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Abstract. We establish ergodicity of the Langevin dynamics for a simple two-particle system
involving a Lennard-Jones type potential. Moreover, we show that the dynamics is geometrically
ergodic; that is, the system converges to stationarity exponentially fast. Methods from stochastic
averaging are used to establish the existence of the appropriate Lyapunov function.
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1. Introduction

Molecular dynamics simulation is among the most important and widely used tools
in the study of molecular systems, providing fundamental insights into molecular mech-
anisms at a level of detail unattainable by experimental methods [2,9, 20,29, 30]. Us-
age of molecular dynamics spans a diverse array of fields, from physics and chemistry,
to molecular and cellular biology, to engineering and materials science. Due to their
size and complexity, simulations of large systems such as biological macromolecules
(DNA, RNA, proteins, carbohydrates, and lipids) are typically performed under a clas-
sical mechanics representation. A critical requirement of such simulations is ergod-
icity, or convergence in the limit to the equilibrium (typically canonical) Boltzmann
measure p(dq,dp)=Z ()~ te=#H(aP)dqdp. Although ergodicity is commonly assumed,
recently [6] showed that many commonly used deterministic dynamics methods for sim-
ulating the canonical (constant-temperature) ensemble fail to be ergodic. They also
showed that introduction of a stochastic hybrid Monte Carlo (HMC) corrector guar-
antees ergodicity; however, HMC scales poorly with system dimension and is rarely
used for macromolecules. [6] also show empirically that more commonly used stochastic
Langevin dynamics [25] appear to exhibit ergodic behavior, but were unable to provide

rigorous proof.

The key difficulty in applying existing arguments [22] is the appearance of singu-
larities in the potential U(q). Most modern molecular mechanics force fields [4,18, 26]
take the form

U@= 3 Kir—r)2+ 3 Ka(0-0")2+ 5. %[Hcos(mﬁwm Z{fjé BGJJrqu]
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Here the first three terms involve bond length, angle, and torsional energies; being
bounded, these are easily handled. The difficulty arises from the non-covalent electro-
static and Van der Waals forces, the latter modeled by a Lennard-Jones potential, which
give rise to singularities as two atoms in the system approach each other at close range.

In this paper we establish ergodicity of Langevin dynamics for a simple two-particle
system involving a Lennard-Jones type potential. Moreover, we show that the dynamics
is geometrically ergodic (i.e. has a spectral gap) and converges at a geometric rate.
Geometric ergodicity is sufficient to imply existence of a central limit theorem for ergodic
averages of functions f with EH(|f|2+6) < oo for some §>0 [17], and also implies the
existence of an exact sampling scheme [19], although the latter need not be practical.
Loosely, proving an ergodic result has two central ingredients. One provides continuity
of the transition densities in total variation norm which ensures that transitions from
nearby points behave similarly enough probabilistically, providing the basic mechanism
of the probabilistic mixing/coupling. This is often expressed in a minorization condition
(see Lemma 5.1). The other ingredient gives control of excursions towards infinity which
ensures the existence of a stationary measure and guarantees that sufficient probabilistic
mixing for an exponential convergence rate. The difficulty in a problem is typically one
or the other.

As this paper was being accepted for publication, we became aware of two papers
which prove results related to this paper; namely, [5,10]. The results are different in
the cases where both apply. Here we prove exponential convergence to equilibrium
from arbitrary initial data in variants of the total variation distance by building an
optimal Lyapunov function. Consequently, our methods can handle weighted norms
whose weight functions grow faster at infinity. In [5,10], the convergence of time averages
is proven in L? when the system is started from equilibrium. In this sense, these
results are together best characterized as mixing and make use in a critical way that
the invariant measure is known as they build on the idea of hypercoercivity. However,
the scope of these two impressive papers, [5,10], is much larger. For example, they are
able to handle the chain of interacting diffusions while we handle only two particles
interacting currently with our methods.

In Section 2, we will see that in the current setting, basic existence of a stationary
measure is trivial since the standard Gibbs measure built from the energy is invariant.
Uniqueness of the stationary distribution follows from now standard results on hypoel-
liptic diffusions. However the control necessary to give a convergence rate or even
convergence has previously been elusive. Our approach follows the established method
of demonstrating the existence of a Lyapunov function and associated small set; how-
ever, construction of the Lyapunov function in the presence of a singular potential is
non-trivial and our approach constitutes one of the major innovations of this paper. In
many ways it builds on ideas in [14] and more obliquely is related to the ideas in [28].
In both cases, time averaging of the instantaneous energy dissipation rate is used to
build a Lyapunov function. We use similar ideas here. In a nutshell, as in [14] the
technique consists of casting the behavior of the system as the energy heads to infinity
as a problem with order one energy containing a small parameter equal to one over the
original system’s energy. Then, classical stochastic averaging techniques are used to
build a Lyapunov function. Though the solution is related to [14], the presentation of
difficulties is quite different. In particular, we will see that extracting the asymptotic
behavior is more difficult than [14] as our potentials do not strictly scale homogeneously.
To overcome this we will use the idea of approximating the dynamics near the point
at infinity from [1,15, 16] as well as techniques for joining together peicewise-defined
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Lyapunov functions in an analytically simple way from [15,16].

In Section 3, we state the main results of the paper which are derived from the
existence of an appropriate Lyapunov function. Section 4 gives an overview of the
construction of the Lyapunov function as well as some heuristic descriptions of its origin.
More specifically in Section 4.2, we present some numerical experiments which show that
our Lyapunov function is in some sense correct. In Section 4.3.1, we give a digestible
overview of the basic ideas used in the construction while in Section 4.3.2, we give some
indications of the relation between the ideas discussed in Section 4.3.1 and the ideas of
hypocoercivity. In Section 4.3.3, we introduce the approximate dynamics which makes
the analysis outlined in Section 4.3.1 feasible. The actual Lyapunov function is defined in
Section 4.3.4 in terms of solutions of Poisson equations associated to the approximate
dynamics introduced in Section 4.3.3. In Section 5, we give some consequences of
the Lyapunov structure we have proven. In Section 6 and the Appendix, we give the
missing details from the proof that the candidate function constructed is in fact a proper
Lyapunov function. We conclude in Section 7 by briefly discussing the challenges of
extending our results to larger systems and the case of a harmonically growing potential
which is not covered by our results.

2. A model problem
Consider the two-particle Hamiltonian system (Q,P)=((Q1,Q2),(P1,P)) with
Hamiltonian

P p2

Ho(Q,P)= 71+7 +U(Q1—Q2)
and interaction potential
1
U(Q)=>Y_a;|Q|* >0, (2.1)
j=1

where a; €R with a1,a; >0, and o3 >---> ;. We assume that a; >2 and o; <0 (oth-
erwise no singularity exists). The dynamics of this system is given by
__OHy . 0Hy

=P, RZ_@Qi for i=1,2.

Qi
If we force the system with a noise whose magnitude is scaled to balance dissipation
so as to place the system at temperature T, then we arrive at the system of coupled
SDEs
dqizpidt fori:1,2
dp1 =—U"(q1 — q2) dt —yp1 dt +cdW; (t) (2.2)
dps = U'(q1 — q2) dt —ypa dt + cdWs(t)

where the friction v>0 and 02 =24T. Define

Sdéf{(pl,ql,pz,qz) Q1 #qz}.

We will prove in Corollary 5.2 that, if the initial conditions are in S, then with probability
one there exists a unique strong solution to equation (2.2) which is global in time and
stays in S.
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We define the Markov semigroup by (Ptqb)(p,q)d:CfE(p’q)ng(pt,qt) where E(p, o) is
the expected value starting from (p,q) . This semigroup has a generator L, given by
OHy 0 O0Hy 0 0 0?

def
CRD Dl AR W LLE s w2

Additionally P; induces a dual action on o-finite measures p by acting on the left: uP;.
A measure p is a stationary measure of Py if pgPy = po. In our setting, this is equivalent
to asking that £§po=0 where uo(dp,dq) = po(p,q)dpdq.

It is a simple calculation to see that if

po(p,q) & Ce~Hop.a)/T

for any C, then L§po(p,q)=0. Hence with this choice of pg, 1o as defined above is a
stationary measure. However this measure is not normalizable to make a probability
measure since it is only o-finite. This stems from the fact that the Hamiltonian is
translationally invariant in q. To rectify his problem we will move to “center of mass”
coordinates.

2.1. Reduction to center of mass coordinates. Let = %(ql —q2), D= %(pl -
p2), G=3(q1+q2), p=3(p1+p2), W=2%(W1—Ws) and B=%(W1+W>). Then

dgqr=prdt

dp; = —~ypidt+odB

]it ~“th t (2.3)
dg; =psdt

dpy=—U"(2q;) dt —ypy dt + cdW,.

In these new coordinates, the system is described by variables (¢,p) tracking the po-
sition and momentum of the center of mass, and variables (g,q) tracking the relative
position and momentum of the particles within the center of mass frame. This change
of coordinates simplifies our problem to two uncoupled Hamiltonian sub-problems. The
center of mass (q,p), has Hamiltonian

ifpj
2

which is the Hamiltonian of a free 1D particle, with corresponding invariant measure
given by a Gaussian (for momentum p) times 1D Lebesgue measure (for position §).
Note that p follows an Ornstein—Uhlenbeck process and hence converges exponentially
quickly to its (Gaussian) stationary measure. The position g will diffuse through space
like 1D Brownian motion and hence converges to Lebesgue measure.

The remaining two variables (g,p) are also a Hamiltonian system with Hamiltonian

H(g.p)

H(Gp) ™ 2 +U(2) (24)

which is a single particle interacting with a potential U that is attractive towards the
origin at large distances, and repulsive at short distance. So (¢,p) will have an invariant
probability measure. However convergence of this system is more subtle; it possesses two
difficulties stemming from the structure of the potential. First, since U(Q) is singular
at points, a strictly positive density does not exist everywhere in space. Second, there
is no immediate candidate for a Lyapunov function. Overcoming this second obstacle
will prove more difficult and will occupy the bulk of this paper.
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3. Reduced system: main results

We now turn to the study of the two-dimensional Hamiltonian system described
by definition (2.4). In this section, we also state the principal results on this reduced
system.

Consider the two-dimensional deterministic Hamiltonian system with Hamiltonian

aer P2
H(Q.P)2 - +U(Q)
and hence dynamics
. OH . OH
Q= (Qu, P) =D and Ptz—f(QtyPt)Z—U/(Qt)

P oQ

This system has only closed orbits, which lie completely in the upper half plane denoted
by H={(Q,P)€R?:Q >0} provided the initial points lie in H. To see this observe
that when [(Q, P)| — oo, H(Q, P) is well approximated by %PQ +a1Q* +arQ* which
clearly has level sets that are closed, homotopically a circle, and lie completely in the
upper half plane. (See Figure 3.1).

b

Fic. 3.1. Level sets of H(Q,P)=n for n equals 1 (in blue), 2 (in green), and 4 (in red) where
H(Q,P)=5P?+Q*+1;Q 7.

P

AN

Addition of balanced noise and dissipation yields the associated stochastic system
of interest. Namely, for positive temperature T, friction v and noise standard deviation
o =+/27T, we have

dgs =p:dt

, (3.1)
dpt =-U (qt)dt—’yptdt+Jth

This Markov process has generator

_OHO OHD ) 0?

— L T g AT
dOp 0q  0q Op wﬁp#y op?

and as in the previous section a straightforward calculation shows that p.(dp x dg) =
p+(q,p)dpdg is a stationary measure with

pe(q,p) = Ce~ MaP)/T, (3:2)

since L*p,=0. Unlike the stationary measure of the unreduced system, this measure
can be normalized and made into a probability measure for an appropriate choice of C
(since H is no longer translationally invariant).
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In fact p. is the unique stationary measure of the system. To see this first ob-
serve that system (3.1) is hypoelliptic and hence any weak solution to £*p=0 must
locally have a smooth density with respect to Lebesgue measure. Since p, has an every-
where positive density with respect to Lebesgue measure it must therefore be the only
stationary measure, since any stationary measure can be decomposed into its ergodic
components all of which must have disjoint support. Uniqueness of the stationary mea-
sure is also a by-product of the exponential convergence given in Theorem 3.1 which is
our main interest here.

To state this convergence result we need a distance between probability measures
appropriate for our setting. To this end, for any ¢ > 0 we define for ¢: HH— R the weighted
supremum-norm

gl = sup |(q,p)|ecH @)
(¢,p)€H

and the weighted total-variation norm on signed measures v with the property that
v(H)=0 by

HyHcd:Of sup /¢du.
¢:llpll.<1JH

When ¢=0 this is just the standard total-variation norm. We define M (H) to be the
set of probability measures 1 on H with [, exp(cH )dpu < oo. Then we have the following
convergence result.

THEOREM 3.1. For any c€(0,1/T), there exist positive constants C' and D such that
for any two probability measures 1, e € M. (H)

|1 Pe — pa Pyl < Ce™ Pt |1 — pia |

for all t>0. In particular, the system has a unique tnvariant measure, which necessar-
ily coincides with p. defined above, and to which the distribution of (q:,p:) converges
exponentially fast.

Our proof of Theorem 3.1 will follow the now standard approach of establishing the
existence of an appropriate “small set” and a Lyapunov function [23]. Similar to [22],
we will use a control argument coupled with hypoellipticity to establish the existence of
a small set. While this is rather standard, the technique used to prove the existence of
a Lyapunov function is less standard and one of the central contributions of this paper.

4. The Lyapunov function: overview

4.1. Heuristics and motivating discussion. We wish to control motion out
to infinity (|(¢,p)| — 00) as well as in the neighborhood of the singularity (¢—0%"). A
standard route to obtaining such control is to find a Lyapunov function V :H— (0,00)
so that

AV (qe,pt) < —cV(qe,pe)dt+Cdt +dM; (4.1)
for some martingale M; and positive constants ¢,C' and such that H <CyV for some

positive Cy. In particular, the fact that V — oo as ¢— 0" allows us to control the time
spent near g=0.
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The first reasonable choice for a Lyapunov function might be to try the Hamiltonian
H(q,p) itself. Using It6’s formula, we see that

2
o
dH(qt,pt):—'ypfdt—l- 7dt+aptth. (4.2)

However the function (g,p)+ p? is not bounded below by (g,p)+ H(q,p) since the two
functions are not comparable. This prevents us from obtaining the desired bound. If
U(q) only has positive powers of ¢ that are greater or equal to two, this deficiency can
be partially overcome by considering V' (q,p) = H(q,p) +vopg. Then by picking vy small
enough, we can ensure that %H <V <cH as p?>+¢*> — oo and that LV is bounded from
above by a constant times —V 4 C' for some C'>0. Hence V is comparable to H but
satisfies the desired Lyapunov function inequality (4.1). See [22] for more on using this
trick in this context.

Unfortunately this simple trick does not work in the presence of a singular repulsive
term, as it does not yield the required bound for geometric ergodicity when ¢ approaches
0. This is necessary since the potential, and hence the transition density, behaves poorly
near this point and uniform estimates are not easy (if even possible) to obtain. It is
therefore reasonable to ask if there is a different choice other than pg that will work
yet is inspired by this example. Eventually, we will find an appropriate function ¥ so
that V = H + ¥ works; to do so we will leverage a better understanding the dynamics at
large energies. Moreover, this will allow us to learn a different way to understand the pq
correction than via the theory of hypocoercivity which it motivated. In Section 4.3.2,
we will return to this example which is connected to the theory of hypocoercivity, which
it partially inspired, and see how it fits into the approach we have developed.

With this example and its limitations in mind, we return to equation (4.2) and take
a closer look at the dynamics. Looking at the right-hand side, it is true that p? is not
comparable to H(q,p) at every given point (¢,p) in phase space. Yet if we believe that
the system settles down into equilibrium exponentially fast, the —p? term must lead to
some “dissipation” of energy when the energy is large.

To see how dissipation arises, it is sufficient to analyze the stochastic dynamics at
large energies, which is a regime in which we know something about the dynamics. To
leading order in H it will follow the deterministic dynamics with stochastic fluctuations
of lower order. At high energy, the highest order part of the potential U dominates.

For discussion purposes, we will assume for the moment that the potential U : H—
(0,00) has the simplified form

U(Q)=aQ"+bQ ™" (4.3)

for some a,b>0 and «,5 >0 with a>2. Later in this section, we will return to the
problem when U(Q) has the more general form (2.1). It will be convenient to introduce
the following family of potentials indexed by a parameter €€ [0,1]

U(Q)=aQ +bQ e =

Setting e =1 yields the original potential which we will continue to denote by U without
any subscript. The advantage provided by considering this family of potentials is that
U.(Q) has the following homogeneous scaling property for h>0

Uc(h=Q)=hU¢(Q), (4.4)

and this scaling property will lead to all of the scaling properties mentioned subsequently.
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The orbits of the deterministic trajectories are given by the solution set of
H.(Q,P)= %P2+UE(Q) =n for a given energy level n>0. This locus is topologically
equivalent to a circle and hence setting

Qe(Qan): Q(n_Ue(Q))’ (45)

the orbit is given by the set {(Q:0.(Q.m)),(Q.—0.(Q.m)): Q€ [Q% (1), Q% (m)]} where
Q% (1) and Q< (n) are respectively the largest and smallest positive roots of 7 —U.(Q) =
0. Notice that model potential we are currently considering always has exactly two
solutions to n—U.(Q)=0.

We will see that the period of the orbit goes to zero as the energy goes to infinity.
Hence at high energy the system will make many orbits in an instant of time and the
average of —P? around the deterministic orbits will give a good idea of the dissipation
asymptotically as the energy becomes large. We see that averaging P? around this
deterministic trajectory gives by symmetry

) Q3 (n)
=2 al@ude
Q< (n)
and similarly that the period 7.(n) of this orbit can be expressed as

- Q% (n) 1
Te(n :2/ dQ
Q< (n) Qe(Qﬂ?)

To make the idea of “large energy” more precise we consider the rescaling of phase
space defined by the mapping (Q,P) (h%P,hi Q) for a scale factor h>0. Under this
map, the associated energy will essentially scale by a factor h for large h. However this
is not exactly correct since the other terms in the potential do not scale in the same
fashion. However, in light of scaling property (4.4), by changing the value of ¢ we can
relate a scaled Hamiltonian exactly with an unscaled Hamiltonian having e =h™!; that
is, since H.(Q,P)= %PQ—I—UG(Q), we see that He(héQ,h%P) =hH¢(Q,P). In other
words, the scaled system behaves exactly like the unscaled system at a higher energy.
If we define the average value of P? about an orbit as

e {P2)()
7e(1)

then we also see that Ac(P?)(hn)=hA< (P?)(n).

Summarizing, the average of P? around the deterministic orbit with energy hn and
e=1 is the same as h times the average of P? around the deterministic orbit with energy
n and e=h""! for the simplified potential considered in this section. We will see later
that this will hold for sufficiently large energy for the more general potential (2.1) as
well. If we define

A(P?)(n) (4.6)

A= AL (P)(1) (4.7)

1
n
then A; (P?)(n) =nA(n). Furthermore, observe that as e — 0, the level sets under po-

tential U, (Q) converge (Figure 4.1), and A.(P?)(1) converges to a positive constant A,
as e—0. As we will see later

B foé(l—aQo‘)%dQ 2o

A= — =
JP(1—aQe)"raQ T2

(4.8)
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P

F1G. 4.1. Level sets of He(Q,P)=1 for € equals 1 (blue) and 1/2.15 (green) where He(Q,P)=

%P2+Q4+%E%Q’2 The dashed line is the level set of %PQ-I—Q“:I with P >0 to which the level
sets of He(Q,P)=1 converge as e —0.

where @ =a~=. Notice that A, is independent of the value of a and since o > 2, observe
that A, € (1,2).
Now since at high energy (i.e. n>>1), A1 (P?)(n) =nA(n) ~nA., it is reasonable to

approximate equation (4.2) by

dH ()~ —yA H(t)dt+ Cdt+ o /A H () dW (t) (4.9)

when H(t)>1 where (>0 is constant. Note that ¢ is negligible for H(t)>1. The
martingale in approximation (4.9) was chosen so that its quadratic variation would
be the time average of the quadratic variation of the martingale in equation (4.2). In
making this approximation, we are not claiming that there is averaging in the traditional
asymptotic sense. Namely, there is a small parameter going to zero that causes the whole
system to speed up and hence the instantaneous effect on the system is increasing in
the limit of that averaged parameter. Rather, at high energy the system acts (after
rescaling) increasingly like a system with order one energy and a rescaled parameter e.
The rescaling also leads to a rescaling of time so that an order one time in the rescaled
system represents an increasingly short time in the original system. Hence in a short
interval of time at high energy, one sees the effect of many rotations of the system,
making the averaged quantities just calculated a good approximation.

In spirit this approach is initially not unlike one used to show stability of queuing
systems and stochastic algorithms [8,12,21]. There a discrete time (and possibly discrete
space) stochastic system is shown to converge after rescaling to a deterministic ODE
which can easily be shown to be stable. Here we also rescale but do so primarily to
introduce a small parameter (one over the energy) and then use averaging to study this
limiting ODE system with a small parameter.

Before making this intuition more formal in Section 4.3.3, we will present some
numerical experiments which show that the above calculations capture the “truth” of
what is going on. We will see they give the observed rate of energy dissipation at high
energies.

4.2. Numerical explorations. The plots in Figure 4.2 compare the trajectory
of the energy predicted by approximation (4.9) and the energy trajectory obtained from
a numerical simulation of equation (3.1) when both were started from the same initial
high energy level. The model potential given in equation (4.3) was used with a € {2,4,6}
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and f=12. Similar comparisons with 8 equal to 2 and 4 were also made with nearly
identical plots confirming essentially no dependence on « as predicted by our asymptotic
theory.

F1G. 4.2. The first three plots are semi-log plots of energy versus time for the dynamics using the
potential in equation (4.3) with a equal to 2 (upper most curve), 4 (middle curve), and 6 (lower most
curve). The solid lines are numerical simulations and the dashed lines are the theoretical prediction
made by approzimation (4.9).

Our theory only applies to the two cases o€ {4,6} since the theory requires a > 2.
In these cases the agreement with the theory, shown with the dashed line, is quite good.
One can see a small scale wiggle in the numerical curves. This is the effect of the periodic
orbit. As the scaling theory predicts, the effect decreases as the energy increases since
the scaling shows that period and the size of the fluctuations go to zero as the energy
increases. When a=2 our theory does not apply. Nonetheless, the trend given by
dotted line is followed. However one sees that period and amplitude of the fluctuation
is not going to zero which is also consistent with the scaling arguments predictions. The
possibility of extending our theory to this boundary case is discussed in Section 7.

4.3. Definition of the Lyapunov function. Informed by the preceding discus-
sion, we return to the idea of constructing a Lyapunov function V of the form V' =H 4+ ¥,
where ¥ is introduced to handle the singularity in H. The end result of this section, in
particular, will be the definition of the corrector ¥. First, however, we will take time
to both motivate and explain how we arrived at this definition.

As discussed in Section 4.1, at high energy the system moves essentially around
the deterministic orbit defined by the Hamiltonian flow. The average dissipative effect
of each of these orbits is given by the average of the right-hand side of equation (4.2)
around one orbit. In the language of definition (4.6), this is —A; (Pz)(h)Jr%2 if the
energy equals h. To replace the —p? from equation (4.2) with —A; (P?)(h), the theory
of homogenization and averaging suggest the use of the “corrector” ¥ defined by Poisson
equation

HE(q,p) =7(p* — A1 (P?)(H(p,q)))-

where H is the Liouville operator defined below. This can also be thought of as an
“integration by parts” adapted to deterministic Hamiltonian dynamics in this setting,
in the sense that

t
/0 P2 ds =0 (P, Q) — U(Qo, Po) +t7A1 (P2) (H(Qo, Po)-
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The first two terms on the right-hand side of the equation above are boundary terms
which control the fluctuations from the mean value.

This is the argument used in [14], where a succession of Poisson equations was
employed to produce a sequence of correctors to reduce the fluctuations in various
terms, achieving a function which was pointwise dissipative/coercive. In many ways the
situation here is simpler than in [14] and the presentation clearer. However, we will see
that a number of needed estimates proved elusive in this simple program as presented
above. We will need to modify the above arguments by combining them with ideas
found in the works [1,15,16].

4.3.1. The basic idea. We begin by introducing the Liouville operator H asso-
ciated with the deterministic dynamics given by

HEPog —U'(Q)dp. (4.10)

Recalling that the full stochastic dynamics at large energies is approximately determined
by the dynamics along H, ideally we would like to pick the corrector ¥ so that it satisfies
the following two properties:

(I) ¥(Q,P)eC?(H:R) and ¥ satisfies the following PDE on H
(H®)(Q,P)=7(P? = A1 (P*)(Q, P)) (4.11)

where A (P?)(n) is the averaging operator defined in equation (4.6) discussed
in Section 4.1 and we have introduced the slight abuse of notation

A(P?)(Q,P)= A(P?)(H(Q. P)).

(I1) ¥(Q,P) is “asymptotically dominated” by H(Q,P) as H(Q,P)— oo, i.e., ¥
satisfies

U(Q,P)=0(H(Q,P)) as H(Q,P)— oc.

In a moment, we will remark as to why we need to slightly weaken property (I) here,
but for now let us assume that such a ¥ satisfying (I) and (II) exists, as the essential
structure of the argument that follows will still be employed.

Recall that that the generator £ of the process defined by equation (3.1) can be
written as

0'2 2
Ez%—’yp@,,—#;@zr

As mentioned above, we will choose the Lyapunov function V to be V.=H + V. Since
U satisfies the PDE in equation (4.11) of property (I), A;(P?)(n)=A(n)n and HH =0,
we have that

AV (qe,pr) = (LV)(qr,pr)dt + d My, (4.12)

where M, is a local martingale and

2 ov 2 9%V
(LV)(@:p)=—7(Ao H) (a:0)H(p) + 5 =7 (00)+ 5 s

G, (4.0): (413

The first two terms of the right-hand side of equation (4.13) essentially coincide with
approximation (4.9); therefore, to realize our goal we would need to show that the
remaining terms on the right-hand side are negligible at large energies.
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To see intuitively why we expect these terms to be negligible at large energies, set
B=0 in the potential U(q) for simplicity and note that the operator H scales homo-
geneously of degree %fé under the transformation (P,Q)+— (h%P,hé Q). Also, notice
that the Hamiltonian H scales homogeneously of degree 1 under this transformation.
Since the right-hand side of equation (4.11) scales homogeneously of degree 1 under the
same transformation, we expect the corrector ¥ to scale like h2t% . Since we assumed
that o> 2, we see that (when $=0) ¥ is dominated by H at large energies just from
this argument. Similarly, we expect POpW¥ and §%W to scale respectively like h2ta and
ha~2 under the same scaling, and hence are negligible as previously claimed.

When B3>0, however, the situation is more complicated. A nice C? solution to
equation (4.11) can still be found, yet determining its behavior at large energies is more
delicate. For large energies where ¢® dominates, the above analysis should still hold.
For large energies where ¢~# dominates in U(q), one can change the parameter € in
U.(q) from property (4.4) to perform a similar scaling analysis for solutions of equation
(4.11) with U replaced by U.. More precisely, if one defines H. by expression (4.10) with
U'(q) replaced by U!(q), then under the scaling transformation (P,Q)— (h2 P,h= Q) we
have that H, transfroms to h%’é’}-[6 /h» Which is analogous to how H transformed when
U(q) =¢%, except for the introduction of the parameter e. We then define ¥, as the
solution to equation (4.11) with H replaced by H.. Following the same logic as before,
one sees that U, transforms to h2ta VU, under (P,Q)+— (h%P,hé Q). Similarly, POpW¥
and 0%V transform to hita POp¥, ), and hé_%al%\lfe/h, respectively. Hence we could
repeat the same analysis if one had uniform control over the size of ¥., POpW, and
02V, as e—0. However, in all cases the rigorous extraction of the needed scaling of the
original ¥ or this family of solutions ¥., and in particular the scaling of their derivatives,
seems elusive. For this reason, we will modify the original PDE (4.11) by introducing an
approximate dynamics which will be asymptotically the same as the dynamics driven by
the Hamiltonian but which will scale exactly homogeneously in the spirit of the previous
paragraph. This will allow us to control the needed terms but it will come with a cost.
That is, the resulting solution ¥ will only be globally continuous and not globally C?. It
will however be piecewise C? and the ideas from [15,16] will be exploited to nonetheless
prove H+ W is a Lyapunov function for the time ¢ dynamics.

4.3.2. The relationship to the “pg” trick and hypocoercivity. We now
make a small digression and return to the “trick” used in the non-singular case of
adding ~gpq for some choice of positive g as discussed in Section 4.1. In light of the
construction used in this paper, it is interesting to ask if yypq is the solution of an
appropriate Poisson equation of the problem with a potential U(q)=¢?"/(2n), since
this potential represents the behavior at infinity of the class of potentials for which
that construction is used. We begin by observing that for the corresponding Liouville
operator H one has

H(pg) =p* —¢*" = (1+n)p> —np® —¢*" = (1+n)p* —2nH (p,q).

Hence multiplying by .. and calculating that A(p?)(q,p) = 2% H(q,p), we see that

n+1
¥(g¢,p) = 135,pq is a solution to

(H¥)(q,p) =7p* —vA(P*)(q,p).

Hence this “trick” is exactly a version of the ideas in this paper, namely solving the
correct, asymptotically relevant Poisson equation. It would be interesting to under-
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stand how this point of view fits together with the ideas contained in the theory of
hypocoercivity as developed by C. Villani [31] and subsequent authors [3,7,10, 11].

4.3.3. The approximate dynamics. Rather than using the trajectories defined
by the full Hamiltonian H to build the corrector ¥ via the method of characteristics, we
will use the trajectories defined by a “piecewise Hamiltonian”. This has the advantage
of simplifying, yet capturing the dynamics at large energies in various regions in the
state space H. This, in particular, will allow for easier analysis of our chosen corrector,
as the PDEs satisfied by ¥ locally in various regions in H will be far simpler than the
equation (4.11) in property (I).

To introduce the approximate dynamics, recall that

P2
H(Q,P)=—+U(Q —+ZazQ°“

where a; >2,a1 >0,a; >0, o; <0 and
>0 > >0,

Because two parts in U(Q) will play a special role throughout the rest of the paper, we
let a1 =a, a1 =a, ay=—p4, a;=»b for simplicity. For (Q,P) € H let
P2 p?
K(Q,P)=—+bQ " and J(Q,P)= 5 Q" (4.14)

and for &,,hy >0 define the following regions in the state space H:

S1(&he) ={(Q,P)eH: P’Q" <¢&Z,Q <1,K(Q,P) > k(h.)}
Sa(&she) ={(Q,P)eH: P’Q" > &2, P2Q™* > &2, H(Q,P) > h.}
S3(Eeshi) ={(Q.P)eH: P2Q™* <&2,Q>1,J(Q,P) 2 j(h.)}

where k(h) and j(h) are boundary functions to be introduced momentarily. Both of the
parameters ,, h, should be thought of as large, and we will see soon that k(h),j(h)=h
for h >0 large. The parameter £, >0 will be increased at several instances throughout
the paper. Moreover, we will often choose the parameter h, to depend on &,.

To help motivate the regions above, observe that as H(Q,P)— oo with (Q,P) €
S1(&4,hy) we have

ner=q[FE

+b+0(1)} =K(Q,P)+Q "o(1)
and as H(Q,P)— oo with (Q,P) € S3(&«,hy)

PQQ—a
2

H(Q,P) :Q“[ +a+0(1)] =J(Q,P)+Q%o(1).

Since P?Q” is bounded on S (&.,h.) and P2Q~® is bounded on S3(&,,h.), this calcu-
lation suggests that we should take the approximate dynamics in S1(&s,h.) to be the
dynamics determined by the Hamiltonian K(Q,P). Similarly in S3(&,h), we should
take the approximate dynamics to be the dynamics determined by the Hamiltonian
J(Q,P). The region Sa(&,,h,) corresponds to an asymptotically insignificant piece of
the dynamics at large energies when &, is also large, and therefore should serve merely
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as a “transition zone” between two other regimes, Sy (&x,hs) and S3(&x,hy). This, in
particular, suggests that we maintain the dynamics determined by H in the region

SQ(&*JL*)

REMARK 4.1. It is also instructive to understand how the analogous regions for H.
transform under the scaling (P,Q) — (h%P,hi Q). If in the regions S; we replace P?Q°
by P2Q56_1_§, this then defines correct regions Sf corresponding to H. (ignoring the
truncation for small H for the moment). Notice that the boundary between S5 and
S5 would remain unchanged as € —0 yet the boundary between Sf and S5 will collapse
towards the ¢=0 axis. Hence as ¢ —0, the region S{ becomes a vanishingly small part
of the phase space. Furthermore by making £, large we can decrease the importance of
the dynamics in §§ by making this region smaller. Thus we expect only the dynamics
in region S5 to be relevant asymptotically. In S5, the potential U.(g) is dominated by
a@Q® as € —0 uniformly and we expect the dynamics governed by the Hamiltonian J
defined above to dominate. We will see that all of these predictions hold and that they
are behind all of the construction on which we now embark.

To define the approximate dynamics precisely, we need some additional nota-
tion. For hg=ho(&x) >0 large enough and h > hg, let (Q1,P1)=(Q1(&x,h), P1(&,h)) €
S1(&4,ho) satisty

H(Qu Py)=h, PP =£Q;", P >0
and (Q3,P3) = (Q3(&«, 1), P3(&x,h)) € S3(&x, ho) satisty
H(Q3,P3)=h, P;=£2Q%, P3>0.
From the asymptotic observations made above, we note that as h— oo

2 2
Q;’ [%—&-b—i—o(l)} =h and QF [%MH(U} =h-

Now, for h > hg, ho=ho(&) >0 large enough, define k(h),;j(h) >0 by

-1 l
k(h)=h=> @@,  j(h)=h—=> aQ§
=1 1=2

and notice that

lim A~ k(h)= lim h='j(h)=1.
h—o0

h—o0

By perhaps again increasing h if necessary, also observe that for all i j
interior(S; (&x, ho)) Ninterior(S; (&, ho)) =0.

Setting

S (€ ho) =Si(Ex,ho) N{(Q,P) € H: P>0}

2

Si (&,h0) = Si(Ex:ho) N{(Q, P) € H: P <0},

(2

with this choice of hy we have sketched the regions S;(&.,ho) in Figure 4.3.
We can now define the approximate dynamics. For simplicity, set S; =8;(&«,h0),
SE=5F(¢.,ho) and Hy,, =JS;.
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Q

Fic. 4.3. The regions S;, i=1,2,3,4, are plotted above along with the form of ¥ in each region.
The rotation along a cycle T'(h) for the approxzimate dynamics is in the counterclockwise direction.

Thus boundary contributions ¥, accumulate in the clockwise direction. The specific choice of ¥ was
made so that ¥(Q,0) =0 to exploit the symmetry in the problem. Also note that, in light of Remark 4.1,
we ezxpect for large energy and large £« that only the dynamics in the region S3 will be relevant.

DEFINITION 4.1 (The Approximate Dynamics).  For (Q,P)€Hyp,, the approximate
dynamics started from (@, P) is the solution of the differential equation

(QuP)=(Q.P)+ / X(Q. P,)ds

where X :Hj, —R? is given by

(PBQ™PY)  if (Q.P)eSI\ST

(P,-U'(Q)  if (Q,P)eSS\Ss
QD)= (P aa@e ) i (Q.P)eS\S, |

(P,-U'(Q))  if (Q,P)eS;\S

One can check that for initial conditions (Q,P) € Hp,, the approximate dynamics
started from (Q,P) has a unique solution with a corresponding continuous solution
curve I'(h), where H(Q,P)=h, given by the union of the following curves

[1(h)={(Q,P) €S : K(Q,P)=k(h)}
La(h)={(Q,P)€S2: H(Q,P)=h}
I3(h)={(Q,P)€S3: J(Q,P)=j(h)}.
4.3.4. Poisson equations and V. Using the approximate dynamics, we will now
define the corrector W. We begin by defining the transport operators corresponding to
flow generated by the approximate dynamics defined above. In other words, they are

the first order differential operators whose characteristics correspond to the approximate
dynamics. Defining the operators K and J by

K= Pog+BbQ 10,
T E Py —aQ* 0.
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we see that transport generated by the operator IC corresponds to the flow of the ap-
proximate dynamics in S;\S; OS; while the transport generated by the operator J
corresponds to the approximate dynamics in S3\S; NS3. We recall that in the re-
maining regions in Hy,, the dynamics is that determined by the full Liouville operator
H.

For h > hg and 1=1,2,3, we let G;(h) denote the total time spent by the approximate
dynamics in §; during one complete cycle on I'(h), and define T'(h) :Z?:1 G(h). For
1=1,2,3 and h > hg, we let F;(h) be given by

T(h)
zwmgf 15,(Qs, P, P2 ds
0

where in the above 1g, denotes the indicator function on §;, (Qs,Ps) corresponds to
the coordinates of the approximate dynamics, and we are taking as our initial condition
any point (Qo, Pp) belonging to I'(h). For positive parameters ¢ and ¢; , [=1,2,3, and
h > hg, we define the weighted averages A, (h) and A_(h) by

A S (4.15)

REMARK 4.2. Observe that A4 (h) are slight modifications of the average A; (P?)(h)
of P? over one cycle of the deterministic dynamics defined by the full Hamiltonian H.
More precisely, they are weighted versions (with weights cli) of the average of P? over
one cycle of the approximate dynamics. Later we will see that for every € >0 there
exists & >0 large enough such that for all h>hg=hg(&,) large enough

L AP

< .
ST A0 <l+e

More specifically, we will see that the asymptotically dominant part of Ay(h) is
cx F3(h)/cE G3(h) = F3(h)/Gs(h); that is, the dominant contribution to the dissipation
at large energies comes from region S3. We will need these slight modifications and
the parameters cljE to ensure that ¥ defined below is smooth enough to apply Peskir’s
extension of Ito’s formula [27] and to deal with the signs of the local time contributions
in dW¥(qq,p;) arising because ¥ will not quite be globally C2.

Just like the original dynamics determined by the full Liouville operator H, the
function ¥ will be broken into several pieces. To introduce them, first recall the defini-
tions of j(h) and k(h) introduced after Remark 4.1 and note that, by increasing hg if
necessary, the functions

j:[ho,00) = [j(ho),00), k: [ho,00) = [k(ho),00)

are twice continuously differentiable with twice continuously differentiable inverse func-
tions

371 [ (ho),00) = [ho,00), k™11 [k(ho),00) = [ho,00).

Moreover, it can be shown by implicit differentiation of @1 (h) and Qs(h) with respect
to h that the inverse functions satisfy

lim (b= (h)) = lim (A "'k~ (h))=1 (4.16)

h—o0 h—o0
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Tim (51 ()= Jim (k1) () =1 (4.17)
Tim (A1) ()| = T [(k~Y)" ()| =0. (4.18)

We let U] and ¥ be defined on S; as the solutions of the following boundary-value
PDEs

{ (KU (@, P)=ei (P? = Ax (k™' (K))) (4.19)

UE(Q,P)=0 for P2QP=€2,P>0
where K=K (Q,P) is as in (4.14). Define U3 and ¥, on Sy by

{ (HUT)(Q,P)=~ci (P2— AL (H))

420
S (Q,P)=0 for P>Q~=¢2, P >0. (4.20)

and

{ (H¥3)(Q.P)=ne; (P?— A_(H)) (4.21)

U5 (Q,P)=0 for P2Q°=¢2,P<0
Lastly, for (Q,P) € S3 define ¥ and U3 as the solutions of

{ (TU)(Q.P)=7¢5 (P2 = A (77 () (422)
+ 20— 2 '
U3 (Q,P)=0 for PPQ-*=¢;,P<0

where J=J(Q,P) is as in definition (4.14).

REMARK 4.3. At this point it is helpful to compare the right-hand sides of the
equations above with the right-hand side of the equation (4.11) in property (I). Because
k~1(K) and j~!(J) are asymptotically equivalent to H in, respectively, S; and Ss,
the only noticeable difference between the two is the presence of the parameters cli.
However as we will see later, we will be able to choose cljE <1, 14=1,2,3, arbitrarily close
to 1. Therefore, due to the asymptotic formula for AL discussed in the previous remark,
the equations satisfied by \I'Zi approximate, up to a small constant, the equation in (I)
when H —oco. We will see that this constant can be made arbitrarily small by first
picking the boundary parameter £, >0 large enough.

Because we have defined \I/Zi using zero boundary conditions and \Ifli %0 on the
other boundary in its region of definition, we cannot (as may be suggested by the
above) by fixing a + or — define our corrector ¥ to simply be \I/ZjE on §;. In particular,
although we will see that each \1le is C? on Sii, such a choice would mean that ¥ is not
globally continuous.

To see how to obtain the desired global continuity, let ¢;,(Q,P), 1=1,2,3, be the
first exit time of the approximate dynamics from S started from (@, P) € S;(&«,ho) and
for (Q,P) € S; define

ot 91(Q,P) )
f1(Q,P)= Pids
0

where again we recall that P; is the momentum coordinate of the approximate dynamics.
Applying the method of characteristics to solve equations (4.19)-(4.22) produces the
following expressions for \I/fE (Q,P):

U (Q,P) =7cf (Ax (k7 (K))g1(Q.P) — f1(Q, P))
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\P;(Q7P):’YC§(~Ai(H)g2(Q7P)_f2(Q7P))
U5 (Q,P)=~cy (A+(71(]))gs(Q, P) — f3(Q, P))
where H=H(Q,P)=21+U(Q), K=K(Q,P)=2+bQ~# and J=J(Q,P)=% +

aQ®. Hence for (Q,P)eS;NT'(h), the value of \I/Zi(Q,P), 1=1,2,3,4, on the bound-
ary where it is nonzero is given by

+

T (h) ek (Ax ()G (h) — Fi (b))
T, ()= 2 eF (A ()G <> Fy(h)) (4.23)
Ty (h) et (Ax(h)Gs(h) — Fy(h)).

REMARK 4.4. Recall that for h>hg, Gi(h) denotes the total time spent by the
approximate dynamics in S; during one complete cycle on I'(h), and

T(h)
Fl(h):/o 1s,(Qs, Ps) P2 ds

where T'(h) =G4 (h)+Ga(h)+ G3(h) is the time to complete one cycle. Hence the factor
of 1 appears on the right-hand side of the expression for @Qi (h) above by symmetry

since only one half of the trajectory in Sy is traversed starting in either S; or S, upon
exiting the domain. See Figure 4.3.

Finally to define ¥, let ¢ € C*°(R:[0,1]) satisfy ¢(z)=0 for © <2hg and ¥(z)=
for x> 3hyg.

DEFINITION 4.2 (Definition of ¥). For (Q,P)€Hy, and h=H(Q,P), define
UE(Q.P)+T5 (h)+3T5 (h)  if (Q.P)eST
W (Q.P)+ 1y (h) if (Q.P)eSy
\Ijl (Q?P)_E\Dl (h) Zf (Q,P)ESl
U5 (Q,P)+ 5%, (h) if (Q,P)€Sy
U3 (Q,P)+ 3%, (h)+¥, (h) if (Q,P)eSy

For (Q,P) €H\Hy,, we define W(Q,P)=0. The function ¥:H—R is defined by

(Q,P)=1(h)¥(Q,P)

where h=H(Q,P). By increasing hy if necessary, ¥ is continuous everywhere and

satisfies U(Q,0)=0. See Remark 4.5 for further elaboration.

As a visual aid for the reader, we have provided Figure 4.3 which plots the regions
and gives the form of ¥ in each region.

REMARK 4.5. In the Appendix, we will see easﬂy by inspection of the formulas derived
there that ¥ (Q,P) is C? on S and that \I/ (h) is C? for h>hg. In partlcular, U is
C? everywhere EXCEPT along the nelghborlng curves dividing the regions S . In fact
if we show that W is globally continuous, we may apply the generalized It formula due
to Peskir [27], giving the existence of the It6 differential dW¥(g:,p:).
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To see that U is continuous along these neighboring curves, it is helpful to consider
the diagram in Figure 4.3 which gives the definition of ¥ in each region. First observe
thft siilce ¥ =0 and \D;:@;_ on the boundary S NS, we find that for (¢,p)€
STNS;

. . —+ 1+

lim Y(Q,P)= lim U(Q,P)=Y, (h)+ =V, (h).
(@.P)>(ap) (@.P) (@.P)>(ap) (@ P) =", (h)+5¥s (h)
(Q,P)est (Q,P)eST

where h=H(q,p). Similar observations will show that ¥ is continuous along the bound-
aries Sy NSF, S NS, and S; NS; . This leaves us to check that ¥ is continuous at
P =0. To see this, first observe that by using the formulas (4.23) and (4.15), for h > hg

3
ST ()5 () + 5 (h) = 57 D Aw (W) Galh) — ¢ Fi(h)
i=1

3
=Y (R~ R () =0.

For (¢,p) €S1N{(Q,P)eH: P=0} and h=H(q,p), we find that

Wy (0.0) - 35 ()= 5T; ()~ 57 (1) =0

and

—+ 1—+ 1—+ —+ 1—+
U (q,p)+ ¥y (h)+ 5‘1'3 (h)= 5‘111 (h)+¥y (h)+ §‘I’3 (h)=0.
This now implies continuity of ¥ on S;N{(Q,P)€H: P=0}. A similar calculation
shows that ¥ is continuous on S3N{(Q,P)€H : P=0}.

5. Consequences of Lyapunov structure

In this section, we reduce the proof of the main theorem, Theorem 3.1, to the
proofs of Theorem 5.1 and Theorem 5.2 below. As we will see in the following section,
both theorems will be immediate consequences of Lemma 6.1, a result encapsulating
the needed properties of the corrector ¥ as given in definition 4.2.

THEOREM 5.1.
Let €¢>0. Then there exists £, >0 and ho(&x) >0 large enough such that the func-
tions ¥ and V =H 4V satisfy the following:

(a) As H(q,p)— o0, ¥(q,p)=0(H(q,p))-
(b) The Ito differential of V(qs,p:) exists. Furthermore, there exists a constant
C >0 such that

dV (qe,pt) < —v(Ax —€)V(qe,pe) dt+ Cdt +dM(2) (5.1)

for some L?-martingale M (t) with quadratic variation ((M)); satisfying

t

(any=c? [ pias+ [ Slaop)as

where ¥ :H— R is locally bounded, measurable with X(q,p) =0(H(q,p)) as H —
00.



2006 ERGODICITY OF SYSTEMS WITH A LENNARD-JONES-LIKE POTENTIAL

REMARK 5.1. The usage of the boundary parameters &, and ho=hg(&,) in the
statement above allows us to tune the corrector ¥ so as to get close to the predicted
large energy dissipation constant yA, for the Hamiltonian H, as discussed heuristically
and numerically in Section 4.

Theorem 5.1 has the following immediate corollaries.

COROLLARY 5.1.  Let 1y be the first exit time of (q:,p:) from H. Then for all ini-
tial conditions (po,qo) €EH, Tu =00 almost surely. Hence the local in time solutions to
equation (3.1) for (po,qo0) € H provided by the standard theory are in fact global in time
solutions contained in H for all time with probability one.

Proof.  See, for example, Theorem 2.1 of [24]. d

For the next corollary, we momentarily return to considering the unreduced system
(pt,q:) = (q1(t),q2(t),p1(¢),p2(t)) defined by expression (2.2).

COROLLARY 5.2.  Let 75 be the first exit time of (qi,p¢) from S; then for all initial
conditions (qo,Po) €S, s =00 almost surely. And hence the local in time solutions to
equation (2.2) for (qo,po) €S provided by the standard theory are in fact global in time
solutions contained in S for all time with probability one.

Proof. The existence of a global solution (q;,p;) to equation (2.2) is equivalent the
existence of a global solution (G,Pt,qs, ) which solves equation (2.3). The existence of
a global solution to (g,p:) follows directly from Corollary 5.1. Since the pair (G,p;) is
independent of (G, p:), we can consider it alone. Since it has no singularity, the existence
of a global solution for (g,p;) can be found in many places including [22]. |

REMARK 5.2. To assure that each of the dynamics above is well defined for all finite
times, it is sufficient to take V = H. Indeed, using stopping times we can obtain the
following bound from equation (4.2)

2

g
E(g.p)H(aepe) < H(q,p) + 5t

for all times ¢ > 0. However, to obtain the stronger estimate (5.1), which highlights and
is in agreement with the hueristic considerations of Section 4 (see also equation (4.9)), we
need the perturbation W. Furthermore, using the corrector ¥ will allow us to conclude
geometric ergodicity below as stated in the main result Theorem 3.1.

With the appropriate Doeblin minorization condition (see Lemma 5.1 below), The-
orem 5.1 implies geometric ergodicity of the process (g:,pt), but in a much weaker
weighted norm than used in the statement of Theorem 3.1 (see Theorem 1.3 in [13]).
The natural strategy employed to improve the norm of convergence is to exponentiate
the existing Lyapunov function V' with a tuning parameter ¢ > 0; that is, now consider
the test function

Vi(g,p) = exp(cV(q,p)) = exp(c(H(q,p) +¥(g,p)))-
Assuming for simplicity of discussion that ¥ is globally C2, we would then find that by
construction
LV:(q,p) =cVi(a,p)[LH (q,p) + LY (q,p) + YT (p+9p¥(q.p))’]
=cVi(q,p)[=p? + LY (q,p) +cyTp +0(H(g,p))] (5.2)
< cVi(q.p)[=v(As =€) H(q,p) +eyTp* +o(H (g,p))]
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where € >0 is a small parameter which can be adjusted by tuning the boundary param-
eters in the definition of ¥. Upon making the “brutal” bound p? <2H(q,p) and picking
c€(0,A,/2T) and e < (0,A. —2¢cT), the estimate above becomes

LV1(q,p) < cVi(q,p)[—v (A —e—2¢T)H(q,p) +o(H (q,p))]

which then implies Theorem 3.1 with c€ (0,A./2T). Recalling the definition of A.
given in equation (4.8), we note that A, € (1,2) is fixed, so we do not quite realize the
upper threshold of 1/7> A, /2T for the constant ¢ given in the statement of Theo-
rem 3.1. Nevertheless, we should expect to be able to arrive at the threshold of 1/T
since exp(cH (q,p)) is integrable with respect to the unique invariant measure (see equa-
tion (3.2)) if and only if c<1/T.

To see why this approach is not optimal in this way as well as how to fix it, recall that
the lower-order perturbation ¥ was constructed to exchange —yp? with its average over
one cycle of the approximate dynamics, thus leading to a globally dissipative Lyapunov
functional of the form V' =H+W¥. However, when V is exponentiated as above an
additional quadratic variation term, namely c¢yTp?, arises (see Equation (5.2)). Thus,
instead of correcting for —yp? as we did for H by itself, we should be correcting for

—p* +eyTp? = —y(1—cT)p?

in equation (5.2). Note that such a correction is possible when ¢<1/T as the term
above is negative, thus dissipative. In fact, by definition of ¥ we should replace V;
above by

Vs(g,p) =exp(c(H (q,p) +0¥))

where § =1—c¢T. Following the same line of reasoning as above and again assuming
U € C? for simplicity, we can then arrive at the desired bound whenever ¢<1/T.

The next result summarizes this observation without of course making the false
assumption that ¥ e C?.

THEOREM 5.2.  Fiz c€(0,1/T) and define §=1—cT. Then there exists & >0 and
ho(€x) >0 large enough such that the Ité differential of Vs =exp(c(H +¥)) exists and
satisfies

dVs(qe,pe) < [—C1Vs(qe,pe) + Co) dt + 35 (qe,pe) AW,

for some positive constants C1,Cy and some locally bounded, measurable mapping s :
H-—R.

Lastly, we state and prove the following lemma which together with Theorem 5.2
implies Theorem 3.1. Its proof follows a now standard path [22].

LEMMA 5.1.  For every n>0, there exists a probability measure v supported in H, a
t>0 and co >0 so that for all ACH Borel

inf P ) 7A ZC v(A).
{(g,p)E€H: H(q,p)<n} 1((¢:p), A) = cov(A)

Proof. Let L denote the generator of the Markov semigroup associated to equation
(3.1) and L* denote the formal adjoint of £ with respect to the L? inner product. We
begin by observing that the operators 9s + £, s £ L*, L, L* are hypoelliptic (see [22] for
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the straightforward calculation of Lie-brackets). For every xo = (qo,po) € H, this implies
that the transition measure Pg(zo,-) possesses a probability density function ps(zo,y)
(with respect to Lebesgue measure dy on H) which is a C* function on (0,00) x H x H.
In particular, we may write

Ps(mea(xo)):/ ps(zo,y)dy

B(S (ﬁo)

for zg € H, s>0, and a sufficiently small d-ball around xy. Since for small enough s,
Ps(x0,Bs(xg)) >0 there exists yo € Bs(x), a ¢, >0 and a possibly smaller § such that

inf s(x,y) >ch >0
(%y)GBé(zo)XB&(yo)p( y> 0

as the function (z,y)— ps(z,y) is continuous.
Now one can follow Lemma 3.4 of [22] to construct a control argument ensuring

that given any open set O CH and H(n) ={(q,p): H(q,p) <n}, there exists a t >0 and
¢ >0 such that

s /!
zelﬁrifn)ﬂ(z,(?) >
The argument in [22] assumes that the drift vector field is bounded on compact sets.
This is still true if we restrict to H(n) for any finite n>0. The uniform lower bound is
not explicitly mentioned, however one can pick a single tubular neighborhood size of the
needed control and ensure that the control and its derivatives are uniformly bounded
for all starting and ending points in H(n).
Setting t=r+s, defining v as normalized Lebesgue measure on Bs(yo) and com-
bining the preceding two estimates produces, for any z € H(n) and A CH

/Pt(Z’A):/HPT(z>dy)PS(y7A)

2/ Pr(z,dy)Ps(y, AN Bs(yo))
Bs(xo)

2/ / Pr(2,dy)Ps(y,dz)
ANBs(yo) 7/ Bs (o)

> et Ao (AN By (30)) / Py (z.dy)
Bs(zg)

> i Men( AN B (30) = chely Men (B (o) 1 (4)

which concludes the proof. 0

Proof. (Proof of Theorem 3.1.) Theorem 3.1 follows by combining Theorem 5.2
and Lemma 5.1 and invoking Theorem 1.2 from [13]. This result is a repackaging of a
well-known result of Harris. It can be found in many places. Most appropriate for the
current discussion is the work of Meyn and Tweedie exemplified by [23, Section 15]. O

6. Proof of Theorem 5.1 and Theorem 5.2
To help setup the statement of the lemma, which will be used to prove both results,
define the boundary functions on {¢€R: ¢>0} by

702((1):_f*q%>CS(Q):g*q%7c4(Q):§*q )

Niie)
Niie)

co(q) =0,c1(q) =—&q™
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and let [} denote the local time of the process (q;,p;) on the curve p=c;(q), ¢>0, on
the time interval [0,¢] given by

 defq. 1 ¢
[Elim o | 1{—e<ps—ci(gs) <e}d{(p—ci(@).p—ci(a)))s
€l0 2¢ 0

where the limit above is in probability. We recall that the corrector V:H —R was
defined to be C? except possibly on the collection of nonintersecting curves

Ci={(q,p) €eH : p=ci(q), H(q.p) > ho}-

Therefore for any function ®:H —R which is continuous except possibly on U?:o C;,
whenever the following quantities exist we let

®(g,pT)= lim  ®(Q,P) if  is continuous at (¢,p)

(Q,P)—(a,p)
B(g,pT)= lim ®(Q,P) if (q,p)€C;
(¢.p7) onm. (Q,P) if (q,p)
P>ci(Q)
®(g,p7)=__ lim  ©(Q,P) if (¢.p) € Ci.

(Q,P)—(q:p)
P<c;(Q)

LEMMA 6.1. Let h(t)gH(qt,pt). Then the Ité differential of U(q:,pt) exists and
satisfies
1 T _
AV (qe,pe) =5 (LY)(qr,py ) dt+ 5 (LY)(qr,py ) dt
o o _
+ 50 (ap!) Wi+ 50,V (qr,p; ) AW,
1< + - i
+ 52(5;)‘1’(%1% )= 0p¥(ae,py ) Hpe=cilqe),h(t) > ho}dly.  (6.1)
i=0

Moreover for each € >0, we can choose the parameters cf >0 such that for all £&,>0
large enough there exists ho=ho(&x) >0 large enough so that

(a) The local time contribution is nonpositive, i.e.,

5 D20, 200" - 0, %0 )1 p=cila), Hlg.p) > ho} <0.

1=0
(b) V(q,p)=0(H(q,p)) and

%(ﬁ\l’)(q,pﬂ + %(E‘P)(qm’) <~p* —y(A. —€)H(q,p) +o(H(q,p)).

as H(q,p) — oc.
(¢) There exist constants C,D >0 such that

1

10,V (q,p™)|+10,%(q,pT)|<CH(q,p)* +D

for all (q,p) €H.



2010 ERGODICITY OF SYSTEMS WITH A LENNARD-JONES-LIKE POTENTIAL

Taking V=H+ ¥ and Vs=exp(c(V +¥)) where ce (0,1/T) is fixed and §=1—
cT, it is not hard to show that Lemma 6.1 along with Peskir’s formula [27] implies
Theorem 5.1 and Theorem 5.2.

To prove Lemma 6.1, we need the following definition.

DEFINITION 6.1.  Let X be a subset of H which possibly depends on &, having the
property that for every &, >0 there exists a sequence of points {(qn,pn)} C X satisfying
H(gn,pn) =00 as n—00. For two functions f,g: X —R\ {0}, perhaps depending on &,
we write f ~x g if for every e >0 there exists £, >0 and h="h({,) >0 large enough such
that for all (q,p) € X with H(q,p) >h we have

f(q,p) <lte
9(g:p) =

Also, for functions f,g: X — (0,00), possibly depending on &,., we write f Sx g if for
every € >0 there exists & >0 and h=h(&,) >0 large enough such that for all (¢,p) € X
with H(q,p) >h we have

1—€e<

~

(¢,p
9(p.q)

<l+e.

REMARK 6.1. This notation will be used heavily in the rest of the paper. It is
convenient in that it simplifies the asymptotic expressions that follow, as it allows us
to see what happens first when &, >0 is chosen large and then, subsequently, when the
energy parameter h is taken to infinity in various regions of H.

Proof. (Proof of Lemma 6.1.)  The fact that ¥ has an It6 differential and
that it satisfies the formula (6.1) follows from Peskir’s formula [27], the formulas for
fi i, Fi,G; derived in the Appendix and the fact that =1, k=1 introduced above formula
(4.16) are C2. These formulas furthermore show that fi,g; € C?(S;(&x,ho):[0,00)) and
that F;,G; € C?([hg,o0):[0,00)). The remaining regularity requirements needed to apply
Peskir’s formula follow immediately by the boundary conditions satisfied by the \I/ii’s
and since

ST )+ T3 () + 55 (h) = 5Ty () +5 (1) + 5T, () =0

for all h> hyg.

We now turn to establishing conclusions (a),(b), and (c) of the result. Let ¢>0 be
small. We first establish conclusion (a) concerning the sign of the local time contribution
in formula (6.1). In total, there are six calculations that need to be performed: two on
the positive p side of H on the boundaries

def def
SLESTNSS and S8 NST
two on the negative p side of H on the boundaries
— def A— — — def 5— —
S1,=81 NS, and Sy3=8, NSy,
and two where p=0 on the boundaries

SlodéfSlﬁ{(q,p)eH:p:O} and Sgod:Ongﬂ{(q7p) :p=0}.
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We start with the boundary calculations on the positive p side of H, beginning with
St
Observe that for (¢,p) €S, and h=H(q,p)
3,V (q,p™) — 0% (q,p")
=+ —+ —+
=0y (V3 (4.p) + 35 (h)) = 0p(¥{ (q,p) + T (h) + 5 T3 ()
—+

=0p(¥3 (4.p) =¥y (h)) = 3,(¥T (¢,p))

= Y[A4 (h)0y(92 — 5G2) — Oy (f2— 5 F2)] — ¢ 1 [Ay (h)Bpgr — By 1]
Applying formulas (FS1b), (FS2b) and (AF) in the Appendix, we find that provided
cf #cf

9,V (q,p")—0,%(q,p7) ~st (c3 —cf )y x positive quantity

as 2a/(a+2)<2 for a>2. By picking cg <cf, we find that for all & >0 and all
ho(&x) >0 large enough, the local time contribution from this boundary is nonpositive.

We now move on to the next and last boundary S;g on the positive p side of H.
Note that for (¢,p) € Sy3 and h=H(q,p)

0p¥(q,p") —p¥(q.p")
=0,(¥3 (0.0) + 575 (1) = (¥ (a.p) —~ 3 T (h)
=0,(V3 (¢.0)) = 3, (¥3 (4.p) T (1)
=c3 V[ A+ (1) 0pg2 — Op fo] — 3 1[A4 (1) Dy (g5 — G3) = Op(f5 — F3)]
+c3 70 (A4 ()G (h)((5'(h) ™ =1).
Applying formulas (FS2b), (FS3b) and (AF) in the Appendix as well as formula (4.17),
we find that so long as cf #ci

9, ¥(q,p")—0,Y(q,p”) ~st, (c3 — )y x negative quantity

as 2a/(a+2) < 2. By picking c¢i <cj, we find that for all &, >0 large enough and all
ho(&«) >0 large enough, the local time contribution from this boundary is nonpositive.

We now perform the boundary-flux calculations on the negative p side of H, starting
with Sp,. Note that for (¢,p) € Si3 and h=H(q,p):

¥ (q,p")— 0¥ (q,p")
=3, (¢,p) = 391 () = 9,(¥5 (¢,p) + 5, (h))
:610(\111_(‘1’17) _@;(h)) - 817(\1]2_(%17))
=i Y[A= (h)Dy(g1 — G1) = 0y (f1 — F1)] — 3 Y[ A (h)Opga — By 2]
+ 1 Y0p(A—(R))G1(h)((K' (h) ™' —1).

Applying formulas (FS3b), (FS2b) and (AF) in the Appendix as well as formula (4.17),
we find that so long as ¢ #c;,

0pW(q,p") = 0pW(g,p™) ~s. (¢7 —c3 )y x positive quantity

again since 2o/ (a+2) < 2. By picking ¢; <c5, we find that for all £, >0 and ho(&.) >0
large enough, the local time contribution from this boundary is nonpositive.
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We now move onto the last boundary S;3 on the negative p side of H. Note that
for (¢,p) € S35 and h=H(q,p):

p¥(q,p")—0%(q.p")

=0p(U3 (4.p) + 31 () +Ty (1) = 0,(T5 (.p) + 59, (R))

=0,(¥3 (¢,p)) = 9p(¥5 (¢.p) = ¥y (h))

=c3 VA= (1) 8pg3 — By f3] — c3 7[A_(h)Dy(g2 — 5G2) = Dp(fo— 3 F2)].
Applying formulas (FS3b), (FS2b) and (AF) in the Appendix, we find that so long as
¢ Ao

0,¥(q,p") —0,%(q,p7) ~sg (c5 —c5 )y X negative quantity

again since 2a/(a+2) < 2. By picking ¢; <c5, we find that for all £, >0 and ho(§,) >0

large enough, the local time contribution from this boundary is nonpositive.
Thus far, the parameters cii >0 have been picked to satisfy

cf >cf>cf, and ¢ <cy <cj.

On the final two boundaries S;gp and S3g we must make sure these choices can be
respected. We begin with the boundary S1¢. Since

=+ <+ <+
ST, (h)+ T, (h)+ 35 (h)=0

and 0, f1 =0 on Sig (see formulas (FS1b)), we find that for (¢,p) € S10 and h=H(q,p):
0p(q.p") —0p¥(q.p™) =0p(¥{ (q.p) + ¥ ( )+ 305 (1) = 0,(¥7 (¢:0) — ¥y (h)
= 0p (W] (¢,0) = 307 () = Bp(7 (4,p) — W, ()
=0, (¥ (¢,9)) = 3,(¥7 (4.p))

AL (kK (4.p)))0pg1 — c; YA (K™ (K (¢,p)))0pg1.-

Thus since d,g1 <0 on Sy (see formulas (FS1b)), so long as ¢ #¢; we have that

3p\1'(q,p+) —0p¥(q,p”) ~s10 (cf‘ — ¢y )y X negative quantity.

Hence by picking cf > ¢y, we find that for all £, >0 and ho(&,) >0 large enough, the
local time contribution from this boundary is nonpositive.
We now move on to the last boundary Ssg. Since

201 (R)+ Wy (h)+3F; (h) =0
and 0, f3 =0 on Sz (see formulas (FS3b)), we find that for (¢,p) € S3o and h=H(q,p):

0,0 (q,p*) —0,0(q,p™) =B, (U (q,p) — LT3 (1)) — 0, (¥ (q,p) — 1T (b))
=0,(V5 (q,p)) — 9,(¥5 (¢,p))
=y AL (7)) 0pgs — 5 YA- (57 1())Dpys-

Thus since d,g3 >0 on Sso (see formulas (FS3b)), so long as ci #c; we have that

0V (q,p1) =0, W(q,p~) ~s4, (cd — 3 )y X positive quantity.
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Hence by picking c§ < ¢z, we find that for all & >0 and ho(&) >0 large enough, the
local time contribution from this boundary is nonpositive.
To summarize the proof so far in part (a), by picking

cf >ef>ef, el <cy <cy, cf >ep, ey >ef (6.2)
for all £, >0 and ho(&,) >0 large enough

5 D20, %00 - 0, %0 )1 p=cila), Hlg.p) > ho} <0.

=1

But let us for a moment see how we can pick the parameters cii in this way with

¢ <1 and with ¢ close to 1. This will be important in part (b). Recall >0 small was

ﬁxedanddeﬁnecf'zl, 03':1—%6, cé"zl—%e, cl_:lf%e, 02_:17%6, and cj :1—%6.
Then notice that the relationships (6.2) are respected and that cli <.

We now work on establishing part (b) of the result. The fact that ¥(q,p) =o(H(q,p))
as H(gq,p) — oo follows easily by combining the formulas (FSla), (FS2a), (FS3a) and
(AF) with ¢=0 in the Appendix with the formulas (4.16) to produce an asymptotic
bound for ¥ in each region. More precisely, we find that for h=H(q,p)

U (q,p)| S C(E)h2H

for some positive constant C(£.). Since a>2, this finishes the proof that ¥(q,p)=
o(H(q,p)) as H(q,p) — co. Now we check the claimed bound on the generator applied
to . This will be done region by region.

We begin in the region Sf and obtain the necessary estimate for

LV (q.p)+ Ty (h)+ 305 (1) = L(¥] (4,p) — 3T, ()

where (¢,p) €S and h=H(q,p). Observe that for (¢,p) €S;” and h=H(q,p) we may
write

L(VF (g,p) — 377 (b))
=K (¢.p)+ (L~ K)(¥] (¢,0)) — (£ ~H) (T ()
= AL (K (K (,p)) — PP+ (L= K) (¥ (g,p)) — (£ —H) (T (h))

since ’H(@T(h)) =0. Note that in the last equality we used the fact that ¢ =1. Note
also that for h=H(q,p):

1

| —U'(q) —bBq~ "~ —~p| Sst Cmax{o(h*t# "), h3}.

Therefore, applying formulas (FS1a), (AF) and (4.16)-(4.18) produces the required for-
mula

LU (q.p)+ Ty (h)+3T5 (1)) < —v(As —€)h+p° +o(h).

Moving onto region S5, notice that for (¢,p) €Sy and h= H(q,p) we have:

LV (g,p) + 305 (1) =HYF (q,p) + (£ —H) (V5 (¢,p) + 375 (h)
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= —(1— Sy [Ax(h) —p?| + (L —H) (V5 (¢.p) + 1 T3 ()

where in the last equality we used the fact that 63_117%6. Applying the formu-
las (FS2a), (AF) and (4.16)-(4.18) and the fact that o> 2 we obtain the required bound
in Sy

=+
L(V3 (g,p) + 595 (h)) < —y(As — ) +p” +o(h).
In the region S;, notice that for (¢,p) €Sy and h= H(q,p) we have

LV (q,p)— LT3 ()
=TT (q,p) + (L~ T) (V5 (4,p)) — (L —H)(T5 (h))
=— (1= ZeMAL G () — P+ (L~ T) (W (a.p) — (L —H)(T; (h))

where in the last equality we used the fact that c;)r:l—%e. To help estimate the
remainder term (£—J)(¥3 (¢,p)), first note that for h=H(q,p):

_ —a-l 1
|~ U'(q) +aaq* ™" —p| 35y Cmax{o(h' ™ "),h2}.

Therefore for h= H(q,p) applying the formulas (FS3a), (AF) and (4.16)-(4.18) produces
the necessary bound on Sy :

LV (g,p) — 3T5 (1) < —v(Au — )+ 7p? +0(h).

The arguments establishing the needed bounds in the regions S, , i=1,2,3, are
done in a nearly identical fashion so we omit those details for brevity. This finishes the
proof of part (b).

The proof of part (c) is a straightforward consequence of the formulas on the first
three pages of the Appendix and the formulas (4.16)-(4.18). |

7. Conclusion

We began by observing that to leading order, the dynamics at high energy follows
the deterministic dynamics given by a modified Hamiltonian perturbed by a small noise.
To leverage this observation, stochastic averaging techniques, built on auxiliary Pois-
son equation methods, were used to construct a Lyapunov function sufficient to prove
exponential convergence to equilibrium. The central result given in Theorem 3.1 covers
important singular potentials, including Lennard-Jones type potentials, which had not
been covered by previous results. Theorem 3.1 has two principal remaining deficien-
cies. First it only applies to two interacting particles in isolation. Second, Theorem 3.1
does not cover the classical case where the confining potential U grows quadratically at
infinity.

In principle, the extension to many particles could follow a similar route, since when
two particles are near each other their principal interaction is with each other while other
particles are just a small perturbation. However it is possible that the orbit over which
one must average could also interact with other particles. This would make finding
closed form representations of the averaging measure difficult at best (chaotic orbits
are to be expected). Even if in some setting the high energy orbits remain of the type
considered here, the combinatorics of the possible interactions would be complicated.

In contrast, the extension to potentials with quadratic growth is almost certainly
within reach. In fact, Figure 4.2 gives a strong indication how to proceed. Since for
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a1 =2 the period of oscillation is not going to zero as the energy of the system increases,
instantaneous homogenization/averaging of the effect of one orbit is not feasible. How-
ever, building on an idea from [28] one could consider the average of the energy over
one period 7 of the system. First observe that 7 has a limit 7, >0 as the energy goes
to co. Namely one would consider the quantity

1 t+T74
Ve [ ElH(.p RS
* Jt

Then using equation (4.2) one obtains

ovy 1
871: = ?* (E[H(qt+7* apt+7'*)

ft] *H(Qtapt))

t+ Ty 2
Yy 2 g
=—— Elp: | Filds+ —.
7_* /t [psl t] S+ 2

Since at high energy p, will be very close to the deterministic orbit, one can likely prove
that

1 t+T7s ) 1 t+T74
7E/ pidsa T—/ E[A(H(gs-ps))H (gs,ps)|ds~ AV,
¢ « Jt

Tx

This could then be used to obtain control of the excursions away from the center of
space. Note that following the above argument will not produce an Lyapunov function
which is infinitesimally decreasing on average as was constructed in this paper. This
argument essentially amortizes the total energy dissipation that occurs over a single
orbit, smoothing out the times when the infinitesimal rate of energy dissipation nears
zero. We felt that covering the quadratic case is not sufficient motivation for the extra
complications.

Appendix A. In what follows, C(&,) will denote a generic positive constant de-
pending on &,. Also, below we write 81(}(]:“1, [i=1i(Q.P), g;=g:(Q,P), and F,=F;(h),
Gi=G;(h), Ax =A4+(h) where h=H(Q,P). Recalling Hj,=J,;S; and the notation
~x and Zx introduced in Definition 6.1, here we will establish the following formu-
las (i=0,1,2 below). For notational compactness, we also introduce boundary sets
SE=8SENSF, S10=81N{(Q,P)cH: P=0} and S30=S3n{(Q,P)cH: P=0}.

o BV Clen 45
| f1| ~S1 ( ) | Pgl‘ ~S1 (5*) L (FSla)
B

96 F| S, CEINT 578 (9161 ] B, ClEH ™

|

-

1_1

ap(flfFl)Ngl—z,apﬁ ~eh 2 B%th

1 2 1
_= 2 _1_=
8P(91_G1)N$;238Pgl N51+2 _2 B%f*ﬁh ﬂ

8p91 <0 on 8107 8pf1 =0 on Syg (FSlb)
3.1 2 ;1 1 1.1 2 4 1
F1NH’1022 ﬁgfhz @7 GINHh022 ﬂﬁfh 278
pi-bi _1_1;, 1
|8Pf3 ~Ss3 (5*) + @, ‘an3|N$3 (5*)h 2T
(FS3a)

1_1, 1
|05 F3| 2, C(E)R? pEiitn , 05Gs| 3, C(6)h™ 272"
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Op(fs—Fy) ~gr, O gttieapd
P(fs—=F3)~ss, Opfar~g, o6
1,,-21,
Op(gs—Gs) ~sy Opgs~g 20 & “ha
apgg >0 on 830, apfg on Ssg (FS?)b)

R~

+

N|=

1,1 _
Fyrom, 215, (c0)h2 ™, G ~op, 21, (c0)h

Ver TG) o, VEE I
oz T(E+3)a+277% gz Ll

If;(00) =

—Li 1 11,41

103 fo| S gz C(60)h* *a, |0pg2| 3z C(&)h™2 72T a (FS2a)
1 11,1
10 Fa| Bty (€A1, |05Gal Zi, (€A 24

1—

op f2 NgfzvaP(fb*%FQ)Nslg -2
1s 1
6PgQ NSQ,aP(QZ*%C;E) NSlJrz —2 B%gﬁh B
1 1+l 1 1
Op(fa—3F2)~ss, Opfarvgs 27 a S8 “ha (FS2b)
1,22
3P(92—%G2)~32—3,5P92 ~st 2@ Le op~a

3,1 2 1 ;1 2 3
$+l.-ap3+l T I
Fyrop, 22" al, “h2"a, Gy, 227 e Tha 2

Ai<h>~Hho h 0pAx| Zm,, C(E0RT, |03 AL] Zm,, C(EL). (AF)

The formulas (AF) follow easily from the formulas above them. Before establishing
all of the remaining formulas, first recall the definitions of k(h) and j(h) introduced just
above Definition 4.1.

Proof. (Proof of Formulas (FSla) and (FS1b).) Recall that in the region
S1 \ng7 the approximate dynamics is that dynamics determined by the Hamiltonian
K=K(Q,P). We will first establish a few helpful facts about this dynamics. Letting

n:PQg note that we can express K as follows
P2 2
K=—5+bQ " =Q " (L-+b).

Observe that while K is Hamiltonian in (Q, P), it is not Hamiltonian in (@,7n). Never-
theless, applying the chain rule produces
2

s (N
i=BQ75 7 (T +b)
Q=Q"

Moreover, for any two points (Q(nl),m) and (Q(n2),m2) on the same solution curve
K=k(h),

B
Zn

1/8
+b

W'

(

/N
N"Sm

Q(m)=Q(n2) (A1)

M‘tﬁo
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Using these facts, we will now derive quasi-explicit formulas for f1,g1,F1,G1 from which
formulas (FSla) and (F'S1b) will follow.
Notice that for (Q,P) e S1NI'(h):
slds

1(Q,P) 1(Q,P)
n@p=[ " s | nfcz;ffds:/ L0 |
0 0 n

_ Q(f*)lf? /5* :E23 1d{E (AQ)
Fh gyt

dn

where in the last equality n:PQg, we related Q(n) with Q(&.) using equation (A.1)
and we replaced the variable of integration with x. Noting that

(5+0)""

Qe =73 (43)

and replacing Q(&,) in equation (A.2) with the right-hand side of equation (A.3) pro-
duces the following formula f; for (Q,P) € SoNT'(h):

1

Nl

f (Q P) % (h‘) 7BIf1<777£*)
where n:PQ% and
Ex 2
Ifl(n,f*)z/ xisldﬂf-
" (g0

Plugging in n= —&, using the fact that the integrand is an even function produces the
following formula for Fy

1

5 1(075*)

M»—-

Fy(h) = Sh(h)

To derive a similar expression for g; and hence G, following a similar line of
reasoning we notice that for (Q,P) €Sy NT'(h):
ds

71(Q,P) Ex
q1(Q,P :/ ds=/ —
1l ) 0 PQ% |dn

1 QE)tE & 1
_ﬁ o /n - - dx.
( (% +0)

* l+7

5 +0) 7
Again, replacing Q(&.) with the right-hand side of equation (A.3) we find that for
(Q,P)e&SiNI(h)

dn

™I=

=

01(Q.P)=1k(h) = P 1, (n.&)

where

Ex
Ig, (m,6) / 1 —d=.
n l2+b 27

Q\'—‘
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Hence, we see that

@[~

G (h)=2k(h) ¥ P L, (0.6.).

B

Now we can use these expressions to establish the claimed formulas. Indeed, observe

that because
11 2
I5,(0,6.) =627 Bl (1+0(1))
11 2
15,(0,6.) =52 2 B&7 (1+0(1))

as & — oo and f; < Iy, g1 <G1 we obtain
11 11
f13s, C(§)h* B 9135 Cl((g*)h ? 1B

1

31 2 5 1 11 2 g
FINHhOQQ Belh2T B GlNIHIhOQZ Belh 278,

—

Also, it is not hard to check that by differentiating the formulas above that

1 -1
Opf13s, C(E)h P X Opg1 3, O™ f
O fi3s, C(ﬁ*)hﬁf P91 Zsy C(f*)hjff
OpF1 Zm,, CEN 7 9pCh Sy, C(EIN 7
_1_ 1 _s_1
0pF1 Zm,, C(G)h 27 G S, C(E)h 2 5.
In order to obtain the remaining precise formulas, notice that on the relevant domain
1 11 11 2045
Op 1= PA(5 — 5K 7 By (n.6)— Bk P T
(5 +0)t
1 _a_ 1 1l Q%
3P91:PE(*§*%)k(h) 2B Iy, (n,6) — 5k(h) P
(5 +0)°
1 1
Op Py =2P} (5~ 5)k(h) 2 K (W11, (0.6.)
1 _s_1
OpG1=2P5(~5 —5)k(h) > P ()1, (0,.)

1
op(fi—F1) ~se _9l7 B

L2 41 L2 41
Op(g1—G1)~g, =2 P&Ih B 0pg1~gy =2 AEIR P

12
and that dpg; <0 on Sy and dp f; =0 on S1g. Note that this now finishes the proof of
the first set of formulas (FSla) and (FS1b). |

Next we will derive the formulas (FS3a) and (FS3b).

Proof. (Proof of Formulas (FS3a) and (FS3b).) In the region Ss, we will follow
a process similar to the proof of the formulas (FSla) and (FS1b). First, express the

Hamiltonian in the region S3 as follows:
2

J:];JraQ‘”‘:Qa(EqLa)
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where ¢ = PQ~2. We will now derive some helpful facts about the dynamics along J.
As before with K, while J is Hamiltonian in (@, P) it is not Hamiltonian in (Q,£).
Nonetheless, the chain rule gives that

2

= (G
0-qte.

Moreover, for any two points (Q(&1),&1) and (Q(&2),&2) on the same solution curve
J=j(h), we have that

&.2 l/a
3+ a)
2 1/a”
1
(%+q)
We now derive quasi-explicit expressions for f3,gs,F3,G3 from which the claimed for-

mulas (FS3a) and (FS3b) will follow.
Notice that for (Q,P) € SsNI'(h) we have

73(Q,P) 73(¢,p) PQ™% d
g@p)= [ pras= [ eqran= [ T eque| e
1 o &2 %‘Fi ¢ x?
=—Q&)F (> +a ——da (A.4)
« (2 ) /5*(”6224_@)2"’;(

where in the last formula we have written £ = PQ~%. Noting that
j(h)te
1/
(%+)

we can substitute this into equation (A.4) to find that for (Q,P)eSsNI'(h):

1 i+i
fs(@Q,P)=3j(h)> " alp,(=&:.)
where
3 72
“(grathe
By plugging £ =&, into the formula for f3 and using the fact that the integrand above

is even, we see that

Fy(h) = 2j(h) ¥ a1, (0,6,).

«

To obtain a quasi-explicit formula for g3(Q, P), follow a similar line of reasoning to
find that for (Q,P)eSsNT'(h)

73(Q,P) PQ™% Q&) 5
— -1 AV
w@p)= [ w=t [ T S e
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L1 Q) /5 L (A.6)

gt g gt

Substituting the right-hand side of equation (A.5) in for Q(&.) we see that for (Q,P) €
SsNT(h)

05(Q.P) = 1j(h) "3 I, (~£..6)

where

¢ 1
Igg(ff*,g):/ ﬁdl‘
(g4

Substituting £ =&, into the formula for g3 produces the following expression for G
RS B §
Gs(h)=2j(h)" 2" a Ly, (0,€,).

By using and differentiating the formulas above, we can easily see that

by 1yl
faZs C(&)h e, 93 35, C(6)h 3"
OrfiZs ClEINR, | OpgyZs, ClEIN
OhfsSs CEINHTR,  Ghays, ClEINHa

1 4L
OpFs Zm,, C(&)he, dpGs Su,, C(6)h™ T a
1 1
O3 Fs Zm,, C(E)h™ 1o, 9pGs Zm,, C(E)R™ 2
To arrive at the precise formulas, we need the following;:

PRroOPOSITION A.1.

Ifs( )_ hm If3(0 5*) \/21?]:\(]:‘1(3_)1)@?_2
; x/ﬂ L)

(c0)= lim I,,(0,6)=
g3 £u—00 290 F(i—i—%)

Proof. This fact follows easily from the formula

/oo 1o vAl—3)
o (@+1p 7 2 T(p) ’

which is valid for p> %, and by basic integral substitution methods. 0
Along with the formulas:

21—
8Pf3 = é(%"" i)j(h)_%+élf3(—§*7f)f’+ i](h)%+iL

Q=

Opga= (£ = Di(h)e Hy(~€.,OP+ 2i(h)o
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( )If3< 5*75*)
7§jl(h)lg3(_£*>€*)Pv

and the fact that h=1j'(h)—1 as h— oo, Proposition A.1 now allows us to conclude
the following:

OpFs=2(5+2)j(h)a”
1_ 1
@ 2

OpGs=21(

R~

1,1 _1
F3 ~Hp, %If3(oo)h§+a’ Gs ~Hp, %IQ?’(OO)h 2t

1yl -1 1l -1
Opfsr~vg, 277 38 “ha, Op(fz—F3) ~ef 2o gbs Cha
1, -2 1, 1, -2 1,
Opgs~sz 20 586 “ha™, Op(g3—G3) ~g 200 56 “ha ™
Moreover, using the expressions above we find that dpgs >0 on Sy and that dp f3=0
on S3g. Note that this finishes the proof of formulas (FS3a) and (FS3b). d
We now establish the remaining formulas (FS2a) and (FS2b).
Proof. (Proof of Formulas (FS2a) and (FS2b).) In the region Sy, we will use
the coordinates (Q,h) where

P2
h= -5 T U(Q).
To start, recall the quantities Q1 =Q1(&«,h) and Q3 =Q3(&«,h) introduced just above
Definition 4.1. Both of the quantities )7 and @3 exist and are twice continuously
differentiable in h for h > hg for all hg=ho(&,) large enough. These derivatives will be
denoted by @} and Q7 below. Now observe that

N 2h _ 2h
Q5 ~u,, ?2 and Q7" ~u, @

2 12 . 1

Qs ~i,, azag Cah % and Q) ~m,, — 12 FElnTTE
1
- 7277
Q3| Zm,,, C(E)D 2% and QY| Zm,, C(&)h ™ 8.

for some constant C'(&,) depending on &,.
We now derive the formulas for fs,g2,F5,G2 from which the claimed formulas will
follow. For notational purposes, let

b
Iab¢)= [ (h-Ulo)da
After changing variables from s to () we find that on S5

2(Q,P) Q .
f2(Q,P)= /0 Plds= g V2(h—U(q))? dg=V2I(Q1,Q.1)

72(Q,P) Q 1 1
92<Q,p):/0 o= | U@ Hg= 51@1.0. )
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and on S
2(Q,P) Q3 .
fz(Q,P):/O Pfds:/ Va(h—U(q))* dg=21(Q.Qs, 1)

72(Q,P) Qs 1 . 1
w@r)= [ as= [ - v) b= 1.0

It is important to remark that each of the quantities above is twice continuously differ-
entiable in Q, P and h on their respective domains, as |P|=+v/2(h—U(Q))? is bounded
below on S by &,/QP/2. The following expressions

Fy(h)
Ga(h)

%I(QMQ?” 2)
I(Ql B Q?n )
follow easily by substituting the relevant endpoint, either Q =@Q; or Q =Q3, into the

formulas above and doubling the result via symmetry. To obtain the desired formulas,
we will need the following proposition.

m\»ﬂ

ProproOSITION A.2.

1.2 1
I(Q17Q3ag)NHh0 20(5* *h°Ta
Proof. Consider the modified potential

dcf
q)=aq +E ai€" ¢, ri=1—a;/a,

~ 1 -
which has the scaling property Uc(toq)=tU,/(q) for €,q,t>0. Since h>0 is constant
in the integral I(Q1,Q3,() we note that

Qs _
I(Ql,czl,o:l#/ (1—h=T1(q))dg

Qs _ L
¢ [ =Ty

ok [
_n a/l (1=T,1(¢)) dg
h™a Q1

where in the last equality we made an integral substitution. Observe that for g€
1 1
[Q1h~ = ,Q3h™ =] we have the bounds for h > hg:

1 . 1
1-Up-1 () <1+ Y Jag b (Qsh™ @)™ + Y agh ™" (Quh ™)™

i >0 i:a; <0
=14 D Jadn Q5+ Y Jadn s,
i >0 i(xl<0

1-Up-1(@)=1= Y fagh™" Qgh—* A= > ail th—*) '

i >0 i <0
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=1— > aih7'Q5 = Y Jash QS
i >0 i:0; <0
Applying the asymptotic formulas for @;, i =1,3, it follows from the above bounds that
for every € >0, there exists £, >0 such that for all h large enough we have
ip-a a2
(I1=e)h*Tah™a(Q3—Q1) <I(Q1,Q1,() <(1+e)h°Tah™ a(Q3—Q1).

Using the asymptotic formulas for @)1 and Q3 again, we obtain the claimed formula. O

Using these quasi-explicit expressions for fo,g2,F>,G2, Proposition A.2 and the
asymptotic formulas for Q1,Q3 and their derivatives, it is not hard to show that

foSsr ClEIRI T, g2 g ClE)ha
Opfa Sz ClEI, Opga S sr CE)he

02 fa S ClEIha 3, hon ez O(e)ha~?
F2NHhO2§+i§* 2?5 é G2 ~m,, 2 25*3%&12
op s Zmy,, C(&x)he, 3PG2NH;LO C(&)ha™!
92 Fs S, CUEINE, 03 %, Ol

To obtain the precise formulas, observe that on Sy

Q/
O fo(Q.P) = { 9o )]
QO f
apg2<Q,P>=P[—QlZC%—2131(@1,@,—@]

and on Sy

o 1
c’)pfz(Q,P)P[E*Q; Qg+\/§I<Q,Q3,;>}

orsa(@.P) =P L D LrQ.0u-3)
Also realize that
3P(F2(h))2p|:§* Q +§*Q3 Q3+\[ (QlaQSa ):|
Q2

Qfei @F
I &,

By plugging in the asymptotic value of P on each boundary, these expressions allow us
to arrive at the claimed precise asymptotic formulas

on(Ga) =2 - L D g LrQuQu )],

1 2
Op forvs—,0p(fo—3F2) ~i —217[3%&’}1

1 2
Opgo ~5§,3P(92 —3Gs) ~er =2 P %f*ﬁh
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1. -2 1
3P(f2_%F2)Ns;3’8Pf2Ns;3 21t e *ha

i, -2 1
3P(92—%02)N5;373P92 ~ss, 2alg op e,

finishing the proof. O
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