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FINITE DIMENSIONAL GLOBAL ATTRACTOR OF THE
CAHN-HILLIARD-NAVIER-STOKES SYSTEM WITH DYNAMIC
BOUNDARY CONDITIONS*

BO YOUT, FANG LIf, AND CHANG ZHANGS

Abstract. In this paper, we mainly consider the long-time behavior of solutions for the Cahn—
Hilliard—Navier—Stokes system with dynamic boundary conditions and two polynomial growth non-
linearities of arbitrary order. We prove the existence of a finite dimensional global attractor for the
Cahn—Hilliard—Navier—Stokes system with dynamic boundary conditions by using the /¢-trajectories
method.
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1. Introduction
In this paper, we consider the following Cahn—Hilliard—Navier—Stokes system:

%y Nut (u-V)u+Vp+AVu=h(z), (z,1) QxR
V-u=0, (z,t) € QxR

ot u- ¢ Y Mfov (x3t)€ X 5

p=—A0Ao+ f(¢), (z,t) EQxRT.

Equation (1.1) is subject to the following dynamic boundary conditions

u(z,t)=0, (z,t) eT xRT,
91 =0, (x,t) €T xR, (1.2)
S =alrg— 35 —Bo—g(9), (x,t) €T xRY

and initial conditions

u(z,0)=up(z), x€Q,
d(x,0)=¢o(x), z€Q, (1.3)
d(x,0)=00(z), z €T,

where QCR? is a bounded domain with smooth boundary I' and RT =[0,+00),
v>0 is the viscosity, A>0 is a surface tension parameter, >0, >0 are con-
stants, >0 is the elastic relaxation time, h(x)=(hi(x),h2(x)) is the external force,
u(z,t) = (u1(x,t),us(x,t)) denotes the average velocity and ¢ is the difference of the two
fluid concentrations, p is the fluid pressure, 77 is the unit external normal vector on T,
Ar is the Laplace—Beltrami operator on the surface I' of €.
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To study problem (1.1)-(1.3), we assume the following conditions:
(H1) the function f € C*(R,R) satisfies that there exists a positive constant C; such
that

|f' () = f'(0)| < Crlu—vl(|ufP~> + [v]P 72 + 1) (1.4)
for any u,v € R and
caul? =k < f(u)u <ca|ulP + k1, (1.5)

where ¢; >0 (i=1,2), p>3, k1 >0.
(Hs) the function g € C(R,R) satisfies that there exists a positive constant Cs such
that

|9(u) = g(v)| < Calu—v[(Jul "+ [T +1) (1.6)
for any u,v€R and
cslul? — ke < g(u)u<cqlul? + ko, (1.7)

where ¢; >0 (1=3,4), ¢>2, ko >0.

Dynamic boundary conditions were recently proposed by physicists to describe spin-
odal decomposition of binary mixtures where the effective interaction between the wall
(i.e., the boundary) and two mixture components is short-ranged, and this type of
boundary conditions is very natural in many mathematical models such as heat transfer
in a solid in contact with a moving fluid, thermoelasticity, diffusion phenomena, heat
transfer in two medium, problems in fluid dynamics. The well-posedness and long-
time behavior of solutions for many equations with dynamical boundary conditions
have been studied extensively(see [4-6,12-15,17,18,26,35-39,45]). For example, the
global well-posedness of solutions for the non-isothermal Cahn—Hilliard equation with
dynamic boundary conditions was proved in [19]. In [17], the author proved the exis-
tence and uniqueness of a global solution for a Cahn—Hilliard model in bounded domains
with permeable walls. The global existence and uniqueness of solutions for the Cahn—
Hilliard equation with highest-order boundary conditions were proved in [39]. In [38],
the authors proved the maximal regularity and asymptotic behavior of solutions for the
Cahn—Hilliard equation with dynamic boundary conditions. The fact that any global
weak /strong solution of the Cahn—Hilliard equation with dynamic boundary conditions
converges to a single steady state as time t — 400 was proved in [12]. In [20], the author
proved the existence of a global attractor and an exponential attractor in H*(£2) for
a homogeneous two-phase flow model and established any global weak/strong solution
converges to a single steady state as time t — +o00, and provided its convergence rate.
In [18], the author proved the existence of an exponential attractor for a Cahn—Hilliard
model in bounded domains with permeable walls. The existence of a global attractor for
the reaction-diffusion equation with dynamical boundary conditions was proved in [15].
In [35], the authors proved the existence of an exponential attractor for the Cahn—
Hilliard equation with dynamical boundary conditions. In [47], the authors proved the
existence of a global attractor for p-Laplacian equations with dynamical boundary con-
ditions by using asymptotical a priori estimates.The well-posedness of solutions and the
existence of a global attractor of the Cahn—Hilliard—Brinkman system with dynamic
boundary conditions was proved in [46].

Diffuse-interface methods in fluid mechanics are widely used by many researchers
in order to describe the behavior of complex fluids (see [3]). A diffuse interface vari-
ant of Cahn—Hilliard-Navier—Stokes system has been proposed to model the motion
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of an isothermal mixture of two immiscible and incompressible fluids subject to phase
separation (see [27-29]). The coupled system consists of a convective Cahn-Hilliard
equation for the order parameter, i.e., the difference of the relative concentrations of
the two phases, coupled with the Navier-Stokes equations for the average fluid veloc-
ity. The Cahn—Hilliard—Navier—Stokes system has been investigated from the numerical
(see [16,31,32]) and analytical (see, e.g., [1,2,7-9,22-25,42,43,48,49]) viewpoint in
several papers. The long-time behavior and well-posedness of solutions for the two
dimensional Cahn-Hilliard-Navier-Stokes system were proved in [22]. Thanks to the
shortage of the uniqueness of solutions, the authors have proved the existence of tra-
jectory attractors for binary fluid mixtures in 3D in [23]. In [24], the authors have
considered the instability of two-phase flows and provided a lower bound on the dimen-
sion of the global attractor of the Cahn-Hilliard-Navier—Stokes system. The existence
of pullback exponential attractor for a two dimensional Cahn—Hilliard—Navier—Stokes
system in [7]. In [43], the author has proved the existence of pullback attractors for a
two dimensional non-autonomous Cahn-Hilliard—Navier—Stokes system. Recently, the
authors have considered the Cahn—Hilliard—Navier—Stokes system with moving contact
lines and proved any suitable global energy solution will convergent to a single equilib-
rium in [25]. In [11], the authors have proved the well-posedness of solutions for the
viscous Cahn—Hilliard—Navier—Stokes system with dynamic boundary conditions and
considered the regularity of the weak solutions under some additional assumptions that
#:(0) € HY(Q,do) and u;(0) € H. However, to the best of our knowledge, there are no
results related to the existence of a finite dimensional global attractor for the dissipative
dynamical system with dynamical boundary conditions.

In this paper, we will consider the well-posedness and the long-time behavior of solu-
tions for the Cahn—Hilliard—Navier—Stokes system with dynamical boundary conditions
and a polynomial growth nonlinearity of arbitrary order. When we consider the long-
time behavior of solutions for the Cahn-Hilliard—Navier—Stokes system with dynamic
boundary conditions, there are two difficulties: first of all, comparing to Cahn—Hilliard
equation with dynamic boundary conditions, since the the coupled term arises and the
additional assumptions that ¢;(0)€ H*(Q,do) and u:(0) € H specified in Lemma 2.3
of [11] cannot be obtained for the weak solution at sufficiently large time in general
such that we cannot obtain the existence of an absorbing set for problem (1.1)-(1.7) in
a more regular phase space than H x V. Secondly, comparing to the Cahn—Hilliard—
Navier—Stokes system with Neumann boundary conditions, thanks to

L¢tA2¢dx:£¢ta;¢—AA¢%(g+...,

it is very tricky to deal with these two terms on the right hand side such that we
cannot choose A2¢ as a test function to prove the smooth property of the difference
of two solutions and the differentiability of the corresponding semigroup on the global
attractor for problem (1.1)-(1.7). Therefore, the standard scheme of estimating the
fractal dimension of the global attractor does not work. To overcome this difficulty,
inspired by the idea of the method of ¢-trajectories for any small £ >0 proposed in [33],
in this paper, we first define a semigroup {L;}+>0o on some subset X, of L2(0,¢; H x V)
induced by the semigroup {S;(t)}i>0 generated by problem (1.1)-(1.7), and then, we
prove the existence of a global attractor Ay in X, for the semigroup {L;};>0 by the
method of /-trajectories and estimate the fractal dimension of the global attractor by
using the smooth property of the semigroup {L;}:>¢. Finally, by defining a Lipschitz
continuous operator on the global attractor 4,, we obtain the existence of a finite
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dimensional global attractor A in the original phase space H x V for problem (1.1)-
(1.7).

Throughout this paper, let C be a generic constant that is independent of the initial
datum of (u,¢). Define the average of function ¢(z) over Q as

1
mq&zﬁ‘/Q(ﬁ(x)dx.

2. Preliminaries
In order to study the problem (1.1)-(1.7), we introduce the space of divergence-free
functions defined by

V={uec(Cr(N)*:V-u=0}.

Denote by H and V the closure of V with respect to the norms in (L%(2))? and (H}(92))?,
respectively.
We define the Lebesgue spaces as follows

LP(T) = {v: ||v]l Lr(ry <0},

ol o = ( / |v|pd5)

for pe[1,00). Moreover, we have

where

LP(Q)® LYT) = L»(Q,do), p,q€[l,00)

and
1 1
1 ra@aon = ( / P i) + ( / [v]2dS)’}

for any U = (u,v) € LP9(£),do), where the measure do = dz|q®dS|r on (2 is defined by
o(A)=|ANQ|+S(ANT) for any measurable set A C (.

We also define the Sobolev space H'(Q,do) as the closure of C1(Q2) with respect to
the norm given by

16511 @) = ( /Q Vol2de + / a|vr¢|2+/3¢|2ds)

for any ¢ € C*(Q), denote by X* the dual space of X and let H*(2), H*(') (s€R) be
the usual Sobolev spaces. In general, any vector § € LP(Q,do) will be of the form (6;,6,)
with 6 € LP(Q,dx) and 0y € LP(T',dS), and there need not be any connection between
91 and 02.

Let the operator A: H'(Q,do) — (H'(2,do))* be associated with the bilinear form
defined by

(A1) = /Q Vé-Vidr+ /F AV Vip+ B dS (2.1)

for any ¢, v € H'(Q,do).
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REMARK 2.1 ( [21]). C(Q) is a dense subspace of L?(€,do) and a closed subspace of
L>(Q,do).

Next, we recall briefly some lemmas used to prove the well-posedness of weak solu-
tions and the existence of a finite dimensional global attractor for problem (1.1)-(1.7).

LEMMA 2.1 ( [40]). Let O be a bounded domain in R™ and let 1< ¢g<oo. Assume
that {g,,} C LY(O) with [[{gn}|[za(0) < C, where C is independent of n and there exists
g€ Li(0) such that {g,} —g¢g, as n— 00, almost everywhere in O. Then g, —g, as
n— oo weakly in L9(0O).

LEMMA 2.2 ( [19,35]).  Let QCR? be a bounded domain with smooth boundary T.
Consider the following linear problem

_A¢:j17 er?
—alAr¢+ 5% +Bp=jo, €T,

Assume that (j1,j2) € H*(Q,do), s>0, s+ 5 ¢N. Then the following estimate holds

9l zro+2(0,d0) < Cld11 25 (2) + 52/ 25 (1))

for some constant C > 0.

LEMMA 2.3 ( [44]). Let V, H, V* be three Hilbert spaces such that VC H=H*CV*,
where H* and V* are the dual spaces of H and V, respectively. Suppose u€ L*(0,T;V)
and % € L?(0,T;V*). Then u is almost everywhere equal to a function continuous from
[0,T] into H.

LEMMA 2.4 ( [10, 30, 33, 34, 41]). Assume that py € (1,00], pa€[l,00). Let X be
a Banach space and let Xy, X1 be separable and reflexive Banach spaces such that
XoCcCc X CXy. Then

Y ={ue L’ (0,¢;Xo):u" € LP?*(0,4;X1)} cC L (0,4;X),

where £ is a fixed positive constant.

DEFINITION 2.1 ( [40,44]).  Let {S(t)}i>0 be a semigroup on a Banach space X. A
set AC X is said to be a global attractor if the following conditions hold:
(i) A is compact in X.
(i1) A is strictly invariant, i.e., S(t)A=A for any t >0.
(iii) For any bounded subset BC X and for any neighborhood O =0O(A) of A in X,
there exists a time 19 =T1o(B) such that S(t)B C O(A) for any t > 9.

LEMMA 2.5 ( [34]). Let X be a (subset of) Banach space and (S(t),X) be a dynamical
system. Assume that there exists a compact set K C X which is uniformly absorbing and
positively invariant with respect to S(t). Let moreover S(t) be continuous on K. Then
(S(t),X) has a global attractor.

DEFINITION 2.2 ( [40,44]). Let H be a separable real Hilbert space. For any non-empty

compact subset K C H, the fractal dimension of K is the number

dp(K) zlimsupw7
e—0+ log(g)
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where N (K) denotes the minimum number of open balls in H with radii e >0 that are
necessary to cover K.

LEMMA 2.6 ( [34]). Let X, Y be norm spaces such that X CCY and ACY be
bounded. Assume that there exists a mapping L such that LA=A and L:Y — X 1is
Lipschitz continuous on A. Then dp(A) is finite.

LEMMA 2.7 ( [34]). Let X and Y be two metric spaces and f: X —Y be a-Holder
continuous on the subset AC X. Then

dr(F(4),¥) <~ di(A,X).

In particular, the fractal dimension does not increase under a Lipschitz continuous map-
ping.
Finally, we give the definition of weak solutions for problem (1.1)-(1.7).

DEFINITION 2.3.  Assume that he L*(Q) and (Hy)-(Hz) hold. For any (uo,®o)=
(ug,¢0,00) € H x HY(Q,do) and any fizred T >0, a function (u,) is called a weak solution
of problem (1.1)-(1.7) on (0,T), if

p€ L*(0,T;H' () is given by the fourth equation of (1.1)

and
¢eC([0,T); H' (Q,do))NL*(0,T; H*(Q,do)),
weC([0,T);H)NL*(0,T;V),
(ur, ) € L2(0,T5V* x (H' (Q,do))*)

satisfy

/ut-v+VVu-Vv+[(u-V)u]-v+)\(v¢)~Vudx:/h-vdm,
Q Q

/(btq/}d:r—i-/(u-VqS)wdx—kv/ Viu-Vipdx =0,

Q Q Q
/V¢~V0+f(¢)9dx+/¢t9+an¢-Vp9+ﬁ¢9+g(¢)9d52/,u9dac
Q r Q

for all test functions veV and v, 0 €W ={we€ H' (Q,do) :mw=0}.

3. The well-posedness of weak solutions
In this section, for the sake of completeness, we give the proof of the well-posedness
of weak solutions for problem (1.1)-(1.7). Now, we state it as follows.

THEOREM 3.1.  Assume that h€ L?(Q) and (Hy)-(Hs) hold. Then for any uo€ H
and ®o=(¢o,00) € H*(Q,do), there exists a unique weak solution (u(t),¢(t)) for prob-
lem (1.1)-(1.7) such that mo(t) =mepo, which depends continuously on the initial data
(ug,P0,00) with respect to the norm in H x H'(Q,do).

Proof.  We first prove the existence of weak solutions for problem (1.1)-(1.7) by
the Faedo—Galerkin method (see [11,44]).

Let A; =—PA is the Stokes operator and P is the Leray-Helmotz projector from
L?(Q) onto H. It is well-known that for the eigenvalue problem A;w = kw, where there
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exists a sequences of non-decreasing numbers {k,}52; and a sequences of functions
{wn}22 1, which are orthonormal and complete in H such that for every k> 1, we have

Alwk = KREWE
and

lim ki =+o00.
k— 400

We also introduce the operator N which is the inverse of the Laplacian operator —A,
where —A is endowed with Neumann boundary conditions imposing zero average over
the domain 2. It is well-known that there exists a sequences of non-decreasing numbers
{An}52; and a sequences of functions {¢,, }22 ;, which are orthonormal and complete in
L2(Q) such that A\; =0 and ¢ =1 as well as for every k>2, we have

1
Nl/’k = )de}k
and

lim A\ =+o0.
k——+oco

For any n>1, we introduce two finite-dimensional spaces W,, = span{t1,...,¢,} and
H, = span{wi,...,w,}. Let P, be the orthogonal projector from L?(Q) to W,, and let
II,, be the orthogonal projector from H to H,,.

Consider the approximate solution (un (t),®n (t),n(t)) in the form

un(t) = Zﬁz(t)wu

t) :Zai(t)'(/]iv

t)=> mi(t)s,
i=1

we obtain (uy,(t),¢n(t)) from solving the following problem

fQ Bgtn -v+vVu, -Vu+ [(u V)un} "U+)\(’U¢n) -VundIZth-vdx,

Jo 20+ (- V)0 +9V it - Vipdz =0,

Jo Vén-VO+ f(¢n)0dz+ [ 2220+ aV ¢, - Vr0+ Bénb +g(60)0dS = [, pnbda,
fQun O)-wkda@:fﬂuo-wkdx k=1,--,n,

fQ(bn de quﬁozledx k=1,-

Jp 00 (0)91dS = [ 00t dS, k=1,

(3.1)
for any ve H,, and ¢, 0 € W,,.
Repeating the similar argument as in [11], we can obtain the local (in time)
existence of (u,(t),dn(t), 1, (t)). Next, we will establish some a priori estimates for
(un(t),dn(t), pn(t)). Let v=1uy,, ¥ =p, and § =¢,, in Equation (3.1), we find

d Opn,
& (Gl + 5100 B a0y +3 [ PG4 [ G10,)d5) + 012500

122y
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+)\,-YHVIUTLHL2(Q)+VHVU7I||L2(Q)+||¢7L||H1 ng)+/f(¢n)¢nd$+/rg(¢n)¢nds

/unqbndm /M¢nds+/gh(m)undx

O
<lppn —mpnll L2 @) | Pnll L2 (@) +mpnmeo |2 + ||W||L2(F)H¢n\\m(r)
1Al L2 ) [unll L2 (o)

O,
<0HvﬂnHLZ(Q | nll L2 Q)+\mﬂn|\m¢o||9|+ H . ||L2 )||¢n||L2(F)
+ Al 22 Q)Hun||L2(Q ) (3.2)
where F(s)= [ f(r)dr and G(s)= [; g(r)dr, respectively, are the primitive function of
f and g.

Let #=1 in the third equation of (3.1), we obtain

‘/Qundxl_ﬂ O0nt HLl(F +Bllon (@)l L1y Flg(Dn) Ly + 1 f(Dn)lLr)-  (3.3)

Combining inequalities (1.4)-(1.7) and (3.2)-(3.3) with Hélder’s inequality and Young’s
inequality, we find that there exist two positive constants § and g such that

3¢n( ) 2

I (tn; ¢n) + Al 122 (o) + 2V bl L2 0y + 2 VL2 () + 0 (n, 6n) <0, (3.4)

d
dt
where

T.6) = [l )+ A0l ) +27 | F(0)da+2 [ Glo)as

From the classical Gronwall inequality, we infer

I (tn (), ¢n (1)) <™ (un (0),6(0)) +
e 0T (ug, Po) + =.

SIS

(3.5)

SOLS

From inequalities (1.4)-(1.7), we deduce that there exist four positive constants 1, dz,
ky and ks such that

1 (1l 20 + M9l 0,007 + 19150y + 19110y ) —
<J(u,9)
<82 (1220 + 161301 (0,00 + 101 ) + 18y ) + o (3.6)
By virtue of inequalities (3.5)-(3.6), we obtain
e (8)122 ) + 1m (8) 1203 3,0y + S (O g + 1 (8) [y

1 _ o 1{31
< ot —_— e .
_516 J(UO,(I)()) 515+51 (3 7)

Integrating inequality (3.4) from 0 to ¢, we obtain

3%
A N2yt [ 100y [ 1706y
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<oT+ J(ug,Po) + k1 (1+T), (3.8)

for any t € (0,77].
Due to inequalities (3.3) and (3.7)-(3.8), we find

{u, Y52 is uniformly bounded in L°°(0,T; H)NL2(0,T;V),
{dn}22, is uniformly bounded in L>(0,T; H*(Q,do))NL>(0,T;LP(Q))
NL>(0,T;LY(I)),
3%
( ( )

{,un}n:1 is uniformly bounded in L*(0,T; H*(Q)).

}o2 is uniformly bounded in L*(0,T;L*(T)),

Therefore, there exist
we L>=(0,T; H)NL*(0,T;V),
¢ € L=(0,T; H' (Q,do)) N L¥(0,T;LP(€2)) N L>(0,T; LY(T)),
a¢ 2 2

— e L*(0,T;L~(T

8t E ( ) ) ( ))7

X € L(0,T; H' ()

Opn;
such that we can extract subsequences {u,;}52,, {¢n,;}521, { 2t 221 {n; 132, of

{un}2q, {0}, {a% 10 1y {pn 152, respectively, satisfy
Un,; —wweakly star inL>(0,T;H),
Up,; — u weakly inL*(0,T;V),
¢n; — ¢ weakly star inL>(0,T; H(Q,do)),
bn; — ¢ weakly star in L>(0,T;LP(£2)),
bn; — ¢ weakly star in L>(0,T;LI(T")),

ad’g;( ) a‘gii) weakly in L?(0,T;L?(T)),
fin; = X weakly in L*(0,T; H*(£2)).
From inequalities (1.4)-(1.7) and (3.7), we obtain
{F(dn) )22, is uniformly bounded in L (0,T; L7 (), (3.9)
{9(6n)}2, is uniformly bounded in L™ (0,T; L7 (T)). (3.10)

We infer from inequalities (1.4)-(1.7), (3.7)-(3.8), Sobolev embedding Theorem and
Lemma 2.2 that

{60 Y22, is uniformly bounded in L*(0,T; H?(Q,do)), (3.11)
entails one can extract a subsequence {¢,,}72; of {¢n};2; such that

Gn, — dweakly inL*(0,T;H*(Q,do)).
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For any veV, set v, =I1,v, we have

un,
|| S vl < [ Junl? V0|4 2190 [V o]+ Mol [Vita]
Q Q

<lunllZsq) IIan||L2<Q>+V||VunIIL2 o) [Vunllz2 @)

Hllhllz @) lvallz@) +Allvall 20, H¢n\|LP(Q) IVinll L2

<Cllunl|L2 sz)lqunHm(sz)||VU||L2(Q)+V||VUnHL2<sz Vo2
1
+Ta||h||L2(Q)||Vv||L2(Q)+C||VU||L2(Q)||¢n||Lp(Q)||VunIIL2(Q),
entails that

{8un 100 1 is uniformly bounded in L? (0,T;V™).

For any ¢ € H'(Q,do), set 1, = P,1, we have

Opn
|/ e ¢d$|</\un¢n||v¢n|dx+7/ IV ][ V]

<HunH 2p | dnlle@) I VOull L2 ) + Y1Vl L2 (@) | VYnll L2 ()
2(Q

<O Vun| 2@ PnllLe @) IVYI L2 + YV itnl L2 V| L2 (0)
which implies that

{&bn oo 1 s uniformly bounded in L? (0,T;(H

L(Q,do))*).

ou
Therefore, we can extract subsequences {—-

J O . O
ot Jl’{at Jlf{(9 n13{¢}n1a
respectively, such that
Oun;  Ou
8tj —\aweakly inL*(0,T;V*)
O,

5 Aaweakly in L2(0,T;(H(Q,do))*).
By virtue of the Aubin—Lions compactness theorem, we can extract a further subse-
quence (still denote by {un;}32, and {¢y, }52,) such that additionally

U, — ustrongly inL*(0,T;H), (3.12)
On,; — ¢ strongly inL*(0,T; H' (Q,do))

(3.13)
From properties (3.9)-(3.10), (3.12)-(3.13) and Lemma 2.1, we obtain
F(6n,)— f(¢) weakly in L' (0,T;L"F (1)) (3.14)
9(6n,) = 9(¢) weakly in LT (0,T;L*% (T)). (3.15)
Hence, we have

—A¢+f(9)=
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Thanks to

/QTU-([un-V]un—[u-V]u)dx:/QTv~([(un—u)-V]un)dx+/ v ([u-V])(up, —u))dz,

Qr

/ 0+ (60 ¥ jin — 6V 1) da = / V(9 — )zt | 06 (Vyin — V) da
Qr Qp

Qr

for any v €V and
/ (U, -V, —u-Vo)hdr=— ¢(un—u)~vwdx—/ (Pn — D)up - Vipdx
Qr Qr Qr

for any v € H*(Q,do), we obtain

(ty, - V)i, — (u-V)uweakly in L*(0,T;V*),
GV i — OV ppweakly in L2(0,T;V*),
Up -V, —u-Voweakly inL*(0,T;(H*(Q,do))*).

Therefore, a weak solution (u,¢) for problem (1.1)-(1.7) has been proved. Moreover, we
infer from Lemma 2.3 that u(t) eC(RT; H) and ¢(t) e C(RT; HY(Q,do)).

Finally, we prove the uniqueness and the continuous dependence on the initial data
of the solutions. Let (u1,¢1,p1), (u2,p2,p2) be two solutions for problem (1.1)-(1.7)
with the initial data (u1,,¢14,601,), (t2,,P2,,02,), respectively, and mepi, =mdpo,. Let
u=1u1 — Uz, ¢=ad1 — P2, p=p1 —p2, then (u,¢,p) satisfies the following equations

—vAu+u-Vug+up - Vu+Vp=—-Ap1 Vi — AoV g, (x,t) €Q xR,
Vou=0, (x,t) €Qx R,

3.16
%+U-V¢1+u2-v¢—’yAu:0, (:L"t)GQXR+’ ( )
p=p1—pr2=—A¢+ f(d1) — f(#2), (z,t) €QxRF.
Equation (3.16) is subject to the following boundary conditions
u(z,t)=0, (z,t) T xRT,
91 =0, (x, t)eer+ (3.17)
%ﬁ & F¢+ +B¢+g(¢1) (¢2):O7 (x7t)€FXR+

and initial conditions

u(z,0) =u1, —ug,, TE€Q,
(.13,0) ¢1U ¢207 UAS Qv (318)
¢($ 0) 9107910, zel.

Multiplying the first equation and the third equation of (3.16) by u, —AAg, respectively,
and integrating by parts, we find

1d
2 dt

—\y /Q V(/(61) — f(92))-VAGdz A / (9(1) — 9(62)) 0 dS — A /Q (u26)- VAGdz

= (a2 (0) + MO 6,00)) + MGt O (o) + VIVl Z2 (@) + MV A Z2 o

A / (u-Vbn) (F (1) — F(62)) + (ud) - Vs — / [(u-V)us] - udz
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<Ny /Q V(1) — £($2))-VAGdz + Alg(ér) — g(62) 2o I bell oy

+ A [ullLa) Vo1l Lz | £ (61) = f(d2)llLa(e) + Alluzl Lao) |9l L2 @) VAP L2
+ M Jull s @10l s (@) I V2l L2 (@) + [ull 24 () | V2 20 - (3.19)

Due to

/Q V(F(é1) — F(ba)- VAGdz

<

(700~ 162901 Va0d|+ | [ 10070 T 0do

<CHV¢1||L6(Q)(1+||¢1||La<p ey T 10207000 18]l s @) IV A5
+C(1+ 2|ty Q))HV¢HL4(Q)||VA¢||2

<Cl1ll 112600y (L 1111570y a0y 1921y 0 DN 211 @2.0) [ VA2
+ O+ 021 g a1V Ol L3 [V A5

<Clo1llg2 (0,0 (1+H¢1HH1 ,do) +H¢2||H1(Q dor) Mol i (0,400 IVAP|2
+ O+ 10215 g0 (101 220 +||¢||L2(Q)||VA¢||2%)HVA¢”2

<Cl¢1llg2 0,0 (1+H¢1HH1 0,do) +H¢2||H1(Q do) Mol i (0,400 IVAP|2

+ O+l 02l (g 0 )(||¢||H1(Q,dg)+||¢||H1(Q,d[,)||VA¢H§)HVA¢||27 (3.20)

where we use the following Gagliardo—Nirenberg inequality:

1 1
IVollLs) SCIVAQZ2 ()10l 7 2y + Coll@ll L2(0)

1 (61) = (@)l 20) SCL+N1l535 - 0 +||¢2||Ls<p o) 10llzs @)
<CA+ 6115 00y T 102157 o) 19 12 (0.0 (3.21)

and

||g<¢>1>—g<¢2>||Lzm<C(1+H¢1H‘zzi oy T 1920 Fatamn )10l 2y
<SCAH161157 0oy T 1021577 0 19 22 (00 (3.22)
we infer from inequality (3.19)-(3.22) and Young’s inequality that

d
7 lu(®) 20y + MO 6,00)) SLE (lu®)l72(0) + MO (0,00)),  (3:23)

where
L(t) = C(1+ 1161132 (0,u0) + 10201 E2(0.00) T 1 VU2l F2(0) + Va2 72(0)- (3.24)

Therefore, we conclude from inequality (3.8), property (3.11) and the definition of L(t)
that
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From the classical Gronwall inequality, we obtain

IO 11 0,40+ 1u )220
<max{1,a, 8} (Jlur, 1z, 32y + V61, — V2o 32y + 1010 Oz [y ) 1T,

Therefore, (uy(x,t),d1(x,t)) = (u2(z,t),P2(z,t)) a.e. in Qp, if uy, (x) =us, (z), ¢1,(x)=
P2, (x) in Q and 0y, (z) =05, (z) in T, and (u(z,t),¢(x,t)) depends continuously on the
initial data (ug,do,00) with respect to the norm in H x H'(Q,dc). The proof of Theorem
3.1 is completed. 0

COROLLARY 3.1. Assume that he L2(), (uom,Bom,00m) — (uo,00,00) in H x
HY(Q,do) and (Hy)-(Hs) hold, let (um(t),¢m(t)) be a sequence of weak solution
for problem (1.1)-(1.7) such that (um(0),¢m(0)) = (Uom,Pom,0m). For any T >0, if
there exists a subsequence converging (x-) weakly in spaces {(u,¢)€ L>(0,T;H x
HY(Q,do))NL*(0,T;V x H*(Q,do)) : (ug,¢¢) € L1 (0,T5(V x HY(Q,do))*)} to a certain
function (u(t),d(t)). Then (u(t),o(t)) is a weak solution on [0,T] with (u(0),¢(0))=
(u0,¢0,60)-

For every fixed I€R, let Vi ={¢p€ H*(Q,do):m¢=1}, by Theorem 3.1, we can
define the operator semigroup {S;(t)}i>0 in H x V; by

SI(t) (U0,¢0,90) = (u(t)7¢(t)) = (’U,(t; (u07¢0790))1¢(t; (u07¢0700)))

for all t>0, which is (H x Vi, H x Vr)-continuous, where (u(t),$(t)) is the solution of
problem (1.1)-(1.7) with (u(z,0),¢(x,0)) = (uo,¢Po,00) € H x V1.

4. The existence of global attractors

4.1. The existence of a global attractor in X,. In this subsection, we will con-
sider the existence of global attractors for problem (1.1)-(1.7) by using the ¢-trajectory
method. From Theorem 3.1, we know that the solution (u(t),$(t)) of problem (1.1)-
(1.7) with initial data (ug,¢o,00) in H x V7 is unique. Therefore, for any £>0 and any
(uo,¢0,600) € H x V1, there is only one solution defined on the time interval [0,/] starting
from the initial data (ug,¢o,0p) € H x V7, for the sake of simplicity, which is denoted by
X(7, (uo,00,00)). Denote by X, the set of all the solution trajectories defined on the time
interval [0,¢] equipped with the topology of L?(0,¢;H x V). Since X, C C([0,£]; H x V}),
it makes sense to talk about the point values of trajectories. On the other hand, it is not
clear whether X, is closed in L?(0,¢; H x V1) and hence X, in general is not a complete
metric space. In what follows, we first give the definition of some operators.

For any t €0,1], we define the mapping e;: X, — H x V; by

et(x) = x(t0)

for any x € Xp.
The mapping b: H x V; — X, is given by

b((uo,d0,00)) = (u,0)(7; (0, P0,00)) = S1(7) (1o, P0,00), T €[0,£]

for any (ug,®0,00) € H x V; and we define the operators L;: Xy — X, by the relation

Ltb((uO,¢0,90)) = (u7¢)(t+T;(uO,¢0,90)) :S](t+T)(UQ7¢0,90), TE [0,6]
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for any (ug,¢o,00) € H x Vi, where (u,¢) is the unique solution of problem (1.1)-(1.7)
with initial data (ug,¢0,60), we can easily prove the operators {L;};>¢ is a semigroup
on Xy.

Next, we will carry out some a priori estimates to obtain the existence of absorbing
sets for problem (1.1)-(1.7).

THEOREM 4.1. Assume that he L*(QY) and (Hy)-(Ha) hold. Then there exists a
positive constant p1 satisfying for any bounded subset B C H x Vi, there exists a time
71=71(B) >0 such that for any weak solutions of problem (1.1)-(1.7) with initial data
(uo,0,60) € B, we have

() 2y + SO .00y <01
and
¥/
/O et + ) 20y + MG+ 5)]20 6 45 < 1

for any t > 1.

Proof.  From inequality (3.5), we infer that for any bounded subset BC H x V7,
there exists a time 7o =79(B) >0 such that

J(u(t), () <1+ 5
for any t > 7p, which implies that
(O3 gy MG sy <1+ 2+
L2(Q) H'(Q,do) = 5 ) 51
for any t > 79.
From inequality (3.4), we deduce
d
%J(U,¢)+)\H¢t(t)||i2(r) +/\’Y||VH||2L2(Q)+V||VU||2L2(Q)+5J(U,¢) <o. (4.1)

Integrating inequality (4.1) from 0 to £ and combining (3.6), we obtain

)\/ e ()2 )dr—i—é/ ) dr < ol + J(w(0),6(0) + kv (4.2)

Integrating inequality (4.1) from r to t+r and integrating the resulting inequality with
respect to r over (0,¢), we obtain

/J (t+7r),0(t+7r) dr<e_5t/ J(u ))dr++¢ e %

5(

<em S ol+ I (u(0 >¢<o>>+k1>+6§,

which implies that

¥/
/0 et 7))+ AIDCE+7) 2015y I
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st 1 o ki
<t M
S (gé—i—J(u(O),qb(O))+k1)+€551 + 5,

Therefore, for any bounded subset B C H x V7, there exists a time 71 =71(B) > 7 such
that

4
o k
[ Wt B+ AN+ Dl gy <14 655+ 5 (13)
0 1 1

for any t > 7. O
Let

Bo={(u,6) € H x Vi [ull 0 + M@l ) <1 }

we infer from Theorem 4.1 that there exists a time tg=to(Bg) >0 such that for any
t>tg, we have

S[ (t)Bo C Byp.
Define
71‘1)(‘/1
Bi= J Si(t)Bo
t€[0,to]
and

Bf={xeXy:eo(x) € B},
from the continuity of S;(t), inequality (3.5) and Theorem 4.1, we deduce
Si(t)B1 C By
and
LB C Bf

for any ¢t >0 as well as B; is a bounded subset of H x V7.
From Theorem 4.1, we immediately obtain the following result.

COROLLARY 4.1.  Assume that h€ L*(Q) and (Hi)-(Ha) hold. Then for any bounded
subset B C Xy, there exists a time t; =t,(B*) >0 such that for any weak solutions of
problem (1.1)-(1.7) with short trajectory x € B, we have

() 220y + NSO 000 <1
and
¥/
/0 et + ) 20y + MG+ 5)]2 6. 45 < 1

for any t >t;.

In what follows, we prove the existence of a compact absorbing set in X, of the
semigroup {L;}1>o0.



68 CAHN-HILLIARD-NAVIER-STOKES SYSTEM

THEOREM 4.2. Assume that h€ L*(Q)) and (Hy)-(Hz) hold. Then there exists a

positive constant ps satisfying for the subset Bg7 there exists a time 7o :TQ(BS) >0 such

that for any weak solutions of problem (1.1)-(1.7) with short trajectory x € B§, we have

¢ ¢ 2
/ ||w<t+r>uiz<m+Au¢<t+r>||im,d0)dr+( / |\ut<t+r>||v*+||¢t<t+r>|\v;dr) <ps
0 0

for any t>1o.

Proof.  From the proof of Theorem 4.1 and Corollary 4.2, we know that there
exists a tg =to(B§) such that

¥4
o, 0  k
||u(t)\|§2(m+A||¢(t)\\§11@dg)+/ J(u(t+r),0t+r)dr <2405+ 4L (4.4)
0 1) 515 51

for any t > tg.
Integrating inequality (4.1) between t—s and t+/¢ with t>¢+ %, SE (O,%), we
obtain

¥/ ¥/ ¢
A / | 8e(t+7) 20y dr+ Ay / IVt +7) |2y dr -+ / IVu(t+1)22 0
<J(u(t—s),p(t—3))+o(l+s)+ki+ 0k L. (4.5)

After integrating inequality (4.5) with respect to s over (0, g) and combining inequality
(4.4), we have

¢ ¢ ¢
/\/0 ||¢t(t+r)||2L2(F)dT+/\'y/O ||V,u(t+1")||2L2(Q)dr+l//0 \|Vu(t+r)|\%2(g)§91 (4.6)

for any tZto—i-%.
It follows from Lemma 2.2 and inequalities (4.4) and (4.6) that

l
/0 IVt + )22 g + MO+ 5) 220,005 < 2 (4.7)

J
for any t>to+ 3.

From the proof of Theorem 3.1, we conclude

1
ve <Cllull L2 VUl 2 (o) + VI Vul L2 0) + \/TT"hHLQ(Q) +C9lvi [Vl )
(4.8)

e

and

1]

Integrating inequalities (4.8)-(4.9) over (t,t+¢) and combining inequalities (4.6)-(4.7)
with Holder’s inequality, we obtain

vy SCIVullz2@lIollv: +71IVillL2 ) (4.9)

4
/ l[us(E+7) v+l ¢e(E+7) vy dr < o3 (4.10)
0

J
for any t>to+ 3. 0
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Let
Y={xeX:xeL*(0,6,V x H*(Q,do),x: € L' (0,6 V* x (H' (Q,do))* }

equipped with the following norm

(NI

2
4 4
=1 | ||x<r>||2‘VXH2(Q,d(,>dr+< / ||xt<r>||V*X<H1<Q,da>)*dr>

Define
Bi={xeXe:|x|y <p2}.

From Theorem 4.1 and Theorem 4.2, we know that L;Bf§C Bf for any ¢t >0 as well as
Lth CBf for any t > 7o.
LEMMA 4.1.  Assume that h€ L*(Q) and (Hy)-(Hz) hold. Then

L%(0,6;Hx Vy)
L,Bf " c B

for any t>0.
Proof. Thanks to L;B§ C B§ for any ¢t >0, it is enough to prove that

FSLQ(O,Z;HXVI) c Bg.
—L%(0,6;Hx Vr)
For any xq EBS , there exists a sequence of trajectories x, € B§ such that
Xn—Xo in L?(0,;H xV;), which implies that e;(x.)—ei(xo) in H x V; for almost
all t€10,1]. Since eo(xn) € By for any n €N, there exists a subsequence {eo(xn,)}72; of
{eo(xn)}nZy and (uo,¢o,00) € H x Vi such that eg(xn;) — (1o, ¢0,00) in H x V. From the
proof of the existence of weak solutions for problem (1.1)-(1.7), we deduce that for any
T >0, there exists a subsequence converging (*-) weakly in spaces {(u,¢) € L>°(0,T;H x
HY(Q,do))NL2(0,T;V x H*(Q,do)) : (us,¢¢) € LH(0,T;((V x HY(Q,do))*)} to a certain
function (u(t),o(t)) with (u(0),$(0)) = (uo,¢Po,00). Therefore, we obtain xo € X, from
Corollary 3.1. It remains to show that eg(x) € By. Since By is closed, e;(xo) € By for
almost all ¢ €[0,1]. In particular, e, (xo) € By for any sequence ¢,, with ¢,, — 0. From the
continuity of x¢:[0,¢] = H x V; and the closedness of By, we deduce that eq(xo) € B;.
Therefore, we obtain o € B§. |

LEMMA 4.2.  Assume that h€ L?(Q) and (Hy)-(Hz) hold. Then the mapping Ly : X, —
Xy is locally Lipschitz continuous on BY for all t>0.

Proof.  For any fixed t>0 and any x', x2€ BY{, let (ui(t+7),01(t+7))=LiX",
(ua(t+7),02(t+7))=Lyx? and let u=wu; —uz, ¢=p1 — 2. Since eg(x') and eg(x?) is
uniformly bounded in H x V; for any x', x? € BY, from the proof of Theorem 3.1, we
conclude

d
7 lu(®) 2200y + MO 6,00) SLE (lu®)l72(0) + MO (0,000 (411)

where

L(t)=C(1+[¢1 Hilz(ﬁ,da) + Hgb?”f'i?(ﬁ,da) +[[Vuz ”%2(9) + Ve ”%2(9))'
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Let s € (0,¢) and integrating inequality (4.11) from s to t+s, we obtain
[t + $)l172(0) + Aot + )7 (@00,
t4s
< / L) )32 gy A . (5) Py + NS - (412
From the classical Gronwall inequality, we deduce
Jut+5)|172 0 +)‘||¢(t+8)”?{1(@,da)
t4s
§(|IU(S)||2L2(Q)+>\H¢(8)||§{1(Q,da))exp(/s ' L(r)dr)

<M(t)([luls) 1720y + A e 7 (@,00))- (4.13)

where

t+e
My(t) :exp(/0 L(r)dr) (4.14)

is a finite number depending on (u1,,¢1,,01,) and (ug,,P2,,02,) by using Theorem 3.1.
Integrating (4.13) with respect to s for 0 to ¢, we obtain

/
/0 Jeu(t+ ) 22y + A+ 52 .0 45

L
<My(t) / ()13 + A S s 1,00 5 (4.15)

which implies the mapping L;: X;— X is locally Lipschitz continuous on Bf for all
t>0. d

Thanks to the invariance of By, Theorem 4.1 and Theorem 4.2, we easily deduce
L2(0,6;H x V1)
that K =L, BY s positive invariant, uniformly absorbing compact subset of

Xy. Therefore, we can immediately obtain the existence of a global attractor in X, from
Lemma 2.5 stated as follows.

THEOREM 4.3.  Assume that h€ L?(Q) and (Hy)-(H2) hold. Then the semigroup
{Li}1>0 generated by problem (1.1)-(1.7) possesses a global attractor Ay in X, and
et(Ay) is uniformly bounded in H x Vi with respect to t €[0,1], where

et(Ar) ={ei(x) 1 x € Ae}

for any t€10,1].

In what follows, we prove the smooth property of the semigroup {L;};>0 to estimate
the fractal dimension of the global attractor Ay.

THEOREM 4.4.  Assume that h€ L*(Q2) and (Hy)-(Hs) hold, let x' and x? be two
short trajectories belonging to Ay. Then there exists a positive constant k independent
of t such that for arbitrary t > ¥, we have

¥/
ILox! — Lo 2 < sMa(t) / 1) =20 e,
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where My(t) is given in (4.14).

Proof.  For any X', x* € Ay, let (u1(t+7),01(t+7))=Lex", (ua(t+7),¢2(t+7))=
Lix? and let u=u; —ua, ¢=¢1 —¢ps. Since e;(x!) and e;(x?) is uniformly bounded in
H x Vi with respect to t € [0,1] for any x!, x> € A, from the proof of Theorem 3.1, we
obtain

d

%(Hu(t)HZLQ(Q) F 001720y + VUl 720y + M VAT 20

<L) ()72 0) + MO 1 (@40 (4.16)

where
L(t)=C(1+ H(blHiI?(Q,da)—’— ||¢2||§12(Q,da)+||Vu2||%2(ﬂ) +VuzlZ2q)-
For any ¢t > ¢, integrating inequality (4.16) from ¢ —s to t+¢ with s €0, g], we conclude
[t + Ol Z2 @) +ASE + Ol (@40 +2IVUOZ2 () + MV A 172 () dC

t+£
< / L) ()13 ) + MA@ A+ (= ) 132y + M9 = )31 0.0

—S

It follows from the classical Gronwall inequality that
Ju(t+ 01720 +)\||¢(t+f)||§p(ﬁ,da) + ][ Vu(Q)[172(0) + M VAS() 172y dS

t+4
<exp( / L) dC) (u(t — )30y + Mt — )21 @0))- (4.17)

—S

For any ¢t >/¢ and any s€ |0, %], integrating inequality (4.16) from s to ¢ —s, we obtain
l[u(t =)l 22 () + Mo =) 31 (0,40)
—
S/S SL(T)(IIU(T)H%?(n)+>\||¢(T)H§;1(Q,dg))dr+(||u(8)||2Lz(g)+)\||¢(8)|@p(fz,da))~

We deduce from the classical Gronwall inequality that

Ju(t =) 20 + M S = )20 6.0

t—s
<)+ A6 ool [ Lirar)

<(lus) 2 + S 211 .00y €D / T L(rdr). (4.18)

Combining inequalities (4.17) and (4.18), we obtain
¢
| IV Ol )+ 1T 800+ €

t+¢
<exp( / L) dO) () 220y + MO 211 g1.09)

=M(t)(lu()]1 20 +ME() 771 0,40



72 CAHN-HILLIARD-NAVIER-STOKES SYSTEM

Integrating the above inequality over (0, g) with respect to s, we obtain

l
/0 VIFu(t+ Q)20 + IV AG(E+O) 2y

2M,(t) [*
<2 oy + A .0

Thanks to M,(¢) is bounded for any fixed t € [¢,.5], we obtain

¥/
/0 VTt 402+ M TAG(E+C) 20 dC

2M,(t) [*
<2 [ o)y + A .0

It follows from the Sobolev trace Theorem and Lemma 2.2 that
Y
| AT+ Ol 41000+ .0

l
<R MA(0) [ (0) o)+ M9 sy (4.19)

Thanks to

[utl[v+ <vl[Vulp2q) +Cl|Vul L2 @) | Vuzll L2 @) + Cl| Vui || L2 o) [ Vul 22 )

+Cll1ll 1 (0,a0) IVl 22 + CllYl i1 (02,00 [V 2]l 22(02) (4.20)

and

D¢l (1 (@,00)) SCINVUllLz@) 1611 71(0,40) + ClIVU2|| L2 () |01 1 (0,d0)
Va2 @), (4.21)

we infer from Theorem 4.2 and inequalities (4.19)-(4.21) that

(/Oznut(tw

4
<raMe(t) [ (0) )+ M) s (1.22)

2
v+ 16 (E+7) | (mr (9,d0))+ dr)

The proof of Theorem 4.4 is completed. ]

From Lemma 2.6, Theorem 4.3 and Theorem 4.4, we immediately obtain the fol-
lowing result.

THEOREM 4.5.  Assume that h€ L*(Q), (H1)-(Hz) hold. Then the fractal dimension of
the global attractor Ay in Xy of the semigroup {L,}i>0 generated by problem (1.1)-(1.7)
established in Theorem /.3 is finite.

4.2. The existence of a global attractor in H xV;. In this subsection, we
prove the existence of a finite dimensional global attractor in H x V; of the semigroup
generated by problem (1.1)-(1.7).
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THEOREM 4.6. Assume that he L*(Q) and (Hy)-(Ha) hold. Then the mapping
e1: A¢— A=e1(Ay) is Lipschitz continuous. That is, for any two short trajectories x*,
X2 € Ay, there exists a positive constant 0 dependent on £ such that

l
ler(0¢) = 10 2w, <6 / I 0) = X2 e, i

Proof.  For any x', x* € Ay, let (u1(t+7),¢1(t+7)) = Lex", (ua(t+7),da(t+7)) =
Lix? and let u=wu; —ug, ¢=¢1 — ¢2. Thanks to eg(x!) and eg(x?) is uniformly bounded
in H x V; for any x!, x2 € Ay, from the proof of Theorem 3.1, we obtain

d
—(lu(®)1 720y + MSe )1 720y + VI Vull72 ) + M VAG] T2 (0

dt
<L) ([[u®lZ2 @) + MW7 0,40))» (4.23)
where
L(t) = C(L+ 116112 (0,d0) + 192172 0,00y + IV 2l|Z2(0) + [V H2]l72(0)-
For s€(0,¢), we infer from the classical Gronwall inequality and inequality (4.23) that
[u(O)1 72 () + MO (0.00)

£
<) oy + MO s @0 | L))

¢
<) 0+ MO s @ a0 )exol | L)) (420
Integrating inequality (4.24) over (0,¢), we obtain

Oy + MO s .00
1 L L
<gesp( [ L)) [ (o) ey )00 i)

Thanks to definition (4.14), we know that

¥/
M(0) =exp( / L(r)dr) < +o0,

which implies that the mapping e; : Ay — A is Lipschitz continuous. ]

THEOREM 4.7. Assume that he L?(Q) and (Hy)-(Hz) hold. Then the semigroup
{S1(t)}+>0 generated by problem (1.1)-(1.7) possesses a global attractor A=ei(Ay) in
H x Vy. Furthermore, the fractal dimension of the global attractor A is finite.

Proof. From Lemma 2.7, Theorem 4.5 and Theorem 4.6, we know that A is
compact and the fractal dimension of A is finite. As a result of L; A, =A;, we have

Sr(t)A=S;(t)er(Ar) = e1(LeAr) = e1(Ag) = A

for any t>0. From the definition of B;, we deduce that for any bounded subset of
H x Vr, there exists some time ¢ ={(B) such that for any ¢ >, we have

S[(t)BCB1.



74 CAHN-HILLIARD-NAVIER-STOKES SYSTEM

Therefore, we only need to prove that

tggloodiStHXVI (S1(t)B1,A)=0.

Otherwise, there exist some positive constant ey, some sequence {(un,d,)}5>,; C By and
some {t,}52, with ¢, =400 as n— 400 such that

diStHXvI (S](tn)(’u,n,(bn),fl) 260. (425)
From the definition of B, we deduce that there exists x,, € Bg such that

(unad)n) = eO(Xn)'

Since {xn}22, is bounded in X, and A, is a global attractor in X, of the semi-
group {L:}s>0 generated by problem (1.1)-(1.7), there exist a subsequence {xn,}nz;
of {Xxn}nz; and a subsequence {t,; }52; of {t,}72, such that

Ltn]. —tXn; = X €Ay in Xy foras j— +o0.
Thanks to the continuity of e;, we have
St(tn;)(Un;,Pn;) = el(Ltnj —eXny) —e1(x) €Ain HxVr as j— +oo,

which contradicts inequality (4.25). |
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