COMMUN. MATH. SCI. (© 2018 International Press
Vol. 16, No. 3, pp. 809-819

A FAMILY OF ASYMPTOTIC MODELS FOR INTERNAL WAVES
PROPAGATING IN INTERMEDIATE/DEEP WATER*

DANIEL G. ALFARO VIGO' AND GLADYS CALLE CARDENA?

Abstract. In this paper, we obtain a family of approximate systems of two partial differential
equations for the modeling of weakly nonlinear long internal waves propagating at the interface between
two immiscible and irrotational fluids in a channel of intermediate/infinite depth. These systems are
approximations of the system of Euler equations that share the same asymptotic order.

The analysis of the corresponding linearized systems leads to the identification of several subfamilies
(associated with different subsets in the space of parameters) for which the solutions of the linearized
models are physically compatible with the solutions of the linearized system of Euler equations. Finally,
for the class of weakly dispersive nonlinear systems which is formed by some of those subfamilies, we
establish the existence and uniqueness of local in time solutions.
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well-posedness.
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1. Introduction

The mathematical theory of internal waves, propagating under the influence of
gravity, at the interface between two layers of irrotational and immiscible fluids with
different densities attracts a great interest in the scientific community [4-6]. The the-
ory is developed from the Euler equations associated with each fluid layer [14], but
in laboratory studies and in engineering applications the full Euler equations appear
more complex than is necessary for the modeling situation at hand. Consequently
there have appeared many approximate models applying to restricted physical regimes.
Nevertheless, these approximate models pose interesting challenges with respect to the
mathematical analysis of the involved partial differential equations and their numerical
solutions [4,5]. These challenges are closely related to other problems on dispersive
waves (see for instance [2,4]).

We study a system of two fluids with different densities contained in a long channel
with a flat bottom and a rigid lid, in a two-dimensional setting, i.e. considering only one
horizontal direction (see Figure 1.1). We focus in the asymptotic regime where the depth
of the upper layer is much smaller than the characteristic wavelength of the interface
fluctuations (shallow water regime) while the depth of the lower layer is comparable
(intermediate water regime) or much larger than that characteristic wavelength (deep
water regime). We consider a stable configuration, more specifically, we assume that
the lower layer is filled by the denser fluid.

Approximate models for internal wave propagation in the regime of our interest have
been developed by various authors. In [5,6] were introduced several reduced models of
different orders of approximation for the propagation of weakly and strongly nonlinear
internal waves in a two-fluid system and their solitary waves solutions were studied.
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The models in [6] corresponding to the shallow water/intermediate water regime were
generalized and extended for the case of rapidly-varying and steep topography in [12,13].
These models consist of system of nonlocal wave equations that describe the evolution
of the interface between the two layers of fluids and the average horizontal velocity of
the fluid in the upper layer.

In [8] the technique presented in [11] was applied in order to obtain new approxi-
mate models for strongly nonlinear waves in the three-dimensional setting considering
the shallow water/deep water regime. The corresponding equations involve the displace-
ment of the interface and the horizontal velocity at an arbitrary depth in the upper layer,
generating a one parameter family of models. All their models are asymptotically con-
sistent with the corresponding models in [5,13]. They also obtained the equations for
the solitary waves propagating in one horizontal direction and numerically studied their
profiles.

More recently, in [9] a similar one parameter family of models in the two-dimensional
setting (parametrized by the depth at which the horizontal velocity in the upper layer
is measured) was introduced. There was established the existence and uniqueness of
local in time solutions for one specific member of this family. Additionally, a numerical
scheme to approximate the solutions of this models was introduced and a complete error
analysis of the semidiscrete scheme was presented.

Other approximate models for weakly and strongly nonlinear internal waves in dif-
ferent asymptotic regimes have been presented and studied by other authors. In [7],
a Hamiltonian perturbation theory was used to obtain asymptotic models considering
classical scaling regimes and also a novel class of scaling. Moreover, besides the case of
an upper fluid with a rigid lid also the situation where it is bounded by a free surface
was analyzed. However, they did not introduce any parameterized family of models.

In [4], under the rigid lid assumption and using the expansion of the nonlocal opera-
tors involved in the formulation of the Euler equations with respect to small parameters,
different models were rigorously derived and analyzed. Their models include classical
systems and other model systems that appear to be new. For the regime we are inter-
ested in, they obtained a family of models depending on one parameter which is different
from the families obtained in [8,9]. In [15], the local and large time well-posedness for
this one parameter family of models was obtained and also a rigorous justification for
considering the deep water regime as a limiting case of the intermediate depth regime
was presented.

In this paper, we introduce a new family of reduced models for weakly nonlinear
internal waves in the shallow/intermediate or deep waters regime, applying the tech-
niques used in [2,11] to a well-known model from [5]. This family depends on seven
parameters but only four of them are independent. The advantages of a model with
several parameters will be discussed in the finals remarks. In the regime of shallow/deep
waters we analyze the well-posedness of the initial-value problems corresponding to the
linearized models by identifying several subsets of the parameters space where the corre-
sponding solutions are compatible with the linearized Euler equations. Furthermore, for
the subclass of nonlinear weakly dispersive models we establish the local well-posedness
of the initial-value problems.

The remainder of this paper is organized as follows. In Section 2, we introduce
a new family of approximate weakly nonlinear models. In Section 3, we present the
well-posedness results of the initial value problem associated with these models and in
Section 4, we present the concluding remarks.
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Fic. 1.1. Physical configuration of the two fluids system.

2. Family of weakly nonlinear models

In this section, we introduce a family of reduced models that approximate the
system of Euler equations for internal waves, see for instance [14]. As a starting point we
consider the weakly nonlinear reduced model of Choi and Camassa [5] that corresponds
to the asymptotic regime we are interested in. In dimensionless variables, it is given by
the following system of partial differential equations

ne—[(1—an)ul, =0,
2.1

Uy +aﬁﬂm*nm:7\/57:§[ﬂtz}+§ﬂta:za ( )
where the unknowns n and @ represent the interface fluctuation and average horizontal
velocity of the fluid in the upper layer, respectively, and the variables ¢, = represent
the time and horizontal coordinate, respectively. We also introduce the dimensionless
parameters o= h%, B= i—z, 0= h—f and y= % where a, A represent the amplitude and
characteristic wavelength of the interface fluctuations, respectively, and, hi, o1 and ho,
02 correspond to the depth and density of the fluids in the upper and lower layers,
respectively. The parameter « is related to the intensity of the nonlinearity, while 3
and § are associated with the dispersive effects of the upper and lower fluid layers,
respectively.

The conditions

<1, a=0(p)<1l and §=0(1),

characterize a regime of weakly nonlinear long waves that propagates at the interface
between a shallow upper layer and an intermediate lower layer of fluids. Moreover, this
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model represents an approximation of order O(3%/2) for the Euler equations. Addition-
ally, we assume that v>1, enforcing the stable configuration with the denser fluid in
the lower layer.

The operator 75 represents the Hilbert transform in a layer of height ¢ (see [12,13])
and is defined by

Tilfl(@) = 5PV [ J@)cot(Z(a—s)az,

where the integral is calculated in the sense of Cauchy principal value (PV). In the limit
of deep water, i.e. the lower layer has infinite depth (§ — 00), the operator 75 gives rise
to the Hilbert transform (see [10,12,13])

dz

T—x

1 oo
WA =2PV [ 1)
7T —00
In the next step, following [11], we use the asymptotic relation between the average
horizontal velocity @ and the horizontal velocity at height {y € [0,1] in the upper layer
to transform system (2.1). More specifically, we substitute

U="1ug+ g((g - %)Uo,m +O(ﬂ3/2)7

in (2.1) and neglect terms of order O(3%/?). Thus, we obtain the following family of
equivalent models parameterized by height (y

— B(r2_1
{nt =UQ,x + 2 (CO - §) U0, xxx —a(nuo)w, (22)

U0t + QUUQ,z = Nz +’Y\/B7:§ [UO,tm] + g (]— - Cg) U, txx-

These equations are consistent with the model obtained in [8]. Moreover, for the

case when the lower layer is infinitely deep the corresponding one-parameter family is

obtained by replacing the operator 75 by the Hilbert transform H. Those models were
obtained in [9].

We introduce new parameters in our model using the technique applied in [2],

which modifies only the linear terms of the equations. Since 1, =wug +O(8), we get

that wo gze = @Mtgs + (1 — @)Uo 2oz +O(B), where @ is an arbitrary number. By plugging
this in the first equation of (2.2), we get

— afﬁntwm =UQ,x + bﬁuO,wxm - a(nu())w + O(ﬁ3/2)7 (23)

where a=a (Cg;zl/?))v b=(1-a) (437271/3), and consequently a+b= 743*21/3_

Analogously, we use that ug =7, +vvB Ts[uo.tz] +O(B) to transform the second
equation of (2.2) and obtain that

Ut — C’Y\/B,Té [uO,tw} - eﬁuo,th - 972ﬁ7:52 [uo,tww]
=Mz + dV\/B%[nzz] + fﬁnzxm + h’7257:$2 [nxwz] — QUUQ,z 1 O(ﬁ3/2)a (24)

2
where ¢, d, e, f, g, h are arbitrary numbers satisfying c+d=1,e+ f = % and g+h=d.
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Therefore, neglecting the order O(3%/?) terms in (2.3) and (2.4), we obtain the new
family of asymptotically equivalent systems
Nt — aBNtzs = U0,z +bBU0 zzw — (NU0)z,
o, — v/ BTs o 2] — €BU0 tww — 97> BTF [U0,02] (2.5)
=na+ AV BT5[Naw) + f Braa + 1y BT Mraa] — atiuo 2,
where the parameters (g, a, b, ¢, d, e, f, g and h satisfy the relationships
0<¢ <1,
a+b=3%(¢—-1%),c+d=1, (2.6)
et f=5(1-¢3).g+h=d.

Notice that only five of the nine parameters are independent.
In the limit of deep water (§ — o0), using that —H? corresponds to the identity
operator, the family of systems (2.5) reduces to

{7715 _aﬁntww =UQ,x +b6u0,xwx _a(nUO)xa (2 7)
Uuo,t — CV\/BH[UO,W] - €5U0,tm =N+ d'Y\/B,H[na:m] + fﬁnmazw — QUUO,x,
where the parameters satisfy the relationships

0 S CO S 17

a+b=3(¢-1%),c+d=1, (2.8)

Vidtetf=5(1-G).

In this case, among the seven parameters (g, a, b, ¢, d, e and f, only four are independent,
for instance we can choose (y, a, ¢ and e.

Using the change of variables t = /Bt and 2 = /37 one can readily eliminate the pa-
rameter 3, and after suppressing the tilde for the sake of visual clarity the corresponding
systems take the form

Tt — ANtz = U0 ,x + buO,xmz - Ot(nuo).»u
(2.9)

Up,t — cYH [UO,t:c] —eUp txx = No + d'Y/H[n:c:c] + fnac:c:c — QUQUQ,z -

3. Analysis of the systems in the deep water regime

From now on, the analysis shall focus on the family of systems (2.9), more specif-
ically we present a study of the well-posedness of this family of systems under certain
useful conditions.

3.1. Well-posedness of the linearized systems. We begin with a study of the
well-posedness of the family of systems corresponding to the linearization of (2.9) around
the equilibrium state (n=wuo=0), i.e. in the case when aw=0. We emphasize that the
well-posedness of the linearized system is an important criterion for determining which
specific systems of this family of models can be useful in applications (see e.g. [2]). As a
result of this analysis, we will determine several subfamilies of models whose solutions
are compatible with the solutions of the linearized Euler equations.

Let us consider the initial value problem

Nt — ANgzz = U0,z + buO,:c:cxy
ot — Y H[Uo,tz] — €U0 taz = Nx + Ay HNww] + [Nz (3.1)
77(0,33) = no(x), UO(O,.%‘) = ug(x)a
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in (real) Sobolev spaces H® = H?®(R) with s>0. The standard H® norm is represented
by ||+ I, (see [10]).

The solution of problem (3.1) can be readily obtained by the Fourier method [10].
Recall that the Fourier transform and its inverse in L?(R) are defined by

+o0 o0
(k) 1/ g(x)e " dx, g(x):/ g(k)e**dk, VEeR.

27 —00 —00

This leads to the representation of (3.1) as the system of ODEs: v¢(k) :Z;(k), where
0 = 0 BE] (i
V= ( ) 5 EV(k) =1k wa (k) wik) (ﬂ()) (k)7 (32)

o w(h) Y
with wi(k)=1+ak?, wo(k)=1+cylk|+ek?, wz(k)=1—0bk% wy(k)=1—dvy|k|— fk>.
Therefore, after a straightforward computation the solutions are given as

<;70> (t,z)—/o; {ei<kz+w<k)t) (gi) (k) + itk (k)1) (g_) (k)} dk, (3.3)

where
@i) (k):% Lel(k) ie_;(k)} (ZE) (k),  keR,

and the functions w(k), 6(k) are defined by

W3(k)w4(k) wl(k)w4(k;)
w(k)=k , 0(k)=4| ———=. 3.4
W= e " e 3
REMARK 3.1. It is important to observe that under conditions (2.8), as k—0,

w(k) given by (3.4) represents an approximation of order O(k*) to the wave frequency

kcoth(k)+~|k| associated with the linearized Euler equations. Moreover,
if for any k€R, w(k) is real-valued and 6(k)#0, then Equation (3.3) represents a
superposition of dispersive waves traveling with speeds v(k;)::F%. Consequently,
under these conditions, the solutions (3.3) are physically compatible with the solutions

of the linearized Euler equations.
The following theorem, puts on solid ground the representation (3.3).

THEOREM 3.1 (Well-posedness of system (3.1)). If parameters ({p,a,b,c,d,e, f) lie in
one of the subsets R; (i=1,...,22) defined below, then there exist A; and I'; such that
for any real s>max{0,A;}, the linearized initial value problem (3.1) is well-posed in
H® x H*=%¢, and its solution is given by (3.3). Moreover, for any integer m>0 such
that mI'; <min{s,s— A;} we have that

(07" n(t,x),07" uo(t,2)) € C ([0,4-00); H*~™i x {527l
and for some constants Cy, >0
107" 10| s —mr, + 107 w0 ()]s -2, —mr; <Com (10°[|s +[uglls—a,),  for all 0.

The definitions of the subsets R; are given below, and the corresponding values of
A; and T'; are presented in Table 3.1.
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(B | A [Tilsi[[R[A [ Ti [ 5] [Ri[A[Ts [s7[| R A [T
1 [-17]2 T [ 1 ]2 271 [0 [1[18]O0]1

2 10 ]3 8 | 3 | 21 J13]2]1 19 1 ]2

3 | -312% 9 o[ 1o Jua[3] 3 20 3 |3

4 [ -2]1 0] 3 [-sB][o]-1]of2a[-1]0

IR N E N N E I A

6 |[-1]0]-2 72 [-5]1

TABLE 3.1. Values of A;, T'; and s} (see Prop. 3.1) corresponding to the different sets R;.

0<<0< faa:07b:%<<-02_%)7

ceR,d=1—c, 0<C0<f7 =0,
R 2 R —3),c=e=0,d=1
() e>max{%(1—Cg>+72((c—5 )2—1)772%}7( 2 f:21((<10_<2;_ y
f=3(1=¢)—e+(c=1)0" e
<6< Jpa=00= 3G 0<o<min &\ i-17),
(Rs) 0<e<2\/1-3(1-@)H —1Ld=1—c, (R4)§ a=0,b=3(C3 1),
€:O7f:%(1_C02)+(6—1)’Y2 C:176:%(1_C3)7f:d:0

The subset (Ry) is not empty when v <+/2.

oggo<%,a:o,b:%(g0”) 0<Co<y/1—242,

(7o) c<e<2(1+3,/10-@)).d=1-¢ " Z:?&i{_zf)gtl;g)ﬁ},
w121t F-@)) |G
e=5(1=CF)+(c—1)y* f=0. d=f=0.

The subset (Rg) is not empty when v < /2.

OSCOSI,a>maX{l(C2—l),O};
<ostasmm(b@-D0) [ Iyt

0
(R7)S b=3 (¢ —3)—a,c=e=0,d=1, (Rg) 2
f - . 0<c<2,/11—1 1d—12—c
=0,/ =H(1=C)+(e—1)72.
0<Go<Lasmax{} (G- 1).0}.
_l(gg—l)—aceRdzl—c
(Rg) c+1 ~yec)2
e>max{2(1 ) ++2 (( )2 1),(7) },
f=3(1-G)— e‘*‘(c_lhz'
O§C0§1,a>max{%(Cg—%),O},
~1G-H o
c*<c<2(1+% %(1-@“02))
where c, :max{l,Q (1—

= 11— @)+ e 12,
f=0,d=1-c.

(R1o0)

1
5

%(1_&?))}, (Rn){c:l,d:e: =0.
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1 1/,2 1
7<COS156L:7(< _7)7b:0a
V3 2150 73 1 12
(Bas) ceER,d=1—c, ) 7 <G<la=3(C
R12 2 R13 b:C:(i:O,d:L
1 _ /2 2((ctly2 _ 2c”
e>max{L(1-@)+7? (551 -1),7°5 }, T

f=50-C)—et+(c—1)7"

1 _ 1.2
& <G=La=}(G-1).b=0, ﬁ,<<o<@7

5 :l 2_ 1 ,b: 5
(#0)4 0cecr i EE -1am1—c () THE D
€:O7f:l 1_(2 +(c—1 72_ ’ s

The subset (Rj5) is not empty when v < %
% <COS1,GZ%(C(%_%)J):0,
c*<c<2(1+% %(1—(&))

, 7,0
(o) vvherec,k:maux{l,2<l—l %(1—@%))}, (R17){C=1,d=e:f:0.

:
d=1-ce=1(1-¢)+(c—1)72 f=0.

Go=1/}a=b=0,

_ 1 3
ceR,d=1—c, Co=4/3,0=0=0,
(R1s) ) o/ erln2 o2 (R19) c=e=0,d=1,
e>max{§+’y (<1)2-1),y %}, f=loq2

f=31—et(c—1)2

COZ l,a:b:(],
\/; {COZ La=b=0,

(R20) O<ce<2, /11— —1,d=1—c¢ (Ra1)
_ _1 o 2
e=0,f=3+(c—1)y"

cO:\/§7a:b:07

(R22) C*<c<2<l+%\/g)where c*:max{1,2(1—% %)},
d=1-ce=3+(c—1)72 f=0.

REMARK 3.2. The proof is straightforward and is based on the same arguments
presented in [2]. The subsets R; are obtained after a lengthy calculation imposing the

conditions w;(k) >0, j=1,...,4, and taking into account restrictions (2.8).

REMARK 3.3. It is worth noticing that Theorem 3.1 establishes that when the
parameters ((p,a,b,c,d,e, f) lie in the subset R;, the system (3.1) generates a bounded

C° semigroup in H* x H*~2i defined by Equation (3.3).

3.2. Well-posedness of the nonlinear systems. In this section, we study
the well-posedness of the initial value problem corresponding to the nonlinear systems
(2.9) when the parameters belong to several of the subsets R; presented in the previous

section.



D.G. ALFARO VIGO AND G.C. CARDENA 817
It is convenient to write the initial value problem for system (2.9) in the form
vi=Lv+F(v), v(0) =y, (3.5)

where v and £ are defined in (3.2), vo represents the initial condition and F is the
nonlinear map given as

Pw)= (). where B = a0, Bt =g ak). (30)

We say that the nonlinear system (3.5), associated with the subset R;, is weakly
dispersive, if there exists a number s} such that for any s> s; the function F is locally
Lipschitz continuous in H® x H*~%¢ (with respect to the norm ||(v1,v2)|| s ge-a, :=
|(v1,v2)||s,5—a; = l[v1lls + |v2|ls—a,). We borrowed this definition from [3].

i

ProrosiTION 3.1. Suppose that the parameters ({o,a,b,c,d,e, f) lie in one of the
subsets R; where i€{6,8,9,10,11,12,15,16,17}. Then the system (3.5), associated with
any of those subsets R;, is weakly dispersive when we set

A; 1 1
* = - AN A+ =+ ,Ai —+liop,
S5 maX{Q, , +2+ 1 +2+ 2}

where l;1 and l;2 represent the order of the operators By and Ba, respectively. The values
of st are presented in Table 5.1.

Proof.  We sketch the proof for the subset Ry, the other cases can be handled
using similar arguments. In this case, A; =0 and l;; =l,2=—1, so sf =0. Notice that
s—1<s, also, if s >0 then s—1<2s—1/2. Then, applying theorem C.10 in [1, p. 472],
for any n1,7m2,u01,u02 € H® we get that

[|1B1 (1101 —n2uo2)[|s < C1llmiuor — n2uoz|s—1
<Ch (JJluor (m —n2) || s—1 + || (o1 — vo2)n2||s—1)
< Co([luonllsllm —n2lls + [[uor — uozlls|[n2lls)
< Comax{||uot[s, [[n2ls } (lm —m2lls + luor — uozlls)

B2 (ugy —ugy)lls < Crllugy, — ugalls—1 < Calluor +uoz |||l tor —uoz s

(3.7)

<2Cymax{||uo1 |, [|wozls }Hlwor — uoz||s-

From these estimates, the Lipschitz continuity of F on the open balls B C H®* x H® of
radius R >0 centered at zero immediately follows. ]

Now, we can formulate our main result.

THEOREM 3.2 (Well-posedness of weakly dispersive systems). Suppose that the pa-
rameters ({p,a,b,c,d,e, f) lie in one of the subsets R; considered in proposition 3.1.
Then for any s>max{0,A;} satisfying s> s, the initial value problem (3.5) is locally
well-posed in H® x H*~?i. More specifically, there exist a mazimal T >0 and a unique
v=(n,u0) €C([0,T); H* x H*~2%) that solves problem (3.5).

Proof. The Duhamel’s formulation for Equation (3.5) is given by

t
v(t) = eCvo + / =R (y () dt, (3.8)
0
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where vo=v(0) and e'* represents the bounded C° semigroup defined by (3.3) (see
Remark 3.3). Let Cp>1 be a bound of the semigroup norm, i.e [|e**|| <Cy for any
t>0, consider R=2Cy||vo||s,s—a; and T'>0 an arbitrary number. Let us define the
map ur— Au as

(Au)(t) :etﬁvo+/te(t‘t’)£F(u(t’))dt’, te 0,77,
0

for any ue X7 =C([0,T); Br).
It is well-known that X7 is a complete metric space with respect to the distance
d(uy,uz) =maxeco, 1) [[ur (t) —uz(t)||s,s—a,. For 0<t; <to <T and ue Xr, we get

[(Aw)(t1) = (Au)(t2)ls,5-a,

ty to
S/ H(e(tz—h)ﬁ_]:)e(h—t )LF(u(t/))Hs,szi dt/+/ He(tz—t )LF(u(t/))Hs,szi dt'.
0

t1

From the above estimate, using basic properties of the semigroup, the boundedness
of ei=t)EF(u(t')) and the dominated convergence theorem, we immediately get the
continuity of the function (Au)(t). Moreover, we have

t
[(Aw)(1)]ls,5-a, <llVolls.s-a, +/0 e EF (u(t))||s,s—a, dt’
R
<Colvolls,s—a; +CoCr(R)RT = 2 +CoCr(R)RT,

where Cr(R) is a Lipschitz constant for F on the ball Bg. Consequently, for T <
(2CoCr(R))~! one has that A maps X into itself.
Take T < (2CoCr(R))~!, then for any uy,us € X and t €[0,T] we have

II(AU1)(t)—(Auz)(t)lls,s—mS/O e (B (ur (1) = F (uz(t))lls,s-a, 4

1
< OUCF(R)Td(ul,UQ) < §d(U1,UQ).

Therefore, the map A is a contraction on X and from the Banach fixed point theorem
follows the local existence of a solution. This solution can be extended to a maximal
solution on the interval [0,7y,). Moreover, using (3.8) and Gronwall’s inequality one
can readily obtain its uniqueness. 0

4. Final remarks

In this work, we presented a new family of reduced equations which is asymp-
totically equivalent to the system obtained in [5] for weakly nonlinear internal waves.
The system of equations depends on four independent parameters. The analysis of the
linearized equations allowed us to identify several subfamilies, which correspond to dif-
ferent subsets of the parameters, whose solutions are compatible with the solutions of
the system of Euler equations.

Moreover, for the class of weakly dispersive models, we presented a result on the
local well-posedness for the nonlinear systems. The study of the well-posedness for other
systems not included in this class will be pursued elsewhere.

We remark that one of the main advantages of this new four-parameter family is
the freedom to choose well-posed reduced models asymptotically equivalent to the Euler
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system. Moreover, this freedom can also be exploited to develop appropriate schemes for
numerical simulations. Furthermore, the equations are stated in terms of the horizontal
fluid velocity corresponding to a fixed (but arbitrarily chosen) depth, which give more
flexibility than the depth-averaged velocity employed for instance in [5,6,12]. This
flexibility represents an advantage regarding possible engineering applications as the
former quantity can be easier to measure than the later.
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