk+1u—>}
_ {Bgﬁ+<vk’1r+,vk+lu+>+ﬂ2ﬁ*<vk’1r’,vk+1u’>}
:=H,+Hy+Hs+Hy.
Then, we have
(| <Cr (IIVat [+ 907 s ) (1991 g2 |95 o + 194 0 12950 1o )
+Cr(IIVFnt e + 1940 2 ) (1920t s V¥t Lo + V20 g V50 s )
<Crn(IVF 1t 22+ V|22,
(Ho| <Cr (IIV* (0wt g2+ 9 (7w )2 ) (1955 g+ [ 954 |12 )
<Cr(IV*(* n )z (et )l + 195 @t w )zl n7) 2o )
% (19 |2+ |V 12 )
<Cr (IV* (0 n )3 9 () s + 19" (w0t [V (0 ) )
Ce (B3 okt1, +(2 B2\ okt1, 2
+7 - V 2+7 V 2 |-
1 (Tt e+ 29 7 )
Note that

Hy=—Bsnt (VF 1 G, Vi ) — Bon = (VF1 Gy, VF ) i= Hy + H3,
then for H} we have

(3| <Cr (| (g (0, n7) Wt +gF (nF,n7) W), VFH )
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T ) (VT - V)wT +hd (nT,n7) (Ve - V)wT], Vi y )|
Tt n ) Vn™ Vit +hd (nT,n ")V~ Viw '], V™))
{(ntn7)

VnTdivw® +hi (n*,n")Vn = divwt], VA u)|

that is
(H3 1 <O (IV* g7 (0 n ) llao 90 s +llgf (0 ) Lo [ 750 152 ) 99+t o
+Cr (V5 g 0t 0 ) ol 9 s +llgd (0, n 7 )l IVF0 22 ) V9t 2
+Cr (V5 (0" ) Ve[ 9nF e + [ (0 n 7 ) Vo e V50 1
IV S (0t ) Vgl VR e + I (0 0 ) Tt e [ 952
IV s IV s+t oo [ 90 2 ) [ s
<Cr (IV* (0 n )3 190 n ) + (95 )1V

IO ) V50 [32) I+ 93 194 0 )
_+~
n

VR0 [ [Vt ) + 28 ot 2,

<Cr (IV*(* n )l + 195w 122 ) (19 (0 07 s + V0 e
BsntE
_|_7

+||V(n+,n*)||‘ip+IIV(nﬂn*)IIZlHVw*II?p) 1

VA 2.
Similarly, we have

|H3| SCT(|\Vk(n+7n_)||2Lz + ||ka_||L2) (||V(n+,n_)||%,1 +IVw™ |3
BsntE

4 ||Vk+1u+||%27

+ [V n ) + IV 007 [ V0 [ ) +
then
[H) <C7 (9" (0t 07 )32+ IV* (w7 2 ) (196007 s + 19 (w07 3

Vint.no) Vint n )2 1V (wt w12 53ﬁ+gvk+1+2
HIV @2 ) H IV T ) [V (0™ w57 ) + == u™ |72

-
+ L pwkety .,

For the last term, we have

£

(Ha <O7(IVF 1 e + V5 2 ) 4+ 5 (Bon VAt | + B [ 9512 )

Let k=4, note that 7 €[0,1] for sufficiently small >0, combining the above estimates,
we have

P2

‘ (C@IV”‘WIHCB1

— 412 1980V T 12 £ 28,7 | V4 |2
a Jo, 03, Vi~ |2+ 2830 |ViuT | +282n7 |[Viu |)d3:
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d
Ba

X \V5m+|2+CF
1

Ba B3
V4 12481 B3| VAm ™ +5 Vim~ |)dm+e/ (CE

|V5m7\2 dx+§~/ 53ﬁ+u+|v5u+\2+52ﬁ7u7|v5u7|2>dx
Qr
<Cr (194 n ) Be + IV @t w ) 22 ) (IV (0 3 + 9 (0t w07 e
HIT @t 0 ) +HIV 0 ) B 19wt w3 ) + CTIVA )l (3.9)

Integrating (3.9) from 0 to T, we have

T

T
| (BIVPmt e+ 2w s Yae+ [ (it 9P
+m—u—||v5u—||Lz)dt

<CT sup (IIV(nJﬂn‘)II?p+||V(w+7w‘)llfqz+||V(n+7n‘)||3‘ql
0<t<T

T
IV ) B [V ) ) [ (190000 s+ 9w ) e
0
T
+cr/ V3 () |adt < K. (3.10)
0
Then, there exists a time t* € (O,T) such that
53 * o — *
(G (1) +< VP (1)) + €T (Bomt w90 () 7
+ﬁ2ﬁ*u*uv5u*<-,t*>||ﬁ) <K".
Using Poincaré’s inequality, we have
IVAm* )T + IV ™ () e + IV )3 + [V () [ <CK™.
Then, integrating (3.9) from ¢* to ¢ for any ¢ € (t*,7T], we have
IVAEm* (O + VMmO 1V T ()L + [V (G 1)lI7 <CK™
Moreover, by the time periodic assumption, we have
V4 (L0122 + 1VAm™ (,0) [ + V™ (L0122 + Vi~ (0|7 < CK™.
Repeating the above process for ¢t € (0,t*), we obtain

sup (O + ™ (s + o GO+ ™ () SOR™. - (3.11)

Similarly, applying V?® to (3.1);,(3.1),,(3.1)5,(3.1),, multiplying the results by
0 (V3m™), 0,(V3m™), 0,(V3u™), 8;(V3u~) respectively, summing up, then integrat-
ing the result over 2 by parts and combining with the periodic boundary conditions
and the Equations (3.1),, (3.1),, finally integrating the result over [0,7] and combining
with (3.10), we obtain

T
| (101 10,7 m )3+ 10T ) [+ 0170 )
0
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T
<C [ (IV* e+ e T )l + 9 )
0
IV el V2 [ 95 ) [+ VPG e + VGl
V3G 3+ [V Gal[F + 975 e + VP~ 32 ) at

SCToiltlgTQIV(n*’n’)II%l HIV (™, w )3 + [V (0" ) [ [V (™ w ) 17

T
+HVOﬁ1n*Nﬁn)Z;(HVOﬁln*w%s+HV@Mﬁw*Mﬁﬁ)dt
T
+CT/ [V3(rT,r7)||22dt. (3.12)
0

From (3.10), (3.11) and (3.12), using the Lemma 2.4, we get the compactness of operator
S. The proof is complete. a

The next lemma shows the continuity of the operator S.

LEMMA 3.3.  If n is sufficiently small, then the operator S is continuous.

Proof. Assume that (nj",n; ,wi,w;)eXkE,me[0,1],(nt,n"whw )eXf re
[0,1], and
lim H( _n+7ni__n7aw;r_w+7wi__wi)”XL:Oa as hm Ty =T.
71— 00 71— 00
Let
(m+m U U ):S((n+n w;,w;),7i),
+, +

Then (], m; , @), 4; )= (m; —m
tion of the following system

omt +ntdivit —eAmt =1,
oym~ +n-divi~ —eAm~ =1,
Oyt + SVt 4 BV~ — (E4+ 1T (0 ,n))) (uTAat 4 (ut + A7) Vdiva™t)

I+ (ri— ),
O™+ BsVint + BaVin~ — (E+7,6~ (nf 0y ) (u™ Ad™ + (p~ +A7)Vdiva )
=L+ (m—7)r ,
(3.13)
where

I =(7 —7)div(ntw™) — ndiv((nf —n")wt +nf (w —w™)),

Iy=(r—m)divin~w™) —ndiv((n; —n")w™ +n; (w; —w™)),

Iy=(r;—7 &(ntin” (1 tAuT +(/A +)\+)deu+)

+7,(E (n ;) =€ (nt n 7)) (t Aut + (T + A7) Vdive ™)

—(ri=7)g{ (n{ ;0 )Vnf —7(g] (nf,n;) =g (n*,n7))Vnf
=79 (0" n7)V(nf —nF) = (ri—7)gs (ni .0 )Vny
—7(g5 (ni",ni) =93 (W ,n7))Vng —7g5 (n",n7)V(n; —n"7)
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and

—(ri =) Vwf —7(((w] —w") V)w + " V)(w] —w?))

it (=) b (nf ny ) (V- V)
bt o (o ng )= i (¥ ono) (T -yt
bt (o) (Tt —n®): V>wr+<w V) (wf —ut))

+ut (i —7)h nj‘,n:)(Vn V)w;

7

+ptr(hg (nf ) —hg (nT,n7))(Vng - V)wS
(

2

+ptrhy (nt ) (V(n, —n™)-V)wS +(Vn™ V) (w —w™))
+pt(ri— 1Ay (nf 07 ) Vnf Viw)
+ptr(hf (nf ;) —hi(n* ))VnJth A

+uptrhi (ntn)(V(nS — )Vt TVt Vi (w —wt))
+ut (= 1)hg (nf ;07 )Vng Vi
+ptr(hy (nf n;)—hg (n* ))Vn_Vt A
+ptrh (nT,n ) (V(ng )Vtw++Vn Vi(w; —wh))
+pt(ri—T)hy (0,07 )Vn +dlvw
+ptr(hf (nf ) =R (nt,n7))Vn divw;t
+ptrhi(nT 0 ) (V(n - )dlvw +Vntdiv(w —w™))

+pt (1 —7)hg (0, ) Vn; divw;
+ptr(hd (nf ) —hi (nt 7)) Vn; divw;

[

+ptrhd (nT 0 ) (V(n, —n7)divw] + Vn~div(w] —w')),

Li=(r;—7)¢ (n",n ") (u~ Au~ +(,u*—|—>\7)Vdivu7)

+7i(E7 (0 ) =€ (0 7)) (0T AuT + (u7 +A7)Vdive ™)
—(mi=)gi (nf 7 )Vnf —7(gy (ni,ny) =gy (n*,n7))Vnf
—7gy (0", 7)YV (0] =) — (7 ) > (nfn; )Vn

—7(95 (nif 0y ) =gy (n",n7))Vny —7g5 (n™,n")V(n; —n7)

—(ri—7)(w; - Vw; —7(((w; —w™)-V)w; +(w V) (w;, —w™))

+u (i —7)hy (nf 0y ) (V- V)w;

+u"r(hy (nf,n7) —hy (™0 7)) (Vi - V)w;

+p~Thy (nt,n )((V(nj nt)-Vw; +(Vnt V) (w;, —w™))
+u” (r=7)hy (nf 0 ) (Vg - V)w;

+u"7(hy (nfn7) —hy (n* 0 7)) (Vg - V)w;

+u"hy (07,0 7) (Vg —n7)-V)w;, +(Vn™-V)(w; —w™))
+u (i —T)hy (njm;)VTﬁVt -

+u"r(hy (nf,n7) —hy (n*,n7))Vnf Viwy

+p~Thy (0T ,n7)(V(n) — )Vtw +VntVi(w; —w™))
+u” (Tz—T)hz (nf,n; )Vn; Viw;
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+pmr(hy (07 ) —hy (nh,n7))Vny Vi

+uThy (n+,n Y(V(n; —n")Viw; +Vn~ Vi (w; —w™))
+u~ (1, —7)hy (0,7 ) Vn divw;
+u~7(h 1( n; )— hi(n* ))an_divwi_
+u~Thy (nt )(V(nj )divw-_—l—Vn"’div(wi_—w_))
+p (Tz_T)hz (n,n; )Vn; divw;
+p"7(hy (nj',nl) hy (n,n7))Vn; divw;

+u”Thy (n,n7)(V(ng

—n )divwi_ +Vn~div(w; —w™)).

Similar to the proof of Lemma 3.2, we have

lim ||(mf —m™,m; —m™ uf —ut u; —u)|x =0.
n— oo
Therefore, we get the continuity of the operator S. ]

3.2. Energy estimates. In this subsection, we deduce some energy estimates,
and interpret why we can not get the existence of time periodic solutions in R?, see
Remark 3.2.

LEMMA 3.4. Assume that 7€ (0,1],|m*| < n*

i-, and (mT,m~utu")€XE s the
solution of the following problem

oymt +atdivut —eAmT =Gy (mt ut,7),
atm_—i-ﬁ_divu_—eAm_—Gg( m”,u",T),

Ot + B1Vmt 4+ LoV~ — (E+7ET(mT,m ™)) (pT Aut + (ut + AT Vdive ™)
=Gs(mt,m~ut,7)+7rt,

Ayu™ 4 BsVmT 4 B,Vm™ — (€476 (mT,m™)) (" Au~ + (= + A7) Vdivu ™)
=Gy(mt m~ 1)+,

fQLmidac:O7
(3.14)

then we have
1/ ( Bs |G+ 2 4 P2 )d:c+i (v%*v’“*lzﬁ+vkm*vk*1u*)dx
4 Jo, B dt
scr(nwm ) 1V (u* ,u*>||i,3)(||v<m )+ [V () e

9 (") e+ 9 (w0 m ) [+ 9 () 42

+ O ) e me (IV Tt | + [V )

+Cr(IIVFat e + VR0 e ) e (195 3+ 95 2 )

for k=1,2,3.4, (3.15)

where C,C1,m1,1m2 are constants independent of L and €, and ny,m2 are sufficiently small.

Proof.  Assume that (m™, m~, u™, u™) is the solution of system (3.14). Simi-
lar to Lemma 3.1, applying V¥, (k>1) to (3.14),, (3.14),, and V*~1 to (3.14),, (3.14),
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multiplying the results by B3 VF~lut, foVF—tu=, B3VEm™T, BoVFm™ respectively, sum-
ming up, then integrating the result over €2, by parts and combining with the periodic
boundary conditions and the Equations (3.14),, (3.14),, we obtain

1 B3

,/ ( |Vk +|2+Cﬂ2| VEm|? + BaBa|VEm~ + L2 Em 2
Q, b1 B4

2

d
+,6153|Vkm++%vk 7| )d +& (ﬁgvkarVk_luJ“—&-ﬂgvkm_vk_lu_)dx
1

:/ (ﬂ3ﬁ+\V’“_1divu+|2+5gﬁ_|Vk_1divu_\2)dm
Qr
S (et i s
Qr,
+/ {Bgvk_l((§~+Tf+(m+,m_))(ﬂ+Au++(u++)\+)Vdivu+))vkm+
Qr
+ BV (E+7e (mFym ))(M*Auw(m+A*)Vdivu*))vkm*}dz
+ [Bar(TE (), VEut )+ Bor (V7w ), TFu)]
+ [ﬁgw’“—lég,vkmﬂ +52<v’“—1é4,vkm—>]
+ [ﬁ3<vk*1r+,vkm+>+52ﬁ*<vk*1r*,vkm*>} =Ty Ja+ s+ Tyt Js + .

Next, we estimate the terms J;(i=1,2,---,6). Since we want the estimates independent
of the periodic domain §2;,, the following estimates will be more complicated compared
to Lemma 3.1; precisely, we have

1 1 _
1< 5CHIVRGT B+ 5ClI VR s,
Without loss of generality, assume € <1, then

1 1
2l < SCHIV B+ 5 CrIT*u B+ e (194 B+ V54 22).

ol <C ([ (m* ) o< IVH (7)o |9 () .
[V () sV ) o [ () 2
2t m ) s 9 ) sV () s
D DI GO 11\ S O P A A 129

3<I<k—-1

VE [, + | VR & (58t 2, 4 22 2
<2( I3+ I3:) + 16( IV5m* 2+ 219 m )

+Cr (|9 (m )3+ 9" (u* ,u*>||L2)||v<m ) e
9 () s [V ) s, for k= 4,
where the Leibniz’s formula is used. And

[T <CT)| (m*;m )| V2 (w7 |22 |V (im0 m 7| 2
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2 2, + 2, — ¢ +
<7 2 2 2 2
<2 (IV2ut |+ VA1) + 16( Ivm*|} + = ([Vm )
+Cr (I (m*m ™) 319 m* m ) + 1|V (u* ,u—>||Lsz<m )

for k=1,
| /3] SCT(II(mﬁm*)HLw V2 (™ u™) | 2| V2 (m ™ m7) || 2

+ IIV(m+7m‘)IIL3IIVQ(uJUu‘)HLGIIVQ(mJCm‘)IILz)

3, + 3, — ¢ 3 12,4112 @ 2 — 2
< (I I ) + e (2 SVt 29 m )
+CT\|V2<m )R 9 () [ + TV w32 IV Om ) s,
for k=2,

| 5] SCT(II(WL*M‘)HL& IV (' u™) |22 | V3 (m*m ) | 2
HIV I, m ™) [l V2 (™ w726 V2 (7 m ™) | 2
HIVE(m ™ m )| [V (™ u7) [ 6]V (m T, m‘)HLz)

¢ 3, + 3, —
16( |Vim ||L2+ *(Vom© 2

+CTHV3(m ;)| 22|V (m* . m )||H1+CTIIV3(U )2V (i m 7|,
for k=3,

<2 (Iv* et I3+ VA1) +

Now, we have the estimate

2 . ¢ _
1 <2 (19t + 19 )+ 4 (29 +||L2+ (V)

+07(||v<mtm*>||zm+||v<uﬂu*>uHH)(\wm ,m*>||HH

+ ||V(u+7u_)||?{k—2), for k24,

n - ¢ -
ol <2 (IVH et |2+ IVH |\%2)+1—6( |V +||Lz+ (V)
+CT(||V<m+7m->||%{3+||v<u+,u->||H3)(||V<m ,m->||H2+||V<u 7))

for k=1,2,3,4.
Similarly, for the other terms, we have
T2 <Ol m* sm e (150t 2 V5 g2+ 950 g Vo 2

+C7 Y IVt m ) VR e u ) | s [ VE (w7 | e
1<I<k—1

+OT[|VF it m7) el (uu ) o [VF (et u7) [ 22

"2 - ¢ _
< T (IVF a3+ 19 |32) + 16( |V*m +||Lz+ (V)

+CT(HV(m+,m’)HH1IIV'C(UﬂU’)IILz+HV(m ,m’)\lmfz\lv’“(u ) s

9w B [Vt w73 ), for k>4,
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2 k+1, +12 k+1, —12 ¢ k. + k. —12
<7 2 2 2
2 <2 (IVH et |+ IVH a2 + 16( [Vhm* |32+ 1||v m3:)
+CT(HV<m+,m—>HH1||v<u+7u->||Hs+||v<m ) |V ) e
IVt ) I w7l ), for k=1,2,3,4.
For Js,

= [53<vk—1ég,vkm+> + Bo(VF LGy, VEm ™) | i= J3 + J2.

=+
—

<0 (V4 (g (m*m™ ) Vi), Vom ) |4 [(V5 (g5 (m*,m ™) V™), VEm )|
)

+UVE (- )a ], VEm ) [+ (VRS (m T m ) (V- V)ut], VEm®)|
+(VF RS (mTm ) (Vm™ - V)ut],Vim™T))|

+(VE RS (mT mT)Vmt V], VEm Y|

+ (VRS (mmT)Vm T Vit Vim )|

+|<Vk_1[hf(m+ “)VmTdivet], VFEm™))

FVEU RS (mt ymT )V diva },vkm+>|).

Consequently,
|51 SCT(\I(m+,m_)I|LwIIVk(er,m_)HLz HIVEHmt m )| e[|V (mFm ) s

3 I ) g IV ) e )V

1<I<k—2

+Cr(lt o= IVF b+ 30 19 sl Vo
1<I<k—2

IV o [V g ) IVFm g2 4+ O [ IV 0m* ym 7 ) V5 2

+ Y IVt m ) s IV e + [V m T m ) e | VPt s
1<i<k-3

+ IIV’“(m+7m‘)|\L2||Vu+||Lvo) [(m*,m ™) Lo

+Cr (19 m* m oIV o D 9 ) o [9E s

1<i<k-3

+H[IVET mF mT) e IIVU+IIL6) IV (m* m™)|ze
+ > IV T m ) e[V m ) V)| s

2<I<k—2
FIVF ) eIV () g [ o] IV
<Cr (9 0m* m )3 [V m ™) |2+ 1V )3y IV Omtm ) s
IVt 3 IV e+ 10 e |V B+ IV () [ [V
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IVt e IV s IV Gt 2V PV () s
PO ) | T ) 5 S [ [, for b4

Similar to the estimate of J3, we can obtain the estimates of J2 for k=1,2,3 and J2,
thus we have

sl <Cr (I 0m* m ) pes + IV ) s ) (I 00 ) s
9w pes + IV ) e [V ) s + IV Ot )2
C /83 k. 412 32 k. —12
. - 2 - 2 > .
15 (G IVEm I+ 2V m 3. ), for k>4
And
5| <Cr (IV0m* m ™) g + 19 (w7 ) e ) (IV 0mF m)fge + 19 (et ) e

_ _ - ¢
IV el T ) s+ [V ) + 15 (9 m 2

+%||Vkm_|\%2>, for k=1,2,3,4.
1

Finally,
C (Ps B2 _ - _
s < 2 ( IVEm* 32+ 2 IVFm 1) + OV 07t ) e,
16 4 Bl
Combining these estimates, we get (3.15). O
LEMMA 3.5. Assume that 7'6(0,1]7|mj[|§§7 and (m*,m~ ut u")eXE is the

solution of (3.14), then we have
d Bs mT2 2 + 2
- (o |m™| +C |m 2 +2Bsm|ut |2 +262n [u” [P ) dz
dt Jo, \" B
1d 6

+-— <ﬁ2ﬁ4lm +5

+ /82 2
53 m|+616|m+ m|>dx

A
+€/QL< Ba g,V +< v |2>dx+€/ (Bsn ™t [Vut P4 B p” [V~ [*) de

<Cr(IV et m™) i + 19w ) (V@ w )l + Vot m o))
+COT[[(r T )2 g, (3.16)

where C' is a constant indenpendent of €, but dependent on L.

Proof.  Assume that (m™*, m™, u*, v™) is the solution of (3.14). Multiplying
(3.14),, (3.14),, (3.14);,(3.14), by B1Bsm™, Bofam™, Bsnu®, fonu~ respectively,
summing up, then integrating the result over €2 by parts and combining with the
periodic boundary conditions and the Equations (3.14),, (3.14),, we obtain

li Ba, + Bay =12 =1, =2
s [, (Gt e G Pe2nlut P 2on o) o
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w35t o (Bt S Pt o+ 22 o

1
+,6/ ( |V +\2+C \Vm |2>dx
2 QL

+;e/QL (6264|Vm_+§3Vm+| + 1 B3|Vt +§2

ar® [ ((Ere )tV Pt (X v ) o

Vm™ |2> dz

[ ((Ere ) [V Pt (o A7) diva ) ) da

=— 53ﬁ+7—/ O+ ETVMT 40, - ¢TVm ™) (pTutVu© + (pt + A uTdivet)da

Qp
—BQFL—T/Q (Ot EVMT 4+0,,- 6" Vm ™) (p"u Vu + (u~ +A7)u"dive™)dz
.

+ {ﬂ3<m+u+,51Vm+ +B2Vm™) 4 Ba(m™u”, B3 Vm™ +54Vm7>}

+ {ﬁ3ﬁ+<é3,u+> + fon~ <C~7'4,u_>} + [ﬂ3ﬁ+<r+7u+> —Bgﬁ‘(?“‘ﬂf)}
<Cr(Ivm s +1Vmllgs ) (et s lIVet Lz + ™ lLe Va2

+Cr (lm* Lol oo + I~ lgsllu™ Lz ) (IFm* |, 3 +19m~ ], 3)

+Cr (et s IVt g ot o+ s IVl ™ oo+l g o

g lze)

<Or(IV G m )3 IV (w3 + IV 6m )l + OV (a7 )

R g+ S (B gt 2 BT g 2,)

<cr(I9@m* m ) e + 190t u ) lm ) (190t 7u*>\|L2+||v<m+,m*>||i2)

Oty + S (B vt + 2 v 2.

2
which implies (3.16). O
REMARK 3.2. We see that the constant C' depends on L in (3.16). In the
above proof, we need to estimate the term [, m*utrVmEdz. Since there are no

terms like (m®)P,(u*)? in (3.14), we can not get the LP estimates of m* or u*.

If we want the estimate to be independent of L, we can just use the inequality
llv|lzs < C||Vv| L2, then we need to estimate |[Vm®|| /2. What we use is the inequality
vl z» <|measQ|'/P~1/4||v| 1a, then the estimate depends on L.

LEMMA 3.6. Assume that 7€ (0,1],|m |§%, and (m*,m~ ut u”)eXt is the
solution of (3.14), then we have

d
dt (ﬁl\V’“m+l2+,84IV’“m‘|2+ﬁ+lvku+|2+n‘\V’“u‘l2)dw+26/ (61
t QL QL
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X |VEFLm+ 2 4 gy VR m ™ |2)dx—|—§~ <ﬁ+u+|vk+1u+|2 +a T | VR Ly |2)dm

Qr,

<Cr (I9(m*m ™) s+ 190t u) e ) (I9.6msm ) e + 19 (et 0z
It ) e + IV w3V O m ) s + 9 (e m ) )

+ o[Vt ) R+ Co (I VEm e + 95 m ™ 32 ), for k=1,2,3,4,  (3.17)

where C,Cy are constants independent of L and e.

Proof.  Assume that (m™, m™, u™, u™) is the solution of (3.14). Similar to the
proof of Lemma 3.1, applying V¥ (k>1) to (3.14),, (3.14),, (3.14),, (3.14),,, multiplying
the results by 81 VFm*, B, VFm ™, it VFuT, i~ VFu~ respectively, summing up, then
integrating the result over 2y by parts and combining with the periodic boundary
conditions and the Equations (3.14),, (3.14),, we obtain

1d
2di Jo,

+€/ (ﬁllkamﬂQ+64\Vka_|2>dx
Qr

(51|Vkm+|2—|—B4\Vkm7|2+T’L+|Vku+|2+ﬁ7|vku7\2)dx

+ﬁ+/ <5+T§+(m+,m_)) (uﬂkauﬂQ+(u++/\+)|deivu+|2>dm
Qr
—l—ﬁ_/ (£+T§_(m+,m_)) (/F\VkVu_F—&—(,u_+A_)|deivu_\2)dx
Qr,
- / [_n+7(a,,ﬁ§+vm+ 40— VM) (T VEVUT + (AT VEdive ™) Vit
Qp,
— A T (Ot VM +0,,- € Vm ™) (" VEVu™ 4 (= + A7) VFidive ™) Viu~
+ntr Z (lj)vlf+vkl(,LﬁAzﬁ—F(,LPL—i—)\Jr)Vdivqu)Vku+
1<I<k
k
+n"T Z (Z>VZ§_V]€_Z(/[AU_+(/[+)\_)Vdivu_)Vku_
1<I<k
+ Bo* Vi divVFut + Byt VEm divV | da [y (VAGr Vi)
+54<v’fc?2,vkm—>] - [53n+<vk-lé3,vk+1u+>+ ﬁgﬁ_(vk_lé4,vk+lu_>}
— [/33ﬁ+<vk*1r+,vk+1u+> fﬁgﬁwv’“*lr*,vk“uw] =K+ Ko+ K3+ K.
(3.18)

Similar to the proof of Lemma 3.4, we have

| K1 SCT(HWW*W’)IIW IV (utu™) | 2| VF (u w7
+ > IVHm T m ) s VR ) | 2 [V (w7 | e
2<I<k—2
+ [V m T m ) |2 VP (w7 | s | VF (0 u7) || s

+[IVEm T m ) |2 V2 (@ u ) za [V (u u7) | e
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IV a7 VR o V2
<O7(IV (m* )3 19 w3+ [V 6 ) e [V ()

VA ) [ 1VP (w1 + IIV'“(m+,m’)\\%zIIVQ(U+7U’)\I§11)

1 _ &/ kel -
S ClIVHOmt ) e+ 2 (R IV e IV )

<Cr(I9(m* m ) 3pea + 19w )2 ) (I90m* m )l

- 1 _ §/_
IVt ) B )+ CallVE Gt m ) [ S (0 VRt

VR |3, for k24
(12| <C7 (|9 (™ m ) e+ 19 (w7 e ) (190 m ) [+ 19 () o)

1 _ £/ o _
+ Gl B+ S (1 VR B 99,
for k=1,2,3,4.

And

Ko=B(VFG 1, VEm™) + By (VF Gy, +VFm ™) = K} + K2.

K3 =—Bir(VF(div(mTu™)), vFm™)

:7517/ (u+vk+1m+v’“m++ > <I;>vlu+v’”wﬁvkm+
L

1<i<k

k _
+dive T VFm T2+ Z <l>vldivu+vk lm+Vkm+)d1:
1<I<k

:_517/ (%divuﬂvkmﬂ2+ (’;) itV 3 (?)V%*V’CanﬁVka’
Qr,

2<I<k—2

+ (k f 1) AVARESTRA VAI il v v LV v VAT <’f> Vdivu "V imtvEmt

+ Z <k>vldivu+v’”m+v’“m++< K )Vkldivu+Vm+Vkm+
! k-1
2<I<k—2
—Q—VkdivquerVkrrﬁ)dx7
then
G <Or ([ VUt | IVFm e+ Y IV IV 0 [t o
2<I<k—2
+IVE | pa [ V2m | pa | VEmt || g2 + [V || 2o [ Vi || o[ VEm T 2

F VPt L[ VE o IVFEmt o+ YD IV divet ||| VE s
2<1<k—2

< IVFm g2 + VPt g2 [Vt || L [V m | e
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T gl [ V2
<Cr (VL= IV Fm e + 1V e [ 9m s

HIVU e [V s + V™ [ 2 ||Vkm+||2m>

1
+102<||Vkm+\|iz + IIV'“m_IIQL2> +§ﬁ+u+llvk“u+llia, for k>4.

and the estimats of K3 for k=1,2,3 and K3 are similar, thus we have
el SCT(IIV(Uﬁu*)HmIIV(mﬂm*)llqu HV (" u) 3V (" m )|
HIV(m* m 7 IV (m™ m 7)1 + ||V(u+,u_)|\?fs||V(m+,m_)||?qz)
. -
£ 3O (IF4m 2 194 m 32 ) 5 (35 95
+fz_u—||Vk+1u_H%2), for k=1,2,3,4.
For Ks,
Ka=—Bsn™ (VG VFuT) + Bon™ (VF Gy, V™) (= K3 + K3,
(K3 <Cr (|(VF (g (m*m™)Tm ™ + g (m*,m ™) Vm ™), VFut)|

that is
IK%\SCT[(H(m*,m—)HLw||vk<m+,m—>\|m+||v’“—1<m+,m—>||m||V<m+,m—>||m
+ > ||vl<m+,m*>um||v’f*l<m+,m*>|\m)+(||u+|\m||vku+|\m
1<I<k—2
+ ) ||vlu+||Ls||v’“—lu+HLe+||v’“—1u+HLe||Vu+||La)
1<I<k—2
+(||V(m+,m—)||m||v’fu+||L2+ S IVt m ) s [ VE T | e
1<I<k—3
+||v’“—1<m+,m->||m||v2u+|\m+||vk<m+,m—>||m||Vu+||Lm)|\<m+,m->||m
S OGN TP ) PRERD D L AR TP\ g PR
1<I<k—3
+||v’“—1<m+,m—)||m||Vu+||m)||V<m+7m—>|\m
+ > IV m ) ||l [VET TV (m T m T ) V)| s
2<I<k—2

HIVE @ m )| 2ol [V m 7)ol |Vt o [ [V a2
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SCT(IIV(m+,m Wi IVE(m ™ m ™) |[32 + 1V (0 m ) [ Fp—a [V (mF m7) [
HIVUF [ IVEa 2 + [V e [Vt G + 1V (5 m ) [ [V a1

HIVEF m ) s [Vt s + VE (™ m )2 Va2 |V (7m0

IV m ) o Ve s + S0t 94 [, for k>4
Similarly, we can get the estimates of Ki for k=1,2,3, and K32, thus we have
(Kol <Cr (IV(m* ) s + IV ) s ) (I9.0m m ) s
I ) + [Vt ™) 2 [V (om0
HIVOm* m Y ha) + & (AT I [0 952 for k24
(K| <Cr (IV(m*m ™) s + 19t u) e ) (I9.6m ) e
IV (0 3+ IV @t )V ()

VOt m ) a) + 2 (A IV e+ [V )

for k=1,2,3.4.
And
Kl <5 (Rt IVE [ 95 32 +Cr 9 ) e,
for k>1.
Combining these estimates, we get (3.17). O
LEMMA 3.7. Assume that 76(0,1],|mi|§§, and (m*t,m~,ut,u")e X" is the

solution of (3.14), then we have

1d
77/ ( vt +< |vk b 42304 [VE Tt P 428507 [ VE T | )dx
2dt Jo,

+;;/QL (8ol 741~ g?’vk o 4 Byl O+ 2

ve [ (GUTEm Tt R)ar [ (a9

+ Boit ™~ |VFu 2 ) x

<Cr(I9 (m* m ) 3 + 19 @ ) e ) (1900 m )y + 1V m* m )72
IVt ) ) +Or (19w )z IV (mt o) s + 9520 )11 ),
for k=234, (3.19)

where C' is a constant independent of L and €.

Proof.  Assume that (m™*, m~, ut, u™) is the solution of (3.14). Similar to
the proof of Lemma 3.1, applying V*(k=1,2,3) to (3.14),, (3.14),, (3.14),, (3.14),, mul-
tiplying the results by B18sVFm™, BofaVFm™, BsnTVFut, B VFu~ respectively,
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summing up, then integrating the result over (2 by parts and combining with the
periodic boundary conditions and the Equations (3.14),, (3.14),, we obtain

1
72/ IV’“ 24 (L2 VR 2 4 28y VR P+ 280 VR ) da
1dt /o, B
}i ko~ B3k +12 k 52 2
+4dt <52ﬁ4|v m +ﬂ VEmT? + 81 B3| VEm ™ +5 m~|" | dz
+le/ < 2 vEvmt? +c |v \Y |2>dx
2 Ja, ﬂ
tie / (ﬂzmv’“w+§3kam+|2+ﬂlﬁskam +§2kam|2)dx
Qr, 1

aan [ (€76 Gt am )[RVt P (ATt ) ) do
Qr
o [ (€ re (mtam ) [V P 44 |Fdiva ) da
Qr
:|:—/83’Fl+7'/ (Ot ETVMT 4+0,,- VM) (T VEVuT + (p™ + A7) Vrdivu ) VFut
QL
—ﬁ2ﬁ_7/ (Ot £-VmMT 40, €~ Vm ™) (= VFVu™ + (u~ +17)Vidive ™) VFu~
Qr

+ BsatT / ( ) VIVt Aut + (T + AT Vdive ) VT
QL <1<k

+ fan” 7'/9

- [53<Vk71G1,51Vk+1m+ + B VE ™) 4 B (VF LG, B VT Im™T + 54Vk+1m7>}

( ) VeV (wm Aum 4+ (™ + /\_)Vdivu_)Vku_} dx

L1<i<k

_ [ﬁ3ﬁ+<vk—1é37vk+lu+>+B2ﬁ—<vk—lé4,vk+1u—>}
- [ﬁ3ﬁ+<vk*1r+7vk+1u+>+52n*<vk*1r*,vk+lu*>} = M, + My + M+ M.
(3.20)

Similar to the proof of Lemma 3.4, we have

M| <Crl|V (m* ,m ) | o [V () 292 (™) | e
+CrlIV2 (mm ) 1[IV (™) 2 [V () e
+CrlVA (mm ) 12 192 (™) s [V () e
<Cr(I9(m* m ) 3192 @ u ) e + V2t m )3Vt w32
IV )3 IV ) B ) + & (194 e e 94 3
for £=3.

Similar estimates can be established for k=1,2, then we have

_ - 3
M| <CT|V (m*m 7)1 |V (wF )7 + 2

o (A Ban [ VH | 7
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+ﬁ‘ﬁ2u‘||v’“+1u—|@2), for k=1,2,3.
For M,,
My =—B3(VF1Gy, 1 VR imt 4 BV Im ™) — B (VE Gy, B3 VFH Imt + B,V Im ™)
=M + Mj.
=Bs7(VF(div(mTu™)), 5,V Im T + B,V m )
=Bs7(V(div(mTu®)), 1 Vim* + B, Vim™)
=— 537'/ <u+V3m+ +2Vut Vit +V2utVmt +divet Vimt +2Vdivet vm T
Qr

+V2divu+m+) (61V4m+ +ﬁ2V4m_)dm
SCT(||U+||L°°||V3m+||L2+|\VU+||L6||V2m+||L3+||V2U+\\L6||Vm+||L3
+||V3u+||1;2HerHLoo)||V4(m+,77f)||L2
<CT|VuT || g2 ||V (m ™t ,m ™) |3, for k=3,
then
Mo <O7||V(utu™) || g2 ||V (mT,m™)||%s, for k=1,2,3.
For Ms,
My =—B3n (VF 1G5, VF Ty — Bon™ (VF1Gy, VAT u ™) o= M3 + M3,
|M§|SCT(|<vk—l< o m™ )Vt g (™) V™), VE )
+[(VE RS m)(VmT - V)uT +hd (mT,m™)(Vm™ - V)ut], VFHiyT)|
+[(VF R m 7 )Vm TV +hi (m™,m™)Vm ™ ViuT], VAT
+{VE R (mT,m ™) Vmtdive ™ +h (mT,m ™)V~ diva ], VETL )|
(T (- 9)ut] V).

(m*,
(m*,
+

Thus, we have
M <[ (m* m ) e |72 () g2 + 192 (m m )| [V (m* m 7)o
(et e V20 g + 1V s V20 ) + (1900 m ) oo 907 2
2t ) s 920 o 4+ [ 93 0m* m ) g2 [ Tt e ) 4+ 9 )
Y (O 21 T PR S [ g 2 N g P
<Cr(IVGm* sm )3V ) |32+ 92 0mF m ) |72 (m ) 3

HIVUT [ [VPaF e + [V (™ m )3 Ve[
V2 m ) Ve [ + VP m )2 [ Vet
IV (T, m ) IV (m®m ) 3 [Vt |17

vy

+HV(m+,m’)II§{zIIVQ(m+,m’)II%1IIVQUWIiz)+ Byt [VE ||
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SCT{||V(m+7m_)||§11||V(m+am_)||?{2+||VU+|\12F11||VU+H%12

. . §
+ (IV " m ) e + IV Omtm ) e ) [Vt [ | + 20 B V5t |
for k=3.

Similarly, we can get the estimates of M for k=1,2 and M3, thus we have

[M5] <5 (7" B IV A0t a7 B V532 ) + O (19 om0 e

It u) e ) (190 m ™) e+ 19 m m ) e+ IV ) ),
for k=1,2,3.
And

£/ o . B _
(M| <2 (0 Bt [Vt | 40 B V5 T 2 ) + O[5 0 )

for k=1,2,3.
Combining these estimates and taking k as k—1, we get the (3.19). O
3.3. Existence in bounded domain. In this subsection, we deduce the

existence of the time periodic solution in periodic domain. To begin with, we discuss
the case 7=0, then we prove Proposition 1.1 and Theorem 1.1.

LEMMA 3.8.  When 7=0, we have S((nT,n",w*,w™),0)=0.

Proof.  Applying V¥ (k>1) to (3.1),,(3.1),, (3.1)3, (3.1),, multiplying the results
by B183VFEm™*, BaBsVEM™, BantVFEut, Bon~VFu~ respectively, summing up, then
integrating the result over 2; by parts and combining with the periodic boundary
conditions and the Equations (3.1),, (3.1),, we obtain

lg Bs ko + Ba m= |2 — ik, +12 ok, — 2
14t Jo, (CB [VEm*|? +C5 [VEm ™ 2+ 2850 ViUl 24280 Vi |? | da
lg k, — 53 k, + k 52 k,—12
+4dt </32ﬁ4|v m +ﬁ VEm™T 12+ 8183 VFEm +51V m~|? | dx
1
+7e/ <gﬂ3|vk +|2+< |Vka 2) dz
2 Jo, \" B

1
i, (e

+Bsnt /Q (5(u+\vkw+|2+(u+ A0 VEdivat?)) da

vkvm+\ + 61 83| VFVm T + ? Vka|2) dz
1

+52fr/ (é(mvkvm%(u* +A’)|V’“divu’\2)) dz=0.
Qr
Integrating from 0 to 7', we have

1 T
76/ / 2 vkv +|2+C52\Vka 2 der/ / ﬂgnmﬂv VuT|?
2 Jo Jo, VBa

4 Bor ™y |VEVL |2 )da: <0.
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Then, by the Poincaré’s inequality, we obtain (m™, m™, u™, «~)=0. The proof is
complete. 1]

Proof. (Proof of Proposition 1.1.) Note that, to solve the problem (1.9) is
equivalent to solving the equation

U-SU1)=0, U=(m"m ,ut,u")cxr.

In what follows, we apply the topological degree theory to solve this problem. To begin
with, we show that there exists 19 > 0, such that

(I—-8(-,7))(0By,(0))#0, for any 7€ [0,1], (3.21)

where B, (0) is the ball of radius 79 centered at 0 in X'~. Then, if (3.21) holds, to prove
the existence of the solution, we just need to show

deg(I —S(-,1), By, ,0) £0. (3.22)

Notice that when 7 is suitably small, we have, ||m¥*| <supg<i<r IVmE || g <no <

%. Let My x (3.15) 4 (3.17) + M3 x ((3.16) + (3.19)), for appropriate M;,Ms, and inte-
grating from 0 to 7', then suming up the result for k(k=1,2,3,4). Since 7,7, are suitable
small, we can take

% ﬂz) m My <min(S1,B4),m2M1 < gmln(fﬁu*,ﬁ’u’),

B B

My N
M101§725mln(53n+u+,52n wo).

0, < M

<3 min(

We have
M My¢ [T
1// > 6”33 mt P ¢ 2 vk *IQ)dde 225/ (Bsnpt |Vt
QL1<1<;<4 P 0 S
+Boit | Vu~ 2 dxdt—l—é/ / At VR Lyt
Q

L 1<k<4
T [V T |2)dxdt

SCToiltlgTOIV(er,m_)llm HIV (™ m ) 3 + 1V (w7 e + [V (™ m ™) [

T
IV )l 19 ) s Ve [ (19
. 0
IV ) )t Or [ (10 ) s + 196 )l ) de
. 0
<Or(ui+ni+a)+0r [ 10 s

Then, by the Poincaré’s inequality, we have

T
/0 (It s+ ™ s s+ ™ [ )
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gCT(n3+n§+ng‘) +CT/0T 17 | et (3.23)
By the Mean Value Theorem, there exists a t* € (0,T), such that
(1 W3 i g e e+ ™ 1) )
SCT(T]ngT]S‘wLUS) +CT/0T () 3t (3.24)

Integrating (3.17) from ¢* to t(t€ (¢*,7]), summing up the results for k, using the
Poincaré’s inequality and (3.24), we have

(Mt s+ ™ W e W e 3 ) C,0)
. T
<Cr(u+ag+uf) +0r [0t Bt
0
Using the time periodicity, we have
(1 W3+ i s s+ ™ 1) (-,0)
T
<Cr(+ui+a) +Cr [0+ s,
0

Repeating the above process yields

sup_ (Il * [+ lm™ s+ 137 + ™ |4
0<t<T
T
gCT(n3+n§+n8) +CT/ () | Fsdt. (3.25)
0

T
Suming up (3.23) and (3.25), when / (7 ,77)||%5dt and 1y are appropriately small,
0

we have

T
1
I ™ ) e <O (i) + O [Nt e < 3. (326)

Therefore, (3.21) holds. By Lemma 3.8, we have S(-,0) =0, then using Lemma 2.5, we
have

deg(I-S(-,1),B,,,0) =deg(I —S(-,0),B,,,0) =deg(I,B,,,0) =1,

which implies that problem (1.10) has a solution U = (m™,m™,u™,u™) with | U|| x= <npo.
The proof is complete. a

Finally, we give the proof of Theorem 1.1 by taking limit of the regularized problem
(1.10).

Proof. (Proof of Theorem 1.1.) Assume U.=(mT,m_,ul,u_) is the solution

of the regularized problem (1.10). From the proof of Proposition 1.1, we have

T
s (Ut [ 10Dt < (3.27)
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where 7 is independent of e. Then integrating (3.17) from ¢ to ¢+ h, then integrating
the result from 0 to 7', we have

T
| [ m e+ a9 o [ 19 b9 () )
0

— (Bl [ Bal [V [+ 95 2 [V ) )] de< O,
for k=4, (3.28)

where C' is independent of e. Therefore, there exists a subsequence of U,, denoted by
U.,, such that

(md mg uf ug) > (m™m™ ut u) in L°((0,7); H*(Q));

€37 7€) TEq

(m;,m;,u:,u;)—>(m+,m7,u+,u7) in Lz((O,T);H4(QL)).

Using the Sobolev imbedding theorem to mJ(x,t)€ L°°((0,T); H*(2L)), we have
mt(z,t) e C*(Qr) for a€(0,1) and any t. Next we show that there exists §€(0,1)
such that m7 (z,t) € C#(0,T), precisely

md (z,t1) —mf (2,82)| < Clts — 217,

holds for any ty, to€(0,T),2 €. Take a ball B, of radius r centered at x, with
r=|t1 —t2|", 1 1+3. Recalling (3.12), by Poincaré’s inequality, we have

2 omt (y,
[t =mr iy [ | [ iy

a F(y,t) /2
<C’/ / e y ‘ddt) It1 — to]H/23/2
t1

S C|t1 7t2|1/27‘3/2 :C|t1 7t2| 1+377)/2.

Then, there exists x* € B, such that
Im} (2" t1) = m (27, t2)| S Clty — o] P 3772.
Moreover, we have
Im}(x,t) —mT (z,ts)]
<t (z,t0) —mE (@ 0)| 4+ [mt (@, 80) —mF (&% ta)| + [t (2%, t2) —mF (, to)]
SO([ty —to|" + [ty — t2| 1 730/2) <Oty —tq|*/ (203

Taking 8= 5% €(0,1), we have mJ (z, t) € CP(0,T). In the same way, we have
Img (x1,t1) —mg (22,t2)] < O(|z1 —a2|* +[t1 —1a]7),

lud (z1,t1) —uf (w2,82)| S C |y —a2|* + [t —t2]),
ue (

lug (z1,t1) —ug (v2,t2)| < C(|lw1 — 22|+ [t1 — 12| ).

for a,8€(0,1), where C is independent of e. Thus U, € C*#(Qp x (0,T)). Using the
Arzela-Ascoli Theorem, we have

(mJr mel,ui,uE )= (mT,m”,u,u7), uniformly as e — 0.

We deduce that (m™,m~,u*,u™) is a time periodic solution of (1.9). This completes
the proof. ]



Y.H. WANG AND L. YAO 1301

Acknowledgement. The authors are supported by the National Natural Science

Foundation of China #11571280, 11331005 and FANEDD #201315.

(1]
2]
(3]
(4]
(5]
(6]
(7]
(8]
(9]
(10]
(11]

(12]

[13]
[14]
[15]
[16]
[17]
18]
[19]
[20]
[21]
[22]
23]
[24]

[25]
[26]

27]

(28]

REFERENCES

R.A. Adams and J.J.F. Fournier, Sobolev Spaces, Pure and Applied Mathematics Series, Academic
Press, 2nd Edition, 140, 2003.

J. Bear, Dynamics of Fluids in Porous Media, Dover Civil and Mechanical Engineering Series.
Dover, 1972.

F. Boyer and P. Fabrie, Mathematical Tools for the Study of the Incompressible Navier-Stokes
Equations and Related Models, Appl. Math. Sci., Springer New York, 2012.

D. Bresch, B. Desjardins, J.M. Ghidaglia, and E. Grenier, Global weak solutions to a generic
two-fluid model, Arch. Ration. Mech. Anal., 196(2):599-629, 2010.

D. Bresch, X.D. Huang, and J. Li, Global weak solutions to one-dimensional non-conservative
viscous compressible two-phase system, Comm. Math. Phys., 309(3):737-755, 2012.

J. Brezina and Y. Kagei, Spectral properties of the linearized compressible Navier-Stokes equation
around time-periodic parallel flow, J. Diff. Egs., 255(6):1132-1195, 2013.

H. Cai and Z. Tan, Time periodic solutions to the three-dimensional equations of compressible
magnetohydrodynamic flows, Discrete Contin. Dyn. Syst., 36(4):1847-1868, 2016.

K.C. Chang, Methods in Nonlinear Analysis, Springer Monographs in Mathematics, Springer
Berlin Heidelberg, 2005.

Y.J. Cho and Y.Q. Chen, Topological Degree Theory and Applications, Math. Anal. Appl., CRC
Press, 10, 2006.

H.B. Cui, W.J. Wang, L. Yao, and C.J. Zhu, Decay rates for a nonconservative compressible
generic two-fluid model, SIAM J. Math. Anal., 48(1):470-512, 2016.

R.J. Duan, L.Z. Ruan, and C.J. Zhu, Optimal decay rates to conservation laws with diffusion-type
terms of regularity-gain and regularity-loss, Math. Models Meth. Appl. Sci., 22(7):1-39, 2012.

S. Evje, W.J. Wang, and H.Y. Wen, Global well-posedness and decay rates of strong solutions to
a non-conservative compressible two-fluid model, Arch. Ration. Mech. Anal., 221(3):1285—
1316, 2016.

R. Farwig and T. Okabe, Periodic solutions of the Navier-Stokes equations with inhomogeneous
boundary conditions, Ann. Univ. Ferrara Sez. VII Sci. Mat., 56(2):249-281, 2010.

E. Feireisl, P.B. Mucha, A. Novotny, and M. Pokorny, Time-periodic solutions to the full Navier-
Stokes-Fourier system, Arch. Ration. Mech. Anal., 204(3):745-786, 2012.

G.P. Galdi and H. Sohr, Ezxistence and uniqueness of time-periodic physically reasonable Navier-
Stokes flow past a body, Arch. Ration. Mech. Anal., 172(3):363-406, 2004.

M. Geissert, M. Hieber, and T.H. Nguyen, A general approach to time periodic incompressible
viscous fluid flow problems, Arch. Ration. Mech. Anal., 220(3):1095-1118, 2016.

M. Ishii and T. Hibiki, Thermo-Fluid Dynamics of Two-Phase Flow, SpringerLink: Biicher,
Springer New York, 2010.

C.H. Jin and T. Yang, Time periodic solution for a 3-D compressible Navier-Stokes system with
an external force in R3, J. Diff. Egs., 259(7):2576-2601, 2015.

C.H. Jin and T. Yang, Time periodic solution to the compressible Navier-Stokes equations in a
periodic domain, Ser. B Engl. Ed., Acta Math. Sci., 36(4):1015-1029, 2016.

J. Lai, H.Y. Wen, and L. Yao, Vanishing capillarity limit of the mnon-conservative compressible
two-fluid model, Discrete Contin. Dyn. Syst. Ser. B, 22(4):1361-1392, 2017.

H.F. Ma, S. Ukai, and T. Yang, Time periodic solutions of compressible Navier-Stokes equations,
J. Diff. Egs., 248(9):2275-2293, 2010.

P. Maremonti, Fxistence and stability of time-periodic solutions to the Navier-Stokes equations
in the whole space, Nonlinearity, 4(2):503-529, 1991.

A. Prosperetti and G. Tryggvason, Computational Methods for Multiphase Flow, Cambridge
University Press, 2009.

J. Serrin, A note on the exstencie of periodic solutions of the Navier-Stokes equations, Arch.
Ration. Mech. Anal., 3(1):120-122, 1959.

J. Simon, Compact sets in the space LP(0,T;B), Ann. Mat. Pura Appl., 146(1):65-96, 1986.

M.E. Taylor, Partial Differential Equations II1: Nonlinear Equations, Appl. Math. Sci., Springer-
Verlag New York, 2nd Edition, 117, 2011.

B. Temple and R. Young, Time-periodic linearized solutions of the compressible Euler equations
and a problem of small divisors, SIAM J. Math. Anal., 43(1):1-49, 2011.

K. Tsuda, On the existence and stability of time periodic solution to the compressible Navier-
Stokes equation on the whole space, Arch. Ration. Mech. Anal., 219(2):637-678, 2016.



1302 TIME PERIODIC SOLUTIONS FOR NON-CONSERVATIVE TWO-FLUID MODEL

[29] O. Vejvoda, Partial Differential Equations: Time-periodic Solutions, Martinus Nijhoff Publishers,
The Hague, 1981.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


