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Abstract. We establish new quantitative estimates for localized finite differences of solutions to
the Poisson problem for the fractional Laplace operator with homogeneous Dirichlet conditions of solid
type settled in bounded domains satisfying the Lipschitz cone regularity condition. We then apply
these estimates to obtain (i) regularity results for solutions of fractional Poisson problems in Besov
spaces; (ii) quantitative stability estimates for solutions of fractional Poisson problems with respect
to domain perturbations; (iii) quantitative stability estimates for eigenvalues and eigenfunctions of
fractional Laplace operators with respect to domain perturbations.
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1. Introduction
We focus on the Poisson problem for the fractional Laplacian operator, namely on
the system

(—A) 'u—]lenQ (11)

u=0 in RV\Q.
In the above expression, Q C RY is an open and bounded set, s is an index belonging
to the interval (0,1), and the regularity of the function f is discussed below. The
symbol (—A)® denotes the s-fractional Laplacian operator: in § 2.1 we provide both
the definition of (—A)® and the rigorous (distributional) formulation of problem (1.1)
by following the approach provided, e.g., in [1,22]. Here, we just mention that we are
concerned with solutions u belonging to the space

X5 (Q):={ue H*(RY): u=0in RV\ Q} (1.2)

and that in the following we denote by |lu||s the so-called Gagliardo semi-norm of w,
which is again defined in § 2.1. Note, furthermore, that the so-called solid boundary
conditions at the second line of (1.1) are consistent with the fact that the fractional
Laplacian is a nonlocal operator. Also, the fractional Laplacian operator coupled with
the solid boundary conditions is usually termed restricted fractional Laplacian.
Problem (1.1) can be addressed by relying on variational techniques. For instance,
a straightforward application of the Lax-Milgram lemma gives existence and uniqueness
of a solution u € X (), provided that f belongs to the dual space X (). It is therefore
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natural to investigate whether or not the condition f € L? implies additional regularity
of w. This is the main goal of the present paper.

In order to state our results in a precise way, we start by introducing some further
notation. Let h € RY be a vector, |h|<1. We fix a function v:RY —R and a smooth
cut-off function ¢:RY =R, and we define the functions uj, and Tju by setting

up(z) :=u(x+h), (Thu)(z) == ¢(x)up(z)+ [L—¢(z)|u(z), for every z € RN,
(1.3)

Note that the quantity Tju—u=¢u, —u] can be viewed as a localized version of a
finite difference. In the following we will mostly focus on the case when the domain (2
satisfies a so-called (p,6)-Lipschitz cone condition. The precise definition is provided
in § 4.3 below. Very loosely speaking, this condition is a sort of quantified Lipschitz
condition imposed on the boundary 9. Also, p € (0,400) and 0 € (0,7/2) are regularity
parameters: the bigger the p and the 6, the more regular the domain.

Our main result establishes a precise quantitative control on Tpu—w in the case
when u is a weak solution of (1.1).

THEOREM 1.1.  Let QCRY be a bounded, open set and f € L*(RY). Assume that ¢
s a smooth cut-off function, namely

peWh>RN), 0<¢(x)<1 (1.4)
and
supp¢ C B1(0). (1.5)
Assume also that v € X5 () is a weak solution of (1.1) and that the product
pup € X5 (2). (1.6)
Then there is a constant C, which only depends on N, s, Lip¢ and diam€), such that
||ThU—U||i2(RN) < lun— uH%ﬂ(RN) <Clh[* Hf“g(g(ﬂ)'- (1.7)

Moreover, if Q0 satisfies a (p,0)-Lipschitz cone condition for some pé€ (0,400), 6€
(0,7/2) and

psinf

h| <
||7 47

then there is a constant C, which only depends on N, s, Lip¢, diam€), p and 0, such
that

T —ll2 < O1RI° | £l vy -, (18)

The following remarks are in order:

e in the statement of the theorem, B1(0) is the open unit ball centered at 0, Lip¢
denotes the Lipschitz constant of ¢, and diam§2 is the diameter of Q, namely

diamQ:= sup |z—yl|. (1.9)
z,yeN

o A relevant feature of Theorem 1.1 is that by following the proof one can recon-
struct the value of the constants C' and C.
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e The most interesting estimate is (1.8), whereas establishing (1.7) is quite easy.
Also, note that (1.7) holds for any open and bounded set 2, whereas to ob-
tain (1.8) we have to assume the Lipschitz cone condition. Indeed, in the
general case we can only establish a weaker version of (1.8), see Lemma 3.1
in § 3 below.

e Let D be a sufficiently large ball containing both € and Q+ h, for every |h| < 1.
By recalling (1.1), we infer that the solution w is only affected by the values
attained by f on D. Hence, u does not change if we replace f with its trun-
cation to 0 outside D. This implies that in the right hand side of (1.8) (and
in the Besov regularity estimate (1.15) in Theorem 1.3 below) one could for
instance use || f|z2(p), instead of || f|[z2m~). The replacement of || f||g—s @~
with || f||g-=(py when f=0 in RN\ D is more delicate. As a matter of fact, we
can use || f||g—=(py instead of || f|| =g~y only when s€(0,1/2). In the other
cases there are obstructions (see [5]).

However, to simplify the notation here and in the following we always compute
the norms on the whole RY.

In the following, we discuss some possible applications of Theorem 1.1. First, we
formulate Theorem 1.2, which provides precise quantitative estimates on how the solu-
tion of the Poisson problem (1.1) depends on the domain 2. Note that in the statement
of Theorem 1.2 the quantity 9(£2,2,) is a way of measuring the “distance” between the
sets €, and : the precise definition is provided in § 4.1.

THEOREM 1.2 (Domain perturbations).  Let Qq,Q CRYN be bounded open sets con-
tained in a sufficiently large open ball D of RN . Let us assume that Q, satisfies the
(p,0)-Lipschitz cone condition. Let f € L*(RY) and let u, € X§(Q0) and up € X5 () de-
note the weak solutions to (1.1) in Q=Q, and Q =, respectively. There is a positive
constant C', which only depends on N, s, p, 8 and diam D, such that, if

ind
D(Qb,Qa)<p512n : (1.10)
then
[t —uplls S CIFIN mry L e (20, 820) 2. (1.11)
(RY) (RN)

We point out that, as in the case of Theorem 1.1, by following the proof of Theorem 1.2
one can reconstruct the precise value of the constant C' in (1.11). Moreover, we observe
that the proof of Theorem 1.2 combines Theorem 1.1 with a localization argument due
to Savaré and Schimperna [21]. Finally, in the statement of Theorem 1.2 we impose
a regularity assumption on €2, only, while 2, may be any open and bounded domain
satisfying (1.10). This lack of symmetry is consistent with the fact that the quantity
0(92,€,) is not symmetric in Q, and 2, namely in general d(€2p, Q) #0(Qa, ).

In the case of the standard Laplacian, both the optimal regularity properties of the
solution u to the Poisson problem corresponding to (1.1) and the relation between the
regularity of v and the regularity properties of Q2 and of f are well known. In particular,
in the case when € is a Lipschitz domain, the results in [21] state that, if f€ L2, then
u belongs to the Besov space u € B;’/fo (see § 2.2 below for the definition of Bg/fo ). In
particular, in general one cannot achieve the higher regularity v e H3/2, as one can see
by considering the one-dimensional example u(x)=(1—22)T, which solves (1.1) with
s=1and f=2x(_1 1) (cf. also [21, Rem. 2.4]). In this case the regularity ue H*/?(R)
is not attained because u has jump discontinuities at +1.
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On the other hand, the regularity theory for the fractional Poisson problem for (1.1)
is far less established. In this paper we are interested in possible extensions of the
following result [19, Prop. 1.4 (ii)-(iii)] (see also [8, Th. 2.3]):

PROPOSITION 1.1.  Let QCRY be a bounded C*'-domain. If s€(0,5)N(0,1), then
the solution u to (1.1) satisfies

2N
lullLa) <Cl fllL2) for q= N—is’ (1.12)
while for s€ (5,1)N(0,1) we have
N
lullga@) < ClIfllz2() for a=mings 25—5 . (1.13)

In both cases the constant C >0 only depends on s, ||, and q (or a).

We now state our regularity result. Note that the main novelties of Theorem 1.3
compared to Proposition 1.1 are the following. First of all we require low regularity
properties on the domain ) as we assume that ) has only Lipschitz regularity (see
also [9]). Second, we establish Sobolev and Besov-type regularity, more precisely we
show that, if f€ L?, then the solution u belongs to the Besov space BSS/Q(RN) (we
refer again to § 2.2 for the precise definition).

THEOREM 1.3.  Let Q be a bounded domain satisfying a (p,0)-Lipschitz cone condition
for some values p€ (0,+00) and 0 € (0,7/2). Assume f € L*(RY) and let u be the weak
solution of (1.1). Then

ue By*2(RY). (1.14)
Moreover, we have the explicit regularity estimate
1/2 1/2
el o2 vy < CN, 5, ciam €2, p, )L 12 vy 1 - (1.15)
As a Corollary of the Theorem above (see the embedding 2.20) we obtain the following

Sobolev regularity result

COROLLARY 1.1. Let Q be a bounded domain satisfying a (p,0)-Lipschitz cone condi-
tion for some values p € (0,+00) and 0 € (0,7/2). Assume f€L*(RY) and let u be the
weak solution of (1.1). Then

ue H3/27¢(RM). (1.16)
Moreover, we have the explicit reqularity estimate

2
||u||H3a/2 e RN) <C<N S, dlamQ p,(g S)Hle/ S(RN)”fHLZ(]RN) (1.17)

We make the following remarks:

e The optimality of (1.15) and of (1.17) is unclear when € has only Lipischitz
regularity. We refer to the recent papers [12] and [13] where the issue of regu-
larity is investigated for more general non local operators on smooth domains.
In § 8.4 we discuss an explicit example in one dimension where the solution has
stronger regularity. However, we do not know whether or not this is a general
fact.
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e The interior regularity in the scale of Nikol’skii spaces has been recently in-
vestigated in [6] where it is also proved that weak solutions to (1.1) are in
H2575(Q)’

e By proceeding as in [21, Corollary 3], one can see that the above result extends
to the case when f belongs to the interpolation space B;jm =(L*H *)121-
In particular, in that case, estimate (1.15) is replaced by

(1.18)

||u||B§SO/CQ(RN) < C(N757diamﬂap70)Hf”B;fﬂ(RN)-

We conclude by discussing some new spectral stability estimate for the Poisson prob-
lem (1.1). To this aim, we first introduce some notation. We say that (u,\) is an eigen-
couple for the operator (—A)® in § if the eigenfunction u € X§(Q2), u#0, the eigenvalue
A€R and the following holds

{(_A)su:m in Q, (1.19)

u=0 in RN\Q.

Owing to classical functional analytic results, the operator (—A)* admits a diverging
sequence of positive eigenvalues

provided €2 is an open and bounded set. We refer to § 9.1 for a more extended discussion
and we point out that here and in the following we count each eigenvalue according to
its multiplicity, namely according to the dimension of the associated eigenspace.

By combining Theorem 1.1 with an argument in [16] we establish the stability of
the eigenvalues of the operator (—A)® with respect to domain perturbations.

THEOREM 1.4 (Spectral stability). Let Q4,9 CRY be two open, bounded sets satis-
fying the following conditions:
i) Q4 and Qyp, both satisfy a (p,0)-Lipschitz cone condition.
ii) Qo and Q are both contained in some open ball D CRY.
i1i) There is a ball B, with radius r such that B, CQ,NQ.

Then for every n€N there are constants v>0 and C >0, which only depend on
N, s, p, 0, diam D r and n, such that, if

A5 (Qa, ) <v, (1.21)
then
AL =X < Oy (2, ) (1.22)

In the previous expression, \2 and X denote the n-th eigenvalue of (—A)* in Q, and
Qyp, respectively.

Some remarks are here in order. First, in the statement of the above theorem
d5;(Q4,8Y) denotes the so-called complementary Hausdorff distance, i.e. the Hausdorff
distance between the sets RV \Q, and RN\, see § 4.1 for the precise definition.
Second, the only reason why we assume hypothesis iii) is because we need an upper
bound on max{\2,\*}. Indeed, by combining condition iii) with the monotonicity of
eigenvalues with respect to set inclusion we obtain an upper bound which only depends
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on N, s, r and n. Also, note that as in the case of Theorems 1.1 and 1.2 by following
the proof of Theorem 1.4 one can reconstruct the values of the constants v and C.

REMARK 1.1. As one can infer from the statements of Theorems 1.2 and 1.4, we have
the following dichotomy:

e to control the difference between the eigenvalues, we need to control the com-
plementary Hausdorff distance d§(€2,,€2) and we only use property i) in Defini-
tion 4.1. However, we have to require that both €2, and €, satisfy the Lipschitz
regularity condition.

e On the other hand, to control the difference between the solutions of the Poisson
problem, we need a control on a different type of set distance, namely 9(£2,2,)
(cf. (4.9)). This forces us to use both properties i) and ii) in Definition 4.1. On
the other hand, we only require Lipschitz regularity of €, (whereas Q;, can be
any domain satisfying (6.4)).
This dichotomy is basically due to the fact that we, a-priori, have some additional
information on the behavior of the eigenvalues. Namely, they behave monotonically
with respect to domain inclusion, cf. § 9.1, whereas this property is not available for the
solutions of the Poisson problem.

We eventually discuss the stability of eigenfunctions for (—A)® under domain per-
turbations. We first state the following simple property, which holds for a very large
class of domains:

PROPOSITION 1.2.  Fiz s€(0,1) and let QCRYN be an open bounded set with negligible
boundary, namely LN (02) =0. Assume that {Q;};en is a sequence of open and bounded
sets in RN such that

D(Qj,Q)<%. (1.23)

Let (u?,N) be a sequence of eigencouples for the operator (—A)* on Q; such that
[u || L2 vy = 1. (1.24)
Assume furthermore that
M=\ asj—4oo (1.25)
for some A>0. Then there are a subsequence {ji} and u€ X5 () such that
u'* —u  strongly in H*(RY) (1.26)

and (u,\) is an eigencouple for (—A)* on €.
We make the following remarks:

e if the multiplicity of X is bigger than one, then it might happen that different
subsequences converge to different, linearly independent, eigenfunctions associ-
ated to A.

e If the multiplicity of A is bigger than one, then there is no hope of establishing
a convergence rate (see Remark 10.1 in § 10 for a counterexample).

e If the multiplicity of Ais 1 (i.e., if X is a simple eigenvalue), then we can establish
quantitative estimates, as the next result shows.
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The following result provides an estimate for the convergence rate of (normalized)
principal eigenfunctions, which are always simple. In the statement of Theorem 1.5,
A1(D) and A1 (B,) denote the first eigenvalue of (—=A)® on D and B, respectively.

THEOREM 1.5. Fiz s€(0,1) and let Q4, Qp be two bounded, open sets satisfying the
conditions 1), i) and i) in the statement of Theorem 1./ and

max {0 ({2, 2),0(€2a, Q) } < ps;n@l (1.27)

Let M, A} denote the first eigenvalue of the operator (—A)* in Q, and Q, respectively,
and let e* and e® be the corresponding eigenfunctions satisfying

lellosy =l lagn =1, [ (-A) 7 (@)(-A) P @daz0.  (128)

RN

Define § by setting

171 1
b==|—=—-——]>0.
(%)
Then there is a positive constant v >0, which only depends on N, s, p, 0, diamD, r,

M (D) and 6, such that the following holds:

e el

C
VN, VmD)

for some constant C'=C(N,s,p,0,diam D) >0, provided that d5;(Qq, %) <v.

max {61, A1 (B,) Y min {0(Q4,2),0(2,2.) 1%, (1.29)

The proof of Theorem 1.5 mainly relies on the abstract theory developed by
Feleqi [10]. Also, note that one can also obtain similar results for eigenfunctions as-
sociated to other simple eigenvalues. Moreover, in the case of non-simple eigenvalues,
we can control a suitable notion of “distance between eigenspaces”. We refer the reader
to Theorem 10.1 in § 10 for more details.

We conclude the introduction by outlining the plan of the paper: in the next sec-
tion we introduce some functional-analytic background. In § 3, we establish the main
estimates on localized finite differences of solutions. In § 4 we discuss the regularity
conditions on domains and state some related geometrical properties. In § 5 we apply
these results to control the difference of two solutions to (1.1) supported in different do-
mains. In § 6 we establish some domain perturbation estimates that constitute a weaker
version of Theorem 1.2. These estimates are improved in the subsequent § 7 and § 8
by means of a bootstrap argument. In this way we complete the proofs of Theorem 1.1
and of Theorem 1.2. Next, in § 9 we discuss the behavior of eigenvalues under domain
perturbations and establish Theorem 1.4; finally, in § 10 we establish Theorem 1.5 on
the behavior of eigenfunctions.

1.1. Notation. For the reader’s convenience, we collect the main notation
used in the sequel. In the rest of the paper, we denote by C(aq,...,ar) a (generic)
constant that may only depend on the quantities aq,...,ax. Its precise value may vary
on occurrence. Also, we use the following notation:

o ZN(E): the Lebesgue measure of the (measurable) set £ CRY.

o ae. z: N —almost every x.
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x-y: the Euclidean scalar product between the vectors x, y € RV,

|z|: the Euclidean norm of z € RY.

B,(z): the open ball of radius r centered at x in RV,

d(z,E): the distance from the point € RY to the set £ CRY, namely

d(z,E) :;gg|x—y|

e(E,F): the excess of the set E CRY with respect to the set F CRY i.e.,

e(E,F):=supd(y,F).

yeE
dy(E,F): the Hausdorff distance between the sets E,FF CRY, given by
dy(E,F)=e¢(E,F)+e(F,E).

d$;(E,F): the complementary Hausdorff distance defined by formula (4.4) be-
low.

O(E,F): the distance defined by formula (4.9) below. Roughly speaking, it pro-
vides a measure of the excess of the boundary JF with respect to the boundary
OF.

H*(RY): the fractional Sobolev space W*2. We usually focus on the case
s€(0,1).

H~=*(RM): the dual space of H*(RY).

(-,-): the standard scalar product in L2(R"), namely

(u,v) ::/ u(z)v(x) de.
RN
X5 (€2): the functional space
X5 (Q):={ue H*(RY): u(z)=0 for a.e. ze R\ Q}.

Here QCRY is a given open set.
BE}OO(RN) : the Besov space defined as in § 2.2.
[-,-]s: the bilinear form

[w,0]s = ((—2)*u, (~4)*?0) = /N [(=2)*2u)()[(~A)*?v](z) dz,
R

which is defined on H*(RY) and is a scalar product on X§(Q) if 2 is bounded.
|-]ls: the Gagliardo semi-norm defined as in (2.6).
X5 (2)': the dual space of X5 ().
(+,): the duality product between X3 () and A$(Q).
up, Thu: the functions defined as in (1.3).
0 or Fv: the Fourier transform of the function v (whenever it makes sense).

C°(Q): the set of smooth, compactly supported functions, defined on the set
Q.
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2. Functional analytic background material: fractional Laplacian and
Besov spaces

For the reader’s convenience, in this section we discuss some functional analytic
results that are pivotal to our analysis. In particular, in § 2.1 we provide the rigorous
formulation of the Poisson problem (1.1). In § 2.2 we introduce the definition and some
important property of a particular class of Besov spaces.

2.1. The Poisson problem for the fractional Laplace operator.

2.1.1. The fractional Laplace operator. Given s€(0,1) and u in the
Schwartz class S of the rapidly decaying functions at infinity, (—A)®u is defined as

(—A)*u(x) ;=0<N,s)p.v./ Mdy (2.1)

ry |z —y|N+2s

where the notation p.v. means that the integral is taken in the Cauchy principal value
sense, namely

u(z) —u(y) , u(z) —u(y)
v 2 2 4y = 1im bk Sal et 2R 2.2
P /]RN EERE RN RN\ B, (2) |7 —y[N 28 Y 22)

and in (2.1) C(N,s) is the normalization constant (cf., e.g., [7])

1 —1
/ cos(z1) d .
e
For any s€(0,1) and any x,y € R we will also use the shorthand notation K,(x—
y)=|r—y|~N 2% to denote the singular kernel in (2.1). The operator (—A)* can be

equivalently introduced by means of the Fourier transform, which we define for general
function v €S as follows:

=0 :71 e~y (x)da
5O =16 = Gz [ ¢ ula)de

Moreover, ! stands for the inverse transform of §. As usual, the above definition can
be extended to tempered distributions.

We can then introduce (—A)* as the pseudo-differential operator with symbol |£]?*,
namely

(A o=F 1 (|¢]*F(v)), YveS. (2.3)

In particular, when v& H*(RY), then (—A)%/?ve L>(RY) owing to the above charac-
terization.

2.1.2. Functional framework. Even if the equations we are going to study
are settled only in 2, the behavior of (—A)®*u depends on the interplay between the
values of u inside and outside €. This is related to the non locality of (—A)®, which
implies that, even when u has compact support, (—A)*u does not necessarily have the
same property. For this reason, when we consider a solution u to (1.1), u will be always
thought as a function defined on the whole space RY that identically vanishes outside
Q. In particular, the global regularity of u will be influenced by this fact (cf. Theorem
1.3 and the examples discussed in the Introduction).
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We now proceed along the lines of [22] (see also [1] and [18]). Given s€ (0,1), we
introduce the Sobolev type spaces

X5 (Q):={ve H*(RY) such that v=0 a.e. in RV \Q}. (2.4)

In particular, for s€(0,1) the extension operator of ue€ X5(€2) to 0 outside Q is a
continuous mapping of H*(Q)— H*(RY). Then (see [17, Theorem 11.4, Chapter 1]),
if s€(1/2,1), the functions in A () are equal to zero in the sense of traces on Of.
Hence, X§(Q) can be identified with H§(€2) in that case, whereas X§ ~ H3(Q) = H*(2)
for s€(0,1/2). In the limit case s=1/2, it turns out that X&/2(Q)~H0162(Q) (again,
see [17] for more details).

We denote by (-,-) the scalar product in L*(RY), by ||-||z2~) the induced norm
and we endow the Hilbert space & (£2) with the norm

lol3; ) = 11172 gy + 1015 (2.5)

Here, ||-||s denotes the so-called Gagliardo-seminorm

Iol= [[ | Kula=plute) = vl ded, (26)

which is well defined for v € H*(RY). We also recall the fractional Poincaré inequality
[ollzagav) < Cr(@.8) o], for every ve X5(®), 27)

where the constant C'p depends, in principle, on 2 and on s. Note that, since the set
Q is bounded, its diameter (which is defined by (1.9)) is finite and, also, € is contained
in a suitable ball D with radius equal to diam. In view of the fact that (2.4) implies
X5 (Q) CAS (D), it follows Cp(2,s) <Cp(D,s) and, consequently, we can choose the
constant C'p in (2.7) depending only on N, s and diam). Namely, we have

lv]| L2 @yy < C(N,s,diamQ)||v]|s, for every ve Ay (). (2.8)

As a consequence of (2.8), the Gagliardo seminorm is actually an equivalent norm
on A (£2). Hence, we will generally use ||-||s in place of ||| xs(q)- Because of this, it is
also important to express the Gagliardo-seminorm by using the Fourier transform. We
have that (cf. [7, Proposition 3.4 & Proposition 3.6]):

C(N,s)||v\|§:||(7A)S/2v||%2(RN):H\f|5f) for ve H*(RY) and s€(0,1). (2.9)

2
L2(RN)

In the following, we will also use the notation
[u,v}s::/ [(=2)*2u)(@)[(=A)*?v](z) dz = ((=2)*?u, (= A)*/?v). (2.10)
RN

Note that, owing to (2.8) and (2.9), the above bilinear form is actually a scalar product
on X5 ().

In view of the fact that we will deal with domain variations, it will be generally
convenient to view the elements of X5(€2) as functions defined on the whole space
RY that vanish a.e. outside ). In particular, we can continuously embed X§(Q) into
L?(RY). This embedding is not dense, since the closure of X;(€2) in L*(RY) coincides
with the subspace Hy of L?(R”) containing those functions that vanish a.e. outside €.
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In particular, if we denote by H~*(RY) the dual space of H*(RY), we have the chain
of embeddings

L*RY) = H5(RY) — X5 ()
and both the above embeddings are continuous, namely

I fllxcg @y <N fll—s@ny <N fllL2@ny  for every feL*RY). (2.11)

2.1.3. The Poisson problem for the fractional Laplacian.  With the above
functional framework at our disposal, we can make precise the notion of weak solution.
Given f € X35 (), we say that u:RY — R is a weak solution to (1.1) if

we X3 (@),

V) [[ | Kula=pluo) —um)lple) — e dedy = (f), Vi € X5(9).

(2.12)
It is worth noting that (2.12) may be equivalently reformulated as

uwe X5 (),
{((—Aowzu,(—ms%) () Ve Q). (219

In what follows, when we speak of a weak (or variational) solution u to (1.1), we will
mean a function u € X3 () satisfying (2.12) or, equivalently, (2.13).

By using the Lax-Milgram Lemma one can show that, if f€ A§(2)" (and hence, in
particular, if f€ L?(RY)), then there is a unique solution u € X;(€2). In particular, we
have the stability estimate

[ulls <llullxs @) < C(N, s, diam Q)| £ x; (2 - (2.14)

2.2. Besov spaces and interpolation. In this paragraph we recall the def-
inition and some properties of the Besov space BS’OO(RN ). We refer to the books by
Triebel [24] and by Stein [23, §V.5] for extended discussions.

If r€(0,1], then

Ugp — 2up +u
By (RY):={uecL?*@®RY): sup uzn L - 2@y <400 p, (2.15)
’ heRN\ {0} |h|

where the function uy, is defined as in (1.3) and uap () := u(x+2h). The space Bj . (R™)
is a Banach space with norm
||u2h —2up +u||L2(RN)

lull By vy :=llullLz@yy+  sup . (2.16)
2‘00( ) ( ) he]RN\{O} |h|r

Note that, if r € (0,1), then u€ By _ (RY) if and only if

len = ll 2wy

[ull2yy+  sup <+00
EOT e 0} |h["
and, also, the expression on the left hand side is equivalent to the norm ||| z; (®~),

namely

Up — U Uop — 2up + U
wp vl oo 2ty
heRN\ {0} |h| heRN\{0} A




924 FRACTIONAL POISSON PROBLEM

Uap — 2Up + U Up — U
N e R Tt [/ TS SO
heRN\ {0} |h| heRN\ {0} A
If r>1, then
r N 2Ny . U r—1mN :
B o (RY):=que L (R ):%EBQQOGR ) for everyi=1,...,N ;.
and
L ou
el _ ey 2= Nl pogam) + . (2.19)
> - W

In the above expressions, du/dx; denote the distributional partial derivatives of u. We
now recall some properties of BQ’M(RN ) that will be used in the following. First,

Bg’oo(RN) CH"5(RY), for every r€ (0,+00), € (0,7) (2.20)
and
H"(RM)C By (RY), for every r € (0,400). (2.21)

Also, all the above inclusions are continuous. Second, we follow [23, p. 131] and we
consider the equation

(I-AYu=f inR"Y, (2.22)

where I denotes the identity operator and as usual s€(0,1). A rigorous formulation
of (2.22) can be provided by using the so-called Bessel potential. For our purposes here
it is enough to say that, if f € L?(RY), then u € L?(RY) satisfies (2.22) if and only if

(14€2)2a(€) = f(&) for ae. EcRVN. (2.23)

As a particular case of [23, Theorem 4, p. 153] we obtain the following
LEMMA 2.1. Assume that feBjy (RY) and that u satisfies (2.22). Then ue
B;jggs(RN) and

lull gy 122 oy SCN, 5.7 £l cev. (2.24)

3. Estimates on localized finite differences
This section aims at establishing estimate (1.7) and Lemma 3.1 below.

LEMMA 3.1.  Let QCRY be a bounded, open set, and let f € L*(RY). Assume that u
and ¢ satisfy the same assumptions as in the statement of Theorem 1.1. Then for every
o €(0,1) we have

| Thu—ull3 < C(N,s,Lipg,diam€,0)|h|7*[| f 2 e~y [ f 1| 5 02y (3.1)

Note that in (3.1) the constant C' depends on ¢ and can in principle deteriorate when
o—17. For this reason (3.1) can be regarded as a weaker version of (1.8).
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3.1. Proof of the estimate (1.7).  We first recall that 0 <¢ <1 owing to (1.4)
and we point out that

[Thu—ull 2@y = l[¢(un —u)ll 2@y <[l Lo @) lun —ull 2@y < [lun —ullp2@wy).
(3.2)
Hence, to establish (1.7), it is sufficient to control [Juj, —u||p2r~). We recall that i, =
€. Then, the Plancherel theorem and (2.14) give

e e T S e O
RN

(3.4),(3.5) (2.9)

e R R g T

(2.14) . .
< C(N,s,diamQ)|h|*®|| f]|

sy (3.3)
In the previous formula we have used the following elementary inequalities: first, since
s€(0,1), we have
. . 2—2s
|ez§'h71‘272s§ (‘ezﬁ-h‘+‘1|) §22725 <4. (3.4)
Second, a direct check shows that
e —1|=|cos(&-h) — L+isin(€-h)| < 2[&-h| < 2[¢||A. (3.5)

3.2. Preliminary results.
LEMMA 3.2.  If ¢ is a cut-off function satisfying (1.4) and s€(0,1), then

I(=2)°"26 ]| L= (zvry S C(N. 5, Lip). (3.6)
Proof.  We first observe that, since s/2¢€ (0,1/2), then
(=A)*¢(x) =C(N,s) o oy Y (3.7)
because the above integral converges. Now, notice that

(CayPow) <o) [ 102

gy |z —y|NVFs

- 5 [9(2) = ¢(y)] . |9(2) = ¢(y)|
_C(N7 )/zy|<1 ‘x_y|N+S dy+O(N’ )/|1:y>1 |x_y|N+s dy

1
<OWslip) [ ey O [y
o—yl<1 [ —y|N 71 jo—yl>1 [T =YV

1 tee g
—CWNsLing) [~ dp+C(N.s) [ 2 dp=C(V.sLips), (38)
0 1

which establishes (3.6). O

LEMMA 3.3. IfueX5(Q) and ¢ is a cut-off function satisfying (1.4), then the product
up € A5 (Q).

Proof.  First, we recall Definition (2.4) of X§(Q2) and we infer that ¢(z)u(z)=0 for
a.e. z€ RN\ Q. Hence, to prove that ¢u € X35 (2) we are left to show that ¢pue H*(RY).
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To this aim, we first observe that, since 0<¢<1 and u€ L%(RY), then ¢ue L2(RY).
Hence, it remains to prove that ||¢ulls <-+oo. Owing to (2.9), this is equivalent to
showing

(—A)"2(gu) € L*(®Y). (3.9)

The above relation follows from general results related to the so-called Kato-Ponce
inequality. For instance, we can apply [14, formula (2)] with the choices f=¢, g=u,
p1=p2 =00, g1 =q2 =7 =2, and with s/2 in place of s. By recalling (3.6), we then obtain
(3.9). Note that, strictly speaking, [14, formula (2)] is only stated for smooth functions
in the Schwartz class, but by relying on a standard density argument one can extend it
to the (fractional) Sobolev setting. O

LEMMA 3.4.  Assume that w € H*(RYN) and that ¢ is a cut-off function satisfying (1.4)
and (1.5). Let C(¢,w) be the commutator defined by setting

Clp,w) = (=A)*2(gw) —w (=A)"?¢—p(=A)"*w. (3.10)
For every o €(0,1), there is a constant C(N,s,Lipg,0) such that
IC(6,w) || L2@ny < C(N, 5, Lipd,0)[[w]| 72 vy ]|~ (3.11)

Proof. First we point out that, if N <2s, we can choose s’ <s such that N >2s’.
Now, owing to [7, Proposition 2.1], if w € X§(Q), then we X§ () and
[wllsr < Cllwlls-

Hence, it is enough to establish (3.11) for we X3 (Q). For this reason we will always
assume in the following, with no loss of generality, that N > 2s.

We recall the fractional Sobolev embedding inequality, and we refer to [7, The-
orem 6.5] for an extended discussion. If p*=2N/(N —2s) and we H*(RY), then
we LP" (RY) and

wll Lo~ @vy < C(N,8)[[w]s. (3.12)
Next, we fix o €(0,1) and choose r € (2,p*) in such a way that

1 o 1—-0

=C(N . 1
R R C(N,s,0) (3.13)

We also recall the elementary interpolation inequality

o l1—0o
ey < (ol ) (Il @) (3.14)

[0]

Finally, we use Theorem A.8 in the paper by Kenig, Ponce and Vega [15], which states
that

IC(¢,w) | 2y < C(N, 5,01,02) [ (= A)° 2@l Los ) | (= 2) 2w oo rry  (3.15)

provided that s1,s2 €[0,s], s=s1 +s2 and p1,ps € (1,400) satisfy
1 1 1

= — 4+ —.
2 p1 pe
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We apply (3.15) with s;=s, so=0 and ps =7 and combine the result with (3.12)
and (3.14). We infer

1C(6,w) |2 n) < C(N,,0) 1 (=A) 726l s amy (Il 2oy ) (ol @vy)
(3.16)
provided that

1 1 1 1 1 S
e C=(l-0) 2= ) =(1—0)=. 3.17
5-7=0-0)(5-5-)=1-0)5 (317)
To obtain the previous expression, we have used the explicit expression (3.13) of r. Also,
note that p; € (2,+00) since N >2s. To control the term ||(—A)S/2¢||Lp1(]RN) we use an

argument similar to (but easier than) the one that gives the proof of [4, Lemma 1].
Namely, we write

826l = [ A Po@I dot [ |(=A)P0(a) do=s a4 T
|z|<2

|z|>2
(3.18)
To control Jy, we simply recall Lemma 3.2 and we obtain
T <A 26| x 2Ny SC(N.5,Lipé,p1) =C(N,s.Lippo).  (3.19)

Here, wy denotes the measure of the unit ball in RV and we have used the explicit
expression of py, namely (3.17), to establish the last equality.

To control Jo, we first recall the equality (3.7) and the fact that supp¢ C B;(0),
owing to (1.5). This implies that, if || > 2, then

¢(z) = ¢(y) ‘_ o(v)
e | = | e

P(y) / 1
—C N,s/ Y qy<C(N,s .y
(N:) Bi(0) |z —y| Vs (N:) Bi(0) [T —y|N TS
1

|(=2)*/2¢(x)| = C(N,s)

To establish the last inequality we have used the fact that, if |z|>2 and |y| <1, then

x
o=y 2 |~ > 2.
Using (3.20) and recalling that p; is given by (3.17), we obtain

+oo 1
J2=/ 2|(—A)8/2¢(x)|p1 dng(N,s)/Q mdP:C(N7870)~ (3:21)
x|>

Note that the above integral converges since p; >2 owing to (3.17). By combin-

ing (3.16), (3.18), (3.19) and (3.21) we eventually establish (3.11). 0
3.3. Proof of Lemma 3.1.  First of all, we decompose ||T,u—uls as

I Thu—ull3 = [ Thull2 = l[ull; = C(N,5) ((—=A)*2u, (=A)*2[(Thu) - u]). (3.22)

A B
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We now separately control the terms A and B by proceeding according to the following

steps.
STEP 1: we control the term B. By combining (1.6) with Lemma 3.3 we infer that

v=Thu—u=¢(u, —u) € X;(Q)

and hence we can use it as a test function in (2.13). Consequently, by using (1.7) we
obtain

1B1= | (=8)"u, (=8)2((Tow) = u] )| “=7 (£, (Tow) = ) < 2 | (Tow) = w2 gay

(1.7)
< O(N, s, diamQ) 1" || fll 2em) 1 fll2g ) (3:23)

STEP 2: we rewrite the term A in (3.22) in a more convenient form. We observe
that

SN2 (Tha) |72 e

N(=2)"2[gun]+ (=A)*2[(1 = ¢)ul||72 &)

M(=A)ut (=2)2[d(un —w)]l|72 g,

N(=2)" 2wt @(= )" [un —u] + (un — u) (= 8)**$+C(un —u) T2
ST (=2)"2w) + (un —u) (= 8)*2¢+C(d,un —u) |2 gm)- (3.24)

EE?EE

Here we used the fact that (—A)%/?uy, = [(—A)*/?u];, to ensure the last equality. Indeed,
this equation holds true for every ue€ H*(RY), since the definition of the fractional
Laplacian in terms of the Fourier transform implies

F((—A)Pup) = €[ an = €™ =" F((—2)Pu) =F([(—A)*u]n)
for uc H*(R™). We have

A= || T = fJul2

=C(N, )| Th((—A)*"*u) + (un —u) (= A)"*¢+C (¢, un — ) |72 gy — Ilull2
=C(N,s) [llTh((*A)S/Z)U) + (un =) (=) 2Bl| T @y = I1(=2)*2ul| 72 )

106 un =) 22 vy + 2 (T (= 2)20) + (un — ) (=2)/26,C(d,un —w) )|

—C(N,s) [11 +1 +13] , (3.25)
provided that

L= (| Th((=A)* ) + (up = u) (= A) 28|17 2 vy — | (= 2)* 2] 2 vy (3:26)

I = |[C(un — ) |22z, (3.27)

Iy =2 Th((—)"2u) + (u — ) (- 2)*/26,C(6,un — ). (3.28)

STEP 3: we control the term ;. First, we rewrite it as

I = | Tu((=A)*2u) + (un — ) (=A)* 2132 @ny — I Th((—A)*"*u) |17 2 @v)
I
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FITh((—A) w72 @y = (=A) )32 vy - (3.29)
Ii o

To control I; 1, we use the elementary identity |a+b|*— |a|?> =b- (b+2a), which gives
fa= [ 120 + (11(0) - ul@) (-2) ) @) = T2 @)
= [ [in@ - @] () 20)@)
RN
' [[uh(x) —u(l’)] ((—A)5/2¢)($)+2Th((—A)5/2U)($)} dx

< ||(—A)s/2¢||Loc(RN) lun —ull L2y
(=206l oo ey lun =l 2 vy + 20T (=2 *w)l 2y |- (3:30)

Next, we use the convexity of the real valued function y+|y|2. More precisely,
recalling that 0<¢ <1, we have that for almost every x € RV

ITh((=8)"2u) (@) = o) (~A)2u)n() + [1 - $(2)] (~2) u(a)|
<o )1(( A Pupn(a)| + (- s(a)|(-a) u(@)| . (331

Owing to (2.14), the above inequality implies

2

(2.14

1T ((=2)*2u) | L2y < 20(=2)2ull 2y < C(
whence, recalling (3.6), (3.3) and (3.30), we obtain

11 <C(N,s,Lip,diam Q) |h|*[| f||5s 0 (3.32)

£() s

To control Iy, we use (2.14) and (3.31) and we infer
L= / (T2 P @) P = (=8) (@) ) do
< [ 2@ (2@ ~I(8) 0@ ) da
= [ Jota=n) =@y @) de <Lipolul [ I((=8)"0)() o

(2.14)
< C(N,s Llp¢,dlam9)|h|||f|\xs(ﬂ

Combining the above inequality with (3.32) and recalling that s€ (0,1) and |h| <1, we

arrive at
I <|Iia|4 |11 ,2| <C(N,s,Lip¢,diam Q) (|h]* + |h|)||f||g(g(9)’ (3.33)
<C(N,s,Lip, diam Q) [h|* | £ 3 oy '

STEP 4: we control the term Io. We combine (2.14), (3.3) and Lemma 3.4. Now,
we fix o€ (0,1) and we obtain

(3.11) .
L=|C(¢un—u) |72y < C(N,s,Lipe,0)|lun —ul| 73 @y llu—un[32
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<C(N,s,Lip¢,0)[|un — ul| 13 g llul 372

(2.14)
< C(N,s,Lipg,diamQ,0)||us —ul|33 RN)||f||§fg%6),
(1.7)

< C(N,s,Lip¢,diamQ,0) h*7* || F[13 o | f 1350y

:C’(N,s,Lip@diamQ,a)|h|205||f\ X5 () (3.34)
STEP 5: we control the term I3. First, we point out that
|| 32\/12(.71 (=) 2u]22 ). (3.35)

By combining (3.33) and (3.34), and recalling that |h| <1, we get

VI gC(N,s,LipqS,diamQ,a)\/|h|2‘75+5||f\|45(9),
. . o 2
<C(N,s,Lip¢,diam,0)|h|7*|| fl|3: ) - (3.36)

Next, by combining (2.14) and (3.34) we infer

VIl (=8)72u|2, ) SC(N,s,Lipg, diam Qo) sy (337)
Finally, we plug (3.36) and (3.37) into (3.35) and we arrive at
I3 <C(N,s,Lip¢,diamQ, o) 2 (Q)- (3.38)

STEP 6: we conclude the proof of Lemma 3.1. We plug (3.34), (3.33) and (3.38)
into (3.25) and, by recalling that o € (0,1), we obtain

A= |Tyul; —[lull2 < C(N,s,Lip ¢, 0, diam Q)| h|7*|| | % 2y -

Recalling (3.22) and using (3.23) we then deduce

| Thu —u||?> <C(N,s,Lipo,o, dlamQ)|h\‘”(

)

sy <[ fllz2@n), we eventually arrive at (3.1).

sy Tz

4. Geometric background material: Hausdorff distance, Lipschitz cone
condition and cut-off functions

In this section we introduce some preliminary notions related to distance between
sets in RN, regularity properties of open sets, covering lemmas and cut-off functions.

4.1. Hausdorff and related distances between sets in R". We start by
recalling some definitions and we refer to [21, § 2.3] for more details. Let E,F CRY be
two sets. The excess or unilateral Hausdorff distance of E with respect to F' is defined
as

e(E,F):=supd(x,F)= sup d(z,F)= sup d(z,0F). (4.1)
reEE zEE\F z€E\F

The (bilateral) Hausdorff distance between E and F' is then given by

dpg(E,F):=e(E,F)+e(F,E)=supd(z,F)+supd(y,E). (4.2)
reE yeF
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We also introduce the notions of internal excess:

e“(F,E):=e(RM\E,RV\F) = sup d(z,RV\F)= sup d(z,0F) (4.3)
zE€EF\E z€F\E

and of complementary Hausdorff distance:
d5;(E,F):=e°(F,E)+e‘(E,F)=dy (RV\E,RV\F). (4.4)

Next, given a set £ C R and a real number € > 0, we term E~¢ the (possibly empty)
set

E~*:={z€FE:B.(z)CE}. (4.5)
Moreover, we denote by E° the set
E®:={zeR" :d(z,E)<c}. (4.6)

The following result is well known. We provide a proof just for the sake of completeness.

LEMMA 4.1. Let E,F be subsets of RN and let e >0. Then we have the following:
i) if

e“(F,E)<e, (4.7)
then
F=CE;
i) if
e(E,F)<e, (4.8)
then
ECFe.

Proof. Let us first prove i). By contradiction, let us assume there is z € F' such
that B.(z) CF and ¢ E. Since B.(z) C F', then

d(z,RN\F)>e.
Moreover, since z ¢ E, then € F\E. Hence, we have

e(F,E)= sup d(y,RN\F)>d(z,RN\F) e,
yeEF\E

which contradicts (4.7) and proves i).

To prove ii), we assume again by contradiction that there is 2 € F such that d(z, F) >
€. This implies that

e(E,F):supd(y,F)Zd(x,F)Ze,
yeE

which contradicts (4.8). The lemma is proved. o
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It is worth noting that, if d$;(E,F) <e, then we have both E*CF and F~°CE.
Analogously, if dg(E,F)<e, then EC F*® and F C E*.
In addition, we observe that, if we define the distance

A0(E,F):=e(E,F)+e°(F,E), (4.9)
then it turns out that
e(FAE,0F) <d(E,F) < 2e(FAE,0F),
where FAFE =(E\F)U(F\E). Also,
AE,F)<e=F<CECF". (4.10)

In other words, if the distance d(F,F) is smaller than e, then the boundary of E is
included in the e-neighbourhood of the boundary of F.

4.2. Construction of cut-off functions. The following covering lemma is
classical (cf., e.g., [2, p. 49]). Also in this case, we provide a proof for completeness:

LEMMA 4.2. Let ECRY satisfy EC Br(y) for some R>0, y€RYN. Fizr>0. Then
there are x1,...,x; € E such that:
i) the cardinality k satisfies

k<<2R+T>N; (4.11)

r

it) the balls B,.(x;) cover E, namely

k
EC (B (z:); (4.12)
i=1

i) the balls B, o(x;) are pairwise disjoint, namely
By ja(@i) N Byya(a;) =0 if i#]. (4.13)

Proof.  We choose 1 € E and we set Ey:=F\ B,(z1). Next, we choose x5 € E}
and we set Ey:=Fq \ B,.(z2). We iterate this procedure: since F is bounded, after some
finite number k of steps we obtain Ej.1=0. Then, by construction, (4.12) is satisfied.
To establish (4.13), we point out that |z; —x;| >rif i # j. To establish (4.11), we observe
that the balls B, /5(71),..., B, 2(xx) are also contained in the ball Bry, 2(y). Hence,
we deduce

MmN & g
ko (3) =227 (Bt =2 (L_JlBr/zw)
< 2N (Brirjaly)) =wn(B4r/2)",

which implies (4.11). In the above expression, wy denotes the measure of the unit ball
in RV, 0
We conclude this subsection with a “kind of partition of unity” result that gives the

existence of a suitable family of cut-off functions. The proof is very standard (see for
instance the proof of [16, Lemma 9]), so we omit it.
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LEMMA 4.3. Let xq,...,x; belong to RN. Let >0 and let B.(x1),...,B.(z) be
open balls such that (4.13) holds. Then there are (k+1) Lipschitz continuous functions
00,..., 01 :RY =R satisfying the following requirements:

C(N)

0<¢i(x) <1, [V¢i(z)] ST for a.e. x€RY and every i=1,....k; (4.14)
k k
¢o(z)=0ifze|JBo(z:),  do(x)=1 if s e RN\ | Bop(:); (4.15)
i=1 1=1
bi(2) =0 if £ € RN\ By, (2;) fori=1,....k; (4.16)
k
Z(bz(a:) =1 for every xcRY. (4.17)
i=0

4.3. The Lipschitz cone condition. = We first introduce the regularity assump-
tion we use. We fix 6 € (0,7/2), p>0 and n a unitary vector in RY. We term C, o(n)
the open cone

Cpo(n):={veRN: 0<|v|<p,v-n>|v|cosf}.

DEFINITION 4.1.  Assume QCRY is an open set and fix xo €RY, 0 (0,7/2), p>0.
We term N, o(20,82) the (possibly empty) set of unit vectors n€ RN such that

i) for every veC,g(n) and every y € Bs,(xo) N, we have (y—v)€Q.

ii) for every veC,¢(n) and every y € Bs,(x0)\ 2, we have (y+v) RN\ Q.
We say that ) satisfies the uniform (p,)-Lipschitz cone condition if

N,;ﬂ(l‘o,@)#@ VIO ERN.

We have the following simple result. We refer to Figure 4.1 for a representation.

LEMMA 4.4. Let n be a unit vector and let p>0 and 0 € (0,7/2). Assume that
0<t<p/2 and let e=tsinf. If x=tn, then

B.(x)CCpp(n).
Proof.  We can refer to Figure 4.1 and infer that the inclusion holds true. For
completeness, we also provide an analytic proof. Assume that v € B.(z). Then
v=tn-+ece (4.18)
for some e in the open unit ball centered at the origin. Since
0<t(l—sinf) <|v|<t(1+4sinb) <p,
because € =tsinf, we are left to show that
v-n>|v|cosf. (4.19)
Actually, using (4.18), we infer
v-n=t+ce-n, (4.20)
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B (x)

Cp,@(n)

Fia. 4.1.

whence in particular v-n>0. Moreover, using that [n|=1 and |e| <1, we infer
|v]? =12 +2¢ete-n+cle|* <t?+2cte-n+e?, (4.21)
Then, squaring both sides of (4.19), we are left to check that
(v-n)? —|v|*cos?6 > 0.
Using (4.20), (4.21) and, subsequently, that e =¢sinf, we then obtain
(v-n)®—|v[>cos’0>t*+e*(e-n)*+2ete-n — (t*+2ete-n+e”)cos’f
=t?sin?0+t%(e-n)%sin? 6+ 2t%(e-n)sin®§ — t*sin®f cos? 0
=tsin® 0 (sind + (e- n))2 >0,
whence follows (4.19), as desired. d

5. Projection estimates
In this section we establish two preliminary results that are pivotal to the proof of
Theorem 1.2 and of Theorem 1.4.

LEMMA 5.1. Assume Q is an open, bounded set satisfying a (p,0)-Lipschitz cone
condition for some p€(0,1/2], 0€(0,7/2). Assume furthermore that f € L*(RY) and
that u € X3 (2) is the weak solution of (1.1). If

<7 0
0<s<'%12n : (5.1)
then there is G € X§(Q¢) such that
B 9 . e 2s 9
=l 2y < CV,s,diam@p) () 113 (5.2)
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and, for every o €(0,1),
~ . £ ags
il <OV.sdiam®p.0) (=5) " Wfllisaen I Fligr- (53

Note that the assumption that p<1/2 is not restrictive: indeed, Definition 4.1 implies
that, if p; <pg and Q satisfies a (p2,0)-Lipschitz cone condition, then it also satisfies a
(p1,0)-Lipschitz cone condition.

LEMMA 5.2. Assume Q is an open, bounded set satisfying a (p,0)-Lipschitz cone
condition for some p€(0,1/2], 0 € (0,7/2). Let ¢ satisfy

inf
O<e< ps;n . (5.4)

Fiz f € L>(RN) and let w be the weak solution of

(=AY w=f inQ°
5.5
{sz in RV \ QF. (5.5)
Then there is w € X3 () such that
. 2 . g 2s 2
= w3 agan) < C(N,sdiam®p) (<=2 ) 1715 ey (5.6)
and, for every o€ (0,1),
. . £ gs
i -l < CV s diomp.0) (=) Il gy (57

5.1. Proof of Lemma 5.1.

5.1.1. Construction of u. We fix 2, £ and u as in the statement of Lemma 5.1.
We also fix a number ¢ such that
3 p

t<=. 5.8
sint9< <2 (5.8)

We proceed according to the following steps.
STEP 1: we introduce the set

E:= ] B,(y). (5.9)

yeN

We apply Lemma 4.2 with R=diam{+ 1, r=p and we obtain that

EC B,(x;), xlw.w$kEﬂRN, 5.10
P

&
Il ( >
—

where every x €RY belongs to at most 5V of the balls By,(z1),...,B2,(7x). Owing
to (4.11), the cardinality k satisfies

k<C(N,diamQ,p). (5.11)



936 FRACTIONAL POISSON PROBLEM

F1a. 5.1. The sets Q¢ (inside, in red) and Q (outside, in blue) and the balls covering the set E,
see (5.9) and (5.10).

STEP 2: we apply Lemma 4.3, again with r = p, and we consider the functions ¢o,...,¢k.
For every i=1,...,k we fix a vector n; € N, g(x;,Q) and we define the function u; by
setting

wit(z) :=u(z +tn;). (5.12)

STEP 3: finally, we define the function @ by setting

k
i) =o()ulx) + > ¢i(@)uir(w). (5.13)
i=1

5.1.2. Proof of the inclusion € A(27°).  First, combining Lemma 3.3 with
the Definition (5.13) of @, we conclude that i€ H*(RY). Hence, we are left to show that
w(z)=0 for a.e. zeRV\Q ¢, (5.14)

We fix e RVM\Q~¢ and we separately consider two cases.

CASE 1: if d(x,Q2) > ¢, then x ¢ and moreover (x+1tn;) ¢ for all i=1,...,k be-
cause 1; is a unit vector. Since u € X§(£), then u=0 in RV\Q, whence

0=u(z)=u(z+tn;) =u;(x).

This implies that @(z)=0.
CASE 2: we are left to consider the case when d(x,Q) <t: we have

k
ze | Bgt(z)QUBp(xi). (5.15)
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To prove the above inclusion, we have combined the inequality ¢ < p/2, which follows
from (5.8), with STEP 1 in § 5.1.1. By combining (5.15) with (4.15) we get ¢o(x)=0.
Next, we fix i€ {1,...,k} such that ¢;(x)#0. Owing to (4.16), this implies that x €
Bs,(x;). We set y:=x+tn;. We want to show that y & Q.

First, we apply Lemma 4.4 and we conclude that

B.(x) Cy—C\po(ny). (5.16)

Now, we point out that y € Bs,(x;) because x € By, (z;) and [t| < p/2. Hence, we can use
property i) in Definition 4.1: if y € Q, then y—C) (n) CQ. By recalling (5.16) and the
definition of 27¢ we conclude that, if y €, then B.(z) C and hence x € Q~¢. This
contradicts our assumption and hence we can conclude that y ¢ 2. This implies

0=u(y) =u(z+tn;) =ui(z),
whence follows that 4(x) =0. The proof of (5.14) is complete.

5.1.3. Proof of (5.2) and (5.3).  We first establish (5.2). We combine (4.17)
with (5.13) and we conclude that, for every x € RY, there holds

k
u(z) —i(z) = ¢i(x) [u(z) — ui(z)]. (5.17)
i=1
To control ||u—1i[| 12~y we use (1.7). More precisely, we first recall (5.11) and conclude
that

AAAAAAAA

(5.18)
Next, we set h=tn; (we do not highlight the dependence of h on the index i, for
simplicity) and recall the Definition (1.3) of Tpv. Then we infer that Tpv —v = ¢y — v].
We now apply Theorem 1.1 to the function ¢;[u— u;], for every i=1,...,k. The hy-
potheses of Theorem 1.1 are satisfied because ¢; is a cut-off function as in the statement
of Lemma 4.3 and consequently satisfies (1.4) and also (1.5), since r=p<1/2. Also, the
analysis in § 5.1.2 shows that ¢;u;; € X5 (27°) C X5 (), whence condition (1.6) is also
satisfied. By combining (5.18) with (1.7) we arrive at the inequality

[u—a| L2~y <C(N,s,diam,p,0)t°|| f | xz (). = C (N, s,diam 2, p,0) |h[*|| f|| x5 () -

Finally, we point out that the above inequality holds for every ¢ satisfying (5.8) and we
eventually arrive at (5.2).

The proof of (5.3) relies on (3.1) and is entirely analogous. The only new point is
that we have to use the inequality Lip¢ < C(N,p), which follows from (4.14). Details
are omitted for brevity.

5.2. Proof of Lemma 5.2.

5.2.1. Construction of w. We fix ), £ and w as in the statement of Lemma 5.2.
We also fix a number ¢ satisfying (5.8). We proceed as in STEP 1 and STEP 2 in § 5.1.1
and we define the function w;; by setting

wir () :=w(z+1tn;). (5.19)
Finally, we define the function w by setting
k
w(x) = ¢o(x)w(z) +Z¢i ()wir(x). (5.20)

i=1
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5.2.2. Proof of the inclusion we X5(2).  We combine Lemma 3.3 with the
Definition (5.20) of @ and we conclude that @€ H*(RY). Hence, we are left to show
that

W(x)=0 for a.e. x€RN\Q. (5.21)
We fix 2 ¢ Q and we separately consider two cases:

CASE 1: if d(z,9°) >, then = ¢ Q° and moreover (x+tn;) ¢ Q° because n; is a unit
vector. Since w € X§(QF), then w=0 in RN\Q°, whence

O=w(z)=w(x+1in;) =w;(x).
This implies that w(z)=0.

CASE 2: we are left to consider the case when d(x,Q°) <t. By recalling Defini-
tion (4.6), this implies d(z,Q) <t+e < 2t. Thus, we have

Combining the above formula with (4.15) we deduce that ¢g(z)=0. Next, we fix
i€{l,...,k} such that ¢;(x)#0. Owing to (4.16), this implies that x € By,(x;). We set
y:=x+1tn; and we want to show that y ¢ Q°. Since x € By,(x;), we can use property ii)
in Definition 4.1: since z ¢, then 2+ C, g(n;) CRY\ Q. Next, we apply Lemma 4.4
and we conclude that

Be(y) Cx+Cpo(n) CRY\ Q.

This means that d(y,) > e and hence that y ¢ Q°. Consequently we have
0=w(y)=w(z+tn;) =w;(z),

whence we obtain @w(x)=0. The proof of (5.21) is complete.

5.2.3. Proof of (5.6) and (5.7)
We proceed as in § 5.1.3 and we apply estimates (1.7) and (3.1) in the domain Q°.
The details are omitted.

6. Domain perturbation estimates
This section aims at establishing the following result, which can be regarded as a
weaker version of Theorem 1.2:

LEMMA 6.1. Under the same assumptions as in the statement of Theorem 1.2, for

every o € (0,1) we have

e —uplls < C(N,s,diam 2, p,0,0) | F[115% p) 1IN 5y 2 (2, )72 (6.1)
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6.1. Notation and preliminary results. Let D, Q, and €2, be as in the
statement of Theorem 1.2. We recall that we term wu, and u, the solutions of (1.1)
when Q=Q, and Q= respectively. Also, we recall that the sets Q7¢ and Q° are
defined as in (4.5) and (4.6), respectively, and we term v~ ¢ and u® the solutions of the
Poisson problem (1.1) when Q=Q7¢ and Q=°, respectively.

We introduce some additional notation. Given two bounded subdomains € and
of D with QCQ, we denote with P, the orthogonal projection

Py yq: X5 (Q) = A5 () (6.2)

with respect to the scalar product (2.10). Namely, for ue X (), this projection is
characterized by

[u—Pg_ q(u),v]s=0 Yve X ().
Recall also that

— Ps = i — s
=P )= min_ fwvl,

for we X (£2). We have the following simple, albeit important, property:

LEMMA 6.2.  Assume that Q, CQ and that u, and u solve (1.1) respectively in , and
in Q. Then

Po_q, (u) =uq,

and Po_.q, s linear.

Proof.  Since X§(92,) C XF(Q2) and since u and u, are weak solutions of (1.1) in
and in Q,, respectively, we have, for all ve X (€,),

[U”U]S = <f,U> = [uaﬂ)}sa
whence [u—1ugq,v]s =0 for all ve X§(Q,), that is the thesis. o
6.2. Proof of Lemma 6.1: conclusion. First, we fix € >0 such that

psind

(2, Q) <e< (6.3)
We recall (4.10) and we conclude that
0°CO, COE. (6.4)

By using Lemma 6.2, we have
Up = PQ{E,_A)Q!; (’U’(Ez)’

where u¢ denotes the weak solution of (1.1) in Q. Hence we obtain the following chain
of inequalities:

lug —uslls= min (Jug —vlls <lug —ug"|ls < [lug —valls +[[ua —u,*[ls.  (6.5)
vEXS ()



940 FRACTIONAL POISSON PROBLEM

Note that to establish the first inequality we used the inclusion X§(Q,¢) C XS (%)
following from (6.4). By using (6.5) we infer

ua —uplls < llua —uglls + [ug —uplls < 2[lua —uglls +|lua —ug®|s- (6.6)
Applying again Lemma 6.2, we deduce

[ua—ug,®lls=  min flug—vs.
EX5 (92 °)

By using Lemma 5.1 we conclude that

e =z ¥[|s S C(N,s,diam 2, p,0,0) e/ £ 5 p | £ 1155y

L2(D) 6.7
. 0s/2 1/2 1/2 ( ’ )
SC(N,&dlamQ,p,@,O‘)E HfHL?(D)HfHXs D)
In the previous estimate we used the inequality || f||xz(q,) < f[lx (), which holds

for f€ L?(R™) and can be established by arguing as follows: frorn the inclusion , C D
we infer that, for every v € &g (Qa), |||l x;(p) =lv[lx;s(Q,)- This implies

Ifllas 0,y = sup f]RN z)da < su ||fHXg(D)'HU||Xg(D) 1/l oy
O pexs () HU”XD () vEX(QW) V]l x5 (20) 0
By applying once more Lemma 6.2 we get
IIuZ—ua||s=veg§ig}2a)IIUZ—vlls,
which combined with Lemma 5.2 gives
e . os 1/2 1/2
g —walls < C(N,s,diam, p,0,0) 7| 1157 | 11X e
os 1/2 1/2
<O(N.s,diam®,p.0.0)e /2||f\|Lé<D>Hf||;!g(D),. (6.8)

By plugging (6.7) and (6.8) into (6.6) we arrive at

os 1/2 1/2

e —upls < C(N,s,diam, p,0,0) e 2| £ st ) | FI1 52
We recall that the above inequality holds for every e satisfying (6.3) and we conclude
the proof of (6.1).

7. Regularity estimates
In this section we establish the following result, which can be be regarded as a
weaker version of Theorem 1.3:

LEMMA 7.1. Under the same assumptions as in the statement of Theorem 1.3, for
every o €(0,1) we have

30s/2 . 1/2 1/2
UEB / (RN) ||u||B§a;/2(]RN) SO(Na57d1am97p7ova)Hf”[-[/fs(RN ||f||L/2(]RN

(7.1)
The proof is based on an argument similar to that given in the proof of [21, Proposition
2.3] combined with the use of Lemma 7.2 below.
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7.1. Preliminary results. The following result is classical, but we provide a
proof for the sake of completeness and for future reference.

LEMMA 7.2. Assume that v € L*(RY) satisfies
(~A)Sv=g in RV, (7.2)
If g By . (RN) for some r>0, then

v EBgfjs(RN) and ||v]

B2 (RN) < C(Nw%?“) [HUHL?(RN) + ||9||B;700(RN)]- (7-3)

Proof.  The basic idea of the proof can be outlined as follows: first, we observe
that (7.2) implies that

v4(=A)Pv="L:=v+g in RV, (7.4)

Next, by using the Fourier transform, we show that the regularity properties of the
above equation are basically the same as those of the Equation (2.22). Finally, we
apply Lemma 2.1 and we conclude.

The details of this procedure are organized into a number of steps.

STEP 1: we show that ve Bj  (RY).
First of all, we show that v has some fractional Sobolev regularity. More precisely,
we fix e=min{r,s}, and we show that ve€ H"+257¢(RY) and that

[Vl rrv2e-e vy SC(N,s,7) [0l L2y + gl 5 ey - (7.5)
To establish (7.5), we first use the inclusion property (2.20) and we conclude that
g€ H™~¢(RY) and that
(2.20)
gllzr-c@~y) < C(N,s,7)llgllBy _@~)- (7.6)
Next, we point out that proving that v € H"+25~¢(R") amounts to show that
(1 + |§‘2)(7-+25—e)/2@ c LQ(RN)
We recall (2.3) and we infer the following chain of equalities:

(1 + |§|2)(r+2s—6)/2|ﬁ|
(1 + |€|2)(r+2575)/2

23) (L+[gPH) e/

— 1 r+2s—e\ |5 PN r—e|a
T (1+¢] [0 T (1o[+ 1€ 1al)
<1+|€|2)(7-+2s—5)/2 . . A
S e [ IR g (7.1

Next, we recall that e =min{r,s} and, since

2\(r+2s—e)/2
'(1+f| ) <C(N,s,e)=C(N,s,r) for every £ €RY,

1+|§|r+25—€

then by combining (7.6) and (7.7) we conclude that v€ H"t25=¢(RY) and that the
inequality (7.5) is satisfied.
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We now turn to the proof of the Besov regularity of v. We recall that e =min{r,s}
and, owing to (2.21), we conclude that

2.20
ve H™25=¢(RY)c H"(RY) e Bj (RY)

and, by using (7.5), that

(2.20) (7.5)
By _&v) < C(N,s,7)|v]|grezs-e@ny < C(N,s,7) [vllL2@yy)+ 9]

,00

o]

By ()]
(7.8)
STEP 2: we conclude the proof of the lemma in the case when r+2s<1. First, we
point out that by using (2.3) again we infer from (7.4) the equality

B(E)+ €] 0(&) =€) for ae. E€RY. (7.9)
Note that, owing to (7.8), f=v+ge€ Bj (RY) and
||£||Bgm(RN) <C(N,s,r)[Ivllp2@my+ ”g”Bg,w(]RN)]' (7.10)

Since by assumption v € L?(R”), owing to the Plancherel Theorem and to Defini-
tion (2.15), proving that v e Bgtjs(RN) amounts to show that

Vop, — 205, + 0
“up (|02 hr+2s||L2(RN) oo
heRN\{0} Al

By directly computing 9, and using (7.9) we obtain
21,(§) —20n(€) +9(€)
= (e 2618 h 1 1)p(¢)
(7;9)€i25‘h—26i€'h+1 . (1+|§|2>s 1

e O e g O
Owing to (2.23),
m(em'h — 2" £ 1)0(€) = tion (€) — 20 (€) + 2(€) (7.12)
provided that u solves the equation
(I-A)u=( inR"Y, (7.13)

Owing to Lemma 2.1, since € By (R, then ue Bgfggs(RN). Moreover,

H’&Qh _2ah+ﬂ||L2(RN)

”’&”LQ(RN)_Fhe]I:gI\){O} || +2s = ||U||B;‘f;§5(RN)
2.24)
< C(Nas’T)HEHB;OO(RN)
(7.10)

< C(Nas,r)[HUHLZ(RN)JFHQHBQOO(RN)]
(7.14)
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To conclude, we point out that

(1+1¢%)°
1+[g[*
By combining (2.16), (7.11), (7.12), (7.14) and (7.15) we eventually arrive at (7.3).

STEP 3: we conclude the proof by dealing with the case when r4+2s>1. Re-
call (2.19), we fix j=1,... N and term w the distributional derivative

<1 for every £cRY. (7.15)

ov

wi= —.
é%cj

Next, we point out that
Wan (€) — 20y, (§) + 0 (€) =€ (€2 — 2" +1)5(€)
and by arguing as in (7.11) and (7.12) we conclude that

A+ .

Wan (&) —2wn (§) +(§) = A (22n(8) =220 (8) +2(8)),

provided that
_ Ou

=
81’]‘

and u solves (7.13).

If 1 <r+2s<2, then by following the same argument as in STEP 2 we conclude the
proof of the lemma.

If r+2s>2 we iterate the above argument and we eventually arrive at (7.3). d

7.2. Proof of Lemma 7.1. We fix f€ L?(RY) and h€ RY. As usual we term
u the weak solution of (1.1) and we define the functions w, and fj, as in (1.3). We
have now all the ingredients required to prove Lemma 7.1. Owing to the translation
invariance of the fractional Laplacian, uj, € X5 (2 —h) is the weak solution of

(—A)suhth in Q—h,
up =0 in RV \ (Q—h).

Here and in the following we use the notation
Q—h:= {xERN:x—I—hEQ}.

Note that, if |h| is sufficiently small (which is not restrictive for our purposes, as it will
be clear in the following), then

(Q—h, Q) =e(Q—h,Q)+e(Q,Q—h) <2|h| <

ing
p S;n . (7.16)

We term v, the weak solution of

(=A)*vp=fp in Q,
v, =0 in RN\ Q.
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Owing to (7.16), the sets 2, = and Q, =Q — h satisfy (1.10). By applying Lemma 6.1,
we conclude that for every o € (0,1) we have

un = vnls < C(N,5,diam, p,0,0) | fall 1 2. s Ll oy 121772 (7.17)

Next, we consider the function w:=wu—wvj, which satisfies we X5 (). Moreover, by
linearity, w is the weak solution of

(7A)Sw:f7fh in Qv
w=0 in RM\Q.

Using (2.14), we infer

(2.14) ) (2.11) .
lu—vplls < C(N7s,d1amQ)||f—fh||XOs(Q)/ < C(N,S7dlamQ)||f—fh”H—s(RN).
(7.18)

Next, we control || f — fullgr—=@~). We first fix R>0 (to be determined later) and we
point out that

1f = Full3s ) =C(N) / (L [€2)5]1 - €7 2| f2de
RN

_ 2\—s(q _ iE-h(2] F|2 2\ —s(q _ iE-h|2) 7|2
([ _ ISP [ ey

l¢|>R
Il 12
(7.19)
Next, we introduce the decomposition
. . . (3.4),(3.5)
L= P =1Lt < e |h), (7.20)
which gives
(7.20) 2\—=s|¢lS|h 8] £12 S|1, 18 2\—s| £|2
L < CO(N) (L+[EP) PR fFdE< CIN) R[] [ (14 €17) 771 f[7dg
[§I<R RN
SO(N)R P17 vy - (7.21)
On the other hand, (1+]¢|?)7* < |£]72%, whence
(7.20) —2s s s|£12 —s s|£12 —s s 2
B< OW) [l I =) [ el IR SRR e
[§I>R >R
(7.22)

By choosing R in such a way that R®=||f||p2@~) /|| fll -+ @~), plugging this equality
into (7.21) and (7.22) and by recalling (7.19) we eventually get

1/2 1/2 s
1 = Full =y SCONVITI 2y 17142 sy 1. (7.23)
By combining (7.17), (7.18) and (7.23) we arrive at

[lu—unls <llw—wvnlls +[lvn —unlls
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. 1/2 1/2 s
< C(N,s,diam Q)| £[| /ot 1 F 1512 vy 12172

+C(N,s,diam, p,0,0) | 312 oy |l gy 1217/
1/2 1/2 os s
<C(N,s,diam ,p,0,0)[| Fll 2. e I £ 1| oty [[B175/2 4 ] */2]

. 1/2 1/2 os
<C(N,s,diam, p,0,0)[| [l 12 e | FII o7z, P17, (7.24)

where to establish the last inequality we used that |h| <1 and o€ (0,1).
We now set z:=(—A)%/?u and we point out that, thanks to (2.9), (7.24) implies

2= zn |l L2eyy < C(N,s,diamQ, p,6, (T)||f||1/2 RN)||f||2/22(RN)|h|”/2.
We point that os/2€(0,1) since s,0 € (0,1) and we recall that in this case the Besov
norm can be characterized as in (2.17). We conclude that the above inequality implies
1/2

L2(RN)Y
(7.25)

2€BIL®Y), (2l geraun, < 2l ey + OV, diam, p,6,0) 11132, o 11
Note that

(2.
2l L2y = C(N, s)HuHS < C’(Ns diam ) () < C’(Ns diam Q) || || = )

(2.11) . 1/2 1/2
< C(N,s,dlamﬂ)llfllH/fs(RN [Fiees

whence from (7.25) we infer
1/2 1/2
2l g2 vy < CN, 5, diam 9,8, 0) 111512 o 11| vy (7.26)

Finally, we recall that z:= (—A)S/ 2y and we apply Lemma 7.2. We conclude that

(0s/2)+s N 7.3)
G‘BQ,oo (R )a ”u”B;";/?)‘*'S(]RN) < O(Nas70—)(||u“L2(RN)+||ZHB;"2{J2(RN))
(7.26) . 1/2 1/2
< C(N,s,diam,p,0,0)| £ 112, o |1 | g -

(7.27)
Since o€ (0,1), then B(Us/2)+S(RN)CB3”S/2(RN) and the inclusion is continuous.
Hence, from (7.27) we infer (7.1) which concludes the proof of the lemma.
8. Conclusion of the bootstrap argument

8.1. Proof of Theorem 1.1. First, we point out that we have already given
the proof of (1.7) in § 3.1, so we are left to prove (1.8). To this end, we proceed as
in § 3.3 and we point out that

[ Thu—ul? <|A|+B], (8.1)
where A and B are as in (3.22). Owing to (3.23),

(3.23) ) .
1B] < C(N,s,diamQ)|h[*|| £l 2 ey | | 5 (0 1D
SC(N,S,diamQ)“LPHf“LQ(]RN)Hf”Hfs(RN), (82)
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Next, we recall (3.25) and we decompose A as
A:C(N,S)[11+IQ+I3], (8.3)

where Iy, Iy and I3 are defined as in (3.26), (3.27) and (3.28), respectively. Owing
o0 (3.33),

|Il| < C(N s,Lip¢,diam ) (@) (2.11)

<C(N,s,Lip¢,diamQ)|h|* Hf||L2(RN)||f||H—S(RN)~ (8.4)

To control Iy, we first choose o1 € (2/3,2/(3s)) #0 so that
3

We apply Lemma 7.1 and we recall that, when r € (0,1), the Bj _-norm can be charac-
terized as in (2.17). We conclude that

lu—unlL2@n) (2.16),<(2.17)

sup W =~ C(N7S)||UHBZ,GOIOS/2(RN)

heRN\{0}

(7.1)
< C(N,s,diam 2, p,0,00) | f 372w | F | oy (8:6)

Next, we choose

o9 = ;Tle (S 1) (87)

and by proceeding as in (3.34) we obtain

(3.11)
L= 11C(6yun —w)3agwy < CN,5,Lip,o0)un —ul i lu—us 2>
< C(N,5,Lip,02) [un, — ul252 g ]2~

(2.14)

< €05 Lipo.dian09) fun — o L1125

(8§6) C(N,s,Lipqﬁ,diamQ,p,@,al,02)|h|3"1"28||f\| JE I1£1172 RN ||f|\§<s??f

L O, Lipiam . .0.01,02) B 152 ey I oy 135258

U2 O Lip diam .00, P15 e L5 o 1 L2
:C(N,s,L1p¢,d1amQ,p,9,01,02)|h‘2s||f||Hfs(RN)||f||L2(RN), (8.8)

We point out that o1, and consequently o2, can be chosen in such a way that they
depend only on s, and we simplify the above estimate to

I SC'(]V-v87Lip(bvdial’nQapvg)|h|28”f”H*S(]RN)Hf”Lz(]RN)' (89)

To control I3, we recall (3.35) and we obtain

(3.35) 2
|I3] < 2\/12(\Il|+ H(_A)S/QUHH(RN))
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(9) o .

< C(N,5,Lipg,diam 2, p,0) L 12, oy L1520y I H (20 20y

(2.14),(8.4)
<

C(N,s,Lip¢,diam 2, p,0)|h[*|| fll 1= @) [ fl| L2y v/ [2]* +1
<C(N,s,Lipp,diam 2, p,0)|h[*[| fll - @) [ fl] L2 (8.10)

By combining (8.1), (8.2), (8.3), (8.4), (8.9) and (8.10) we eventually arrive at (1.8) and
this concludes the proof of Theorem 1.1.

8.2. Proof of Theorem 1.2.
8.2.1. Preliminary results. First, we establish a sharper version of Lemma 5.1.

LEMMA 8.1.  Let f€ L*(RYN). Under the same assumptions as in the statement of
Lemma 5.1, there is u € X5(2~°) such that (5.2) holds and moreover

I —ull2 < CN,5,diam,p) (== ) 1l ey |l (8.11)

Proof. We take the same function 4 as in the proof of Lemma 5.1 (see in partic-
ular § 5.1.1). Owing to the analysis in § 5.1.2, 2 € X5(2°) and hence we are left to
establish (8.11). To this aim, we proceed as in § 5.1.3 and we combine (5.17) and (1.8).
We get, for h=~h; =tn;,

(5.17) (5.
lu—alls < k max [l¢5fu— uit]] s < C(N diam$,p) max |[éifu—wuills

I8 ) 1,. 7

(1.3),(5.12 )C(N diam €, p) HllanHTh u—ulls

[RRRE}

(1.8),(4.14) _
< C(N75,d1amQ,p)\/|h\5|\f||Lz(RN)Hf||Hfs(RN)

3
< C(N,diam© p)\/(Sl ) Il 2@y |1 f |- vy,

owing to the arbitrariness of ¢ € (¢/sinf,p/2). This establishes (8.11). 0
We now state a sharper version of Lemma 5.2.

LEMMA 8.2.  Let f€ L2(RN). Under the same assumptions as in the statement of
Lemma 5.2, there is € X§(Q2) such that (5.6) holds and moreover

w2 < C(N,s,diam,p) (<=2 ) 120y |-+ avy: (8.12)

Proof.  We take the same function @ as in the proof of Lemma 5.2, namely we
define @ as in (5.20). By arguing as in the proof of Lemma 8.1 and applying (1.8) we
arrive at (8.12). The details are omitted. o0

8.2.2. Proof of Theorem 1.2: conclusion. We proceed as in the proof of
Lemma 6.1, but we apply Lemma 8.1 and 8.2 instead of Lemma 5.1 and 5.2, respectively.
In particular, in place of (6.7) we get

—e s 1/2 1/2
o — g ¥[|s < C(N,5,diam 2, p,0)e™/ (| || 15w | F 12 vy (8.13)

and, in place of (6.8),

4§ — [« < C(N, 5, diam 2, p,0)e™/ || F[| fitan | £ 112 v - (8.14)
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We plug (8.13) and (8.14) into (6.6), we recall that € can be any number satisfying (6.3)
and we eventually arrive at (1.11).

8.3. Proof of Theorem 1.3. We proceed as in the proof of Lemma 7.1, but
we apply (1.11) instead of (6.1). In particular, we can replace (7.17) with

. 1/2 1/2 s
lun—vnlls < N, 5, diam 2, p. )£ (g, | 11512 vy |11 (8.15)

and hence we can improve (7.24) to

. 1/2 1/2 s
= s < CN, 5, diam 2, p,0) | FII ot L1512 s |12

By arguing as in the proof of Lemma 7.1 from the above inequality we infer that z:=

(—A)S/2u belongs to the Besov space B;/OQO Thus, by applying Lemma 7.2, we eventually
arrive at (1.14).

8.4. An explicit example. In this paragraph we discuss the H® (and hence-
forth Besov) regularity of the solution of (1.1) in a specific example. Let us fix s€ (0,1)
and consider the Poisson problem

{—Afu=1inBﬂm,

u=0 in RV \ By (0). (8.16)

In the above expression, Bi(0) is the unit ball, centered at the origin, of RY. The
solution wu is then given by

N,s)(1—|z|?)® if 1
u(oy =[O laft) el <1, 1)
0 elsewhere.

A proof of the above fact is given by Getoor [11, Theorem 5.2] (cf. also [3] and [20]).
We have the following regularity result:

LEMMA 8.3. Assume N=1. Let u be the solution of (8.16). Then

1
ue H"(R) for every r<s+s. (8.18)
Note that, owing to (2.21), the above lemma implies, in particular,
1
ue By (R) for every 7“<s+§. (8.19)

We now compare this result with the regularity provided by Theorem 1.3. We set

fm%:{liﬂﬂ<L

0 elsewhere

3s/2
2,00

and we point out that f & L?(R). Theorem 1.3 implies that u € B
then 3s/2 < s+1/2, whence, in particular,

(R). Since s<1,

By . (R)CBS/2(R) if 3s/2<r<s+1/2.

2,00

This means that Lemma 8.3 is consistent with Theorem 1.2 since the regularity result
established in Lemma 8.3 is stronger than the regularity provided by Theorem 1.2.
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Proof. (Proof of Lemma 8.3.) We use the explicit formula (8.17) and we
proceed according to the following steps:

STEP 1: we make some preliminary considerations. First, we point out that estab-
lishing (8.18) amounts to show that (14|£|?)"/24 € L?(R), or, equivalently,

Aa+m) 2(&)dé < +oo. (8.20)

Since

’(1+|£I2)T
L4 [¢)?r

<C(r) for every £€R,
then establishing (8.20) is equivalent to proving

Aa+m%)()%<+m (8.21)

Since u € L?(R), then @ € L?(R) and hence (8.21) holds if and only if

/ I€[2r a2 (€) de < +o0. (8.22)
R

Finally, we point out that

2 2 2 2 2 2 2 2 2 2
/R €2 a2 (¢)dé = / JePri(e)ae+ /£>2|5| 02(€)d€ < Cllilage + /Wm a2(€)de

(8.23)
and this implies that to establish (8.18) it suffices to show that

1
/ €2 0% (&) dé < 400 for every r<s+ 3 (8.24)
[€1>2

STEP 2: we compute the Fourier transform of u. To this end, we note that u is
smooth on the interval (—1,1) and satisfies

(1—2%)/ (2) +2szu(z) =0 for z€(—1,1). (8.25)

It can be shown that then (8.25) holds in fact in the sense of distributions on R as u is
defined by (8.17). Thus, we can take the Fourier transform of both sides of (8.25) and
obtain

F((1—a2*)/ () +2szu(x)) =0 in Re. (8.26)

A straightforward computation ensures that

provided that v(z)=w'(x). This implies that

d2 d
Flau') = (gd—gzawd?a).
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By using the above equality we can re-write (8.25) as

2

g%m(%%)%mgazo in R. (8.27)

Note furthermore that @ is a smooth function since u is compactly supported.

STEP 3: we only consider the case £ € (2,400), since the case & € (—o0,—2) is anal-
ogous. We set z(€):=£1540(€). Then, noting for simplicity by v/(€) the derivative of a
generic function v(§), by a direct computation we can check that z solves

2(€) + (1— 3(15 S))z(f) =0 for £€(2,+00). (8.28)
By multiplying the above expression times z'(£) we then infer
1d 1 1 2
5 ()2(&)+22(€) (1 4 gs))} _ +§§Z ©) for £€(2,+00). (8.29)
Next, we point out that, if s€(0,1) and £ € (2,+00), then
s(1+s) 1
(1 e ) = (8.30)
We then set
1
m(©)= [(©2+24( (1-L52)). (8.31)
and we obtain the differential inequality
m'(£) < gm(f) for £€(2,+00). (8.32)

By applying Gronwall’s lemma, we deduce that m, and consequently z, is bounded
in the interval (2,+00). By performing a similar argument on the interval (—oo,—2),
we then have

/ ePra2©)de<c [ P9 dE < oo
[€]>2

1€1>2

provided that 2(r—1—s)<—1, namely that r<s+41/2. This establishes (8.24) and
henceforth (8.18) and concludes the proof of the lemma. O

9. Proof of Theorem 1.4

9.1. Preliminary results. The following results is well-known. A proof is given,
e.g., in [22, Prop. 9] under the additional assumption 2s < N. Actually, the argument
in [22] seems to work for general s€ (0,1). However, for the reader’s convenience, we
provide here a sketch of an alternative proof.

LEMMA 9.1.  Let QCRY an open and bounded set and let s € (0,1). Then the following
properties hold:

1) The operator (—A)® admits a diverging sequence of positive eigenvalues

in Q. As usual, in (9.1) we count each eigenvalue according to its multiplicity.
Note furthermore that the first eigenvalue 1 is simple, namely it has multiplic-
ity 1.
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it) The Rayleigh min-max principle holds, namely for every n € N we have

lullf lulld  _  [lunll?

(9.2)

Ap = min ax = =
" veV(n)ueV\{o}Hu||2L2(Q) w€S,\{0} ||“H%2(]RN) ||un||%2(RN)

In the previous expression, V(n) is the set of n-dimensional subspaces of X5 (),
Uui,...,Uy are the eigenfunctions associated to the eigenvalues A1,..., \n, and Sy,
1s the subspace generated by uy,...,Uy,.

Proof.  We first establish i). We consider the linear operator R:L?(Q)— X5()
which maps the function f € L?(2) CX§(Q)’ to the weak solution u = R(f) of the Poisson
problem (1.1). We start with showing that R is continuous. We recall that the bilinear
form [-,-]; is defined by (2.10) and by plugging u as a test function in (2.13) we get

C(N,s)lJullf = [uuls = {f,u) <[ fll 20y lull 12() < C(N, s, diam Q)| f]| L2 (e [l s-
To establish the last inequality, we have used (2.8). The above inequality implies
[R(f)lls <C(N,s,diamQ)|| fl| L2 ()

and hence establishes the continuity of R.

Next, we term 4 the immersion 4: X5 (2) — L?(2). Since € is bounded, by general
results on fractional Sobolev spaces (see [7, Theorem 8.2]) i is a compact map.

Finally, we consider the operator Ro, which is continuous and compact because it
is the composition of a continuous operator with a compact operator. Note furthermore
that the operator Roi is self-adjoint with respect to the bilinear form [,-], which is a
scalar product on X§(€2). Indeed, owing to (2.13), for every u,v € X§(Q2) we have

[R(u)vv]s = <u,v> = (u,U) = (v7u) = (v,u> = [R(U)7u]8 = [U,R(Uﬂs.

We conclude that Roi is a compact, self-adjoint operator on a separable Hilbert space
and henceforth admits a sequence of eigencouples { (i, un) }nen with {u,} converging
to 0 as n— +o00. Namely, for n € N, we have

fin (=) () = un.
By using u,, as a test function we then obtain
MnC(Nas)”unHE = HunH%ﬁ(Q) >0,

where we have also used that u, #0 by definition of eigenvector. The above equality
implies that pu, >0 for every n. By setting \,:=1/u, >0 we obtain a sequence of
eigenvalues for the operator (—A)®. Note that, for n— 400, A, diverges to +00 because
Uy converges to 0.

Finally, arguing as in the case of the standard Laplace operator, one can prove that
the first eigenvalue is simple and that the Rayleigh min-max principle holds. The details
are omitted. ]

To state the next result, we have to introduce some notation. First, we fix two
open and bounded sets Q,,Q CRY and an open ball D containing both ©, and .
As in (6.2) we denote by Pp_,q, : X5 (D) — X (€2,) the projection operator with respect
to the scalar product (2.10). Also, we fix s€(0,1) and we term (A?,u2), (A2, ub) the

n
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sequence of eigencouples of the operator (—A)® in Q, and €y, respectively. Finally, we
term

Shi=span{ul:i=1,...,n} (9.3)

the subspace generated by the eigenfunctions u},...,u%. Note that S% C X5 (Qs) C X5 (D).
The following lemma reduces the problem of controlling the eigenvalues to the
problem of controlling the projections of the corresponding eigenfunctions.

LEMMA 9.2.  Fiz neN and suppose that there are positive constants A>0 and 0<
B <1 such that, for every u€ S,

1Ppsq, (w) —ull? < AllulZ2 @, (9.4)
1Pp—sa, (1) —ul|72@yy < BllulZ2 @) (9.5)
Then
A
A;‘L—Ab < — (9.6)

" O-VBRE
Proof.  We simply apply [16, Lemma 15] with
H:=X5(D), Vo:=X5(Q), H(u,v):=[u,v]s, h(u,v):=(u,v).
]

9.2. Conclusion of the proof of Theorem 1.4. Let n, s and €,, {; be as in
the statement of Theorem 1.4. We also fix € such that

0<dy(Qa,)<e<v (9.7)

and we proceed according to the following steps.

STEP 1: owing to (4.4), condition (9.7) implies e°(2,£2,) <e. By using Lemma 4.1,
we infer

0;°CQ,. (9.8)

We now fix i=1,...,n and consider the i-th eigencouple (A\2,u?) of (—A)® on ,. We

K2

apply Lemma 8.1 and we infer that if v, and henceforth e, satisfies (5.1), then there is
u€ X§ (€, ) such that

uf =l < C(N,s,diam D, p, 0)e*/* X} |1 | 2 ). (99)

By (9.8), we have & (2,°) C A5 (). Hence, using (9.9), we get
||PD—>Qa (Uf) - ufHS < O(Na87diamD7p70)6S/2)‘?Hu?HLQ(]RN)- (910)
Finally, we recall that by assumption €}, contains a ball B, of radius . This implies
that X5 (B,) C X5 (§2) and thanks to the monotonicity of the eigenvalues with respect
to set inclusion (which follows from the Rayleigh min-max principle (9.2)) we conclude

that \? <C(N,s,r,i). Using (9.10) we finally arrive at

| Pp—a, (ul) —ub||s <C(N,s,diam D, p,0,r,i)e*/? HU?HL2(RN). (9.11)
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STEP 2: we fix u€ S% (see (9.3)), namely

n
u:Zziu? (9.12)
i=1

for some z1,...,z, € R. We recall that, by construction, the eigenfunctions ug’» are or-

thogonal with respect to the scalar product [-,-]s, which implies
b b) _

(uj’ui

1
=z uils=0 ifij.
J

By using (9.11) we get

| Pp—a, (u) —ulls=

Z PD—>Q ”—ui’]

< C’(N,s,diarnD,p,9,7‘,71)53/2 Z |1 ||U?||L2(RN)

n
<> Lzl Posa, (uf) =l
i=1

s

j=1
§C(N,s,diamD,p,9,r,n)55/2||u||Lz(RN). (9.13)

Owing to (2.8) the above inequality also implies
| Ppsq, (u) —ul| 2@y < C’(N,s,diamDm,Q,T,n)as/QHuHLz(Rw). (9.14)

STEP 3: we apply Lemma 9.2. We recall (9.13) and (9.14) and we conclude that
the hypotheses are satisfied if we assume that

B:=C(N,s,diamD,p,0,r,n)e® < - <1.

DN =

We can choose the constant v in the statement of Theorem 1.4 in such a way that
the above condition is satisfied for every ¢ <v. By using Lemma 9.2 we conclude that

C(N,s,diam D, p,0,r,n)e*
(1-1/v2)?

Since the above inequality holds for every e satisfying (9.7), we arrive at

A\ < <C(N,s,diam D, p,0,r,n)e’

2=\ < C(N,s,diam D, p,0,7,n)dS (Qa,)*

and by exchanging the roles of Q, and €} we eventually conclude the proof of (1.22).

10. Proofs of Proposition 1.2 and Theorem 1.5
In this section, we discuss the stability of the eigenfunctions of (—A)® with respect
to domain perturbation. We first provide the proof of Proposition 1.2.

Proof. (Proof of Proposition 1.2.) We use (1.24) and (1.25) and we infer that
u/|2=N — X and v/ =0 in RV \Q;. This implies that there exists ue H*(RY) such
that, up to subsequences, we have

uw! —u  weakly in H*(R") and strongly in L?(RY).

By recalling (1.24), this implies ||u|z2gv) =1 and hence u #0.
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We now show that (u,\) is an eigencouple for (—A)*® on Q by proceeding according
to the following steps.

STEP 1: we show that u € X;(€). Since u belongs to H*(RY), we are left to show
u=0 a.e. in RN\ Q. To this end, we fix p€ C°(RY\ Q). We claim that

suppy C RY \; for any j sufficiently large.

Indeed, suppy is compactly contained in R\ Q. Hence, there exists €9 >0 such that
suppp C RN\ Qeo (see (4.6) for the definition of ©%°). On the other hand, Assump-
tion (1.23) implies, in particular, that e(£2;,2) <1/j and hence by using Lemma 4.1 we
conclude that ©; C 07, In other words, suppy C RY \Q; for j >1/eq and this implies

/ u! (z)p(x)dz=0, for every j>1/eg.
RN

We let 7 — co and we obtain

/R u(w)ple)dz=0.

Owing to the arbitrariness of ¢ € C° (RN \ Q) and to the fact that £ (9Q) =0, we
conclude that u vanishes a.e. in RV '\ Q and hence that u € X§(Q2).

STEP 2: we show that (—A)*u=MAu a.e. in Q. We fix ¢ € C(Q2). By using As-
sumption (1.23), we infer e(£2,Q;) <1/;j and hence that

suppp C; for any j sufficiently large.

By using ¢ as a test function in the equation for u/, we get

/RN“j(x)(—A)sgD(x)dx:)\j/ W (2)p(x) de

RN

and by passing to the limit as j — oo, we arrive at

/ u(x)(—A)Sgo(x)dx:)\/ u(x)p(z)de.
RN RN

By taking into account the regularity of u and the arbitrariness of p € C°(Q2), we
deduce that (—A)*u = Au a.e. in , and therefore that (u,\) is an eigencouple of (—A)*
on Q. Moreover, u satisfies the relation |lul[3=A||ul|Z~), which combined with the
equality ||u||2L2(RN) =1 gives |lu|?= .

Finally, we recall that u/ — u weakly in H*(R") and that ||u?|s— ||u|s, we use the
uniform convexity of H*(R"™) and we conclude that u/ — u strongly in H*(RY). 0

Proposition 1.2 does not provide any information on the rate of the convergence
w —u. Indeed, in contrast to the stability result for eigenvalues, the convergence rate
for eigenfunctions is not uniquely determined in general. The following remark shows
that this happens in particular when the corresponding eigenvalues are not simple.

REMARK 10.1.  Let us consider the case when the (geometric) multiplicities of A/
and \ are two. We denote by u; and u, (/=1,2) the corresponding eigenfunctions

such that ||UXZ||L2(RN) =||ugl L2mvy =1 and [u),ul,]s =X 84. We furthermore assume
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that uz —uy strongly in H*(RY) for each £=1,2. Such a situation occurs, e.g., for
ball-shaped domains. Note that

W () :=(1—0) )l (x)+olul(x) = ui(x)  strongly in H*(RN) (10.1)

for every sequence {07} such that 0/ —0 as j— o0o. This implies that u’ is also an
eigenfunction corresponding to A over €2;. Moreover, one has

! = s > fJo? = [ls = lud =il =07 ud —uds = [|uf —wlls = V2N 07 = |[uf —us .

If we choose {07} in such a way that

J
liminf — 7 € (1/v2\, +00),

770 flug —ualls
then
|lu/ —uy||s>ko!  for every sufficiently large j

for some constant x> 0. This means that we can construct {o7} in such a way that the
eigenfunction «’ defined as in (10.1) has an arbitrarily slow rate of convergence to u;.
Hence, in general, the convergence rate of eigenfunctions is not uniquely determined.

On the other hand, the convergence rate for principal eigenfunctions might be esti-
mated, since the principal eigenvalue is simple and consequently the situation outlined
in Remark 10.1 cannot occur. In the general case, we can control the convergence rate of
eigenspaces. More precisely, in the rest of this section, we will control a suitable notion
of “distance between eigenspaces” by the domain perturbation rate. In particular, we
will give a proof of Theorem 1.5.

Throughout the rest of this section, Q,, €, are bounded, open sets of RV satisfying
assumptions i)-iii) in the statement of Theorem 1.4. Let (\,e}) denote the j-th eigen-
couple of (—A)* on Q, (see (1.19)). We can assume that (ef) are an orthonormal basis
of L?(Q,): in particular, (ef,ef)=0;; and [ef,ef]s = A]d;; (cf., e.g., [22, Proposition 9]).
Moreover, we assume that

Az—l<AZS)‘Z+IS"'S)‘Z+m—l<)‘Z+m (10-2)
for some k,meN (if k=1, we replace A{_, by 0) and we define the m-dimensional space

a . a a a
Nk,m '*Span{ekvek—i-lw .. 76k+m—1}'

If, for instance, A¢ is an eigenvalue with (geometric) multiplicity m, then (10.2) holds
true and Ny, is the corresponding eigenspace. Note that we equip both N, —and
N,i”m with the norm || -]|s.

Next, we recall some notions of distance between two subspaces M, N of X5 (D). Let
D CR¥ be an open ball containing both , and €, as in assumption ii) of Theorem 1.4.
Assume moreover that A (D) is endowed with the norm ||-||s, which is equivalent to
Il |l = (mvy. We define the excess of M from N in & (D) by setting

es(M,N):= sup  dists(z,N),
zeM, “st:1

where distg(z, N) :=inf cn ||z —y||s. Also, we define the Hausdorff distance between M
and N by setting

d.s(M,N):=e,(M,N)+es(N,M).
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Finally, we define the operator T, : X5 (2q) — X5 (24)" by setting

Tou=f & [u,9ls=(f,p)xsq, forall peXF(Q).

Note that T, is bounded, linear and bijective (see (2.14)). By the Open Map-
ping Theorem, the map T, ' : X5(Q.) — X§(Q) is a well defined and bounded
linear operator. One can analogously define Tp: XJ(Q) — &5 ()" and its inverse
T, X5 (%) — X5(Qp). Moreover, every ve L?(D) can be regarded as an element
fo of X5(2,) by setting

<fv,g0>X5(Qa) ::/ v(x)p(x)de  for every pe Xy ().
Q

a

To simplify notation, we will directly write v instead of f,. Note that T, ! and bel are
also well-defined if v € L?(D) (see [19]), namely

Tou=v < (=APu=v inQ,, u=0 in RV\Q,.

In the following, T, ! and bel are often regarded as bounded linear operators from
L?(D) into X§(D).

The proof of the following lemma is based on an abstract theory due to Feleqi [10,
Lemma 2.4]. For the reader’s convenience we provide a proof, which is specific to our
setting.

LEMMA 10.1.  Assume that condition (10.2) holds for some k,mé€N. Define 6 by
setting

1 1 1 1 1
min{ a  ya’ ya T a } if k22,
5 ? ) )\kfl Ao Aipmo1 Mitm (10.3)
== if k=1.
(5 3) '
Then
es (NE NP Y <mmax{d 1\, H U I H )
( k,m k,m)— { k+m 1} ( @ b )‘Nk,m L(Ng . X5 (D))
provided that
1 1 1 1
max{ T \a ) b ~ Ya }<5 if k22,
Mot Ao [Mgm Abgm (10.4)
1 1
— <6 f k=1.
P !

In the previous expression (T,

! _Tb71)|N;?,,,L N, — &5 (D) denotes the restriction of
T =T, to N{ s which is bounded and linear. Also, ”'HE(NE,WX&(D)) denotes the
(standard) norm of bounded linear operators from N, to X5 (D) (see (10.9) below for
its definition).

Proof.  We first point out that, if M, N are closed subspaces of a given Hilbert
space X with inner product (-,-)x, then

ex(M,N)=[|(1-@Q)oPllz(x)- (10.5)
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In the previous expression, P and () are the projection maps from X onto M and N,
respectively, and ex (M, N) is the excess of M from N computed with respect to the

norm ||| :=+/(+,-)x. To establish (10.5) we point out that
[A1-Q)oPlexy=sup [[(1-Q)oPul
ueX, ||lul|=1
= sup |[((1-Q)v||= sup distx(v,N)=ex(M,N).
veM, ||v||=1 veM, |Jv]|=1
In the rest of the proof, we will always choose X =X5(D), ||-||=11ls, ex(:,-) =es(+,),

M=Ny,, and N:ng,w
Next, we fix i=1,2,...,m and observe that

H (T, =1,

= s (TS =T A

N ' a B a
L(Ng X5 (D)) fGN,g’m’”st:l

k,m

(Ta_l _bel) €k+i71

Z a
V )\k-‘ri—l s
1 Chricl o1
= N A& - Bt} €Z+i—1 (106)
V Yk+i—1 k+i—1 s

Let us define the orthogonal projection Pp_,q, : X5 (D) — X§(€2) as in (6.2). By using
the fact that {e};en is an orthonormal bais of L*(€), we get

> [v,€%s .
Ppoq,()=Y_ )\b.j et for veX5(D). (10.7)
J

j=1

Note that the series at the right-hand side of the above equality is convergent, since
Pp_.q,(v) € X5() and {e?}jeN is a basis.

) Since ef.y; 1~ Ppoay,(€fy;-1) € X5 ()" and Ty (efy;y — Ppoa,(ef ;1)) =0,
then

2
a

Chyi—1
A

—1_a

o =Ty eryia

kti—1 B
a

_ Pp_a,(€iqi-1) T1lop a

=T e .. T ° Dy (€pqi1)

ki1
et ., —P (et 1) 2
k4i—1 D=y Chrti—1 T (8 P a
+ I =T, (efri—1—Ppoay(eri;_1))
ki1 s
a a a 2
o PD—>Qb(ek+¢71) T1lop a Chti—1 _PD—>Qb(ek+i—1)
== e T oPpoaylerpi)| + e
ki1 B kti—1 B
1 < [ef, . 1,e%] <1 [ef, 1,€Y er ., 1—P e 0l?
(10.7) k+i—1:C5ls bizi k+i—11€5 S b + k4i—1 D—Qp (€41
- 2@ A J A A\ J Ao
k+i—1 j=1 J j=173J 7 . k+i—1 s
27 a b2 2
_i ( 1 1 ) lenri—1-e;]5 n ehri—1— Ppooy(€hyi_1)
- a Y] b a
i=1 Airic1 A A Ahtio1 B
2 b12 2
N ( 1 7i> lenii—1-e;l; erri—1— Ppoay(erii_1)
= a b b a :
J#k, - k+m—1 )‘k+i71 >‘j >‘j )‘k+i71 s

Note furthermore that by combining (10.3) and (10.4) we get

1

r—ﬁ >6 if ]Sk—l or jzl{i—f—m (108)
k+i—1 j
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Indeed, for every j>k+m we have

A& - )\ Za e )\b (by /\thi—l S/\ker 1 and \? >/\k+m)
k+i—1 k+m—1 k+m
B Xi-ﬁ-m 1 >\2+m )\Zer )\%-&-m

(10.3), (10.4)
>

20—0=04.

By using an analogous argument we can establish (10.8) when j <k —1. Also, we have

[€k+1 1° ]] (10 7) [PD_)Qb (ez+i71)7e?]§
D > v
J#k, - kt+m—1 J j#k, k+m—1 j

=[(1=Q)o Ppsa, (€1 1)II2

and e ; 4 — PD%Qb(ezM—D =(1- Q)(ez-q-i—l —Pp_q, (ez+i—1)) € X()S(Qb)L' By going
back to (10.6) and using the above relations, we obtain

[CaRErI

k,m

2

L(Ng,.. X (D))

> 1
)\k+7ﬁ71

8l (1-Q) o Ppa, (€hri-1)|2

€ X5 (%)

2
+(#) (1= Q)€ i1~ Posar (i) |12

a
Ak«ki* 1

€ X5 () +

1 R
> min{§2, (Aa ) }l(lQ)eZHﬂ?.
Brio1 ki1

By using (10.5), we deduce that

es(Ni s N2 ) = 1(1= Q) 0 Pll £ (xs ()

= sup [(1-Q)o Pulls
weXS (D), [[ull =1

1-Q) [u, 6Z+i—1]s a

= sup Chyio1
weXG (D), [[ull =1 Ay i
[[u € ‘—1]3|
< sup 77/\(1“ H(l_Q)e%H—lHS
w€XF (D), [lulls=15"1 k+i—1
ll€ki—1lls
< Z” lls /\aJrZ H(l_Q)e%ﬂ;le

uexs(D) HUH =11 k+i—1

Zm”l Q)eftim 1”

gmmax{é_l,kﬁ+m,1} H (Ta_l _be1)‘

v
Emllo(ve | xs(D))
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and this completes the proof. ]
In the following we use this lemma:

LEMMA 10.2.  Under the same assumptions as in Theorem 1.2, we have

<C(N,s,p,0,diam D)o(,9,)%/2.
LN} X5 (D))

a
k,m

e

Proof. We observe that

= sup H(Ta_l—bel)st
x5(D))  JENE s lIflls=1

= sup lug —upl|,, (10.9)
FENg . Ifll=1

o

Nl?.?n [:(N

k,m?

where u, :=T;1f and uy ::belf. By applying Theorem 1.2, we deduce that

o
Nim e, 25 (D)
<C(N : 1/2 1/2 s/2
— ( a$7p797dlamD) sup ||fHL2(D)||f||H s(RN) (Qb?ﬂa)
feN)(clnn’ ”f”bzl
(2.8), (2.11) ) )
< C(N,s,p,0,diam D)o(%, Q)2
which is the desired result. O

We can now state our main results concerning the eigenspace stability.

THEOREM 10.1.  Let assumptions i)-iii) in Theorem 1.4 and (1.10) hold. Assume
furthermore that (10.2) holds for some k,m €N and let § >0 be the same as in (10.3).
Let \1(D) >0 denote the principal eigenvalue for (—A)* on D. Then there is a positive
constant v, only depending on N, s, p, 0, diam D, r, k, m, \{(D) and ¢, such that, if
d5; (e, ) <v, then

es(Ng s NP ) SC(N,s,p,0,diam D)ymmax {6 Ae 1 }o(20,Q4)2 (10.10)

Also, let \j(B,) denote the j-th eigenvalue of (—A)® on B,.. If, in addition, 3(Qq,Y) <
(psind) /2, then we also have

dH,S(NI::l,m7Nl§:),m)
<C(N,s,p,0,diamD)mmax {6~ Nyjm—1(Br) } (d (Qb,Qa)+0(Qa,Qb))s/2. (10.11)

Proof. By recalling that A > A{ > A1(D) >0 we get that

1 1

b AY

J

A=\
AjAG

1
-\ (D)2

A=\

=0 for j=k—1,k+m as dy(Qq,2)—04.

This implies that (10.4) holds true if v > 0 is small enough (the smallness threshold of v
may also depend on A (D) and ¢). By applying Lemmas 10.1 and 10.2, we get (10.10).

If, in addition, 9(2,,%) < (psinf)/2, then by switching a and b and by repeating
the same argument as before, we obtain

eS(N,i”m,N,‘j’m) < C(N,&p,&diamD)mmax{6_1,)\2“”71 } D(Qa,Qb)s/2
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(with same v). By using the fact that Af, 1 A}, 1 < Aeym—1(By) and adding the

above inequality to (10.10), we eventually establish (10.11). d
We can now give the proof of Theorem 1.5.

Proof. (Proof of Theorem 1.5.) Since the first eigenvalue is simple, assumption
(10.4) is satisfied with k=m =1 provided v >0 is small enough (the smallness threshold
of v may again depend on A\;(D) and 0). By applying Theorem 10.1 we conclude that

es(N{' 1, NP 1) < Cmax {67, AT }o (s, Q)2 (10.12)

Note furthermore that

er (N V) = e et int |~ . |

a [6(11?6?}5 b

1 b 1
)‘1

= inf |[e? — cell|. =
élelRHel ceqlls e

S
which implies

' ef el

2 a b a b 2
_ ef e} e e; 2 a b o\2
NCAGY S_2<1_[m’me(l_[m’m])‘wes(“’“)'

By combining the above equality with (10.12) we arrive at
VAT

C
= VAL(D)

On the other hand, by switching a and b, we obtain
et

el C
‘N LS VA

Taking the minimum of the right-hand side of both the previous inequalities, we even-
tually establish (1.29). d
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a b
ef e

o 1

Ca max {57} (Q, Q)72

<
S

maX{(gilaAl(Br)}D(QbaQa)S/Q'

b
max {57, A1 (By) }0(Q,0%)%2.
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