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CONVERGENCE OF THE PML SOLUTION FOR ELASTIC WAVE
SCATTERING BY BIPERIODIC STRUCTURES*

XUE JIANGT, PEIJUN LI¥, JUNLIANG LV$, AND WEIYING ZHENGY

Abstract. This paper is concerned with the analysis of elastic wave scattering of a time-harmonic
plane wave by a biperiodic rigid surface, where the wave propagation is governed by the three-
dimensional Navier equation. An exact transparent boundary condition is developed to reduce the
scattering problem equivalently into a boundary value problem in a bounded domain. The Perfectly
Matched Layer (PML) technique is adopted to truncate the unbounded physical domain into a bounded
computational domain. The well-posedness and exponential convergence of the solution are established
for the truncated PML problem by developing a PML equivalent transparent boundary condition. The
proofs rely on a careful study of the error between the two transparent boundary operators. The work
significantly extends the results from one-dimensional periodic structures to two-dimensional biperi-
odic structures. Numerical experiments are included to demonstrate the competitive behavior of the
proposed method.

Keywords. Elastic wave equation; perfectly matched layer; biperiodic structures; transparent
boundary condition.
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1. Introduction

Scattering theory in periodic structures has many important applications in diffrac-
tive optics [7,8], where the periodic structures are often named as gratings. The scatter-
ing problems have been studied extensively in periodic structures by many researchers
for all the commonly encountered waves including the acoustic, electromagnetic, and
elastic waves [1,2,4,5,15,22-24,30,34]. The governing equations of these waves are known
as the Helmholtz equation, the Maxwell equations, and the Navier equation, respec-
tively. In this paper, we consider the scattering of a time-harmonic elastic plane wave
by a biperiodic rigid surface, which is also called a two-dimensional or crossed grating.
The elastic wave scattering problems have received ever-increasing attention in both en-
gineering and mathematical communities for their important applications in geophysics
and seismology. The elastic wave motion is governed by the three-dimensional Navier
equation. A fundamental challenge of this problem is to truncate the unbounded physi-
cal domain into a bounded computational domain. An appropriate boundary condition
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is needed on the boundary of the truncated domain to avoid artificial wave reflection.
We adopt the perfectly matched layer (PML) technique to handle this issue.

The research on the PML technique has undergone a tremendous development since
Berenger proposed a PML for solving the time-dependent Maxwell equations [11]. The
basic idea of the PML technique is to surround the domain of interest by a layer of finite
thickness fictitious material which absorbs all the waves coming from inside the compu-
tational domain. When the waves reach the outer boundary of the PML region, their
values are so small that the homogeneous Dirichlet boundary conditions can be imposed.
Various constructions of PML absorbing layers have been proposed and investigated for
the acoustic and electromagnetic wave scattering problems [10, 12, 19-21, 26, 28, 33].
In particular, combined with the PML technique, an effective adaptive finite element
method was proposed in [6,16] to solve the two-dimensional diffraction grating problem
where the one-dimensional grating was considered. Due to the competitive numerical
performance, the method was quickly adopted to solve many other scattering problems
including the obstacle scattering problems [14,17] and the three-dimensional diffraction
grating problem [9]. However, the PML technique is much less studied for the elastic
wave scattering problems [25], especially for the rigorous convergence analysis. We refer
to [13,18] for recent study on convergence analysis of the elastic obstacle scattering
problems.

Recently, we have proposed an adaptive finite element method combining with
the PML technique to solve the elastic scattering problem in one-dimensional periodic
structures [27]. Using the quasi-periodicity of the solution, we develop a transparent
boundary condition and formulate the scattering problem equivalently into a boundary
value problem in a bounded domain. Following the complex coordinate stretching, we
study the truncated PML problem and show that it has a unique weak solution which
converges exponentially to the solution of the original scattering problem.

This paper’s goal is to extend our previous work on one-dimensional periodic struc-
tures in [27] to two-dimensional biperiodic structures. We point out that the extension
is nontrivial because the more complicated three-dimensional Navier equation needs
to be considered. The analysis is mathematically more sophisticated and the numeri-
cal implementation is computationally more intense. This work presents an important
application of the PML method for the scattering problem of elastic waves.

The elastic wave equation is complicated due to the coexistence of compressional
and shear waves that have different wavenumbers. To take into account this feature,
we introduce two potential functions, one scalar and one vector, to split the wave field
into its compressional and shear parts via the Helmholtz decomposition. As a conse-
quence, the scalar potential function satisfies the Helmholtz equation while the vector
potential function satisfies the Maxwell equation. Using these two potential functions,
we develop an exact transparent boundary condition to reduce the scattering problem
from an open domain into a boundary value problem in a bounded domain. The energy
conservation is proved for the propagating wave modes of the model problem and is
used for verification of our numerical results. The well-posedness and exponential con-
vergence of the solution are established for the truncated PML problem by developing
a PML equivalent transparent boundary condition. The proofs rely on a careful study
of the error between the two transparent boundary operators. Two numerical examples
are also included to demonstrate the competitive behavior of the proposed method.

The paper is organized as follows. In Section 2, we introduce the model problem
of the elastic wave scattering by a biperiodic surface and formulate it into a boundary
value problem by using a transparent boundary condition. In Section 3, we introduce



X. JIANG, P. LI, J. LV, AND W. ZHENG 989

the PML formulation and prove the well-posedness and convergence of the truncated
PML problem. In Section 4, we discuss the numerical implementation of our numerical
algorithm and present some numerical experiments to illustrate the performance of the
proposed method. The paper is concluded with some general remarks in Section 5.

2. Problem formulation

In this section, we introduce the model problem and present an exact transparent
boundary condition to reduce the problem into a boundary value problem in a bounded
domain. The energy distribution is studied for the diffracted propagating waves of the
scattering problem.

2.1. Navier equation. Let r=(z1,22)" and = (z1,29,73) . Consider the
elastic scattering of a time-harmonic plane wave by a biperiodic surface T'y={x €
R3:23=f(r)}, where f is a Lipschitz continuous and biperiodic function with pe-
riod (A1,A2) in (21,22). Denote by Q;={xz€R3:23> f(r)} the open space above I';
which is assumed to be filled with a homogeneous isotropic linear elastic medium. Let
h be a constant satisfying h>max,cg2 f(r). Denote Q={xcR3:0<x; <A;,0<25<
Ao, f(r)<as<h}and I ={x€R3:0<x; <A1,0<x9 <Ag,z3=h}. Let Q) ={xcR3:
0<z1<Ay,0<z3<Ay,x3>h} be the open space above I',. The problem geometry is
shown in Figure 2.1.

Fic. 2.1. The problem geometry.

The propagation of a time-harmonic elastic wave is governed by the Navier equation:

pAu+A+p)VV-u+w?u=0 in Q, (2.1)

where u = (ul,u27U3)T is the displacement vector of the total elastic wave field, w >0 is
the angular frequency, i and A\ are the Lamé constants satisfying u >0 and A+ > 0.
Assuming that the surface I'y is elastically rigid, we have

u=0 onIYy. (2.2)
Define
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which are the compressional wavenumber and the shear wavenumber, respectively.
Let the scattering surface I'y be illuminated from above by a time-harmonic com-
pressional plane wave:

uinc (w) _ qeiqu7

where g = (sinf; cosfs, sinfq sin927—(30501)—'— is the propagation direction vector, and
01,02 are called the latitudinal and longitudinal incident angles satisfying 6; €
[0,7/2),02 €[0,27r]. It can be verified that the incident wave also satisfies the Navier
equation:

AU+ A+ p)VV - w4 0?um =0 in Q. (2.3)
REMARK 2.1.  The scattering surface may be also illuminated by a time-harmonic
shear plane wave:
uinc :peif{zm-q7

where p is the polarization vector satisfying p-q=0. More generally, the scattering sur-
face can be illuminated by any linear combination of the time-harmonic compressional
and shear plane waves. For clarity, we take the time-harmonic compressional plane wave
as an example since the results and analysis are the same for other forms of the incident
wave.

Motivated by uniqueness, we are interested in a quasi-periodic solution of w, i.e.,
u(x)e '*7 is biperiodic in x; and x, with periods A; and As, respectively. Here
a=(a1,as) " with a; =rysinf; cosfy,as = kysinf; sinfy. In addition, the following ra-
diation condition is imposed: the total displacement w consists of bounded outgoing
waves plus the incident wave in Q.

We introduce some notation and Sobolev spaces. Let u= (U17u2,U3)T be a vector
function. Define the Jacobian matrix of u:

8&21”1 8@:2”1 8$3u1
Vu= |0z uz Op,us Oy, Us
axl US aﬂ;g u?) 81‘3 u?)

Define a quasi-biperiodic functional space

Hép(Q) ={ue H'(Q):u(x1 +n1A1,22+n2A2,23)

=u(xy,@g,x3)e M tineocds) () )T €72},

which is a subspace of H'(£2) with the norm |- || g1 (q). For any quasi-biperiodic function
u defined on I'y, it admits the Fourier series expansion:

u(r.h)= 3wl (e,

nez?

where a(®) = (agn),aén))T,a(ln) =a1+ 27m1/A1,a§") =+ 21N /Ag, and

u™(h) = L /A1 /A2 u(r h)e_io‘(")'rdr.
MAs Jo  Jo 7




X. JIANG, P. LI, J. LV, AND W. ZHENG 991

We define a trace functional space H*(I';) with the norm given by
) N\ 172
el = (Arhz 3 (1™ )l () )

nez?

Let Hcllp(Q)?’ and H*(T';)? be the Cartesian product spaces equipped with the corre-
sponding 2-norms of Hép(Q) and H*(T'), respectively. It is known that H~%(T';,)3 is
the dual space of H*(I',)® with respect to the L?(T';)? inner product

<u,v>ph:/ u-vdr,
Tn

where the bar denotes the complex conjugate.

2.2. Boundary value problem. We wish to reduce the problem equivalently
into a boundary value problem in € by introducing an exact transparent boundary
condition on IY,.

The total field w consists of the incident field u™® and the diffracted field v, i.e.,

u=u""4v. (2.4)

Subtracting (2.3) from (2.1) and noting (2.4), we obtain the Navier equation for the
diffracted field v:

pAUV+ A+ ) VV-v+w?v=0 in Q. (2.5)

For any solution v of (2.5), we introduce the Helmholtz decomposition to split it into
the compressional and shear parts:

v=Vo+Vx1h, V-h=0, (2.6)

where ¢ is a scalar potential function and % is a vector potential function. Substituting
(2.6) into (2.5) gives

(A+2u)V (Ap+K7T0) +uV x (A +K39p) =0,
which is fulfilled if ¢ and 1 satisfy the Helmholtz equation:
Ap+r2p=0, Atp+riap=0. (2.7)

It follows from V-1 =0 and (2.7) that the vector potential function 1 satisfies the
Maxwell equation:

V x(V x)—k3tp=0.
By (2.4) and (2.6), we have
v=Vp+Vx1hp=—u" on Ty

Taking the dot product and cross product of the above equation with the unit normal
vector v on I'y, respectively, we get

au¢+(v><'(/}).u:_uinc.y7 (VXQ/’)XV+V¢XV:—uinCXV,
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which are the boundary conditions of ¢ and 1 on I'y. The Helmholtz decomposition
and corresponding boundary conditions for the potential functions can also be found
in [29,31] for the elastic obstacle scattering problems.

Since v is a quasi-biperiodic function, we have from (2.6)—(2.7) that ¢ and ¥ =
(11,92,103) T are also quasi-biperiodic functions. They have the Fourier series expan-
sions:

o(x)= Z ) (xS)eia("),r7 ¢(n) (€)= Z ’lﬁ(n)(xg)eia(")"“,

nez? nez?

Plugging the above Fourier series into (2.7) yields

A26™ (2 N2 2™ (x WN2. ) (n
T 4 ()20 ) =0, LD 4 ()20 ) =0,
I3 I3
where
g [ =1a®P) et < (23)
i(ja™pPE—r) " ja™] >k, '

j=1,2. Note that ﬁ%o) =B =r1cosb;. We assume that r;#|a,| for all n€Z? to ex-
clude all possible resonances. Noting (2.8) and using the bounded outgoing radiation
condition, we obtain

O (13) = M (R)eHPL” @a=h) (M) (35} = qp(™) () iBE" (wa=h)

Hence we deduce Rayleigh’s expansions of ¢ and v for x3 > h:

da)= 3 o (il e wom),

n€eZ?

Ppx)=) ¢(n)(h)ei("‘(")"”*ﬂ;n)(“‘h)).

nez?

Combining the above expansions and the Helmholtz decomposition (2.6) yields

alm
o(@) =13 |a| o () (e 7ol @)
nez? BYL)
oy (h) — B g (h)
B0 () = a (| (e ) (g )

oMy (h) —adM ™ (h)

On the other hand, as a quasi-biperiodic function, the diffracted field v has the
Fourier series expansion:

v(r,h)= Z v(")(h)eio‘(")'r. (2.10)

nez?
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It follows from (2.9)—(2.10) and V-t =0 that we obtain a linear system of algebraic
equations for ¢ (h) and w,(cn)(h):

o 0 =g el | TR e (h)

o B 0 —a| e |uon o)
R N N N EC S (O B PRI |
0 agn) ag") é") wé”)(h) 0

Solving the above linear system directly via Cramer’s rule gives

n i n n n n n n
O (h) ==~ (0" () + 0ol () + 57 0f ()

0 ) == 5 (ol (B = Aol 1)

+[(af")2857 + (ol 281" + 8 (85)?] 0y () /5 — a§ ™ ()
é“(h)zfxfn)(f[(a&"))? M (0285 4+ 8 (850l () /53

— 0oV (81" = B )8 () /5 -0l (1)
U (0=~ = (0 0{") () ool (),

where
X™ =™ 248 5. (2.12)

It is shown in Proposition A.1 that x(™ #£0 for n € Z2.
Given a vector field v = (v1,v2,v3) ", we define a differential operator 2 on I'j:

D=0y, v+ A+ p)(V-v)es, (2.13)

where ez =(0,0,1)T. Substituting the Helmholtz decomposition (2.6) into (2.13) and
using (2.7), we get

D0 =118, (Vo +V x 1b) — (A +p) i des.

It follows from (2.9) that

") (h)
R I
T n n n n n 1
(7o) = a8 @70 a0 @)
(B2 _alM g oM gm 0 2
2 2 P2 1 P2 ),
5 (h)

By (2.11) and (2.14), we deduce the transparent boundary conditions for the
diffracted field:

Pv=Tv:= Z MMp™) (p)ele e on Iy,

nez?
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where the matrix

(n) —
M o X(n)

(o4 (8" 55" +85X ™ alPag? (8 —5") af B (8"~ 55")
ooy (B 51" (VB - )+ 85X 0 (B - L)
—ai™ By (8" - 85") —ag By (61" - 83") w3y

Equivalently, we have the transparent boundary condition for the total field w:
PYu=Tu+g on Iy,
where

;. ,23(0)
g= @uinc - guinc = _%(aha% _ﬂéo))Tei(a1$1+a2x2—ﬁ§0)h).
R1X

The scattering problem can be reduced to the following boundary value problem:
pAu+ A+ p)VV-u+w?u=0 in Q,

Du=Tu+g on I'p, (2.15)
u=0 onI'y.

The weak formulation of (2.15) reads as follows: to find we Hj,(€2)® such that
a(u,v)=(g,v)r,, V’UEHép(Q)B, (2.16)

where the sesquilinear form a: Hj,(Q)* x H} (Q)? —C is defined by

a(um):,u/QVu:V@daz—i—()\—l—u)/Q(V~u)(V~T))dw
—w{/ﬂu-@dm—(ﬂumﬁh. (2.17)

Here A: B=tr(ABT") is the Frobenius inner product of square matrices A and B.

In this paper we assume that the variational problem (2.16) admits a unique solu-
tion. It follows from the general theory in [3] that there exists a constant «; >0 such
that the following inf-sup condition holds:

a(uw,v
sup M Z%HU”HI(Q)S’ VUEHép(Q)g' (2'18)
o£verl (@) vl m @)

2.3. Energy distribution. = We study the energy distribution for the scattering
problem. The result can be used to verify the accuracy of our numerical method for
examples where the analytical solutions are not available. In general, the energy is
distributed away from the scattering surface through propagating wave modes.

Consider the Helmholtz decomposition for the total field:

u=Vo'+Vxy', V-up'=0. (2.19)
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Substituting (2.19) into (2.1), we can similarly verify that the scalar potential function
#% and the vector potential function " satisfy

Ap'+ K1 =0, Vx(Vxyp')—k3p'=0 in Q.
We also introduce the Helmholtz decomposition for the incident field:
uinczv¢inc+v ><1‘binc, v.,l/)inczo,

which gives explicitly that

’ 2

d)inc:_%v.uinc:_iei(a-rfﬁzg) ,(pinczivxuinc:().
K3 K1 K3

Hence we have
R )

Using the Rayleigh expansions, we get

(bt(w) :aoei(a'r—ﬁms) + Z a}gn)ei(a(n).r-f—ﬁi")xg) (2.20)
nez?
P (z)= ) pm i (™ r4852s) (2.21)
nez?
where
do=—-my af =M e B =) (e
1

The grating efficiency is defined by

o _ Ba P B (2.22)
! Blagl? Blaol?

where e§”> and eén) are the efficiency of the n-th order reflected modes for the compres-

sional wave and the shear wave, respectively. In practice, the grating efficiency (2.22)
can be computed from (2.11) once the scattering problem is solved and the diffracted
field v is available on I'},.

THEOREM 2.1. The total energy is conserved, i.e.,

Z eﬁ”)+ Z 6(2") =1,

nel; nelUs
where U; ={n€Z?:|a\™| <k}, j€{1,2}.

Proof. Tt follows from the boundary condition (2.2) and the Helmholtz decompo-
sition (2.19) that

Vo' +V xp'=0 onTy,
which gives

vVt +v-(Vxap')=0, vxVe'4+vx(Vx')=0.
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Here v is the unit normal vector on I'y.
Consider the following coupled problem:

{A¢t+n%¢t—0, VX (Vx9p')—r3p' =0 in &, (2.23)

v-Voi+v-(Vx9p')=0, vxVe'+vx(Vxy')=0 onI'y.

Note that (qZ)t,Q,_bt) also satisfies the problem (2.23) since the wavenumbers x; are real.
Using Green’s theorem and quasi-periodicity of the solution, we get

0=/ (&tAw—wAét)dw—/ (-7 x (V xapt) — -V x (V x ) )deo
Q Q

=/ (étﬁuqﬁt—qﬁt@uét)dv—/ (@' (X Vxgp') =t (v x V x'))dy
r; r

f
4 / (8400y6" — 605, 3)dr
T'n

_/ (P (e5 x Vx ') —ap'- (3 x V x 4p"))dr. (2.24)
IS
It follows from the integration by parts and the boundary conditions in (2.23) that
[ osdtar——[ v (vxuhia
Ly Ly
= [ Pt wxVMdy=— [ ¥' @ x(VxP))dy,
Ly Ly
which gives, after taking the imaginary part of (2.24), that

Im [ (¢'8,,¢" — 9" - (e3x V x*))dr =0. (2.25)

T'n

Let Ag") =[x2—|a(™|?|*/2. Note that ﬂ;TL):A§-7L) for neU; and B;n):iAgn) for
n¢U;. It follows from (2.20) and (2.21) that we have

)T 5 1 13) 5 o -s00)
nelU; ’I’L¢ U,

B (r,h) = Z () (ie™ riafn) n Z b(n)e(ia("’)-rfA(Z")h)7

neUz ng¢Us

and

axg¢t (T,h) _ iﬂaoei("""_ﬁh) + Z iAgn)agn)e(ia(n)_7.+1A§n)h)
neU;

(n) () (ia™.r—an)

- Z Ajay e )

ng¢U;
. iagn)bgn) _iAgn)bgn) o ria 1)
e3x (Vxip'(r,h)= > [ial™p" —iAlp{™ | e :
nelUs O
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1009 b3 +A2 bl o o
3 a6 £ A lia®r-afn)
n¢Us 0

where (™) = (bg"),bén),bgn))—r. Substituting the above four functions into (2.25), using
the orthogonality of the Fourier series and the divergence free condition, we obtain

Blaol* =3~ AIai P+ 37 ATBOP,
nel nelsz

which completes the proof. O

3. The PML problem

In this section, we introduce the PML formulation for the scattering problem and
establish the well-posedness of the PML problem. An error estimate will be shown for
the solutions between the original scattering problem and the PML problem.

3.1. PML formulation. Now we turn to the introduction of an absorbing
PML layer. The domain §2 is covered by a PML layer of thickness § in ;. Let
p(7)=p1(7)+ip2(7) be the PML function which is continuous and satisfies

p1=1, pa=0 fort<h and p1>1, p2>0 otherwise.

We introduce the PML by complex coordinate stretching:

I3 :/0303 p(T)dr. (3.1)

Let & = (r,%3). Introduce the new field

(@)= {uim(w)ﬂu(ﬁ:)—uifw(ﬁ:)), z e, 652)

u(Z), T el

It is clear to note that 4(x) =u(x) in Q since £ = in Q. It can be verified from (2.1)
and (3.1) that @ satisfies

ZL(u—u™)=0 in Q.

Here the PML differential operator

Lu= (w17w27w3)—r7

where

wy =(A+20)2,, ur + (92, 1+ (23) Dy (p 7L (23) Dy ur))
+ (>\+u)(8§1m2u2 +p71(m3)621m3u3) +w?uq,

wo =(A+20)02_, s+ (D2, us+p L (23)0y (07 (23) Dy uz))
+ A+ ) (02, yur +p~ Has)02, 4, us) +wus

wy =(A+20)p " (23) 0y (07 (23) Dy iz ) + (02, us + 02,4, u3))
+ A+ )~ (@3)(92, 4y ur + 02, u2) +wPus.
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Define the PML regions
OPML — (2 cR?:0 <21 <Ay,0<xy <Ay, h<z3<h+d}.

It is clear to note from (3.2) that the outgoing wave @(x) —u'"(x) in Q) decay expo-
nentially as x3— 400. Therefore, the homogeneous Dirichlet boundary condition can
be imposed on

IPME — (2 e R3:0 <2y <Ay, 0< 29 <Ag,z3=h+6}

to truncate the PML problem. Define the computational domain for the PML problem
D=QUOQPML We arrive at the following truncated PML problem: to find a quasi-
periodic solution @ such that

, (3.3)

where

- juinc in QPML,
9= 0 in Q.

Define Hj (D) ={ue H} (D):u=0 on T"MUT;}. The weak formulation of the

PML problem (3.3) reads as follows: to find @e H} (D)? such that @=wu™" on "M
and

bD(ﬂ,v):f/g"Dd:c, VUGH&qp(D)S. (3.4)
D

Here for any domain G CR?, the sesquilinear form bg : H),(G)? x H} (G)? = C is de-
fined by

ba (u;v) :/ ()\4—2/1,)(8331@&1611’[)1 +(9IZUQ812’[72 + (p_1)28m3u3813173)
G

A 11Oy 1 Oy U1 + Oy U205, Vg + Oy U3 0, U3 + Oy 30, U3)
+1(p™ 1) (0 11 Oy U1 + Oy U Oy V) + (N 1) Dy U O, Dy + Doy U1 O, V)
+ (A1) p ™ (0 304, U1 + Oy 30y U + Oy U1 Orpy U3 + iy U2 Oy, T3 )
—w?(uy 1 4 ugy +ustz) de.
We will reformulate the variational problem (3.4) in the domain D into an equivalent
variational formulation in the domain €2, and discuss the existence and uniqueness of

the weak solution to the equivalent weak formulation. To do so, we need to introduce
the transparent boundary condition for the truncated PML problem.

3.2. Transparent boundary condition of the PML problem. Let v(x)=
v(2) =u(2) — Uinc(2) in QPME. Tt is clear to note that @ satisfies the Navier equation
in the complex coordinate:

A+ A+ ) VeV o +w?o=0 in QPML (3.5)

where Vg = (0s,,0u,,08,) " with 9z, = p~1(23)0y,.
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We introduce the Helmholtz decomposition for the solution of (3.5):

b=Vad+Vexp, Vo 1h=0, (3.6)
Plugging (3.6) into (3.5) gives
Azd+r1p=0, Agth+rip=0. (3.7)
Due to the quasi-periodicity of the solution, we have the Fourier series expansions
@)= " (zs)e
nez?

and

P(@)= D (D" (w3), 05 (ws), 05" (ws)) el

nez?

Substituting the above Fourier series expansions into (3.7) yields
d d - ~in
P (07 8 )+ (B2 ) =0
and

., d

d - .
-1 (n) (n)y2,7(n) _
P dxg (p 7dx3 . (xg)) +(By ) by (23) =0, k=1,2,3.

The general solutions of the above equations are

G (13) = AT B [ p(r)aAT | () o=iB{") [77 p(r)dr
{iﬁwgzﬁmw@m%ww+p<—wwfpmw. (38)
Define
) €3
= /h p(r)dr,  Clas) = /h p(7)dr. (3.9)

The coefficients A B, C,g"),D,g") can be uniquely determined by solving the fol-
lowing linear system:

AMXM =y, (3.10)
where
X = (A B o™ piW o™ pi o piyT
V) = —i(u{™ ()05 (h), 05" (h),0,0,0,0,0) ",
and

ATy ATy

A —
Ay AL
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Here the block matrices are

agn) agn) 0 0
o | a8 ot g —p
A= (n) (n) () _ ]|’
1 -5 —Qy T Ty
alMeifi"¢ aﬁ")e—iﬁi"’f 0 0
_ ) _
S R A,
a(ln) agn) 0 0
B O
'aén)eiﬁf")g agn)e—i6§")c ﬂén)eiﬁén)g 75571)671@”)(_
. B itV ¢ B e8¢ _eifC _gpemifse
A = )
21 0 0 agn) agn)
0 0 et ¢ oM e=iae
[0 0 fozgn)eiﬁén)C 7a§")e*iﬁé"’<'
n) i (n) n) _j (n)
= (n) (n) (n) _pm
(eh) Gy 52 52
o687 af e iole e peintc|

To obtain the above linear system (3.10), we have used the Helmholtz decomposition
(3.6) and the homogeneous Dirichlet boundary condition

o(r,h+6)=0 on I'PME

due to the PML absorbing layer.
Using the Helmholtz decomposition (3.6) and (3.8), we get

Mo (™)

231

(@) =i 3 [ af | AW (@™ il 72 otriar)
nez? (n)
1

- agn)

| o | B (@™ r=a i o(rar)

g™
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'aén)cén) 7ﬂ§n)cén)
| B0 — oo | (e s i pr)ar)

_ agn)D§7L)+ﬂén)D£n)
il . g™ = dr
b |- D oD | e A ) (g )

i agn)Dgn) . Oéén)Dgn)
It follows from (3.11) that we have

Do =185, 0+ (A +p)(V-D)es = Y pPMIXMela™ = on T

nez?
where
P —
OB B 0 0 (R (P —aR oA
oy B a8 (552 (82 0 0 ag" —aiVp
AP (B of B a8 el o 0o

Combining (3.11) and (3.10), we derive the transparent boundary condition for the
PML problem:

D= gFMLg . Z M(n)f)(n)(h)eia(")-r on Ty,
nez?
where the matrix
- (n) m(n) m(g)

N = | <n> 7l )

Here the entries of M(™) are
iy = [ (@) (B = 557+ X ™) () 1)

(a2 (6200 () 1) ~2(af)2 5™,
(m) ()

~(n ~(n I/LO‘ n n n n
mﬁz)Zmél)—W[x (B = 85" (™ + 1) —2xW g™

—4B{" (872000 )+ 1)~ 287 87 (81— B .

(n) 5(n)
~(n ~(n 1/1404 ﬁ n n n n n n
mgS) £(’>1)_ (i)f((i) [X( )( % )_ﬁé ))+2ﬂ£ )(53_2(ﬂ§ ))2)9( ):|a

~ (N 1 n n n n
gy =L (260 — B57) + 657 XN + 1)
xR



1002 ELASTIC WAVE SCATTERING BY BIPERIODIC STRUCTURES
+4(af™)280 (857200 () 4+ 1) — 2028 k3™ |,

s (1) p(n)
- (n L (n) _ ipag n n n n n n
i) = — iy = H22 [ (81— ) 280 (55 - 2(8) )0

NN
-y _ iP5 K3 (n) ((n) (n) 5(n) (n)
M3 :W[X (e +1)=28,"8y 0|,

where
£(n) 9B ¢ J (=185 C iy
g :(eiﬁéﬂ)c _ 61[35”)4)2/((1 _ 62iﬁ§")C)(1 _ 62i5§")<))7
n o) o) o o)
rrl( ) :(62 By ¢ —62 By C)/((l —62 B C)(l —62 Bs C))’
A1) — (21 B CY2 (1 2B C) (1 _ 188 €)2),
£ =X 4 (") + (o57)?) BT 8570 /X .
Equivalently, we have the transparent boundary condition for the total field u:

D= Mg+ g™ on Ty,

where g"™M = P4 — T PME G

The PML problem can be reduced to the following boundary value problem:

pAUPME + (A ) VV - uPME 4 2uPME =0 in Q,

GuPML — yPMLuPMLJrgPML on I'y, (3,12)

PML
=0

u on I'y.

The weak formulation of (3.12) is to find u"* e H} (€)? such that
a"ME(uME p) = (g"™ME v)p, VUGHQP(Q)?’, (3.13)

where the sesquilinear form "% : H} (Q)% x H} (€2)? — C is defined by

PMLuv: uw:Vodx ‘U ‘v)dx
AP (1 ) u/Qv Vd+<A+u>/ﬂ<v )(V-5)d

fwz/ui;da:f(ﬁPMLu,v}ph. (3.14)
Q

The following lemma establishes the relationship between the variational problem
(3.13) and the weak formulation (3.4). The proof is straightforward based on our con-
structions of the transparent boundary conditions for the PML problem. The details of
the proof are omitted for simplicity.

LEMMA 3.1. Any solution @ of the variational problem (3.4) restricted to Q is a
solution of the wvariational (3.13); conversely, any solution u"™¥ of the variational
problem (3.13) can be uniquely extended to the whole domain to be a solution & of the
variational problem (3.4) in D.
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3.3. Convergence of the PML solution. Now we turn our attention to
estimate the error between u"™ and u. The key is to estimate the error of the boundary
operators .7 "MY and 7.

Let
A7 :min{ASm nels}, A :min{AE") n¢U;},
where
AT = 15— P2, U= (e <}
Denote
48(49+Kk3)7/? 1 1 1
K:7( +2K2) max{ - T Y IS )
K1 eAllmC—l (e§A11m<—1)2 (eEAllmC—l)B
1 1 1
eAFRe¢ _ 1’ (eéA;Re(_l)Q’ (e%A;Rec_l)B’
1 (e—ATReC_i_e—A;ImC)2
eAyIm¢ _ 1’ (1_6—2A1+1m<)(1 _6—2A;Reg)27 }

The constant K can be used to control the modeling error between the PML problem
and the original scattering problem. Once the incoming plane wave u!™° is fixed, the
quantities AJ»_,A;F are fixed. Thus the constant K approaches to zero exponentially as
the PML parameters Re¢ and Im(¢ tend to infinity. Recalling the definition of ¢ in (3.9),
we know that Re¢ and Im( can be calculated by the medium property p(xs3), which is
usually taken as a power function:

.’173—]1

p(xg)zl—i—o( ) ifxs>h, m>1.

Thus we have

Reo Imo
Re(= (1+ m+1> 6, Im(= (m+1> 0.

In practice, we may pick some appropriate PML parameters ¢ and § such that Re( > 1.
LEMMA 3.2.  For any w,v € H} (), we have

[(ZPME = T)uo)r, | < Klullz,sllvl e, e

where IA{:lllu?K/,i‘ll_
Proof. For any u,v€ H, ;p(Q)z)’, we have the following Fourier series expansions:
wlr )= 3w, o h) = 3 o e,
neZ? nez?

which gives

lullZer,)e =Ahe Y [l ()P, lwllZar, ) =Md2 Y ™ (R)P.

nez? nez?
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It follows from the orthogonality of Fourier series, the Cauchy—Schwarz inequality, and
Proposition A.3 that we have

(77— T)u,v)r,

(A 3 (1 — K™ (1) -fu(”)(h)‘

nez?
. 1/2 1/2
< (Maks 2 MO MO m)P) " (A0ks Y w0 (0)P)
nez? nez?
<K|lullz2my)sllvll 2 r,ys
which completes the proof. ]

Let a=min{f(x):x€Tls}. Denote Q:{w€R3:0<x1<A1,0<x2<A2,a<x3<

h}.

LEMMA 3.3.  For any we H} (Q)*, we have

lwllz2r,)s <Ml gz, s <vellullm s,

where o = (1+(h—a)~)1/2.

Proof. A simple calculation yields

(h—a)|u(h /|ux3|dm3+// L) Pdedas
/|u ) Pz + (h— a)/a 2u(t)][u ()],

which gives by applying the Young’s inequality that

(bl P <80+ 1) [ o Pars [ ar

Given u e H},(Q)?, we consider the zero extension

. u in Q,
u= J
0 in Q\Q,
which has the Fourier series expansion
u(x) = Z al™ (;Ug)eio‘(n)'r in €.
nez?
By definition, we have
1121720, s = Arda 37 (1™ 2)12at) ()2
nez?
and

||u||H1(Q 3 —A1A2 Z / 1—|—|a(n)| |U (,’1’]3)|2+|u(n)’(x3)|2d$3.

nez?
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The proof is completed by combining the above estimates and noting ||u||i11/2(rh)3 =
”u”Hl/z (Th)? and ||u||§{1(9)3 ||u||H1 (€)3 a

THEOREM 3.1.  Let v and 72 be the constants in the inf-sup condition (2.18) and in
Lemma 3.3, respectively. If Kv3 <+, then the PML variational problem (3.13) has a

unique weak solution uP™MY, which satisfies the error estimate
PML
a(u—u ,U ;
|u—u"™Mlg:=  sup o ) <YK [ uP™ME — | 2, ys,  (3.15)
0£VEHL, (Q)3 ||U||H1(Q)3

where w is the unique weak solution of the variational problem (2.16).

Proof. It suffices to show the coercivity of the sesquilinear form a"™U defined
in (3.14) in order to prove the unique solvability of the weak problem (3.13). Using
Lemmas 3.2, 3.3 and the assumption K~3 <~1, we get for any u,v in H} (Q)* that

"M (w,0)| > |a(w,v)| = (T = T)u,v)r, |
> la(w,v)|— K33 lull g o]l g )

> (1 —KVS)HUHHI(Q)S vl 1 ()3 -

It remains to show the error estimate (3.15). It follows from (2.16)—(2.17) and (3.13)—
(3.14) that

a(u—u™" v) =a(u,v) —a(u™",v)
:< > <fPML,’U>]jh+aPML(UPML,U>—@(uPML,U)
— <(yPML )uinc7,v>1_‘h _ <(3PML _ y)’U/PML,’Uh“h
:<(y prL)(UPML—UinC),v>Fh,
which completes the proof after using Lemmas 3.2 and 3.3. O

We remark that the PML approximation error can be reduced exponentially by
either enlarging the thickness ¢ of the PML layers or enlarging the medium parameters
Reo and Imo.

4. Numerical experiments

In this section, we present two examples to demonstrate the numerical performance
of the PML solution. The first-order linear element is used to solve the problem. Our
implementation is based on parallel hierarchical grid (PHG) [32], which is a toolbox
for developing parallel adaptive finite element programs on unstructured tetrahedral
meshes. The linear system resulted from finite element discretization is solved by the
Supernodal LU (SuperLU) direct solver, which is a general purpose library for the direct
solution of large, sparse, nonsymmetric systems of linear equations.

FEzxample 1. We consider the simplest periodic structure, a straight line,
where the exact solution is available. We assume that a plane compressional
plane wave u"®=gqe!(®7=F¥3) is incident on the straight line x3=0, where
a=(ay,as) a1 =k sind; cosby,as = k1 sinfd sinby, 3= k1 cosbr,q=(q1,q2,q3),q1 =
sinf; cosfsy,qs =sinb, sinfy,q3 = —cosby,0, €[0,7/2),05 € [0,27] are incident angles. It
follows from the Navier equation and the Helmholtz decomposition that we obtain the
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FiG. 4.1. The mesh and surface plots of the amplitude of the associated solution for the scattered
field vEML for Example 1: (left) the amplitude of the real part of the solution [RevP™ML|; (right) the

amplitude of the imaginary part of the solution \ImUEMLL
11 0.06
N
1 0.05
3
0.9 — Total efficiency S 0.04
2 - - - Compressional wave ;:E :
go8r Shear wave °
g % 0.03
£ 0.7 2
u c 0.02
0.6 2
w
0.5 /=== 001
0.4 0
0 1 2 3 4 5 0 1 2 3 4 5
Number of nodal points x10° Number of nodal points x10°

Fic. 4.2. Grating efficiencies and robustness of grating efficiency for Example 1.

10
EPSRTTETATIN -~ —e—II0(uully
——slope -2/3 —— slope -1/3
- L 10°°
= o
= -2 =
¢ 10 5
o, T
1070 7
10*0.9
1075 - 5 5 3 7 5 o
10 10 10 10 10 10 10 10
Number of nodal points Number of nodal points

FIG. 4.3. Quasi-optimality of L?- and H'- error estimates for Example 1.

F1G. 4.4. Geometry of the domain for Example 2.
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1.2 0.2
1 L
— 30.15
—— Total efficiency 8
3 osf - - - Compressional wave £
S S RN Shear wave °
2 h < 01
Sl 2
£ 06 b
TN 5
"""""""" 5 0.05
0.4} .
0.2 0
0 2 4 6 8 0 2 4 6 8
Number of nodal points x 10° Number of nodal points 5
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Fic. 4.5. Grating efficiencies and robustness of grating efficiency for Example 2.

Fic. 4.6. The mesh and surface plots of the amplitude of the associated solution for the scattered
field 'UIZML for Example 2: (left) the amplitude of the real part of the solution |Rev£ML|; (right) the
amplitude of the imaginary part of the solution \ImvEMLL

exact solution:

bs— 35
a1 ) 2bs — B3 b2 ) ©
w(x) =u"(x)+i|ag | ael@mH87s) i 8% — o bs ellar+hsas)

B a1by —asby

where (a,b1,b2,b3) is the solution of the following linear system:

o 0 =8 a2 ] [a Q
o 550) 0 —ai| || |
B —az a1 O ba - q3
0 a1 o éo) bs 0

Solving the above equations via Cramer’s rule gives

a= i (01% + aoqe +6§0)Q3)
b1:§<a1a2<5—6§°)>q1/n3+[<a1>2 O+ (a2)2B+ B(B)? g /K3 — v2as)
b=~ (= [(01)5+ (0B +8(55" P/ (5= 557 a5+ )
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bs = /%% (02q1 —01¢2),

where
x= (> +8857).

In our experiment, the parameters are chosen as A=1,u=2,0; =0y =7/6,w = 2.
The computational domain Q= (0,1) x (0,1) x (0,0.6) and the PML domain is QPMl'=
(0,1) x (0,1) x (0.3,0.6), i.e., the thickness of the PML layer is 0.3. We choose o =25.39
and m =2 for the medium property to ensure the constant K is so small that the PML
error is negligible compared to the finite element error. The mesh and surface plots of the
amplitude of the field ’UIZML are shown in Figure 4.1. The mesh has 57600 tetrahedrons
and the total number of degrees of freedom (DoFs) on the mesh is 60000. The grating
efficiencies are displayed in Figure 4.2, which verifies the conservation of the energy in
Theorem 2.1. Figure 4.3 shows the curves of Ny, versus |[u—uglo o, i-e., L*-error, and
|V (u—uy)loq, i.e., H'-error, where Ny, is the total number of DoFs of the mesh. It
indicates that the meshes and the associated numerical complexity are quasi-optimal:

lu—ukllo.0 :O(lez/g) and ||[V(u—wug)lo.0 :O(N,;l/g) are valid asymptotically.

Ezxample 2. This example concerns the scattering of the time-harmonic com-
pressional plane wave u"® on a flat grating surface with two square bumps, as seen
in Figure 4.4. The parameters are chosen as A=1,u=2,0; =0=m/6, w=27. The
computational domain is Q=(0,1) x (0,1) x (0,1) and the PML domain is QFPML=
(0,1) x (0,1) x (0.5,1.0), i.e., the thickness of the PML layer is 0.5. Again, we choose
0=28.57 and m=2 for the medium property to ensure that the PML error is neg-
ligible compared to the finite element error. Since there is no analytical solution for
this example, we plot the grating efficiencies against the DoF's in Figure 4.5 to verify
the conservation of the energy. Figure 4.6 shows the mesh and the amplitude of the
associated solution for the scattered field vEML when the mesh has 49968 nodes.

5. Concluding remarks

We have studied a variational formulation for the elastic wave scattering problem
in a biperiodic structure and adopted the PML to truncate the physical domain. The
scattering problem is reduced to a boundary value problem by using transparent bound-
ary conditions. We prove that the truncated PML problem has a unique weak solution
which converges exponentially to the solution of the original problem by increasing the
PML parameters. Numerical results show that the proposed method is effective to solve
the scattering problem of elastic waves in biperiodic structures. Although the paper
presents the results for the rigid boundary condition, the method is applicable to other
boundary conditions or the transmission problem where the structures are penetrable.
This work considers only the uniform mesh refinement. We plan to incorporate the
adaptive mesh refinement with a posteriori error estimate for the finite element method
to handle the problems where the solutions may have singularities. The progress will
be reported elsewhere in a future work.

Appendix A. Technical estimates. In this section, we present the proofs for
some technical estimates which are used in our analysis for the error estimate between
the solutions of the PML problem and the original scattering problem.

PROPOSITION A.1.  For any n€Z?, we have x3 < |x™| < k3.

Proof. Recalling (2.12) and (2.8), we consider three cases:
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(i) For neUy, B\ = (k2 — ™ [2)1/2 and B{™ = (k2 —|a(™|2)1/2. We have
X =P g 85 = P (5 @™ P) 2 (k5 — ™)),

Noting that s < ko, one can get K7 < x™ < K3.

(ii) For neUy\ Uy, %n) =i(ja™|? = k})1/2, én) = (k3 — |a™|?)Y/2. We have
X =[P +i(jal )2 — )2 (3 — ) )2
and
X = (w7 4 13) ™ P = (k1r2)?,

which gives x? < |x(™)| < k3.

(iii) For n¢ Us, ﬁg") =i(ja™|? - /ﬁ%)lm,ﬁ;) =i(Ja™ > —k2)'/2. We have

X =@l (0™ 2 32 (2 - )12

Again using the fact #1 < ko yields 7 < x(™ < k3.
Combining the above estimates, we get k% < |x(™)| < k2 for any n € Z2. O

PROPOSITION A.2. The function g (t) :tk/e(ﬁ*sz)l/2 satisfies g1(t) < (s> +k2)*/? for
any t>s>0, kR

Proof. Using the change of variables 7= (2 —s2)!/2 we have

721 g2)k/2
91(7):@.

eT
Taking the derivative of §; gives

(12 —k:7'+52)(7'2+52)§71
er '

(i) If s>k/2, then g7 <0 for 7>0. The function §; is decreasing and reaches its
maximum at 7=0, i.e.,

91(t) <§1(0) =s".
(i) If s<k/2, then g, <0 for 71€(0,(k—(k*>—4s>)12)/2)U((k+(k*—
45%)1/2)/2,00) and §; >0 for 7€ ((k—(k*—45%)12)/2,(k+ (k* —45°)1/?)/2).

Thus § reaches its maximum at either 7 =0 or 7= (k+ (k? —4s%)1/2)/2.
Thus we have

g1(t) =g1(7) <max{g1(11), g1 (r2)} < (s* +k)*/2.

The proof is completed by combining the above estimates. ]
PROPOSITION A.3. For any neZ?, we have |M™ —M®™|p<K, where K=
11K /K7

Proof. We consider the three cases:



1010 ELASTIC WAVE SCATTERING BY BIPERIODIC STRUCTURES

(i) For neU;, we have |a(”)|</f1,ﬂ§”):Agn)<n1,ﬂ§"):Ag") < Ko, and A(ln) <

Al Using the facts that k1 < kg, A™ > A7 for n€ Uy, we obtain from (2.12)
and Proposition A.1 and A.2 that

9e—A8"Im¢ 9 2 9
le™] <

— (n) (n) S (n) S (n) S - ’
6A2 Im¢ __ C_AQ Im( 62A2 Im( -1 eAl Im¢ __ 1 eAl Im¢ _ 1

\9(")| B (e—Ag”')Imq +6—A§")1mg)2 fo—2A7Im¢ 4

YN oA < —2A7Im 2§ 1ATIm ’
(1—e 2Af Img)(l_e 2A5 Img) (1—e 1 C) (e241 471)2

- 6—2A;")1m<+6—2A§")1m4 9e—2A7 Im¢ 9
< < <
VAR (1— 672A(1")Im()(1 _ 672A(2n>1m§) T (1—e2A1m¢)2 ~ (G%A;Imq —1)2 ’

(n) (n) (n)
6—2A1 ImC+e—4A2n Im¢ 26—2A1 Im¢ 2

|py(n)| < o o) < o) <—= )
(1— e—2A] Img)(l —e28; Im¢)2 ™ (] — e— 247 ImC)3 (6§A1 Im¢ _ 1)3

(n) (n) (n)
6 (el 1y g AT 0 e Myt e

(1— 672A(1")Im()2 eAYIm¢ _ o~ AT Im¢
46—2A<1")Im< 2) 8
< (n) () < N )
(176—2A1 Imc)z 1 —e—2A7"Im¢ (63 1 mC_1)3

R = x| <dn3]6™| < F,

max { [ ((al™)2(8™ — M) 4 B (M) 1 (m) )
{128 - 85) + 84
a0l (87 — 7)),
()28 — B 4 B 3 )y ()|
|5§n>,€gx(n)5<n)|}

<3w3le™| < F,

max{|(( 2B — BV) + 5 (”>)( (m) 5 ()|
g (81" = 55" ) (™ = x ™),
[((a8™)2(8" - 62" )+ 85" Xn>)( () _
Ial" 62 (B -8 >)( () _ )y
07857 (81 = B (1) =X)L B w3~ )

<12r5(0™| < F,

max { [4(a§")26(" (B0)200) (=) + 1), [a{™ af” B (85720 () 4 1),
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[4(a{™)2B{" (85)260) (1) + 1)] } <4k3l00) (=) +1)| < F,

max{ [2(0{")* 8" 30"}, [20{a g 51 x "™,
2(af)280" k30 ™1, 260" (85" k30 ™| } <230 | < F,
2a{" "™ B B{V (81" — 85y ™| <43y ™| < F,
max {[2a{" 8" 55" (53 — 2(85")2)0")|,
2088788 (13— 2(80)2)0") |} < 631600 | < F,
(ii) For n€ Uy \ Uy, we have |a(™| <f$2,6§") :iAgn), é —A(n) < Kg, Agn) <(k3—

k)2 < ky. Using the facts that Ag") zAf,Aén) > A3 for neUs\ Uy, we get
from Proposition A.1 and A.2 that

9e—A8"Im¢ 2 2 2
(n)
™™= ) A < (@) < 2A; Im < AZIm ’
A ImC _ =AM ImE T p2A5MTme _ | T g2A5ImE ] T A Im¢
o (e—Ag""Imc+e—A(")ReC)2 (6_A51m<+6—A1+Re<)2
< <
S gy (et = (1= 23000 (1 223mm0)
| (n)| engg")Img+672A§">ch e—2A5Im¢ 4 o —2A1 Re¢
n <

<
(- €—2A§">Reg)(1 _ e—zA;")Img) T (1— e 28T ReC) (1 — =245 Im()
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(@52 (8™ — 5™+ M ¢ )<n>€<n>|"5§n>K§X<n>€<n>|}

<3r5le™|<F,

max {] ((a{")? (81" = B5") + 85X ™) (1 = ()],
lodas™ (8" — B8 (™ x<“>>|,
[((@d)2(B™ = B7) + B X ™) (R I
|<">/32”><51" — B (%™ — ”>>|,
a5 B (81" = B (R X)L R —x )] }
12”2 0| <F,

max {[4(a§") 28" (80")200) (=) + 1)], [4a{" " B{" (B0)260) () 4 1),

[4({™)2B5™ (B5)200) (£ 4+ 1)) | < 4wl () + 1))
<F,

max {[2(a{")28{" K3y |20 (" af BV ),
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(ili) For n¢Us, we have rz < |a™| " =iA g5 =iAl | and AJY <Al <
|a(™)|. Noting Re >1, we obtain from Proposition A.2 that
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where we have used the estimate for gs and the facts that Az(-n) >Af for n¢ Us.

It follows from Proposition A.1 and the estimate |{(™) —x(™|< K that 3 — K <
|)2(")| <k%+ K. Again, we may choose some proper PML parameters o and ¢ such that
K <k%/2, which gives |{(™|>x?/2. Using the matrix Frobenius norm and combining
all the above estimates, we get

n Sr(n 4 ? n n n n n n) _(n n n n
1) =N < S (1817 = 657+ 857X )X e P 20060 i

H (@) (B = BI) + Y XY (K™ = x )+ 4(a8V)? B (8520 (£ + 1)
+2laiad (B — A5 MM P+ 200 ol (B — BT (R = X))
+2[20{ a8 B X ™ P 2040 a8 B (88200 (2T 4+ 1) +12(a8™)? B ka0 ™|
+2|2a§n) (”)6(")ﬂ(”)(ﬂ(”)— én))v(")\2+2|a§")ﬂén)( in)_ (n))(X(n)_X(n))lz
+2[200 8 BE (13 — 2(85)2)0™ 12 4] (052 (B — B+ B x ™) x ™M™
+H((@8) (B = BS™) + 85 x ("))(fc(")— M2 4 4(a{™)2B (85)20™) (e™ +1) 2
+2|agn)5£n)( {n)_ én))(x(") )| +2‘2a(n) n)ﬁ(n)( (55”))2)0(71)'2
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n n ~(n n n 116 2
18R 4 BT RS (R )P+ 1280 (57 ki) < — - K,

K1
which completes the proof. 0
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