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ON A MULTI-SPECIES CAHN-HILLIARD-DARCY TUMOR
GROWTH MODEL WITH SINGULAR POTENTIALS*
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GIULIO SCHIMPERNAY

Abstract. We consider a model describing the evolution of a tumor inside a host tissue in terms of
the parameters ¢p, ¢q (proliferating and necrotic cells, respectively), u (cell velocity) and n (nutrient
concentration). The variables ¢, ¢ satisfy a vectorial Cahn—Hilliard-type system with nonzero forcing
term (implying that their spatial means are not conserved in time), whereas u obeys a variant of
Darcy’s law and n satisfies a quasi-static diffusion equation. The main novelty of the present work
stands in the fact that we are able to consider a configuration potential of singular type implying
that the concentration vector (pp,¢q) is constrained to remain in the range of physically admissible
values. On the other hand, in the presence of nonzero forcing terms, this choice gives rise to a number
of mathematical difficulties, especially related to the control of the mean values of ¢, and 4. For
the resulting mathematical problem, by imposing suitable initial-boundary conditions, our main result
concerns the existence of weak solutions in a proper regularity class.
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1. Introduction

Tumor growth remains an active area of scientific research due to the impact on
the quality of life for those diagnosed with cancer. Starting with the seminal work
of Burton [8] and Greenspan [33], many mathematical models have been proposed to
emulate the complex biological and chemical processes that occur in tumor growth with
the aim of better understanding and ultimately controlling the behavior of cancer cells.
In recent years, there has been a growing interest in the mathematical modelling of
cancer, see for example [1,3,7,19,21,23]. Mathematical models for tumor growth may
have different analytical features: in the present work we are focusing on the subclass of
continuum models, namely diffuse interface models. In this framework, the tumor and
surrounding host tissue occupy regions of a domain and are subject to various balance
laws mimicking the biological processes one would like to model. While it is intuitive to
represent the interfaces between the tumor and healthy tissues as idealized surfaces of
zero thickness, leading to a sharp interface description that differentiates the tumor and
the surrounding host tissue cell-by-cell, these kinds of sharp interface models are often
difficult to analyze mathematically, and may break down when the interface undergoes
a topological change. Metastasis, which is the spreading of cancer to other parts of the
body, is one important example of a change of topology. In such an event, the interface
can no longer be represented as a mathematical surface, and thus the sharp interface
models are not valid when the tumor exhibits metastasis.
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On the other hand, diffuse interface models consider the interface between the
tumor and the healthy tissues as a narrow layer in which tumor and healthy cells are
mixed. This alternative representation of the interface gives rise to model equations
that are better amenable to mathematical analysis, and the mathematical description
remains valid even when the tumor undergoes topological changes. Hence, the recent
efforts in the mathematical modeling of tumor growth have been mostly focused on
diffuse interface models, see for example [18,19,22,29,31,34,40,44], and their numerical
simulations demonstrating complex changes in tumor morphologies due to mechanical
stresses and interactions with chemical species such as nutrients or toxic agents.

The interaction of multiple tumor cell species can be described by using multiphase
mixture models (see, e.g., [1,20,22,29,42,44]). Indeed, using multiphase porous media
mechanics, the authors of [42] represented a growing tumor as a multiphase medium
containing an extracellular matrix, tumor and host cells, and interstitial liquid. Numer-
ical simulations were also performed that characterized the process of cancer growth
in terms of the initial tumor-to-healthy cell density ratio, nutrient concentration, me-
chanical strain, cell adhesion, and geometry. The interactions of a growing tumor and
a basement membrane were studied in [5], which has been adapted to the multiphase
case [9], with additional biophysical details given in [19].

In terms of the theoretical analysis of diffuse interface models, most of the recent
literature is restricted to the two-phase variant, i.e., to models that only account for
the evolution of a tumor surrounded by healthy tissue. In this setting, there is no
differentiation among the tumor cells that exhibit heterogeneous growth behavior, and
consequently this kind of two-phase models are just able to describe the growth of a
young tumor before the onset of quiescence and necrosis. Analytical results related
to well-posedness, asymptotic limits and long-time behavior have been established in
[11,13,15,24-28,41] for tumor growth models based on the coupling of Cahn—Hilliard (for
the tumor density) and reaction—diffusion (for the nutrient or other chemical factors)
equations, and in [27, 32,35, 37, 38] for models of Cahn-Hilliard-Darcy type. There
have also been some studies involving the optimal control and sliding modes for diffuse
interface tumor growth, see, e.g., [12,14,30].

Comparatively, there have been fewer analytical results for the multi-phase variants,
which distinguish between the proliferating and necrotic tumor cells. In [20] a simpli-
fication of the tumor model introduced in [9] is studied. In contrast to the original
model of [9], which consists of a Cahn—Hilliard-Darcy system coupling transport-type
equations with high order source terms, and the natural energy identity of the model
appears not to provide sufficient a priori estimates, the authors in [20] analyzed the case
of constant and identical mobilities for all tumor species, which allows them to express
the simplified model as a Cahn—Hilliard—Darcy system coupled with a transport-type
equation without the high order source terms, and establish the existence of a weak
solution. Meanwhile, existence of a solution to the original model of [9] remains an
open problem due to the high order source terms and a lack of useful a priori estimates.
In [29], instead, a vectorial Cahn—Hilliard—Darcy model has been proposed to describe
multi-phase tumor growth. A new feature of the said model is the use of a volume-
average velocity, which dramatically simplifies the resulting equation for the mixture
velocity. Furthermore, differently from the system studied in [20] that consists of one
Cahn—Hilliard equation for the total tumor volume fraction coupled with transport-type
equations for the individual tumor species, which is the main source of analytical dif-
ficulties in the search for a priori estimates, in the model of [29] each tumor species
is governed by a Cahn—Hilliard-type equation, and the corresponding natural energy
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identity yields better a priori estimates for an existence proof.

In this paper, we consider a multi-species tumor model posed in a smooth bounded
domain QCR?, de{2,3}, and over a reference time interval (0,7) with no restriction
on the magnitude of T. Our model describes the evolution of proliferating tumor cells,
necrotic tumor cells, and healthy host cells. We denote the corresponding volume frac-
tions as ¢p,pq,¢n € [0,1], respectively, so that ¢,+pq+¢p =1 almost everywhere in
Q% (0,T). By this relation, it suffices to track the evolution of ¢, and g in order to
deduce the evolution of ¢y,; for this reason it is also natural to assume that the vector
@:=(pp,pq) " lies in the simplex A:={y€R?: 0<y;,ya, y1+y2 <1} CR2 This con-
straint will be one of the key points in our approach and we will explain below how it
is enforced by the equations. The multi-species tumor model analyzed in this work is
given by

Ovpp=MpAp, —div(ppu)+Sp, pp=F,—Ayp, in Q:=0x(0,T), (1.1a)
Orpa=MgApg— div(pau) +Sa, pa=Fq—Apg in Q, (1.1b)
Sp=Ep(n,p,Pa) + MppPp +Mpapa n @, (L.1c)
Sa=ZXa(n,¢p,0d) +MapPp+mMaapa in Q, (1.1d)
divu=.S5,+S5q in Q, (1.1e)
u=—-Vq—p,Vip—0aViq in Q, (1.1f)
0=—-An+¢,n—B(nc—n) in Q, (1.1g)
M;Onpi —piu-n=0, Opp;=0, ¢=0, n=1 on I''=(0Q) x (0,T), (1.1h)
op(,0) = 0p0(2), Pal.0) = paol®) in 0. (1.13)

Note that, ¢5 can be determined from the relation 1—¢, —¢q, and implicitly, we are
also assuming that ¢p,(2,0)=1—pp 0(x) —@a0(x).

Equations (1.1a) and (1.1b) are convective Cahn-Hilliard-type equations (with
nonzero forcing terms) that encode the evolution of ¢, and 4. The variables p, and
ftq are the associated chemical potentials. The constants M,;, and My denote the mobil-
ities of ¢, and ¢4, and S, and Sy are the corresponding source terms that account for
biological mechanisms experienced by the tumor cells. Furthermore, we have assumed
that the cells are tightly packed and move together, leading to the appearance of a cell
velocity u governed by Darcy’s law (1.1f) with cell pressure q. The subsequent terms
©p Vi, and pgVig in (1.1f) have the meaning of Korteweg forces. Meanwhile, the gain
or loss of volume due to the source terms S, and S4 (modeled by (1.1c) and (1.1d)
with constants myp, mpq, Map and mgq) and the change of mass balance is summa-
rized in the relation (1.le). Lastly, we assumed that a chemical species is present in
the domain ) that serves as a nutrient for tumor proliferation, whose concentration we
denote as n. Equation (1.1g) accounts for the diffusion of the nutrient (which is much
faster compared to the rate of cell proliferation, resulting in a quasi-static evolution),
its consumption by the proliferating cells modeled by the term ¢,n (host cell nutrient
intake is small compared to tumor cell intake), and the transfer of nutrients to and
from nearby capillaries modeled by the term B(nc —n), where ne¢ € (0,1) is the level of
nutrients in the capillaries and B >0 is a constant supply rate.

In (1.1h), 9, denotes the outer normal derivative to 9 with unit normal n, while
in (1.1a) and (1.1b), F,, and F 4 denote the partial derivatives of a function F(¢,,¢q)
with respect to ¢, and g4, respectively, i.e.,

F F
va::a—, F7d::a—.
Dy dpd
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Associated to (1.1) is the free energy functional E(p,,¢q) of Ginzburg-Landau type:

E(ppa)i= /Q Floppa) + 3 Vol 4+ 5 Vgulda, (1.2)

where the function F' is a multi-well configuration potential for the variables ¢, and
@4, which we take to be the sum of a smooth non-convex part F; and of a non-
smooth singular convex part Fy, ie., F=Fy+F) with Fy set to +oo outside the
set A={(s,r)€R?: 5s>0,r>0,5+7<1} of the “physically admissible” configurations.
In other words, if fQ Fo(pp,pa)dz is finite, then we necessarily have ¢,,¢q>0 and
¢p+wq<1. Moreover, as a further consequence, due to the fact that ¢, =1—¢, — @y,
we also have 0<¢; <1. This means, the finiteness of the “configuration energy”
fQ (pp,pa)dx automatically ensures the natural bounds

OS¢p7§0da¢h S 1 a.e. in Q. (13)

An example of singular potential Fy that we can include in our analysis is

Fo(pp,pa) = pplogw, +pqlogpa+ (1 —pp —@a)log(l— o, —pa), (1.4)

which can be seen as a generalization of the standard logarithmic potential commonly
used in the framework of Cahn-Hilliard equations (cf. for example [10,39]). Let us
also comment that, in light of the above considerations, the pure phase consisting of
proliferating tumor cells is characterized by the region {¢, =1, @q=¢) =0}, whereas
the pure phase corresponding to the necrotic cells is the region {ps=1, ¢, =, =0}.

Mathematically speaking, the main novelty of our model, and also its main diffi-
culty from the analytical point of view, comes from the singular component F{y of the
configuration potential coupled with the nonzero source terms in the Cahn—Hilliard re-
lations (1.1a)-(1.1b). Indeed, integrating the first relations in (1.1a), (1.1b) we obtain
an evolution law for the spatial mean values y; := |Q‘ fQ pidx of @; for i=p,d (cf. (4.2)
below) which is satisfied by any hypothetical solution to the system. Such a relation,
however, does not involve directly the singular part Fy. Hence, the evolution of y,,yq
are not automatically compatible with the physical constraint (1.3) and this compati-
bility (i.e., the fact that y,, ys remain well inside the set of meaningful values) has to
be carefully proved (see Subsection 4.1) by assuming proper conditions on coefficients
and making a careful choice of the boundary conditions. In particular, the first con-
dition in (1.1h) linking the boundary values of u, ¢; and p; seems to be necessary in
order for our arguments to work. It is worth noting that the mathematical literature
on multi-component Cahn—Hilliard systems is very poor; we can actually just mention
the papers [4,16,17,36] (see also the references cited therein).

Concerning the approach we employ to prove existence of weak solutions to system
(1.1a)—(1.1g), the first step is to consider a regularization, which is obtained by re-
placing the singular potential Fy with its Moreau—Yosida approximation F. depending
on an approximation parameter € >0, and also introducing some suitable truncation
functions. The latter choice is due to the fact that F. is no longer a singular function,
and consequently the uniform boundedness properties 0<¢,, 0<pq, @p+@s<1 are
not expected to hold in the approximation level. In addition, we remark that in taking
the divergence of (1.1f) and using (1.le) leads to an elliptic equation for the pressure
g. Similar to the situation encountered in [27,35], the presence of source terms S, and
S4 necessarily requires a priori bounds on the pressure ¢ in order to derive useful esti-
mates. Therefore, in the regularization we use the Darcy law (1.1f) to remove explicit
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dependence on the cell velocity v in the equation, and rewrite the transport terms in
(1.1a), (1.1b) directly in terms of the pressure q. Then, we also include a number of
regularizing terms depending on a further parameter § >0 which is intended to go to 0
in the limit.

Introducing the cutoff operator

T (r):=max{0,min{1,r}}, (1.5)
our regularized system takes the form
Dupy” = MpApy® + div (T (o)) Vg + T (05°) T (4 °) Vi) (1.6a)
+div (T () V™) + Sy,

PO = —AD PN + e p(00° .05°) + Frp(9h,05°) — Apde, (1.6b)

Oupy” = Malpig® + div (T (5) Vg™ + T 0y ) T (23" Viiy©) (1.6¢)
+div (T (9}*) V™) +Sa,

S = =085 + Fr a(05%,05°) + Fra(05%,05%) — Al (1.6d)
Sp=Zp(n", 05 05%) + Mpp® +Mpaoy” (1.6e)
Sa=Sa(n®, 05, 05%) +map’® +maael®, (1.6f)

80" =A™ — A + div (T (93°) VS + T (05°) Vi) +S,+Sa,  (1.6g)
0=—An"+T(¢0%)n>* — B(nc —n’*), (1.6h)

furnished with the initial and boundary conditions
00 (0)=0p05, Pa°(0)=¢a0s, ¢*(0)=01inQ, (1.7a)
M;Bn il +T (0] ) (V™ +T(00°) Vil + T (9)°) Vi) n=0on T, (1.7b)
Onpl€=0, n® =1, ¢*=0, A¢>*=0onT, (1.7¢)

where the regularized initial data {¢p0.5,94,0,6} are chosen in such a way that they
converge strongly to the original initial data {¢, 0,940} as d —0. Let us mention that
in (1.6b) and (1.6d), we use the notation

OF, 0F, OF, o0F,

e,p— 350,,7 1,p:— 8%), a,d-—aiwd, 1,d3=aTDd-

For fixed 6,2 >0, we show the existence of a weak solution to (1.6)-(1.7) by means
of a Schauder fixed point argument. It turns out that eliminating the velocity in the
equations allows us to decouple the complicated model (1.6) into two subsystems. For
given functions (g,n) we first show the well-posedness of (1.6a)-(1.6f) with ¢*¢ and
n%¢ replaced by ¢ and 7. Then, using (gof,’e,uf,’57gpg’€,ug’e) as data, we show the well-
posedness of (1.6g)-(1.6h). This allows us to define a compact mapping K : (q,7) — (g,n),
and a fixed point of this map K is a weak solution to the regularized system (1.6)-(1.7).
We then derive uniform estimates in ¢ and €, and then pass to the limit in the order
0 — 0 followed by € —0 to deduce the existence result for (1.1).

Let us now compare (1.1) and the model of [9] which was analyzed by [20]:
e In [9], the effect of a basement membrane on the growing tumor is also con-
sidered, which leads to additional coupling of the model with a Cahn-Hilliard

equation transported by the velocity w. In this work we do not consider such
effects.
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e The key distinction is that in our choice of a multi-well potential F' in (1.2), we

included interfacial energy for the proliferating-necrotic tumor interface and also
for the tumor-host interfaces. On the other hand, in [9] the free energy depends
only on the total tumor volume fraction o1 =@, +¢q, i.e., E(or) = [, f(¢r)+
%|V¢T|2 dx for scalar double-well potential f with minima at 0 and 1. This
reduction to the total tumor volume fraction implies that the proliferating-
necrotic tumor interface in [9] is not energetic.

More precisely, in [9], like in the multiphase models studied in [22,44,45], the
differentiation between proliferating and necrotic tumor cells is done a posteriori
based on the local density of nutrients after computing ¢p. In contrast, our
model (1.1) follows a similar approach to [29] in which ¢, and ¢4 are computed
without any post processing.

Moreover, we consider here different boundary conditions with respect to [9],
where a zero Dirichlet boundary datum was taken for the chemical potentials,
while here we consider a coupled condition for p; and w (the first of (1.1h)).
It is worth noting that the (easier) case of Dirichlet boundary conditions for
; could also be treated, but we preferred to handle (1.1h) which seems to be
more reasonable from the modeling point of view. On the contrary, the case of
no-flux conditions for u; (which would also be meaningful) seems not easy to
be treated mathematically.

The source term in the Cahn—Hilliard equation [9, (2)] have been modified
and differs from the earlier model of Wise et al. [44]. The effect of such a
modification is that in the corresponding energy identity, the right-hand side
can be controlled more easily (cf. [20, Lem. 3.4]). However, in our present
setting we encounter terms of the form Spup+Sapq in the energy identity (see
(4.4)), which are more difficult to control and require a priori bounds on the
mean values of ¢, and ¢g4.

Finally, differently from [20], we allow possibly different mobility coefficients,
which would have given rise to a number of mathematical complications in
the setting of [20]. On the other hand, we infer stronger spatial and temporal
regularities for the individual volume fractions ¢, and ¢4 compared to just
boundedness in the setting of [20].

Plan of the paper. The assumptions and main results are stated in Section 2.

The proof is carried out in the remainder of the paper and is subdivided into several
steps: namely, in Section 3 the existence of weak solutions to the regularized system
(1.6)-(1.7) is outlined. Then, in Section 4 uniform estimates that are independent of
the regularization parameters § and ¢ are derived in order to pass to the limit to obtain
weak solutions for the original system (1.1).

2. Assumptions and main result
For the remainder of the paper, we denote the mean of a function f over Q as f.

We start by presenting our assumptions:

ASSUMPTION 2.1.

(A1) M,,My are strictly positive constants, B is a non-negative constant and nc €

(A2) We set ¥:=(X,,Xq) and denote as M = (

(0,1).
Mpp Mpd

the matriz of the coeffi-
Mdp mdd> f I
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cients in (1.1c), (1.1d), so that

Sp _ ¥Pp
() =tnemen +22 (7).

Then, we assume that ¥ € C%(R3;R?) and there exist a closed subset Ag with
C*-boundary contained in the open simplex A and constants K, _, K, +, Kq —,
Kq+€R and c>0, with K, - <K,  and Kq_ <Kg 1, such that

E(R?’) c [KpﬁﬂKpHr] X [Kd,*de#]? ||DE||L°°(R3;R6) <c (2'1)
and for x=(3,,%4)" € [Kp—,Kp+]| % [Ka—,Ka ], it holds that
(My+x)-n<0 for all ycdAy, (2.2)

where n denotes the outer unit normal vector to Ag.

(A3) The potential F is the sum of a convex part Fy and of a (possibly nonconver)
perturbation Fy. We assume that Fy:R? —[0,4+00], with the effective domain
of Fy (i-e., the set where Fy assumes finite values) being given either by A
or by the closure A. Furthermore, Fy€ C'(A;]0,00)), i.e., Fy is smooth once
restricted to the simplex A and there exists constants c¢1,c3>0 and co,c4 >0
such that

Fo(s,r)>cr(|s]+]r*)—ca V(s,r) €A, (2.3)
and for all (s,7)# (S,R) € A, it holds

VEo(sr)-(s=5,r = R) 2 es| VEu(s.r)| —es, (2.4)
where VFo(S,T):(aF%(Ss,T’),BF%(i-,T))T, Meanwhile, we assume Fy € CH!(R?)
with

F F

’a B(j’r) +‘a B(f’r) SC(1+[s|+[r]) VrseR. (2.5)

(A4) The initial conditions satisfy ©p.0,a,0 € H () with
©p.020, 94020, @potpao<lae inQ  Fo(epo.pa0) EL(Q). (2.6)

Moreover, the mean values y; o := ﬁ fQ wio(x)dr fori=p,d satisfy

(Yp,0,Yd,0) € int Ag. (2.7)

Examples. In order to clarify the above assumptions, and particularly those re-
garding the singular potential F', we introduce one example which is particularly sig-
nificant and will be considered as a model case in the sequel. Namely, we consider the
multi-phase logarithmic potential

Fy(s,r):=slogs+rlogr+(1—s—r)log(l—s—r),

Fi(s,r):= g(r(l—7")—|—s(1—s)—|—(1—r—s)(r—|—s)),

(2.8)
for a fixed positive constant y. Then, the Assumption (2.3) is fulfilled by (2.8) due to
the boundedness of the simplex A, and the Assumption (2.4) is also fulfilled as we prove
in Lemma 2.1 below.
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LEMMA 2.1. Let Fy be defined as
Fo(s,r)=slogs+rlogr+(1—s—r)log(l—s—r)

and let Ag be a compact subset of A. Then, there exist positive constants c.,C\ depend-
ing only on Ao such that (2.4) holds.

Proof.  For any (S,R) € Ay, direct computation of VFy leads to

VFy(s,7)-(s=8,r—R)" =(s—5)logs+ (r— R)logr
+((R+S5)—(r+s))log(l—(r+s)).

Observe for 5,5 €(0,1),

>0 ifs<S, 0 1
(s—S)logs=< <0 ifs>9, and (sS)logs%{ W
. oo as s—0.

=0 ifs=S5,

In particular, the function (s—S)log(s) is bounded from below by some negative con-
stant. Hence, there exists a constant d; >0 such that

(s—S)logs> §|10gs\ —dy,

and as S €(0,1) we can choose d; independent of S. In a similar fashion, there exists a
constant dp >0 (that can be chosen independent of R) such that

R
(r—R)logr> 3 |logr|—ds.
Lastly, (s,r)€ A implies that r+s€(0,1), and consequently there exists a constant
d3 >0 independent of R,S such that

1—(R+5)

((R+S)—(r+s))log(1—(r+s))> 5

[log(1—(r+s))|—ds.
Summing the above then yields
VFy(s,r)-(s—S,r—R)"
> min(R, 5,1 (R-+ ))([logr| + [logs| +|108(1  (r+5)]) ~ C(ds,da.ds)
Zimin(R,S,lf(R+S))|VF0(S,T)| —C(dy,ds,ds).
Now for (R,S) € Ay, we see that
min(R,S,1—(R+5S))>c. >0

for some constant ¢, >0 depending only on Ag. This concludes the proof of Lemma 2.1.
O

Moreover, as a consequence of (2.4) we obtain by interchanging the roles of (s,r)
and (S,R) an analogous inequality

VFy(S,R)-(S—s,R—7)" >c3|VFy(S,R)| —ca.
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Then, a short computation shows that

(VEy(s,7) = VFy(S,R)) - (s—S,r—R)"
=VFy(s,r)-(s—S,7r—R)T +VFy(S,R)-(S—s,R—7)"
>c3|VFy(s,r)|+cs|VE(S,R)| —2¢q4
>c3|VFy(s,r)—VFy(S,R)| —2c4. (2.9)

In particular, the inequality (2.9) together with (2.3) shows that Fj fulfills the hypothe-
ses of [16, Prop. 2.10]. This property would be important later when we consider the
Moreau—Yosida approximation of Fy for the derivation of uniform estimates.

Let us also sketch a couple of examples of functions ¥,,%; and M that fulfill the
Assumption (2.2).

o First, we consider the source terms S, Sq defined as

Sp=Amg(n) —Aapp, (2.10)
Sd:)\ASDp_)\LSDd; (211)

for positive constants Ays,Aa,Ar and a bounded positive function g such that
0<g(s) <1. The archetypal example is g(s)=max(nc,min(s,1)) for the con-
stant nc €(0,1) in (1.1g). The biological effects that we model here are: the
proliferation of tumor cells due to nutrient consumption at a constant rate Ay,
the apoptosis of tumor cells at a constant rate A4, which leads to a source
term for the necrotic cells, and the lysing/disintegration of necrotic cells at a
constant rate Ay.

With the choice (2.10)-(2.11) one can take K, - =0, K, t = Ay, Kg-=Kq 4=
0. Then, integrating (1.1a) and (1.1b) over 2, and applying the boundary
conditions (1.1h) leads to the following ODE system for the mean values y, :=%,
and yq:=9q:

i ()= Ot ) ) (o) =ae (1) ()

The matrix M is invertible with eigenvalues {—Xa,—Ar}, hence the fixed point

is asymptotically stable. Under the following constraints on the rates:
)\M()\A'i‘)\L) <AAAL, Aa<2Ap,

we can show that (y,,y;) lies in the interior of the simplex A, and (2.2) holds
when we take Ag to be a ball centered at (y;,y(}‘) with sufficiently small radius
n>0. Indeed, thanks to nc >0 we see that y;,y;>0. Meanwhile, using g<1
shows that

> TYs <A ! + ! <1
Yp TYa =AM VDY
when we assume the hypothesis Ap(Aa+AL) <AaAr. Furthermore, taking
a parameterization of the circle 0Aq as (ncosf+yy,nsinf+y;) for 6 €[0,27]



830

MULTIPHASE CAHN-HILLIARD-DARCY WITH SINGULAR POTENTIALS

with normal n = (cosf,sinf), a short computation shows that (recalling x=
(Aarg(n),0)")

neost +y, Amg(n)\| (cost
[M<nsin9+y;)+< 0 sinf

= — Aancos®f+ A ancosfsinf — Ay nsin? 0

A A 1
<— 7‘47700820— (/\L — 2“) nsin?6 < fimin(AAﬂ)\L — ) <0

under the assumption 2A7, > A 4.

As a second model case, for A >0 we take M as —\ times the identity matrix
(a more general negative definite diagonal matrix could also be considered) and

Z(n#p;ﬂv(pd) = (i§§> +20(nv@pa¢d)’

where ¥ is a C'(R?*;R?) function such that ||| e ra;rz2) < K for some K > 0.
In fact, this choice of ¥ allows us to write

(5) =2 (2 28) ematm

and, in particular, we can take K, - =K, _=\/3—K and K, y =K, =\/3+
K. Note also that the point (1/3,1/3) can be seen as the “center” of the simplex
(indeed, it represents the configuration where all the species have the same
volume fraction). Hence, we can decompose (S,,54)" as the sum of an affine
part that tends to keep the configuration close to the center of the simplex and
the perturbation part Y.

With this choice, we now check that, at least if A is large enough (depending
on K), then there exists a small constant € >0 such that

yi=e = y;>0, (I—yp—ya)=¢ = y,+y,;<0.
Indeed, let a € [-K,K]. Then, for y; =¢ we have
“Ayi—1/3)+a=XA(1/3—¢e)+a>X(1/3—¢)—- K

which, for £ <1/3, is greater than 0 if X is large enough compared to K. Anal-
ogously, for a,be[-K,K] and y,+yqs=1—¢,

“AMyp+yi—2/3)+a+b=—-X(1/3—e)+a+b<—A(1/3—¢)+2K

which, for e<1/3, is negative if A is chosen large enough compared to K.
Consequently, one can take A as a subset of {y,>¢, yg>e,yp+ya<1l—e}
with C'-boundary.

Leaving the examples behind, we can now define a suitable notion of weak solution to
the initial-boundary value problem for system (1.1a)-(1.1g):

DEFINITION 2.1.  We say that a multiple (@p, fip,Mp, d; bd>Nd, W, ¢, 1) is a weak solution
to the multi-species tumor model (1.1) over the interval (0,T) if
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(1) the following regularity properties hold:

0 € H0,T; HH(Q))NL>®(0,T; H ()N L*(0,T; H*()), (2.12a)
with 0<¢; <1, @p+9pqa<1 a.e inQ,

wi € L*(0,T; HY(2)), (2.12b)

n:i € L*(Q), (2.12¢)

we L*(Q) with divue L*(Q), (2.12d)

qe L*(0,T; H} (), (2.12¢)

n€(1+L*(0,T; H*(QNHI(Q))), 0<n<1 ae. inQ, (2.12f)
fori=p,d.

(2) Equations (1.1a)-(1.1g) hold, for a.e. t€(0,T) and for i=p,d, in the following
weak sense:

<3t<PiaC>+/QMiV/~Li'VC*SDiU'VCdx:/QSiCdx V(e H' (), (2.13a)

/ﬂigdm:/Vgoi-V(—f—m(—l—FM(cpp,god)(dm v¢e HY(Q), (2.13b)

Q Q

/u~V£dx:—/(Sp+Sd)fdx vEe H(Q), (2.13c)
Q Q

[wtdo= [ ~Va-¢- 0,V ¢~ paVaaCde Ve (L@, (2134
Q Q

0=—An+yg,n+B(nc—n) a.e inQ, (2.13¢)

ni:FQ,i(gﬂp,gOd) a.e. in Q, (2 13f)

Sp=2p(N,0p,0d) + Mppp+Mpapa  a-e. in L, (2.13g)

Sa=Xa(n,¢p,0d) + MapPp+mMaapa  a.e. in (2.13h)

where (-,-) denotes the duality pairing between H'(Q) and its dual H*(Q)'.
Moreover,

ep(2,0)=wpo(z), @a(z,0)=pqo(z) a.e in Q. (2.131)

It is worth noting that now the first two boundary conditions in (1.1h) have been incor-
porated in the weak formulations (2.13a), (2.13b). Moreover, the boundary conditions
¢g=0 and n=1 a.e. on X are built into the function spaces in (2.12e) and (2.12f).
Furthermore, the attainment of the initial conditions (2.13i) is due to the continuous
embedding

H'(0,T;H'(Q))NL>(0,T;H' (2)) € C°([0,T]; L* (%)),

and thus the initial conditions (2.13i) makes sense as equalities in the space L?(2).
Finally, it is worth saying some words about the auxiliary variables 7, and 7n4. Using
the language of convex analysis, relations (2.13f) for ¢ =p,d may be equivalently stated
by saying that the vector n=(n,,n4) belongs at almost every point (x,t) €@ to the
subdifferential OFy(¢p,q) which is a maximal monotone graph in R2 x R2. In principle
such an object may be a multivalued mapping. Here, however, in view of the fact that
F, is assumed to be smooth in A (cf. (A3)), dFy may be simply identified with the
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gradient VFy. On the other hand, the use of some techniques from convex analysis and
monotone operators will be required in the last part of the proof.

We are now ready to state the main result of this paper.

THEOREM 2.1.  Let the hypotheses stated in Assumption 2.1 hold. Then, there exists
at least one weak solution (¢p, tip,Mp, Pd; ld;Nd, W, q,1) to the multi-species tumor model
(1.1) in the sense of Definition 2.1.

3. Approximation scheme
For £ €(0,1) intended to go to 0 in the limit, we consider the Moreau—Yosida ap-
proximation of Fy (cf. [6]) defined as

Fa(s,r)::( )€R2< |(p s,q—r)|2—|—F0(p,q)> for e€(0,1). (3.1)

It is well-known that F is convex and differentiable with derivative V F; that is globally
Lipschitz continuous with Lipschitz constant scaling with e ~!. More importantly, thanks
to the fact that Fy satisfies (2.9), it turns out that Fy fulfills the hypothesis of [16,
Prop. 2.10], whence, by [16, Prop. 2.13], there exist positive constants c,,C, such that

c+|VF.(s,r) —=VF.(S,R)| < (VF.(s,r) = VF.(S,R))-(s—S,r—R) " +C, (3.2)

for all (s,r)#(S,R)€R? 1In particular an analogue of (2.9) also holds for F. with
constants c,,C, independent of €€ (0,1).

Concerning the regularized initial data appearing in (1.7a), for each § € (0,1), i =p,d,
we take ¢; 0.6 € H2 () as the solution f; to

_5Afz+fz ©3,0 in €, anfz‘zo on 39, (3.3)

where {¢.0,¢4,0} is the initial data prescribed for (1.1). Note that the parameter ¢ does
not appear and hence the regularized data is only indexed by 4. We have used here
the notation H2 () for the space of H?(2)-functions satisfying homogeneous Neumann
boundary condition on dQ. Then, it is well-known that, for each § € (0,1), f; € H2 ().
More precisely, testing (3.3) by f; and —Af;, respectively, one obtains

20(|V fill 220y + 1 fill 220y < T2(9):

) 5 ) (3.4)
26| Afillz2 ) HIV fill 2 S IVeiollL2 @)
Furthermore, elliptic regularity arguments yield the additional estimate
| fill e Q)<C(||AfZHL2(Q + 11 fll 2 Q))<C(1+6 ) (Q)- (3.5)

3.1. Auxiliary Cahn-Hilliard problem. Fix now chLQ(O7T;H1 (©)) and
n € L*(Q) with 0<7n <1 almost everywhere in Q). Then, we first consider the auxiliary
problem

Orpp = MpAp, + div (T(SOP)VQ) +div (T ( ( )2 Hp +T(‘PP)T(§0d)vﬂd) Sp, (3 6&)

tp = =080y + Fr p(@p,pa) + F1,p(0p, 0a) — Ay, (3.6b)
8t<pd = MaApa+ div(T () V) + div (T (o) T (0a) Vity+ T (pa)*Vira) +Sa,  (3.6¢)
pa=—080pa+ Fea(@p,pa) + F1,a(¢p,0a) — Apa, (3.6d)
)

SP_EP( 790pﬂ@d)+mpp§0p+mpd90d7 (3.66
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Sa=24q(n,¢p,0d) + MapPp+MdiPds (3.6f)

complemented with the initial and boundary conditions (1.7a)-(1.7c). Recall the cutoff
operator 7 defined in (1.5). The above is a Cahn—Hilliard system with source term.
Note that ¢ and n are given. Existence of a solution can be proved, for instance, via a
Galerkin approximation. We will only derive the necessary a priori estimates.

LEMMA 3.1.  For each £€(0,1), 6 €(0,1), suppose (2.1) holds, and F.:R?—[0,+00)
and F;:R? =R are given such that VF., VF, are globally Lipschitz continuous.
Then, for given g€ L?(0,T; H*(?)) and n € L*(Q), there exists a unique weak solution
(@p, Lip,Pas fta) to (3.6) in the following sense:

(1) the functions have the following regularity properties:
i € H'(0,T:H?(Q)),  pi € L*(0, T H (D)),
with
0i(0) =046 a.e. in .

(2) Equations (3.6b), (3.6d), (3.6e) and (3.6f) hold a.e. in Q, and Equations (3.6a)
and (3.6¢) hold for a.e. t€(0,T) in the following weak sense:

0= /Q(atsop - SP)C + (Mpvﬂp + T(Sﬁp) (VQ+ T(@p)vﬂp + T(@d)vﬂd)) -V({dz,
0= /Q(at<pd —Sq)C+ (MdV,ud +T (pa) (V(i+ T (0d)V g Jr'T(gDp)Vup)) -V{dz,

for all € H' ().

Proof. In the following, the symbol C' denotes positive constants that are inde-
pendent of (@, fp, @, j1a)-
First estimate. Testing (3.6a) with p, and (3.6b) with ¢, yields

d1
%§||V<Pp||2L2(Q)"‘/Q(Fa,p"'Fl,p)(@p%Pd)at@p dx

+0[VOrpp 720y + MplVitpll72 () + 1 T () Vitp| 720

= [ St =T (o) (Va+ T (00 Va) ity 37

An analogous identity is derived similarly by testing (3.6¢) with pg and (3.6d) with
O¢pq. Then, adding the two resulting equalities leads to

d

%Ee(QDPa‘Pd)+Mp||v/ip”%2(ﬂ)+Md||vﬂd‘|%2(ﬂ)
+5||Vat<Pp||QL2(Q)+5||V3t%0d\|%2(9)‘*‘/Q|7—(<Pp)vup+7'(<ﬁd)vﬂd|2d$

— [ Syt Sana)dz— [ (T(0)Va-Viny + T(0a)Va- Via) da. (3.8)
Q Q

where FE. is the approximate energy given by

1
B.= | gy pa) +Fu(opga)t 5 (Ve +Veal?) do
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in light of the Moreau—Yosida approximation F. appearing in the system (3.6). Note
that the additional (nonnegative) contribution [, |7 (¢a)Vp+ T (¢a)Vpal? dz comes
from the fact that the equations have been restated in terms of the pressure q.

The approximate energy E. may be no longer be coercive with respect to the H!(£2)-
norms of ¢, and 4. For this reason, we test (3.6a) with ¢, to obtain

1d

535190l = | Syen= Vs (M, ity Ti) (Va+ T () Vit + Tlopa) Vita) d,

and obtain an analogous identity by testing (3.6¢) with ¢4. Then, upon summing the
two resulting equalities and using Young’s inequality leads to

1d
5 2 (6ol + lpallExcy)

<o (IVipllZa(ay + IVl Z2(9)) + o (1VepllTai) + IVRall 22 ()
+C(A+IVallZz (o) + lepl T2 +l@al72@) (3.9)

for small constant o >0 and correspondingly large constant ¢,. In (3.9) we employed
the boundedness of the cutoff operator as well as the assumption (A2). In particular,
(A2) implies

1Spll 22 (0) < el + [mppl lepll L2(0) + Impdl [|pall L2 () (3.10)

and a similar bound holds for ||S4||z2(q). Let K >0 be a positive constant yet to be
determined, then upon adding (3.8) and K times (3.9) we obtain

& (Benea)+ 5 (1onlBaia +lealiaey) ) + 81V OwalE

+ V03200 + (My — KNIVl g + (Ma = Ko) | Vital 30
S/Qspup-FSdud—V@ (T(ep)Vip+T(pa)Via) dx

+ Koo (Vepla o)+ IVealEae)

+KC (14 Val2(0) + lepllFe@ + Il (3.11)

Notice, the Moreau—Yosida approximation F. is nonnegative (see (3.1)), and by the
growth condition (2.5) of the smooth nonconvex part Fy, we can find positive constants
dy, ds such that

| Fitempadoz =i (Iopliam+ loalla)
Then, taking K > 2d; shows that

Ee+— (||<Pp||L2(Q)+||<Pd||L2(Q)) (H@pH%{l(Q)+||80d”%{1(9))—Ca (3.12)

for some k >0 independent of e. Then, after K is fixed, we also take o sufficiently small
so that min{M, — Ko,M;— Ko} >k for some constant x> 0. It remains to control the
integral terms on the right-hand side of (3.11). Observe that, by Young’s inequality,

/Q VG- (T() Vitp + T () Vita) da
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K _
<% (19013200 + IV all2 2 ) + C IVl (00

Furthermore, recalling the notation f for the mean value of f over €2, we have by the
Lipschitz continuity of F; , with Lipschitz constant 1/e together with Assumption (2.5)

L 1
< /Q IFep (092 0) — Fo(0,0) + |1 p(opsi00)] d

: /
+— [ |F.,(0,0)|dz

<C (7' +1) (lepllr @ +leallLi +1) +Ce
<C. (14 |lepll 20 +leall L2 (@) -

Then, using (3.10) and the Poincaré inequality, we see that
/Spﬂpdx:/ Sp(ﬂp*lTp)dx+ﬁTp/ Spdzx
Q Q Q

<ClISpllr2@) IVipllL2() + Clap! 1Sl 220
K
SZHVM;DH%Z(Q) +C- (H‘ ||80p||2L2(Q) + ||%0d\|%2(9)) . (3.13)

The term Sgyug is controlled analogously. Then, collecting the above computations,
(3.11) becomes

d K
T <Es(¢pa@d)+2 <H<Pp||2L2(Q) + ||<Pd||2LZ(Q))>
K
T3 (||Vﬂp||%2(9)+||V/id|\%2(9))+5||V3t¢pH%2(Q)+5Hvat</?d||2m(ﬂ)
<C: <1+ H‘PPH%P(Q)JF”SDCZH%I%Q)) +C|IValZ2 (0 (3.14)

for some positive constants C', C. that are independent of §. By virtue of the coercivity
property (3.12), a Gronwall argument then yields

lepll Lo 0,381 (2)) F | @all o 0,751 (2)) < Ce,s (3.15a)
ol 20,751 (@) F 1 1tall L2 0,75 7 () < Ces (3.15b)
IVOippllL2(0,1:2(02)) + IV Orpall20,m;02(0)) < Ce s (3.15¢)

Second estimate. Testing (3.6b) with —Ad;p, leads to
1d

§§||A@p”%2(9) +5|‘A8t<pp”2L2(Q) = /Q(Fe,p(WpaSOd) +F1p(¢p,pa) — 1p) Arpp di.

One can control the right-hand side with Young’s inequality, the linear growth of
F. »,F1 , and the estimates (3.15a)-(3.15b). Together with the initial condition Ay, 5 €
L?(Q), we infer

HA%HHl(O,T;L?(Q)) + HA%OdHHl(o,T;Lz(Q)) <C.;s,

where the bound for Ay, follows along a similar argument from testing (3.6d) with
—Adppy. By elliptic regularity we get the following additional estimate:

el 2 0,112 () + 1 Pall 1 0,112 (02)) < Ces- (3.16)
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The estimates (3.15a)-(3.16) are sufficient to pass to the limit in a Galerkin approxima-
tion to deduce the existence of a quadruple (¢, ftp,@a, ita) that satisfies the assertions
of Lemma 3.1. We now establish the uniqueness of solutions for the auxiliary problem
(3.6).

Uniqueness. Let us denote by ¢,, ¢4, fip and jig the differences ¢p1—¢p.2, ©a1—
©d,2, fp1— tp,2 and f1g1 — fiq,2, respectively. Then, upon testing the difference of the
Equations (3.6a) by [, and the difference of the Equations (3.6b) by 0:¢p, — Ap, leads
to

d1
=5 (190013200 + 0100 132 ey )

180, sy +ONVO oy + [ (M4 (T,2)%) Vi o
- /Q Spiip = Ay =Ty Vit = (Fep+ 1 ) (9ipp — A3p) da
/ Vﬂp Vﬁbp 1+ (7'7;1 1+7p 27:1) Vita +T,27:i,2vﬂd) dx
=T+ Ja, (3.17)
where we used the notation
T :T(Sop,l)a ,7;7:7;-0,1_7;,% Fe,p:Fs,p(S@p,la@d,l)_Fs,p(Spp,Q,(pd,Q),
Fyp=Fip(ep1:0ar) = Frp(p2.pa2),  (T0)2=(Tp1)* = (Tp2)* =Tp(Tp1 + Tp2),

Sp = 2;D(nv(Pp,l ) (Pd,l) - Ep(ﬁ7 ©p,25 Spd72) +mpp¢p +mpd§27d-

Using the Lipschitz continuity of F; ,, F1p, T (), £; and the boundedness of 7(-) and
i, we deduce

J1 <C(I18pll 20 + 1@all L2 ) + 18R 2 (0)) (1itp — fipll L2 + |4 )
+C (1@pll L2y +112all L2 ) (1A L2 ) + 1018 — D 2pll L2 (0) + [0ep))
+C@pll oo ) IVitpll L2 IVl L2 (02),

J2 <OVl 20 (I8l @) + 1@all L)) (IVipallLe@) +11Vraill2 @)

1

45 [ TPVl + (Tao)Vial do.
Q

Note that by the Lipschitz property of %;, F. , and F} p,

[9185|= |Sp| <C (I8sll 2@ +IBal2ce),

|”p|

Fept Frp| SC- (gl + I aliace)),

and so, upon adding (3.17) to the corresponding equation for ¢4, and applying the
estimates for the right-hand sides leads to

d1 R .
25 2 (1@l + 01 A0
i d

1=p,

1 . . N
+5 > (HASDiH%Q(Q) +0(VOe@ill7z +Mi||vﬂi||i2(ﬂ))

i=p,d
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<C. [1+||V(?||2L2(Q)+ Z Nz %2(9)} Z (||¢i|\%2(9)+||A<ﬁi||%2(n))a (3.18)
i=p,d 1=p,d
i=1.2

where in the above we have used the elliptic estimate and the Sobolev embedding

H2(Q) € L®(Q):
£l @) S Cllfllmz@) <O (1A fllz20) + 1 fllz2 () » (3.19)

for ¢, and ¢4 as they satisfy no-flux boundary conditions.
Next, we test the difference of the Equations (3.6a) with ¢, which yields

dl, . . N IS AN .
ai”SDPHZLZ(Q) = _/QVQPP' (Mpvﬂp+TpvQ+(Tp)2vﬂp,l +(Tp,2)2vﬂp) dx

- / Vo ((TyTar+Tp2Ta) Viaa + TpaTasViia) — Sypda
Q

SC{PFHVQH%%QWL Z ||Vﬂi,j\\%2(9)} IV@plZ20) + Z @il 0

i=p,d 1=p,d
j=1,2
M N Mg, _ .
+ 22V 32y + IV a2 0,

and upon adding the analogous estimate obtained from testing (3.6¢) with ¢4 and then
adding to (3.18), after applying the elliptic estimate (3.19), we arrive at the following

differential inequality

d1 . . .
P Z (”301‘”%2(9)Jr”v‘Pi”%?(Q)+6||A<piH%2(Q)>
i=p,d
1 22 22 1 P
+§Z ||A<Pi||L2(Q)+5||V‘9t<Pi||L2(Q)+§Mi||vﬂi||L2(Q)
i=p,d
<C1+IVallEe@+ D IVaisle] 3o (10030 @+ 18¢:0% ) ) -
i=p,d i=p,d
j=1,2
Applying a Gronwall argument entails uniqueness. a
3.2. Auxiliary pressure and nutrient equations. We now consider, for

(©p, 4p, ;s fta) obtained from Lemma 3.1, the following system:
(5((‘3tq—|— A?%q) — Agq=div (T(gop)Vup + T(god)Vud) +(Sp+Sa)(n,0p,Pd), (3.20a)
0=—An+T(pp)n—B(nc—n), (3.20Db)

furnished with the initial-boundary conditions resulting from (1.7a)-(1.7¢).

LEMMA 3.2.  Let (@p,tbp,Pd,fta) denote a weak solution obtained from Lemma 3.1.
Then, there exists a unique pair (q,n) of solutions to (3.20) in the following sense:

(1) the functions have the following regularity properties:
q€L?(0,T;H*(Q))NL>(0,T; Hy()NH'(0,T; H~1 (),
ne L®(0,T;W*"(Q)) for any r<oo and 0<n<1 a.e. in Q,
with
q(0)=01inQ, ¢q=Aq¢q=0,n=1 onT.
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(2) Egquation (3.20b) holds a.e. in Q and Equation (3.20a) holds for a.e. t€ (0,T)
in the following weak sense:

0=5(01q,C) s + / (Vg— 8V AGHT (0p)Viip + T (0a)Viia) - VC
Q

- /Q (Sp+Sa)(nappsipa) Cda,

for all ¢ € H} (), where <'7'>H§ denotes the duality pairing between Hg () and
HYQ).

Proof. We investigate the nutrient and pressure equations separately.

Nutrient equation. Since 7(:) is bounded and non-negative, we may first consider a
parabolic regularization to (3.20b), namely, we add v9;n on the right-hand side (for v €
(0,1)) and we complement the resulting parabolic equation (for example) with the initial
condition n.(0):=1 (which is consistent with the boundary datum). Then, applying
the standard parabolic theory and the weak comparison principle it is easy to show that
there exists a unique function n., € L>(0,T;H*())NL*(0,T;H?())NH(0,T;L3(£2))
with 0<n, <1 a.e. in @ (see for example [30, Lem. 3.1]). It turns out that n. is
uniformly bounded in L?(0,T;H'(2)) and, passing to the limit v — 0, we deduce the
existence of a weak solution n€ L?(0,T;H'(Q2)) to (3.20b) with 0<n<1 a.e. in Q.
Then, as T (pp)n—B(nc—n) € L>®(0,T;L>°(f2)), applying elliptic regularity we infer
n € L% (0,T; W27 (Q)) for any r < oo.

Pressure equation. As (3.20a) is a linear fourth-order parabolic equation with given
right-hand side (recall we treat (¢p, tp, 4, d) as given data), the existence of a solution
can be obtained via a Galerkin approximation once we establish the necessary a priori
estimates below. Given n, ¢,, tp, @4 and pg, we test (3.20a) with ¢—Agq. Using the
boundary conditions ¢=Ag=0 on I', we then obtain

dasé

dt 2

— [ B9+ T 10) ¥ (Bq =)+ (8, + S1) 4~ M) do
Q

(lall32(a) + 191320 ) + (1 + )1 Al 20 + 81V Adl32 ) + Va2

C )
<< IVl +IVralliz ) +5 (1IVAGI20) + 1 Vallze )

C )
+ = (1 leple o +llvalRan ) +5 (lalz i)+ 1AdlRa) ) (3.21)

Integrating in time, using ¢(0)=0, and applying first a Gronwall argument and then
elliptic regularity leads to

gl oo (0,751 (2)) F 1l L2 0,7 3 (02)) < Cs- (3.22)

Then, consider testing (3.20a) with an arbitrary test function ¢ € H{ (£2) and integrating
by parts; then, employing the estimates (3.22) allows us to infer that

||atQ||L2(0,T;H—1(Q)) <Cs. (3.23)

Uniqueness. Let 7.:=n; —nsy and §:=¢q; —gs denote the difference between two solu-
tion pairs (¢1,m1) and (gz,n2) corresponding to the same data (¢p, tp,@d, pa). Then it
is straightforward to see that

0=—An+T(pp)n+ B, 6(dd+A2%G) —AG=3,+3q, (3.24)
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where for i=p,d,

Zi ::Zi(n17¢p7gpd) _Zi(n27¢p7gpd)'

By testing the first equation of (3.24) with 2 we easily deduce that 72 =0 by the Poincaré
inequality. Then, testing the second equation of (3.24) with ¢ and noting that ;=0
due to ny =ns, the uniqueness of solutions is clear. ]

3.3. Fixed point argument. We will now apply a fixed point argument
locally in time, and consider for some Ty € (0,7] the pair (g,7) € L?(0,Tp; H'(2)) x
L2(0,To; L%(Q)) with 0<n<1 ae. in 2x(0,75). Let us introduce the mapping
K:(q,n) — (g,n), where (¢,n) is the unique solution pair to (3.20) with (¢p,tp,d, td)
as the unique solution quadruple to (3.6). To specify the domain of X we define

X = {(q,n) N Hq||L2(O,To;H1(Q)) + HnHLz(O,To;LZ(Q)) §R7 OS’I’LS 1 a.e. in Q X (O,To)},

where R >0 is arbitrary but otherwise fixed. For example, one can take R=1. Let
us mention that applying Gronwall’s inequality to (3.14) on the interval [0,t] yields
analogous bounds to (3.15a)-(3.15b) with T replaced by ¢ and constants C¢ r, Ce s R
now also depending on R due to the term |Vl z2(0.412(0)) that will appear on the
right-hand side. Then, applying Gronwall’s inequality to (3.21) on [0,¢] leads to the
estimate [|q|| o (0,111 (0)) < Ce,5,r- Hence, one obtains the estimate

||C1||2L2(o,t;H1(Q)) < t”Q”%W(O,T;Hl(Q)) <tCesr

for any ¢ € (0,7]. On the other hand, since 0<n <1 a.e. in @, we get

HnHQL?(O,t;L?(Q)) <t|Q].

Consequently, for Ty sufficiently small (in a way that possibly depends on ¢, § and R),
we have

1
llall 20,1051 ) + 17l 20,1022 (02)) £ Ce6,RT5 < R. (3.25)

This implies that for such a choice of Tp, the operator K maps X (which is a convex
closed subset of the product Banach space L?(0,To; H(2)) x L2(0,Ty; L?(2))) into itself.
Continuity. We now aim to show that X: X — X is continuous with respect to the
norm of L2(0,To; H*(2)) x L?(0,Ty; L?(£2)), keeping in mind that thanks to the unique-
ness results for the auxiliary problems (3.6) and (3.20), K is a single-valued map-
ping. Let (gx,7x)reny CX be a sequence that converges strongly to a limit (7,7) in
X. We denote (qx,nx)=K(qx,nx) and (g,n):=K(g,n). Then, it is easy to see that
from Lemma 3.1 (more precisely (3.15a)-(3.16)) there exists a corresponding sequence
(Ppoks ks P k> Hd, k) keN such that

H<Pv:,kHH1(0,TO;H2(Q)) + ||.ui,k||L2(0,To;H1(Q)) < Cs,é,R

for i =p,d and some constant C'=C% s r independent of k. Then, standard compactness
results [43, § 8, Cor. 4] yield

@ik — @; strongly in CO([0, T ; Wh™(Q2))NC(Q x [0, Tp]),
i s — fv; weakly in L*(0,To; H(Q)),
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along a non-relabelled subsequence for i=p,d, and any r€[1,00) in two dimensions
and r € [1,6) in three dimensions. Hence, along a non-relabelled subsequence, ¢, x — ©p
uniformly in Qx[0,7p] and thus 7T (¢px) — T (¢p) uniformly in Q x [0,7p]. Moreover,
one can easily check that the limit functions ¢;, p; solve (3.6) with g,n in place of g,7.
Next, taking the difference of (3.20b) for two indices a and b leads to

—A(ng—np) + (T (¢p,a) =T (p,p))10a+ T (Pp,p) (N0 —np) + B(ng —np) =0,

and by testing with n, —n;, we obtain by the Poincaré inequality

IV (10— 1)1 220, 70:22 (2))
<||ne — nb||L2(0,To;L2(Q)) 1T (p,a) =T (®pp) ||L2(0,T0;L2(Q))
<C|IV(na =)l 20,10:L2 ) 1T (@p,a) = T (@pp) | 220, 10:2.2(2) (3.26)

after neglecting the non-negative term (7 (¢pp)+ B)|ne —np|?. Applying the uniform
convergence of T (p, k) we see that {nj}ren is a Cauchy sequence in L?(0,Tp; H'(£2))
and thus ny —n, strongly in L?(0,Ty;L?(2)) for some limit function n,.. Meanwhile,
from the a priori estimates (3.22)-(3.23) and standard compactness results, along a
non-relabelled subsequence it holds that

qx — g« strongly in L(0,T;H'()).

Let us mention here that thanks to the strong convergence of ny, — n, in L?(0,To; L?(£2)),
along a further subsequence we have a.e. convergence in €2 x (0,7p). Continuity of 3;,
i=p,d, and boundedness are sufficient to ensure that the source terms ;(ng, vp i, 9d, k),
i=p,d, converge to 3;(n,p,,q) strongly in L%(0,Tp; L*(2)).

Hence, along a non-relabelled subsequence K (g, %) — (q«,n+). On the other hand,
it is easy to check that (g«,n.) solve (3.20) (with the limit o;,p;). Then, thanks to the
uniqueness of the solutions for the auxiliary Equations (3.20), one infers that, necessarily,
(g«,n+) =(g,n) =K(q,7) and the whole sequence converges. This shows the required
continuity of the map K.

Compactness. To apply Schauder’s fixed point theorem to C, it remains to show that
K:X — X is a compact mapping. This amounts to prove for any sequence (gg, 7 )ren C
X, there exists a subsequence (qx,,7x, )ien such that (gg,,nk, ) :=K(qk,,7ix,) converges
strongly to some limit (¢,n) in L?(0,To; H'(2)) x L?(0,Ty; L?(2)). Note that by the
definition of X we have

gk 20,051 () Mkl L2(0,10:2(0)) S R

and 0<ni <1 a.e. in 2x(0,7p). This boundedness, and a similar argument to the
proof of the continuity of I, permit us to conclude the proof. Indeed, by repeating the
a priori estimates given above, one can prove that the sequence (gg,ny) is uniformly
bounded in a better space, whence follows the desired compactness assertion.

We now state the main result of this section.

THEOREM 3.1 (Local existence). Let Assumption 2.1 hold. Moreover, for each
e€(0,1), 6€(0,1) let us assume that F.:R?—[0,4+00) and Fy:R?> =R are given such
that VF., VFy are globally Lipschitz continuous. Then, there exist a time Ty € (0,7
and functions (@p, tpsPd, td,q,n) such that
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(1) the following regularity properties

pi€ H'(0,To; H*(QY))  for i=p,d,
pi € L*(0,To; H' (2))

g€ L*(0,To; H*(2)) N L™ (0, To; Hy () N H' (0,To; H~(92)),

n€ L>(0,To; W>"(Q)) for any r<oo and 0<n<1 a.e. in Qx (0,Tp),

fori=p,d,

hold together with
©i(0)=¢0.i,5,9(0)=0 in Q, Ag=0,n=1 on 0 x(0,Tp),

fori=p,d.

(2) Equations (1.6b), (1.6d), (1.6e), (1.6f) and (1.6h) hold a.e. in 2 x (0,Tp), and
Equations (1.6a), (1.6¢) and (1.6g) hold for a.e. t€(0,Tp) in the following weak
sense:

Oz/gl(ath*Sp)CJr(MpvlupJFT(%%)(VQJFT(‘PP)VNPJFT(‘Pd)Vﬂd))'V<d$7
OZ/Q(C%%*SCJ)CJF (MaVpa+T(0a)(Va+T (0a)Via+T(ep) Vi) - Vide,
0=05(01q,€) 2 +/Q (Va—0VAG+T(p)Vip+T(a)Vita) - VE— (Sp+Sa)é d

for all (€ HY(Q) and £ € HL(Q).

3.4. A priori estimates. We now derive some a priori estimates for the solution
(Pps Lop,Pds thasqsm) to (1.6) obtained from Theorem 3.1. All these estimates will be
independent of T, which will allow us to extend the solution up to the full time interval
[0,T]. For this reason, although with some abuse of notation, we shall directly work on
the original time interval [0,7] and postpone the details of the extension argument to
the next subsection. Below the symbol C' denotes constants that are independent of §
and €.

First estimate. Testing the nutrient Equation (1.6h) with n—1€ H}(Q), we
obtain from the boundedness of the cut-off operator 7 and of n the estimate

197220+ / (T(p)+ B)ln—11 dz
>0

- [ T =n)+BU-nc)1-nyds<C.
Q
Hence, integrating in time and applying the Poincaré inequality yields

[nllzz(0, 711 (0) < C-

The weak comparison principle then yields that 0<n <1 a.e. in Qx (0,T). Hence, by
elliptic regularity, we arrive at

||?’lHLoo (0,T;W27(Q)) <C Vr<oo. (327)

Second estimate. Testing (1.6a) with y,, (1.6b) with 0,¢, and comparing leads to an
analogous identity to (3.7) but with g replaced by ¢. Combining this with the identity
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obtained from testing (1.6¢) with pg and (1.6d) with 0;p4 yields an analogous identity
to (3.8) but with ¢ replaced by ¢g. Then, adding the resulting identity to that obtained
from testing (1.6g) with ¢ leads to the equality

d )
& (Belopna Sl )+ 3 (M0l +619000i )

i=p,d

+0lAqlZ ) + IV +T (2p) Vitp + T (90a) Viall 720

:/ (Spup+Sdud)+(Sp+Sd)qda:. (3.28)
Q

Testing now (1.6a) with ¢, (1.6¢) with ¢, and summing the obtained relations yields

1d
535 Ulenla +ligala o)

—= 3 [ MV =S

i=p,d

- /Q (Va+T (o) Vip+T(0a)Via) - (T(0p)Viop+ T (0a)Vipa) dz.  (3.29)
Summing (3.28) and (3.29) then gives

d 1 1)
G| [ FrPenpadet 3 Fledin e+l

i=p,d

FollAG ey + S ( M||w7Lzmﬁwaﬂmm(m)
i=p,d

1
+51Va+T(ep) Vi +T(0a) Vital 120

<C+C Z (HQOZ”L?(Q)+||v§01HL2(Q /Spﬂp+5d/ld+(5 +Sa)gdz. (3.30)

i=p,d

It remains to control the integral on the right-hand side of (3.30). To handle the pressure
term we consider, for a.e. t€ (0,7, the function N,(t)€ H?(Q2)NH(Q) as the unique
solution to the Poisson problem

—AN,(t)=q(t) in Q, N,(t)=0onT.

As q(t) € L?(Q), elliptic regularity shows that | Ngll zr2(0) < CillgllL2(q) for a positive
constant C, depending only on 2. Furthermore, it can be shown that (see for example
(26, §2.2])

Y=o
H =9t

We additionally claim that N,(0)=0. Indeed, as ¢(0) =0 from (1.7a), the only solution
to the Laplace equation with zero Dirichlet condition is zero. Then, upon testing (1.6g)
with N, leads to

(0rq,Ng IV Ng|I72 (-

0d

2dt||VN ||L2(Q +||‘1HL2(Q)7L5HV‘1||L2(Q
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- /Q (Sy+Sa) Ny — (T(0p) Vit +T(0a)Viia)- VN, da

<1+ 3 il | INalz@ + 3 19slli2@) IV Nl 220y,
i=p,d i=p,d

where we have also used that
f/ 5AqAqu9::/ 5qud1::—5HVq||2L2(Q).
Q Q

Therefore, by Young’s inequality, Poincaré’s inequality and the estimate ||Ny|| g2y <
Cillgll 2(), we arrive at

0d
=l
<01+ 3 (IVmile +igilia) | (3:31)

i=p,d

1
VNgl[72(0) + §||Q||2L2(Q) +61Val72(q)

By virtue of the computations performed in (3.13) we infer that

/ Sphtp +Sapadx
Q
M, M,
<2 IVap e+ 2V mall3ac@y +Ce (14 loplBaay +HlealBa ) - (332)

Then, letting s be a sufficiently small constant such that xC' < imin(Mp,Md), where
C' is the constant on the right-hand side of (3.31), and adding x times (3.31) to (3.30)
yields

d 1 1)
T /Q(Fa‘*‘Fl)(LPp#Pd)dx*‘ > 5”%”?{1(9)"‘5 (H(I||2L2(Q)+“||VNq||2L2(Q))

i=p,d

K
+ 3 (AMi Tkl 0y + 81V 0t B2y ) + a2y + 051 Ve
i=p,d

1
+0|Aql[72 () + S IVa+T(ep) Vi +T(a) Vil 720

<Ce+Ce Y leillz oy (3.33)
i=p,d

where we have estimated the last term on the right-hand side of (3.30) as follows:

K
/(2(5p+5d)qd$§ ZHqH%Q(Q) +C(1+[lepll 72 + 1@all7z())-
Then, applying Gronwall’s inequality to (3.33) yields the following estimates uniform in
o:
|(F 4 F1)(@p,0a) || oo (0,501 () + |0pll oo (0,751 (2)) F 10all Loe (0,755 (0)) < Ce,
IVupll 20,102 + 1V iall L2 0,752 2)) Flall 2 0,1522(0)) < Ce, (3.34)
Vo (llgll o 0,7:020)) + IV 0epl 200, 7502(0)) + V0@l 120,122 (0))) < C-,s
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notice that the above is true thanks to the fact that ¢(0) =Ag¢(0) =N,(0) =0 and that

@i,z Q) < Cllwiollar @)
from (3.4). Then, testing (1.6g) with ¢ and estimating the right-hand side gives
9d
2 dt
1
<Cl1+llalde@+ D (Ieilie +IVuile )|+ 51Valize)-

i=p,d

”(IH%Z(Q)Jr||Vq||2L2(Q)+5||VAQH2L2(Q)

In light of (3.34), and recalling the initial condition ¢(0) =0, we find that

IVallz20,1:22()) < Ce. (3.35)

Third estimate. Thanks to the Lipschitz regularity of F; and Fi; for i=p,d, it is
easy to see that by (3.34)

72 <Ce (14320 + Iallfaey ) € L2(0,T).
Hence, by Poincaré’s inequality and (3.34), we deduce

ol 220,70 () + I 1all 20,7551 () < Ce. (3.36)

Fourth estimate. Testing (1.6b) with Ay,, and in light of (3.36) and the Lipschitz
regularity of F, , and F} ,, we have

4o
dt 2
Recalling (3.5) we see that

1
§||A<Pp||%2(9) + ||A<Pp||%2(m <C: (1+ ||ﬂp||%2(9) + ||<Pp||%2(sz) + ||<Pd||2L2(Q)> - (3.37)
S11A0p.0,6l72(0) SCHL+07H)l@poll7r ) < C- (3.38)
Thus, integrating (3.37) in time and applying the elliptic estimate
[0l m2(0) < C (1A L2(0) + V]| 22 ()
(holding as v satisfies no-flux boundary conditions), we obtain

||90p|\L2(o,T;H2(Q)) +lpallz0, 1312 (0)) < Ce,

(3.39)
\/S(||<Pp||Lw(o,T;H2(Q)) + el Lo 0,75m2(0))) < C-.
Then, by inspection of (1.6a) we find that
10l @y C (IVall2() + I Vipll L2 @) + I Viall 2 ) + 1Sy 20 »
with a similar relation holding for ¢4. Hence, we infer that
10eepl 20,781 ()1 + [10epall 20,7, 11 (0)) < Ce. (3.40)

Fifth estimate. Testing (1.6g) with ¢—Ag € H}(Q) and performing standard compu-
tations leads to the analogue of (3.21). Then, multiplying both sides of (3.21) by § and
using a Gronwall argument yields

8)lqll o< o711 (9)) + 0V Al L2 (0,7 12(02)) + VI Al 12 (0,712 (02)) < Ce. (3.41)
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Then, by inspection of (1.6g), and recalling (3.34), (3.35) and (3.41), we infer

8110rgll 20,7510 <C D, (141 Vill 20,7502 () + 1ill 20,7222 (92)))
i=p,d

+CIVql L2(0,7;22(0)) + COIVAG| L2(0,7,12(02)) +C
<C.. (3.42)

Note that by the Lipschitz continuity of VF, and VFi, and the boundedness of ¢, pq
in L2(0,T;L%*(Q)) from (3.34), we can easily infer that

| Fzi(@p,pa)ll L2 0,1:02 () + | F1,i(@ps 0a) | 220,712 (0)) < Ce for i=p,d.

Then, by testing (1.6b) with —Ad,p, and (1.6d) with —dAd,p4 we obtain using the
boundedness of 1, — F- ;(¢p,pa) — F1,i(0p,pa) — Ap;i in L?(0,T;L*(2))

6 (180rppll 20,1522 (02)) + 128k @all L2 (0,102 (02))) < Ce. (3.43)

On the other hand, testing (1.6a) with \/&%gop, we obtain

Volepp 2oy <O+ Y (IVmil2e() + l0ill2e () + 1Val22 () + 811V OoplI22 ()
i=,p,d

1
+ 5\/S||3t<ﬁp\|%2(n)~
Recalling (3.34) and (3.35), we then deduce that

\/5||3t<Pp||ZL2(o,T;L2(Q)) + \/SHat(de%?(O,T;LQ(Q)) <C.,

whence, by repeating the same argument on ¢, and by applying elliptic regularity,
(3.43) yields

S epll 20,112 (2)) +0llPall ar 0,7; 12 (2)) < e (3.44)

3.5. Extension to [0,7]. Thanks to the a priori estimates (3.27), (3.34), (3.36),
(3.39), (3.40), (3.41), (3.42), (3.43) and (3.44), which have a uniform character with
respect to the time variable, we can extend the local solution obtained from Theorem 3.1
up to the full reference interval [0,7]. This can be achieved by means of a standard
contradiction argument which we now outline. Suppose there exists a maximal time of
existence T, € (0,7 for the weak solution (¢, tp,@d,td,q,n) to (1.6). To be precise,
T, is defined as the largest time such that (¢, tp, @4, 14d,¢, ) exists with the regularity
properties specified in the statement of Theorem 3.1. We want to prove that, in fact,
T, =T. If this is not the case, repeating the a priori estimates mentioned above (but
now working on the maximal time interval [0,7,,]), we deduce in particular that

lepllcoqo, 1.1 m2(0)) + leallcoo, 1y m29)) + all oo, 7,112 () < Ces

where C; s is independent of T},,. Note that, to obtain the above bound, we used in
particular (3.43) with the continuous embedding H'(0,7,,) C C°([0,T;,]) and (3.41)-
(3.42) with the continuous embedding

L2(0, Ty H3(Q)NHS (Q)NHY(0,T,,,; H1(Q))  CO(0, T, ]; Hy ().
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In particular, the triple (¢, (¢),a(t),q(t)) remains bounded in H2(2) x H%(Q) x H} (),
and actually (strongly) converges in the same space to a limit (¢,(T0),0a(Tm),q(Tm)),
as t /' T,,,. This allows us to restart the system by taking ¢, (T ), @a(Tm) and q(T,)
as new “initial” data (note that the other equations of the system have a quasi-static
nature; hence they do not involve any initial data). To be precise, we should observe
that we performed the fixed point argument by assuming the initial condition ¢(0) =0,
while we are restarting the argument from ¢(7,,)#0. On the other hand, it is easy
to realize that the choice ¢(0) =0 was taken just for convenience (indeed, that initial
datum will disappear when taking the limit 6 —0) and the argument still works for any
datum in H}(Q) (as is ¢(T},)). Hence, restarting from T}, we get a new local solution
which is defined on an interval of the form (7;,,T,, +¢€) for some ¢>0 and still enjoys
the regularity properties detailed in Theorem 3.1. This contradicts the maximality of
T,,. Hence T, =1T.

3.6. Passing to the limit § 0.  We now pass to the limit § -0 to obtain a
weak solution (¢, us, g, 1g,9%,n°) defined over (0,7) to the following problem:

O = MpAp,+ div (T (0p) V) + div (T (9p)* Vit + T ()T (9a)Vita) +Sp,  (3.45a)
tp = Fe p(0p,0d) + F1p(0p,0a) — App, (3.45b)
Oppa = MygApg+ div (T (pq)Vq) + div (T(gop)T(wd)Vup + T(god)zv,ud) +S4, (3.45¢)
ta=Fe a(@p,pd) + F1,a(¢p, pd) — Apd, (3.45d)
SP:Ep(n’@pawd)""mpp@p“‘mpd@dv (3.456)
Sa=2q(n,¢p,0d) +MapPp+mdaipd, (3.45f)
0=Aq+div (T (¢p)Vity + T (va)Via) +Sp + Sa, (3.45g)
0=—An+T(pp)n—B(nc—n), (3.45h)
furnished with the initial and boundary conditions
LP;D(O) =¥p,0, ©d(0)= 04,0 in Q, (3.46a)
M;Onpi +T (i) (Vg+T (0p) Vi +T (0a)Vitg) - m=0on T, (3.46b)
n=1, ¢=0, Opp;=0onT. (3.46¢)

Note that in (3.45) the regularized convex part F. of the potential F is still present.

THEOREM 3.2. Let Assumption 2.1 hold. For e€(0,1) and §€(0,1), let F.:R?—
[0,+00) be the Moreau- Yosida approzimation of Fy as detailed in Sec. 3. Let also ;0.5 €
H2(Q) be the unique solution to (3.3). Then, there exists 6o >0 such that for all § < dy,
the weak solution (@2’5,,ug’g,gag’e,ug’e,qé’e,n‘s"f) to (1.6) defined on [0,T] and obtained
from Theorem 3.1 satisfies the following properties:
(1) there exist functions (¢, g, Pq:11g,q°,n°) such that for i=p,d and any s<oo
in two dimensions and any s €[1,6) in three dimensions, and any r < oo,

<pf’5 — 5 weakly* in L°>°(0,T; H"
(pf’s — @5 strongly in CO([O,T]§LS

M) NL2(0,T; H*(Q))NH'(0,T; H(Q)"),
Q)NLA0,T;Wh5(Q)) and a.e. in Q,
€ — s weakly in L2(0,T; H'(

)
¢>° = ¢° weakly in L*(0,T; H(Q))
n®€ —nf weakly* in L=(0,T;W?7(Q)) and strongly in L*(0,T;H(Q)).

(
(

Q
Q

)
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(2) The tuple (5, 5,95, 1g,q°,n°) satisfies Equations (3.45b), (3.45d), (3.45¢),
(3.45f), (3.45h) a.e. in Q, whereas Equations (3.45a), (3.45¢) and (3.45g) hold
for a.e. t€(0,T) in the following weak sense:

0= @@Z,CH/Q (M Vi +T(25) (Vo +T(05) Vi + T (93)Vig)) - V¢~ Sp( da,
=(0pg, Q) + /Q(MdVNd—FT( D(VE+T (0 Vug+T(e5) Vi) - V¢ —SaCde,
0= [ (V44T (o) Vit + T(e0) Vi) - V6~ (5,+ Su)e e '

for all e HY(Q) and €€ H} (). Moreover, 0<n® <1 a.e. in Q, and p5(0)=
©o,i a.e. in .

Proof.  Recalling the estimate (3.4), we immediately infer the following properties
of the initial data (¢p.0.6,%d,0,6):
@ <C,
©p.0.5— Pp0y  Pd0.s— pao weakly in H*(Q) and strongly in L?(9).

Furthermore, this choice of initial data for the regularized system (1.6) implies that the
estimate (3.34) is uniform in § € (0,4p).

Then, most of the weak /weak™ convergence properties in the statement are directly
deduced from the uniform estimates (3.27), (3.34), (3.36) and (3.39), while the strong
convergences follow from using [43, § 8, Cor. 4]. On the other hand, the strong conver-
gence of n®¢ is proved, similarly as before, by a Cauchy argument which we now sketch.
Let (a small) >0 and (a large) C, >0 be given but otherwise arbitrary. Then, thanks
to the a.e. convergence of gaff to ¢}, in Q, by Egorov’s theorem there exists a measurable
subset X, C @ with C,|X,| < 7 and gpf;s — 5, uniformly in the complement Q\ X,,. By
this uniform convergence, there exists d, > 0 such that for any two indices 0 < 01,02 < 4,

C. T (@0%) — T (o2 ) [P dadt <
Q\X, 2

Then, following the computation in (3.26) and using the boundedness of T', we find that
Jnfe — 5“”%2(0 ro@)) SCel T(@3%) = T (00320 1:22(0))

<c/ Qoe —T(gog2’5)|2dxdt+0*/ T (@0°) =T (£57°) > ddt
Xﬂ
<§+2C*|X,7\<n,

for 0< 61,02 <04. Here C, is exactly the constant C' in (3.26). This shows that
{n5’5}5e(075*) is a Cauchy sequence in L?(0,7;H'(Q2)). The property 0<n®<1 a.c.
in @ can be deduced also from a weak comparison principle.

Now passing to the limit § =0 in (1.6e), (1.6f), (1.6h) lead to (3.45¢), (3.45f) and
(3.45h), respectively. Let us fix ¢ € L?(0,7;H'(Q2)) and test (1.6b) with ¢. Then,

// 4 AQSE (et Fip) (905, 057)) C — 6V 008 -V dudt =0,
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Using the weak convergences of p:°, A< in L2(0,T;L*(2)) and the Lipschitz continu-
ity of F; , and F1 ,, as well as the boundedness ||ﬁV8t<pg’5 |L2(0,1;22(0)) < C¢ resulting
from (3.34), passing to the limit 6 — 0 in the above equality leads to

T
/ /Q (15 + A5 — (Fep+ Fr ) (95, 05))C dandt =0,
0

Since the above identity holds for arbitrary ¢ € L?(0,7; H*(2)) and all the terms in the
integrand belong to L?(0,T;L*(€2)), the fundamental lemma of calculus of variations
then yields (3.45b).

In a similar fashion, we infer from testing (1.6a) with an arbitrary test function
CeL?(0,T;H*()) and then passing to the limit § — 0 the identity

T T
O:/ <8t<p;7§>dt—/ ASAnﬂapZ,wi)(dxdt
0 0

T
+/0 /Q (MY, + T (03) (Va© + T () Vi + T (03)Vig)) - VCdadt.

For this, we used the strong L2?-convergences of n®¢ and gof’a with the generalized
Lebesgue dominated convergence theorem and the Assumption (2.1) to deduce that
Sp(n‘s’s,@g’s,(pg’g) converges to Sp(nf,¢5,¢3) strongly in L?(0,7;L*()). Furthermore,
by the continuity and boundedness of T (+), it is easy to see that

T(Lpg’a) — T (¢},) weakly* in L°>°(Q) and strongly in LP(Q) for all p€[1,00).

Moreover, the strong convergence of the initial data ¢, 04 to @0 in L*(Q) and the
strong convergence of gpf;a to ¢f in C°([0,T];L*(€)) yield ¢5(0) =y as an equality in
L2(Q).

Lastly, it remains to pass to the limit in (1.6g). Consider testing (1.6g) with the
product 7(t)&(z) for arbitrary test functions € C1(0,T) with n(T)=0 and £ € H*(2)N
H} (), then we have

T
0:/ /Q—éq‘s’ffam—(Sp+Sd)(n“wi’gwg’e)n(t)&dxdt
0
T
+/ n(t)/ (V> + T (055 Ve + T (957 )Vul?) - VE+ Mg - AL dudt.
0 Q

Thanks to [|¢>||z2(0,7.22(0) <Ce from (3.34) and V5| Ag>*|
(3.41), after passing to the limit we obtain

r2(0,1302()) < Ce from

T
0= / n(t) /Q (Vg T (05) V1S + T(95) Vi) - VE — (Sp+ ) (n 05, 05)€

holding for all £€ H?(Q)NH(Q) and neCH(0,T) with n(T)=0. Using the density
of H2(Q)NH(Q) in H}(R2) and the fundamental lemma of calculus of variations, we
obtain the weak formulation of (3.45g) as stated in Theorem 3.2. a

4. Passing to the limit ¢ —0

Let ((pg,u;7<pf1,u§,q8,n5) denote a weak solution to (3.45) obtained from Theo-
rem 3.2. Introducing the velocity variable as u®:=—Vq® =T (05) Vs =T (03) Vg, we
can now rewrite (3.45) as

Oripp, = MpApu, — div (T (gp)u”) +5p, (4.1a)
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= Fe p(05,05) + F1p(05,05) — Aph, (4.1b)
5= MyApg— div(T (¢5)u®) + Sy, (4.1¢)
1= Fe.a(®p:93) + F1,.a(0y,0a) — Apg, (4.1d)
Sp=32p(n%,5,9a) + Mpppy, +Mpag, (4.1e)
Sa=Xa(n®,¢p,%7) + Mapp}, +Maay, (4.1f)
u=—=Vq¢ —T(p) Vi, —T(¥3) Vg, (4.1g)
divu® =S5, + Sy, (4.1h)
0=—An®+T(¢;)n° — B(nc —n°), (4.10)

furnished with the initial-boundary conditions (3.46a)-(3.46¢) (in fact, the system is
satisfied in the weak form specified in the statement; nevertheless, it is probably clearer
to report the equations in their strong formulation).

The aim of this section is to derive uniform a priori estimates in £ and then pass to
the limit £ — 0. Let us point out that the estimate (3.27) involving n is already uniform
in €. For convenience, we will drop the superscript € in the variables, and denote with
the symbol C' positive constants that are independent of €.

4.1. A priori estimates. = We will now derive a number of estimates that are
uniform with respect to e. We start controlling the mean values of ¢, and ¢4. Denoting

y(t) =@ (1), 2a(t), Z(t)=(5,(),Za(t)),

then by testing (4.1a) and (4.1c¢) with 1 leads to the following system of ordinary dif-
ferential equations:

4

at?
for any 0<¢<7T. Thanks to (2.1), (2.2) and (2.7) we infer that the vector y(t)=
(Pp(t),2a(t)) belongs to the interior intAg for all times ¢ € [0,7]. Indeed, at the time
t=0, y(0) €int Ay by (2.7). Suppose that there exists a time ¢, such that y(t.) € dAo.

Then, taking t=t, in the above ODE, multiplying with the outer unit normal n to Ag
and applying (2.2), we necessarily have that

(t)=3(t)+ My(t) (4.2)

—yY(ts)- .
Y (te) <0

As a consequence, y(t) € int Ay for ¢ in a right neighbourhood of ¢,, whence it is apparent
that y(t) can never leave Ag.

From this we deduce that there exist positive constants 0 < c¢; <co <1 independent
of € such that

1 <Pp(t),Palt) <c2, 1 <(pptea)(t)<ca VEE[0,T]. (4.3)

Testing now (4.1a) with p,, (4.1c) with pg, (4.1b) with Oppp, (4.1d) with dipq, (4.1g)
with w and summing leads to

d 1
%/ Fe(epypa) +Fi(pp0a) + 5 (IVaop\2+|Vs0dl2) dz
Q

+ M| Vipll72 0y + Mal Vil 22 ) + lull72
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:/ Spttp+ Sapta+q(Sp+Sq)dx. (4.4)
Q

In the above we used Darcy’s law and integration by parts to deduce that

/(T(<p,,)Vu,,+T(<,od)Vud)~udx=/—Vq-u—|u|2dm:/q(Sp+Sd)—|u|2d:c.
o 0 Q

Let us now observe that, by the boundedness of ,, we have
/QSpupdﬂﬁﬁ Cllup —Tpll @) +Clp + > /fzmpitpi(ﬂp—VpﬂLVp)dff
i=p,d

— Cllip— Tl + Ol + 3 / (o~ 77) (1 — Tip) i,

i=p,d
'HTP/ MyppPp +Mpdpads
Q

<Cllpp =Tl L2 @) + Ol +C D IVl L2 |V itpll 20

i=p,d

where we have used that (©,,%q) never leaves the set A¢ and so mp,@, +mpePa is
bounded. An analogous estimate holds for Sgpuq, whence, by the Poincaré and Young
inequalities, we obtain

o M,
<C(|ap|+|ral) + Tpnvﬂpﬂiqn)

’/Spup—i—sd,uddx
Q
Ma Vall? C(1+||Vp,l? Voull? 4.5
+ IVuallz20) + HIVepllzz@ +IVedlizy ). (4:5)

For the term involving the pressure ¢, we have

<Cy (14 e 2 + leallZace) ) +llalZ o)

/ (Sp+Sa)gdx
Q

for some positive constant 1 to be fixed below. To get an L?-estimate of the pressure,
we use the Poincaré inequality for H}(Q)-functions and Darcy’s law to deduce that

lall20) <ClIVall7z2(q) §C<||u||2L2(Q) + ||Vup||2L2(Q)+||Vlld||2L2(Q))- (4.6)
Take now 7 sufficiently small so that
1 M M,
< 5“““%2(9) + TPHVMpH%%Q) + Tnvﬂdll%?(ﬂ)

/ (Sp+Sa)qdx
Q
+C (14 leplZaqey + Iwallia) (4.7)

Then, substituting (4.5) and (4.7) into (4.4) yields

d

1
@/QFE(%,%)+F1(%’W)+ 2 (IVepl? +[Vipal®) da

M. My 1
+7p\|vﬂp||2m(n) +7||V/~Ld”2L2(Q) Jr5”"”%2(9)
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<C (14 lgpl3rs oy + lall3rs oy + 7l + 7l ) - (48)

The key point is now to derive uniform estimates on the mean values |f,| and |fig| in
order to obtain useful a priori bounds from (4.8). To this aim, we test (4.1b) with
©p — Pp, leading to

/Q‘V‘PPF"‘Fs,p(‘Pp_Wp)dx:/g(ﬂp_ﬂip_Fl,p)(‘Pp_@)dm-

Here, we have used that

/Szuip(@p*@ip)dx:/lfp/ﬂ‘»@p*@dx:o'

Then, using the growth condition (2.5) and the Poincaré inequality, we obtain

2 __
/Q\V@H + F. p(0p—0p) dz < C (1+l@pll L2 ) +ledll L2 ) + 1V il L2(0)) IVl L2 () -

A similar inequality can be obtained by testing (4.1d) with ¢4 —Pg. Upon adding these
two inequalities and recalling that VF. = (F.,,F.4)", we have
IVeplle@) + 1 Veallizq ‘*‘/QVFE(%,%) (op—Pprpa—pa) ' dx
<CIVupllLz@ IVeplle @) + ClI Vil L2 @) IVeall L2 @)
+C (1+ el oy + Iallirs e ) (4.9)

At this point we will use the fact that F, satisfies (3.2). Consider s=,, r=¢q, S =,
R=%,. Then, we find that

Cy |VF6(‘:0pa<pd) - vFE(@?@)|
(VF(#p,pa) = VF:(p,0d)) - (0p —Ppspa —Pa) | +Ch. (4.10)

We recall another property of the derivative of the Moreau—Yosida approximation,
namely

‘VFe(pvq”SKaFO)O(pv(I)' V(p,q)GA,

where 9 denotes here the subdifferential in the sense of convex analysis and (0Fp)°(p,q)
is the element of minimum norm in the set 9Fy(p,q), that, at least in principle, could
contain more than one element. Here, however, Fy is assumed to be C! in A and,
consequently, [(0Fy)°(p,q)|=|(VFy)(p,q)| <oco. Then, thanks to the fact that (¢,,%q) €
A for all t€[0,T], we see that |VF.(@,,2q)| <C for all t€[0,T], and hence integrating
(4.10), rearranging and applying the Poincaré inequality leads to

x| VF(pp,pa)llr @) S eV E(@p,Pa)ll L1 ) + eI VFe(0p, 0a) = VF(Pp,Pa) I L1 ()
<C+C.10+ [ VE(ppga)-(p—Frga—7a)  da

+C ([IVepll L2y + 11Vl L2(@)) - (4.11)

Substituting this inequality into (4.9) and applying Young’s inequality then yields

IV opll72(e) +1IVeallie @) +IIVE(0p, pa)ll (o)
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M, My
<6 (f”vﬂp”%mz)‘F4|Vﬂd||%2(sz)>‘*‘C(l‘f'”‘ﬁp”%{l(ﬂ)jL<Pd||%11(sz))a (4.12)

for some constant 6 >0 yet to be determined. Then, in light of (4.12), observe that, by
testing (4.1b) and (4.1d) with £1, we obtain that the terms involving the mean values
|p| and |fig] appearing on the right-hand side of (4.8) can be estimated as follows:

C(|/Tp|+|ml)<C(||VF1(@p,<Pd)IIL1 o) HIVE:(op,0a)llLr @)

19y + gty € (14 Iy + il coy)
(4.13)

by choosing 6 appropriately small. Returning to (4.8) and substituting the estimate
(4.13), we infer

d 1
= QFe(sop,wd)+F1(sop,<Pd)+§(Ipr\erIVsadIZ) da
M My
pHV,uP”L?(Q)Jr ||VllalHL2(Q)Jr ||“||L2(Q)
<C (1+||80p”H1(Q)+||80d||H1(Q))- (4.14)

To (4.14) we now add the following inequality obtained from testing (4.1a) with ¢, and
(4.1c) with ¢4 and summing (cf. (3.29)):

1d My 1
22 (Nl lallaen ) < 2NV ey + 52V talagey + Il

+C (1+ lepll o) + ||90d|@11(sz)> ;

leading to
4 Fa<sop,sod>+Fl<sop,sod>dx+ﬂ(||sop||%p<m+||sod||%p<m)
dat o, dt 2
22Vl + 2 IV al ey + 7 sl e
sc(1+||sop||H1(m+||gad||H1(m). (4.15)

By definition of the Moreau—Yosida approximation, we have
F.(s,r) < Fy(s,r) V(s,r)€R?  Vee(0,1).

Hence, recalling (2.6), we arrive at

/ Fe(p,0,04,0) + F1(#p,0,%4,0)dz < C.
Q
Applying Gronwall’s inequality to (4.15), we deduce

I1F2 (@, pa)ll oo (0,7:01 () + 10pll oo (0,151 () + 1all oo (0,751 (02))
IVl 220,522 () + IV Hall 220,522 () + 1wl 220, 17522(0)) < C- (4.16)
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Thus, returning to (4.9), using the boundedness of ||¢, ()| z1(q) and [|@a(t)| g1 (q) for
all t€[0,77] leads to

/QVFs(SDp,SDd) (op—Pppa—pa) de<C(1+|Vipl2) + [ Vaal ) (417)
Then, substituting the above inequality into (4.11) yields

IVF:(¢p,0d)llL1 ) <C (L4 Vipllz) + | Viall L2 o) (4.18)

thanks to the estimate (4.16), whence VF.(pp,¢q) is bounded in L(0,T;L*(Q)). In
turn, by the first line of (4.13) we find that |fz,| and [fi4| are bounded in L?(0,7"). Hence,
recalling (4.16) and using once more the Poincaré inequality, we get

kol 220,300 (2)) + | Ball 20,7551 (2)) S C. (4.19)
Furthermore, recalling (4.6), thanks to (4.16) we now have
gl z2(0,7; 17 (2)) < C- (4.20)

Next, we infer estimates on F; , by testing (4.1b) with F ,(¢p,@d) — Fep(@p,@a), lead-
ing to

| Fe.p(@pspa) — Fsm(@p’@d)”%%m

+/QFE,pp(‘Pp7§0d)|v90p‘2+F6’pd(‘Pp790d)V<Pp'vSDdd$

:/Q(Mp _lTp_Fl,p(@pa@d))(Fe,p(Wp7@d) _Fe,p(‘ﬂpa@d))dxv

where
O°F. O?F.

Fopp=—-=t, Fopg=—".
ST g2 T g0

Adding the similar identity obtained testing (4.1d) with F, 4(vp,¢q) — F.a(@p,a) and
employing the Poincaré inequality together with the linear growth of VFj, it is not
difficult to deduce

1 _ 1 _—
) | Fep(p:Pa) — Fe,p(@p,‘Pd)HQL?(Q) + ) 1 Fe,a(®p,pa) — Fe,a(ep, a) H%?(Q)
+ [ (V60.V0) DPulpo) (Vi Vi) do

<C (14 Ikl 20 + I VHal 320y + IepllEacy + 0l )

Since F, is convex, the Hessian D?F, is non-negative and consequently we can neglect
the integral term on the left-hand side. Then, recalling (4.16) leads to
|1 Fep(#pspa) = Fe p(@p,0d)ll L2 (0,1;22(2))
+11Fz.a(ep;pa) = Fe.a(@p,0a) | L2 (0,7502 () < C. (4.21)

Upon recalling the boundedness of VF.(¢,,p4) in L?(0,7; L' (2)) resulting from (4.18),
we deduce a control of the quantities || F. | 720,y and ||F% 4l| £2(0,7)- Hence, from (4.21)
we eventually obtain

12 p(@prpa)ll 20,502 () + 1 Fe,a(@p,pa) | 2 0,7:02 () < C. (4.22)
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Viewing (4.1b) and (4.1d) as elliptic equations for ¢, and ¢4, respectively, with right-
hand sides bounded in L?(0,7;L?(Q)) and no-flux boundary conditions, the elliptic
regularity theory gives

lepllz20,m;m2 ) + l0dll2 0,172 () < C- (4.23)

Lastly, from inspection of (4.1a) and (4.1c), and thanks to the estimate (4.16) we have

10cpll 20,517 (2)) +110cpall L2 (0,711 () S C- (4.24)

4.2. Compactness and passing to the limit. Thanks to the uniform esti-
mates (4.16), (4.19), (4.20), (4.22), (4.23) and (4.24), by standard compactness argu-
ments we infer the existence of functions (¢, tp, 9a; itd,q,w) and of a pair (n,,n4) such
that

©f = p; weakly * in L°°(0,T; HY(Q))NL*(0,T; H*(Q)NH'(0,T; H (Q)"),  (4.25a)
@ — @ strongly in C°([0,T]; L*(Q)) N L0, T; W (), (4.25b)
©; = a.e. in 2x(0,7T), (4.25¢)
s — p; weakly in L2(0,T; H(Q2)), (4.25d)
u® —u weakly in L*(0,T;L*(f)), (4.25¢)
¢¢ —q weakly in L?(0,T; H*(Q)), (4.25f)
and
F. ,(¢p,pa) = np weakly in LQ(O,T;LQ(Q)), (4.26a)
F. a(¢p,pa) —na weakly in L(0,T;L*(Q)), (4.26b)

for any s < oo in two dimensions and any s € [1,6) in three dimensions. Using a similar
argument as in the proof of Theorem 3.2, by the a.e. convergence of ¢} to ¢, in
2% (0,7) and Egorov’s theorem, we can show that {n°}.c,1) is a Cauchy family in
L2(0,T;H(£2)). Then, there also exists a function n € L>(0,T; W27 (1)), for any r < oo,
with 0<n <1 a.e. in Q2 x (0,7"), such that

n® —n strongly in L*(0,T; H'(Q2)).

It now remains to pass to the limit ¢ —0 in (4.1). Actually, in view of the above
convergence properties, the argument is very similar to that used before when we pass
to the limit 6 — 0. Hence, we just outline the differences which are mainly related to the
terms depending on F.. Actually, combining (4.25b), (4.26a)-(4.26b) with the standard
monotonicity argument in [2, Prop. 1.1, p. 42], we readily deduce that (¢,,0q) €A a.e. in
Q% (0,T) and that 0, =Fo p(¢p,0d), Na=Fo,a(¢p,pa). This, in particular, implies that
the truncation operator 7T (-) disappears in the limit formulation of the problem, namely,
we have T (¢,) =¢p and T (pq) =@q a.e. in Q.

Let us also point out that from the structural assumption (2.2) and from the deriva-
tion of (4.3) the limit functions ¢, and ¢4 satisfy (@,(t),@a(t)) € Ag and

0<c1 <Pp(t),pa(t) <ca<l, c1<pp+ea(t)<co

for all t€[0,7]. Hence, we have proved that the tuple (¢p, 1y, @d; tha,,q,n) is a weak
solution to system (1.1) in the sense of Definition 2.1. This concludes the proof of
Theorem 2.1.
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