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PROPERTIES OF SOME BREATHER SOLUTIONS OF
A NONLOCAL DISCRETE NLS EQUATION*

ROBERTO 1. BENT, JUAN PABLO BORGNA%, AND PANAYOTIS PANAYOTAROSS

Abstract. We present results on breather solutions of a discrete nonlinear Schréodinger equation
with a cubic Hartree-type nonlinearity that models laser light propagation in waveguide arrays that use
a nematic liquid crystal substratum. A recent study of that model by Ben et al [R.I. Ben, L. Cisneros
Ake, A.A. Minzoni, and P. Panayotaros, Phys. Lett. A, 379:1705C-1714, 2015] showed that nonlocality
leads to some novel properties such as the existence of orbitaly stable breathers with internal modes,
and of shelf-like configurations with maxima at the interface. In this work we present rigorous results
on these phenomena and consider some more general solutions. First, we study energy minimizing
breathers, showing existence as well as symmetry and monotonicity properties. We also prove results
on the spectrum of the linearization around one-peak breathers, solutions that are expected to coincide
with minimizers in the regime of small linear intersite coupling. A second set of results concerns shelf-
type breather solutions that may be thought of as limits of solutions examined in [R.I. Ben, L. Cisneros
Ake, A.A. Minzoni, and P. Panayotaros, Phys. Lett. A, 379:1705C-1714, 2015]. We show the existence
of solutions with a non-monotonic front-like shape and justify computations of the essential spectrum
of the linearization around these solutions in the local and nonlocal cases.

Keywords. discrete nonlinear Schrodinger equations; nonlocal effects; localized solutions; breather
solutions; linear stability.
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1. Introduction

We present results on breather solutions of a nonlocal discrete nonlinear Schrodinger
equation with a cubic Hartree-type nonlinearity introduced by Fratalocchi and Assanto
[7] to study the propagation of laser light in waveguide arrays built from a nematic liquid
crystal substratum. Further experimental work on this system is reported in [8,10,29].
Breather solutions of discrete NLS equations have both theoretical and experimental
importance and have been studied extensively, especially for the discrete NLS equation
with power nonlinearities, see [16] and references. Recently Ben et al [1] reported some
interesting new properties of breather solutions of the nonlocal discrete NLS system
of [7] in a 1-D lattice, specifically the presence of internal modes around orbitaly stable
breathers, and the appearance of front-like solutions that attain their maximum at the
interface. The present work studies some of these properties from a rigorous point
of view, and includes new related results on breathers of both the local and nonlocal
discrete cubic NLS equations.

We will show existence and stability results for two types of solutions of the
Fratalocchi-Assanto [7] system. First, we study breather solutions that minimize the
Hamiltonian (energy) over configurations with fixed /2—norm (power). These are spa-
tially localized solutions that could be in principle studied experimentally, see [8,10,29]
for some related localized solutions. The existence of the energy minimizers follows from
a concentration-compactness argument that is similar to the one used in [20,22, 30, 32].
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2144 BREATHERS OF NONLOCAL DISCRETE NLS

We also show that the minimizer is even and decays monotonically away from its max-
imum. These two properties follow from discrete symmetrization and rearrangement
arguments, see Theorem 2.2 for statements and proofs. The notion of symmetrization
for functions on the lattice uses the Fourier transform, while the monotonicity argument
uses a discrete analogue of Riesz’s rearrangement inequality, see [17].

We note that [1] shows the existence of spatially decaying breathers using different
arguments, assuming that the linear intersite coupling parameter § is small in absolute
value. The present results assume instead that §v >0, see (2.1), and thus extend the
existence results of [1] to a larger parameter range. The dv>0 case is also the one
relevant to experiments.

The numerical results of [1] suggest that the linearization around the minimizing
solutions of section 2 should have internal modes. Showing this in the general case seems
difficult and we here present results for the linearization around one-peak breather
solutions obtained for small linear intersite coupling § via a continuation argument,
see [1]. These solutions exist in the intersection of the parameter ranges considered in
Section 2 and in [1], and we argue that they coincide with the energy minimizers of
Section 2, see Proposition 4.3 for the precise statement. The presence of stable internal
modes was seen explicitly in the limiting case on vanishing linear coupling ¢ in [1]. In
Section 4 we use perturbation arguments, especially the Krein signature, to show the
persistence of at least a finite number of stable internal modes for ¢ > 0 sufficiently small,
see Proposition 4.2. These results agree with the numerical observations of [1].

The second type of solutions we study are shelf-type breather solutions. These are
solutions that decay in one direction and asymptote to a nonzero value in the other
direction. These solutions have infinite /2-norm, and their existence is shown by an
implicit function theorem that allows us to continue solutions of the § =0 equation,
see [1,18,24,27] for related results for solutions that decay at infinity. The argument
applies to both the power and nonlocal nonlinearities, see Section 3. The power case is
here primarily interesting as a limit of the nonlocal case. In the nonlocal case we continue
from a nontrivial configuration that exhibits a maximum at the interface between sites
with vanishing and nonvanishing amplitude. This effect was seen originally in [1] for /2
solutions, and we see here that the linearization can be still inverted explicitly.

We also consider the linearization around the shelf-type breathers of Section 3 and
present results on the essential spectrum of the corresponding operators. In the limit-
ing case of the power nonlinearity, the essential spectrum is obtained by studying the
“spatial” dynamics of the piecewise constant coefficient linear map defined by the linear
operator. This is a common approach for problems on the line, see e.g. [14], and we
show discrete analogues of some of the basic results in Subsection 4.2. In the nonlocal
case we do not seem to have an immediate correspondence of the operator problem to
spatial dynamics, but we can reproduce some of the calculations of the local case using
the fact that the operator problem involves piecewise translation invariant (convolu-
tion) operators to obtain a weaker result for the essential spectrum, see Theorem 4.2
in Subsection 4.3. A possible alternative approach may be provided by a study of the
analytic properties of the resolvent, see [12] for discrete Schrodinger operators, and [28]
for the linearization around NLS breathers.

We note that the motivation for studying the shelf-type solutions is heuristic at
present. First, the shelf-type breathers can be thought of as limits of a class of breathers
that have finite support in the § =0 limit. see [1]. These “finite shelf-type breather”
solutions can be characterized by an integer m >0, the size of their support in the
6=0 limit. The essential spectrum computed in Section 4 is the apparent limit of a
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subset of the spectrum of the linearization around the finite shelf-type breathers as
m increases, see details in Section 4. We also point out that there are interesting
connections between shelf-type breathers of discrete NLS equations and static front
solutions of discrete nonlinear diffusion equations. The equations for these solutions are
similar, and the continuation methods of Section 3 can be also used to show existence
and monotonicity properties of static fronts, see [4,11]. In Section 3 we remark on the
discrete version of a recently proposed diffusion equation with nonlocal nonlinearity,
see [9]. Also, in discrete diffusion equations the static solutions can become “depinned”,
i.e. may start to move after some value of the intersite coupling, and the static problem
is a starting point for analyzing these moving fronts [2]. In the discrete NLS we do
not have a clear analogue of the depinning transition for shelf-type solutions, but a
preliminary numerical study [21] suggests that such a transition may be possible. This
transition can be related to changes in the spectrum and bifurcations of the shelf-type
breathers as we increase the linear coupling.

The Fratalocchi-Assanto model can be generalized to higher dimensions, see e.g. [31,
32] for dimension dependent phenomena in the local system, however the experimental
setup of [7,8,10,29] does not have a higher dimensional analogue. Also, comparisons
of the model to experiments have used 4, 7, £ near unity, see [7], and thus the results
of Section 2 are directly relevant. The small § results of Sections 3, 4 agree with the
numerical results of [1], where 0 was up to 0.5. Their relevance to the experimental
parameter range requires further numerical study.

The paper is organized as follows. In Section 2 we study energy minimizing
breathers and show existence, and symmetry and monotonicity properties. In Section 3
we show the existence of shelf-like solutions for the local and nonlocal nonlinearities, in
Subsections 3.1, 3.2 respectively. In Section 4 we study the spectra of the linearization
around different breathers. In Subsection 4.1 we study the linear stability of one-peak
breather solutions in the small linear coupling regime and relate these solutions to the
minimizers of Section 2. In Subsections 4.2, 4.3 we present results on the essential
spectra of shelf-type solutions in the local and nonlocal cases, respectively.

2. Nonlocal discrete NLS and energy-minimizing breather solutions

We consider the one-dimensional discrete NLS equation

Uy = 01 (U1 +un,1—2un)+2'ytanhgi(z e M=y 2, nez, (2.1)
me7Z

with §, 7, k real constants, x>0, see [7].
Equation (2.1) can be written formally as the Hamiltonian system

K —R|m—n
H:52|un+1—un|2—7tanh§zz|um|26 m=nlly,, 2. (2.3)
neL neELmMEL

The quantity P=3" _, |u,|? is formally a conserved quantity.
We consider solutions of equation (2.1) of the “breather” form u, =e~“!A,,, with
w real, and A:Z — C independent of . Such A satisfies

WAy =8(Apy1+ Ay —2A,) +27tanhg(z e MMl 4, 1) A, YnEZ. (2.4)

meZ
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Let ||||, denote the [P-norm for complex-valued functions on Z. Let Y =1%(Z,C)
with the norm ||-||=]]||2.

Let {é, }nez denote the standard basis in Y.

Let A>0 and define

Iy=inf{H(v): veY), P(v)=A\}. (2.5)

A configuration A, €Y, P(A,) =\, satisfying H(A,) =1, is referred to as a minimizer
or ground state (of H at power P=X\). The set of minimizers of H at power A is
denoted as M. For ¢€Z, 7,A denotes the translation of A by ¢, i.e. (7,4),=A4,_g4.
The operation of multiplying A€Y by a scalar e'®, ¢ €R, is referred to a global phase
change. Translations and global phase changes leave P and H invariant.

THEOREM 2.1. Let 6, v>0. Then for every A>0, the set M) is nonempty, and
A€ My implies that A satisfies property (2.4).

Proof. We will only present a sketch of the proof. The existence part uses
a discrete version of Lyon’s concentration-compactness principle, following [20, 22, 30,
32]. The functional H is easily seen to be bounded below, and has the form H=
0Hs—~V, with Hy, V homogeneous quadratic and quartic functionals respectively.
Both Hs(u) and V(u) are positive for any u#0 in X. The discrete version of the
concentration-compactness lemma (see [22], Sections 3, 4) states that there are three
scenarios: splitting, vanishing, and convergence (up to translation), indicated by the
number I" in [22], (3.13). The goal is to show convergence, for any A>0. To eliminate
splitting, we use the subadditivity property (Lemma 4.3, [22]), and a discrete analogue
of Lemma 4.4 of [23]. These arguments are valid for all A>0. To eliminate vanishing
for a given A >0 it suffices to find a test function f€ X, with P(f)=A\, and H(f) <O0.
We use functions

f=Cg, geX, C=VAlgll™". (2.6)
Then P(f)=A, and the condition H(f) <0 becomes
3|[Dgl*llgll?
—— <, 2.7
7V (9) @7)

where (Dg)pn = gni1—gn, n€Z. We use test functions (g), =e~ ", n€Z, with a>0
(as in [32]) to see that

1
1Dg]1?[|gll* =2+ O(a), V(Q)ZHQHi:%ﬂLO(l), as a—0". (2.8)

Then, given any A>0, the left hand side of inequality (2.7) can be made smaller by
taking a > 0 sufficiently small. It follows that a minimizing sequence will converge up
to translations and global phase rotations, and that M is nonempty for all A > 0.

We easily check that H:Y —R is C!, and that H'(A) —wP’(A)=0 implies that A
is a solution of equation (2.4). 0

THEOREM 2.2. Let 0, v>0, and consider A>0. Then A€ M, implies that there
exist p€R, qeZ such that A:€i¢TqZ, with A real and positive, reflection symmetric
and non-increasing, i.e. A, >0,YneZ, A_,=A,,VneZ, and A, > Ay, for all positive
integers a <b.

We first define a symmetrization operation that transforms any u € Y =1?(Z,C) into
a configuration w € Y that is real, non-negative and symmetric with respect to the origin,
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and that moreover has the same [>-norm and a smaller value of H. The symmetrization,
and the proof of Lemma 2.1 below were suggested to us by Diego Rial.
For feY, define f:R—C by

f@) = fne™, z€R. (2.9)

neZ

f is clearly 2r—periodic. By the L2 theory for Fourier series, f belongs to L2(SY,0),
with St the interval [0,27] with 0, 27 identified. Moreover equation (2.9) defines an
isomorphism between Y and L?(S!,C). The inverse is given by

1 2m

2m Jo

fa= f(@)e ™™ dz, nez, (2.10)

ie. f is the inverse Fourier transform of f. Moreover, we have Parseval’s identity
MUl =g [ V@), (211
nEZ

Consider v €Y, with @ as in equation (2.9), and define v, w as follows:

1 ,
Un =g Sl|ﬂ($)\e*”””dx, nez, (2.12)

and
wy =|v,|, neZ. (2.13)

It follows from identity (2.11) that v, w belong to Y, and that ||w||=]|v||=||ul|.
Also, by definition (2.12) we have v_,, =v}, ¥n€Z. Then definition (2.13) implies
that

W_p=w,>0, VYneZ. (2.14)

The configuration w is therefore real, positive, and symmetric, with ||w||=||u]|.

LEMMA 2.1.  Consider u€Y, and v, we€Y as in definitions (2.12) and (2.13). Then,
H(w) < H(v) < H(u).

Proof. First we examine the quartic part V' of H in Fourier space. Letting
gn=e"""l neZ, we compute

) 1_6—25
g(z) =) e rinlgine = . 2.15
7) nze:ze € 1—2e *cosx+e2r ( )

We observe that |g(x)|=g(x), Yz €R.
Also,

=3 [ gnmltim]? (2.16)

nezZmez

87r3 / / x)u(y)u* (y+z)i(z) i (2 —x)drvdy dz (2.17)
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< 0 ”/0 W/O (@) )| [ () [0(2)] [ (2 — )| dwdy dz. - (2.18)

— 8n3
The definition of v in equation (2.12) and the isomorphism between Y and L?(S!,C)
imply |i(z)| =9(z), a.e. €S, so that the R.H.S. of inequality (2.18) is V(v). Therefore

V(u) <V (v). (2.19)

On the other hand, by the definition of w in equation (2.13) we also have V (v) =V (w),
hence

V(u) <V(w). (2.20)

For the quadratic part Hy we calculate
1 27 s T )
Hy(u)=— sin” 5 |@(z)|* de = Ha(v), (2.21)
TJo

since |i(z)|=0(z), a.e. € S1. Then

Hy(0) = a1 =val> 2 Y [[vnsa| = [va][* = Ha(w), (2.22)
neR neR

using the definition of w in equation (2.13). Combining inequalities (2.20) and (2.22)
we conclude that H(u) > H(w), as stated. O

We also observe that by equation (2.12)

1 2

Vo [a(z)|de>0;  |v,|<wve, VYneZ\{0}. (2.23)

Then equation (2.13) implies

i.e. the maximum of w is attained at the origin.

The second operation that decreases H while keeping the [2—norm fixed is that of
replacing u €Y by its non-increasing rearrangement. To define this operation, let &
be the set of all f:Z—R that satisfy (1) f_,=fn, V>0, (ii) fo>0, (iii)fo > f, >0,
Vn >0, and (iv) f, —0 as |n|— oo.

Note that S is the union of its disjoint subsets ST, S°, and ST, where f € ST implies
fn>0,VneZ, fcS% implies that there exist n for which f,, =0 and that f,, #0 for an
infinite subset of n €Z, and f € ST implies that the set of n for which f,, #0 is finite.

For f€STUS as above, let f7 the j-th largest value of f, starting from j=1,
ie. fl=fy, and j€Z+*={1,2,...}, for all f€S. For if f €S, then f attains a finite
number 7 (f) of values; then f7, j <T(f) is the j-th largest value of f, starting from
j=1, and we set f/ =0, for all j>T(f).

Given a subset J of Z, x s will denote the characteristic function of J. We also use
the abbreviated notation x>, to denote the characteristic function of the set of n€Z
satisfying f, >a. Note that the support of x> ; is finite, for any f€ S8, and j>1. In
what follows x7(n) denotes the value of x; at site n.
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DEFINITION 2.1.  Let % be the set of finite I CZ satisfying 0€ 1, and n€ 1 implies
—n€l. Let m be such that |I|=2m+1. Then I denotes the set of 2m-+1 consecutive
integers from —m to m.

Let feSTUSY, fix F9>0 and let I={n€Z:f,> fi} =suppx;>s. Then I €I
and we let X ;> s = X7

For feS we define its symmetric non-increasing rearrangement as the function
f:Z—R+*U{0} defined by

f= Z Xf>fJ (2.25)
7j=1

We check that f€STUSY, and that f,, < f,, for all m>n>0. We recall the following
additional facts.

ProrosiTiON 2.1. If f€S then

oo

gn=>_(F1 =Y xyspi(n), neL, (2.26)

j=1
coincides with f, i.e. gn=fn, Yn€Z. If also f €SNI, then
S-S (221)
neZ nez

REMARK 2.1.  The second conclusion of Proposition 2.1 also implies that |[h||;» =
[|h||1#, for all he SNIP, p>0. This follows by setting f,, = (hn)P.

Proof. First, suppose that n is such that f,, = f™, with f7 >0. Then x> i (n) =1,
if 7 >m, and vanishes otherwise, and therefore

gn =2 (F = ") = Jim (f" =)= " = fu, (2.28)

since f7 —0 as j—o0. In the case where f, =0 for some n, then g, =0 by equation
(2.25), since n is not in the support of any x> with f7>0.

For the second statement, we first consider the case f€S™. Let N(f7), j€Z" be
the set of n satisfying f,, = f7. The N(f?) are finite, mutually disjoint, and their union
is Z. Moreover the set of f7, j € Z™ is the set of values of f. Then

an—ZfJ N (), (2.29)
neZ
moreover N (f7) =suppx s> i. Therefore equation (2.29) implies
an ij |Xf>fJ|—Zf |Xf>fJ (2.30)
ne”Z

since the support of X belongs to 7% We check that 7j =f7, and that X =
Vj€Z*. Thus equation (2.30) implies

> fa= Zf X757 I—ZfN )=> T (2.31)

nez nez

XF>7



2150 BREATHERS OF NONLOCAL DISCRETE NLS

The case f €S8P is similar. We note there that the set where f,, =0 is not included
in the sum in equation (2.29), i.e. we only sum over the positive values of f. The set
of positive values of f is precisely the set of the f7, j € Z*, and the remaining steps are
identical since the sets N(f7) satisfy the same properties. In the case f €S we only
sum over the values f7, j <T(f) in equation (2.29). The remaining steps are identical
as the N'(f7), 1<j <T(f), satisfy the same properties. O

From the properties of the configuration w €Y obtained from u €Y via equations
(2.12) and (2.13), as above, it is clear that w € SN2, and we can apply the operation of
non-increasing rearrangement to obtain a new symmetric configuration w that is non-
increasing, and satisfies |[@||=||w||. To show that H(w)< H(w), we use Lemma 2.2
below on rearrangements of quadratic forms. The lemma is a special case of a discrete
analogue of the Riesz rearrangement inequality, see e.g. [17].

Let k£ be a positive integer and let I, J be finite subsets of Z, and let

QULE.J)=> "> xr(n)Hi(m—n)xs(m), (2:32)

nezZmer

where Hy(n)=1 if |n| <k, and vanishes otherwise.

LEMMA 2.2. Let I, JETI®, and consider the corresponding I, J, as in Definition 2.1.
Assume also that I CJ. Then for any positive integer k

Q(Lk,J)>Q(L,k,J). (2.33)

Given a pair I, J the inequality is strict for at least one positive k, unless I=1, J=J.

Proof. Fix a positive integer k. Consider first the case I =J. Let 1 <j; <jo,...,<
Jm denote the positive sites of J. Then |J|=2m+1. A gap G of J is a symmetric set
of consecutive sites j not in J that satisfy either jy <j <jat1 or —jxy1 <j<—j, for a
pair of 0<jx <jx+1 in J. Note that the definition implies that g=j 11 —jx > 1, and
that G consists of 2¢g >0 sites. A gap is specified by the pair of sites jy, jay+1 above,
referred to below as its (positive) edges.

If J=.J, then J has no gaps. The idea is to show that deleting gaps in I and .J
simultaneously increases Q. We then generalize to the case I CJ.

Given a gap G specified by the sites jx, jar1 of J as above, let JsubG €Z® be
the set whose positive elements are all j € J that satisfy j <jy, and all j—g, j € J that
satisfy j>jy+g+1. It is easy to show that Q(JsubG,k, JsubG) > Q(J,k,J). Iterating
the elimination of gaps we obtain Q(J,k,.J) > Q(J.k,.J).

In the case I CJ, the definition of gaps is the same. We first eliminate all gaps
of J whose positive sites are to the right of the largest site of I. The resulting set is
denoted as Ji, and we easily argue that Q(I,k,J1)>Q(I,k,J). Also I CJy, moreover
the remaining gaps of J; are also gaps of I, otherwise there would be sites of I not in
Ji. Eliminating all the gaps of J; from both I and J; we obtain new sets I, and Js
respectively. We have J,=.J, and we easily show that Q(I2,k,J)> Q(Iz,k J1). Also
I, CJ. If I,#J, then I, still has gaps, and we eliminate them to obtain I. We again
can show that Q(I,k,J) >Q(I2,k,J). The above hold for any positive integer k.

It is easy to show in each of the above steps, that cancellation of any gap would
give strict inequality for all values of k> 1. For instance, the relation I C J at all stages
implies that the elimination of the common points in the gap will increase for each 7 in
the smaller set the number of j in the larger set satisfying |i —j| <k. The increase will
be strict for the points at the edges of the gap, for all k>1. ]
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LEMMA 2.3.  Consider the configuration we SNY, and its non-increasing symmetriza-
tionweY, as above. Then H(w)< H(w). The inequality is strict, unless w=71.

Proof. We first consider the quartic part V, using the functions f, =w?, f, =w=,

VneZ, ie. f, feSNI'. Alsolet g(n)=e "I, ¥n € Z. We can use Proposition 2.1 and
the definition Hj, after equation (2.32) to write =32, (¢’ —¢’*")H;. Then,

= fagln—m)fm (2.34)

neEZmEZL
(oo}
222[2 aj, Xg>pin (0 Zb iHj(m—n) Za32xf>f“ m)], (2.35)
neZmezZ ji1=1 Jo=1

with aj=fI— fitl b =g — g7t

The order of summations can be changed using the [?—summability of w, and the
fact that convolution with g defines a bounded operator in ¥ (we omit therefore the
steps of defining all quantities for finite sums and taking limits).

We then have

o0

= Z Z Z aj, bjaj, Z Z Xgspi (M) H;(m=n)x 5 2 (m) (2.36)

J1=1j=172=1 neZmeZ

Z Z > a;,b;aj,Q(SUpPX s> g J,SUPPX > 72 )- (2.37)
=1j=1j>=1

Since suppx s> i Csuppx s 0 if fi> 7', we can apply Lemma 2.2 for the supports of
the x> to obtain from equation (2.37)

oo 0 o0

> Z Z Z aj,bja;,Q(SUPPX s> fi15J,SUPPX > iz ) (2.38)
Ji=1j=1j2=1
=V (f). (2.39)

The inequality is strict unless

Q(SUPDX > fi1 5J,SUPPX > 32 ) = Q(SUDPDX > i1 »J,SUPDX > fi2 ) (2.40)

for all j1, jo. In that case we see that w=w.
The quadratic part Hs can be written as

Hy(w) =Y " (wlyy +wh —2wnwpi1) =2[|w|[> =2 wpwnir, (2.41)
nez nez

and we define H; by

H (w)=> (wl ) +wh+2wnwni1) =2|[w][*+2) w1 (2.42)
nez nez

To show that Hy (W) < Ho(w) it then suffices to show that H. (w)> Hy (w). We write

Z Z wp M (n—m)wy,, (2.43)

neZmer
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with M(0)=2, M(£1)=1, and M(n)=0 for n€Z\{-1,0,1}. M is symmetric and
decreasing in Z*, and we can then follow the argument used for V above to see
that H (w) > Hy (w), as required. It follows immediately by H(w)= Hy(w)—V (W) <
Hy(w)—V(w)=H(w), with strict inequality if w# w, as stated. 0

REMARK 2.2. In the case §, v<0 we have a similar statement for the maximizer of
H, i.e. we apply the theorem to the minimizer of —H.

REMARK 2.3.  For §>0, v<0 and any A >0 we have I,=0. We can see that by
considering the functions gV, N €Z*, where g¥ =v/\/\/(2N+1) if —-N<n<N, and
vanishes elsewhere. It follows that the infimum is not attained and that we can not use
minimization to find critical points. In the case of ¢ sufficiently small critical points
were obtained by different arguments, see [1].

REMARK 2.4. The symmetrization and rearrangement results above also apply to
energy minimizing breathers of the cubic DNLS in Z, where we minimize H,=dHs —
vHy, Hy(u)=||u||}, over configurations u€Y with P(u)=A>0. The existence of a
minimizer for arbitrary A >0 is shown in [32]. Lemma 2.1 also holds for Hy, using the
k— oo limit g(z) =1, Vz, in equation (2.15). Lemma 2.3 clearly applies to H, as well.

3. Infinite shelf-type breathers

In this section we show the existence of infinite shelf-type breather solutions of
equation (2.4) with |§] # 0 and small. We consider two cases depending on the interaction
term in equation (2.1): local case and nonlocal case, corresponding to “k=00", and
k>0 respectively. In Theorem 3.1 we show the continuation of shelf-type breathers of
equation (2.4) with § =0 in the local case. Theorem 3.2 concerns the continuation of
shelf-type solutions for arbitrary x> 0.

3.1. Local case. Let weR. For A€l*®(Z,R), 6€R and neZ define F,:
1°(Z,R) x R—R by

Fo(A0)=08(AA), +2vA3 +wA,, (3.1)

where (AA), =A,_1—2A,+Ap41.

Let >0 and define Soy={no+1,n0+2,n0+3,...} CZ, Sa=7Z\Sy. We consider
a nontrivial solution A=A of F, (A,0)=0, Vn€Z, obtained by requiring A, #0 for
n€ Sy, and A, =0 for n€ Sy. As § =0, the equation F,, =0 becomes

—29|A,|?=w, VYneSa. (3.2)

Then v and w must have opposite signs and we consider the solution

~ {0, if ne S, (3 3)

A, = .
" a,if ne Sy,
w

REMARK 3.1.  We can obtain more nontrivial solutions by taking A,, <0 for all n € .S 4.
Moreover, we can choose A,, #0 forne S, : =5, US_, with A,, >0 forne S, and 4,, <0
for neS_ provided Sy is finite or S_ is finite. The arguments below apply to these
solutions as well.

Let X =1%(Z,R) with the norm |-| =||||; as in Section 2. Let ||-||zy denote the
operator norm of a linear operator from Z to Y, both Banach spaces.
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We define G: X xR— X as
G(B,8)={Gn(B.,5)},cp,=Fu(B+A0), (3.4)
with F,, given by equation (3.1) It can be checked that G is well-defined, i.e. if B€ X,
0 €R, then G(B,d) € X.

THEOREM 3.1.  Let G be as in definition (3.4) and consider the solution (zo,yo) = (0,0)
of G(B,6)=0. Then there exists ¢g >0 and a unique continuous function B:(—¢g,€ep) —
X satisfying B(0)=0 and G(B(8),0) =0 for all § € (—ep,€q).

The proof uses the implicit function theorem and is similar to that of Theorem 3.2
below (with simpler computations) and is omitted.

3.2. Nonlocal case.  We now show existence results for arbitrary >0 and |d|
small enough. Let w €R and k> 0. For A€l (Z,R) and § €R define F,,, n€Z, by

F.(A,0)=0(AA,) +27tanhg <Z e~ rlm=n| |Am|2> A +wA,. (3.5)

meZ

We consider, as before, a nontrivial solution A=A of F,(A,0)=0, Vn €Z, determined
by a>0, and sets So={no+1,n0+2,n0+3,...} CZ, SA=7Z\ Sy, for which A, >0 if
ne€ Sy, and A, =0 if n€Sy. Evaluating =0 in equation (3.5), the equation F, =0
becomes

—27tanhg 3 ermrliA, P =0, WneSa. (3.6)

meSa

We also write equation (3.6) as

MJ= (—Z’Vtanhg) we, (3.7)

where J,, = A2 e=]..,1,1, 1]T eRI%4l and M is defined implicitly by the previous equa-
tion. Letting p=e~" we have M and its inverse M ~! explicitly as

14p> —p 0 0

L pp? p

M= pLopp|, M=l —p 14+p> —p 0 |. (3.8)
P>p1op 0  —p 14p*—p
pPp®p 1 0o 0 —p 1

The calculation of M ~! used the fact that M is Toeplitz. It is clear from equation (3.8)
that M~ is also bounded in X. Hence the vector J is computed explicitly as

-1 1— 11"
J= (727tanhf) wM™te,  where M*15:7p L —
2 1+p 1—p

Letting o = (—Z'Vtanhg) u the solution A determined by a>0 is

1+p’
B a, if neSy, n<ng
ATL: \/? lf nGSA, n=ny, (39)
0, if neSy.
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In a similar way we can find nontrivial solutions such that A, <0 for all n€.S4.
Moreover, as in Remark 3.1, we can find nontrivial solutions such that A, #0 for né€
Sp:=58,US5_, with A,, >0 for ne S, and A, <0 for n€ S_ provided Sy is finite or S_
is finite. The arguments below are valid for these solutions as well.

Then we define G: X xR — X as

G(B,8) ={Gn(B,0)}nez={Fn(B+A,0)}nez. (3.10)

The fact that G is well-defined follows from the arguments in the proof of Lemma 3.1
below.

THEOREM 3.2. Let G be as in equation (3.10) and fiz w, k>0. Let ny be a positive in-
teger, and consider a nontrivial solution (A,0) of G(B,8)=0 with Sz ={...,no—2,n0—
1,no}. Then there exists €g >0 and a unique continuous function B:(—ep,e0) — X sat-
isfying B(0)=0 and G(B(4),0)=0 for all 6 € (—€p,€p)-

Proof.  As in the previous theorem, we apply the implicit function theorem around
a solution (4,0) of G(B,0)=0. We present here the (Fréchet) derivative D;G and we
show that it is a linear isomorphism of X. The continuity of G and D;G at (0,0) is
proved in Lemmas 3.1 and 3.2 below. We have

DlG(O,O):<]\(/)[1 ]\22>, (3.11)
with
rp P ’{3_,) 160102 8
2 J—
My =2ca? p 1 P ’f_p , My=w 0 0/1 1— 3 )
N R ’
1—p ..
P’ p° p_ 1
 J1=p Viop Vimp 1-p
and p=e™", c=2ytanh§.

As M is an infinite diagonal matrix with 1 —p < Ms(n,n) <1, Vn€Z, to prove that
DG is a linear isomorphism in X it is enough to show that M; is invertible. We see
that

1+p> —p O 0

_ 1 2
Mi'l=—— —p 1+p> —p 0 ||
(COLZ) (1*1)2) 0 —p 1—|—p2 \/%
0 0 \/% 1—p
with M; ! clearly bounded in X. o

REMARK 3.2.  Observe that the nonlocal case approaches the local case as k— o0,
and p=e " —=0.

REMARK 3.3.  We note that [9] propose a discrete nonlinear diffusion equation whose
static front solutions satisfy equation (3.6) with the term (1—w)A, + A2 added to the
right hand side (one may assume A, >0 for all n€.Sy4). The numerical results of [9]
suggest that this variant of equation (3.6) also has a solution with a maximum at the
interface.



ROBERTO I. BEN, JUAN PABLO BORGNA, AND PANAYOTIS PANAYOTAROS 2155
To prove the continuity of G and DG at (0,0) we will need to use the following
discrete version of Young’s inequality:
THEOREM 3.3 (Young’s inequality, [17], ch. 4). Letp, ¢, r>1, }%—I— % >1 and %4— % =
1—1-%. Then uel?, and vel? imply uxvel” and

[uxoll, <[full, o]l (3.12)
The inequality follows from the statement for functions on the line, see e.g. [17], ch.

4.

LEMMA 3.1.  Let G be as in equation (3.10) and fix w, and k>0. Then G is continuous
at (0,0)e X xR.

Proof. Let (B,0) € X xR, then

IG(B,8)—G(0,0)|[% = [Fu(B+A4,0)— F,(A,0)?

nez
=>"|0A(B, +A) +eyn(ButAy) > ermrlip, + Ap|?
nez meZ
" " " _ 2
+W(Bp 4 Ap) — i <Z e“'m”|Afn> A, —wA,| , (3.13)
mEeEZ
with ¢, , =2vytanhg, and
Cp=3" el (|Bm + A |2(Bn+ An) _anﬁn) , Vnez. (3.14)

meZ

Then
K
16(8.5) - GO0 <6( 16 1A x 181 + ol 1B+ 2nfrann 5 [CT5 ). (319

The first and second term in the last inequality vanish as § -0 and B—0€ X. It is
then enough to show that ||C||  vanishes as § =0 and B—0¢€ X. We have

2

1€ =300 A (1B + A 2B+ A,) - 42,4, (3.16)
neZ|mez
2
=S A B AP B+ Y pim (|Bm+ﬁm|2 fZEn) Al (3.17)
neZ|mez meZ
2
D A B+ A PBa+ > p" T B (B +24,,) A, (3.18)
n€Z|meZ meZ
2
<T(IBI[All) DD o™ B+ > pm B (3.19)
neZ|mez meZ

with

L(I1BI]:[1Allo0) = 4(| | BII* + [ Al13.)? + 11 A3 (21 BI” + 4] Al[3)- (3.20)
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Therefore
2 2
ICU <20(IBILAle) | S 1B |32 ol + 30 |3 o riB| | (3:21)
nez meZ neSa ImeZ
<20([BIL1Allso) (1Bl +||o B ) (3.22)
<20(IBI11Allso) (1Bl +]|o1] 111 ) (3.23)

The last inequality follows from Young’s inequality (3.12) with u=pll, v=B, r=2,
p=1 and ¢=2. By equation (3.20) and inequality (3.23), ||C||x tends to zero if || B
tends to zero. ]

LEMMA 3.2. Fiz w and k>0. and consider the function G:X xR — X defined in
(3.10). Then D1G is continuous at (A,0).

Proof. 1t is enough to show that there exists 8 such that
I[D1G(B,3) ~ DiGO0]v]| < Bllv], Vve X, (3.24)

and 8—0 as (B,0) = 0€ X xR. We have already determined D;G(0,0) in the proof of
3.1. We now calculate D1G(B,¢) with B#£0, and § #0, which (we check) is given by
its partial derivatives. For n € Z we have

oG K ~ ~
n — v —|m—n| 2 2

35 (B,0)=~26+2ytanh (g;; | By + Am > +2(B, + Ay) >+w7 (3.25)

aGn K |m7n| ~ ~

= (B,é):5+4'ytanh§(p |Bm+Am\)(Bn+An), me{(n—1),(n+1)},
" (3.26)

3Gn K |mfn\ ~ ~

S (B.8)=dytanh 2 (" B+ A} (Bu+ An), meZ\{(n—1)m,(n+1)}.
" (3.27)

Let v € X and define M = D,G(B,d) — D1G(0,0), w= Mwv. Then for every n€Z we
have

oG, 0G,,
Wo =Y Mymvm=Y (83 (B,6)— 6B(0’0)> U (3.28)
mEZ mEZ m m
= 5(Av)n +2’ytanhg Z plmfnl (|Bm +g7rz|2 - |g7rz‘2> Un (329)
meZ
KN menl i i) A, A
+4ytanh %p (|Bm+Am|(Bn+An) \Am|An) vm (3.30)
:6(Av)n+2|'y\tanhg(Kn+2Jn), (3.31)
where
~ ~ 12
K,=3" plm=n (|Bm+Am|2—|Am Yon, Vnez, (3.32)

meZ
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Jo=3" pm=r! (|Bm+ﬁm\(3n+ﬁn) - |ﬁm|ln) vy VnEZ. (3.33)
MmEZL
Hence
K K
||w\|xS|5|||AHXXX||v||x+2|7\tanh§||K||x +4|7|tanh§\|=7|\x' (3.34)

Observe that by equation (3.32)

Kl < 37 o7 (B2, 421 Bl | Al ) o,

meZ
so that
2

KB <D o (B2 +21Bonl 1A ) o] (3.35)

neZ|mez

2
<3 1Bl (1Blloo +11All) | Y- 67 v (3.36)
neZ meZ
~ 2

< 1Bl (1Bl + 1 Alloe) [ 1015 (3.37)

using Young’s inequality (3.12) with u=pll, r=2, p=1 and ¢=2. On the other hand,
by equation (3.33) observe that

[Tl <7 6" (1Bl Bl + | Bl | + | Bul | Al ) [ (3.38)
me”Z
so that
2
1713 < 30| A (1Bl Bl + Bl Aul + 1 Ball A ) o (3.39)
neZ|lmei
2
<Y Bl (1Bllos + 201 Allo0) | Y 2™ o] (3.40)
nez meZ
~ 2
< 1Bl (1Bllso + 21 Alloe) 1| 1015 (3.41)
using again Young’s inequality.
Using inequalities (3.35) and (3.40) in inequality (3.34) we have that
K ~ 4
[Jw]| < <|5| I8 x + 617 tanh || BII (1B 2l | Alloo) |||1) ol . (3.42)

By equation (3.29) and inequality (3.42) we thus have inequality (3.24) with 5 that
vanishes as (B,0) »0€ X xR, as required. O

4. Spectral analysis of 1-peak and shelf-type breathers

In this section we present results on the spectra of the linearization around some of
the breather solutions considered in the previous sections and in [1]. We will consider
the one-peak breather solutions, related to the minimizers of Section 2, and shelf-type
breather of the local and nonlocal equation, studied in Section 3.
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The linear stability analysis uses the fact that breather solutions are relative equi-
libria of equation (2.1) with respect to the action of global phase change. Using the
variable v defined by u=e~**y, Hamilton’s equation (2.2) becomes

0H,,

i 2. n€Z, with H,=H-wP. (4.1)
vy,

Up =

A breather solution u=e~"!A of equation (2.1) is a fixed point v= A of equation (4.1).

Let 2=[q,p]’ € X x X, with 2, =[¢n,pn]T, ¢ =Rev,, p, =Imuv,,, n € Z. Then equa-
tion (4.1) is also written as

t=JVh,, with hw:%Hw (4.2)

and (Jz), =—[pn,qn|T, i.e. J is the standard symplectic operator in X x X.
The linearization at a fixed point A of equation (4.1) is

t=JHz, with H=V?h,(A), (4.3)

i.e. H is the Hessian of h,, at A.

To simplify the notation we set y=—1 in this section. This does not affect the
generality of the results.

We calculate JH explicitly as

|01 Ly O
= [01]. e[k 0] »
where
L_=—wl—-0A+2A, Ly=-—wl—0A+2A+4M, (4.5)

and A, M are linear operators in X defined by

K
—tanh ¥ —rklm—n| 42
A(n,k)_tanh2(ze Km=rl A2 V5, 1, M,k EZ, (4.6)
meZ
M(n,k):tanhge—*”vl"—k‘AkAn, nke, (4.7)

with d,, , the Kronecker delta.

The linearization around breathers of the local cubic DNLS is obtained by taking
the limit k — oo in equations (4.6) and (4.7).

The above calculations are formal. In the case A€[*°(Z,R), the operators A, M,
L_, L, are bounded operators in X, while J, H, and JH are bounded operators in
X xX. We also see that L_, Ly and H are symmetric. Similar statements apply to
the local case.

Let X =15(Z,R) with the inner product (u,v) =3, 5 unv,. The norm is denoted by
|[-]]. Let X be the complexification of X, with the inner product (u,v).=>_, 5 unv.

Let Y =15(Z,C) viewed as a real space with the (real) inner product (u,v)=
> sl(Reuy,)(Revy,) + (Imuy, ) (Imv,, )]. Let Y. =15(Z,C?) with the inner product (u,v).=
> zl(Reuy,)(Revy,)* + (Imuy, ) (Imv,,)*]. Y, is the complexification of Y. Note that
Y=XxX, and Y.=X_.x X.. The notation for X, Y is that of the previous sections,
where we only used the Banach space structure.
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Let M be a bounded operator in Y., or X.. We denote the spectrum of M by
o(M). The essential spectrum o.(M) of M is defined as in [14], p.29, namely \ € o(M)
belongs to o.(M) if M — I either fails to be Fredholm, or is Fredholm with nonzero
index. The definition of [15], p.243, requires a weaker condition, namely M — Al not
semi-Fredholm.

Let X be a real or complex Hilbert space, with norm |[-||x, and let {;}32; be
an orthonormal basis of X. A bounded operator 7:X — X is Hilbert—Schmidt in X
if 3270, ||Tej|li% <oo (this is independent of the choice of the basis). Recall that a
Hilbert—Schmidt operator is compact.

4.1. Stability of one-peak breathers for small linear coupling. @ We will
consider the one-peak breather solutions, defined below. These are solutions of equation
(2.4) with A€ X, and start by showing some facts on arbitrary such solutions.

LEMMA 4.1. Let A€ X. Then the operators A, M defined in equations (4.6), (4.7)
respectively are Hilbert-Schmidt in X, X,.

Proof. We use the basis {é,}necz of X and X.. Both A, M map X C X, to X,
and it is enough to show the statement for X. First, by definition (4.6)

2
A K K
E ||Aen|\2:tanh2§ E :tanh2§|\g*A2H522, (4.8)

neZ nez

§ E_H‘m'_n‘Agn

meZ

where g, =e *I"l and (A?), = A2, Vn€Z. By the discrete Young’s inequality (3.12)
we have

g+ A2[liz < lglli ]| A*[]2=- (4.9)

Since || 4|1 <||A]|, both quantities are finite, and equation (4.8) and inequality (4.9)
imply that A is Hilbert—Schmidt in X. Similarly, by definition (4.7) we have

> lIMe)? :tanhzg A e AP < |AllE, (4.10)
MEZ NeZ  n€Z
therefore M is also Hilbert—Schmidt inX. 0

Lemma 4.1 is applied to fixed points A € X of equation (4.1). Define Hg as

—wl—6A 0 ] ' (4.11)

HO{ 0  —wl-6A

Clearly Hg is a bounded operator in Y., moreover JH is a compact perturbation of
JH():

PROPOSITION 4.1.  Let A€ X, and let JH:Y —Y be as in equations (4.4)-(4.7). Then
(i) oc(JH)=0c(JHo), and (ii) o.(JHo) consists of z € C with Rez=0, Imz € [—w,—w+
46)U[w —46,w], for 6 >0, and Rez=0, Imz € [—w+ 4§, —w|U|w,w — 4], if § <0.

Proof. (Proof of Part (i).) To show that o.(JH)=0.(JHo) it is enough to show
that JH — JH is Hilbert—Schmidt in Y. We have

(4.12)

0 2A
JH=JTHo= {—2A+4M 0 ] ‘
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The Hilbert—Schmidt property in Y =X x X follows easily from Lemma 4.1. We can
use the basis vectors &), n€Z, j=1,2, defined as é., (k) =6,.[1,0]7, é2 (k) =6,.x[0,1]7T,
for all n, k€Z. Part (ii) is shown in the next subsection. O

We now consider the stability of the 1—peak solution studied numerically in [1].
Consider a solution A€ X of equation (2.4) with §=0 that satisfies A, =0, for all
neZ\{no}, and A,, >0. The parameter x>0 is fixed and arbitrary. Such a solution
is unique, and by Theorem 2.4 of [1] it can be continued uniquely to a C° family of
solutions A(d), § € (—do,00), of equation (2.4). We refer to these solutions as 1-peak
breathers.

REMARK 4.1. Note that the continuation result in [1] is for solutions with ||A(d)||x
fixed. Then w is also a function of §, and is not known a priori. The continuation result
for fixed w has a very similar proof, this is seen in the previous section.

For the 6 =0 breather A(0), JH is block diagonal with 2x 2 blocks, each block
corresponding to an integer k€Z. The block corresponding to k=ny has a double
eigenvalue \,,, =0. The other blocks have eigenvalues

+ A, = tiw(1—e®Fol - VEeZ\ {no}, (4.13)
with corresponding eigenfunctions w,f €Y., given by
w(n) =0k [1,Fi]T, nez. (4.14)

Thus o(JH) consists of a double zero eigenvalue, an infinite number of pairs of imaginary
eigenvalues + )\, k > ng, of multiplicity 2, and their accumulation points +iw (belonging
to oe(JH)).

Considering now the linearized operator JH corresponding to a 1-peak breather
A(0), we have by Proposition 4.1 that o.(JH)=0(JHo). The persistence of the double
zero eigenvalue is a well-known fact, it follows from the fact that L_A(d5) =0, the con-
tinuity of finite rank spectral projections, and the symmetry of spectra of symplectic
operators. We now consider the persistence of the internal mode eigenvalues A\ of equa-
tion (4.13). The linearized operator (4.4)-(4.7) corresponding to the 1-peak breather
A(6), § € (—dp,00), will be denoted by JH(J).

ProproOSITION 4.2. Let k>ng, and consider the pair of imaginary eigenvalues
tA==%X; of the JH(0), as in equation (4.13). Then there exists a do x>0 for which
the operators JH(0):Y =Y, § € (—do k,00,k), have two eigenvalues £X;(d) € iR, j=1,2.
The families £X;(0), j=1,2 are continuous in § and satisfy £X;(0)==A.

Proof. Fix k>ng. By the continuity of finite dimensional spectral projections and
the corresponding eigenvalues under perturbations by bounded operators, see [15], the
families £ ;(9), j =1,2 are continuous in ¢, with £X(0) =+t =%\, as stated, assuming
that 0 belongs to some interval (—d¢ x,d0,%). Consider the eigenvalue A(0) of JH(0). By
the symmetry of spectra of symplectic operators the two continued eigenvalues of JH(0)
are either on the imaginary axis, or are off the imaginary axis and satisfy A2(0) ==\ (0).
To eliminate the second scenario we use the Krein dichotomy argument, see [14], p.
181, (7.14). In particular, if the A;(d) have nonzero real parts then the corresponding
eigenvectors v;(4) must satisfy

(H(0)v;(9),v5(0))c=0, YI€(=dox,00k), J=1,2. (4.15)
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On the other hand, using explicit expressions for the eigenvectors v;(0), j=1,2, ie.
v1(0) =w;, v2(0) =wjh, with m < ng satistying no —m==~k—no, and w;, w}, as in equa-
tion (4.14), we compute that

(H(0)v;(0),0;(0)) e = —2w(1 —e k=m0l L0, j=1,2, (4.16)
contradicting equation (4.15) at 6 =0. O

We expect that for §, v >0, ¢ sufficiently small, the 1—peak breathers obtained by
continuation should coincide with the global minimizers of Section 2. Nevertheless at
the moment we can prove the following weaker statement.

PROPOSITION 4.3. Let A>0, and fix no € Z. Consider the continuous one-parameter
curve of A(0) € X, § €[0,00], of solutions of equation (2.4) with A(0Q) the 1-peak breather
solution supported at n=ng, and ||A(0)||=X, V6€10,00]. Then there is a sequence of
{0m }mez+ C[0,00], that converges to 6 =0, and such that A(d,,) minimizes H of (2.3)
over all configurations u€ X with P(u)=\.

Proof. Fix A>0. Let Hy=H=0Ho— H4, where Hy, V are the quadratic, and
quartic parts of H respectively, see equation (2.3). For each 4 € [0,d0], let ul € X be a
minimizer of Hj at power P=\. For &, 6 € [0,8], we have that § < ¢ implies Hs(ul) <
Hs(u®) < Hz(u®). Also, we easily check that 6'\,d implies Hg (ud')— Hs(u®). It
follows that any sequence of points u®, § € [0,8], that converges to u? is a minimizing
sequence for Hy=V, and therefore has a convergent subsequence, up to translations,
by the arguments of Theorem 2.1. On the other hand, the critical points of V are
solutions of equation (3.6). The support of minimizers with finite support consists of
sets of consecutive sites by Theorem 2.2. Such solutions were described in [1], where we
saw that all solutions with support consisting of more that three sites must have their
maxima at interfaces. Then the only solution having the properties of Theorem 2.2 is
the one supported on one site. We also observe that by Young’s inequality, the right
hand side of equation (3.6) maps X to X. Thus there are no solutions with infinite
support. The points of the minimizing subsequence are solutions of equation (2.4), and
must therefore come arbitrarily close to the breather A(0), after suitable translations.
By the uniqueness of the continuation, Theorem 2.4, [1], these points must eventually
belong to the branch A(d) of solutions obtained for some interval [0,dg]. o

4.2. Essential spectrum of linearization around shelf-type breather: local
case. We now consider the essential spectrum of the linearization around the shelf
solutions of Section 3. We first consider the shelf solutions of the local (power) nonlin-
earity system. The main result is Theorem 4.1 below. It follows from an analysis of the
piecewise linear discrete dynamical system defined by the linear operator. We give a
fairly complete presentation of the theory. In the nonlocal case we have a weaker result,
Theorem 4.2 below, using similar computations. The theory however is not complete.

In the case of the power nonlinearity system, we consider solutions obtained by
continuation of the § =0 breather

~ {a,ifngo,

An=00]itn>1, (4.17)

with a=/%. This is a special case of the configuration of solution (3.3). The spectral
results below are the same for the general case.
For w fixed, let B, n €Z, be a solution of Theorem 3.1 and let

A,=A,+B,, new. (4.18)
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Let Loo5=JH, with JH as in equation (4.4), L_, L as in equation (4.5), A, M as
in equations (4.6) and (4.7) with A, as in equation (4.18), A, as in equation (4.17),
Vn € Z. Operator L s is therefore the formal linearization around the shelf solution of
Theorem 3.1.

Also let L=JH, with JH as in equation (4.4), with L_, L, as in equation (4.5),
and

A(n, k)= Ag(n,k) = A28, 1, M(n,k)=Mo(n,k)=A20, 1, (4.19)

where A, is as in equation (4.17).

PROPOSITION 4.4.  The operator L 5 is a compact perturbation of L, and therefore
0e(Loos)=0e(L) inY.

The prove the statement it is enough to show that A— Ay, M — Mg are Hilbert—
Schmidt. The proof of this fact is a simplified version of the proof of Lemma 4.5 for the
nonlocal problem below, and is omitted.

To calculate the essential spectrum of £ we study the equation (L—M\)z=0, z=
[q,p]T, with 2, =[gn,pn]T as a discrete dynamical system. The (spectral) parameter A
varies over C. By the definition of £, with A, M of equation (4.19), and A of equation
(4.17) we have that Lz= Az is equivalent to

—0(Pn1+Pn—1—20n) =An,  —2wWGn +0(qns1+Gn-1—2qn) =Apn, n<0;  (4.20)

—wWPn = O0(Pnt1+Pn—1—2Pn) =An, Waen+6(qns1+an—1—2qn) =Apn, n>1. (4.21)

Finite difference equation (4.20), (4.21) is furthermore equivalent to a first order
system y,, 11 =F (y,) for a sequence of vectors y,, = [y, (1), ...,y (4)]7 €C* ne€Z. This
formulation uses the identification

[yn(]-)ayn(Q)vyn (3)7yn (4)]T = [Qn—17Qn>pn—1 apn}T' (422)

By equation (4.22), n <0, equation (4.20) is then equivalent to

0 1 0 0
Yns1=M_(Nyn, n<0, with M_(\)= _01 2%0” 8% (4.23)
0 -3 -12
Similarly by equation (4.22), n>1, equation (4.21) is equivalent to
0 1 0 0
Ynsr=Mi(Nyn, n>1, with My(\)= _01 _%0”8 ? (4.24)
0 -3 -1-%+2

Equations (4.23) and (4.24) define a piecewise linear discrete-time dynamical system
that may be written as y,+1 =M (\)yn, where M(A\)=M_(A) if n<0, and M(\)=

PROPOSITION 4.5.  Given any m€Z, a € C*, there exists a unique y,, n € Z, satisfying
equations (4.23) and (4.24) and y., =a.
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Proof. We check first that the My (\) are invertible, VA € C. By equations (4.23)
and (4.24)

P () = det(M_(3) 1) =[(r—1)* ~2r%](r -1 +r2%, (4.25)
Py (r;)) =det(My(\) —rI)=[-r(2— % —r)+1]? +r22\—z. (4.26)

We see that Py(r,A)=0, r=0 leads to a contradiction, VA€ C. Thus the My ()\) are
invertible, VA € C. This fact allows us to iterate conditions (4.23) and (4.24) backwards
as well, writing

[M_(N)] " Ynt1=yn, n<0, (4.27)

[M+(>‘)]71yn+1:yna n>1. (428)

We can thus iterate both forwards and backwards in each segment. We check that
equations (4.23), (4.24), (4.27), and (4.28) allow us to cross the interface separating the
M4 (\) segments in a unique way, in either direction. d

We examine the dynamics of each of the systems (4.23) and (4.24), particularly its
dependence on the parameter A. In both cases we can start with some y; and consider
the iteration backwards, and forwards respectively. Since each system is linear this
amounts to a spectral analysis of the matrices M1 (A). The results of this analysis
are then interpreted in operator-analytic terms for the resolvent equation (£L—\)z=f,
f=lg.ATeX xXCY..

Consider a linear system ,,41 =T, in CYN, where T an invertible N x N matrix,
and n belongs to a set of indices J that is either Z, or the set of all integers above
or below some m € Z. The system is hyperbolic if there exist subspaces E*, E* of CV,
dim(E®)+dim(E")=N that are invariant under 7, and for which there exist C'>0,
0> 1 such that

7" Prol|ex < Co " |[Pollen, [T P ollex <Co "|[PUllen, VneJ, (4:29)

where P®, P" are respective projections to £, E* (and commute with 7"). The sub-
spaces E°, E" are referred to as stable and unstable subspaces respectively. Hyperbol-
icity can be often verified by calculating the eigenvalues of 7. The dimensions of E*,
E* are determined be the multiplicities of eigenvalues inside and outside the unit circle
respectively.

In the present problem hyperbolicity will be examined for each of the systems (4.23)
and (4.24). The corresponding stable and unstable subspaces will be denoted by E7,
E*. Note that the £, E* for system (4.23) refer to the forward iteration of M_(\).

Lemmas 4.2, 4.3 connect the analysis of the eigenvalues of the My ()\) to the of
spectrum of £. The proofs are at the end of the subsection.

LEMMA 4.2, Let A€ C be such that the systems (4.23) and (4.24) defined by M_(X),
M (X\) respectively are both hyperbolic, with dim(E™)+ dim(E%)=N, E*NE$ ={0}.
Then A belongs to the residual set of L in'Y .

LEmMMA 4.3.  Let Ae€C, and suppose that one of M_(\), My (\) has a semisimple
etgenvalue on the unit circle. Then \ belongs to the essential spectrum of L in'Y .



2164 BREATHERS OF NONLOCAL DISCRETE NLS
Define the sets

Blz{—(w—45sin2§)2: keR)}, (4.30)

By = {—4ésin2§(2w+4ésin2§): kJER)}. (4.31)

We will further assume that By, Bs are disjoint. By definitions (4.30) and (4.31)
this property is clearly satisfied for |0] sufficiently small.

LEMMA 4.4. Let N\€C. If \X2¢ BiUBy then X either belongs to the residual set of
LY =Y, oris an eigenvalue of L of finite multiplicity.

THEOREM 4.1.  The essential spectrum of the operators L and L .. inY consists of
the set of A€ C satisfying \*> € B;UBs.

The case A2 € B, yields two intervals of A on the imaginary axis, and coincides with
the essential spectrum of the linearization around breathers that decay at infinity, as in
Proposition 4.1 (its proof is completed below).

The case A2 € B, yields two intervals that are both on either the imaginary or the
real axis, depending on ¢ and w. For instance, for |0] < % we have stability for dw >0,
and instability for dw < 0. In both cases zero is one the endpoints of the intervals, and
is included in o.(L).

Proof. (Proof of Lemma 4.4.) The eigenvalues of My (\) are the roots of the
polynomials det(My (\)—rI)) = Py(r;\), shown in equations (4.25) and (4.26).
We can rewrite P_(r;\)=0 as

N =§(r+rt=2)2w—0(r+r 1 =2)]. (4.32)

If a root 7 is on the unit circle, i.e. »=e? for some real k, then A\ must belong to B;.
Moreover the roots of P_ come in pairs r, r~1. If A2¢ B; we therefore have two roots
inside and two roots outside the unit circle. The system defined by M_ () is hyperbolic,
and dim(E? ) =dim(E")=2.

Analogously, Py (r;A\)=0 can be written as

M =2 (r+r )2+ (w—20)2+25(r+r71)]. (4.33)

It follows that if »=e"* for some real k, then A\?> must belong to By. Similarly, since
the roots of P, come in pairs 7, r=1, if A2 ¢ By then the system defined by M, (\) is
hyperbolic, and dim(E%) =dim(EY) =2.

Therefore A* ¢ By U B, implies dim(E")+dim(E%)=4. If in addition E*NES =
{0}, Lemma 4.2 implies that X is in the residual set of £. If otherwise E* = Ef then
(L—X)z=0 has exponentially decaying solutions and is therefore an eigenvalue of L.
The set of these solutions is clearly two-dimensional. a

Proof. (Proof of Theorem 4.1.) By the calculation in the proof of Lemma 4.4, if
A% belongs to By U By then either M_()\) or M () has an eigenvalue of the form r = e®*
for some real k. By Lemma 4.3 then A\ belongs to the essential spectrum of £. If, on
the other hand, A\? ¢ By U By, Lemma 4.4 implies that A can not belong to o.(L). 0

Proof. (Proof of Proposition 4.1, Part (ii).) Solving JHou= Au explicitly i.e.
using Uy, = €h7, oe(JHp) is as in the statement by Lemma 4.3. The result coincides
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with the part of the essential spectrum of £ that comes from the set B; of definition
(4.30). d

We now prove Lemmas 4.2, and 4.3.

Proof. (Proof of Lemma 4.2.) The resolvent equation (£L—\)z=f, 2=[p,q|7,
f=1lg,h)T in X x X CY, is equivalent to

L_p=X+g, —Liq=Xp+h, (4.34)
and can be also written in the dynamical system form
Yn+1 =My, +F,, with F,=[0,h,,0,—g,]", (4.35)

where M =M_(A) if n<0, M=M;(\) if n>1. The solution of equation (4.35) is
obtained by iterating forwards or backwards in time. We will examine forward iterates,
from n=1 to n>1 arbitrarily large, similar considerations apply to backward iterates
from n=1.

By equation (4.35) the solution for n>1 is

n—1
Yns1=M"y1+> MIF,_;, with M=DM,(). (4.36)

j=1

Using the assumption of hyperbolicity, we can use projections P*, P" to the stable and
unstable subspaces respectively to write equation (4.36) as

n—1 n—1
Ynir=M"Poyy+> MIP'F,_j+M"P'yy+> MIP"F,_;, Yn>1.  (4.37)
j=1 j=1

We first claim that if [g,h]7 belongs to X, x X, then the first two terms in the right
hand side of equation (4.37) belong to Xé_‘_ =Xc 4 xXe 1 xXeqxXeq, where X, is
the space of configurations in X, that vanish for n <0.

The claim is immediate for the first term, since ||[M™P*®y;||cs decays exponentialy
in n by the hyperbolicity assumption, see inequality (4.29). Denote the second term by
G, then by equation (4.37)

n—1 n
Gn:ZMjPSFn_j:ZM”_’“PSFk, (4.38)
j=1 k=1

therefore by the hyperbolicity assumption, see inequality (4.29),
—|n—k n—k
1Galles <€D "oy "I Frllcs <Y oy M Filles, (4.39)
k=1 k=1

for some C' >0, and po > 1. Note that [g,h]” € X, x X, implies F € X Let Fre=||F||ca
for k>1, fr,=0 for k<0, and define

Gn=CY p, " Mfs, nel (4.40)
keZ
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Then g, <||Gn||ca for all n>1, and by inequality (4.39), and Young’s inequality (3.12),

oo
S NG < 113l12 < C2lox MR = Clos RN FI - (4.41)

n=1

Thus the second term of the right hand side of equation (4.37) belongs to Xé{Jr, as
claimed.

Consider the third and fourth terms in the right hand side of equation (4.37). They
can be written as M"B,, with

n—1
Bn=P'y;+Y M " P'F,_;, (4.42)

Jj=1

where M P = (M~1)P if p a positive integer. To have the sequence of y, of equation
(4.37) in X}, we need that B, —0 as n—oco. By equation (4.42) we therefore need
P%y; =by, with

n—1
—— | —(n—j) pu ,
by=— lim > M P“F, ;. (4.43)
j=1
We will check below that the limit exists, and that the solution of equation (4.36), n >1,
obtained for such y; belongs to X f’ L
To show that the limit in equation (4.43) exists we must check that

n—1 n
L=y M-"DPUF, ;= M "F (4.44)
=0 k=1

converges. For n>m we have

n

M —=Tnllcs < Y IMT*PUFrllcs <C Y pb||Fllcs (4.45)
k=m+1 k=m+1

for some ps <1, C'>0, by the hyperbolicity assumption. Then

n

= Inlles CCS B IPILs SCA1Col I Fl s, (4.46)
k=m+1

where C,, is independent of n, m. Thus I, converges as n— oo, and by in equation
(4.43) is well defined.

To check that the sum .J,, of the third and fourth terms in the right hand side of
equation (4.37) obtained by choosing y; as above belongs to X%, we note that for n>1,

k—1 n—1
Jo=M"] lim M= pup,_ =y M-I PUE, ] (4.47)
j=0 j=0
—+o00 n
:M"[ZM‘ZP"Fl —ZM‘ZP"FI] (4.48)

=1 =1
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+oo
=Y M U=pUR (4.49)
l=n+1
—+o0
= ZM*’“P“FHW (4.50)
k=1
Then
+o00 foo
| Talles < M TFPY Fypnllcs <CY  p5 ¥ Fignllcs, (4.51)
k=1 k=1

with p3>1, C >0, using the hyperbolicity assumption. Therefore

l=—1
1 alles <C Y sl Facilles, Vn>1. (4.52)

Letting a;=py " if 1< —1, ;=0 if 1>0, and By, = ||Fllcs if m>1, B, =0 if m<0,
we then have that (,, given by

5n:CZal5n—l (453)

leZ

is well defined for all n € Z, and satisfies ¢, =||.J,,||cs. We then have

+oo
S 1 nl2e < NICIE < Cllos AR (4.54)

n=1

by Young’s inequality (3.12). The left hand side is then finite, as required.

By equation (4.43), the existence of the limit implies by € EY. Then P"y; =by
implies that y; =b, +v3, where v} is an arbitrary element of E7.

Similar arguments apply for the backwards solution of equation (4.36), starting
from y;, and iterating backwards for n <1. We show that the projection to E* leads
to a part of the solution that belongs to X, ‘i_ (where X, _ consists of sequences in X,
that vanish for n>0), while projection to E° leads to a term that can only decay if y;
satisfies y3 =b_ +v*, with b_ € F® unique, and v" an arbitrary element of E.

Thus the two restrictions on y; imply that it belongs to two affine subspaces by + EY,
b_+E*. By the hypothesis on £, E*, their intersection exists and is unique.

It is also easy to check that the solution [p,q]T of equation (4.34) obtained by gluing
the forward and backward solution of equation (4.35) belongs to X, x X, if and only if
the forward and backward solution of equation (4.35) belong to Xfi T Xif respectively.
a0

Proof. (Proof of Lemma 4.3.) We will assume that M (\) has a semisimple
eigenvalue r. on the unit circle, the other case is treated similarly. Fix an integer m >4,
and N =2m+1. Let 2, n € Z satisty z¥ =0, for all n<0, n> N,and Z,,1 = M, 2,, for
all 1<n< N, with 2 € E, (r.), the corresponding invariant subspace of ,, .1 = M, y,.

By equations (4.20) and (4.21) we have that [(L —\)Z"],, =0 for all n, except n=0,
1, N, and N+1. Also y; € E(r.) implies that ||yn+1|lct =||yn|lcs, VR >1. Then

g2+ P2l = la2pl® + |p2pl?, a1+ 011 =la2psa >+ Ip2pta |, Vp>1. (4.55)



2168 BREATHERS OF NONLOCAL DISCRETE NLS

Letting |q1[* +[p1|> = RY, [g2]* + |p2|* = R3, we calculate

12Y5, = (m+1) R} +mR3, (4.56)
and
[(L=X)Z]n| <B(lw+2* + A?)RT +30°R3,  [(L—X)2"V]n41=0"RY, (4.57)
furthermore
[(L=X2V]o=[L=N2"]n+1, [(L=NEV]i=[(L-A)2"]N. (4.58)
Letting @™ =||2"V]|;,' 2" we therefore have
. C
=N < S (4.59)

with C depending on Ry, Ry, 0, w, and A\. We therefore have a sequence of @V, N >9,
that belongs to Ker™ (L —\) and satisfies

[[iN]]y. =1, ¥YN>0, and |[(L—=MA)a"]|ly,—=0 as N—oc. (4.60)

Then L — )\, restricted to Ker™ (L—X), can not have a closed range, this would imply
the existence of a bounded inverse, contradicting property (4.60). Thus L — X can not
be Fredholm. ]

4.3. Essential spectrum of linearization around shelf-type breather: non-
local case.  We now examine the linearization around the solutions of Theorem 3.2
for the nonlocal case. We only analyze the essential spectrum. As in the local case we
will compute the essential spectrum of a simpler operator that is a compact perturba-
tion of the operator we are interested in. This simpler operator is also nonlocal, and
we do not have a ready analogy with dynamical systems. This difference also yields a
weaker result for the essential spectra of nonlocal cases, see Theorem 4.2.

To simplify the notation we will consider solutions obtained by continuation of the
0 =0 (finite x) breather

N a, if n<0
A, = —%ﬂ, if n=0 (4.61)
0, ifn>0,

with a=, /—%, p=e~". This is a special case of the configuration of solution (3.9).

For w, k fixed, let B,,, n€Z, be a solution of Theorem 3.2 and let
Apn=A,+B,, nez, (4.62)

with A as in equation (4.61).

Let L, 5=JH, with JH as in equation (4.4), L_, L4 as in equation (4.5), A, M
as in equations (4.6) and (4.7), with A, as in definition (4.62). Operator L, s =JH is
the linearization around the shelf-type solution of Theorem 3.2.

To calculate the essential spectrum of £, 5 we will use its perturbation Lo, defined
by Lo =JH, where JH is as in equation (4.4) with L_, L, as in equation (4.5), and A,
M given by

A(n, k)= As(n,k) :tanthiémk, M(n, k)= Ma(n,k) :tanthnAme*"lm*"‘én,k,
(4.63)
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for all k, n € Z, where A,,, n€Z, is as in equation (4.17), i.e. A, is the shelf solution of
the local problem with 6 =0. We also define the operators A;, M; by

Aq(n, k) :tanhgﬁidnvk, M (n, k) :tanhggn;lme*“‘mfnl&hh (4.64)

for all k, n € Z, where A, is as in equation (4.61). We easily see that A; — Ay, M; — My
are compact. For instance,

(M —Ms)(0,n) = (M1 —M)(n,0)= tanhgaQ((l —p) t=1)e = wn <0, (4.65)
while all other entries of M; — M vanish. It easily follows that M; — My is Hilbert—

Schmidt.

LEMMA 4.5. The operator Ly 5:Y =Y is a compact perturbation of the operator
£2 Y —>Y.

Proof.  To show that L, s —L is compact it is enough to show that A— A4, and
M — My are compact. B
The (squared) Hilbert—Schmidt norm of T'=.4— A; is

S re=y

neZ nez

2
ol Im—nl| 4 2_72
tanh o > ertmlA, + B P-4, (4.66)

meZ

where A, = $,ifn <0, A, =0, if n>0. Using the equation (3.6) satisfied by ;l, equation
(4.66) becomes

2

Y |Te 2= 2|tank? 52 S et A, B+ Y el B2 (4.67)
nez nez meZ meZ
2
§2|tanth lz <f"p> lle=" 5| Bl||% +|le " | B2 |, (4.68)

where |B|, =B, (|B|%)n=|Bn|?, Vn€Z. We have also used |A,| < 125, VYn€Z. The
two terms of equation (4.68) are finite by Young’s inequality, and the fact that B €2
Thus T is Hilbert-Schmidt. Since M; — M, is a Hilbert-Schmidt, it is sufficient to
show that M — M; is compact. The (squared) Hilbert—Schmidt norm of S=M — M;
is

Y1se =" |tanhge-ﬁlm—"l (A +Bpn) (A, +By) —tanhgjmﬁnﬁ (4.69)

nez neELZmMeEZL
2E —k|lm—n| A 2 —K|m—n| 2
<Stanh’ )" )" <2|e ApBl?+ e B, By (4.70)
neZmez
2
<3jtanh? [2(16“) e Bl + e BIBIE |, (@7
—p

using also |ﬁn| < 1%;)7 Vn € Z. The first term in the right-hand side of inequality (4.71)

is finite by Young’s inequality, and the fact that B €?. Thus S is also Hilbert-Schmidt.
O
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Let By be as in (4.30). Also for k>0, p=e~", define the set By, by

.ok 1—p? . ok
By, =14 —46sin’ - | 2w———————— +4dsin’= |:  kER) ;. 4.72
2, { sin” 3 ( w172pcosk+p2+ sin 2> € )} (4.72)

THEOREM 4.2.  The essential spectrum of the operators Ly and Ls,, in'Y includes the
set of N C satisfying \*> € BiUBa .

The two scenarios are suggested by the numerical results of [1], Figures 3, 4. These
show calculations with finite shelf-type breathers with support of about m =40 sites
(in the limit §=0), but we start to see the accumulation of eigenvalues in the regions
indicated by A% € B; U By .

Proof. By Lemma 4.5 it is enough to examine the essential spectrum of L.
We compute approximate eigenfunctions of L, using the constant coefficient operators
Ly, L, in X x X defined in the following way. Consider operators A%, M, h in X
with entries in the standard basis M (n,m)=e= """ A%(n,m)= S 0n,m> n, mEZ. Let
h(n,m) =0y, if n, m>0, h(n,m)=0 otherwise. Then let

7o 0 —wl—0A+2A° = 0 —wl—38A
‘CZLIMA—QAO_sz 0 ] TL;H—(SA 0 } (4.73)

In comparison, the definition of £y implies

T 0
La= LIJF(SA—Q?ZAO—zth e } (4.74)
Let k€ R, and consider z¥ €1°°(Z,C) of the form
2K = [ane™ +ake " b, et br e T (4.75)
Then
L.2F =X\ Vkez, (4.76)
implies
)\2:—(0.)—4551112%)2. (4.77)
Also,
L8 =X2F Vkez, (4.78)
implies
M= —4581n2§ (2w1—2imospz+p2 +45sin2§) . (4.79)

Let k € R, and A\? = A\?(k) as in equation (4.77). For > 5 integer, define v, € X. x X,
by
kL T i ne{l,...,u}
_J e (1,17, RRREY 4
ou(r) { 0, if neZ\{1,...,u}. (4.80)
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Then ||v,|ly,=1, Yu>5. Note also that A%, =0, and Mv,=0, Vu>5. Letting
[@usPu]T =v,, and using equation (4.74) we then have that

(L2 = Nomll, =D (I[(=wl =68)p = Agulnl* + [(W] +38)q, = Apulul?) . (4.81)

neZ

By equations (4.76) and (4.77) the only nonvanishing terms in the sum (4.81) are the
ones corresponding to the four indices n=0, 1, y, p+1. This holds for any p>5. Each
term is proportional to p~!, and we easily see that

— 4
[Lov, — Avi|[3, < ;(2\w| +716))2 =0, as pu—oo. (4.82)

Thus A(k), with A? as in equation (4.77), belongs to the essential spectrum of L.
Varying k over R we have that all A € B; belong to css(L2).

Let k€R, and A>=\?(k) as in equation (4.79). For p>5 integer, define w, €
X.x X, by

L1 17 if ne{—p,...,0
wp(n)={ VD =0} (4.83)
0, it neZ\{—pu,...,0}

We have |

We examine first the components (Low,, — Awy, )y, with n>0. We have (A%w,,), =0,
and (Mw,), =0, Vn>0. Letting [g,,pu]" =wp, (Agu)n, (Apy)n vanish for all n>1.
We then compute

o0

> ([l(~wI =6A+2hA%)p, — Aguln|*+
n=1
+|[(wI +6A —2hA° —2wh M) g, — Aplnl®) = % (4.84)
7

for any p>5. ~
Examining the components (Lw, —Aw,,), with n<0, we have that by equations
(4.78) and (4.79)
[(—wl—6A+2hA%)p, —Aqu]n =0, Vne{—p+1,..,-1}, and Vn<-pu-—2. (4.85)

1/2

For n=0, —p, —p—1 these terms are proportional to (u+1)71/% and we compute

3 [l =58 +204%)p, = Mg |* < (G181 A +1 (4.86)

1
<— {2|52+4|5( lw |+4|6> ] (4.87)
pt1 —p

where |A\|? was bounded using equation (4.79). The above holds for any > 5.
By n<0 and the definition of hA° we also have
[(WI+3A—2hA° —2whM)q, — Apuln = [(6A = 2wh M) g, — Apu]n- (4.88)

Consider n=—pu—r, r>2. Then [Aq,], =Ap, =0. Also

|—p—r—m| jikm
p e (4.89)
v “+1 me{%:

[hMqy]n =
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1 )
— . prpu Z pmezkm

2( +1) me{—p,...,0}
1 putl _ o—i(p+1)k
- 1€ (4.90)
2(p+1) l=p
By equations (4.88) and (4.90) we have
—pu—2 —p—2
> [(wI+6A—2hA° —2whM)q, — Apuln Z |2whM g, |? (4.91)
Z 2w p2(r 1) (pp+1 —e— (;L+1)k)2
= (u+1) (1-p)?
2 nt1 _ —i(p+1)kN2 2
_ 23 (p e ; )2p 49
(h+1)(1=p)*(1—p?)
for any > 5.
For n=—p—1, we can use equation (4.90) with r=1. We have
1 ptl _ p—i(pt+1)k
[—2whM)qp] -1 = —2uw A : (4.93)
2(p+1) L—p
and therefore
[+6A—2hA° — 2whM)g, — X — e S WY
-2 -2 — 1= 2
I+ M)~ ]-per P = g (2l | E T 10
(4.94)
for any p>5.
We now consider n€{—pu+1,...,1}. To estimate
Ty =[(wl +8A —2hA° —2whM)q, — Apuln = [(6A —2wh M) g, — Apun, (4.95)
we use the fact that w,, satisfies equation (4.78), that is
[(0A —2wM)q, —Apuln=0, Yne{—p+1,...,1}, (4.96)
and equation (4.95) to write
Ty =[-2w(hM —M)q,]n, Yne{—p+1,...,1}. (4.97)
By the definitions of h, and M we have
(WM qu]n = (2ﬂ+2)_1/2 Z le_nle“m (4.98)

me{—pu,...,0}

:(2H+2)71/2 Z pmfneikn+ Z pnfmeikn (499)

mE{n, .,0} me{—u,...,n—1}
n—1
m=n m=—p
i ~In| |
(2‘LL+2 —1/2 Zp/\ ’Lk‘)\+ Z p)\ —ikA 62 , (4]_0]_)

A=0
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and
(Mg =2u+2)"1/? (Zp e”“’\Jer’\ l’“*) ik, (4.102)
A=0 A=1
By equations (4.97), (4.101), and (4.102) we then have
2w o ik .- A —ikA | ikn
Ty=—7—x Z pre’ 4 Z ple e (4.103)
241 \nZin A=l Inl+1
2 In|+1gik(In|+1) p—[nl+1o—ik(u—|n|+1)\
_ (’0 < 4f — )e““". (4.104)
2(p+1) 1—pe? 1—pe~?
Then
1 1 ;
2 2(jnl+1) - p2Ap=inl+1) u+2 ik (p+2)
> ITP= Jo:l > (|f eik\z |1 e~ k|2 +2Re(1—p e”“)e(lf eik)>
n=—p+1 H n=—p+1 p p P P
(4.105)
The squared modulus terms are bounded by geometric series, e.g.
- 1 1
1_ ik|—2 Q(ITLH’I) < - 41
1= pe™] > T (4.106)
ne{—p+1,...,1}
similarly for the second term. The sum of cross terms is bounded as
. . . 2u—1 2
S 2Re(p )M (1— pett) 1 (1 pe=th) 1 < (“17”’2 (4.107)
ne{—p+1,...,1} (1-p)
Then equation (4.105) yields
2w 2 1
Yoo ImP— [2+2(/L—1)p“+22 . (4.108)
ne{—putl1,...1} plll=p (1=p)
This holds for all > 5.
We finally consider the two sites n=—pu, and n=0. At n=—pu we have
[hMay] - = 7% > plrrmmletm (4.109)
2(p+1) me{—H,...,
1 1— ik\p+1
- —iky (pe )k : (4.110)
2(pu+1) 1—pe*
therefore
1 1
I[(6A —2wh M) g, — App]—pul* < CTPEE) (3|(5|+)\|+2|w|1p>7 (4.111)

with |A| bounded in terms of |d], |w| as in inequality (4.86). At n=0, [AMq,]o is similarly

1 1_(pe—ik)/t+1

|=m| gikm _ : 4112
V2 u+1 Z p ‘ 2u+1) Ll—peit 7 (.112)

me{—u,.

[hMq,]o=
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and

1
OA —2whM)q, — A R G —
168~ 2m0)g, = p,lol < 5
with |A| bounded in terms of |J], |w| as in inequality (4.86). As before, inequalities
(4.111) and (4.113) are valid for any p>5.
Collecting the results (4.84), (4.86), (4.94), (4.108), (4.111), and (4.113) we see that
there exists a C' that depends on |w|, |d|,and x for which

1

- C
|\£2u—)\wm||§/cgu——>0, as  p— 00, (4.114)

+1

thus A(k), A as in (4.79), belongs to the essential spectrum of £5. Varying over k€ R
we have that all \2 € By ,; belong to 0ss(L2). a
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