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QUASINEUTRAL LIMIT FOR THE COMPRESSIBLE QUANTUM
NAVIER-STOKES-MAXWELL EQUATIONS*

MIN LIT, XUEKE PU%, AND SHU WANGS$

Abstract. In this paper, we study the quasi-neutral limit of the full quantum Navier—Stokes—
Maxwell equation as the Debye length tends to zero. We justify rigorously the quasi-neutral limit by
establishing rigorous uniform estimates on the error functions with respect to the Debye length and
by using the formal asymptotic expansion and singular perturbation methods combined with curl-div
decomposition of the gradient. The key difficulty is to deal with the quantum effects, which do play
important roles in establishing a priori estimates.
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1. Introduction

In this paper, we consider the quasineutral limit of the following full quantum
Navier—Stokes-Maxwell system consisting of the mass conservation, momentum and
energy equations coupled to the Maxwell equations, describing the transport of charged
particles with viscosity in a plasma [17]

g—?eriv(nu):O, (1.1a)
m[%—i—div(nu@u)]—diVP:—ne(E+u><B)+divS, (1.1b)
%—T—i—div(uW—uP—i—q):—enu(E—i—u><B)—|—div(u5), (1.1c)
%B+VxE=0, ¢ 20,E—V x B=pupenu, (1.1d)
divB=0, divE=¢;" e(n;—n), (1.1e)

where £g, 19, c are the vacuum permittivity, permeability and light speed, respectively,
which satisfy egpoc? =1. In the above system, n, u, F and B are functions of time ¢ and
position x € T2, the three dimensional torus, representing the electron density, velocity,
electric field and magnetic field, respectively. Moreover, the parameters m, e and n;
stand for the electron mass, the electron charge and the ion density. The ions in plasma
are taken to be motionless and hence the density n; is taken to be constant in time
and space. Moreover, P =(P;j)3x3 is the stress tensor, W is the energy density and ¢
is the heat flux. It is customary that the heat flux is assumed to obey the Fourier law
q=—rkVT, where T is the temperature. To include quantum effects, the stress tensor
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P and W are defined in terms of n,u and T" by

hn 2

Pij = —kJBTlT(Sij + —

2
12 0,.0,, ©

and
1

h2
2nm|u|2 - ﬁAlogn,

W= %anT—i-
respectively, where kp is the Boltmmann constant and A>0 is the Planck constant
which is very small compared to macro quantities. For the scaled Planck constant in
a device with some physical parameters, see [12,21]. More general electromagnetic
quantum hydrodynamic models for multi-species plasma can be derived starting with
a Eigner function for each species by moment expansion method [17]. More general
models taking into consideration quantum effects can be found [1,4-8,12,17,21,23, 38].
The viscous stress tensor S in system (1.1) is given by

S =p(Vu+ (Vu) ") +v(divu),

to include the viscosity, where >0 and 2p+3v > 0. We also remark that the quantum
stress tensor is closely related to the quantum Bohm potential [1,38]

AV

Q=5 "%
through the formula
—a%ipij - ai (nT)+ g gﬁ :
By simple calculations, it gives that
—VQ(n)= i diV(nVQIOgn):E(VAlogn+1V|Vlogn|2).
4nm 4m 2

Moreover, we obtain the following relation

1 A A U2 .
Y Alogn+ LV Viogn|2 = 2Y7 _ ((AnVn+Vn-Vin) _ (Vn-Vn)Vn
? " (n)? (n)3

By these computations, the full quantum Navier—Stokes-Maxwell system (1.1) can be
rewritten as

}.

On+V-(nu)=0, (1.2a)
m[Oy(nu) + V- (nu®u)]+kgV(nT)— 17;; divin(VeV)logn} =—ne(E+ux B)
+pAu+ (p+v)Vdivu, (1.2b)
kp [at(nT)—l—div(nuT)}—l—kB;nTV%L— ;V'(HVT)-F?)Z%V'(TLAU)
—%{%Wu—i—(Vu)T|2+u(divu)2} =0, (1.2¢)
0¢B+V x E=0, eouo0:E—V X B=eponu, (1.2d)

divB=0, eodivE =e(n; —n). (1.2¢)
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Here we have used the following computation owing to the mass conservation equation
(1.1a) and the process 2 ((1.1c) —u-(1.1b))

—8;(nAlogn) — div(nuAlogn + 2nu- Vlogn) +2div(nV?logn) - u
div(nu)
n
=div(nAu) — Vn-Au+nVAlogn-u+nVlegn-Au+2nVu: V1ogn

—nu-VAlogn —2nVu: V:logn=div(nAu).

=nA —nu-VAlogn—2nVu:V:logn

In recent years, the asymptotic analysis of hydrodynamical models has attracted
much attention, and there have been many interesting results. Without quantum effect
and Maxwell equation, Cordier and Grenier [2] studied the quasi-neutral limit of the
isentropic Euler—Poisson equation for ions by the pseudo-differential energy estimates.
The result was recently generalized to the pressureless case for the cold ions by [35].
In the past two decades, the asymptotic limit for Euler/Navier—Stokes—Poisson systems
with well/ill-prepared initial data was extensively studied and many interesting results
were obtained. In [14, 15], Gasser and Marcati studied the combined relaxation and
vanishing Debye length limit in the unipolar and bipolar case for semiconductors in
one space dimension. Wang and Jiang [37] investigated the combined quasineutral and
inviscid limit for the case of general initial data by using the relative entropy theory
and weak convergence method. For more quasineutral limit of Euler/Navier—Stokes—
Poisson systems, we refer the interested reader to [9, 10,32, 33] and their references
and to [20] for the study on general initial data. In the case with quantum effect,
Li and Lin [27] obtained the convergence from the isentropic quantum hydrodynamic
model for semiconductors to the incompressible Euler equations with general initial data.
Remarkably, some efforts were made on the well-posedness and the vanishing capillarity
limit of the solutions for the compressible fluid models of Korteweg type. More precisely,
in [18,19], Hattori and Li justified the existence of local and global solutions for the
multidimensional isothermal Navier—-Stokes—Korteweg equations. Furthermore, Jiingel,
et al in [22] established the combined incompressible and vanishing capillarity limit
based on a modulated energy method.

However, there are relatively less results on the compressible Euler /Navier—Stokes—
Maxwell systems. Quasineutral limit and other related limit problems were studied by
Peng, Wang et al in [28-31]. To the best of our knowledge, there are few mathematical
studies for the full quantum Navier—Stokes or the full quantum Navier—Stokes—Maxwell
system. Recently, Pu and Guo studied the global existence of smooth solutions and
semiclassical limit in [34]. For two-fluid Euler-Maxwell system in 3D, Guo, Ionescu and
Pausader [16] proved existence of global smooth solutions.

In the present paper, we are interested in the quasi-neutral limit for system (1.1)
with well-prepared initial data, as Debye length goes to zero. The case for ill-prepared
initial data will be discussed in the future. After some scalings in Subsection 1.1, the
system (1.1) can be rewritten as (1.4). We show that smooth solutions to system (1.4)
converge to solutions of the electron magnetohydrodynamics equation (1.5) on a time
interval independent of the Debye length parameter ¢, as Debye length goes to zero.
The scalings are chosen according to the principle of least degeneracy in [3]. The main
result is stated in Theorem 1.3.

In what follows, we apply a weighted energy combined with singular perturbation
methods, curl-div decomposition of the gradient and elaborate energy method to get
the estimates for the remainder terms uniformly in ¢ and 4. The weighted energy
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norm we finally adopt is the triple norm of definition (2.1) incorporating the quantum
parameter h>0. In this paper, straightforward Sobolev energy estimates can not be
derived directly since we need to obtain the estimate not just for Ng,\/eEgr but also
for Ng/+/c with lower order derivatives. Hence, we introduce the wave-type equations
of the Maxwell equations and the equations of vorticity and divergence to derive higher
order estimates.

The main difficulties in dealing with the quasi-neutral limit are to control the higher
order derivatives, and to deal with the energy equation which includes quantum effect
through the energy density W and to overcome the oscillatory behavior of the electric
field. Another difficulty comes from the fact that the system cannot be written in a
symmetric form, which makes the estimates very delicate. To overcome these difficulties,
we introduce a weighted energy triple norm, which incorporates the delicate structure
of the linearized system. Then, using this triple norm, combined with the uniform a
priori estimate and applying vector analysis techniques, we finally close the high order
energy estimates for the full nonlinear system.

In the rest of the introduction, we first scale the quantum Navier—Stokes—Maxwell
system according to the principle of least degeneracy. Then we give the formal expan-
sions of the solutions (in €) and derive the electron magnetohydrodynamics equation
(1.5) and the remainder equation (1.8). We show the local existence in Theorem 1.2 and
the main result is stated in Theorem 1.3. Note that we can obtain weak convergence
for the electric field, since the electric filed in initial data (1.13) is bounded uniformly
in € and we can pass to the limit since all terms involving E° in system (1.4) are linear.
Section 2 gives some basic uniform estimates in a series lemmas. In Section 3, we give
a proof of Theorem 1.3 by using non-linear Gronwall’s type inequality in [11]. Finally,
the Appendix gives some preliminaries that are useful to the required estimates.

Throughout this paper, we let a be a multi-index and 9% = 92195209 and H*(T?)
be the standard Sobolev’s space in the torus T3. We sometimes abuse the notation
0°*! to stand for 9°F with |3|=1 for some multi-index 8. Moreover, we let a b
mean a < Cb, where C is a constant and [A, B]= AB — BA denote the commutator of A
and B.

1.1. Scaling of the quantum Navier—Stokes—Maxwell system. To scale the
system (1.2) to dimensionless units, we use scaling units z,to,n0, 0,20, Eo, Bo, po,jo for
space, time, density, velocity, temperature, electric field, magnetic field, charge density
and current density, respectively. By making the following hypotheses [3]:

2 —1 -
xo =uoto,mug=kpTly=eEyro=nq Fo,ng=n4,po = €eno,jo = enolo,

we reduce the number of dimensionless parameters. Then there are only six dimension-
less parameters,

o UQBO - 1 1 1 - EOkBTO

a=—,0= = L= = .
c2’ Ey’ m2adud’ mnougzo’ 2

E=
nouorokp’ e2nox

Denote

We keep the same notations for the dimensionless variables as for the physical variables.
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In this scaling, the full quantum Navier—Stokes—Maxwell system is rewritten as:

On~+V-(nu)=0, (1.3a)
O(nu)+ V- (nu@u)+V(nT) —’y%div{n(V@V)logn} =-—n(E+puxB)

+ipAu+o(p+v)Vdivy, (1.3b)
2 2 h?
O (nT) +div(nuT) + gnTV “u— gZV (kVT) —|—7%V- (nAu)

2
—Lg{g\Vu-i-(Vu)T\Q+V(divu)2}:O, (1.3¢)
BO,B+V x E=0, e(ad,E— BV x B) = anu, (1.3d)
divB=0, edivE=1—n. (1.3¢)

By using the principle of the least degeneracy [3], we choose the scaling that pro-
duces the limit system with the largest number of terms. Interested in the limit € — 0,
we observe that whatever the choice of « there holds ead; F << anu. So we can only
retain anu. The principle of least degeneracy thus impose 5 = «, since the same order
can result in the reservation of the two terms 8V x B and anu. Moreover, it leads
us to choose f3,7,t,0=1, because, either 3,v,t,e>>1 or 3,7,t,i << 1 will lead to reduced
number of terms. So we choose a=¢ and (3,7,t,i=1, which leads the final form of the
scaled full quantum Navier—Stokes—Maxwell system:

on®+V-(nu®) =0, (1.4a)
h2
O (nu®)+ V- (nu@u®)+V(n°T) — ﬁdiv{ns(V®V)logns}
=—n(E° +u° x B) 4+ pAu® + (p+v)Vdivu®, (1.4b)

2 2 2
O (n°T®) +div(n®u®T*®) + gnETEV cuf — §V (kVT®) + %V- (nfAuf)

2
—g{gwus+(VUE)T|2+y(divus)2} —0, (1.4¢)
0:B*+V x E* =0, c0;E° —V x B* =n"u®, (1.44)
divB® =0, edivE*=1—-n", (1.4e)

where ¢ is a singular perturbation parameter. This implies that the magnetic field will
not vanish in the limiting process. The typical values of the scaled Debye length e
go from 1073m to 10~8m in plasmas, which are very small compared to characteristic
observation length. Hence it is interesting to study the limit as € goes to zero. Moreover
the Planck constant = 6.63 x 10734 .J - 5 is also very small compared to macro quantities
and A—0 is usually called the semiclassical limit. In this paper, we consider the main
limit e — 0, since the semiclassical limit 5 — 0 has been considered in [34], which shows
the convergence of the solutions of the quantum hydrodynamic equations to the classical
hydrodynamic equations. Furthermore, combined the semiclassical limit 27— 0 and the
quasineutral limit € —0 leads also to the electron magnetohydrodynamics equations
(1.5) owing to divu’ =1 and n°=1.
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1.2. Formal expansions. Now, setting formally e=0 in the system (1.4), we
derive the so-called electron magnetohydrodynamics (e-MHD) equations [13, 25]:

O’ +u’ - Vul +VT0 + EY + 40 x B® — pAu® =0, (1.5a)
2
BT +u®- VT — “EATO — B1930 4 (W) T2 =0, (1.5b)
(So) 3 3
HB°+VxE'=0, -V xB’=u", (1.5¢)
divB’=0, n’=1, (1.5d)

which is a simplified description of the phenomena at fast time scales of electrons. At
such fast time scales, electron motion has a dominant role in plasma dynamics whereas
the ions provide merely a immobile background. The solutions of the e-MHD system
are in the form of electron vortex currents together with associated magnetic fields.

Formally, as € — 0, the solutions of system (1.4) should converge to those of (1.5).
Next, passing the fact n°=1 to the limit in the mass conservation equation (1.4a),
we get the incompressible e-MHD system. We will not write out the incompressible
condition since it can be obtained by the equation u®=—V x B%. Noticing divB" =0
implies that there exists some magnetic potential A such that V x A = BY.

Introducing the general vorticity w® =V x (u’ — A?), we can rewrite the limit system
(1.5) in following form owing to (A.14) ~ (A.16) in the Appendix:

O +u? -V — - Vul — pAZBY =0, (1.6a)
() T 4ul-vTO — %“ATO — §|Vu0+(Vu0)T|2 =0, (1.6b)
wW=-VxB% w*°=AB°- B, (1.6¢c)
(u®, 7% B (t=0)= (u), Ty, BY). (1.6d)

Substituting (1.6¢) into (1.6a), we have
o(AB° - B~V x B V(AB® - B%) +(AB° - B").VV x B — uA%B° =0.

Then the existence result of the solution (u’,7°, B%) to the system (1.6) is the same as
the incompressible Navier—Stokes equation [24,26] together with the parabolic theory
for the temperature equation.

THEOREM 1.1. Let §>8. Then for any given initial data (u8,T3,BS)€ H%(T?),
satisfying
~VxBY=u), divBj=0,

there exists some 0<T1,<+o00, mazximal time of existence such that the e-MHD
system (1.5) admits a unique solution (u®,T°,B° E°) such that (u°,T°,B° E°)¢e
C([0,7], HS~4(T3) x H574(T3) x H3T1=4(T3) x H3~1=%(T3)) for i=0,1.

1.3. Derivation of the error equations. To make the above formal derivation
rigorous, we denote this approximate solution by

{ n®=1-edivE’ 4 Ng, (1.7a)
(uf,T¢,E°,B°) = (u°,T°, E°, B°) + (U, Tr, Er, Br), (1.7b)
where (nf,u®,T¢, E¢,B) is the solution to system (1.4), (u°, 7%, E° B) satisfies (1.5)

and (Ng,Ugr,Tr,FRr,Bg) is the remainder. Then the remainder system satisfied by
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(Ng,Ur,Tr,ER,Br) can be obtained after some careful computations,

atNR+diV(7LEUR+NRu0)+E%1 :07 (1.83.)
€ € . 0
OUn+Un Vi -+ - VUn+ En+ VTh + - ZENR —eL VSQVE
2 . B 2 AUr  NrAuo VdivUr
fEVAlogn fﬂV|Vlogn | —u( e fT)f(/LJrZ/)T
s 10
+u5><BR+UR><BOf,uEdW§¢:O, (1.8b)
2 s 0
atTR+'LLE-VTR+2T€diVUR*%ATR +£(divAUR,€M
3 3 nf 36 ne
+VNR-AUR)_ ﬁ(Q(Vqur(VUO)T)(VURJr(VUR)T) N (VUR+(VUR)T)2)
ne 3 ne ne
. 2
_ 2 (dVUR) . (1.80)
3 ne
€0, Er—V x BR=n"Ur+Nru’ —eRy, :Br+V x Er=0, (1.8d)
edivEr =—Ng, divBr =0, (1.86)
where R; (i=1,3,4) are given by
R1 = —0pdivE’ — div(u’divE®), (1.9a)
_ 0,26 NrAT,  divE’AT® 1> Au’-VNg h?eVdivE®- Au’
Wo=Un VA= —o e I g 36 o
0 0\T 2 : 0 0 0\T 2
+H{NR|VU +(Vu?) '] _EdIVE [Vu’ +(Vu?) | }’ (1.9b)
3 ne ne
Rs=0:E° +u divE". (1.9¢)

1.4. Local-in-time existence theory of smooth solution. In this subsection,
we are in the position to discuss the existence of the local-in-time solution to system
(1.8). The proof is based on the dual argument, the energy estimates and the iteration
techniques.

THEOREM 1.2. Let (u®,T° B° E%) € H(T®) be a solution constructed in Theo-
rem 1.1 with initial data (ul,T¢,BY) € H*(T3) satisfying —V x By =u®,divB=0 and
(Nro,Uro,Tro, Bro, Ero) € H®(T?) x H*(T3) x H3(T?) x H*(T3) x H*(T?%). For all fized
g, there exist a positive constant 1. <+oo and a unique solution (Ng,Ugr,Tr,Br,ER) €
C([0,7.), HO~2(T3) x H*=2(T?) x H372{(T3) x H*~¥(T?) x H*~4(T3)), i=0,1, to (1.8)
with initial data (NR(),UR(),TR(),BR(),ERQ).

To prove Theorem 1.2, we introduce the following linear remainder system for the
unknowns (Ng,Ur,Tr,ERr,Br)

O Ng+n°divUg +u*-VNp+0, =0, (1.10a)
- .~ T°VNgp K VANr AUg VdivUg
atUR+U VUR+ ne *E ne - ne *(,LL"’V)T
45 =0, (1.10b)
R 2. 2k AT
T +u-Vp+ 3 TrdivU —g £ ey =0, (1.10¢)
n

£0,Er—V x Bp="{4, 8, Br+V x Er=0, divBr=0, (1.10d)
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where (n®,u,T¢) is given in definition (1.7) and

(1 =—cUg-VAivE® + &Ry, (1.11a)
3 : 0 2 : 0 € € €.\72, ¢
ZQZUR~VUO+VTR+ER—ET VdivE +£(EVAd1vE +An Vn®+Vn®-Vn
ne 12 ne (n®)?
_|Vnf|Pvn® NrAuo | . o edivE’Aug
e )+ nEE X B+ Ur x B —p =0, (1.11b)
2 0 ) : 2
ts= 210divUR + - (divAUR — e YIVE AUr | VNp AUk, 2v (divUr)
3 36 ne ne 3 ne
0 0\ T T T\2
o (AT (T U+ (V0mT) | (WUt (T g (1
3 ne ne
l4=n"Ur+ Ngu’ —eR4, edivER =—Nr. (1.11d)
We supplement the system (1.10) with the following initial conditions
(Nr,Ug,Tr,Br,Er)(0,2) = (Nro,Uro,Tro, Bro, Ero), x€T>.
LEMMA 1.1. Under the same assumption in Theorem 1.2, for all fixed €, there

exist a positive constant 1. <400 such that, if the functions (Ng,Ur,Tr,ERr,Br) in the
coefficients in system (1.10) satisfy

(Ng,Eg,Br) € C([0,7.), H®(T?) x H*(T?) x H*(T?))
and
(Ur,Tr) € C([0,7.), H*(T?) x H3(T*))NL*(0,7.; H>(T?) x H*(T?)),

then the linear system (1.10) admits a unique solution (NR,UR,TR,ER,BR) in the same
set.

Proof. Firstly, the parabolic equation (1.10c¢) has a solution
TreC([0,7.), H3(T*)NL2(0,7.; H*(T?)) for any given functions (Ng,Er,Bg)e€
C([0,72), H5(T?) x HY(T?) x H¥(T?)) and (Ug,Tr)€C([0,7.), H*(T?) x H3(T3))N
L2(0,7-; H3(T3) x H*(T?)) by Galerkin method and the standard theory of the or-
dinary differential equation. Next, the existence of local solutions to the equations
(1.10a) and (1.10b) can be proved in a similar fashion as Section 3 in [18] by the dual
argument. Note that the unknown function Tr in l5 can be controlled by the heat
conductivity term in the parabolic equation (1.10c). Applying Faedo—Galerkin method
again, we can obtain the estimate for the electric field Er and magnetic field By in
equation (1.10d). This complete the proof of Lemma 1.1. 0

By Lemma 1.1, we can show the local existence theory in Theorem 1.2.

Proof. (The end of the proof of Theorem 1.2.) We define the approximation
sequence by {(N§,Ur.TE E% By)},. By Lemma 1.1, the approximation sequence
{(NE, UL TE EY B} is well defined. Consider now the iteration scheme

(N§,UR, TR, E%, BY%) = (Nro,Uro,Tro, Ero, Bro),

(Nllgs:Jrl?UI§+17T1§+1>E§2+17B1§+1) = \II(NII%7U1§7TI’37E§7B1’?€)7
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where the generator ¥ maps the known vector (Ng,Ugr,Tr,Egr,Bgr) into solution
(NR,UR,TR,ER,BR) of the linear system (1.10). Next, applying the standard en-
ergy method to the system satisfied by the difference (NI]?r1 —N]’%,Ullfjl —UE,TI];H —
T}%,E?‘l fEf%,Bf{H fBﬁ), we can obtain the convergence of the approximating se-
quence {(NE UL Tk E% BY)}2° . Further, the limit function is the desired solution to
the system (1.8). d

The main result of this paper is stated in the following.

1.5. Main results.
THEOREM 1.3.  Let §>8, (u°,T° B° E%) € H5(T®) be a solution to the limit system
(1.5), and (Ngr,Ugr,Tr,Br,ER) be a solution to remainder system (1.8). Assume that
the initial data (n®,u®,T¢,B% E°)(t=0)=(ng,us,T¢,B5,E5) of the solutions to com-
pressible quantum Navier-Stokes—Mazwell system (1.4) satisfy

edivE=1—ng, divB;=0, (1.12)
and
||(n(6) - 1,U8 _ugaTOE _T87B8 _Bg7ﬁES)H%13(’]I‘3) < CE, (113)

where C'is a constant independent of €. Then for every 0 <1y < Ty with T, given in The-
orem 1.1, there exists g =co(70) such that if 0 <e <egq there is a mazimal time interval
[0,7] with liminf. _,o7. > 7o such that the quantum Navier—Stokes—Mazwell system (1.4)
has a classical smooth solution (n®,u®,T¢, B¢, E*) satisfy

sup ||(nf —1,u° —u®, T° —T°, B° 7BO,\/5EE)(t)||%_13(T3) <C(mp)e. (1.14)
t€[0,70]
REMARK 1.1. The profile (n,us,T¢,B) converges strongly to (1,u°,7°,B°) in

L>(0,79; H3(T?)). Note that E¢ is only bounded uniformly in e for all time ¢ € [0,7], so
E* converges in the weak sense. However, it follows from the convergence of the other
terms (n®,u®,T¢,B°) in (1.4b) and the uniqueness of solutions to the limit system (1.5)
that, E° converges to E? in W~=1°°(0,79; H2(T?)).

2. Uniform energy estimates
To give some uniform energy estimates of system (1.8), we introduce a weighted
energy:

N
I(Ng,Ur,Tr,Br,VeEr)|l3=l(Ng,Ur,Tr, Br)||5ss + (=2, VeV x Er,e0.ER)| 32

\/g’
Ngr

+| (hTE‘,hVNR,h\EV X Eg,hed; Er,iNUp, iV Br)||%s + || ANg|%s, (2.1)

where we have used curl-div estimates (A.12) and wg, given in definition (2.9), to obtain,
for 2<k <3,

IVUR[ xS llwrllgx + [[(divUR, Br)| g (2.2)

Next, by the local existence results in Theorem 1.2, there exists 7. >0 such that on
(0,7) there exists a smooth solution (Ng,Ugr,Tr,ERr,Bgr) to system (1.8) satisfying

sup | Ngl|ze < sup ||Ng| g2 <C(7:)ve.

(0,7¢) (0,7¢)
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Hence, recalling n® =1 —edivE" 4+ Np, we immediately obtain n¢ is bounded from above
and below

1/2<n® <3/2, (2.3)

where 0<E<min{W,l} such that |—edivE®+ Ng|<(||E°|gs +

C(r)VE<h.

The rest is to show that for any given 0 < 79 <7, there is some £y =¢¢(79) > 0 such
that the existence time 7. > 7 for any 0 <e<egg. To prove Theorem 1.3, we need to
derive the uniform a priori estimates with respect to € for the remainder system (1.8)
by energy methods in several steps. To this end, we demonstrate some useful lemmas
in the Appendix at first. Then by elaborate energy estimates and vector analysis, we
derive some estimates through Lemma 2.1 to Lemma 2.6 that will be used for the proof
of Proposition 2.1. Moreover, for the estimate of gradient, we need to obtain some
estimates of vorticity and divergence.

For any 0 <7y <1, let 7=min{m,7.}.

PRrROPOSITION 2.1.  Let (Ng,Ugr,Tr,ERr,Bgr) be a solution to system (1.8). For all
t€(0,7), there holds

t
|||(NR,UR,TR7BR,\/EER)(t)|||3+/ (m||VTR||%I3+u||VURHi13+(u+u)HdivUR||§{3
0

+ R AUR |3 + 12 (a4 9) [V AU ) € I(Na, U, T Br, VEER) O)ls

t
+ [ (¥R, Un T B VEERIII(Va U T, B, VEER) )
0

This proposition is proved as a direct sequence of the following lemmas.

In the following, we first give the L?-estimates.

2.1. L%-estimates.
LEMMA 2.1.  Under the assumptions in Proposition 2.1, we obtain

d .
@||(UR,NR,hVNR,\@ER,BR)IIiz + 1| VUR[|72 + (1 + ) [|divUg|| 72
S +(Ur,Tr, N&)||23)|(Ur, Nr,VEEr, Br, iV Ng, iV U, hdivURg)||2 2

K Ngr
+§||VTRH%2+(1+||URH%13)||%H%2+5~ (2.4)

Proof. Taking inner product with Ug in equation (1.8b), we derive

1d T*VN h?
sl + [ EneUn=Roa— [T 0 2 [ atogne-U

AU VdivUg :
+H/ e 'UR+('”+/\)/T'UR:ZR1J’

i=1
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where

1 Tevdiv E°
Rl,l:_/UR'VUO~UR+f/diqu|UR\2—/VTR.UR+5/%.UR

24 Vn“ VI v M/NRAUO Ur— /u x Br-Ug

0
7/URxBO.UR+M/M.UR.

nE

Obviously, using Young’s inequality, Hélder’s inequality and Sobolev embedding H? —
L°°, we deduce

RllN—HVTRHLz + 1+ (Nr,Tr,Ur)|| %) |(Nr,Ur, TR, Br,hV Ng, hdivUg) |32 + €.
Owing to equation (1.8a), we have
ndivUp =—0; Np —u*-VNg +eUg - VdivE’ —eRy, (2.5)

which enables us to rewrite R; o as

TeVN T¢ Npdi
ngf/ VRUR /NRV )UR+/R7WUR

ne
TRNRdIVUR 1d TO|NR|2 / TO 2
N L ek L
/ Rv / ne 2dt (ne)? % e )2 [NE|

_ TOu® T°N. ,
f/dlv(WﬂNRF—I—/TE);%(EUR-deEO—53‘%1)

TO|Ng|?
S= 5 | o + I N B N U [ + 5 iUl

thanks to Young’s inequality, Holder’s inequality, integration by parts, and estimate
(A.8) in the Appendix.

We now treat R;3. It requires much efforts since it involves higher order terms.
We apply integration by parts and equation (2.5) to decompose

h? Vne
ng—f/VAlogn Up=—— | div( nz

13 )divUg

2 €
_ B [AnfdivUr /vi.wsdivUR

12 ne
[N [ AN TN {EHQ/MNE%WR
24 dt (ne)? 12 (n°)2 12 e
2 € 2 2 9
Ll ANR( UR'VdiVEO—F%l)}
12 (n)?
W2 d [|VNg[

=——— | —+R R
21 i (o2 + L1314+ 111 3,2.
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By integration by parts, Hélder’s inequality, Sobolev embedding H? — L> and estimate
(A.10) in the Appendix, R 3,1 can be treated as

W2 [ Vn® VNg(u*-VNg) h? [VNg-V(u VNp)

Riai=7¢ (n5)3 12 (n°)?
/vn VNR *-VNg) I /VNR Vus-VNg
12 (nf)2
2
24 div(; 5 ))|VNR|

S+ (Nr,Ur) 1 7s) IRV NE||7-

In what follows, using integration by parts, Young’s inequality, and estimate (A.8) in
the Appendix together with the fact that E°,u® are known smooth solutions of the limit
system (1.5) by Theorem 1.1 and $; only consists of E° and u°, we derive

Ri32 S+ |(Ur, Ne)l|3:)|(Ur, iV N, hdivUr, AV UR) |72 +e.

Therefore, combining all estimates for 1?1 3, we obtain

VNg|?
Roa S [ (0 U N | U W N VU4

For the term R 4, with the aid of Young’s inequality, the bounds (2.3), and integration
by parts, we have

\VUR|2 n®-VUgr-Ugr
Ryg=p | —
(ne)?

|VUR
S—M/T'@HVURH;+<1+||NRH%13>||UR||%2.

Similar to Ry 4, we obtain

divUg|? +v
Rus £ (u+) [ 1000 Vo) i (04 [Vl U
On the other hand, multiplying the first equation by Er and the second equation
by Bp in equation (1.8d), we obtain
Ld
2 dt
——/é‘diVEOUR-ER+/NRu€-ER—€/§R4-ER

H(\@ER,BR)H%Q—/VXBR~ER+/VXER~BR—/ER-UR

N
SelBrl3e +elUrliz + A+ |URIG =272 +e,
Ve
thanks to [(Vx Bgr-Egr—V x Eg-Br) = [div(Bg x Eg) =0 and Young’s inequality.
Now, putting all the estimates together, we complete the proof of Lemma 2.1, thanks
to the bounds (2.3). o

Note that an extra singular term ||N—\/’83|| 12 appears, which makes the higher order

estimates more difficult, since the order of derivatives of the term N—’; is not the same
as others. However, it is also vital that the extra singular term has no effect on the
temperature equation, which enables us to derive the following higher order estimates.
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2.2. High order estimates for the temperature.
LEMMA 2.2.  Let 0<k<3 be an integer, (Nr,Ur,Tr,Er,Br) be a solution to system
(1.8), and « be a multi-index with || =k, then for any t € (0,7), we obtain

d
10 T3 + )07V Tr 3
h2u
S+ U N, o) ) (N U T B N By + 2 | AU I

(n+v)
MRS

||divURst+§|\VUR||zs+2h4||AUR||%Ia+a (2.6)

Proof. Applying 0% to equation (1.8¢) and taking inner product with 0%T yield

X 2% [[0°VTsP
thHa Tr|2:+> 3 7715
2 Vne-0“VTrOT
; [aa }ATRE—)"‘TR+ 3 " (ns)QR = /[3a7ua]'VTR3aTR

2
—/u8~6aVT38aTR—§/[80‘ Ta]dIVURaaTR—g/TaaadlvURaaTR

h? h? Ng-A divE?-A
+%/8°‘AUR-8“VTR—%/8“(V R UR_gv v UR)@“TR

ne ne

+u’/aa(Z(vuO+(VUO)T)(VUR+(VUR)T)+(VUR""(VUR)T)Z

) 89T,

ne ne

: 2
v / o M)aaTR— / O R30° Ty

ne

5_7/80‘ WRTAUR)(‘)@T + = /8a VUR_‘_T(LVUR) ) )a(xTR

(divU
+ 2 [ (VIR g (14 U N T ) | N U i 9 Vi) s
i)

K
+ 5 IVTrlGs + ldivUR[7s + 55 HVURHHS +1 | AUR| B e,

thanks to integration by parts, definition (1.9b), the bounds (2.3), together with esti-
mates (A.1) and (A.10) in the Appendix. Moreover, recalling the definition of R3 in
(1.9b), we note that R3 depends on (E°u° T°), (Ng,Ug) and the first derivation of
Np. We only deal with the first term on the RHS. It can be estimated that

_h?/aa VNg-AUR
ne
YNk

)8"TR

<ﬁ2llTRIIm(H Lo [AUR| g+ +( ||VNR||H’C+||7HH3”VNR”L“’)”AUR”L“’)

S 32 ||AUR||H3+ HVUR||H3+(1+||(UR7NR7TR)HH3)||(TRahVNR)||H3
The second and the third integrals on the RHS can be estimated similarly. Now, putting
all estimates together, we complete the proof of Lemma 2.2. ]

The above method can not be applied directly to the higher order Sobolev energy
estimates for velocity field, since the order of derivatives of the term % is less than

Ug. So we need to establish the following equations of vorticity and divergence.
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2.3. Vorticity and divergence equations. Taking curl to equation (1.8b) and
using the equation 0;Br+V x Er =0, we have

TVN
8 (VX (Up — AR)) +V x (u= - VUg +Ug - Vui®) + V x ( Z& 2y

AUg VdivUp TVAvE?  NpAu®
—uV x ( e )—(M—FV)VX(T)-FVX(—E - +u e
divEA
—,uswnisuo)+Vx(uExBR+URxB0):O. (2.7)

Here we have used Br =V x Ag, for some vector field Ag, since divBr =0. Thanks to
identities (A.13) and (A.14) in the Appendix, we derive

V x (uf-VUR) =V x (u°-VUR) +V x (Ur-VUg)
=Vx ((VxUp)xu)+Vx(Vxu’xUg)—Vx (Vu’-Ug).  (2.8)

In the following, we denote
wRZVX(UR—AR). (2.9)

Putting the above result (2.8) into equation (2.7), and using identity (A.16) in the
Appendix, we have

AU Ve x VdivU
Ohwr+ - Vwp —wp - VU +wprdivu® — pV x ( nER)HWrV)(%)
TE
+VEXVNR+F1:O’ (2.10)

where F7 depends at most on the first derivatives of Tr, Nr and Ug,

T°VdivE° n NrAu° edivE®Aug
M _

ne ne ne

Fi=Vx(-¢ )+ V x (Vxu’ xUp+Ug x BY).

(2.11)

Taking div to equation (1.8b) and using the equation edivEr = —Npg in equation (1.8e),
we obtain

N TV N 2 1
8tdivUR—|—div(u5-VUR)—?R—i-ATR—FdiV( VE R)—%(AAlognE+§A|Vlogn5\2)
A .
— pdiv( nZR)—(u—Fy)div(%)—l—FQ:O, (2.12)
where
. TeVdivE® NrAu® edivEYAu’ R 0 0
Fy=div(—e¢ + 1 — +u* X Br+Ug-Vu’+Ug x B").

ne ne H ne
(2.13)

Using the vorticity and divergency equations, we can derive following lemmas. In what
follows, we sometimes abuse the notation a+1 to stand for a+ 3 for a multi-index with

|Bl=1.
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2.4. High order estimates for the velocity field. To close the inequality
in Lemma 2.2, we need to get suitable controls no only for ||[(Ng,Ur,hVNRg)|/%s but
also for ||A?AUg||%;. However, the control for H?-norm of Ur depends on the higher
order term with quantum effect in the divergency equation (2.12) and hence can not
be closed until Lemma 2.4. Moreover, by the curl-div decomposition formula of the
gradient in the Appendix, we derive the estimates for (Ugr,Bg) at third order and the
estimates for (AUR,hBR) at fourth order. Finally, we derive the estimates for the two
terms ||VUR| g3 and h||AURg|| g3, owing to VdivUr =AUr+V x (V x UR).

LEMMA 2.3. Let o be a muti-index with |a|=Fk for any integer number 0 <k<2.
(Ngr,Ur,Tr,ER,Br) be a solution to system (1.8). For all t<(0,7), we have

*II( 10 wp)|[ L2 + pl|0°V(V x Ur) |12 + B2 u| 0°F IV (V x UR) | 1

(u+/\) (n+XN)h?
32

+(1+ IIlelm + ||(URaTR7NRthNR)”Hfi)(HwRHH?
+|(Br,Ur, Tk, Ng,hwg, AN Ug, hdivUp, bV N, hV Bg)||%s) + &

Sol IdivUn 3

Proof.  Taking 0% to equation (2.10) and taking inner product with 0%wg, and
using integration by parts and the commutator, we obtain

1 M € (o3
2dt”a Wrl|2: = /80‘ == Byge wR—/[(’)O‘,us}~VwR-8awR+§/dlvu |0%wr|?

+/3°‘(wR-VUE)-ao‘wR—/ﬁa(wRdivus)-8°‘wR—/8°‘F18°‘wR

/80‘ Vn® delvUR

,u—I—u ) /8a 7><VNR)8 WR.

(2.14)

For the first term on the RHS of equation (2.14), from the bounds (2.3), the definition
of wg in (2.9), integration by parts, Young’s inequality, and estimates (A.1), (A.6) and
(A.10) in the Appendix, we have

/aa AUR )-0%wn
/[aaw — AU 8awR+u/aA37€XUR~8a(VxUR—BR)

0~ U 1
%—u/vﬁaaww Un)-0°(V x U — Br)
0°V(V xUg):0°VB
oy [ ST
n
|02V (V x Ug)|?
nE
+ (14N Es) [ (@R, VBR) [ -
In particular, for the commutator term, we have, thanks to (A.1), (A.6) and (A.10) in
the Appendix, that

+u/[8an,%]AUR~8awR

"
+ 2197 X UR)l 3+ S5 VURI

1
,u/[@“Vx,—]AURﬁ“wR
ne
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1 1
<u(IIV*IIL°¢ HAURHHk e IV e | AUR| oo )llwrl]

<33 I VURIs +t33 HAURHm +(L+ | NR]Es) lwrlFs-

Recalling F; given by definition (2.11), and using Sobolev embedding H'<
L3,L5% H? < L[>, Holder’s inequality, together with estimates (A.1), (A.2) and (A.4)
in the Appendix, the other seven terms in equation (2.14) can be estimated by

(M+>\)

IVdivUR |32 + (L + | (Ur, Tr, Nr)lI%2) (lwr | 32 + | (Ur Tr. Nr)l3rs) +
Putting all the above estimates together, we have

|09V (V x Ug)|?

neé

o 2
S

)\ .
19 U1 + PN iy Ul + (L4 (U, Toes N [50) (o
+ ||(UR7TRaNR7BR)H§-[3) +e.

S 32
Moreover, applying the operator 9**! to equation (2.10) and taking inner product
with h20%Tlwp, we obtain

2 a+1 2
Z dt||aa+1wR”%2+h2M/|a V(VXUR)|

nE
h? +A)
<N Ul + 9Tl + L et + 49V < U s
+ A
%ndwm{nm+<1+||wR||Hz+||<UR,TR,NR,WNR>||H3>

|(Br,Ur,Tr,Ng,hwr,hiNUg, hdivUr,hV Ng,hV BR)||%s +¢,

thanks to definition (2.11), and estimates (A.2), (A.3) and (A.6) in the Appendix.
Now, putting all the estimates together then completes the proof of Lemma 2.3,
thanks to h* < h? for sufficiently small /> 0. ]

LEMMA 2.4. Let « be a multi-index with |a|=k for any integer number 0 <k<2.
(Nr,Ur,Tr,ER,Br) be a solution to system (1.8). For all t€(0,7), we obtain

N
||8a+1(hdivUR,h—R

||aa(d1VUR,VNR,hANR,N \/g

\[)HLQ +
+ (2u+v)||0“VdivUg||32 + (2u+1/)h2 ||80‘+1VdivUR||%z

JHEANR)|2.

10
IIVTRIIHs + 1+ (Ur,Tr, Nr)|l )(H \[)”HZ

N,
+ H(UR,NR,TR,BR7hdivUR,hVUR,hVNR,h2ANR,hTI;)||%I3) +e.

Proof.  Applying the operator 0 to equation (2.12) and taking inner product with
0*divUg, we derive

TVN
&)mdivUR
n

: dtuaadwURan Ryt / 0o VB godiviry, — / divae (
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2
A
h—/aaAAlognsﬁadivUR—i—u/aadiv( ZR)aadivUR
aq VdIVUR

i=1

where
1
R3 1=~ / [0 div, u" | VURO"divUR + 5 / divu|9*divUg|* + / VTR -0°VdivUg
0/ TRVNR . 0 .. h? o [ VNE-Vnf o1
—/8aF26adiVUR.

Using definition (2.13) and the estimates (A.1)—(A.5) in the Appendix, we have, with
the aid of integration by part, Young’s inequality and Sobolev embedding,

+vo
Ra S5 I ivUn s + (14 (U N o) [0 | (N Un. B, T iV N [ 2.
Owing to equation (2.5) and the commutator
nE9%divUp = 9% (n*divUg) — [0%,nf)divUp, (2.16)

R3 5 can be decomposed and bounded by

|8°‘NR|2 i/ 1 27/8QNR[8O‘,UE]~VNR
Rs2=- 25dt/ 2e 8t(ne)m N

enc
o N o4 . : EO_

+—/div—€|a°‘NR\2+/a £9%(eUr vsdw =)

n en
B /aaNR[aamf]divUR

enc
|8°‘NR|2
5—2—5%/ <1+||<NR,UR>||H3><||f||Hk+||URHH2>

+ *(IIVUEHLM IVNR| gr—1 + V|| g [V N&l| s + [[Vn©[| o [|divUR |

NG

+ IV gr-s |dvUR| oo ) | —= [ 1 +€

||\[
|5‘1NR|2 5 Ng o )

< _ i VR , ’

N7 dt/ + A+ (N, Ur) =)l ﬁ”H’v"_”URHH )+e

thanks to estimates (A.1) and (A.8) in the Appendix.
Now we deal with the estimate for R3 3. Again, using the commutator and equation
(2.5), we divide it into following

TOVN
R3,3:/8a(&)'5anivUR
nE
70 TOH9V N » - [O% eldi
~{ [10° Erog-orvaivu, - [0 N 270 )
ne (ns)Q
_/TOGQVNR'vaa(atNR+UE'VNR€UR‘VdivE0+g§R1)
(n°)?

=R331+R3302.
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Since TV is smooth, we obtain from the bounds (2.3), and estimates (A.1) and (A.10)
in the Appendix that

T T ) )
R3 3.1 §(HVEHL°° INR g+ ”E”H’“ |V NR L) IVAivUR|| gr 4 ([[ V|| Lo |divUR|| w
+ Ve || || divUR| Lo ) |V NR|| ¢

(M+ )
< [divUg|%s + (1+ | N&l 1) | (Nr,Ur) |15

With the aid of estimates (A.1) and (A.8) in the Appendix, we derive

1d [T°|0°VNgr]?> 1 ™ 2 TOus 5
R3,3,2**§% W */at((ng)g)‘a VNl’%| /dlv(( ) )|5 VNR|
B / T9*V Ng - [VO“,uf]-VNg N / TO9*V Ng-VO*(eUg-VdivE? —eRy)
(n°)? (n°)?
T°|VO*Ng|?
S a1 NN UR) )| (Vi U+

2.dt (ne)?

Combining all estimates for Rj3 3, there holds

poo< Ld T°|VO*Ng|?
B30 dt (n®)?
(u+ ) i1 N N
+ |divUR | Frs + (14 [ (Nr, Ur)|[ 375 ) | (NR, Ur) |75+

Now we turn to estimate R3 4. In this term, we need to cope with higher order terms.
To make it clear, we divide it into two parts. Using definition (1.7) and integration by
parts to obtain

h2

R3,4—T/8aAAlOgn€aadlvUR__7/vaad (VNR EleVE

ne

) V@"divUR

2
:{ " / [0*Vdiv, f](VNR eVdivE") .- Vo divUg

(0% A EO 1)
/aaAN vf 6avd1VUR+§ a v le neV@ leUR}

0*ANRrAO*divUR
12 ne

=R3 41+ R3.4,.
For the term Rj 4.1, it is obvious by estimates (A.1) and (A.7) in the Appendix that

1 1 .
Raa1 S0 (V== o= (IANR] s +€) + | A=l (IV Nl 2= +2) ) [ VaivUr s

: 1 .
+h2e||VdivUR || g+ + h?||vE |z |ANR | g+ | VAivUR || g

2
<30 (p+v)

S=35 IVdivURIGe + (1 + I Ngl i) (W[ (ANR, VNR) 36 + [ N 772) +2

Here we require E° € H%. Owing to equation (2.5) and the commutator, we decompose
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R3 4.2 into following

|8QANR|2 / an 2 W/@aANR[(‘)"A,UE]VNR
R340= 24 dt/ Oy —— |8 Ng| D

(n)?
BQANR[é)“A UR} VdiVEO
div O“ANg|* + /
(( ))‘ R|"+ (ne)2
h7e GO‘ANR(UR~80‘VAd1vEO+3O‘A§R1) /8QANR[3°‘A nfldivUg
12 (ne)? 12 (ne)?
|0*ANg|?

21 N AN 2:IAN
S S o IV UR) ) [AN Rl e+ 12| AN (1

+Url s + |AUR grv) + B2 | ANR e (ll(n87uE)IIH3 I(VdivUR, ANR)| g+

+ (U N s (A, i) )

|aQANR|2 2 2 2 2
S=a1a) e+ At IURNR) i) (P IANRI s +1|(Nr. Un) I re)

u+V)

122 AU+ 22 D a2

thanks to integration by parts and estimates (A.1) and (A.8) in the Appendix. In
summary,

|80‘ANR|2
34~ 24 dt

+
+|\<NR,UR>HH3> 1 LN AUR i+ 12 B [ VdivUr 3 +e.

+(L+ | (Ur Np) | 13) (B[ (AN R,V NR) |77

Recalling estimate (A.11) in the Appendix which implies [RO“ANg|3.>
|h0*V2Ng||2,, we can derived the H3-norm of hiVNpg due to 0 <k <2.
For Rj3 5, we have, by integration by parts twice and the commutator estimate,
AU
Rg,s=—u/6“(7f)-vaadivUR
0“AUpR-0*VdivUg

n&

:fu/[ﬁa,%]AUR'VaadivUR—u/
=y / [8“,%]AUR~8anivUR+ M / V%B‘XAURE)“divUR

—u / v%a“vcthRaadivUR— m / m
S [ CVECRL | S aivUl

I .
+ 35 | AUR N+ 1+ N[ 570) ([UR 57 + [ (YU, divUR)[[56)-

Similarly, we can obtain

(63 d 2 1
R3,6:*(ﬂ+1/)/%*(,quu)/[aa,E]VdiVUR-aanivUR
0°VdivUg|? +v
—(u+y)/| e Al +(“ )||VdvUR||Hk

+ (L4 [NR[ ) ([divUr 7 + HURlle)-
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Summarizing all the above estimates, we have from equation (2.15) that

07 (divUr, ¥ N, BAN, )2+ (210 X) [0V div U

NG

SA+(Ur, Ng)|l 37 %2+ (Ur,Nr, Tk, Br, hV U, VNR)||H3) +e.

(R 7
Moreover, applying the operator 92! to equation (2.12) and taking inner product
with R20°T1divUg, we derive

h* d
2 di

N
=Ry +1? / 9ot TR’@O‘“divUR —h? / divo*t(

— (|9 di VURHL2

T°UN
o divU

Bt AU
+— /8‘X+1AAlogn58a+1d1VUR—|—,uh2/8a+1di (—— i
ne

D )0 divUg

VdivU :
+(/H—/\)h2/8"+1div(73)60‘+1divUR:E Ry, (2.17)
ne ’
i=1
where
2 a+1 - € a+1 s h2 sl o+l s 2
Ry1=—h* [ [0 div,u*]VURO leUR—F? divu®|0*T divUg|

TRVN
+h? / 9oV TR - 9° ' VdivUp + b / pori(1aV R
n

)0 VdivUg

W Vi -Vt , o o
—E/aaﬂv(w)-vaa+1dwUR+h2/a F,0°2divUp,

For the first term R4 1, to make it clear, we write the estimate for the higher order term
with the aid of estimates (A.2), (A.4)—(A.7) and (A.11) in the Appendix that

BY [ (Vs Vne e
—*/a + V W)Va + leUR

(Vn®)3 Vne-V2ne

SHVAvUR| s (| —5- (n )3 (P8 +||ﬁ“H3)

: 1
SHHVdivUR| % +ﬁ4(IIEIIHa [ (7781 A PER et P A P8

1 2
IV sl V202 1)
SHHVAivUR||3s + (1+ || Nrl 25) | (Nr, AV Nr, i ANg) |75 +¢.

For the other five terms in Ry 1, thanks to estimates (A.1), (A.2) and (A.10) in the
Appendix, they can be bounded by

R (p+v)
32
+ (L4 |(Ur,s Nr, Tr)|155) | (NR,UR,TR,BR,hVNR,hVUR,hdivUR) 135 +e.

||VdVUR||H3+2h4||Vd1vUR||H3+ HVTRHHs

Similar to estimates for R332, R4 2 can be bounded by

/ |aa+1NR|2 hNR

R4,2N—** +(L+ | (Nr,UR) s (== NG s + 1 URIZs) +

2¢e dt
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Now we will estimate the third term, which we use different method from Rj3 3. Thanks
to integration by parts, Young’s inequality and estimate (A.2) in the Appendix, we
obtain

. T°
Ry SW?|VdivUg| | e e [VNR] s

+v .
S IV AU s + (14 [ NR] §0) |2V Nl .

For the last three terms in equation (2.17), similar to the estimates for Rg 4~R3 6, we
obtain

d
—|\h28““ANR|\%2 + 2u+v)R2|0° T VdivUR |22 SEHAUR||%s
(]‘ + H (URvNR) H )” (UR7NR7TR7BR7H’VURahleURahVNR7h2ANR)”H3 +e.

Here we require E%c H”.

Now, putting all estimates together, and letting A <1, we complete the proof of
Lemma 2.4. 1]

2.5. High order energy estimates for the electric-magnetic field.

LEMMA 2.5. Let o be a muti-index with |a|=Fk for any integer number 0<k<2.
(NRr,Ur,Tr,ER,Br) be a solution to system (1.8). For all t€(0,7), we have

1d

ST [(0%0; ER,\/20*V x ER,/e0% ER,hed* ' 0, Ep,lin/c0°T'V x Er,h/e0“ T ER)|2.

hN
(1+HTHH?+||(UR>TR’NR>hVNR7 \[R)H )(Il(ﬁERﬁ@tER)H?Iz

- \|(NR,UR,TR,BR,WNR,WUR,h\@ER,hgatER,hdivUR,h2ANR)||§13)

2,u+1/ R (u+v)
32

R .
+33||VTR||§13+ ||VUR||H3+7”AUR”H3+ IVdivUg|| s +e.

Proof. Tt follows from equation (1.8d) that E'r satisfies the following wave-type
equation:

€0y Er+V x (V><ER)+ER—€diVEOER+NRER+nEVTR—‘LLAUR—(,u-i—V)VdivUR
(An°Vn®4+Vns-V?n®)  (Vn®-Vn)Vn
ne (ne)?

h?
1AV + VR, (2.18)

where

Fy=0nUp+{—n°u®-VUg —nUg-Vu’ —T°VNg +eT*VdivE? — uNpAu®

€ (nE 0 : 0 0 0 0__ (219)
n°(u® X Br+Ugr x BY) + pedivE" Au”} + 0y Nru® + Nropu® — 0 Ry.
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Taking 0% to equation (2.18) and taking inner product with e9“0; Fr, we obtain

s (200 B, VE0" X B V20 Eg) 3
—/8“{AVTLE+ (AnfVne +Vns-V2in® ) (Vn®-Vn®)Vn
2 ne (n®)?

75{/[GQ,NR]ER-8“8tER+/NRaaER~6“6tER}

V000, En

—5 —s/aa(divEOER)'80‘8tER+/[8“7n5]VTR-8“8tER—/8“F3~8a8tER

/ 9V Ty -0°0,Ep — / aa uAUR+(u+1/)Vd1vUR) .9° 8tER} ZRM
i=1
(2.20)

For the first term Rj5; on the RHS, to make it easy to read, we divide it naturally into
two parts as follows. The first part can be bounded by using the first equation in (1.8¢)
and estimate (A.9) in the Appendix

h2€ (63 g (03
R57171:E O“AVn® .0 8tER

2 2
- h—; / 9% An®9°9,divER = ’112 / 8%(—eAdivE® + ANR)9*9,Np
SHP((0eNry ANR) |5 + 126 S (L+ [ (Nr, Ur)[[72) | (Nr, Ur, AV NR) |3 + h%e.

Then the second part can be bounded by combining the bounds (2.3) with estimates
(A.1), (A4), (A.5) and (A.11) in the Appendix

Re [, (An°Vn® +Vn®-V?n®)  (Vn®-Vn®)Vn
Rs10=—" 0 {
w12 ne (nf)?

Anf Vn

V.0°0,Ex

<526||0tERIIHk(II( )HLooIIVnEHHk+(H*||Loc||(An V) [

+I(Ans, VQnE)IILooIIEHHUIIV”EIIW+(H;||LooIIHEIIHsHVnEIIHk

IV oy )2 )
<10 ER|l3 + (L + | (Nr, AV NR)| 325 | (Nr, AV NR) [ 775 + €.
By integration by parts and the commutator estimate, %5 2 can be bounded by

Rs2 Se(IVNR| sl Erllgr + INrl g || ER || oo ) |0 ER | 15
+é¢||Nrll L~ ||ER||Hk||5tERHHk

Sell Bl +ellErllZ + - (IINR||H2+||NRHHk) |10 Erl7p-

Next, recalling F3 given by definition (2.19), $4 given by definition (1.9¢) and using
integration by parts, Young’s inequality, and estimates (A.1), (A.2) and (A.9) in the
Appendix, Rs 3 in equation (2.20) can be bounded by

Rs,3 N*HAURHHk t35 HVTRHm T ”leVUR”Hk +e |0 Er e +el Erll

+el|Erl%e +(1+ ||(NR7URvTR)HH3)||(NR’UR’TR’BR)HH3 +e.
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Hence, putting all the above estimates together, we derive

2dtn( £0° 00, VEO'Y X B, /20" )|

< e N
+[[(VEER,e0:ER)||32) +

%2+ (Ur, Tr, Nr KV NR)I3) (I (N R, Ur, Ty B,V NR) |35

2 +1/
“ L VUR|%s +e.

Moreover, applying the operator 9**! to equation (2.18) and taking inner product
with h2e0*t L ER, we obtain

1
7%\\ (hed“ 10, ER, h/e0*“ TV x Eg,h/20* T ER) |32

4 Ang £ £.\72
:E/aaﬂmww( n*Vn®+Vn®-Von®)  (Vn®-Vn)Vn } 9°H19, B
12 ne (n®)?

—h?e / 0*TY(NRER)- 0“0, Er — (—h252 / 0°TH(divE ER) -0 0, Eg

+h%e / [0 nfIVTR -0 0, Er + h2e / nfO* IV TR -0°T 0 ER

—h’e / 0T F3- 0T 9, Ep — h’e / Ot (AUR+ (p+v)VdivUg) - 8"‘“8tER>

3
=Y Rq.. (2.21)
=1

For the first term on the RHS, by recalling the first equation in (1.8e) and the definition
(1.7), substituting a+1 for o in Rj5 1, we derive

Ané € £.\72,¢

R6177/8a+1 €Ad1VEO+ANR)aa+18tNR+ 25/aa+1{( n*Vn —i-EVn Ven )

n
~ (Vn®-Vnf)Vn
(n®)?
Sh?e?||0uER|| s + he
+(1+[(Nr, AV N, UR) | 175) | (N, Ur, hidivUp, AV N, 2 ANR) | 375.

} 0“9, Er

For the second term Rg 2, using the commutator estimates, Holder’s inequality and
estimate (A.2) in the Appendix, we derive

Reo=—h%e / [0t NR]ER-0°"0,Ep — h%e / NrO* ™ Er-0°T'0,ER
She|| Nl sl Erll a2 |0:Erl gs + B2 Nrl o< | Er a5 |0 Er|| s
1 1
SellBrll7 + *HﬁNRH?JsEzhzllatERII?{a +h%e| Er| s + gIINRII?{zﬁ%QH&ERII%s

hN
(1+|‘\[||H2 H\[RHHB)(II\@ERII%z+\I(ﬁﬁER,h63tER)II?{3)~

Similar to Rs 3, we can derive

+
Ros SE AU s + 2 19T + O vt B+ e Bl
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+(1+|[(Nr, U, TR)||35)(Nr,Ur, Tr, Br, iNUg, hdivUr, hV NR) |3
+ 1iVeER| %5 +¢.

Putting all estimates at the (k+1)-th order together, we obtain

h2 d
5 dt||(€8“+18tER,\f8"‘+1V><ER Ved T ER) |32
hNE 2
1+ 2+ (NR7UR7TR7HVNR? \/gER 2
S II\[HH I 7z it (1 174
+[[(Ng, UR,TR,BR,hVUR,hdivUR,hVNR,hﬁER,ehatER,hQANR)H%Ig)

R (u+v) h%u

2
K
+33|\VTR||?13+ 35 IVdi UR||H3+ ||AUR||H3+€

We complete the proof of Lemma 2.5 by combining all the estimates at the k-th order
and the (k+1)-th order. O

LEMMA 2.6.  Let a be a multi-index with |a|=k for any integer number 0 <k <2.
(Ng,Ur,Tr,BRr) be a solution to system (1.8). For all t € (0,7), we obtain

1(0°VBR,hd* 'V Br)|1> <*|0:ERll32 + e | 0 Erl 7y
+(L+|URIIZ=) (U, NR) s +e. (2.22)

Proof.  From the first equation in (1.8d), we obtain
10°V X Br|| > Slled: Erll mx + (1+ |Ur| a2)[[(Ur, Nr) || 12+

The case |a|=k+1 can be proved similarly. By the curl-div decomposition formula
of the gradient for the magnetic field and using the second equation in (1.8e), we can
obtain estimate (2.22). o

Then integrating these estimates from Lemma 2.1 to Lemma 2.6 over (0,t) C (0,7),
summing them up for all multi-index «, and recalling estimate (A.11) in the Appendix
which implies [|RANg||%. > |RVNg|%, we obtain Proposition 2.1.

3. Proof of Theorem 1.3
Proof. From Proposition 2.1, we have

I(Nr,Ur,Tr,Br,vVeERr)(t)ls S (Nr,Ur,Tr, Br,vVeERr)(0)||3

¢
+/ (1+(Nr,Ur,Tr,Br,VEER)|I3)(Nr,Ur,Tr, Br,VEER)||s+¢).  (3.1)
0

Thanks to the Theorem 1.1 and the assumption ||/zE§||%s Se, we have

N .

72 (Ol <IIVEdivEG i < |VEEG | < Ce.

That is to say ||(Ngr,Ur,Tr,Br,veERr)(0)|||s <Ce for sufficiently small ¢ and a con-
stant C' >0 independent of e. Applying the non-linear Gronwall-type inequality [11] to
estimate (3.1), it follows from

I(Ngr,Ur,Tr,Br,veERr)(0)||s < Ce
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that there exist a g¢ sufficiently small such that for any e <ey and 0 <t <,

Il(N&,Ur,Tr, Br,veER)(t)||3s < Ce.

We claim there exist constants 0 <77 <1 and €9 >0, such that 7. > 7 for any 0<
e <egg. Otherwise, for any sufficiently small positive constants 71 and e, there exists
0 < e <egg such that 7. <7 which implies 7 =7.. By the local existence results in Theorem
1.2, for any given constant C' >0, we have

Him I(Ngr,Ur,Tr,Br,veER)(t)||s >6Ce.

Thanks to the fact |||(Ng,Ur,Tr, Br,veER)(0)|||s < Ce, there exists 0 < 75 < 7. <71 such
that

II(Nr,Ur,Tr,Br,veER)(12)||3 =4Ck.
Choosing 0 < 73 <1y satisfying
|||(NR5UR7TRaBR7\/gER)(T3)|”3:4057 (32)

and
|H(NR3 URvTRaBRa \/EER)(t)”L?» < 4053 te [077—3)' (33)

Thanks to estimate (3.1) and condition (3.2), we have for sufficiently small positive
constant 73 <1,

II(Nr,Ur,Tr, Br,VeER)(13)||3 < Cer14(1 + (4C¢)®) +2Ce < 3Ck,

which contradicts condition (3.2). Repeating the process on [71,27], ..., we can extend
T. > 79 for any 0 <719 <., and derive

sup [|(Nr,Ug,Tr,Br.vVeERr)(t)||3 < Ce,

t€[0,70]

which implies (n€,u¢,T¢, B¥) converges strongly to (1,u",7° B%) in L°°(0,79; H?), and
the convergence of E° to E® in W—1°°(0,79; H?).
The proof of Theorem 1.3 is complete. ]

Appendix A. The following basic Moser type calculus inequalities will be fre-
quently used.

LEMMA A.1. Let a be any multi-index with || =k, k>1 and p€ (1,00). Then there
holds

10%(FD e SIF I por gl grnm2 +1LF | greos gl 1o
0%, flglle SUNV Fll Lot 91l zra—r.o2 +11F | es 191l Lo

where f,g €S, the Schwartz class and ps,ps € (1,00) such that %: p%—i—p% =141

Let k>2. Due to Sobolev embedding and estimate (A.1), we can obtain

10%(f9)ll 2 SISl llgl e + 1 Fll gl SS9l e (A.2)
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and

110%, Algllz SIV Fll< gl s -+ + 1 f lmrllgllzoe SN e (gl e (A.3)

Hence, for any m >1,k>1, with the aid of the bounds (2.3) and estimate (A.2), we can
deduce the following inequality

m L ime 1 Lo 1
[(1/n%) ||H’“§||(E) 1HLOOHE”H]°+H(E) 1HH"’||E”L°°
1 1., 1
§||E||Hk+||(g)m e Soeeeee SJHE”H’W (A.4)
and
[(Vn) ™| SHVRE)™ e[V || oo 4+ VRS (17 IV R | 1
SUCVRE) ™2 e [ VS || oo + | VS| 72 V0 || o) [ V0| oo

VRSP VRS e S St VR e (A.5)

Due to estimates (A.2), (A.4) and (A.5), assuming 2 <k <3, we compute

1 £
IIV( e S el Vo, (A.6)
and
Vn® 1 - 1 - R
IIA( e S II( )QIIH +|||( SE e S U e AR a4 =2 e 1| e V7" e
(A7)

LEMMA A.2. Let 0<k<3 be an integer, (Nr,Ur,Tr,Bgr,ERr) be a solution to system
(1.8), and « be a multi-index with || =k, then we obtain

10:NRllL2 S(L+ U #2) | (Ur,divUr, VNE) || 12 + ¢,

[0:Nrll L~ S14(Nr,Ur) I3, (A.8)
and
10:Ng| e S+ (Nr,Ur) i) ((Nr,Ur,divUg, VNg) | s + | (Nr,UR) || g2) +e¢.
(A.9)

Proof. By Sobolev embedding, Holder’s inequality, equation (1.8a) and the bounds
(2.3), we derive

10Nkl L2 S+ Ukl 2) | (Ur, divUg, VNR)|| L2 +¢,
and
10:N gl L= S1+[(Nr,Ur) [ -
Using estimate (A.1) in the Appendix we can bound

10:NR | gx <L+ [[Url| o) IV Nel s + 0% 5 [ VR Lo + (107 oo [|divUR|| g+
+ [0 g |divUR| L~ +€||Ur|| g +&



MIN LI, XUEKE PU, AND SHU WANG 389

SA+I(NR,UR)lms) ((Nr, Ur,divUr, VNE)| gt + | (Nr, Ur) || s ) +e.

O
LEMMA A.3. Under the same condition in Lemma A.2, we have the following estimate:

1
16 (2= S1+ IN R[5z
(A.10)

1
||8Q(E)HL2 S1+|INgll -

Proof.  Take k=2 for example. In what follows, we take L2-norm, and apply
Hélder’s inequality, Sobolev embedding H' < L3, L% to obtain

1
”82(E)||L2 <&’ +4¢||ONR| 2 +2|ONR| 12 |ONE| Lo +e+ [|0° Ng|| 12
<1+ ||Ng| /3o

Similarly, taking L°°-norm yields

10%(—)lzee S1+[INR[Fa-

1
ne
The case of k#2 can be proved similarly, thus we omit them. O

LEMMA A.4. Let 0< k<3 be an integer, f €S, the Schwartz class, then we obtain
IV2 Fll e SIAF I e (A.11)
and

IV fllzre SIV XSl e+ (| div | e, (A.12)
The Lemma can be proved by introducing Riesz operator R; defined by @ = 1‘% f
and Vdivf=Af+V x (V x f), where R;R; is bounded from L? to LP with 1<p< cc.
For more details, one can see [36].

LEMMA A.5. Let f,g be the vector function in 38D. The following vector analysis
formulas will be repeatedly used

[Vg=(Vxg)x f+(Vxf)xg+V(f-g)=Vf-g, (A.13)
VX (f-V)=Vx(Vxfx[f), (A.14)
Vx(Vxf)=V(divf)—Af, (A.15)

and

Vx (fxg)=fdivg—gdivf+(g-V)f—(f-V)g. (A.16)
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