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ON THE 3D EULER EQUATIONS WITH CORIOLIS FORCE IN
BORDERLINE BESOV SPACES*

VLADIMIR ANGULO-CASTILLO! AND LUCAS C. F. FERREIRA?

Abstract. We consider the 3D Euler equations with Coriolis force (EC) in the whole space. We
show long-time solvability in Besov spaces for high speed of rotation 2 and arbitrary initial data. For
that, we obtain 2-uniform estimates and a blow-up criterion of BKM type in our framework. Our
initial data class is larger than previous ones considered for (EC) and covers borderline cases of the
regularity. The uniqueness of solutions is also discussed.
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1. Introduction
We consider the free incompressible Euler equations with Coriolis force

%+PQ63xU+P(u-V)u:O in R?x (0,00)
V-u=0 in R?x (0,00) ’ (1.1)

u(z,0) =up(z) in R?

where u(x,t) = (ui(z,t),u2(x,t),us(x,t)) stands for the velocity field, P=(d;;+
Rij)lgj’kgg is the Leray-Helmholtz projection and R; denotes the j-th Riesz trans-
form. The Coriolis parameter 2 € R corresponds to twice the speed of rotation around
the vertical unit vector e3=(0,0,1). The initial velocity is denoted by wug=wug(z)=
(uo,1(2),u0,2(x),uo,3(z)) and satisfies the compatibility condition V-ug=0. The reader
is referred to the book [12] for more details about the physical model. Throughout the
paper, we denote spaces of scalar and vector functions abusively in the same way; for
example, we write ug € H*(R?) instead of ug € (H*(R?))3.

The system (1.1) has been studied by several authors in the case Q=0 that cor-
responds to the classical Euler equations (E). In what follows we give a brief review
of some of these results. In the framework of Sobolev spaces, Kato [20] showed that
(E) has a unique local-in-time solution uw € C ([0,T]; H* (R*)) nC*([0,T]; H*~* (R?)) for
up € H* (R?) with an integer s >3 where T=T(|luoll frsrs))- In [21], Kato and Ponce
proved that if s>2/p+1, 1<p<oo and ug €eH; (RQ), then there exists a unique 2D
global solution u € C ([0,00); Hj (R?)). Later, in [22] they considered n>2 and proved
that for s>n/p+1, 1<p<oo and ug€ H, (R"), there exist 7>0 and a unique so-
lution u € C ([0,T]; Hs (R™))NC* ([0,T]; H~* (R™)). Temam [29] extended the results
of Kato [20] to H™ and WP in bounded domains (see also Ebin-Marsden [15] and
Bourguignon-Brezis [6]). For existence and uniqueness results in Holder C*7 and
Triebel-Lizorkin F}; , spaces, the reader is referred to [11] and [7,8], respectively.
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In the context of Besov spaces, Chae [9] and Zhou [31] proved that (E) has a
unique solution u € C([0,T]; B"/p+1 (R™)) for 1 <p< oo and n>3 (see also [30] for n=2).
After, the borderline cases p=o00 [25] and p=1 [26] was considered by Pak and Park.
Takada [28] showed existence-uniqueness in Besov type spaces based on weak-L? with
1<p<ooand n>3. The exponent s = % +1is critical for (E) in H; and B,  -spaces. In

fact, Bourgain and Li [5] showed that (E) is ill-posed in H, and Bﬁ{zpﬂ for 1 <p< oo,
1<g<oo and n=2,3. So, it is natural to consider =1 when s=2+1. The critical
case is also of special interest because the regularity index s —1 = % of the vorticity V x u
corresponds to a critical case of Sobolev type embeddings. Motivated by the symbol >,
the case s> % + 1 has been named in the literature as supercritical.

For Q# 0, Dutrifoy [14] showed long-time existence of solutions for system (1.1) with
lower bound on the existence-time Tq 2> loglog|Q| provided that || is large enough
and ug belongs to a certain Sobolev type class. Also, Dutrifoy [13] and Charve [10]
obtained analogous results for quasigeostrophic systems. Recently, for s>so:%+1
and ug € H*(R?), Koh, Lee and Takada [23] proved that there exists a unique local
in time solution u for system (1.1) in the class C([0,T]; H*(R3))NCL([0,T]; H*~1(R?)).
Moreover, assuming that s > s = g + 1, they showed that their solutions can be extended
to long-time intervals [0,T(] provided that the speed of rotation is large enough. For
the viscous case, we refer the reader to the works [1,2,12,18] for global well-posedness
in Sobolev spaces with || large enough and to the papers [16,19] (and their references)
for results about global well-posedness with -uniform smallness condition on initial
data in different types of critical spaces (e.g., in Fourier Besov spaces).

In view of the previous results for system (1.1) and (E), it is natural to wonder
about the borderline cases syp and s;. In this paper we extend the results of [23] by
treating these two cases in the framework of Besov spaces. To be more precise, we
consider the critical regularity so and show local-in-time existence and uniqueness of
solutions for initial data in the critical Besov space BS with smallness condition on
the existence-time uniformly in Q € R. After, for large COI‘IOhb parameter ||, we obtain
long-time solvability of system (1.1) in B3 ; in the borderline case s=s;. It is worth

to observe that H® C Bg/lz and H°®C B,/ 72 for s> 3 +1 and s> 3 +1 respectively, and
so our result provides a larger class for both 1ocal and long—tlme solvability of system
(1.1).

Our main result reads as follows.

THEOREM 1.1.
(1) Letug€ Bs/Z(R3) satisfy V-ug=0. There exists T:T(||u0||Bs/2) >0 such that

system (1.1) has a unique solution ue C(|0,T7; B5/2( R?))NCL([0,T7; 33{12(1@3))7
for all Q€R.

(13) Let 0<T <oo and uo€B7/2(]R3) be such that V-ug=0.  There ezists
Qo =Qo(T [luoll g7/2) >0 such that system (1.1) has a unique solution u€

C([0,7); B3/ 2 (R*)NCY([0,T]; Bs/ (R?)) provided that | > Q.

Considering Q =0, item (i) recovers the local existence result by Chae [9] and Zhou
[31] for Euler equations in Bn/pH(]R”) in the case p=2 and n=3. Assuming further
regularity on the initial data item (47) shows that local solutions can be extended to
arbitrary large time 7' > 0 provided that |{2| is large enough and so it resembles results for
the 2D Euler equations (see [9,30]). In fact, we recall that existence of smooth solutions

for the 3D Euler equations is an outstanding open problem. Long-time solvability type
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results for system (1.1) with arbitrary data show a smoothing effect connected to the
speed of rotation 2 (see [12]).

Finally, we comment on some technical points in our results. The general strategy
of this paper consists in three basic steps: approximation scheme; a priori Q-uniform
estimates and passing to the limit for obtaining local-in time solutions; blow-up criterion
and long-time solvability. This is the same one employed by [23] in H?®-spaces however
here we need to carry out the necessary estimates in the borderline Besov spaces B;?l and
B3Y,. In order to pass the limit in the approximation scheme {u°}s-¢, the authors of [23]
relied on the Hilbert structure of H*-spaces. Since our setting has not such property,
we need to control u® by means of estimates involving localization and B3 1-norms (see,
e.g., Lemma 3.3, Proposition 3.1 and proof of Theorem 1.1). In order to cover the
endpoints sg and sy of the ranges in [23], we are inspired by previous results for the
Euler equations (E) [9,25,31] and consider B3 ;-spaces (and the embedding B%Q — L™
in R?) that allow us to have Vu € L* for s=sqy (which is not true in H*) and control
globally in time U(t)ZfOt |Vu(r)||L~ dr for large Q when s=s;. The quantity U(t)
is used to derive a blow-up criterion and obtain long-time solutions. Also, we show
Lemma 4.1 that deals with the time-continuity of weak solutions for system (1.1) and
is useful to prove time-regularity of solutions obtained as limit of the approximation
scheme. For that matter, we extend [26, Lemma 2.1] (that considered solutions of (E)
in ijl(Rd)) to the Euler Coriolis equations in BiﬁpH(R?’) with 1 <p<oo.

The plan of this paper is as follows. The next section is devoted to some pre-
liminaries about product and commutator estimates in Besov spaces and projection
operators linked to the Coriolis term. In Section 3, we deal with the approximation
scheme {u’}s~¢ and show local existence on [0,7] with 7'>0 independent of § and Q.
The proof of Theorem 1.1 is given in Section 4 through three subsections: item (¢) in
Subsection 4.1, blow-up criterion in Subsection 4.2, and item (¢¢) in Subsection 4.3.

2. Function spaces and projection operators

This section is devoted to some preliminaries about Besov spaces. We refer the
reader to [4] for more details on these spaces and their properties. Also, we recall two
projection operators that will be useful for our purposes.

Let S(R3) and &'(R3?) stand for the Schwartz class and the space of tempered
distributions, respectively. Let f denote the Fourier transform of f€&’. Consider a
nonnegative radial function ¢y € S(R3) satisfying 0 < ¢o(€) <1 for all £ €R3, supp ¢o C
{¢eR3:1<|¢[<2} and

D i(€)=1 for all £€R3\{0},
JEZ
where ¢;(x):=23% ¢g(27x). For k € Z, we define the function Sy €S as
Su©=1- > 49
J2k+1

and denote ¢=2S,. For feS'(R?), the LittlewoodPaley operator A; is defined by
A]’f = ¢j % f

Let s€e R and 1 <p,g<oo and let P denote the set of polynomials with 3 variables.
The homogeneous Besov space By ,(R?) is the set of all fe€S'(R?)/P such that

/]

Bs, = {2718 flle }iezllisz) < oo
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The inhomogeneous version of By

denoted by Bj (R?), is defined as the set of all
f €8’ (R?) such that

q?

/]

B, =I{27 18 f e Yienllio o + 19 * £l e

The pairs (B; ol s ) and (Bp .| -[[Bs ) are Banach spaces. For s>0, we have the
: 5 ) ,

equivalence

1fllig,, ~1f sy + I flleo- (2.1)

LEMMA 2.1 (Bernstein inequality). Assume that f € LP, 1 <p<oo, and supp fC {¢€
R3:2972 < |¢| < 27}. Then there exists a constant C=C(k) >0 such that

O 28| fllLe <|ID*flle < C27F|| £l o

REMARK 2.1. As a consequence of the above lemma, we have the following equivalence

ID* 1

B, ~ I g (2:2)

We also recall the estimate (see, e.g., [28])

[fllzee <CIIfllB;,, (2.3)

where s>n/p with 1<p,g<oo, or s=n/p with 1<p<oo and g=1. Thus, for s>
n/p+1 with 1<p,g<oo or s=n/p+1 with 1 <p<oo and ¢g=1, we have the estimates

IVl <19 Fll gz < 171155, (2.4)

The following lemma contains product estimates in the framework of Besov spaces
(see [9]).

LEMMA 2.2.  Let s>0, 1<p,q<00, 1<p1,p2<00 and 1 <ry,rp <oo satisfy %:p%""

p% = % + i Then there exists a universal constant C >0 such that

1folls, <CUA s, Nl +lgls, Flze).
) 1.9 ”1,9
1£glli;, <C(Ifl15; 1 la)-

p, r1,9

lgllzr= + Nl 5

1.9

In the next two lemmas we recall estimates in B;,q and B, ., for the commutator
(see [9,28])

[v-V,Ajlu=v-V(Aju)—Aj;(v-Vu).

LEMMA 2.3. Let 1<p<oo and 1 <g< 0.
(i) Let s>0, ve B;q(R") with Voe L*(R™) and V-v=0, and 0 € B;’q(R") with
VO e L>®(R™). Then, there exists a universal constant C' >0 such that

1/q

S 200V, A00%, | <C(IV0le 6]l go + 19000 ol s, ).
JEZ
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(i) Let s>—1, ve BEL(R™) with Vve L®(R") and V-v=0, and 0 € B ,(R")N
L>°(R™). Then, there exists a universal constant C >0 such that

1/q
S ooV, A60% | <O (I90lielEll o+ 1600w oll550 )
JET '
LEMMA 2.4. Let1<p<oo andlet s>3/p+1 with1<g<oo ors=3/p+1 with g=1.
Then, there exists a constant C' >0 such that
1/q
2N (S 0w V)Au— Ay (u-V)ullf, | <OVl |ullpg

JEZ

Jor all ue By ,(R?) with V-u=0.

In order to handle the Coriolis term, we will need the following projection operators
Py : L*(R?)? — L%(R?)? given by

1 D
Piv:= 3 (Pviim xv) ,

where ‘%‘ x is defined by means of the Fourier transform as (% xv)(€):= % x0(§).
The next lemma contains basic properties of Py and can be found in [14, 23].

LEMMA 2.5.  The projections Py satisfy PLP=P.. Moreover, if V-v=0 we have
that v=Pyv+P_v, P(e3 xv) = —i{5;(Pyv—P_v), PLPL =Py, and Py P =0.

3. Approximation scheme
Let ug be the initial velocity in system (1.1). For 0 <§ <1, we consider the approx-
imate parabolic problem
du’ § ) b s T3
E—(SAU +PQes xu’ +P(u’-V)u’ =0 in R? x (0,00),
V-4’ =0 in R? x (0,00),

u®(x,0) =ug(z) in R®.

(3.1)

We are going to show that the above problem has a solution for each § >0 in a suitable
class involving Besov spaces. For that matter, first we recall some estimates for the heat
semigroup {e‘2};>0 in B, , (see, e.g., [24]).

LEMMA 3.1. Let s9<s; and 1<p,q<oo. Then there erists a constant C >0 (inde-
pendent of p,q and t>0) such that

e fll gzr, SCA+L72E=0))| f]

50
Byl

for all fe B30, (R?).

We start by showing estimates for the bilinear term of the mild formulation for
system (3.1).

LEMMA 3.2. Let 0<T <00, 0<d<1 and 1 <p<oo.
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(i) There exists C >0 such that

¢
sup H/ SEDAP (u(1)- V) v(r) d’T‘
o<t<T!lJo

ScozltlET [l (t) ”Bg./f’ ||U||L1(0,T;BE{1”+1)7 (3.2)

3/
B,

for all ue O([0,T); BYF(R?)) and ve L'(0,T; By (R?)).
(i) Let k=1,2. There exists C >0 such that

H/Ote‘s(tT)AP(u(T)-V)U(T) dT’

SC(T+T%5—%)

LY(0,T;B)/71*)

OiltlgTIIU(t)IIBng 1ol o o 3724 (3.3)

for all ueC’([O,T];B;/f(R?’)) with V-u=0 and veLl(O,T;B;’,/erk(R?’)).

Proof. For 1< p< oo, we have that ||e?*®|| ,s/»__ 3/» <1 and P is bounded in BS/lp.
Bp,1 *)prl P,

So, we can estimate

From Lemmas 2.2 and 2.1, it follows that

I () D)0l sy < Cllulr) e () oo

/ t SEDAP (u(1)-V)u(r) dr
0

t
gc/ 1 (w(r)-V)o(r)| yorp .
T

and then

for all 0 <t < T, which gives estimate (3.2).
Next, we turn to item (i¢). By Minkowski inequality and Lemmas 3.1, 2.2 and 2.1,
we have that

| /0 ISP (7). V) o(r) dr|

/ DD () V) o(r) dr
0

t
< ,
o SO, Ol gy
p,

< COE?ET ||u(t) ||B;"/1P ||/U||L1(O,T;B;/1p+1)7

3/p+k
BP-,l

t
<c / {14873 (=) () o ol v+ () oo [0 oo ) dr
t
<C [ {18 b =) () gyponcs [0 gypos dr
0 p,1 p,1

t
_1 1
<C s [ugyps { Il mapny +5H [ =0 Hol g dr}. (34

for all 0<¢<T and k=1,2. We can now compute the norm ||-[| ., ) in estimate (3.4)
to obtain

H/Ote‘;(t_T)A]P’(u(T)-V)U(T) dT’

L1(0,T;BY/PHF)
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SOOZ‘?ET ||u(t)||32{11’+k*1 {T||U||L1(O,T;B2{f+k)

1 T T 1
+5_5/ Hv(7)||Bs/p+k/ (t—7)"2dt dT}
0 Pl T

1.1
<O(T+75673) sup [u(t)l oy N0l s o iy

which yields the desired estimate. ]

Before proceeding, we recall that AC([0,7];X) denotes the set of all X-valued
absolutely continuous functions on [0,7]. The next lemma ensures the existence of
strong solution for system (3.1). The proof follows essentially the same steps of [23,
Lemma 3.1.] but using estimates in Besov spaces instead of Sobolev spaces.

LEMMA 3.3.  Let 1<p<oo, 6€(0,1) and QeR. Assume that ug EBB/”+1(R3) and
V-ug=0. Then there exists a positive time T5q="T(9,|Q, ||u0||Bs/p+1) such that system

(3.1) has a unique strong solution u® satisfying

u® € C([0,Ts0); B (R®)NAC([0,Ts.0): BYF (R®) N L0, T5.0: BY P (R?)). (3.5)
Proof. Firstly, we consider the mild formulation for system (3.1)

t t
u‘s(t):e‘smuo—/ S EIAPOey x ud(7) dT—/ fSt=TAp (u6<T)-V) u’(7) dr (3.6)
0 0

and show the existence of a local in time solution. Lemma 3.1 yields the estimate

||66tAf||Ll(O,T;Bz/1p+2 <C(T+T2 )||fHB3/p+la

for all fe BS/pH Thus, for all 0 <T < oo we have

StA OtA

sup lle

uo|| : +L: e
oete 0||B;{113+1 5,T||

u0‘|L1(O,T;B;§{1"+2) SCOHUOHBS)GP*M (37)

where Cp >0 is a constant and Ls 1= (T+T326"2).
Consider the map

t t
B(u’)(t) = e ug— / AP Qes x u’ (1) dr — / SIAP (u (1) - V) ud(7) dr
0 0

and the complete metric space
Tpi= {ueC([o T); BYPH (R3) N L (0,T; BYPH(R?));
V-u=0and |[u 2, g200||u0||32(1p+1}
whose norm is given by

A —1
fulze = 50 Wt gaipes + Lol o mg/pes)
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We claim that the map B is a contraction map on Zp for small T > 0.

5tA|| 3/p+1
B p,1

In fact, using that |le s/p1_, pa/p+1 <1 and P is bounded in B for 1<p<
)1 p,1 ’

t
§C|Q|/ lles x u(T)|| garpsrdr <CIQUT sup |Ju(t)| gs/o+1-
0 Pl 0<t<T Pt

00, we have that

¢
/ SEIAPQey x u(T) dr
0

3/p+1
Bp,l

Taking the supremum over t € [0,T], we get a constant C >0 such that

t
/ AP x u(T) dr
0

sup

<CIQUT sup |lu(t)|| ga/v+1, (3.8)
0<t<T 0<t<T p,1

3/p+1
Bml

for all ue C([O,T};Bi’/lpH(R?’)). Similarly,

. t
/ SEDAPOe,s x u(r) dr < C|Q|/ lles x u(T)HBs/lpde
0 D,

0 Bg/li’+2
SC'|Q|||u”Ll(()77*;32)/1174'2)a (39)
for all t€[0,7]. An integration of estimate (3.9) over [0,7] yields the estimate
¢
‘ / S EIAPOey x u(T) dr SCIUT Nl g, 537+2) (3.10)
0 LY(0,T;B)/P+?) e

for all ue L'(0,T; B (R?)).
Next we can apply estimates (3.8) and (3.10) and Lemma 3.2 in order to estimate

¢
/ S ETAPOeq x (u5(7') —1)6(7')) dr

IB(U‘S)—B(U‘S)IIZT—|
0

+/0 e‘s(t_T)AIP’{ (ué(T)—Ué(TD ~V}u‘5(7) dr

+/O e‘s(t_T)A]P(U‘S(T)~V) (u‘S(T)—vé(T)) dr

Zr
<CUQIT||u® = |l zp + CaLsr ([’ 2 + 10”20 ) I1u® = v° | 2,
<{CrIQIT +4CoCaLisr uo | o/ | 1u? =072, (3.11)

for all u®,v% € Zp. Moreover, using estimates (3.7) and (3.11) with v® =0, we obtain
1B(u) |z <[le”*Puoll 2, +[1B(u®) = B(0)]| 2
<Colluo|l gs/p+1 +{Ol|Q|T+4COCQL5,THUOHBS/p+1}||U6||ZT
p,1 p,1

SCOHUO||BS/1P+1 {1 +2Cl|Q|T+SCOC2L57THUOHBE/IP_H }, (312)
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for all u® € Zr. Next we choose T =Ts.q="T(3,||, [[uoll gs/p+1) >0 such that
p,1

1
2C11Q|Ts.0+8CoCslluo| o/ (T57Q+T5f96*%) <1. (3.13)
P,

Inserting inequality (3.13) into estimates (3.12) and (3.11), we get that B(Zr;,) C Zr;
and

1
1B =B zs, , < 5114 =l 7, for all w0 € Zr

which gives the claim. By the Banach Fixed Point Theorem, there exists a unique
solution u® € Zr , for equation (3.6).

We claim that u® € Z7, , is a strong solution for system (3.1) in the class (3.5). By
the above estimates and using that u° 6C’([O,T];B;’{f“(Rﬂ)ﬁLl(O,T;B§{f+2(R3)), it
is not difficult to see that

PQey xu’ +P (u® - V) u’ € L10,T5.0; BY P (R?))

and 6Av° ELl(O,T§7Q;B;,/11)(R3)) where
t
VO (t) =~ / SETIAP Qe x u (1) + (uf(7) - V) u® (1)} dr.
0

Thus, Btv‘SGLl(O,T&Q;B?’/p(RS)) and then v‘sGAC([O,T(;’Q};B?’/I’(R?’)). Moreover,

p,1 p,1

eMtAug € AO([O,T&Q];BZQP(RS)). By standard arguments (see Kato [20] and Pazy [27]),
we obtain the desired claim. For more details see [23]. The uniqueness follows from the

fact that u° is the unique solution for equation (3.6) in the class /P |

In what follows, we prove that there exists T' >0 independent of 6 € (0,1) and Q €R

such that the solution u® exists on [0,7]. For that, we need some a priori uniform
estimates for u° in the space B;/f.

PRrOPOSITION 3.1. Assume that uoeBg’,/f(R?') and V-ug=0. There exists T =
T(|luoll gs/2) >0 such that system (5.1) has a unique strong solution
2,1

u® € C([0,T); By 2 (R*) N AC([0.T): By (R?)),

for all0<5<1 and QER. Furthermore, {u’}se(0,1) is bounded in C’([O,T];B%Q(R‘g)).
Proof.  Applying the Littlewood-Paley operator A; to the first equation in system
(3.1), taking the L?-norm product with A;u’(t), and using V-A;u’ =0 and the skew-
symmetric of e3x, we have that
1d
Sd 1A ()][72 +0{=A8;u’ (8),Aju’ () 2 = — (A (u’ (£) - V)’ (), 850’ (£)) L2
(3.14)
Notice that the second term in the right-hand side of equation (3.14) is non-negative.
So, using that

((u () V)Aju’ (1), 85u’(8)) 2 =0
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and recalling the definition of the commutator [u’(t)-V,A;], we get

1d

5l A5 O[22 < ([ (1) 9, 8,007 (1), 80 1) 2

By the Cauchy—Schwarz inequality, it follows that
d 5 s s
1850 @llz= < |[w(2) -V, Ajlu”(B)]] 2

Multiplying by 2%/27, applying the I*(Z)-norm and Lemma 2.3, we can estimate

d, s 525 @ 5
@HU (ﬂ”gg{fzzz / j@HAJ‘U )2

JEZ
<D 2|0 (1), A5]u’ (8)]| 2
JEZ
<OIV(O)l [ (1) -
By Remark 2.1, it follows that

d
%llué(t)llggglz <Cll @)% 3/2° (3.15)

On the other hand, taking the L?-norm product with u%(t) in system (3.1), we arrive at

1d

5 ol O3+ (=802 (1) (1) 12 =0,

Above, we have used the skew-symmetric of e3x and ((u®(t)-V)ud(t),u’(t)) > =0 be-
cause V-u®=0. Then,

d
a||u‘5(t)||L2 <0. (3.16)

» the equivalent norm |||z +]- \Ba in B3, (see the equivalence

(2.1)). By 1nequahtles (3.15) and (3.16), we have that

d . d
Sl @2 = (e O 7o+l (022
1
<l ()] g0
<Cll (O35
<O (1) ) (3.17)

Using inequality (3.17) and that Ki||-|[s;, <|- H};’S ) < K| -|lBs, for some Ky, K> >0,
it follows that Y

R L Kl e

1
la )l vz < 7w (O /2 < T T—roie—3
21 K K1 1-Clluoll* 5/2 K11 C’K2Hu0||Bo/2t
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for 0St<(CK2H’UJ0||BS/12)71. Taking T:T(HUOHBS/IQ)2(20K2||U0||B3/12)71 and L=
2K,/ K7, we obtain

||u‘s(t)||B§,/12§L||u0||Bg(12, for all t€[0,T). (3.18)

Notice that T >0 is independent of § € (0,1) and Q€ R. If T5 o < T, by inequalities
(3.13) and (3.18) we can take Ty :Té,Q(Hu0||B§f) >0 small enough and solve system
(3.1) on [T5.0,Ts.0+Thg] with the initial value u’(T5q) € By (R?). It follows that the
solution u® can be extended to the interval [0,T50+Tj5q]. Invoking again the same
procedure, we can extend u’ (if necessary) to [0,T5.0+2T5 o], [0,T50+3T5 o] and so
on, and obtain a solution u’ for system (3.1) on [0,7] satisfying inequality (3.18). O

4. Proof of Theorem 1.1
In this section we prove Theorem 1.1 through three subsections.

4.1. Proof of item (7).
Proof.
Existence part. For 0 <d; <ds <1, we can write

Or(u’ —u?) — 51 A(u —u®2) + (69 — 01) Au’? = —PQes x (ut —u?)
—P{(u51 —u62)-V}u51 —P(u52 ~V)(u51 —u‘s"‘),

4.1
Vut =V-u% =0, 1)
(u® —u®2)(0,2) =0.
We will show that there exists a limit u € C’([O,T};B;/f (R3)) such that
u’ () = u(t) in B%Q uniformly for ¢ € [0,T]. (4.2)

91 — % uniformly in [0,77].

d2

We start by obtaining estimates in B;/f for the difference u
Computing the L2-inner product of system (4.1) with u’* —u’?, and afterwards using
the skew-symmetry of (e3x-), V- (u® —u%)=0, Holder’s inequality, and Remark 2.1,
we obtain

1d
5@”(“51 —u®)(t)[|75

(82— 01) [l = Au’2 (B)]| e[| (u® —u®?) (B) ] 22 + [V ()] < [|(u® —u®®)(B)]72
<Co| = A (@) g2 | (u™ = u) ()| 22 + [u™ (O gzl (W = w**) 72

Integrating over (0,t) and using inequality (3.18), we arrive at the estimate
t t
I =) @)1 €2 [ = A ()n dr+C [ [ ()l g6 )2 dr
0 ) 0 :
< ORI oy +C [ I (gl =) (7)1 e

t
§C52THU0HB§/12+CHU0||B§/12/ 1’ =u?)(7)| 2 dr. (4.3)
s s 0
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By Gronwall’s inequality and estimate (4.3), we have that there exists C'>0 such
that

I(u® —u®)(t)|| 2 < COT || /2 exp{Cluo]| st}
2,1 2,1

and, consequently, as d; — 07 we have

sup H(u‘51 —uéz)(t) |2 < 052T||u0||35/2 exp{CHuoHBs/zT} —0. (4.4)
o<t<T 2,1 2,1

Let 0 <6 <1 and s1,82,53 >0 be such s3=(1—6)s; +60ss. By Gagliardo-Nirenberg type
inequality in Besov spaces (see [17]), we can estimate

1w’ —u®)(#)]

Bz, O™ —u) ()] 1™ —u) () g - (4.5)

Considering s; =0, so=5/2 and s3 =035 in inequality (4.5), and using inequality (3.18),
B9, =L? and property (4.4), we obtain

0 _
lu® —u® o 0.7:853) < Clluoll g2 lu® =’ iy =0, a8 02— 0%,

for each fixed 6 € (0,1). Hence, by completeness and uniqueness of the limit in the
distributional sense, u® —u in L>°(0,T; B3 ) for all 0<3<5/2. In particular, taking
§=3/2 and recalling that u’ € C([O,T];B%Q (R?)), we obtain the convergence (4.2).

Also, in view of inequality (3.18), it follows that (u®)sc(o,1) is bounded in
L (O,T;BS’/IQ(]RS)). Then, we can extract a subsequence (u5(j))§i1 that converges to u
weakly-x in L (O,T;B;/f(]R?’)). Thus we have that

ue L®(0,T; By (R*) N C([0,T); By (R?)) (4.6)

and

5§

Shmlnf”u )SLHU()HBs/Q (47)
J—r0 2,1

Hu”L‘X’(O,T;B;/lQ) HL‘”(O,T;B;/IQ

Next we claim that w is a solution for system (1.1). For the nonlinear term, by
using integration by parts, Lemma 2.2, Remark 2.1, and inequalities (3.18) and (4.7),
we can estimate

t
|PV - [ué(T) ®u5(7') —u(T) ®u(7)} ||Bg,/12 dr
O ’
¢

=/, 1PV - [(w* (7) —u(7)) @’ (1) +u(r) @ (u’ (1) —u(T))] 372 dr

t
<c / {11 () g+ Nl g I () = () gy b

<CTlug|| gs/> sup ||u5(t)—u(t)||B3/z —0, as 6§ =0T,
21 0<t<T 2

,1

which implies

/OtIP’(u‘S(T) V)ul (1) dT—)/(:P(u(T)-V)u(T) dr in L‘X’((O,T);Bg(f)7 as 6 —01. (4.8)
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Also, we have that

t t
5/ ||—AU6(T)||B1/2 dTS(S/ ||u6(T)||B5/2 dr
0 2,1 0 2,1

< J <
<OT||u HLOO(O,T;BE{f)—C(ST”uO"B;’ff —0
and
¢
[PQes x (u®(7) —u(7))|l gs/2 dT <CT|Q| sup ||u6(t)—u(t)||33/2 —0, as §—07.
0 2,1 o<t<T 2,1
Then

t
6/ ~Au’(r) dr—0 in L=((0,T); By/Y)
7? t (4.9)
/megxué(T) d’r%/ PQes xu(r) dr in L=((0,T);ByY), as §—07.
0 0

Therefore, since u’ satisfies system (3.1), we obtain from the limits (4.8) and (4.9) and

the continuous inclusion B;/f C B;{f that

u(t)—uoz/o {PQes x u(r) +P(u(r)-V)u(r)} dr in B;{f(R%. (4.10)

In view of the above estimates and property (4.6), we can see that both sides of equation
(4.10) belong to C([O,T];Bgf (R3). Thus, equality (4.10) holds in Bg’/f(R?’) and u€

AC’([O,T];BSG(R?’))ﬂLOO(O,T;BS’/f(R?’)) is a solution for system (1.1), as claimed.
The next lemma deals with the time-continuity of solutions for system (1.1). In

particular, for p=2 it implies the time-continuity of the solution w in B;/IQ(R?’) obtained
as limit of the approximation scheme. Notice that in fact it holds for 1 <p < oo.

LEMMA 4.1. Let 0<T <00 and 1<p<oo. Ifu is a solution for system (1.1) in

L*> (0,T;B§(f+1(R3)) with initial velocity ug € B;{f’“(]l@) satisfying V -ug =0, then u €
3/p+1

C((0.7): B,/ ().

Proof. Firstly, by Lemma 2.2, we have that dyu € L*> (O,T;Bi’/lp(R:z)). Thus
oo 3 3
we W ([0,7);: B (R*) € C([0,T): B! (B?)).

For every k€N, we denote wy:=Spu. We are going to prove that the sequence
{wg }ken converges to u in LW(O,T;B;f{f(R?’)). Applying the Littlewood—Paley operator
in system (1.1), for each j € N we obtain

O ju+(Sju-V)Aju=(Sju-V)Aju—Aj(u-V)u—A;Vp—Qes x Aju.

Since Aju is absolutely continuous on [0,7] with values in LP(R?) and V- S;_su=0, we
can estimate

t
1A;u(®)]|z» §||Aju0||Lp+/0 1A, Vpl|Le dr

¢ t
+/ [|(Sju-V)Aju—Aj(u-V)ul L dT+/ Qes x Ajul e dr.
0 0
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It follows that

|lw(t) — wp (t) ”Bi/f“ < 022j<3/p+1) 1A u(t)|| e
’ i>k

t
§c<22f<3/p+1>||Aju0Lp+/ > 2G| A V|| dr
Jzk

O >k

t
+/ ZQj(g/pH)H(S’ju-V)Aju—Aj(u-V)uHLp dr
0

Jizk

t
+|Q|/ > GV IA | dT).
0

jzk

The first term in the right-hand side converges to zero as k— oo because ug €

B;{f“(]Rg’). By Lemma 2.2, Lemma 2.4 and the fact that u(t) GB;’ff+1(R3), we have

that the second and third terms in the right-hand side also converge to zero as k — oc.
Therefore, the sequence {wy }en converges to u in L™ (O,T;Bg,/lp+1(R3)). Moreover, we
get

() = (8) | g =S (u(s) = () | g

k+1
<0 37 29GP A (u(s) —u(t)| Lo

j=—1

<C2" M u(s) —u(t)|| ga/p- (4.11)
p,1
Estimate (4.11) and the fact that uGC([O,T];B;’(f)(RS)) imply that each wy €

C([O,T];Bi{f“(R%). Therefore, the limit u also belongs to C([O,T];Bi{f“(R%). 0

Now, taking p=2 in Lemma 4.1, since u € LOO(O,T;B;/lQ(R?’)) and ug € B;/f(R‘?) we
have that u € C([O,T];Bgﬁ2 (R?)), and then u satisfies

dru=—PQey x u—P(u-V)ue C([0,T]; By (R?)). (4.12)

This shows that u € C’l([O,T];Bg’{l2 (R3)), and therefore u is a strong solution for system
(1.1) in the class

C(10,71; B3 (R*))NC (0, T]; By (R?)). (4.13)

Uniqueness part. Let u and v be strong solutions for system (1.1) in the class
(4.13) with the same initial data ug(z). Subtracting the corresponding equations satis-
fied by u and v, we get

O(u—v)+PQes x (u—v)+P{(u—v) - Viu+Pw-V)(u—v)=0,
V-u=V-v=0, (4.14)
(u—v)(0,2)=0.
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Computing the L?-inner product of system (4.14) with u— v, we obtain

1d .
5 2 l@=0) (O =—((u—v)(6), P{(u—0)(t) V}u(t))12

<IVu®)llze ll(u—v)®)IZ2
<Cllu@®l gzell@=v) Oz,

and then
(w2 <C [ Nur)lggzllu= o))z dr
0 X

t
<Clulym gy | =0 ()los dr (415)

Since ||ul|, . < 00, we can use Gronwall inequality to obtain |[u(t) —v(t)|/z2 =0

(0,7:B5/%)
for all t€[0,7, and then u=wv. 0

4.2. Blow-up criterion. In this part, we prove a blow-up criterion of BKM type
(see [3]). We will use it to prove item (ii) of Theorem 1.1.

PROPOSITION 4.1. Let ug € Bg’ff (R3) with V-ug=0. Assume that
we C([0,T); By 2 (R*)NCH([0,T);: By (R?)) (4.16)

is a solution for system (1.1). For some T'>T, u can be extended to [0,T') with u€
C([0.7'): By X (R?)NCH([0.T"); By/7 (R?)) provided that [ ||Vu(t)|p= dt <oo.

Proof.  Ttem (i) of Theorem 1.1 assures that the existence-time T' > 0 depends only
on the initial data norm ||U0||Bs/2 Computing the L2-inner product of system (1.1)

with u, using the symmetry of es x u and V-u=0, one can deduce
[lu(®)||L2 =||uol|rz for all t€[0,T). (4.17)

Moreover, we can apply the operator A; in system (1.1), multiply the result by Aju
and after use ((u-V)A,;u,Aju)r2 =0 to get the identity

1d

2 g l1Asult MZ2 =~ (A (u(t) V)u(t), Aju(t)) 2 = ([u(t) - V,Ajlu(t), Aju(t)) 2. (4.18)

Using the Schwartz inequality and integrating identity (4.18) over (0,t), we obtain
[Aju(®)lL2 <[|A; UOHL2+/ I[u(r) -V, Aj]u(7)|| L2 dr. (4.19)

Now we multiply estimate (4.19) by 2(5/2)7 and afterwards take the I!(Z)-norm to deduce

(6572 < lrioll g+ / S 262 fu(r) -V, Ajlu(r) | 1 dr.

JEZ

By Lemma 2.3 (i), there exists C'> 0 such that

t
)2 < ol g2+ C | Il ) i . (4.20)
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Putting together property (4.17) and estimate (4.20), we have that

t
()52 < Calluoll g2+ Ca [ IVulr) () g
2,1 2,1 0 2,1

where C3 and Cy are positive constants. By Gronwall inequality, we get
t
lu(t)]l gs/2 <Cg||U0||B5/26Xp{C4/ (IVu(7)] Loe dT}, for all t€[0,T). (4.21)
2,1 2,1 0

Therefore, by standard arguments, if fOT IVu(t)|| L dt < oo then u can be continued to
[0,7] and so to [0,1”) for some T">T (by item (i) of Theorem 1.1). O
The contrapositive assertion of Proposition 4.1 gives the following remark.

REMARK 4.1.  Let ug EBS{E(R?’) with V-uo=0. Assume that u is a solution for

system (1.1) in the class (4.16). If T=T"* < oo is the maximal existence-time, then

-
/ IVu(t)|| e~ dt=oo.
0

4.3. Proof of item (ii).

Proof.  Let ug 635{12(R3) with V-ug=0. Proceeding similarly to the case ug €
B;{f(ﬂ@) (see the class (4.13)), we can obtain a maximal existence-time 7% >0 such
that the solution ue C([0,T.); By (R?))NC([0,T.); By/; (R?)).

Next, we apply the projection operators Py in system (1.1) in order to get

D
8tPiu:FiQﬁPiu+Pi(u V)u=0 with Pyu(0,2)= Piup.

Denoting A4 := :tzﬂ% and using Duhamel principle, we have that

D3 D3

Pyu(t) = e B Pyug— / e NID Py (u(r) - V)u(r) dr. (4.22)
0

Before proceeding, we recall the Strichartz estimates of [23] which states that if
2 <r,0 <oco with (r,0) #(2,00) and L+ 1 <1 then

+it D3
12T 1| 1 0,00:£0) S CILf | 2 (4.23)
Let 2<r<oo. A scaling argument in estimate (4.23) leads us to
it 23 35~ —1
1A= ¥ TBT f[| Lr(0.00i100) < 23 |77 | A £l 2, (4.24)

for all j€Z and Q €R\ {0}, where C=C(r) is a constant.
In what follows, we derive an estimate in B})OJ for the solution u. Using u=
P,u+P_u (see Lemma 2.5), we only need to show the estimate for P,u and P_u.
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First notice that

o D3 . s D3
||eilﬂt‘mPinHLT(O,oo;BéC H= Z2J||Ajeilﬂt‘D\Pin”Loc

Jer L7 (0,00)
i +iQt 23
SZQJHAJE ! t'D‘PiUOHL{(O,oo;LOO)
JEZ
SOOI Y2 ()24 Pruollrs
JEZ
_1
:C|Q‘ ” ||P:tu0||35/2‘
2,1
Moreover, by estimate (4.23), we have that
it 23 _1
1€ ¥ Pyaig| pr(0,00;L0) < ClQI ™ || Prtag| 2.
For 2 <r < oo and 2 €R\ {0}, the last two estimates yield
B Potoll 0.,y <120 Pl (425)

For the nonlinear term, using similar arguments we obtain

t
+iQ(t—7) (5 p v d ‘
H/O ¢ +(u(r)-Vulr) dr Lr(0,T;L>)

. T
<clo} / 1P (u(r) - V()| dr,

| [ e B utr) W utr) o

L™(0,T;BL, )

T
<clo} / |Pe(u(r)-Vyu()] 5 dr.

Therefore

Estimates (4.25) and (4.26) imply that

t . Dy 1 r
/ T (u(7) - V)u(r) dr < C|Q|_;/ [(u()-V)u(r)|| 5 dr.
0 0

5
2
L™(0,T;BL, ;) Bia

(4.26)

T
lullroirim, ) <CI01 <|U0||Bg + [ utn) Do)
2,1
for all 0<T < T,. Next, we define

t
U(t)::/ IVu(r)|| e dr, for 0<t<T..
0
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Using the embedding B, ; (R?) < W' >(R?) and estimates (4.21) and (4.27), we obtain

t
f< / lu(r) g dr
0 |

_1
<Ot |lullLro sy, )

11
<crHar? (kg + [ 1) a5 or)
2,1 2
<ot e || (IUOI 3 / lu(r ||2 dT)
21
1 1 t
<CtH Q77 | ol %+||u0||21 /exp(C’U(T))dT .
Bz,l B22,1 0
Then, there exist positive constants C5 and Cs (independent of ) such that
U(t)§C5t1*%\Q|*%||u0||B% <1+||uo||Bg/2texp(C’6U(t))), vt e (0,T2). (4.28)
3,1 1
For 0 <T < 00, we consider
Hy ={te[0,T]N[0,7.)| U(t) < CsT*~* |luo| g2}, T.=supHr.

We will show that 7}, =min{T,T, .}. For that, suppose that T. <min{T,T.} by con-
tradiction. Then there exists 7 such that 7, <T<m1n{TT} In view of ue
C([O,T];B;ZIZ(R?’)), we have that U(¢) is uniformly continuous on [0,7] and

U(T.) < CsT' 7 ||ug|| g/2- (4.29)
2,1
Taking a sufficiently large 2 € R\ {0} in such a way that
Q[ >2 (1+ o | 72 Texp(CsCT'—+ ||U0HB7/2)) : (4.30)
2,1 2,1
and using estimates (4.28) and (4.29) and inequality (4.30), it follows that
U(T.) < Cs(L)' 7191 |uol| /2 (1+ ol 572 Tuexp(CeU(T2)) )
< 5T HJuoll 21917+ (14 ol 72 Texp(CsCoT ol 772 )
2,1 2,1 2,1
1,1
<§C 5T T||UQ||B;{12.

Thus, there exists L such that 7, <L <7 and U(L)§C5T1‘%||uo||B7/z, contradict-
2,1

ing the definition of T.. Therefore, if inequality (4.30) holds true we have that
T. =min{T,T,}. If T, <T, it follows that T, =T, =sup Hy and then

t
U t):/ V()| dr < CsT' % [lug|l /2 < o0,
0 2,1

for all 0 <t < T, and so U(T,) <oo. In view of the blow-up criterion (see Remark 4.1),
we are done. a



[1]
2]
3]

[5]

[6]

VLADIMIR ANGULO-CASTILLO AND LUCAS C. F. FERREIRA 163

REFERENCES

A. Babin, A. Mahalov, and B. Nicolaenko, Global regularity of 3D rotating Navier-Stokes equations
for resonant domains, Indiana Univ. Math. J., 48(3):1133-1176, 1999.

A. Babin, A. Mahalov, and B. Nicolaenko, 3D Nawvier-Stokes and Euler equations with initial data
characterized by uniformly large vorticity, Indiana Univ. Math. J., 50(Special Issue):1-35, 2001.

J.T. Beale, T. Kato, and A. Majda, Remarks on the breakdown of smooth solutions for the 3D
Euler equations, Comm. Math. Phys., 94:61-66, 1984.

J. Bergh and J. Lofstrom, Interpolation Spaces. An Introduction, Springer-Verlag, Berlin-New York,
1976.

J. Bourgain and D. Li, Strong ill-posedness of the incompressible Euler equation in borderline
Sobolev spaces, Inventiones Mathematicae, 201(1):97-157, 2015.

J.P. Bourguignon and H. Brezis, Remarks on the Euler equation, J. Functional Analysis, 15:341-363,
1974.

D. Chae, On the Euler equations in the critical Triebel-Lizorkin spaces, Arch. Ration. Mech. Anal.,
170:185-210, 2003.

D. Chae, On the well-posedness of the Euler equations in the Triebel-Lizorkin spaces, Comm. Pure
Appl. Math., 55:654—-678, 2002.

D. Chae, Local existence and blow-up criterion for the Euler equations in the Besov spaces, Asymp-
tot. Anal., 38:339-358, 2004.

F. Charve, Asymptotics and vortex patches for the quasigeostrophic approximation, J. Math. Pures
Appl., 85(4):493-539, 2006.

J.-Y. Chemin, Perfect Incompressible Fluids, Oxford Lecture Series in Mathematics and Its Ap-
plications, Clarendon, Oxford University, New York, 14, 1998.

J.-Y. Chemin, B. Desjardins, I. Gallagher, and E. Grenier, Mathematical Geophysics, Oxford
Lecture Ser. Math. Appl., The Clarendon Press, Oxford University Press, Oxford, 32, 2006.

A. Dutrifoy, Slow convergence to vortex patches in quasigeostrophic balance, Arch. Ration. Mech.
Anal., 171:417-449, 2004.

A. Dutrifoy, Ezamples of dispersive effects in non-viscous rotating fluids, J. Math. Pures Appl.,
84(3):331-356, 2005.

D.G. Ebin and J. Marsden, Groups of diffeomorphisms and the motion of an incompressible fluid,
Ann. of Math., 92:102-163, 1970.

Y. Giga, K. Inui, A. Mahalov, and J. Saal, Uniform global solvability of the rotation Navier-Stokes
equations for nondecaying initial data, Indiana Univ. Math J., 57(6):2775-2791, 2008.

H. Hajaiej, L. Molinet, T. Ozawa, and B. Wang, Necessary and sufficient conditions for the
fractional Gagliardo-Nirenberg inequalities and applications to Navier-Stokes and generalized
boson equations, RIMS Kokyuroku Bessatsu B26: Harmonic Analysis and Nonlinear Partial
Differential Equations, 5:159-175, 2011.

T. Iwabuchi and R. Takada, Global solutions for the Navier-Stokes equations in the rotational
framework, Math. Ann., 357(2):727-741, 2013.

T. Iwabuchi and R. Takada, Global well-posedness and ill-posedness for the Navier-Stokes equa-
tions with the Coriolis force in function spaces of Besov type, J. Funct. Anal., 267(5):1321-1337,
2014.

T. Kato, Nonstationary flows of viscous and ideal fluids in R3, J. Funct. Anal., 9:296-305, 1972.

T. Kato and G. Ponce, Well-Posedness of the Euler and Navier-Stokes equations in the Lebesgue
spaces L, (R?), Rev. Mat. Iberoamericana, 2(1-2):73-88, 1986.

T. Kato and G. Ponce, Commutator estimates and the Euler and Navier-Stokes equations, Comm.
Pure Appl. Math., 41:891-907, 1988.

Y. Koh, S. Lee, and R. Takada, Strichartz estimates for the Euler equations in the rotational
framework, J. Diff. Egs., 256(2):707-744, 2014.

H. Kozono, T. Ogawa, and Y. Tanuichi, Navier-Stokes equations in the Besov space near L*° and
BMO, Kyushu J. Math., 57:303-324, 2003.

H. Pak and Y. Park, Ezistence of solution for the FEuler equations in a critical Besov space
B;O’I(R”), Comm. Part. Diff. Egs., 29(7-8):1149-1166, 2004.

H. Pak and Y. Park, Persistence of the incompressible Euler equations in a Besov space B‘lijl (Rd),
Adv. Diff. Egs., 153(18), 2013.

A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations, Appl.
Math. Sci., Springer-Verlag, New York, 44, 1983.

R. Takada, Local existence and blow-up criterion for the Fuler equations in Besov spaces of weak
type, J. Evol. Egs., 8:693-725, 2008.

R. Temam, On the Euler equations of incompressible flows, J. Funct. Anal., 20:32-43, 1975.

M. Vishik, Hydrodynamics in Besov spaces, Arch. Rational Mech. Anal., 145:197-214, 1998.


https://mathscinet.ams.org/mathscinet-getitem?mr=1736966
https://mathscinet.ams.org/mathscinet-getitem?mr=1855663
https://link.springer.com/article/10.1007/BF01212349
https://link.springer.com/book/10.1007/978-3-642-66451-9
https://link.springer.com/article/10.1007/s00222-014-0548-6
https://doi.org/10.1016/0022-1236(74)90027-5
https://doi.org/10.1016/0022-1236(74)90027-5
https://link.springer.com/article/10.1007%2Fs00205-003-0271-8
http://onlinelibrary.wiley.com/doi/10.1002/cpa.10029/abstract
https://content.iospress.com/articles/asymptotic-analysis/asy628
https://doi.org/10.1016/j.matpur.2005.10.002
https://mathscinet.ams.org/mathscinet-getitem?mr=1688875
https://mathscinet.ams.org/mathscinet-getitem?mr=2228849
https://link.springer.com/article/10.1007/s00205-003-0295-0
https://doi.org/10.1016/j.matpur.2004.09.007
http://www.jstor.org/stable/1970699
https://core.ac.uk/display/12093424
https://arxiv.org/pdf/1004.4287.pdf
https://mathscinet.ams.org/mathscinet-getitem?mr=3096523
https://doi.org/10.1016/j.jfa.2014.05.022
https://doi.org/10.1016/j.jfa.2014.05.022
https://doi.org/10.1016/0022-1236(72)90003-1
http://www.ems-ph.org/journals/show_abstract.php?issn=0213-2230&vol=2&iss=1&rank=5
http://onlinelibrary.wiley.com/doi/10.1002/cpa.3160410704/abstract
https://mathscinet.ams.org/mathscinet-getitem?mr=3121711
https://doi.org/10.2206/kyushujm.57.303
https://doi.org/10.1081/PDE-200033764
https://mathscinet.ams.org/mathscinet-getitem?mr=3071222
https://link.springer.com/book/10.1007/978-1-4612-5561-1
https://link.springer.com/article/10.1007/s00028-008-0403-6
https://doi.org/10.1016/0022-1236(75)90052-X
https://link.springer.com/article/10.1007%2Fs002050050128

164 ON THE 3D EULER EQUATIONS WITH CORIOLIS FORCE

[31] Y. Zhou, Local well-posedness for the incompressible Euler equations in the critical Besov spaces,
Ann. Inst. Fourier, 54:773-786, 2004.


http://aif.cedram.org/item?id=AIF_2004__54_3_773_0

