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QUASINEUTRAL LIMIT FOR THE COMPRESSIBLE QUANTUM
NAVIER–STOKES–MAXWELL EQUATIONS∗

MIN LI† , XUEKE PU‡ , AND SHU WANG§

Abstract. In this paper, we study the quasi-neutral limit of the full quantum Navier–Stokes–
Maxwell equation as the Debye length tends to zero. We justify rigorously the quasi-neutral limit by
establishing rigorous uniform estimates on the error functions with respect to the Debye length and
by using the formal asymptotic expansion and singular perturbation methods combined with curl-div
decomposition of the gradient. The key difficulty is to deal with the quantum effects, which do play
important roles in establishing a priori estimates.
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1. Introduction

In this paper, we consider the quasineutral limit of the following full quantum
Navier–Stokes–Maxwell system consisting of the mass conservation, momentum and
energy equations coupled to the Maxwell equations, describing the transport of charged
particles with viscosity in a plasma [17]

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂n

∂t
+div(nu)=0, (1.1a)

m[
∂(nu)

∂t
+div(nu⊗u)]−divP =−ne(E+u×B)+divS, (1.1b)

∂W

∂t
+div(uW −uP +q)=−enu(E+u×B)+div(uS), (1.1c)

∂tB+∇×E=0, c−2∂tE−∇×B=μ0enu, (1.1d)

divB=0, divE=ε−1
0 e(ni−n), (1.1e)

where ε0,μ0,c are the vacuum permittivity, permeability and light speed, respectively,
which satisfy ε0μ0c

2=1. In the above system, n, u, E and B are functions of time t and
position x∈T3, the three dimensional torus, representing the electron density, velocity,
electric field and magnetic field, respectively. Moreover, the parameters m, e and ni

stand for the electron mass, the electron charge and the ion density. The ions in plasma
are taken to be motionless and hence the density ni is taken to be constant in time
and space. Moreover, P =(Pij)3×3 is the stress tensor, W is the energy density and q
is the heat flux. It is customary that the heat flux is assumed to obey the Fourier law
q=−κ∇T, where T is the temperature. To include quantum effects, the stress tensor
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P and W are defined in terms of n,u and T by

Pij =−kBnTδij+ �2n

12m

∂2

∂xi
∂xj

logn,

and

W =
3

2
kBnT +

1

2
nm|u|2− �2n

24m
Δlogn,

respectively, where kB is the Boltmmann constant and �>0 is the Planck constant
which is very small compared to macro quantities. For the scaled Planck constant in
a device with some physical parameters, see [12, 21]. More general electromagnetic
quantum hydrodynamic models for multi-species plasma can be derived starting with
a Eigner function for each species by moment expansion method [17]. More general
models taking into consideration quantum effects can be found [1,4–8,12,17,21,23,38].
The viscous stress tensor S in system (1.1) is given by

S=μ(∇u+(∇u)�)+ν(divu)I,

to include the viscosity, where μ>0 and 2μ+3ν≥0. We also remark that the quantum
stress tensor is closely related to the quantum Bohm potential [1, 38]

Q(n)=− �2

2m

Δ
√
n√
n

through the formula

− ∂

∂xi
Pij =

∂

∂xi
(nT )+

n

3

∂Q

∂xi
.

By simple calculations, it gives that

−∇Q(n)=
�2

4nm
div(n∇2 logn)=

�2

4m
(∇Δlogn+

1

2
∇|∇logn|2).

Moreover, we obtain the following relation

∇Δlogn+
1

2
∇|∇logn|2= Δ∇n

n
−{ (Δn∇n+∇n ·∇2n)

(n)2
− (∇n ·∇n)∇n

(n)3
}.

By these computations, the full quantum Navier–Stokes–Maxwell system (1.1) can be
rewritten as⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂tn+∇·(nu)=0, (1.2a)

m[∂t(nu)+∇·(nu⊗u)]+kB∇(nT )− �2

12m
div{n(∇⊗∇)logn}=−ne(E+u×B)

+μΔu+(μ+ν)∇divu, (1.2b)

kB [∂t(nT )+div(nuT )]+kB
2

3
nT∇·u− 2

3
∇·(κ∇T )+

�2

36m
∇·(nΔu)

−2

3

{μ

2
|∇u+(∇u)�|2+ν(divu)2

}
=0, (1.2c)

∂tB+∇×E=0, ε0μ0∂tE−∇×B= eμ0nu, (1.2d)

divB=0, ε0divE= e(ni−n). (1.2e)
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Here we have used the following computation owing to the mass conservation equation
(1.1a) and the process 2

3

(
(1.1c)−u ·(1.1b))

−∂t(nΔlogn)−div(nuΔlogn+2nu ·∇2 logn)+2div(n∇2 logn) ·u

=nΔ
div(nu)

n
−nu ·∇Δlogn−2n∇u :∇2 logn

=div(nΔu)−∇n ·Δu+n∇Δlogn ·u+n∇ logn ·Δu+2n∇u :∇2 logn

−nu ·∇Δlogn−2n∇u :∇2 logn=div(nΔu).

In recent years, the asymptotic analysis of hydrodynamical models has attracted
much attention, and there have been many interesting results. Without quantum effect
and Maxwell equation, Cordier and Grenier [2] studied the quasi-neutral limit of the
isentropic Euler–Poisson equation for ions by the pseudo-differential energy estimates.
The result was recently generalized to the pressureless case for the cold ions by [35].
In the past two decades, the asymptotic limit for Euler/Navier–Stokes–Poisson systems
with well/ill-prepared initial data was extensively studied and many interesting results
were obtained. In [14, 15], Gasser and Marcati studied the combined relaxation and
vanishing Debye length limit in the unipolar and bipolar case for semiconductors in
one space dimension. Wang and Jiang [37] investigated the combined quasineutral and
inviscid limit for the case of general initial data by using the relative entropy theory
and weak convergence method. For more quasineutral limit of Euler/Navier–Stokes–
Poisson systems, we refer the interested reader to [9, 10, 32, 33] and their references
and to [20] for the study on general initial data. In the case with quantum effect,
Li and Lin [27] obtained the convergence from the isentropic quantum hydrodynamic
model for semiconductors to the incompressible Euler equations with general initial data.
Remarkably, some efforts were made on the well-posedness and the vanishing capillarity
limit of the solutions for the compressible fluid models of Korteweg type. More precisely,
in [18, 19], Hattori and Li justified the existence of local and global solutions for the
multidimensional isothermal Navier–Stokes–Korteweg equations. Furthermore, Jüngel,
et al in [22] established the combined incompressible and vanishing capillarity limit
based on a modulated energy method.

However, there are relatively less results on the compressible Euler/Navier–Stokes–
Maxwell systems. Quasineutral limit and other related limit problems were studied by
Peng, Wang et al in [28–31]. To the best of our knowledge, there are few mathematical
studies for the full quantum Navier–Stokes or the full quantum Navier–Stokes–Maxwell
system. Recently, Pu and Guo studied the global existence of smooth solutions and
semiclassical limit in [34]. For two-fluid Euler-Maxwell system in 3D, Guo, Ionescu and
Pausader [16] proved existence of global smooth solutions.

In the present paper, we are interested in the quasi-neutral limit for system (1.1)
with well-prepared initial data, as Debye length goes to zero. The case for ill-prepared
initial data will be discussed in the future. After some scalings in Subsection 1.1, the
system (1.1) can be rewritten as (1.4). We show that smooth solutions to system (1.4)
converge to solutions of the electron magnetohydrodynamics equation (1.5) on a time
interval independent of the Debye length parameter ε, as Debye length goes to zero.
The scalings are chosen according to the principle of least degeneracy in [3]. The main
result is stated in Theorem 1.3.

In what follows, we apply a weighted energy combined with singular perturbation
methods, curl-div decomposition of the gradient and elaborate energy method to get
the estimates for the remainder terms uniformly in ε and �. The weighted energy
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norm we finally adopt is the triple norm of definition (2.1) incorporating the quantum
parameter �>0. In this paper, straightforward Sobolev energy estimates can not be
derived directly since we need to obtain the estimate not just for NR,

√
εER but also

for NR/
√
ε with lower order derivatives. Hence, we introduce the wave-type equations

of the Maxwell equations and the equations of vorticity and divergence to derive higher
order estimates.

The main difficulties in dealing with the quasi-neutral limit are to control the higher
order derivatives, and to deal with the energy equation which includes quantum effect
through the energy density W and to overcome the oscillatory behavior of the electric
field. Another difficulty comes from the fact that the system cannot be written in a
symmetric form, which makes the estimates very delicate. To overcome these difficulties,
we introduce a weighted energy triple norm, which incorporates the delicate structure
of the linearized system. Then, using this triple norm, combined with the uniform a
priori estimate and applying vector analysis techniques, we finally close the high order
energy estimates for the full nonlinear system.

In the rest of the introduction, we first scale the quantum Navier–Stokes–Maxwell
system according to the principle of least degeneracy. Then we give the formal expan-
sions of the solutions (in ε) and derive the electron magnetohydrodynamics equation
(1.5) and the remainder equation (1.8). We show the local existence in Theorem 1.2 and
the main result is stated in Theorem 1.3. Note that we can obtain weak convergence
for the electric field, since the electric filed in initial data (1.13) is bounded uniformly
in ε and we can pass to the limit since all terms involving Eε in system (1.4) are linear.
Section 2 gives some basic uniform estimates in a series lemmas. In Section 3, we give
a proof of Theorem 1.3 by using non-linear Gronwall’s type inequality in [11]. Finally,
the Appendix gives some preliminaries that are useful to the required estimates.

Throughout this paper, we let α be a multi-index and ∂α=∂α1
x1

∂α2
x2

∂α3
x3

and Hs(T3)
be the standard Sobolev’s space in the torus T3. We sometimes abuse the notation
∂α+1 to stand for ∂α+β with |β|=1 for some multi-index β. Moreover, we let a� b
mean a≤Cb, where C is a constant and [A,B]=AB−BA denote the commutator of A
and B.

1.1. Scaling of the quantum Navier–Stokes–Maxwell system. To scale the
system (1.2) to dimensionless units, we use scaling units x0,t0,n0,u0,T0,E0,B0,ρ0,j0 for
space, time, density, velocity, temperature, electric field, magnetic field, charge density
and current density, respectively. By making the following hypotheses [3]:

x0=u0t0,mu2
0=kBT0= eE0x0=n−1

0 P0,n0=ni,ρ0= en0,j0= en0u0,

we reduce the number of dimensionless parameters. Then there are only six dimension-
less parameters,

α=
u2
0

c2
,β=

u0B0

E0
,γ=

1

m2x2
0u

2
0

,ι=
1

mn0u0x0
, ι̃=

1

n0u0x0kB
,ε=

ε0kBT0

e2n0x2
0

.

Denote

(ñ,ũ,T̃ ,B̃,Ẽ)=(
n

n0
,
u

u0
,
T

T0
,
B

B0
,
E

E0
).

We keep the same notations for the dimensionless variables as for the physical variables.
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In this scaling, the full quantum Navier–Stokes–Maxwell system is rewritten as:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂tn+∇·(nu)=0, (1.3a)

∂t(nu)+∇·(nu⊗u)+∇(nT )−γ
�2

12
div{n(∇⊗∇)logn}=−n(E+βu×B)

+ιμΔu+ ι(μ+ν)∇divu, (1.3b)

∂t(nT )+div(nuT )+
2

3
nT∇·u− 2

3
ι̃∇·(κ∇T )+γ

�2

36
∇·(nΔu)

−ι2
3

{μ

2
|∇u+(∇u)�|2+ν(divu)2

}
=0, (1.3c)

β∂tB+∇×E=0, ε(α∂tE−β∇×B)=αnu, (1.3d)

divB=0, εdivE=1−n. (1.3e)

By using the principle of the least degeneracy [3], we choose the scaling that pro-
duces the limit system with the largest number of terms. Interested in the limit ε→0,
we observe that whatever the choice of α there holds εα∂tE	αnu. So we can only
retain αnu. The principle of least degeneracy thus impose εβ=α, since the same order
can result in the reservation of the two terms εβ∇×B and αnu. Moreover, it leads
us to choose β,γ,ι, ι̃=1, because, either β,γ,ι, ι̃
1 or β,γ,ι, ι̃	1 will lead to reduced
number of terms. So we choose α=ε and β,γ,ι, ι̃=1, which leads the final form of the
scaled full quantum Navier–Stokes–Maxwell system:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂tn
ε+∇·(nεuε)=0, (1.4a)

∂t(n
εuε)+∇·(nεuε⊗uε)+∇(nεT ε)− �2

12
div{nε(∇⊗∇)lognε}

=−nε(Eε+uε×Bε)+μΔuε+(μ+ν)∇divuε, (1.4b)

∂t(n
εT ε)+div(nεuεT ε)+

2

3
nεT ε∇·uε− 2

3
∇·(κ∇T ε)+

�2

36
∇·(nεΔuε)

−2

3

{μ

2
|∇uε+(∇uε)�|2+ν(divuε)2

}
=0, (1.4c)

∂tB
ε+∇×Eε=0, ε∂tE

ε−∇×Bε=nεuε, (1.4d)

divBε=0, εdivEε=1−nε, (1.4e)

where ε is a singular perturbation parameter. This implies that the magnetic field will
not vanish in the limiting process. The typical values of the scaled Debye length ε
go from 10−3m to 10−8m in plasmas, which are very small compared to characteristic
observation length. Hence it is interesting to study the limit as ε goes to zero. Moreover
the Planck constant �=6.63×10−34 J ·s is also very small compared to macro quantities
and �→0 is usually called the semiclassical limit. In this paper, we consider the main
limit ε→0, since the semiclassical limit �→0 has been considered in [34], which shows
the convergence of the solutions of the quantum hydrodynamic equations to the classical
hydrodynamic equations. Furthermore, combined the semiclassical limit �→0 and the
quasineutral limit ε→0 leads also to the electron magnetohydrodynamics equations
(1.5) owing to divu0=1 and n0=1.
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1.2. Formal expansions. Now, setting formally ε=0 in the system (1.4), we
derive the so-called electron magnetohydrodynamics (e-MHD) equations [13, 25]:

(S0)

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

∂tu
0+u0 ·∇u0+∇T 0+E0+u0×B0−μΔu0=0, (1.5a)

∂tT
0+u0 ·∇T 0− 2κ

3
ΔT 0− μ

3
|∇u0+(∇u0)�|2=0, (1.5b)

∂tB
0+∇×E0=0, −∇×B0=u0, (1.5c)

divB0=0, n0=1, (1.5d)

which is a simplified description of the phenomena at fast time scales of electrons. At
such fast time scales, electron motion has a dominant role in plasma dynamics whereas
the ions provide merely a immobile background. The solutions of the e-MHD system
are in the form of electron vortex currents together with associated magnetic fields.

Formally, as ε→0, the solutions of system (1.4) should converge to those of (1.5).
Next, passing the fact n0=1 to the limit in the mass conservation equation (1.4a),
we get the incompressible e-MHD system. We will not write out the incompressible
condition since it can be obtained by the equation u0=−∇×B0. Noticing divB0=0
implies that there exists some magnetic potential A0 such that ∇×A0=B0.

Introducing the general vorticity ω0=∇×(u0−A0), we can rewrite the limit system
(1.5) in following form owing to (A.14) ∼ (A.16) in the Appendix:

(S1)

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

∂tω
0+u0 ·∇ω0−ω0 ·∇u0−μΔ2B0=0, (1.6a)

∂tT
0+u0 ·∇T 0− 2κ

3
ΔT 0− μ

3
|∇u0+(∇u0)�|2=0, (1.6b)

u0=−∇×B0, ω0=ΔB0−B0, (1.6c)

(u0,T 0,B0)(t=0)=(u0
0,T

0
0 ,B

0
0). (1.6d)

Substituting (1.6c) into (1.6a), we have

∂t(ΔB0−B0)−∇×B0 ·∇(ΔB0−B0)+(ΔB0−B0) ·∇∇×B0−μΔ2B0=0.

Then the existence result of the solution (u0,T 0,B0) to the system (1.6) is the same as
the incompressible Navier–Stokes equation [24, 26] together with the parabolic theory
for the temperature equation.

Theorem 1.1. Let s̃≥8. Then for any given initial data (u0
0,T

0
0 ,B

0
0)∈H s̃(T3),

satisfying

−∇×B0
0 =u0

0, divB0
0 =0,

there exists some 0<τ∗≤+∞, maximal time of existence such that the e-MHD
system (1.5) admits a unique solution (u0,T 0,B0,E0) such that (u0,T 0,B0,E0)∈
Ci([0,τ∗],H s̃−i(T3)×H s̃−i(T3)×H s̃+1−i(T3)×H s̃−1−i(T3)) for i=0,1.

1.3. Derivation of the error equations. To make the above formal derivation
rigorous, we denote this approximate solution by

{
nε=1−εdivE0+NR, (1.7a)

(uε,T ε,Eε,Bε)=(u0,T 0,E0,B0)+(UR,TR,ER,BR), (1.7b)

where (nε,uε,T ε,Eε,Bε) is the solution to system (1.4), (u0,T 0,E0,B0) satisfies (1.5)
and (NR,UR,TR,ER,BR) is the remainder. Then the remainder system satisfied by
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(NR,UR,TR,ER,BR) can be obtained after some careful computations,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂tNR+div(nεUR+NRu
0)+ε�1=0, (1.8a)

∂tUR+UR ·∇u0+uε ·∇UR+ER+∇TR+
T ε∇NR

nε
−ε

T ε∇divE0

nε

−�2

12
∇Δlognε− �2

24
∇|∇lognε|2−μ(

ΔUR

nε
− NRΔu0

nε
)−(μ+ν)

∇divUR

nε

+uε×BR+UR×B0−μ
εdivE0Δu0

nε
=0, (1.8b)

∂tTR+uε ·∇TR+
2

3
T εdivUR− 2κ

3

ΔTR

nε
+

�2

36
(divΔUR−ε

∇divE0 ·ΔUR

nε

+
∇NR ·ΔUR

nε
)− μ

3

(2(∇u0+(∇u0)�)(∇UR+(∇UR)
�)

nε
+

(∇UR+(∇UR)
�)2

nε

)

−2ν

3

(divUR)
2

nε
+�3=0, (1.8c)

ε∂tER−∇×BR=nεUR+NRu
0−ε�4, ∂tBR+∇×ER=0, (1.8d)

εdivER=−NR, divBR=0, (1.8e)

where Ri (i=1,3,4) are given by

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

�1=−∂tdivE
0−div(u0divE0), (1.9a)

�3=UR ·∇T 0+
2κ

3
{NRΔT0

nε
−ε

divE0ΔT 0

nε
}+ �2

36

Δu0 ·∇NR

nε
− �2

36

ε∇divE0 ·Δu0

nε

+
μ

3

{NR|∇u0+(∇u0)�|2
nε

−ε
divE0|∇u0+(∇u0)�|2

nε

}
, (1.9b)

�4=∂tE
0+u0divE0. (1.9c)

1.4. Local-in-time existence theory of smooth solution. In this subsection,
we are in the position to discuss the existence of the local-in-time solution to system
(1.8). The proof is based on the dual argument, the energy estimates and the iteration
techniques.

Theorem 1.2. Let (u0,T 0,B0,E0)∈H s̃(T3) be a solution constructed in Theo-
rem 1.1 with initial data (u0

0,T
0
0 ,B

0
0)∈H s̃(T3) satisfying −∇×B0

0 =u0,divB0
0 =0 and

(NR0,UR0,TR0,BR0,ER0)∈H5(T3)×H4(T3)×H3(T3)×H4(T3)×H4(T3). For all fixed
ε, there exist a positive constant τε≤+∞ and a unique solution (NR,UR,TR,BR,ER)∈
Ci([0,τε),H

5−2i(T3)×H4−2i(T3)×H3−2i(T3)×H4−i(T3)×H4−i(T3)), i=0,1, to (1.8)
with initial data (NR0,UR0,TR0,BR0,ER0).

To prove Theorem 1.2, we introduce the following linear remainder system for the
unknowns (N̂R,ÛR,T̂R,ÊR,B̂R)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂tN̂R+nεdivÛR+uε ·∇N̂R+�1=0, (1.10a)

∂tÛR+uε ·∇ÛR+
T ε∇N̂R

nε
− �2

12

∇ΔN̂R

nε
−μ

ΔÛR

nε
−(μ+ν)

∇divÛR

nε

+�2=0, (1.10b)

∂tT̂R+uε ·∇T̂R+
2

3
T̂RdivUR− 2κ

3

ΔT̂R

nε
+�3=0, (1.10c)

ε∂tÊR−∇×B̂R= �4, ∂tB̂R+∇× ÊR=0, divB̂R=0, (1.10d)



370 QUASINEUTRAL LIMIT OF QUANTUM NSM

where (nε,uε,T ε) is given in definition (1.7) and

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

�1=−εUR ·∇divE0+ε�1, (1.11a)

�2=UR ·∇u0+∇T̂R+ER−ε
T ε∇divE0

nε
+

�2

12

(
ε
∇ΔdivE0

nε
+

Δnε∇nε+∇nε ·∇2nε

(nε)2

−|∇nε|2∇nε

(nε)3

)
+μ

NRΔu0

nε
+uε×BR+UR×B0−μ

εdivE0Δu0

nε
, (1.11b)

�3=
2

3
T 0divUR+

�2

36
(divΔUR−ε

∇divE0 ·ΔUR

nε
+
∇NR ·ΔUR

nε
)− 2ν

3

(divUR)
2

nε

−μ

3

(2(∇u0+(∇u0)�)(∇UR+(∇UR)
�)

nε
+

(∇UR+(∇UR)
�)2

nε

)
+�3, (1.11c)

�4=nεUR+NRu
0−ε�4, εdivER=−NR. (1.11d)

We supplement the system (1.10) with the following initial conditions

(N̂R,ÛR,T̂R,B̂R,ÊR)(0,x)=(NR0,UR0,TR0,BR0,ER0), x∈T3.

Lemma 1.1. Under the same assumption in Theorem 1.2, for all fixed ε, there
exist a positive constant τε≤+∞ such that, if the functions (NR,UR,TR,ER,BR) in the
coefficients in system (1.10) satisfy

(NR,ER,BR)∈C([0,τε),H
5(T3)×H4(T3)×H4(T3))

and

(UR,TR)∈C([0,τε),H
4(T3)×H3(T3))∩L2(0,τε;H

5(T3)×H4(T3)),

then the linear system (1.10) admits a unique solution (N̂R,ÛR,T̂R,ÊR,B̂R) in the same
set.

Proof. Firstly, the parabolic equation (1.10c) has a solution
T̂R∈C([0,τε),H

3(T3))∩L2(0,τε;H
4(T3)) for any given functions (NR,ER,BR)∈

C([0,τε),H
5(T3)×H4(T3)×H4(T3)) and (UR,TR)∈C([0,τε),H

4(T3)×H3(T3))∩
L2(0,τε;H

5(T3)×H4(T3)) by Galerkin method and the standard theory of the or-
dinary differential equation. Next, the existence of local solutions to the equations
(1.10a) and (1.10b) can be proved in a similar fashion as Section 3 in [18] by the dual
argument. Note that the unknown function T̂R in �2 can be controlled by the heat
conductivity term in the parabolic equation (1.10c). Applying Faedo–Galerkin method
again, we can obtain the estimate for the electric field ÊR and magnetic field B̂R in
equation (1.10d). This complete the proof of Lemma 1.1.

By Lemma 1.1, we can show the local existence theory in Theorem 1.2.

Proof. (The end of the proof of Theorem 1.2.) We define the approximation
sequence by {(Nk

R,U
k
R,T

k
R,E

k
R,B

k
R)}∞k=0. By Lemma 1.1, the approximation sequence

{(Nk
R,U

k
R,T

k
R,E

k
R,B

k
R)}∞k=0 is well defined. Consider now the iteration scheme

(N0
R,U

0
R,T

0
R,E

0
R,B

0
R)=(NR0,UR0,TR0,ER0,BR0),

(Nk+1
R ,Uk+1

R ,T k+1
R ,Ek+1

R ,Bk+1
R )=Ψ(Nk

R,U
k
R,T

k
R,E

k
R,B

k
R),
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where the generator Ψ maps the known vector (NR,UR,TR,ER,BR) into solution
(N̂R,ÛR,T̂R,ÊR,B̂R) of the linear system (1.10). Next, applying the standard en-
ergy method to the system satisfied by the difference (Nk+1

R −Nk
R,U

k+1
R −Uk

R,T
k+1
R −

T k
R,E

k+1
R −Ek

R,B
k+1
R −Bk

R), we can obtain the convergence of the approximating se-
quence {(Nk

R,U
k
R,T

k
R,E

k
R,B

k
R)}∞k=0. Further, the limit function is the desired solution to

the system (1.8).

The main result of this paper is stated in the following.

1.5. Main results.
Theorem 1.3. Let s̃≥8, (u0,T 0,B0,E0)∈H s̃(T3) be a solution to the limit system
(1.5), and (NR,UR,TR,BR,ER) be a solution to remainder system (1.8). Assume that
the initial data (nε,uε,T ε,Bε,Eε)(t=0)=(nε

0,u
ε
0,T

ε
0 ,B

ε
0,E

ε
0) of the solutions to com-

pressible quantum Navier–Stokes–Maxwell system (1.4) satisfy

εdivEε
0 =1−nε

0, divBε
0 =0, (1.12)

and

‖(nε
0−1,uε

0−u0
0,T

ε
0 −T 0

0 ,B
ε
0−B0

0 ,
√
εEε

0)‖2H3(T3)≤Cε, (1.13)

where C is a constant independent of ε. Then for every 0<τ0<τ∗ with τ∗ given in The-
orem 1.1, there exists ε0=ε0(τ0) such that if 0<ε<ε0 there is a maximal time interval
[0,τε] with liminfε→0 τε≥ τ0 such that the quantum Navier–Stokes–Maxwell system (1.4)
has a classical smooth solution (nε,uε,T ε,Bε,Eε) satisfy

sup
t∈[0,τ0]

‖(nε−1,uε−u0,T ε−T 0,Bε−B0,
√
εEε)(t)‖2H3(T3)≤C(τ0)ε. (1.14)

Remark 1.1. The profile (nε,uε,T ε,Bε) converges strongly to (1,u0,T 0,B0) in
L∞(0,τ0;H

3(T3)). Note that Eε is only bounded uniformly in ε for all time t∈ [0,τ0], so
Eε converges in the weak sense. However, it follows from the convergence of the other
terms (nε,uε,T ε,Bε) in (1.4b) and the uniqueness of solutions to the limit system (1.5)
that, Eε converges to E0 in W−1,∞(0,τ0;H

2(T3)).

2. Uniform energy estimates
To give some uniform energy estimates of system (1.8), we introduce a weighted

energy:

|||(NR,UR,TR,BR,
√
εER)|||3=‖(NR,UR,TR,BR)‖2H3 +‖(NR√

ε
,
√
ε∇×ER,ε∂tER)‖2H2

+‖(�NR√
ε
,�∇NR,�

√
ε∇×ER,�ε∂tER,�∇UR,�∇BR)‖2H3 +‖�2ΔNR‖2H3 , (2.1)

where we have used curl-div estimates (A.12) and ωR, given in definition (2.9), to obtain,
for 2≤k≤3,

‖∇UR‖Hk �‖ωR‖Hk +‖(divUR,BR)‖Hk . (2.2)

Next, by the local existence results in Theorem 1.2, there exists τε>0 such that on
(0,τε) there exists a smooth solution (NR,UR,TR,ER,BR) to system (1.8) satisfying

sup
(0,τε)

‖NR‖L∞ ≤ sup
(0,τε)

‖NR‖H2 ≤C(τε)
√
ε.
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Hence, recalling nε=1−εdivE0+NR, we immediately obtain nε is bounded from above
and below

1/2<nε<3/2, (2.3)

where 0<ε<min{ 1
4(‖E0‖H3+C(τε))2

,1} such that |−εdivE0+NR|≤ (‖E0‖H3 +

C(τε))
√
ε≤ 1

2 .

The rest is to show that for any given 0<τ0<τ∗, there is some ε0=ε0(τ0)>0 such
that the existence time τε≥ τ0 for any 0<ε<ε0. To prove Theorem 1.3, we need to
derive the uniform a priori estimates with respect to ε for the remainder system (1.8)
by energy methods in several steps. To this end, we demonstrate some useful lemmas
in the Appendix at first. Then by elaborate energy estimates and vector analysis, we
derive some estimates through Lemma 2.1 to Lemma 2.6 that will be used for the proof
of Proposition 2.1. Moreover, for the estimate of gradient, we need to obtain some
estimates of vorticity and divergence.

For any 0<τ1<1, let τ =min{τ1,τε}.
Proposition 2.1. Let (NR,UR,TR,ER,BR) be a solution to system (1.8). For all
t∈ (0,τ), there holds

|||(NR,UR,TR,BR,
√
εER)(t)|||3+

∫ t

0

(
κ‖∇TR‖2H3 +μ‖∇UR‖2H3 +(μ+ν)‖divUR‖2H3

+�2μ‖ΔUR‖2H3 +�2(μ+ν)‖∇divUR‖2H3

)
� |||(NR,UR,TR,BR,

√
εER)(0)|||3

+

∫ t

0

(
(1+ |||(NR,UR,TR,BR,

√
εER)|||53)|||(NR,UR,TR,BR,

√
εER)|||3+ε

)
.

This proposition is proved as a direct sequence of the following lemmas.

In the following, we first give the L2-estimates.

2.1. L2-estimates.

Lemma 2.1. Under the assumptions in Proposition 2.1, we obtain

d

dt
‖(UR,NR,�∇NR,

√
εER,BR)‖2L2 +μ‖∇UR‖2L2 +(μ+λ)‖divUR‖2L2

�(1+‖(UR,TR,NR)‖2H3)‖(UR,NR,
√
εER,BR,�∇NR,�∇UR,�divUR)‖2L2

+
κ

32
‖∇TR‖2L2 +(1+‖UR‖2H3)‖NR√

ε
‖2L2 +ε. (2.4)

Proof. Taking inner product with UR in equation (1.8b), we derive

1

2

d

dt
‖UR‖2L2 +

∫
ER ·UR=R1,1−

∫
T ε∇NR

nε
·UR+

�2

12

∫
∇Δlognε ·UR

+μ

∫
ΔUR

nε
·UR+(μ+λ)

∫ ∇divUR

nε
·UR=

5∑
i=1

R1,i,
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where

R1,1=−
∫

UR ·∇u0 ·UR+
1

2

∫
divuε|UR|2−

∫
∇TR ·UR+ε

∫
T ε∇divE0

nε
·UR

− �2

24

∫ ∇nε

nε
· ∇nε

nε
divUR−μ

∫
NRΔu0

nε
·UR−

∫
uε×BR ·UR

−
∫

UR×B0 ·UR+μ

∫
εdivE0Δu0

nε
·UR.

Obviously, using Young’s inequality, Hölder’s inequality and Sobolev embedding H2 ↪→
L∞, we deduce

R1,1�
κ

32
‖∇TR‖2L2 +(1+‖(NR,TR,UR)‖2H3)‖(NR,UR,TR,BR,�∇NR,�divUR)‖2L2 +ε.

Owing to equation (1.8a), we have

nεdivUR=−∂tNR−uε ·∇NR+εUR ·∇divE0−ε�1, (2.5)

which enables us to rewrite R1,2 as

R1,2=−
∫

T ε∇NR

nε
·UR=

∫
NR∇(

T ε

nε
) ·UR+

∫
T εNRdivUR

nε

=

∫
NR∇(

T ε

nε
) ·UR+

∫
TRNRdivUR

nε
− 1

2

d

dt

∫
T 0|NR|2
(nε)2

+
1

2

∫
∂t

T 0

(nε)2
|NR|2

+
1

2

∫
div(

T 0uε

(nε)2
)|NR|2+

∫
T 0NR

(nε)2
(εUR ·∇divE0−ε�1)

�− 1

2

d

dt

∫
T 0|NR|2
(nε)2

+(1+‖(TR,UR,NR)‖2H3)‖(NR,UR)‖2L2 +
μ+ν

32
‖divUR‖2L2 +ε,

thanks to Young’s inequality, Hölder’s inequality, integration by parts, and estimate
(A.8) in the Appendix.

We now treat R1,3. It requires much efforts since it involves higher order terms.
We apply integration by parts and equation (2.5) to decompose

R1,3=
�2

12

∫
∇Δlognε ·UR=−�2

12

∫
div(

∇nε

nε
)divUR

=− �2

12

∫
ΔnεdivUR

nε
− �2

12

∫
∇ 1

nε
·∇nεdivUR

=− �2

24

d

dt

∫ |∇NR|2
(nε)2

+
�2

12

∫
ΔNR(u

ε ·∇NR)

(nε)2
+
{
ε
�2

12

∫
ΔdivE0divUR

nε

+
�2

6

∫ ∇nε ·∇NR∂tNR

(nε)3
− �2

12

∫ |∇NR|2
(nε)3

∂tn
ε− �2

12

∫
∇ 1

nε
·∇nεdivUR

+ε
�2

12

∫
ΔNR(−UR ·∇divE0+�1)

(nε)2

}

=− �2

24

d

dt

∫ |∇NR|2
(nε)2

+R1,3,1+R1,3,2.
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By integration by parts, Hölder’s inequality, Sobolev embedding H2 ↪→L∞ and estimate
(A.10) in the Appendix, R1,3,1 can be treated as

R1,3,1=
�2

6

∫ ∇nε ·∇NR(u
ε ·∇NR)

(nε)3
− �2

12

∫ ∇NR ·∇(uε ·∇NR)

(nε)2

=
�2

6

∫ ∇nε ·∇NR(u
ε ·∇NR)

(nε)3
− �2

12

∫ ∇NR ·∇uε ·∇NR

(nε)2

+
�2

24

∫
div(

uε

(nε)2
)|∇NR|2

�(1+‖(NR,UR)‖2H3)‖�∇NR‖2L2 .

In what follows, using integration by parts, Young’s inequality, and estimate (A.8) in
the Appendix together with the fact that E0,u0 are known smooth solutions of the limit
system (1.5) by Theorem 1.1 and �1 only consists of E0 and u0, we derive

R1,3,2�(1+‖(UR,NR)‖2H3)‖(UR,�∇NR,�divUR,�∇UR)‖2L2 +ε.

Therefore, combining all estimates for R1,3, we obtain

R1,3�− �2

24

d

dt

∫ |∇NR|2
(nε)2

+(1+‖(UR,NR)‖2H3)‖(UR,�∇NR,�∇UR)‖2L2 +ε.

For the term R1,4, with the aid of Young’s inequality, the bounds (2.3), and integration
by parts, we have

R1,4=μ

∫
ΔUR

nε
·UR=−μ

∫ |∇UR|2
nε

+μ

∫ ∇nε ·∇UR ·UR

(nε)2

�−μ

∫ |∇UR|2
nε

+
μ

32
‖∇UR‖2L2 +(1+‖NR‖2H3)‖UR‖2L2 .

Similar to R1,4, we obtain

R1,5�−(μ+λ)

∫ |divUR|2
nε

+
(μ+ν)

32
‖divUR‖2L2 +(1+‖NR‖2H3)‖UR‖2L2 .

On the other hand, multiplying the first equation by ER and the second equation
by BR in equation (1.8d), we obtain

1

2

d

dt
‖(√εER,BR)‖2L2−

∫
∇×BR ·ER+

∫
∇×ER ·BR−

∫
ER ·UR

=−
∫

εdivE0UR ·ER+

∫
NRu

ε ·ER−ε

∫
�4 ·ER

�ε‖ER‖2L2 +ε‖UR‖2L2 +(1+‖UR‖2H3)‖NR√
ε
‖2L2 +ε,

thanks to
∫
(∇×BR ·ER−∇×ER ·BR)=

∫
div(BR×ER)=0 and Young’s inequality.

Now, putting all the estimates together, we complete the proof of Lemma 2.1, thanks
to the bounds (2.3).

Note that an extra singular term ‖NR√
ε
‖L2 appears, which makes the higher order

estimates more difficult, since the order of derivatives of the term NR√
ε
is not the same

as others. However, it is also vital that the extra singular term has no effect on the
temperature equation, which enables us to derive the following higher order estimates.
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2.2. High order estimates for the temperature.
Lemma 2.2. Let 0≤k≤3 be an integer, (NR,UR,TR,ER,BR) be a solution to system
(1.8), and α be a multi-index with |α|=k, then for any t∈ (0,τ), we obtain

d

dt
‖∂αTR‖2L2 +κ‖∂α∇TR‖2L2

�(1+‖(UR,NR,TR)‖8H3)‖(NR,UR,TR,�∇NR)‖2H3 +
�2μ

32
‖ΔUR‖2H3

+
(μ+ν)

16
‖divUR‖2H3 +

μ

8
‖∇UR‖2H3 +2�4‖ΔUR‖2H3 +ε. (2.6)

Proof. Applying ∂α to equation (1.8c) and taking inner product with ∂αTR yield

1

2

d

dt
‖∂αTR‖2L2 +

2κ

3

∫ |∂α∇TR|2
nε

=
2κ

3

∫
[∂α,

1

nε
]ΔTR∂

αTR+
2κ

3

∫ ∇nε ·∂α∇TR∂
αTR

(nε)2
−
∫
[∂α,uε] ·∇TR∂

αTR

−
∫

uε ·∂α∇TR∂
αTR− 2

3

∫
[∂α,T ε]divUR∂

αTR− 2

3

∫
T ε∂αdivUR∂

αTR

+
�2

36

∫
∂αΔUR ·∂α∇TR− �2

36

∫
∂α

(∇NR ·ΔUR

nε
−ε
∇divE0 ·ΔUR

nε

)
∂αTR

+
μ

3

∫
∂α

(2(∇u0+(∇u0)�)(∇UR+(∇UR)
�)

nε
+

(∇UR+(∇UR)
�)2

nε

)
∂αTR

+
2ν

3

∫
∂α

( (divUR)
2

nε

)
∂αTR−

∫
∂α�3∂

αTR

�− �2

36

∫
∂α

(∇NR ·ΔUR

nε

)
∂αTR+

μ

3

∫
∂α

( (∇UR+(∇UR)
�)2

nε

)
∂αTR

+
2ν

3

∫
∂α

( (divUR)
2

nε

)
∂αTR+(1+‖(UR,NR,TR)‖6H3)‖(NR,UR,TR,�∇NR)‖2H3

+
κ

8
‖∇TR‖2H3 +

(μ+ν)

32
‖divUR‖2H3 +

μ

32
‖∇UR‖2H3 +�4‖ΔUR‖2H3 +ε,

thanks to integration by parts, definition (1.9b), the bounds (2.3), together with esti-
mates (A.1) and (A.10) in the Appendix. Moreover, recalling the definition of �3 in
(1.9b), we note that �3 depends on (E0,u0,T 0), (NR,UR) and the first derivation of
NR. We only deal with the first term on the RHS. It can be estimated that

− �2

36

∫
∂α

(∇NR ·ΔUR

nε

)
∂αTR

��2‖TR‖Hk

(
‖∇NR

nε
‖L∞‖ΔUR‖Hk +(‖∇NR‖Hk +‖ 1

nε
‖H3‖∇NR‖L∞)‖ΔUR‖L∞

)

��2μ

32
‖ΔUR‖2H3 +

μ

16
‖∇UR‖2H3 +(1+‖(UR,NR,TR)‖8H3)‖(TR,�∇NR)‖2H3 .

The second and the third integrals on the RHS can be estimated similarly. Now, putting
all estimates together, we complete the proof of Lemma 2.2.

The above method can not be applied directly to the higher order Sobolev energy
estimates for velocity field, since the order of derivatives of the term NR√

ε
is less than

UR. So we need to establish the following equations of vorticity and divergence.
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2.3. Vorticity and divergence equations. Taking curl to equation (1.8b) and
using the equation ∂tBR+∇×ER=0, we have

∂t
(∇×(UR−AR)

)
+∇×(uε ·∇UR+UR ·∇u0)+∇×(

T ε∇NR

nε
)

−μ∇×(
ΔUR

nε
)−(μ+ν)∇×(

∇divUR

nε
)+∇×(−εT

ε∇divE0

nε
+μ

NRΔu0

nε

−μ
εdivE0Δu0

nε
)+∇×(uε×BR+UR×B0)=0. (2.7)

Here we have used BR=∇×AR, for some vector field AR, since divBR=0. Thanks to
identities (A.13) and (A.14) in the Appendix, we derive

∇×(uε ·∇UR)=∇×(u0 ·∇UR)+∇×(UR ·∇UR)

=∇×(
(∇×UR)×uε

)
+∇×(∇×u0×UR)−∇×(∇u0 ·UR). (2.8)

In the following, we denote

ωR=∇×(UR−AR). (2.9)

Putting the above result (2.8) into equation (2.7), and using identity (A.16) in the
Appendix, we have

∂tωR+uε ·∇ωR−ωR ·∇uε+ωRdivu
ε−μ∇×(

ΔUR

nε
)+(μ+ν)(

∇nε×∇divUR

(nε)2
)

+∇T ε

nε
×∇NR+F1=0, (2.10)

where F1 depends at most on the first derivatives of TR, NR and UR,

F1=∇×(−εT
ε∇divE0

nε
+μ

NRΔu0

nε
−μ

εdivE0Δu0

nε
)+∇×(∇×u0×UR+UR×B0).

(2.11)

Taking div to equation (1.8b) and using the equation εdivER=−NR in equation (1.8e),
we obtain

∂tdivUR+div(uε ·∇UR)−NR

ε
+ΔTR+div(

T ε∇NR

nε
)− �2

12
(ΔΔlognε+

1

2
Δ|∇lognε|2)

−μdiv(
ΔUR

nε
)−(μ+ν)div(

∇divUR

nε
)+F2=0, (2.12)

where

F2=div(−εT
ε∇divE0

nε
+μ

NRΔu0

nε
−μ

εdivE0Δu0

nε
+uε×BR+UR ·∇u0+UR×B0).

(2.13)

Using the vorticity and divergency equations, we can derive following lemmas. In what
follows, we sometimes abuse the notation α+1 to stand for α+β for a multi-index with
|β|=1.
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2.4. High order estimates for the velocity field. To close the inequality
in Lemma 2.2, we need to get suitable controls no only for ‖(NR,UR,�∇NR)‖2H3 but
also for ‖�2ΔUR‖2H3 . However, the control for H5-norm of UR depends on the higher
order term with quantum effect in the divergency equation (2.12) and hence can not
be closed until Lemma 2.4. Moreover, by the curl-div decomposition formula of the
gradient in the Appendix, we derive the estimates for (UR,BR) at third order and the
estimates for (�UR,�BR) at fourth order. Finally, we derive the estimates for the two
terms ‖∇UR‖H3 and �‖ΔUR‖H3 , owing to ∇divUR=ΔUR+∇×(∇×UR).

Lemma 2.3. Let α be a muti-index with |α|=k for any integer number 0≤k≤2.
(NR,UR,TR,ER,BR) be a solution to system (1.8). For all t∈ (0,τ), we have

d

dt
‖(∂αωR,�∂

α+1ωR)‖2L2 +μ‖∂α∇(∇×UR)‖2L2 +�2μ‖∂α+1∇(∇×UR)‖2L2

� κ

32
‖∇TR‖2H3 +

μ

32
‖∇UR‖2H3 +

(μ+λ)

16
‖∇divUR‖2H2 +

(μ+λ)�2

32
‖divUR‖2H4

+(1+‖ωR‖2H2 +‖(UR,TR,NR,�∇NR)‖6H3)
(‖ωR‖2H2

+‖(BR,UR,TR,NR,�ωR,�∇UR,�divUR,�∇NR,�∇BR)‖2H3

)
+ε.

Proof. Taking ∂α to equation (2.10) and taking inner product with ∂αωR, and
using integration by parts and the commutator, we obtain

1

2

d

dt
‖∂αωR‖2L2 =μ

∫
∂α∇×(

ΔUR

nε
)∂αωR−

∫
[∂α,uε] ·∇ωR ·∂αωR+

1

2

∫
divuε|∂αωR|2

+

∫
∂α(ωR ·∇uε) ·∂αωR−

∫
∂α(ωRdivu

ε) ·∂αωR−
∫

∂αF1∂
αωR

−(μ+ν)

∫
∂α(

∇nε×∇divUR

(nε)2
)∂αωR−

∫
∂α(∇T ε

nε
×∇NR)∂

αωR.

(2.14)

For the first term on the RHS of equation (2.14), from the bounds (2.3), the definition
of ωR in (2.9), integration by parts, Young’s inequality, and estimates (A.1), (A.6) and
(A.10) in the Appendix, we have

μ

∫
∂α∇×(

ΔUR

nε
) ·∂αωR

=μ

∫
[∂α∇×, 1

nε
]ΔUR ·∂αωR+μ

∫
∂αΔ∇×UR

nε
·∂α(∇×UR−BR)

=−μ

∫ |∂α∇(∇×UR)|2
nε

−μ

∫
∇ 1

nε
·∂α∇(∇×UR) ·∂α(∇×UR−BR)

+μ

∫
∂α∇(∇×UR) :∂

α∇BR

nε
+μ

∫
[∂α∇×, 1

nε
]ΔUR ·∂αωR

�−μ

∫ |∂α∇(∇×UR)|2
nε

+
μ

32
‖∇(∇×UR)‖2Hk +

μ

32
‖∇UR‖2H3

+(1+‖NR‖6H3)‖(ωR,∇BR)‖2Hk .

In particular, for the commutator term, we have, thanks to (A.1), (A.6) and (A.10) in
the Appendix, that

μ

∫
[∂α∇×, 1

nε
]ΔUR ·∂αωR
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�μ(‖∇ 1

nε
‖L∞‖ΔUR‖Hk +‖ 1

nε
‖Hk‖∇nε‖Hk‖ΔUR‖L∞)‖ωR‖Hk

� μ

32
‖∇UR‖2H3 +

μ

32
‖ΔUR‖2Hk +(1+‖NR‖6H3)‖ωR‖2Hk .

Recalling F1 given by definition (2.11), and using Sobolev embedding H1 ↪→
L3,L6;H2 ↪→L∞, Hölder’s inequality, together with estimates (A.1), (A.2) and (A.4)
in the Appendix, the other seven terms in equation (2.14) can be estimated by

(μ+λ)

32
‖∇divUR‖2H2 +(1+‖(UR,TR,NR)‖6H3)

(‖ωR‖2H2 +‖(UR,TR,NR)‖2H3

)
+ε.

Putting all the above estimates together, we have

1

2

d

dt
‖∂αωR‖2L2 +μ

∫ |∂α∇(∇×UR)|2
nε

� μ

32
‖∇UR‖2H3 +

(μ+λ)

32
‖∇divUR‖2H2 +(1+‖(UR,TR,NR)‖6H3)

(‖ωR‖2H2

+‖(UR,TR,NR,BR)‖2H3

)
+ε.

Moreover, applying the operator ∂α+1 to equation (2.10) and taking inner product
with �2∂α+1ωR, we obtain

�2

2

d

dt
‖∂α+1ωR‖2L2 +�2μ

∫ |∂α+1∇(∇×UR)|2
nε

�μ�2

32
‖∇×UR‖2H4 +

κ

32
‖∇TR‖2H3 +

(μ+λ)

32
‖divUR‖2H3 +�4‖∇(∇×UR)‖2H3

+
(μ+λ)�2

32
‖divUR‖2H4 +(1+‖ωR‖2H2 +‖(UR,TR,NR,�∇NR)‖6H3)

‖(BR,UR,TR,NR,�ωR,�∇UR,�divUR,�∇NR,�∇BR)‖2H3 +ε,

thanks to definition (2.11), and estimates (A.2), (A.3) and (A.6) in the Appendix.
Now, putting all the estimates together then completes the proof of Lemma 2.3,

thanks to �4	�2 for sufficiently small �>0.

Lemma 2.4. Let α be a multi-index with |α|=k for any integer number 0≤k≤2.
(NR,UR,TR,ER,BR) be a solution to system (1.8). For all t∈ (0,τ), we obtain

d

dt
‖∂α(divUR,∇NR,�ΔNR,

NR√
ε
)‖2L2 +

d

dt
‖∂α+1(�divUR,�

NR√
ε
,�2ΔNR)‖2L2

+(2μ+ν)‖∂α∇divUR‖2L2 +(2μ+ν)�2‖∂α+1∇divUR‖2L2

� κ

32
‖∇TR‖2H3 +(1+‖(UR,TR,NR)‖10H3)

(
‖NR√

ε
)‖2H2

+‖(UR,NR,TR,BR,�divUR,�∇UR,�∇NR,�
2ΔNR,�

NR√
ε
)‖2H3

)
+ε.

Proof. Applying the operator ∂α to equation (2.12) and taking inner product with
∂αdivUR, we derive

1

2

d

dt
‖∂αdivUR‖2L2 =R3,1+

∫
∂αNR

ε
∂αdivUR−

∫
div∂α(

T 0∇NR

nε
)∂αdivUR
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+
�2

12

∫
∂αΔΔlognε∂αdivUR+μ

∫
∂αdiv(

ΔUR

nε
)∂αdivUR

+(μ+λ)

∫
∂αdiv(

∇divUR

nε
)∂αdivUR=

6∑
i=1

R3,i, (2.15)

where

R3,1=−
∫
[∂αdiv,uε]∇UR∂

αdivUR+
1

2

∫
divuε|∂αdivUR|2+

∫
∂α∇TR ·∂α∇divUR

+

∫
∂α(

TR∇NR

nε
) ·∂α∇divUR− �2

24

∫
∂α∇

(∇nε ·∇nε

(nε)2

)
·∇∂αdivUR

−
∫

∂αF2∂
αdivUR.

Using definition (2.13) and the estimates (A.1)−(A.5) in the Appendix, we have, with
the aid of integration by part, Young’s inequality and Sobolev embedding,

R3,1�
μ+ν

8
‖divUR‖2H3 +(1+‖(UR,NR,TR)‖8H3)‖(NR,UR,BR,TR,�∇NR)‖2H3 +ε.

Owing to equation (2.5) and the commutator

nε∂αdivUR=∂α(nεdivUR)− [∂α,nε]divUR, (2.16)

R3,2 can be decomposed and bounded by

R3,2=− 1

2ε

d

dt

∫ |∂αNR|2
nε

+
1

2ε

∫
∂t(

1

nε
)|∂αNR|2−

∫
∂αNR[∂

α,uε] ·∇NR

εnε

+
1

2ε

∫
div

uε

nε
|∂αNR|2+

∫
∂αNR∂

α(εUR ·∇divE0−ε�1)

εnε

−
∫

∂αNR[∂
α,nε]divUR

εnε

�− 1

2ε

d

dt

∫ |∂αNR|2
nε

+(1+‖(NR,UR)‖2H3)(‖NR√
ε
‖2Hk +‖UR‖2H2)

+
1√
ε
(‖∇uε‖L∞‖∇NR‖Hk−1 +‖∇uε‖Hk‖∇NR‖L3 +‖∇nε‖L6‖divUR‖Hk

+‖∇nε‖Hk−1‖divUR‖L∞)‖NR√
ε
‖Hk +ε

�− 1

2ε

d

dt

∫ |∂αNR|2
nε

+(1+‖(NR,UR)‖2H3)(‖NR√
ε
‖2Hk +‖UR‖2H3)+ε,

thanks to estimates (A.1) and (A.8) in the Appendix.
Now we deal with the estimate for R3,3. Again, using the commutator and equation

(2.5), we divide it into following

R3,3=

∫
∂α(

T 0∇NR

nε
) ·∂α∇divUR

=
{∫

[∂α,
T 0

nε
]∇NR ·∂α∇divUR−

∫
T 0∂α∇NR · [∂α∇,nε]divUR

(nε)2

}

−
∫

T 0∂α∇NR ·∇∂α(∂tNR+uε ·∇NR−εUR ·∇divE0+ε�1)

(nε)2

=R3,3,1+R3,3,2.
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Since T 0 is smooth, we obtain from the bounds (2.3), and estimates (A.1) and (A.10)
in the Appendix that

R3,3,1�(‖∇T 0

nε
‖L∞‖NR‖Hk +‖T

0

nε
‖Hk‖∇NR‖L∞)‖∇divUR‖Hk +(‖∇nε‖L∞‖divUR‖Hk

+‖∇nε‖Hk‖divUR‖L∞)‖∇NR‖Hk

� (μ+ν)

16
‖divUR‖2H3 +(1+‖NR‖4H3)‖(NR,UR)‖2H3 .

With the aid of estimates (A.1) and (A.8) in the Appendix, we derive

R3,3,2=− 1

2

d

dt

∫
T 0|∂α∇NR|2

(nε)2
+

1

2

∫
∂t(

T 0

(nε)2
)|∂α∇NR|2+ 1

2

∫
div(

T 0uε

(nε)2
)|∂α∇NR|2

−
∫

T 0∂α∇NR · [∇∂α,uε] ·∇NR

(nε)2
+

∫
T 0∂α∇NR ·∇∂α(εUR ·∇divE0−ε�1)

(nε)2

�− 1

2

d

dt

∫
T 0|∇∂αNR|2

(nε)2
+(1+‖(NR,UR)‖2H3)‖(NR,UR)‖2H3 +ε.

Combining all estimates for R3,3, there holds

R3,3�− 1

2

d

dt

∫
T 0|∇∂αNR|2

(nε)2

+
(μ+ν)

16
‖divUR‖2H3 +(1+‖(NR,UR)‖4H3)‖(NR,UR)‖2H3 +ε.

Now we turn to estimate R3,4. In this term, we need to cope with higher order terms.
To make it clear, we divide it into two parts. Using definition (1.7) and integration by
parts to obtain

R3,4=
�2

12

∫
∂αΔΔlognε∂αdivUR=−�2

12

∫
∇∂αdiv(

∇NR−ε∇divE0

nε
) ·∇∂αdivUR

=
{
− �2

12

∫
[∂α∇div,

1

nε
](∇NR−ε∇divE0) ·∇∂αdivUR

+
�2

12

∫
∂αΔNR∇ 1

nε
·∂α∇divUR+

�2ε

12

∫
∂α∇ΔdivE0 ·∇∂αdivUR

nε

}

+
�2

12

∫
∂αΔNRΔ∂αdivUR

nε
=R3,4,1+R3,4,2.

For the term R3,4,1, it is obvious by estimates (A.1) and (A.7) in the Appendix that

R3,4,1��2
(
‖∇ 1

nε
‖L∞(‖ΔNR‖Hk +ε)+‖Δ 1

nε
‖Hk(‖∇NR‖L∞ +ε)

)
‖∇divUR‖Hk

+�2ε‖∇divUR‖Hk +�2‖∇ 1

nε
‖L∞‖ΔNR‖Hk‖∇divUR‖Hk

�3�2(μ+ν)

32
‖∇divUR‖2Hk +(1+‖NR‖10H3)(�2‖(ΔNR,∇NR)‖2Hk +‖NR‖2H3)+ε.

Here we require E0∈H6. Owing to equation (2.5) and the commutator, we decompose
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R3,4,2 into following

R3,4,2=− �2

24

d

dt

∫ |∂αΔNR|2
(nε)2

+
�2

24

∫
∂t

1

(nε)2
|∂αΔNR|2− �2

12

∫
∂αΔNR[∂

αΔ,uε] ·∇NR

(nε)2

+
�2

24

∫
div

( uε

(nε)2
)|∂αΔNR|2+ �2ε

12

∫
∂αΔNR[∂

αΔ,UR] ·∇divE0

(nε)2

+
�2ε

12

∫
∂αΔNR(UR ·∂α∇ΔdivE0+∂αΔ�1)

(nε)2
− �2

12

∫
∂αΔNR[∂

αΔ,nε]divUR

(nε)2

�− �2

24

d

dt

∫ |∂αΔNR|2
(nε)2

+�2(1+‖(NR,UR)‖2H3)‖ΔNR‖2Hk +�2ε‖ΔNR‖Hk(1

+‖UR‖H3 +‖ΔUR‖Hk)+�2‖ΔNR‖Hk

(
‖(nε,uε)‖H3‖(∇divUR,ΔNR)‖Hk

+‖(UR,NR)‖H3‖(Δnε,Δuε)‖Hk

)

�− �2

24

d

dt

∫ |∂αΔNR|2
(nε)2

+(1+‖(UR,NR)‖2H3)(�2‖ΔNR‖2Hk +‖(NR,UR)‖2H3)

+�2
μ

16
‖ΔUR‖2Hk +�2

(μ+ν)

32
‖∇divUR‖2Hk +ε,

thanks to integration by parts and estimates (A.1) and (A.8) in the Appendix. In
summary,

R3,4�− �2

24

d

dt

∫ |∂αΔNR|2
(nε)2

+(1+‖(UR,NR)‖10H3)(�2‖(ΔNR,∇NR)‖2Hk

+‖(NR,UR)‖2H3)+�2
μ

16
‖ΔUR‖2Hk +�2

μ+ν

8
‖∇divUR‖2Hk +ε.

Recalling estimate (A.11) in the Appendix which implies ‖�∂αΔNR‖2L2 ≥
‖�∂α∇2NR‖2L2 , we can derived the H3-norm of �∇NR due to 0≤k≤2.

For R3,5, we have, by integration by parts twice and the commutator estimate,

R3,5=−μ

∫
∂α(

ΔUR

nε
) ·∇∂αdivUR

=−μ

∫
[∂α,

1

nε
]ΔUR ·∇∂αdivUR−μ

∫
∂αΔUR ·∂α∇divUR

nε

=−μ

∫
[∂α,

1

nε
]ΔUR ·∂α∇divUR+μ

∫
∇ 1

nε
·∂αΔUR∂

αdivUR

−μ

∫
∇ 1

nε
·∂α∇divUR∂

αdivUR−μ

∫ |∂α∇divUR|2
nε

�−μ

∫ |∂α∇divUR|2
nε

+
μ

16
‖∇divUR‖2Hk

+
μ

32
‖ΔUR‖2Hk +(1+‖NR‖6H3)(‖UR‖2H3 +‖(∇UR,divUR)‖2Hk).

Similarly, we can obtain

R3,6=−(μ+ν)

∫ |∂α∇divUR|2
nε

−(μ+ν)

∫
[∂α,

1

nε
]∇divUR ·∂α∇divUR

�−(μ+ν)

∫ |∂α∇divUR|2
nε

+
(μ+ν)

32
‖∇divUR‖2Hk

+(1+‖NR‖6H3)(‖divUR‖2Hk +‖UR‖2H3).
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Summarizing all the above estimates, we have from equation (2.15) that

d

dt
‖∂α(divUR,∇NR,�ΔNR,

NR√
ε
)‖2L2 +(2μ+λ)‖∂α∇divUR‖2L2

�(1+‖(UR,NR)‖10H3)
(
‖NR√

ε
)‖2H2 +‖(UR,NR,TR,BR,�∇UR,�∇NR)‖2H3

)
+ε.

Moreover, applying the operator ∂α+1 to equation (2.12) and taking inner product
with �2∂α+1divUR, we derive

�2

2

d

dt
‖∂α+1divUR‖2L2

=R4,1+�2
∫

∂α+1NR

ε
∂α+1divUR−�2

∫
div∂α+1(

T 0∇NR

nε
)∂α+1divUR

+
�4

12

∫
∂α+1ΔΔlognε∂α+1divUR+μ�2

∫
∂α+1div(

ΔUR

nε
)∂α+1divUR

+(μ+λ)�2
∫

∂α+1div(
∇divUR

nε
)∂α+1divUR=

6∑
i=1

R4,i, (2.17)

where

R4,1=−�2
∫
[∂α+1div,uε]∇UR∂

α+1divUR+
�2

2

∫
divuε|∂α+1divUR|2

+�2
∫

∂α+1∇TR ·∂α+1∇divUR+�2
∫

∂α+1(
TR∇NR

nε
)∂α+1∇divUR

− �4

12

∫
∂α+1∇

(∇nε ·∇nε

(nε)2

)
·∇∂α+1divUR+�2

∫
∂αF2∂

α+2divUR.

For the first term R4,1, to make it clear, we write the estimate for the higher order term
with the aid of estimates (A.2), (A.4)−(A.7) and (A.11) in the Appendix that

− �4

12

∫
∂α+1∇

(∇nε ·∇nε

(nε)2

)
·∇∂α+1divUR

��4‖∇divUR‖H3

(‖ (∇nε)3

(nε)3
‖H3 +‖∇nε ·∇2nε

(nε)2
‖H3

)

��4‖∇divUR‖2H3 +�4
(‖ 1

nε
‖H3‖nε‖2H3‖∇nε‖H3 +‖∇ 1

nε
‖L∞‖∇2nε‖H3

+‖∇ 1

nε
‖H4‖∇2nε‖L6

)2
��4‖∇divUR‖2H3 +(1+‖NR‖10H3)‖(NR,�∇NR,�

2ΔNR)‖2H3 +ε.

For the other five terms in R4,1, thanks to estimates (A.1), (A.2) and (A.10) in the
Appendix, they can be bounded by

�2(μ+ν)

32
‖∇divUR‖2H3 +2�4‖∇divUR‖2H3 +

κ

32
‖∇TR‖2H3

+(1+‖(UR,NR,TR)‖8H3)‖(NR,UR,TR,BR,�∇NR,�∇UR,�divUR)‖2H3 +ε.

Similar to estimates for R3,2, R4,2 can be bounded by

R4,2�− �2

2ε

d

dt

∫ |∂α+1NR|2
nε

+(1+‖(NR,UR)‖2H3)(‖�NR√
ε
‖2H3 +‖UR‖2H3)+ε.
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Now we will estimate the third term, which we use different method from R3,3. Thanks
to integration by parts, Young’s inequality and estimate (A.2) in the Appendix, we
obtain

R4,3��2‖∇divUR‖H3‖T
0

nε
‖H3‖∇NR‖H3

��2
μ+ν

32
‖∇divUR‖2H3 +(1+‖NR‖6H3)‖�∇NR‖2H3 .

For the last three terms in equation (2.17), similar to the estimates for R3,4∼R3,6, we
obtain

d

dt
‖�2∂α+1ΔNR‖2L2 +(2μ+ν)�2‖∂α+1∇divUR‖2L2 ��4‖ΔUR‖2H3

+(1+‖(UR,NR)‖10H3)‖(UR,NR,TR,BR,�∇UR,�divUR,�∇NR,�
2ΔNR)‖2H3 +ε.

Here we require E0∈H7.

Now, putting all estimates together, and letting �	1, we complete the proof of
Lemma 2.4.

2.5. High order energy estimates for the electric-magnetic field.

Lemma 2.5. Let α be a muti-index with |α|=k for any integer number 0≤k≤2.
(NR,UR,TR,ER,BR) be a solution to system (1.8). For all t∈ (0,τ), we have

1

2

d

dt
‖(ε∂α∂tER,

√
ε∂α∇×ER,

√
ε∂αER,�ε∂

α+1∂tER,�
√
ε∂α+1∇×ER,�

√
ε∂α+1ER)‖2L2

� (1+‖NR√
ε
‖2H2 +‖(UR,TR,NR,�∇NR,

�NR√
ε
)‖10H3)

(
‖(√εER,ε∂tER)‖2H2

+‖(NR,UR,TR,BR,�∇NR,�∇UR,�
√
εER,�ε∂tER,�divUR,�

2ΔNR)‖2H3

)

+
κ

32
‖∇TR‖2H3 +

2μ+ν

32
‖∇UR‖2H3 +

�2μ

32
‖ΔUR‖2H3 +

�2(μ+ν)

32
‖∇divUR‖2H3 +ε.

Proof. It follows from equation (1.8d) that ER satisfies the following wave-type
equation:

ε∂ttER+∇×(∇×ER)+ER−εdivE0ER+NRER+nε∇TR−μΔUR−(μ+ν)∇divUR

− �2

12
{Δ∇nε+

(Δnε∇nε+∇nε ·∇2nε)

nε
− (∇nε ·∇nε)∇nε

(nε)2
}=F3, (2.18)

where

F3=∂tn
εUR+{−nεuε ·∇UR−nεUR ·∇u0−T ε∇NR+εT ε∇divE0−μNRΔu0

−nε(uε×BR+UR×B0)+μεdivE0Δu0}+∂tNRu
0+NR∂tu

0−ε∂t�4.
(2.19)
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Taking ∂α to equation (2.18) and taking inner product with ε∂α∂tER, we obtain

1

2

d

dt
‖(ε∂α∂tER,

√
ε∂α∇×ER,

√
ε∂αER)‖2L2

=
�2ε

12

∫
∂α{Δ∇nε+

(Δnε∇nε+∇nε ·∇2nε)

nε
− (∇nε ·∇nε)∇nε

(nε)2
}·∂α∂tER

−ε
{∫

[∂α,NR]ER ·∂α∂tER+

∫
NR∂

αER ·∂α∂tER

}

−ε
{
−ε

∫
∂α(divE0ER) ·∂α∂tER+

∫
[∂α,nε]∇TR ·∂α∂tER−

∫
∂αF3 ·∂α∂tER

+

∫
nε∂α∇TR ·∂α∂tER−

∫
∂α

(
μΔUR+(μ+ν)∇divUR

)
·∂α∂tER

}
=

3∑
i=1

R5,i.

(2.20)

For the first term R5,1 on the RHS, to make it easy to read, we divide it naturally into
two parts as follows. The first part can be bounded by using the first equation in (1.8e)
and estimate (A.9) in the Appendix

R5,1,1=
�2ε

12

∫
∂αΔ∇nε ·∂α∂tER

=− �2ε

12

∫
∂αΔnε∂α∂tdivER=

�2

12

∫
∂α(−εΔdivE0+ΔNR)∂

α∂tNR

��2‖(∂tNR,ΔNR)‖2Hk +�2ε� (1+‖(NR,UR)‖2H3)‖(NR,UR,�∇NR)‖2H3 +�2ε.

Then the second part can be bounded by combining the bounds (2.3) with estimates
(A.1), (A.4), (A.5) and (A.11) in the Appendix

R5,1,2=
�2ε

12

∫
∂α{ (Δnε∇nε+∇nε ·∇2nε)

nε
− (∇nε ·∇nε)∇nε

(nε)2
}·∂α∂tER

��2ε‖∂tER‖Hk

(
‖(Δnε

nε
,
∇2nε

nε
)‖L∞‖∇nε‖Hk +(‖ 1

nε
‖L∞‖(Δnε,∇2nε)‖Hk

+‖(Δnε,∇2nε)‖L∞‖ 1

nε
‖Hk)‖∇nε‖L∞ +(‖ 1

nε
‖2L∞‖nε‖2H3‖∇nε‖Hk

+‖∇nε‖3L∞‖ 1

(nε)2
‖Hk)

)

�ε2‖∂tER‖2Hk +(1+‖(NR,�∇NR)‖10H3)‖(NR,�∇NR)‖2H3 +ε.

By integration by parts and the commutator estimate, R5,2 can be bounded by

R5,2�ε(‖∇NR‖L6‖ER‖Hk +‖NR‖Hk‖ER‖L∞)‖∂tER‖Hk

+ε‖NR‖L∞‖ER‖Hk‖∂tER‖Hk

�ε‖ER‖2Hk +ε‖ER‖2H2 +
1

ε
(‖NR‖2H2 +‖NR‖2Hk)ε

2‖∂tER‖2Hk .

Next, recalling F3 given by definition (2.19), �4 given by definition (1.9c) and using
integration by parts, Young’s inequality, and estimates (A.1), (A.2) and (A.9) in the
Appendix, R5,3 in equation (2.20) can be bounded by

R5,3�
μ

32
‖ΔUR‖2Hk +

κ

32
‖∇TR‖2Hk +

μ+ν

32
‖∇divUR‖2Hk +ε2‖∂tER‖2Hk +ε‖ER‖2Hk

+ε‖ER‖2H2 +(1+‖(NR,UR,TR)‖4H3)‖(NR,UR,TR,BR)‖2H3 +ε.
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Hence, putting all the above estimates together, we derive

1

2

d

dt
‖(ε∂α∂tER,

√
ε∂α∇×ER,

√
ε∂αER)‖2L2

�(1+‖NR√
ε
‖2H2 +‖(UR,TR,NR,�∇NR)‖10H3)

(‖(NR,UR,TR,BR,�∇NR)‖2H3

+‖(√εER,ε∂tER)‖2H2

)
+

2μ+ν

32
‖∇UR‖2H3 +ε.

Moreover, applying the operator ∂α+1 to equation (2.18) and taking inner product
with �2ε∂α+1ER, we obtain

1

2

d

dt
‖(�ε∂α+1∂tER,�

√
ε∂α+1∇×ER,�

√
ε∂α+1ER)‖2L2

=
�4ε

12

∫
∂α+1{Δ∇nε+

(Δnε∇nε+∇nε ·∇2nε)

nε
− (∇nε ·∇nε)∇nε

(nε)2
}·∂α+1∂tER

−�2ε

∫
∂α+1(NRER) ·∂α+1∂tER−

(
−�2ε2

∫
∂α+1(divE0ER) ·∂α+1∂tER

+�2ε

∫
[∂α+1,nε]∇TR ·∂α+1∂tER+�2ε

∫
nε∂α+1∇TR ·∂α+1∂tER

−�2ε

∫
∂α+1F3 ·∂α+1∂tER−�2ε

∫
∂α+1

(
μΔUR+(μ+ν)∇divUR

) ·∂α+1∂tER

)

=
3∑

i=1

R6,i. (2.21)

For the first term on the RHS, by recalling the first equation in (1.8e) and the definition
(1.7), substituting α+1 for α in R5,1, we derive

R6,1=
�4

12

∫
∂α+1(−εΔdivE0+ΔNR)∂

α+1∂tNR+
�4ε

12

∫
∂α+1{ (Δnε∇nε+∇nε ·∇2nε)

nε

− (∇nε ·∇nε)∇nε

(nε)2
}·∂α+1∂tER

��2ε2‖∂tER‖2H3 +�2ε

+(1+‖(NR,�∇NR,UR)‖10H3)‖(NR,UR,�divUR,�∇NR,�
2ΔNR)‖2H3 .

For the second term R6,2, using the commutator estimates, Hölder’s inequality and
estimate (A.2) in the Appendix, we derive

R6,2=−�2ε

∫
[∂α+1,NR]ER ·∂α+1∂tER−�2ε

∫
NR∂

α+1ER ·∂α+1∂tER

��2ε‖NR‖H3‖ER‖H2‖∂tER‖H3 +�2ε‖NR‖L∞‖ER‖H3‖∂tER‖H3

�ε‖ER‖2H2 +
1

ε
‖�NR‖2H3ε2�2‖∂tER‖2H3 +�2ε‖ER‖2H3 +

1

ε
‖NR‖2H2�

2ε2‖∂tER‖2H3

�(1+‖NR√
ε
‖2H2 +‖�NR√

ε
‖2H3)(‖√εER‖2H2 +‖(�√εER,�ε∂tER)‖2H3).

Similar to R5,3, we can derive

R6,3�
μ�2

32
‖ΔUR‖2H3 +

κ

32
‖∇TR‖2H3 +

(μ+ν)�2

32
‖divUR‖2H4 +‖�ε∂tER‖2H3
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+(1+‖(NR,UR,TR)‖4H3)‖(NR,UR,TR,BR,�∇UR,�divUR,�∇NR)‖2H3

+‖�√εER‖2H3 +ε.

Putting all estimates at the (k+1)-th order together, we obtain

�2

2

d

dt
‖(ε∂α+1∂tER,

√
ε∂α+1∇×ER,

√
ε∂α+1ER)‖2L2

� (1+‖NR√
ε
‖2H2 +‖(NR,UR,TR,�∇NR,

�NR√
ε
)‖10H3)

(
‖√εER‖2H2

+‖(NR,UR,TR,BR,�∇UR,�divUR,�∇NR,�
√
εER,ε�∂tER,�

2ΔNR)‖2H3

)

+
κ

32
‖∇TR‖2H3 +

�2(μ+ν)

32
‖∇divUR‖2H3 +

�2μ

32
‖ΔUR‖2H3 +ε.

We complete the proof of Lemma 2.5 by combining all the estimates at the k-th order
and the (k+1)-th order.

Lemma 2.6. Let α be a multi-index with |α|=k for any integer number 0≤k≤2.
(NR,UR,TR,BR) be a solution to system (1.8). For all t∈ (0,τ), we obtain

‖(∂α∇BR,�∂
α+1∇BR)‖2L2 �ε2‖∂tER‖2H2 +�2ε2‖∂tER‖2H3

+(1+‖UR‖2H2)‖(UR,NR)‖2H3 +ε. (2.22)

Proof. From the first equation in (1.8d), we obtain

‖∂α∇×BR‖L2 �‖ε∂tER‖Hk +(1+‖UR‖H2)‖(UR,NR)‖H2 +ε.

The case |α|=k+1 can be proved similarly. By the curl-div decomposition formula
of the gradient for the magnetic field and using the second equation in (1.8e), we can
obtain estimate (2.22).

Then integrating these estimates from Lemma 2.1 to Lemma 2.6 over (0,t)⊆ (0,τ),
summing them up for all multi-index α, and recalling estimate (A.11) in the Appendix
which implies ‖�ΔNR‖2H2 ≥‖�∇NR‖2H3 , we obtain Proposition 2.1.

3. Proof of Theorem 1.3
Proof. From Proposition 2.1, we have

|||(NR,UR,TR,BR,
√
εER)(t)|||3� |||(NR,UR,TR,BR,

√
εER)(0)|||3

+

∫ t

0

(
(1+ |||(NR,UR,TR,BR,

√
εER)|||53)|||(NR,UR,TR,BR,

√
εER)|||3+ε

)
. (3.1)

Thanks to the Theorem 1.1 and the assumption ‖√εEε
0‖2H3 �ε, we have

‖NR√
ε
(0)‖2H2 ≤‖√εdivEε

0‖2H2 ≤‖√εEε
0‖2H3 ≤Cε.

That is to say |||(NR,UR,TR,BR,
√
εER)(0)|||3≤Cε for sufficiently small ε and a con-

stant C>0 independent of ε. Applying the non-linear Gronwall-type inequality [11] to
estimate (3.1), it follows from

|||(NR,UR,TR,BR,
√
εER)(0)|||3≤Cε
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that there exist a ε0 sufficiently small such that for any ε<ε0 and 0<t<τ,

|||(NR,UR,TR,BR,
√
εER)(t)|||3≤Cε.

We claim there exist constants 0<τ1<1 and ε0>0, such that τε≥ τ1 for any 0<
ε≤ε0. Otherwise, for any sufficiently small positive constants τ1 and ε0, there exists
0<ε≤ε0 such that τε<τ1 which implies τ = τε. By the local existence results in Theorem
1.2, for any given constant C>0, we have

lim
t→τε

|||(NR,UR,TR,BR,
√
εER)(t)|||3≥6Cε.

Thanks to the fact |||(NR,UR,TR,BR,
√
εER)(0)|||3≤Cε, there exists 0<τ2<τε<τ1 such

that

|||(NR,UR,TR,BR,
√
εER)(τ2)|||3=4Cε.

Choosing 0<τ3≤ τ2 satisfying

|||(NR,UR,TR,BR,
√
εER)(τ3)|||3=4Cε, (3.2)

and

|||(NR,UR,TR,BR,
√
εER)(t)|||3<4Cε, t∈ [0,τ3). (3.3)

Thanks to estimate (3.1) and condition (3.2), we have for sufficiently small positive
constant τ1<1,

|||(NR,UR,TR,BR,
√
εER)(τ3)|||3≤Cετ14(1+(4Cε)5)+2Cε≤3Cε,

which contradicts condition (3.2). Repeating the process on [τ1,2τ1], . . . , we can extend
τε≥ τ0 for any 0<τ0<τ∗, and derive

sup
t∈[0,τ0]

|||(NR,UR,TR,BR,
√
εER)(t)|||3≤Cε,

which implies (nε,uε,T ε,Bε) converges strongly to (1,u0,T 0,B0) in L∞(0,τ0;H
3), and

the convergence of Eε to E0 in W−1,∞(0,τ0;H
2).

The proof of Theorem 1.3 is complete.

Appendix A. The following basic Moser type calculus inequalities will be fre-
quently used.

Lemma A.1. Let α be any multi-index with |α|=k, k≥1 and p∈ (1,∞). Then there
holds

‖∂α(fg)‖Lp �‖f‖Lp1 ‖g‖Hk,p2 +‖f‖Hk,p3 ‖g‖Lp4

‖[∂α,f ]g‖Lp �‖∇f‖Lp1 ‖g‖Hk−1,p2 +‖f‖Hk,p3 ‖g‖Lp4 ,
(A.1)

where f,g∈S, the Schwartz class and p2,p3∈ (1,∞) such that 1
p =

1
p1 +

1
p2 =

1
p3 +

1
p4 .

Let k≥2. Due to Sobolev embedding and estimate (A.1), we can obtain

‖∂α(fg)‖L2 �‖f‖L∞‖g‖Hk +‖f‖Hk‖g‖L∞ �‖f‖Hk‖g‖Hk , (A.2)
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and

‖[∂α,f ]g‖L2 �‖∇f‖L∞‖g‖Hk−1 +‖f‖Hk‖g‖L∞ �‖f‖Hk‖g‖Hk−1 . (A.3)

Hence, for any m≥1,k≥1, with the aid of the bounds (2.3) and estimate (A.2), we can
deduce the following inequality

‖(1/nε)m‖Hk �‖( 1

nε
)m−1‖L∞‖ 1

nε
‖Hk +‖( 1

nε
)m−1‖Hk‖ 1

nε
‖L∞

�‖ 1

nε
‖Hk +‖( 1

nε
)m−1‖Hk � · · · · · ·�‖ 1

nε
‖Hk , (A.4)

and

‖(∇nε)m‖Hk �‖(∇nε)m−1‖Hk‖∇nε‖L∞ +‖∇nε‖m−1
L∞ ‖∇nε‖Hk

�(‖(∇nε)m−2‖Hk‖∇nε‖L∞ +‖∇nε‖m−2
L∞ ‖∇nε‖Hk)‖∇nε‖L∞

+‖∇nε‖m−1
L∞ ‖∇nε‖Hk � · · · · · ·�‖nε‖m−1

H3 ‖∇nε‖Hk . (A.5)

Due to estimates (A.2), (A.4) and (A.5), assuming 2≤k≤3, we compute

‖∇(
1

nε
)‖Hk �‖ 1

nε
‖Hk‖∇nε‖Hk , (A.6)

and

‖Δ(
1

nε
)‖Hk �‖ Δnε

(nε)2
‖Hk +‖ |∇nε|2

(nε)3
‖Hk �‖ 1

nε
‖Hk‖Δnε‖Hk +‖ 1

nε
‖Hk‖nε‖H3‖∇nε‖Hk .

(A.7)

Lemma A.2. Let 0≤k≤3 be an integer, (NR,UR,TR,BR,ER) be a solution to system
(1.8), and α be a multi-index with |α|=k, then we obtain

‖∂tNR‖L2 �(1+‖UR‖H2)‖(UR,divUR,∇NR)‖L2 +ε,

‖∂tNR‖L∞ �1+‖(NR,UR)‖2H3 , (A.8)

and

‖∂tNR‖Hk �(1+‖(NR,UR)‖H3)
(‖(NR,UR,divUR,∇NR)‖Hk +‖(NR,UR)‖H3

)
+ε.
(A.9)

Proof. By Sobolev embedding, Hölder’s inequality, equation (1.8a) and the bounds
(2.3), we derive

‖∂tNR‖L2 �(1+‖UR‖H2)‖(UR,divUR,∇NR)‖L2 +ε,

and

‖∂tNR‖L∞ �1+‖(NR,UR)‖2H3 .

Using estimate (A.1) in the Appendix we can bound

‖∂tNR‖Hk ≤(1+‖UR‖L∞)‖∇NR‖Hk +‖uε‖Hk‖∇NR‖L∞ +‖nε‖L∞‖divUR‖Hk

+‖nε‖Hk‖divUR‖L∞ +ε‖UR‖H3 +ε
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�(1+‖(NR,UR)‖H3)
(‖(NR,UR,divUR,∇NR)‖Hk +‖(NR,UR)‖H3

)
+ε.

Lemma A.3. Under the same condition in Lemma A.2, we have the following estimate:

‖∂α(
1

nε
)‖L∞ �1+‖NR‖kH2+k

‖∂α(
1

nε
)‖L2 �1+‖NR‖kHk .

(A.10)

Proof. Take k=2 for example. In what follows, we take L2-norm, and apply
Hölder’s inequality, Sobolev embedding H1 ↪→L3,L6 to obtain

‖∂2(
1

nε
)‖L2 �ε2+4ε‖∂NR‖L2 +2‖∂NR‖L3‖∂NR‖L6 +ε+‖∂2NR‖L2

�1+‖NR‖2H2 .

Similarly, taking L∞-norm yields

‖∂2(
1

nε
)‖L∞ �1+‖NR‖2H4 .

The case of k �=2 can be proved similarly, thus we omit them.

Lemma A.4. Let 0≤k≤3 be an integer, f ∈S, the Schwartz class, then we obtain

‖∇2f‖Hk �‖Δf‖Hk , (A.11)

and

‖∇f‖Hk �‖∇×f‖Hk +‖divf‖Hk , (A.12)

The Lemma can be proved by introducing Riesz operator Rj defined by (̂Rjf)=
iξj
|ξ| f̂

and ∇divf =Δf+∇×(∇×f), where RiRj is bounded from Lp to Lp with 1<p<∞.
For more details, one can see [36].

Lemma A.5. Let f,g be the vector function in 3D. The following vector analysis
formulas will be repeatedly used

f ·∇g=(∇×g)×f+(∇×f)×g+∇(f ·g)−∇f ·g, (A.13)

∇×(f ·∇f)=∇×(∇×f×f), (A.14)

∇×(∇×f)=∇(divf)−Δf, (A.15)

and

∇×(f×g)=fdivg−gdivf+(g ·∇)f−(f ·∇)g. (A.16)
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