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INFINITE-DIMENSIONAL HILBERT TENSORS ON
SPACES OF ANALYTIC FUNCTIONS*

YISHENG SONG! AND LIQUN QIf

Abstract. In this paper, the mth order infinite dimensional Hilbert tensor (hypermatrix) is
introduced to define an (m —1)-homogeneous operator on the spaces of analytic functions, which is
called the Hilbert tensor operator. The boundedness of the Hilbert tensor operator is presented on
Bergman spaces AP (p>2(m—1)). On the base of the boundedness, two positively homogeneous
operators are introduced to the spaces of analytic functions, and hence the upper bounds of norm of
the two operators are found on Bergman spaces AP (p>2(m—1)). In particular, the norms of such

1

two operators on Bergman spaces A4(m=1) are smaller than or equal to m and wm—1 | respectively.
Keywords. Hilbert tensor; analytic function; upper bound; Bergman space; gamma function.
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1. Introduction
The Hilbert matrix H is a matrix with entries H;; being the unit fractions for
nonnegative integers 1,j, i.e.,

H;;= 11 1,7=0,1,2,---

which was introduced by Hilbert [1]. Let ¢,5=0,1,2,---,n. Then such an (n+1)-
dimensional Hilbert matrix is a compact linear operator on finite-dimensional space R™.
The properties of the n-dimensional Hilbert matrix have been studied by Frazer [2] and
Taussky [3]. An infinite-dimensional Hilbert matrix H may be regarded as a bounded
linear operator from the sequence space [? into itself, but not compact operator (Choi [4]
and Ingham [5]). Magnus [6] and Kato [7] showed the spectral properties of such a class
of matrices. The infinite-dimensional Hilbert matrix H induces an operator defined on
the sequence space [P (1 <p), for = (z1)72, €?,

+oo >
_ Lj
H(x)_ Zi+j+1 : (1-1)
j=0 i=0

If 1<p<+o0, the well-known Hilbert inequality ( [37]) implies that H is an operator

on [P and its operator norm ||H| = sup | H(z)||;, is the following:
Iz, =1
™
|H| =, 1<p<-+oc. (12)
sin(7)
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On the other hand, the infinite-dimensional Hilbert matrix H also induces a bounded
operator on the spaces of analytic functions defined by

—+oo —+oo

aj ;
H — J t 1.3
(NE=X (X747 ]+ (1.3
=0 \ j=0
+oo too
for all analytic functions f(z)= Y arz" with the convergent coefficients >_ 7o for

E=0 j=0

each i. In Hardy spaces H?, Diamantopoulos and Siskakis [8] proved that H is bounded
for p>1 and found an upper bound of its operator norm. In 2004, Diamantopoulos
[9] showed that H is bounded on Bergman spaces for p>2 and obtained the upper
bound of its operator norm. Aleman, Montes-Rodrguez, Sarafoleanu [10] studied the
eigenfunctions of the Hilbert matrix operator on Hardy spaces H? (p>1).

As a natural extension of a Hilbert matrix, the entries of an mth order infinite-
dimensional Hilbert tensor (hypermatrix) H = (Hi,i,..4,,) are defined by

1

Hijingoi, = —— - ,
e Zl+22+"'+lm+1

i,=0,1,2,---, k=1,2,--- /m.
Each entry of H is derived from the integral
Hiyig-in, :/ gttt gy (1.4)
0

Clearly, H is positive (H;,i,...s,, >0) and symmetric (H;,i,...;,, are invariant for any per-
mutation of the indices), and H is a Hankel tensor with v=(1,3,1,---,1,--+) (Qi [11]).
Song and Qi [12] studied infinite- and finite-dimensional Hilbert tensors, and showed
that H defines a bounded and positively (m — 1)-homogeneous operator from I* into (?
(1<p<o0), and found the upper bound of the corresponding positively homogeneous
operator norm.

A real mth order n-dimensional tensor (hypermatrix) A= (a;,...;,, ) is a multi-array
of real entries aj,...;,,, where i; €{1,2,--- ,n} for j€{1,2,---,m}. Denote the set of all
real mth order n-dimensional tensors by 1), ,. Then T}, ,, is a linear space of dimension
n™. Let A= (ai,...i,,) € Trn,n. If the entries a;,...;,, are invariant under any permutation
of their indices, then A is called a symmetric tensor. Let A= (a;,...;,,) € T, and x € R™.
Then Ax™ ! is a vector in R™ with its ith component as

n

(.Axmfl)i:: Z Qiigevigy Tig = Tipy,

2, im=1

for i€{1,2,---,n} ( [13]). For mth order finite-dimensional tensors, various structured
tensors were studied well. For more details, M-tensors see Zhang, Qi and Zhou [14] and
Ding, Qi and Wei [15]; P-(B-)tensors see Song and Qi [16], Qi and Song [17]; copositive
tensors see Song and Qi [18]; Cauchy tensor see Chen and Qi [19]; the applications
in nonlinear complementarity problem, tensor complementarity problem see Song and
Qi [20], Che, Qi, Wei [21], Song and Yu [22], Luo, Qi and Xiu [23], Gowda, Luo, Qi and
Xiu [24], Bai, Huang and Wang [25], Wang, Huang and Bai [26], Ding, Luo and Qi [27],
Suo and Wang [28], Song and Qi [29], Ling, He, Qi [30,31], Chen, Yang, Ye [32].
However, for the infinite-dimensional tensor (hypermatrix), the corresponding re-
sults are fewer. Clearly, this class of tensors may be referred to as a class of nonlinear
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operators with special structure on some infinite-dimensional space. Then by means of
its own specific structure, to study the properties of the infinite-dimensional tensor on
various infinite-dimensional spaces will be very interesting, which may help to interpret
the structure and properties of some infinite-dimensional spaces.

In this paper, we show that an mth order infinite dimensional Hilbert tensor defines
an (m — 1)-homogeneous operator on the spaces of analytic functions (Hardy spaces HP
(p>m—1) and Bergman spaces AP (p>2(m—1))),

+oo +oo

aiza‘if} .. .aim k
_ 1.
H()(=)=) > htiatist+ - +im+1] (15)

k=0 \i2,i3,",im=0

+oo
for all analytic functions f(z)= Y_ axz*. The upper bound of the Hilbert tensor operator
k=0

H(f) is found on Bergman spaces AP (p>2(m—1)) with the help of the proof technique
of Diamantopoulos [9]. So two positively homogeneous operators may be defined on
Bergman spaces AP by the formula

2—m
, , 0 1 .
(‘)|f||Ap(m—1)H(f)(Z) ff_?éo and Fy(f)(z) = (H(f)(z)) m,l—l (m is even)7
(1.6)
where Ty, : AP(m=1) —5 AP and Fy, : AP — AP. We obtain the upper bounds of the operator
norms || Ty|| and ||Fy||. In particular, when p=4(m —1),

TH(f)(Z):{

T3]l <7 and || Fy|| <77t (1.7)

The paper is organized as follows: In Section 2, we will give some basic definitions
and facts, which will be used to the proof of main results. In Section 3, we first study
the definition of a Hilbert tensor operator and give the corresponding proof to show that
such an operator is well-defined. We prove the integral form of the Hilbert tensor oper-
ator. Secondly, the boundedness of the Hilbert tensor operator is proved on Bergman
spaces AP (p>2(m—1)) by means of its integral form. Finally, we define two positively
homogeneous operators induced by the mth order infinite-dimensional Hilbert tensor
and prove the upper boundedness of their operator norms.

2. Preliminaries and basic facts
In this section, we will collect some basic definitions and facts, which will be used
later on. Throughout this paper, let C be the complex plane, and let

B:={zeC:|z|| <1}
be the open unit disk in C. Likewise, we write R for the real line. The normalized
Lebesgue measure on B will be denoted by du. Obviously,
1 1
du(z) = —daxdy = —rdrdd
™ T

for z=x+yi=re'’. For 0 <p< +00, the Bergman space AP is the space of all analytic
functions f in B with

1= ( [ 1P au()) " <o (2.1)
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The Hardy space HP is the space of all analytic functions f in B with

1

1 27 ) D

1| v :sglf <2ﬂ_/ |f(1"ew)|pd9) < +00. (2.2)
r 0

It is well known that both the Hardy space HP and the Bergman space AP are Banach
spaces for 1<p, that HP C AP, that both H? and AP are embedded as closed subspaces
in Lebesgue space LP(B), and that H9C HP and A?C AP for ¢<p (for more details,
see [33,34]).

Let (X,||-]lx) and (Y,]|-|ly) be two Banach spaces, let T: K C X =Y be an opera-
tor, and let r€R. T is called

(i) r-homogeneous if T(tx) =t"Tx for each t € C and all z € K;
(ii) positively homogeneous if T'(tz) =tTx for each ¢ >0 and all z € K;
(iii) bounded if there is a real number M >0 such that

|Tz|ly <M|z|x, for all x€ K.

The gamma function I'(z) is defined by the formula

I'(2) /OH>o e t*ldt (2.3)

whenever the complex variable z has a positive real part, i.e., $(z)>0. The beta
function B(u,v) is defined by the formula

ﬁ(u,v):/oltul(l—t)vldt, R(u) >0, R(v)>0. (2.4)

The formula relating the beta function to the gamma function is the following:

_T(w)T(v)
Blu,v)= m

Furthermore, the gamma function has the following properties ( [35]):
() T(1)=1 and '(}) = V7
(ii) T(2)I'(1—2)=

- for non-integral complex numbers z.
sin(7z)
(iii) The duplication formula: I'(z)['(z+ §) =2'"%*\/7T(2z), i.e.,

D) 1 DELG) (26)

I'(22) L(z+1)"
LEMMA 2.1. ( [33, Page 36, Lemmal) If f€ H? and 0<p<+oo, then

1
2 P
<|{+— . 2.
1= (25) 1l (2.7
LEMMA 2.2. ( [36, Page 755, Corollary]) If f€ AP and 0<p<+oo, then

= (=) Wl (28
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3. Hilbert tensor operators

3.1. Intergral form of the Hilbert tensor operator.

LEMMA 3.1. Let H be an mth order infinite-dimensional Hilbert tensor, and let
+oo

f(z)=> apzk € L™ 1(B). Then
k=0

—+oo —+oo

HNEH=Y| X S ieuu et L (3.1)

o ko izt +1

k=0 \i2,i3, " im=

is a well-defined analytic function on the unit disc B. Furthermore, H(f)(z) is well-
defined on the Hardy space HP or on the Bergman space AP (m—1<p<+o0).

!
Proof. Let fi(z)=3_ az* for all positive integers . Obviously, llim fi(z)=f(2),
— — 00

and so, llim (fi(2))™ t=(f(z))™ L. Thus for each z € B, there is a positive integer N
— o0

such that |f;(2)|™ 1 <|f(2)|™ 1 +1 for all positive integers [>N. So for all positive
integers | > N, we have

l l 1
Ay Az~ A, _ Z Do G - / gt tim gg

E " 3 . - 2213 2
o AN ST X O SEERE Sy S | o - ™ Jo
12,13, tm =0 12,83, ,tm =0

1 l
:/ E QiyQiy -y, 82T Tim ) Mg
0 12,83, ,im =0

1 1 m—1
= / (Zaisi> stds
0 \i=0

=/<MQW*ww
0

1 1
< [ 1aGm i ds< [ pem s
0 0

1
§/ (|£(s)|™ ' 4+1)ds < +oo (since f€ L™ 1(B)).
0

Then,
©= iy Qg+ O
E . .12 13 ?WL <+OO,
= Figt iyt
12,13, ,tm =0
+00 I
. g @iy Qi .
and hence, the coefficient o Z F e ——Y of the power series
12,43, ", im =0
+oo —+o0

Z Z Aiy Qg - Qg Sk
Ok+i2+i3+~~~+im+1

k=0 \i2,i3,",im=



1902 INFINITE-DIMENSIONAL HILBERT TENSORS

is bounded. So for |z| <1, the above power series is absolutely convergent, denoted by
H(f)(z). That is,

“+oo “+o0
_ Aiy Qi " Qg k
HNE=2 | 2 NIRRT T

k=0 \i2,iz," " ,im=

and then, the convergence radius of the power series H(f)(z) is greater than or equal
to 1. Thus H(f)(z) is an analytic function on the unit disc B. The desired conclusions
follow. O

LEMMA 3.2. Let

1 m—1
o= [ s n=2) (32

for z€B. The operator G(f)(z) is well-defined on the Hardy space HP (m—1<p<+00)
or on the Bergman space AP (2(m—1)<p<+00).

Proof.
(1) For fe€ HP, from Lemma 2.1 and the fact that

1 1 1
< < ,
[1—zs| = 1—|zlls| = 1—|2|

it follows that

19(F)(2)] < / D™,

0 |1—zs]

1 m—1
)" Il
</01((1 ) )

1—|z]

m

-1
2 P m—1 1 1 71
= AV / ——ds<+o0 (L <1)
1—|2| 0 (1—s p

G

since the integral fol ﬁds converges for r < 1.

(2) For f € AP, it follows from Lemma 2.2 that

2 m—1
)"l
() 151 .

@< [
0 1—|2]
m—1 1
1 2(m—1
Il I
L—|z| Jo (1—s)" 7
The desired conclusions follow. 0

LEMMA 3.3. Let H be an mth order infinite-dimensional Hilbert tensor, and let f € HP
(m—1<p<+4oc0) or feAP (2(m—1)<p<+oc0).Then for each z€B,

(i) () =G(f)(=z) = f;f L2 gs;
(i) M =6NE =i (=) aeerds.
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!
Proof. (i) Let fl(z):kzoakzk. Obviously, ll_iglofl(z):f(z), and hence,

llim (fi(z)™ " =(f(2))™ . Now we may define a power series
—00

“+o00 l
a, a ...a~
H _ 12 %13 Tm k.
(fi)(2) E: Z Etigtist tin+1 )"

k=0 \i2,i3,"*,im=0

Then we have

400 1
= E Zk E aigaig"'aim/ Sk+12+'“+2md8
0

k=0  i2,i3,,im=0

+o0 1
= E Zk/ E iy Qi -+ ) gzt Fim Sde
k=0 70

12,13, ,im =0
oo 1 1 m—1
= g zk/ (g ais’> sFds
k=0 0 \i=0

+oo 1
= (fu(s))" " (z8)*ds

1 +oo
- / (fuls)™ ™" (Zmﬁ) ds

k=0

For z€B and p>m—1, it is obvious that the fact that f(z)€ H? implies that
(f(z))" e HmT, and hence, (f(z))™ ' —(fi(z))" '€ H#1. Furthermore, from
Lemma 2.1, it follows that

' (fz(S))m_l—(f(S))m_ld

[H(f1)(2)=G(f)(2)]= s s
[(fils)™ = (f)™
/ |1—zs| ds

S/l (%) H S i .

— |zl

— m—1
(1_|Z|/ —— )n L

Therefore, for each z € B,

+o0 +oo

BmAHAE=> | D 0 k+zzizij|—a+mlm 7 )7 =9,

k=0 \%2,i3, " ,im=
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Then G(f)(z) defines an analytic function H(f)(z) :llim H(fi1)(z). That is,

for each fe H? (m—1<p<+00).
Similarly, for f € AP, it follows from Lemma 2.2 that

| (fl)( |</ ‘ fl _(f( ))m— |d8

|lfzs\

2(m—1)
e IV

mfl —
1 (175> - Amlll
S/ ds
1—IZI
-1
(1_|Z|/ 78 2(n; 1) >|| fm ||Amp_17

and so, H(f)(2)=G(f)(z) for every f€ AP (2(m—1) <p<+00).

(ii) Given feH? (m—1<p<+o0) or feAP (2(m—1)<p<-+oo), the integral
G(f)(z) is independent of the path of integration. Then for z€B, we may choose
the path of integration

t
S(t)=m70§t§1,
and hence
() _((=Dz41)—tz _ 1-2
s)=—4"= (t—-1)z+D2  ((t—1)z+1)%
So we have
m—1
(=)
g = "(t)dt
(ne= | 0
' t T (t-1)2+1 1—z
:/0 (f((t—1)2+1)> (t—1)2+1—zt((t_1)z_|_1)2dt
_/1 f( t ))’m—l 1 "
~Jo (t—1)z+1 (t—1)z+1
The desired conclusion follows. 0

3.2. Boundedness of the Hilbert tensor operator.
THEOREM 3.1.  Let H be an mth order infinite-dimensional Hilbert tensor, and let
H(f) be as in Lemma 3.1. Then H is bounded and (m —1)-homogeneous on the Bergman
space APV for 2 <p < +o0, and satisfies the following:

(i) If A<p<+oo and f€ AP(™=1) then

Mo < s Ik (33)
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(i) If 2<p<4 and f € AP(™=1  then

IH() | ar <M FI i1y (3.4)
4_ F(k%)
where M:4p lﬁ@.
Proof. Let
t
t,z)=————and Y(t,2) = ———
P9 = a7t YD) = o

for all z€ B and all real number ¢ with 0<t¢<1. Then

dp(t,z)  —t(t—1) ,
0z _((t_1)2+1)2_t(l_t)(¢(t7z))-

Let T:(f)(2)= 2)(f(o(t,2)))™ . Then for each t € (0,1), we have

t,20)" [ dp(z)

:/BW’ t2) [P F (o, 2)) P [t 2) [dp(2)
dp(t,2)|?
0z

2
2D ).

1
2(1-1)?

1 p— p(m—1)
el Ul M)

- / ot )P f (o (2, 2)) P

du(z)

(i) For +00>p>4 and each t€(0,1), we have

_plt.z)
w(taz) - Tv

t t

t
t = < < =1
S Ty T el w1 e e sy

and furthermore,

4

m_1)| @
1 7:(f) ||Ap: 21—1) /’ plt:2) ))|P( 1) @(;iz) du(z)
m—1) | 0p(t,
:m/|s0(t’2)|p‘4\f(<p(t72))|p( Y % dp(2)
2
Sp2—12 /'f O) i é’;’z) dp(z)

:m/DU Y) |p(m Y du(y),

where y=(t,2), D={y=(t,2);> € B} and du(y) = ‘ e

1 p(m—1) v
T <z ([l )

d,u( ). Therefore, we have
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:tl—i(ii <(/ If(y>|p(m1)du(y)> M>m

=to (1= t) 5 |l ron -

From the equality

1 1
2)= / B(t,2) (Fl(t,2)))™ di = / Ti(f) ()t

and Minkowski’s integral inequality, it follows that
1
e =( [ Pt )
1

=< pdu(Z)>;
of ([
= / 1T Lart

and hence, using inequality (3.5), we have

1
||H<f>||Ap<( [ a—ged- 1dt)|f||Ap(m )

2
=8(1- )I\fIIAp<n y

r<§>r<1 2)

_ann,qp(m 1)

p

™

=z -

(ii) For 2<p<4 and each t€(0,1), we also have

(W, 2) 7 =]t 1)z +1] <2,

and so,
||7Z(f)||ip=ﬁ [t 1stetppe 0 |29 g
EEDE /| W) 7T I el )Y W 2cm(,z)
_t2214i£ /'f o) i a(tz’z) du(z)

24 P m—1)
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where y=(t,z), D={y=¢(t,2);2 € B} and du(y) = “%(t .2) d,u( ). Therefore, we have

|v<mAQitﬁ<</f Wm1@<0mmj

=275 (1=8) 2 [ e (3.7)

From inequalities (3.6) and (3.7) and the duplication formula (2.6) of the gamma func-
tion I'(+), it follows that

m—1

HHUNMSAHﬁ@Wmﬁ

1
<2§_1(/ J0=2)1-1 (-2~ 1dt) il
0
4 2
=2» 1B(1—5,1 )”f”Ap(m 1)

Lgmfan12>

- ”f”AP(m 1)
re- p)
4 5 1"(1 2)
—op-1[9l-20-2) /- "~ b/
( ﬁr(l—p+ 2) ||f||AP(m 1)
- -2)
—45 1f i
( )
The desired conclusions follow. i

Define an operator Ty : AP(™~1) — AP by the formula

IF1F5tm— H()(2), £#0 (3.8)

Tmn@:{a 0

When m is even, define another operator Fy : AP — AP by the formula

Fu(f)(2) = (H(f)(z) 7. (3.9)

Clearly, both F3; and Ty are bounded and positively homogeneous by Theorem 3.1. So
we may define the following operator norms ( [38]):

Tnll= sup T3 (f)]lar and [[F]l= sup [[Fp(f)[lar- (3.10)

f”AIJ(m—l):1 [Ifllap=1
The following upper bounds and properities of the operator norm may be established.

THEOREM 3.2.  Let H be an mth order infinite-dimensional Hilbert tensor, and let
H(f) be as in Lemma 3.1. Then Ty is a bounded and positively homogeneous opera-
tor from the Bergman space AP~V to AP for 2<p<+oo, and its norm satisfies the
following:

(i) If A<p<+oo, then

1T < =
sin(

2y (3.11)
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(11) If 2<p<4, then

[Tyl <ad yra ) (312)
HI| S ’/TF 3 .
2

Proof. Tt follows from definition (3.8) of the operator T3 that

T2 (F)llar = At (DL = 1t ) 4o

Then an application of Theorem 3.1 yields the following:
(i) For 4<p<+o0,

™

T » <\ FI1Pm —5 p(m—1).
ITo(F)llas < 71357 (Sm( = 1 U) g e

(i) For 2<p<4,

4_q F(l %)
| Tw(f )||AP<Hf||Ap(m N R Ty 3_2 ”fHAP(m 1)
I'(5-2)
1—-2
=47 t/m (3 ’;) £ 1l apen-1) -
I'(5-3)

So the desired conclusions directly follow from the definition (3.10) of the operator norm.
0

THEOREM 3.3.  Let H be an mth order infinite-dimensional Hilbert tensor, and let
H(f) be as in Lemma 3.1. Then Fy is a bounded and positively homogeneous operator
from the Bergman space AP to AP for 2(m—1)<p<-+oo if m is even, and its norm
satisfies the following:

(i) If 4(m—1) <p<+oo, then

1

m—1
T
[Pl < <2(m_1)ﬂ> : (3.13)
sin(=—7)
(i) If 2(m—1) <p<4(m-—1), then
. \FF( 2(m— 1)) m—1
Fyll <4 . 3.14

Proof. Tt follows from definition (3.9) of the operator F and Minkowski’s integral
inequality that

HF’H Ap—(/‘ ml
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m—1 m—1

( i dt mpldu(z)) '
< ( / 1 ( / T()() ’”plpdu(Z)> dt) o

= ([ 1m, dt)”fl, (3.15)

Using the proof technique of Theorem 3.1 (p is replaced by ), the following may be
proved easily:

(i) For 4< B+ <400,

2(77;1) 1 (1 —t)

I 7:(f) <t

[y
Am—1

and hence,

1 1

|FH<f>Aps<m|f|m;l> :<D((Z;))> 111

(ii) For 2< —B5 <4,

Am=1) 4 _2(m=1)

ITe(HN oy <277 0 7 (1=1)

and hence,

1

40n=1) 4 F(l—g(m 1)) T
| Fp ()] ar <[4 \/;WW”

2 p

VA - 2 =

So the desired conclusions directly follow from the definition (3.10) of the operator norm.
O

Let p=4 in Theorem 3.2 ((i) or (ii)) and p=4(m—1) in Theorem 3.3((i) or (ii)),
respectively. Then the following conclusions are easily obtained.

COROLLARY 3.1.  Let ‘H be an mth order infinite-dimensional Hilbert tensor, and let
H(f) be as in Lemma 3.1. Then

(i) Ty s A=) A% s q bounded and positively homogeneous operator and
[ T3] <5

(ii) Fy: AYm=1) 5 A4(m=1) 45 o bounded and positively homogeneous operator if m
is even and

1
[Fpe ]| <rm=
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REMARK 3.1.

(i) In this paper, the boundedness of the Hilbert tensor operator is obtained on
AP for p>2(m—1). For 0<p<2(m—1), it is not clear that whether or not
the Hilbert tensor operator is bounded on the Bergman space AP or the Hardy
space H? or other spaces of analytic functions.

(ii) Are the upper bounds of the norm of the Hilbert tensor operator the best in
this paper?
(iii) May the operator norms of T and F3 be given the exact value?

Acknowledgment. The authors would like to thank the anonymous refer-

ees/editors for their valuable suggestions which helped us to improve this manuscript.

[25]

REFERENCES

D. Hilbert, Fin Beitrag zur Theorie des Legendre’schen Polynoms, Acta Mathematica (Springer
Netherlands), 18:155-159, 1894.
H. Frazer, Note on Hilbert’s Inequality, J. London Math. Soc., s1-21(1):7-9, 1946.
O. Taussky, A remark concerning the characteristic roots of the finite segments of the Hilbert
matriz, Quarterly Journal of Mathematies, Oxford ser., 20:80-83, 1949.
M.D. Choi, Tricks or treats with the Hilbert matriz, Amer. Math. Monthly, 90:301-312, 1983.
A.E. Ingham, A note on Hilbert’s inequality, J. London Math. Soc., s1-11(3):237-240, 1936.
W. Magnus, On the spectrum of Hilbert’s matriz, American J. Math., 72(4):699-704, 1950.
T. Kato, On the Hilbert Matriz, Proc. American Math. Soc., 8(1):73-81, 1957.
E. Diamantopoulos and A.G. Siskakis, Composition operators and the Hilbert matriz, Studia Math.,
140:191-198, 2000.
E. Diamantopoulos, Hilbert matriz on Bergman spaces, Illinois J. Math., 48(3):1067-1078, 2004.
A. Aleman, A. Montes-Rodriguez, and A. Sarafoleanu, The eigenfunctions of the Hilbert matriz,
Constr Approx., 36:353-374, 2012.
L. Qi, Hankel tensors: Associated Hankel matrices and Vandermonde decomposition, Commun.
Math. Seci., 13(1):113-125, 2015.
Y. Song and L. Qi, Infinite and finite dimensional Hilbert tensors, Linear Algebra Appl., 451:1-14,
2014.
Qi and L. Qi, Eigenvalues of a real supersymmetric tensor, J. Symbolic Comput., 40:1302-1324,
2005.
L. Zhang, L. Qi, and G.Zhou, M-tensors and some applications, SIAM J. Matrix Anal. Appl.,
35(2):437-452, 2014.
W. Ding, L. Qi, and Y. Wei, M-tensors and nonsingular M-tensors, Linear Algebra Appl.,
439:3264-3278, 2013.
Y. Song and L. Qi, Properties of some classes of structured tensors, J. Optim. Theory Appl.,
165(3):854-873, 2015.
L. Qi and Y. Song, An even order symmetric B tensor is positive definite, Linear Algebra Appl.,
457:303-312, 2014.
Y. Song and L. Qi, Necessary and sufficient conditions for copositive tensors, Linear and Multi-
linear Algebra, 63(1):120-131, 2015.
H. Chen and L. Qi, Positive definiteness and semi-definiteness of even order symmetric Cauchy
tensors, J. Ind. Manag. Optim., 11(4):1263-1274, 2015.
Y. Song and L. Qi, Tensor complementarity problem and semi-positive tensors, J. Optim. Theory
Appl., 169(3):1069-1078, 2016.
M. Che, L. Qi, and Y. Wei, Positive definite tensors to nonlinear complementarity problems, J.
Optim. Theory Appl., 168:475-487, 2016.
Y. Song and G. Yu, Properties of solution set of tensor complementarity problem, J. Optim.
Theory Appl., 170(1):85-96, 2016.
Z. Luo, L. Qi, and X. Xiu, The sparsest solutions to Z-tensor complementarity problems, Opti-
mization Letters, 11:471-482, 2017.
M.S. Gowda, Z. Luo, L. Qi, and N. Xiu, Z-tensors and complementarity problems, arXiv:
1510.07933, October 2015.
X. Bai, Z. Huang, and Y. Wang, Global uniqueness and solvability for tensor complementarity
problems, J Optim Theory Appl., 170(1):72-84, 2016.


https://link.springer.com/article/10.1007/BF02418278
https://doi.org/10.1093/qmath/os-20.1.80
http://www.jstor.org/stable/2975779
http://www.jstor.org/stable/2372284
https://doi.org/10.1090/S0002-9939-1957-0083965-4
http://www.ams.org/mathscinet-getitem?mr=1784632
http://projecteuclid.org/euclid.ijm/1258131071
https://link.springer.com/article/10.1007/s00365-012-9157-z
http://dx.doi.org/10.4310/CMS.2015.v13.n1.a6
https://doi.org/10.1016/j.laa.2014.03.023
https://doi.org/10.1016/j.laa.2014.03.023
https://doi.org/10.1016/j.jsc.2005.05.007
https://doi.org/10.1016/j.jsc.2005.05.007
http://epubs.siam.org/doi/10.1137/130915339
https://www.researchgate.net/publication/253239385_M-Tensors_and_Nonsingular_M-Tensors
https://link.springer.com/article/10.1007/s10957-014-0616-5
https://doi.org/10.1016/j.laa.2014.05.026
http://dx.doi.org/10.1080/03081087.2013.851198
http://adsabs.harvard.edu/cgi-bin/bib_query?arXiv:1405.6363
https://link.springer.com/article/10.1007/s10957-015-0800-2
https://link.springer.com/article/10.1007%2Fs10957-015-0773-1
https://link.springer.com/article/10.1007/s10957-016-0907-0
https://link.springer.com/article/10.1007%2Fs11590-016-1013-9
http://www.microsofttranslator.com/BV.aspx?from=en&a=http://adsabs.harvard.edu/abs/2015arXiv151007933S
http://www.microsofttranslator.com/BV.aspx?from=en&a=http://adsabs.harvard.edu/abs/2015arXiv151007933S
https://link.springer.com/article/10.1007/s10957-016-0903-4

YISHENG SONG AND LIQUN QI 1911

Y. Wang, Z. Huang, and X. Bai, Ezceptionally regular tensors and tensor complementarity prob-
lems, Optimization Methods and Software, 31(4):815-828, 2016.

W. Ding, Z. Luo, and L. Qi, P-Tensors, Py-Tensors, and tensor complementarity problem,
arXiv:1507.06731, July 2015.

Z. Huang, S. Suo, and J. Wang, On Q-tensors, to appear in: Pacific Journal of Optimization,
arXiv:1509.03088, 2016.

Y. Song and L. Qi, Eigenvalue analysis of constrained minimization problem for homogeneous
polynomial, J. Global Optim., 64(3):563-575, 2016.

C. Ling, H. He, and L.Qi, On the cone eigenvalue complementarity problem for higher-order
tensors, Compu. Optim. Appl., 63:143-168, 2016.

C. Ling, H. He, and L.Qi, Higher-degree eigenvalue complementarity problems for tensors, Com-
put. Optim. Appl., 64(1):149-176, 2016.

Z. Chen, Q. Yang, and L. Ye, Generalized eigenvalue complementarity problem for tensors, Pacific
Journal of Optimization, 13(3):527-545, 2017.

P.L. Duren, Theory of HP Spaces, Academic Press, New York and London, 1970.

P.L. Duren and A. Schuster, Bergman Spaces, American Mathematical Society, 2004.

N.N. Lebedev, Special Functions and Their Applications, Dover Publications, Inc. New York,
1972.

D. Vukotié, A sharp estimate for AP functions in C™, Proc. Amer. Math. Soc., 117:753-756, 1993.

G.H. Hardy, J.E. Littlewood, and G. Pélya, Inequalities, Cambridge University Press, 1959.

Y. Song and L. Qi, Spectral properties of positively homogeneous operators induced by higher order
tensors, SIAM J. Matrix Anal. Appl., 34:1581-1595, 2013.


http://dx.doi.org/10.1080/10556788.2016.1180386
http://scholar.qsensei.com/content/213sr2/
https://arxiv.org/abs/1509.03088
https://link.springer.com/article/10.1007/s10898-015-0343-y
https://link.springer.com/article/10.1007/s10589-015-9767-z
https://link.springer.com/article/10.1007/s10589-015-9805-x
http://www.ybook.co.jp/online2/oppjo/vol13/p527.html
https://lib-phds1.weizmann.ac.il/vufind/Record/000201727
http://www.ams.org/mathscinet/search/publdoc.html?pg1=MR&s1=2033762
https://www.alibris.co.uk/Special-functions-and-their-applications-Nikolai-Nikolaevich-Lebedev/book/6252118
https://www.researchgate.net/publication/243065324_A_Sharp_Estimate_for_A_p_a_Functions_in_C_n
https://doi.org/10.1017/S0025557200027455
http://epubs.siam.org/doi/abs/10.1137/130909135

