COMMUN. MATH. SCI. (© 2018 International Press
Vol. 16, No. 2, pp. 561-578

GLOBAL CLASSICAL SOLUTIONS
TO THE TWO-FLUID INCOMPRESSIBLE
NAVIER-STOKES-MAXWELL SYSTEM WITH OHM’S LAW*

NING JIANG!T AND YI-LONG LUO*

Abstract. We study the global in time classical solutions to the two-fluid incompressible Navier—
Stokes—Maxwell system with (solenoidal) Ohm’s law with small initial data. This system is a coupling
of the incompressible Navier—-Stokes equations with the Maxwell equations through the Lorenz force
and Ohm’s law for the current. In this proof, we employ the decay properties of both the electric field
FE and the wave equation with linear damping of the divergence free magnetic field B.
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1. Introduction
In this paper, we study the following two-fluid incompressible Navier—Stokes—
Maxwell equations with Ohm’s law:

ow+v-Vo—pAv+Vp=1(nE+jxB),

HE—V xB=—j,

B+V x E=0, (1.1)
divv =divB =0, divE =n,

j=mv+o(—3Vn+E+uvxB),

with the initial data
Vim0 =0", Elizo=E", Bli—o=B",

which satisfy the comparability conditions dive’® =divB" =0. Here v,E,B:RT x R? —
R? are the velocity of the fluid, the electric and magnetic fields, respectively, while
n:RT xR3 =R is the electric charge. The vector field j is the electric current given by
Ohm’s law (the fifth equation of the system, where o is the electric resistivity). w is
the viscosity of the fluid and the scalar function p stands for the pressure. The force
under a quasi-neutrality assumption of the net charge carried by the fluid. Note that
the pressure p can be recovered from v and jx B via an explicit Caldéron-Zygmund
operator. The second equation in system (1.1) is the Ampere-Maxwell equation for an
electric field E. The third equation is simply Faraday’s law. For the more physical
backgrounds of this system, see [3] and [4].

The system (1.1) can be derived from more microscopic models, say, two species
Vlasov—Maxwell-Boltzmann (briefly VMB) equations under some suitable physical scal-
ings. For example, [2] and [8]. In particular, in the recent remarkable breakthrough of
Arsénio and Saint-Raymond [2], they justify the convergence from the global in time
renormalized solutions of the VMB equations to weak (or dissipative) solutions of the
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562 GLOBAL WELL-POSEDNESS OF TWO-FLUID NS-MAXWELL SYSTEM

several models of the incompressible viscous electro-magneto-hydrodynamics, including
the system (1.1). We emphasize that system (1.1) can only derived from two species
VMB. That is why it is called two-fluid Navier—Stokes—Maxwell equations.

We also study the following system which is called the two-fluid incompressible
Navier—Stokes—Maxwell equations with solenoidal Ohm’s law:

[“)w—i—%VU—uAv—&—Vp:%ij,

8tE—V X B:—j7

0, B+V x E=0, (1.2)
j=0(—3Vp+E+vxB),

divv=divB =divE =divj =0,

where the scalar function p in system (1.2) is the Lagrangian multiplier for the
divergence-free property of the electric current j. The initial data of the system (1.2)
is given by

U|t:0 Zvin, E|t:0 = Eina B|t:0 = Bm;

which satisfy the comparability conditions divv” =divE" =divB"=0. As for the
system (1.1), the system (1.2) can be also formally derived from the two species VMB
equations, see also [2]. As explained carefully in [2], in particular Chapter 2 and 3, the
system (1.1) is derived from VMB for strong interactions, while system (1.2) is derived
for the case weak interactions. Furthermore, the system (1.2) can be viewed as an
asymptotic regime of the system (1.1).

On the other hand, there is another system which is also called incompressible
Navier—Stokes—-Maxwell system with Ohm’s law in the literatures:

Ov+v-Vo—pAv+Vp=jx B,
8tE—V><B:—j,

OhB+V xE=0, (1.3)
dive =divB =0,
o(E+vxB)=j.

The system (1.3) is very similar to the system (1.1) except there is the electric charge
n(t,z) in (1.1). We emphasize that system (1.3) is not just letting n=0 in system (1.1),
which will gives divE =0. The system (1.3) is not a special case of either system (1.1)
or (1.2). However, we would like to state that these systems are quite similar from the
point view of mathematical analysis, which is the main concern of the current paper.

The well-posedness of all the above systems (1.1), (1.2) and (1.3) is a highly non-
trivial problem, both in the context of weak solutions and more regular frameworks. For
weak solutions, the existence of global in time Leray type weak solutions are completely
open, even in 2-dimension. Previous analytical studies are mainly on the system (1.3),
although we believe that all the results on (1.3) can be also obtained for the system
(1.1) and (1.2) by employing the similar methods. A first breakthrough comes from
Masmoudi [9], who in 2-dimensional case proved the existence and uniqueness of global
strong solutions to system (1.3) for the initial data (v, B, Bi") € L?(R?) x (H*(R?))?
with s>0. His proof relied on the energy inequality combined with a logarithmic in-
equality that enabled him to upper estimate the L°°-norm of the velocity field by the
energy norm and higher Sobolev norms. It is notable that in [9], the divergence-free
condition of the magnetic field B or the decay property of the linear part coming from
Maxwell’s equations is not used.
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Another line of research, again for the system (1.3), was carried out by Ibrahim
and Keraani [6], who considered the data (v'™, B B™) 63217/12(]1%3) x (H'2(R3))? for
3-dimension, and (vo, Eo, Bo) € BY ; (R?) x (Li,,(R?))? for 2-dimensional case. Later on,
German, Ibrahim and Masmoudi [5] refines the previous results by running a fixed-point
argument to obtain mild solutions of system (1.3), but taking the initial velocity field
in the natural Navier-Stokes space H%¥2~1. Their results extended the earlier results
in many respects. The regularity of the initial velocity and electromagnetic fields is
lowered, and they unify the proof in both spacial dimensions 2 and 3. Furthermore,
they employed an L?L>-estimate on the velocity field, which significantly simplifies the
fixed-point arguments used in [6]. For some other asymptotic problems related, say, the
derivation of the MHD from the Navier—Stokes—Maxwell system in the context of weak
solutions, see Arsenio-Ibrahim-Masmoudi [1].

As stated above, in Arsénio and Saint-Raymond’s recent book [2], they justify the
weak convergence from renormalized solutions of VMB equations to weak solutions
of the several models of the incompressible viscous electro-magneto-hydrodyanmics,
including the systems (1.1) and (1.2). On the other hand, it is natural to consider these
asymptotic limits in the context of classical solutions. A first step in this project is to
prove the global in time classical solutions of the systems (1.1) and (1.2) with small
initial data. This is the goals of this paper. We can not expect the large initial data
result at the current stage since analytically these systems are more like 3-dimensional
incompressible Euler equations.

Because of the similarities between the systems (1.1)-(1.2) with (1.3), we employ
many ideas from the previous works on the system (1.3), in particular [5]. The key
point is to find enough dissipation or decay properties. We first observe the structure
of the system (1.1). The second Ampere-Maxwell equation

OE—~VXB+oE—-3Vn=-nv—ovxB

has a decay term oF, where the term —ov x B can be regarded as a source. Out of
consideration for the cancellation

(VF(VxB),V*E) —(VF(V x E),V*B)=0

for all k>0, the third Faraday’s law equation shall be considered together with the
second Ampere-Maxwell equation while we derive the energy estimates, namely,

WE—-VXxB+oE—35Vn=—nv—ovXDB,
6tB+V><E=O

We also notice that the third Faraday’s law equation 0;B+V x E=0 with divB=0
does not have explicit dissipative term. Fortunately, the divergence-free property of B
enable us to gain a wave equation of B with a damping term ¢0; B

OuB—AB+00;B=V x (nv)+oV x (vx B),

in which we take 0; in the Faraday’s law equation and make use of the Ampere-Maxwell
equation and the equality V x (V x B) =—AB if divB =0. Furthermore, the divergence-
free property of B implies div(V x B)=0. Then, by taking div on the second Ampeére—
Maxwell equation and the relation divE =n, we gain

O —+divj =0,
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which will be employed in proving the local solution. Then the Ohm’s law (the fifth
equation of system (1.1)) reduces to a parabolic equation of n with a damping on

On+v-Vn—§An+on=—odiv(vx B).

We emphasize that we do not utilize all the decay and dissipative properties dis-
played in the above arguments while we construct the local solution of system (1.1) with
large initial data. We only require the basic energy law

385 (1ol + 1B + SIBIEs + 3llnl3e) + 4l Volfs + 51— §9n+ B+vx B3a=0,

on which based, we can derive a responded higher order energy estimate. Utilizing the
above dissipative and decay properties enables us to gain a global in time higher order
energy estimate. Thus, if the initial data is small, we can globally extend the local
solution which has been constructed. We note that it is interesting that the global well-
posedness with small initial data will fail if any one condition (divergence-free property
of B or decay properties of E and n) is not taken into consideration.

Now we precisely state our main theorems as follows:

THEOREM 1.1 (Local well-posedness).  If the initial data fulfill v, B divE"™, B"™ €
H*(R3) for s>2, then there exist two positive constant T and C, depending on s, ji, o
and the all initial data, such that system (1.1) admits a unique solution (v,E,B) on the
interval [0,T] satisfying

ve L®(0,T; H*(R*))NL*(0,T; H T (R?)),
E,n,BeL>(0,T; H*(R?)).

Moreover, the following energy bound

sup_ (1103 + 1Bl + 1Bl + ol )
t€[0,T]

T s
[ (Tl 403 - VI EE+ (Vo) x B )dt <O
0 k=0
holds.

THEOREM 1.2 (Global well-posedness). Assume that the initial conditions v'"™ €
H*(R3), and E™ B c H*Y(R3) for s>2. If there is a small positive constant eg,
depending only upon s, the viscosity u and the electric resistivity o, such that the initial
eneregy

g ::H'UinH%IS(]]@)+”EinH%IS(D@)+||diVEm||%IS(]R3)
+V % Em”%{s(u@) + ||Bm||?15+1(uz3) < €0,
then system (1.1) admits a unique global in time solution (v,E,B) satisfying
ve L™ (R H*(R*) N L*(RY; H*(R)),
Ec L>®(RY; H*(R?)), n(=divE) € L®(RT; H*(R*))NL*(R*; H*T1(R?)),
Be L®(RY; HT(R3)), 9,B(=—-V x E)€ L®(R"; H*(R?)).

Furthermore, the following energy inequality

sup ([0 ) 1B W)+ Il sy + 1Bl gy + 100 B3 o)
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+/ (V0T roy +0 IV 3o (rsy ) dt
+U/ ZH sV N4 VEE+ (VM) X B|72(gsydt <CE™

holds for some constant C =C(u,0)>0.

The organization of this paper is as follows: in the next section, we derive a pri-
ori estimate of the two-fluid incompressible Navier—Stokes—Maxwell system (1.1) with
Ohm’s law. Based on the last section, we prove the local well-posedness with large
initial data in Section 3. In Section 4, by utilizing the decay property of the electric
field E and the divergence-free property of the magnetic field B, we justify the global
classical solution to system (1.1) with small initial data. In Section Appendix A, we give
the well-posedness of the the two-fluid incompressible Navier—Stokes—Maxwell system
(1.2) with solenoidal Ohm'’s law, which is highly similar to the system (1.1).

2. A priori estimates

In this section, we will derive the a priori estimate of the system (1.1), so that
we can construct the local in time solution. We again emphasize that the divergence-
free property of B and the decay properties of E and n do not need to be concerned in
deriving the a priori estimates for the local well-posedness of system (1.1). The following
energy functionals shall be first defined:

EL(t):=vllF + 51 EllFrs + 31 Bl + 3 Inll-,
S
Dr(t):=p|Volf+ 5> - 3V n+ VEE+ (VF) x Bl[3..
k=0
Then, we articulate the following proposition:

PROPOSITION 2.1 (A priori estimate).  Assume that (v,E,B) is a sufficiently smooth
solution to system (1.1) on the interval [0,T]. Then there is a positive constant C =
C(s,11,0) >0, such that

4EL(0)+ D10 < CELDIEL 1)+ E(H)+ (1) (2.1)
holds for all t€1[0,T7.

Proof.  Notice that the cancelation (V¥(V x B),V*E)—(V*(V x E),V*B)=0
holds for all integers k> 0. Indeed, direct calculation enables us

(V¥(VxB),V*E) —(V*(V x E),V*B)
=(V*(e:;10,B)),V*E;) — (V*(;;10; E1), V¥ B;)
=(£ij0;V* B, V*E;) + (€0, V*E; V¥ B))
=(£i710;(V*BIV*E;),1) — (i V" B1,0, V¥ E;) + (£110; V¥ E;, V¥ B))
=(div(V*Bx V*E),1)=0. (2.2)
Then, by the cancellation (2.2) and the evolution of n, hence dyn+ divj =0, which is

implied by the Ampere-Maxwell equation under the condition divB =0, one can easily
derive L2-estimate of system (1.1)

sai (1172 + 31 Bl 72 + 5Bl 72+ g0l 72) +plVole + G = 5Vn+E+vx B|f. = (
23)
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Now we derive the higher order energy estimates. For k>1, we act the derivative
operator V¥ on the first fluid equations of system (1.1) and take L2-inner product by
dot with V*v, and then by integration by parts on R? we gain

sV ollE: +ul VFlGe + 51 = 5V 4+ VEE + (VM) x B 1.
—(VF(©- Vo), Vo) + 3 Y (V'VPE V) +1 Y (V9 x VB, VFY)

a+b=k atb—k
azl b>1
- % Z <vanvb1}7 —%Vl”ln—!— VkE+ (kaU) X B> + % <VkE,Vk]>
a+b=k
a>1
—2 3 (VX VB LV VR E 4 (VFo) x B — 1 (V45,74 n).
e

Here we make use of the equality <nvkv, (VFv) x B> =0 for all k>0 and the calculation

<vk(nE+] X B)7vkv> = <Vk(nEl)+€lmnvk(ijn)avkvl>
=(nV*E; +€1mn V¥ i Bn, Vi)
+ > {emn ViV By, Ve + > (VOnVPE, VFy)
Foy it
=(VFE,nV*v)—(V*j,(V*0) x B)
+ > (V) x (VPB),VFo)+ >~ (V*nV'E, V)
e iy
=(VFE,nV*v)—(V*j—nV*0,V*E+ (V*0) x B)
+ ) (V) x(VPB),VF)+ Y~ (V*nVPE, VF)
g i

=(VFEnV*v) —o||— 3V n+ VFE+ (VF0) x B||7. — $(V¥5,VF1n)

+ ) (V) x(VPB), VR + Y (V*nVPE,VFy)

a+b=k a+b=k
b>1 a>1
= > (V' V=0 (V) x (VB),— V" 'n+ V¥ E+(VF0) x B).
a+b=k
a>1

For the second Ampere-Maxwell-equation and the third Faraday’s law equation, we
take k-order derivatives and take L2-inner product by dot with %V’“E and %V"’B, and
then by the cancellation (2.2) we gain

34t GIVEE|T + 3 VEB|[T2) = —5 (V") VEE).

Analogously, for the evolution of n: 9yn+divj=0, which is implied by the Ampere—
Maxwell equation and divB =0, we have

. ok
s GIVEnl72) = (V5 V" in).
As a consequence, we have for 1<k <s(s>2)

38 (I9*0l132 + 31V BlIZ. + 3V BIIZ. + 3 V¥ nl 13-
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+ull V| + G = 5V I+ VR E 4 (VF0) x B 2.

=—(V*(v-Vv),VFo)+ 1 > (V'nV'E,VF)
a+b=k

a>1

1Y (X (BT -} T (T 4T T (94 x )
atb=k a+b=Fk
b>1 a>1

—5 > (V) x(V'B), =5 VF n+ VI E+ (VF0) x B)
a+b=k
b>1

=0+ I+ I3+ 14+ 15. (24)

Now we estimate the terms I;(1<i<5) term by term. For the term I, we have

Li== > (Vv o, Vo) < ST Vo]l VEH 034 VR0 2

a+b=k a+b=k
a>1 a>1
S Y IVollaalVoll g o]l e SUVOlLs Vol o 0] a5 (2.5)
a+b=k
a>1

Here we make use of the divergence-free property of the velocity v, Holder inequality and
Sobolev embedding H!(R?) < L*(R?). For the term I, it is easy to be derived from the
Holder inequality and Sobolev embedding H*(R?) < L*(R?), H?(R3) < L>(R?) that

L SIIVFnll 2| Bl [VFollz + Y IV 0l VOBl 14 | V0l 2

a+b=k
a,b>1

Elpgs||Vv| ge-. (2.6)
For the term I3, Holder inequalty, Sobolev embedding H!(R®)— LP(R?) (p=3,4),

H?(R?) < L>(R?) and the Sobolev inequality || f[|or2) S ||V Sl r2we) (for fe H(R?))
enable us to estimate

Is=3(jx V*B,V*v)+3 > (V% xV'B,V*)

Slinll s

a+b=k
a,b>1
SIVEBI IV oo+ 3 1950l l V25122197 Bl o
a+b=k
a,b>1
SUBIaI9ela (Il + > 19 ]22).
1<ak—1

where
[3llze SllvllzsInl[ze +o([[VrllLs +[|EllLs + [|v]| e[| Bl =)
SIVollz 1ol g2 + o (V20| 2 + | VE 2 + | V| 2| B 1+
SIVollgs—rfnllgs +o(Vnlgs—1 + | Ellgs + | Vollgs—1 | Bl #+),
and for 1<a<k-—1
IVl L2 SV (o) |22 + 0 (IVH 0| 2 + VO E| 12 + [ V(v X B)|| £2)
SVl ge—rfnl s + IVl gs—||v] a-
+o([[Vnllgs—1 +[|Ellus + Vol ge—1 || Bllm=).
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Thus, we have

I S(1+0) Bl Vol [IVoll -2 (Inl - + 1Bl m-)
HIVal g L+ ol ) + 1 Ell -] (2.7)

For the estimation of the term I, we utilize the Holder inequality, Sobolev embedding
theory to deduce

LS(I9o e follze+ 30 IVl V20l 21 )| = 594 0+ TEE+ (V50) x B 12

a,b>1

S(Inlle ol + 32 IVl IVl )| = §9 04 VEE +(T¥0) x B 2
a+b=k
a,b>1

SIVallgs-tlol|lms|| = 3V n+ VFE+ (V) x B| 2. (2.8)

For the estimation of I5, we deduce that by the Holder inequality, Sobolev embed-
ding theory

I So (ol i< IV* Bl + > (90l 2a V0] 24 ) | = 4V 0+ VFE+ (T¥0) x B 12
a+b=k
a,b>1
Sl Bl + > 190l Vo0l ) [ = 3V 0+ VEE+(TF0) x Bl 12

a+b=k
a,b>1

<o||v|| & — IV I+ VPE+ (VF0) x B 2. (2.9)

Bllg-

We figure out that all the norms with the form ||V f||gs-1 occurred in the above
estimates will be controlled as ||V f| gs—1 <||f||ms when we prove the local solution
and the inequality |V f||zs—1 < ||V f ||+ will be employed in proving the global classical
solution with small initial data. Plugging the inequalities (2.5), (2.6), (2.7), (2.8) and
(2.9) into equation (2.4), summing up for all integer 1 <k < s and combining the equality
(2.3) reduce to

3 (ol + SUBI- + 31 BIE- + Hinl%- )

+ul Vol +$ ) -3V n+ VR E+ (VF) x Blf3.
k=0
SIVollas [olFs + ol ms | E || e ]l e
(L+o)IVolla= 1Bl m=(

ol z Il e + [0l me ([ Bll s + [0l s + [ Bl m+)

1

Bllan) |- 394 9B+ (Vo) x Bl | 210)
k=0

+ ([l s

0l s +ol|vl|

Recalling the definition of the energy functionals £r(t) and Dr(t), we derive the in-

equality (2.1) from the energy inequality (2.10) and we finish the proof of Proposition
2.1. ]

REMARK 2.1. We emphasize that if we justify global well-posedness with small
initial data, the estimation of the terms I5 should be different from that in the proof of
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Proposition 2.1. More precisely,

I 5o (0o V" Bllzs + > [9%0] 1 [9°0llps )| = 59 0+ V* B+ (VF0) x Bl 2

a+b=k
a,b>1
S0l 1Bl + 32 IV 0l 970l )l = 3VH 0+ VEE+(VF0) x Bl 1
a+b=k
a,b>1
SO Vol | VBl ]| = 3V* 0+ VEE +(VF0) < Bl 12, (2.11)

where we make use of the Sobolev inequality ||f|rems) S|V fll2ms) if feH'(R?).
Then by substituting the inequalities (2.5), (2.7) and (2.11) into equation (2.4), summing
up for all integer 1 <k <s and combining with the L2-estimate (2.3), we gain

3 (ol + SUBI- + 31 BI- + Hinl%- )

S
Vol +5 ) -3V i+ VR E+ (VF) x Blf3.
k=0
SA+o) Vol (IVolla= +Vnlla-)
< ([ollas + 1Bl +Inllg=) L+ vl = + [ Bll e + |7/l )

+(1+0) [ Y- 2V VB (Vho) x B3]
k=0
X (V]| [V Bz + [Vl ms |0] <), (2.12)

which will be applied in verifying global well-posedness of system (1.1) with small initial
data.

3. Local well-posedness with large initial data

In this section, based on a priori estimate derived in Section 2, we prove the local
well-posedness of system (1.1) with large initial data, namely, prove Theorem 1.1. We
employ mollifier method to achieve our goal.

Proof. (Proof of Theorem 1.1.) We first define a mollifier
Jef=F " (Lg <1 F (),

where the symbol F stands for the Fourier transform operator and F~1! is its inverse
transform. We remark that the mollifier 7, has property J2 = J.. Then the approximate
system of (1.1) can be constructed as follows:

O+ T (Teve -V T0) — pAT v+ Vpt = %js(jenfjeEE +Jj¢ x T.B°),

at-E6 -V x jeBE = 7‘7'6]'6’

0B+ V x J.E =0,

divet =divB¢ =0, divE =n, (3.1)
j¢=TJncJ" —l—o(—%Vne + B+ T x J.B°),

o +div7.j =0,

(UE,EE,B€)|t:O — (jevinyjeEin;xZBin)-

By ODE theory, we know that there is a maximal T, >0 such that the approximate
system (3.1) has a unique solution (v¢, E€, B¢,n¢) € C([0,T¢); H*(R3)). Since the mollifier
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J. satisfies J2 = J., we observe that (J.v¢,J. E¢, J. B¢, J.n¢) is also a solution to the sys-
tem (3.1). Then the uniqueness implies that (J.v¢, T E€,J.B¢,Jn¢) = (v, E€, B, n).
As a consequence, the solution (v¢,E€,B¢,n¢) to the approximate system (3.1) also
solves the system

0y0° + T, (Vo) — pAv 4+ Vpf = 17, (n* B+ x BY),

OB =V x B¢ =—-7.5°,

0B +V x E°=0,

dive¢ =divBe =0, divEc=n, (3.2)
je=n‘v+0(—1Vn+E +v° x B°),

Bne +divd,j¢ =0,

(v, B¢, B)|t=0 = (T, J.E™, T B™).

As shown in the proceeding of the derivation of a priori estimate in Section 2, we
can derive the energy estimate of the approximate system (3.2)

LEL()+DL(t) < CELW[EE (1) +EL.e(t) +5g,e(t)]
for all t€[0,T¢), where the energy functionals £, ((t) and Dp .(t) are

Ee)= v Hs + 21BN + 31BN + 3 Incl s
S
Dre(t)=pl| Vo F + 5> -3V n+ VFEE 4+ (V%) x B[
k=0

Then continuity arguments imply that there is a T=T(s,u,0) >0 such that the
energy bound

sup (vl + S E 3 + SIB . + lnc 1)
t€[0,T]

T s
b [ (T I+ § 3~ 39 VEES (R0 B3 )t <€
0 k=0

uniformly holds, where the positive constant C' depends only upon s, u, o and the initial
data. By compactness arguments we finish the proof of Theorem 1.1. ]

4. Global well-posedness with small initial data
In this section, we mainly prove the global classical solution to system (1.1) with
small initial data. The key point is to use the following properties:

e the decay property of the electric field E coming from the linear part of the
Ampere-Maxwell equation,

e the divergence-free property of the magnetic field B,

e the dissipative property of n coming from the Ampere-Maxwell equation by
taking ‘div’ and the fifth Ohm’s law equation.

These properties result to enough energy dissipation. More precisely, we consider the
equations

OE—~VxB+oE—5Vn=—nv—ovXDB,
8B +V x E=0, (4.1)
Eli—g=E™, Bl;—o=B"™,
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where the term —nv—ov x B is regarded as a source term. The damping term o F will
supply energy dissipation in the energy estimation. Additionally, the divergence-free
condition of the magnetic B yields that

V x(VxB)=-AB.

Then, by combining the second Ampere-Maxwell equation, the third Faraday’s law
equation reduces to

0uB—AB+00;B=V x (nv)+0oV x (vx B),
Blo=B", (42)
O Bli=o=—V X E",

which is a wave equation with a damping 00; B. We remark that the last initial condition
in system (4.2) is the compatibility condition from the Faraday’s law (the third equation
of (1.1)). Furthermore, the divergence-free property of B implies div(V x B) =0. Then,
by taking div on the second Ampere-Maxwell equation and the relation divE =n, we
gain

Oyn+divy =0.

Then the Ohm’s law (the fifth equation of system (1.1)) reduces to a parabolic equation
of n with a damping on

{atn—i—v'Vn—‘;An—i—on:—adiv(va), (4.3)

n|t:0 = leEzn

So, we now find enough energy dissipation gaining from the decay terms o F, 00; B and
—SAn+on.
We define the following energy functionals:

Ea (&) =lvlFre + 3IENT + (5 +00 =) BllF: + Fnll7-
+(1=0)10:B||%- + IV Bl 77- +0l10.B+ B[
D (t) :=ul| Volire + SIENE: + FollVnlli. +ollnllE. + (o —6)[10:Bl %

S
+0| VB3 + 5>l = sV n+ VEE+(VF0) x B 7.,
k=0

where §=2min{1,0} €(0,1). Then we can articulate the following proposition, which
is utilized to prove the global well-posedness of system (1.1) with small initial data.

ProroOSITION 4.1. Assume that (v,E,B) is a sufficiently smooth solution to the
Navier-Stokes—Mazwell system (1.1). Then the energy inequality

5 61E6 (1) + D (1) < CDG (DEL (D) +E,4 (1)) (4.4)
holds for some constant C' >0, which depends only upon s, the viscosity o and the electric
resistivity o.

Proof. 'We have proven the inequality (2.12) in Remark 2.1 for verifying the global
well-posedness. It remains to perform the H®-energy estimates for the equations (4.1)
and (4.2) for s>2.
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We first consider the equations (4.1). Multiplying F in the first equation of system
(4.1) and B in the second equation of (4.1), respectively, and taking L2-inner product
yields that

33t (1B +1BlZ2) + ol B2 — § (Vn, E) = — (v, E) — o (v x B, E)
Slollizellnllza | El L2 +ollvl Lo || Bl s [| Ell L2
SIVollzalinlla Bl L2 + oIVl 2 [ Bl g | El| > (4.5)

Here we make use of the cancellation (2.2), the Sobolev embedding H*(R?) s L3(R?)
and the inequality [|v]|o(rs) S|Vl p2(rey if ve HY(R?).

For 1<k<s, we act the derivative operator V¥ on the two equations of system
(4.1), take L2-inner product by dot product with V¥E and V* B, respectively, and the
we deduce that by the cancellation (2.2) and Sobolev embedding theory

L4 (VB +IV* BI: ) +0lV* I3 - § (710, V* )
=—(V¥(m),V*E) -0 (V*(vx B),V*E)

§(||an||L2||v||L°°+\\VkUIIL2||n||L°°+ > IIV“”HM||VZ’UIIL4)HV’“EHL2
a+b=k
a,b>1
o (lollzoIV* Bl +19¥0l 2| Bllzw + 3 190l VBl ) [ * Bl 2

at+b=k
a,b>1

SUVallgsl[ollas +[Vollas Inl z) | Ellas +ol Vol s (Bl as + VBl a:)

|E||gs. (4.6)
Here we make use of the cancellation (2.2), Holder’s inequality, Sobolev embedding
H'(R?)— LP(R?) for p=3,4 and the inequality ||v||zsrs) S||V| L2rs) for ve H(R?).
We observe that

(VM VFE) < Z||VFE|. + § V¥ |3

holds for all £>0. Then, summing up for all 1 <k<s in inequality (4.6) and adding
them to the inequality (4.5) reduce to

35 (18I + 113 ) + 51 Bl = £ 19nl.
<1Vl |Bllzs + Vol

vl s + [Vl are

Bl + VB m2)

nlm) |Ellas. (47)

We now consider the wave equation (4.2). Taking L2-inner product by dot with
0; B and integrating by parts over R3, one knows

L4 (10uBIZ: + IV BIE: ) + 010813
=(V x (nv),0:B)+0(V x (vx B),0:B)
SVl llollzo + Inll~ V] 22) 19 B 2
+ (V02| Bl + lollao [V B o) 0B s
<Vl Vel 2+ 12l 2 |90 22) 9B 2 + 0 Vol 21| B 120, B
S+0) |90l 10 Bl e (s + | Bl ), (4.8)

For 1<k <s, we take k-order derivative on the wave equation (4.2), and then take L2-
inner product by dot with V*¥9;B, and then we estimate that by Holder’s inequality
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and Sobolev embedding theory
L& (IV*0BI3: + IV BI3: ) +0lV*0,B|3: ) + 0| V- 0: B
(VFIV x ()], V*8,B) + 0 (V¥[V x (v x B)],V*9,B)
Sl 195 ol g+ ol 195 nll g2+ > 9l V0ll2e ) V0, B 2

a+b=k+1
a,b>1
o (ol IV Bl + Bl IV olla+ 32 (V0] VBl ) V43, B 2
a+b=k+1
a,b>1
SUIVollaslInllge + Vol as ol #2)|0:B

Thus we sum up for 1 <k <s in inequality (4.9) and add them to inequality (4.8), and
then we gain

L& (I0B 1% + IV B3 ) + o108
SA+0)10:Blla- (V] e + Vol + VBl g ) (vl e + | Bllas +Inlla-).  (4.10)
By now, we do not find enough dissipation to control the energy term

(1+0)[[VB][g-

OB g (

[oll e + 1 Bllers + lInl 7<)

in the right-hand side of inequality (4.10), while justifying the global well-posedness
with small initial data. Thanks to the term AB in the wave equation (4.2), which
will display energy dissipation if we dot with B (or higher order derivatives of B) in
(4.2). Thus we possess enough dissipation to prove the global well-posedness. We take
L2-inner product in equation (4.2) with B, integrate by parts over R® and then we gain

4 (0B, B) —[|0:B|[ 7> + |V Bl[7- + § 1 B]17-
=(Vx (nv),B)+0(V x(vxB),B)
SVallv]+[nl[Vol,[Bl) +o (Vo] |B, [0||V B, |Bl)
SUIVallez(lvllzs + Il e [[Voll 2) 1Bl s
+o(IVolle2l|Bl e + vl e[V Bl|22) | Bl s
SVl 2]Vl 2| Bl g + o || Voll 2| VB L2 || Bl 11
SA+0)IVBlas + Vol m)l[Voll e | Bl - (4.11)

Here we make use of the inequality || f||zors) S|V fl|L2(rs) for f€ H'(R?) and Sobolev
embedding H'(R3) — L3(R3).

For 1<k<s, by taking k-order derivatives on equation (4.2) and taking L2-inner
product with V¥ B, integrating by parts over R3, we derive from the Holder inequality
and Sobolev embedding theory that

4(V*9,B,V*B) —||[V*0,B|7. + || V¥ B|3. + $ LIVF B3
=<Vk[V><(m})],VkB>+a<Vk[V><(v><B ],V¥B)
S(HnIILmIIV’““va+||V’“+1nHL2Hv||Loo+ > HV“nHmIIV”vHu)IIV’“Blle

a+b=k-+1
a,b>1
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0 (Il I Bl + 195 2Bl + S0 IV*0lsal V2Bl ) IV B

a+b=k+1
a,b>1

SUIVullaslInllzs + 1Vl aslollg:) |V B s
+o(IVBlgsllvlas +|Blla:[|Volla:) |V B| e
SA+a)IVBla:(IVvllas +IVollas +VBlgs ) (vl zs +Inllgs + | Blla:),  (4.12)

where we utilize the inequality || f||zers) S|V fll2ra) for fe€ H*(R?). We sum up for
all 1<k <s in inequality (4.12) and combine with the inequality (4.11), and then we
gain
> & (VF0B,V*B) —110:Bl3- + |V Bl + 5 51187+
k=0
SA+0)[VB[a:(

[Vl + 9 2- + 1V Bll sz )0l + [l 2= + 11 B ).
Noticing that
& (V' 0BV B) =14 (IV*0,B+ V" Bl}: ~ |V*0,B|}: ~ | V"Bl ).
we, consequently, have
3% (108 + Bl ~ 10,BI%- + (o = )| BI%- ) — 10Bl3. + VBl
SO+ VBl (V0] + [ Vnl e + 1V Bl (ol + [l s + [ Blla). (4.13)

For the evolution (4.3) of n, we take L2-inner product by dot with n and integrate by
parts over R3, and then we gain by Holder’s inequality and Sobolev embedding theory
that

il + §IVnlliz +olnli: =0 (v x B,Vn)
SollollcellBll s IVallee SalVoll e Vol 2l Bl g S ol Vol ae

Vnllg Bl (4.14)

For 1<k<s, we act the derivative operator V¥ on equation (4.3) and take L2-inner
product by dot with V¥n, and then we have

sl VinlL + §IIVE e + ol VEnllE. =0 (VH (v x B), VEFn)

So(lolleIV*Bllgs + Y IIV“UIILGHVbBllm)IIV“ln\\Lz

a+b=k
a>1

SollVolleas Vol s (1Bl as + VBl #:)- (4.15)

Summing up for all integer 1 <k <s in the above inequality (4.15) and combining with
the inequality (4.14) enable us to gain

3 sclnlle +§1ValE. +olnli. SollVollm-

V| us (

|Bllgs +VB|lu-).  (4.16)

Now we choose a number §=2min{c,1} € (0,1). It is implied that by multiplying
d in inequality (4.13) and adding it to the inequalities (2.12), (4.7), (4.10) and (4.16)

350 (Ilv\\?{s + 31 Bl + (G +00 = 0)| B3 + 3 Inll
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+(1=8)10Bl3r. + VBl + 3108+ Bl
Vol + SINEN. + 2o Vil + ol + (0 —8)19:BI

+OIVB| 3. +§ > Il— 4V 4+ VEE+ (VE) x B3,
k=0
S(+0)(10:Bllms + IV Bl a=) (ol g+ + Inll e + 1| Bl a+)
X (IVllas + V0l e + IV Bl a:)
+(@+a)(IVollgs + 1Bl ae)(IVnll s + | El| )
X (lInllers + vl ers + 1Bl s + VBl )
+ 1+ )Vl (V] s + |Vl s + | E e )
x([[ollas + Bl as +lInllms )L+ [[oll s +[| Bl s + [0l )
2 1
—|—(1+a){Z||—%Vk+1n+VkE+(Vkv)><BH%2 ’
k=0
X (IVollas VBl + Vol a0l )
We remark that the chosen constant 6 € (0,1) is such that 1—§>0 and 0 —§ >0. Re-

calling the definition of the energy functionals & (t) and D, (t), we derive the inequality
(4.4) and thus finish the proof of Proposition 4.1. o

Proof. (Proof of Theorem 1.2.) Based on the energy estimate (4.4), we globally
extend the solution constructed in Theorem 1.1 under small initial data condition.
One observe that

Eq(0)=[0™ |3« + S E™ 3= + (5 + 30 = 8) | B™[[37- + § | divE™[[3.
+(1=8)||V x E™ |3, + ||[VB™||3. +0||V x E™ 4+ B™||3,.
<2(2+00 +8) ([0 |7 + |1 E™ [ Fe + [|divE™ 3. + IV X E™ |3 + | B [|7.41)
=2(2+60+0)E™.

Denote P(E,(t)):=C[E G%( E., ()], hence the inequality (4.4) can be rewritten as

)+
3ar€a () +Dg (1) <Dy (P (E, (1),

where P(0) =0 and P(-) is strictly increasing. Then there is an ey =€p(u,0,5) >0 such
that, if £ <e¢g, then
P(E,(0) < P(2(24d0+06)E™m) <

4

Now we define

(I

T:sup{rz 0; sup P(E,(1)) < } >0.
tel0,7]
By the continuity of &, (t) we have T'> 0.
We claim that T'=+o0. Indeed, if T' < +oo, then for all ¢ €[0,7]
i€ () +Dg (1) <0,

which immediately means

sup &, ( / D, (t)dt <&, (0).

te[0,7)
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Then the above bound reduces to

sup P(E, (1) <P(E,(0)) <
t€[0,T]

Lol

By the continuity of & (t), there is a t* >0 such that for all ¢ € [0, +¢*]
P(Es(t) <3,

which contradict to the definition of 7". Thus the claim holds.
Consequently, by the definition of the energy functionals & (t) and D, (t), we have
the following bound

sup (1103 ) 1B e sy + I8V E ey + 1B ) + 100 B e o)
+ / (BIV01%e oy +0 Y| = 59 TEB+ (VF0) X Bl[F2psy ) dt < C(0)E™,
0 k=0

which is uniformly bounded in time. Therefore, we can extend the solution constructed
in Theorem 1.1 to the time interval [0,+00), and we finish the proof of Theorem 1.2. O

Appendix A. The two-fluid incompressible Navier—Stokes—Maxwell equa-
tions with solenoidal Ohm’s law. In this section, we concern the two-fluid incom-
pressible Navier—Stokes-Maxwell equations with solenoidal Ohm’s law (1.2) with the
initial data

V|0 =2", E|y—o=FE™, Bli—o=B",

which satisfy the comparability conditions divy’™ =divE" =divB™ =0.

The solenoidal system (1.2) is very similar with the system (1.1). So, based on the
arguments of the well-posedness for the system (1.1), we can prove the well-posedness
for the system (1.2). We first articulate the local and global well-posedness theorems of
(1.2):

THEOREM A.1 (Local well-posedness). If the initial data fulfill v", E™, B € H*(R?)
for s>2, then there exist two positive constant T' and C, depending on s, ju, o and the

all initial data, such that system (1.2) admits a unique solution (v,E,B) on the interval
[0,T) satisfying

ve L0, T H(R?)) N L*(0,T; H*TH(R?)),
E,Be L>(0,T;H*(R?)).

Moreover, the following energy bound

sup_ (1ol + 1Bl + 1B
te[0,T]

T s
# [ (Tl +0 30 VP VB (TR Bl )t <
0 k=0
holds.

THEOREM A.2 (Global well-posedness). Assume that the initial conditions v'™ €
H*(R3), and E™ ,B™ e H**Y(R3) for s>2. If there is a small positive constant e,
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depending only upon s, the viscosity . and the electric resistivity o, such that the initial
eneregy

EM = ([ g ey F I BT e oy + IV X B[ Fa oy + 1B [Fes1 mey < €0
then system (1.2) admits a unique global in time solution (v, E,B) satisfying
v € (R H(RY) N LR P+ (RY)),
E e L>®(RT; H(RY)),
Be L®(RY; HT(R3)), 9,B(=—-V x E)€ L®(R"; H*(R?)).

Furthermore, the following energy inequality
sup ( [[0ll37« ey +I1E s oy + 11 Bllzess rey + 10: Bl 7
tgg v Hs(R3) Hs(R3) Hs+1(R3) t H#(R3)
b [ (T )+ 3= BT B+ (T0) X By )dt < CE
0 k=0

holds for some constant C =C(u,0)>0.
The basic energy law of the system (1.2) is

L0l + SNBIE: + JUBIE) + ullVoll3a + 5 - §V5+ E+ux Bl =0,

on which based, we can derive the higher order energy estimate of system (1.2). More
precisely, if we define the energy functionals

EL(t):=|vlFs + 31 ElF + 31 Bl

Dr(t):=p|Volf+ 5> |- 3V p+ VEE+ (VF0) x B|| 7,
k=0

for s> 2, then we gain the energy inequality

~1

LEL()+Dr(t) SCEL()EF (8) +EL(t) +EX(L)]

for some constant C'=C(s,o, 1) >0, which immediately implies the local well-posedness
of system (1.2), hence Theorem A.1.

For the global well-posedness of the solenoidal system (1.2), we must consider the
decay property of the electric field E' and the divergence-free property of the magnetic
field B. Specifically, we consider the equations

OE—-VxB+oE=3Vp—ovxB,
HB+VxE=0,

divE =0,

(E,B)|t:0 — (Ewln’Bin)7

and

{a”B_AB”@B:UVX (vxB),
<B78tB)‘t:0 = (Bm’_v % Em)’
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which is implied by the condition divB=0. Thus, by the similar arguments in Section
4, we can yield that

3586 (8)+Dg (1) < Cl1,0,8)Dg (D[EE (1) +E4 (1)), (A1)

Qurop=

where the energy functionals gc (t) and ZSG (t) are defined as

Ea (&) =lvll7re + 3Bl + (5 +d0—6)| Bl
+(1=0)|0: Bl s + VBl +6]|0: B+ Bl g,
Dy (t) =l Vol zre + ol Bl + (o = 6)l|0.B||- + 6|V BlI%

+5> [I- sV P+ VRE+ (VFo) x B 7
k=0

for 6= %min{LU} €(0,1). Then the inequality can imply the conclusion of the global
well-posedness, i.e., Theorem A.2. We emphasize that all the arguments of the system
(1.2) are highly similar to that of the system (1.1), and we omit the details here.
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