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ON THE GLOBAL ATTRACTOR OF THE DAMPED ROSENAU
EQUATION ON THE WHOLE LINE*

DEQIN ZHOUT, CHUNLAI MU#, AND KE LINS

Abstract. We consider the asymptotic behaviour of the solution for the damped Rosenau equation
on R'. By applying the I— method and a variant form of Riesz-Rellich criteria, we prove that this
damped Rosenau equation possesses a global attractor in H*(R) for any s € (%,2). Moreover, the global

attractor As is contained in H?(R) for any s € (%,2). Our results establish the lower regularity of the
global attractor for the damped Rosenau equation in fractional order Sobolev space and give a partial
answer to the open problem in [D. Zhou and C. Mu, Appl. Anal., 1-10, 2016].
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1. Introduction
In this paper, we consider the damped Rosenau equation

Opu+ 0yt u+yItu+ pu+ 0, u+udu=g(x), xR, >0, (1.1)

where v and p are positive constants, and the time independent source term g(x) is
given. The Rosenau equation was proposed by P. Rosenau in [24,25] when describing
the higher order effects of dense discrete systems in late 1980s. And the function u(z,?)
has different physical meanings in different contexts. Especially, in the context of the
vibration of a single 1-D lattice, u=u(x,t) represents the displacement of the particle
x at the time ¢ from its equilibrium. While in the context of RLC circuit, u=wu(z,t)
represents the charge at the location = and the time t¢(see [24,25] for more physical
meanings). The Rosenau equation is regarded as a higher-order generalization of the
regularized long wave equation (BBM equation)

Oy — 002 u+ pu+udpu =0, (see [5,23])
or dispersive perturbation of the Burgers equations
Opu+0pu+ud,u+ D Ou=0, acRT, (see [16]).

The existence, uniqueness, decay rates as well as long time behaviour of the solutions
for the damped BBM equation has been extensively researched (see [1,2,7,8,12-14,17,
20,28,29,32-37,39-42], and the references therein). Especially, Wang in [34] has proved
that the damped BBM equation has a global attractor in H*(R) for every integer k > 2.
And this result was improved to H!(R) by Littlewood-Paley decomposition and the
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1668 THE GLOBAL ATTRACTOR OF THE ROSENAU EQUATION

Riesz-Rellich criteria (see [40] for detail). Recently, Wang [37] improved this result to
L?(R) by I— method and high-low frequency decomposition method. Yet, there are
a few analytical results on the Rosenau equation except [10,21,22,43,44]. Up to our
knowledge, the long time behaviour of the solution to the Rosenau equation has only
been proved as ug € H*(R) with s>2. More exactly,

THEOREM 1.1.  (see [44]) Given s>2. For the damped Rosenau equation (1.1) with
initial data ug € H*(R) and the time independent source term g€ H*3(R), there exists
a global attractor A, in H*(R). Moreover, for any ¢ >0 and g€ H**t*(R)(k=1,2),
the global attractor A, C H¥T2<(R).

However, as s€[0,2), whether the damped Rosenau equation (1.1) with (ug,g) €
H*(R)x H*~3(R) possesses a global attractor is still a unsolved problem. As analyzed
and mentioned in [44], the a priori estimates

sup |ull s (r) < C(|Juol|ms ), |9l mo-2(r)),  s€10,2)
te[0,00)

is not directly obtained by the classical energy method. In the present paper, we
overcome this difficulty by constructing an I operator (see Section 2) for any s € [0,2),
then coming the property of I operator (see (2.2)) and under the assumption on time

independent source term ||g|| -1 (r) < %|

a priori estimates in the form

|uol| 7+ (), we immediately get the

sup ||ul| s &) < C([luoll s (w))s s€(0,2). (1.2)

te[0,00)
With this a priori estimates in hand, applying Riesz-Rellich criteria, which involves the

Littlewood—Paley projection operators, as well as the two properties of I opertaor (see
(2.2), (2.3)), we obtain the following results.

THEOREM 1.2. Given s€($,2). For the damped Rosenau equation (1.1) with the
coefficients v, u€RY, u#+~, the initial data ug € H*(R), the source term g€ H'(R)
and

|pp—y|min{p, v}
9l -1 (m) < \/2||u0||HS(R)v (1.3)

there exists a global attractor Ag in H*(R). Moreover, for any e >0, the global attractor
A, C Ht27¢(R).

REMARK 1.1.  We extend the results on existences of the global attractor for BBM
equation in [32,40] to the damped Rosenau equation while requiring slightly less smooth-
ness for the source term space. More exactly, we only require the source term

()€ H*3(R), s>2,
X
g H71(R), 1<s<2.

REMARK 1.2. We leave an open problem on the existence of the global attractor
for the damped Rosenau equation (1.1) as (ug,g) € H*(R) x H~!(R) with s€[0,3] and
~v=p in this paper. The main difficulties to deal with the two cases are that inequalities
(4.18) and (3.4) do not hold for s€[0,1] and v=p€R", separately.

As a byproduct of Theorem 1.2, we have the following Corollary.
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COROLLARY 1.1.  The constructed global attractor Ay in Theorem 1.2 does not depend
on s. More exactly, given ug € H*(R), g€ H 1 (R) satisfying (1.3), for the constructed
global attractor As, we have

1
As:A27 56(572)

REMARK 1.3. Combing this Corollary for s€(%,2) and Corollary 1.4 in [44] for
5€[2,00), we immediately get A, = Ay = H*(R),s € (%,oo). And then one may naturally
ask whether A;=A, for s€ [0,%]. In fact, as s=0, through the criteria of the global
attractor on the Kuratowski measure of non-compactness [15,27], after using the similar
arguments as that of the work by Wang [37,38], one can get Ay = H?(R) (we omit the
exact proof for this claim). However, the cost of such expected result is that the time

independent source term g € L?(R), which is not our original aim in this paper.

The paper is organized as follows. In Section 2, we mainly recall some basic results
on the Littlewood—Palay projection operator, present a variant form of the Riesz-Rellich
theorem, and prove several properties of the I; operator. In Section 3, we prove that
the damped Rosenau equation has a unique global solution by contraction mapping
principle and a priori estimates. In section 4, we prove Theorem 1.2. And in the last
section, we prove Corollary 1.1.

2. Preliminaries

In this section, we aim to present some notations, definitions and lemmas which
will be used several times in the following sections.

Denote by S the Schwartz class. Then Vf €S, the Fourier transform of f is given
by

fe=| e,

Rn

Fixed an even function ¢ € C§°(R™), so that suppy C [$,2] and Y37 (2 F2) =1
for all £=#0. Define the operator Ps via E;?(g):¢(§)f(g). Observe that Pjs essen-
tially restricts the Fourier support of the function f to the annulus gg |€] <2§ and
s dyadic Ps=1. And we call Py the Littlewood—Paley projection operator at
frequency 4.

Let n=1, since suppPs f C 29T, where T denotes the annulus {z]3 <|z| <2}, from
Bernstein’s inequality( see [18], Lemma 1.1) and the fact that ||Psf| r2@) < fllz2®),
we immediately have

Ck+1 i Ck+1 i
1255 f 2 @) < 557110z fll 22wy §5T||amf\|L2(R), kez*. (2.1)
Note that ngzé”zz(&) x [ and

—

16" (0) |l @) S 1,

we get Ps: LP(R)— LP(R) for all pe[1,00].
And let S(¢)f,, solves the evolution system (see [19])

d
S u(t)=F(u(t), w(0)= fn
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We say that there is a global attractor A for the dynamical system {S(¢)}i>0 on
X, if A is compact, invariant (S(¢)A=.4,t>0) and dist(S(t)(B),.A) =0 as t — oo for
any bounded set BC X ( see [4,15,31] for general theorems that provide the existence
of the global attractor for a dynamic system).

Suppose that sup,, || fn|lzs®r) < B. Let t, =00 and denote wuy,(-,t,)=S(tn) fn. We
have the following version for asymptotic compactness.

LEMMA 2.1 (A variant form of Riesz-Rellich criteria). Given s>0. Assume
(c1)(uniformally boundedness) sup,, ||u, (-, tn)| 7s®) < C(B);
(c2)(uniformally small outside a ball) limsup,, [[u,(-,tn) | 7o (x|>n) —0 as N — o0;

(c3)(unifomally continuous) limsup,, || P>ty (-,tn) || s ®) —0 as N — oo; Then the
sequence {un(-,t,)} is precompact in H*(R).

See [28, Proposition 3, p.827],for more details of asymptotic compactness criterion
and see [26, p. 248 Theorem XIII| on Riesz-Rellich criteria.

LEMMA 2.2 (Bilinear Estimates). Let u,v€ H*(R), s>0. Then

(D) (wv) || sy < Cllull s ) l|V]] 275 (m) »

where p(&) = # and ©(D,) is the Fourier multiplier defined by tpﬁ)?)u:gp({)ﬂ(ﬁ)

This lemma can be easily proved following the method and techniques in [7, Lemma
1].
Let s€[0,2), A>1. We define the I;—operator
I,:H*(R)— H*(R), ¢ 1,0,

where @(f) :m(f)q/i)\(g), m(&) is a symmetric, decreasing and smoothing function sat-

isfying
1L LA,
m<§)‘{<j>s-2, €224

For any fe€ H*(R), s€]0,2), one can check the following two assertions
1 F Wl ey < I s L2y < CA* 7 fll sy, 5€10,2), (2.2)
and
s flzrm @) <N f 1@y, m € (—00,2). (2.3)

In order to get the global solution of the Cauchy problem (1.1), we need to use the
following two lemmas.

LEMMA 2.3.  There exists a constant C independent of A such that
(T +02) 0 (0) 22y < Cll sl ooy | sl (2.4)
Proof. 1f we have proved
10408 Lou o)l ey < Cllull - el @, s€0,2),  (25)

we immediately get estimate (2.4) using the estimate (2.2).
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In order to prove estimate (2.5), it suffices to prove that

. 2 ~ ~ _ =
re| [ S mOUOIIE S0 i) < Clulngo ol ol oy (26)

[T+ ()Y <& >5<E—& >

holds for any u(£) >0, v(£) >0, and W(£) >0, VEER.
Since <&>°<< & >%<E—&>%, using [m(£)]| <1, Young’s inequality, Plancheral’s

theorem as well as §<1§+>;75 € L*(R) for all s >0, we have

§< 5 >2_S a(&l)ﬁ(f_gl)ﬁ(g) dé-ldf

R2 (1+&4)
2—s
—mar)  (where mig) - £ 1))
=@,u1xm)  ( where ui(§) =u(—¢))
<[Vl 2wy [lua *m| L2 (w)
<|llLz@yllwall L2 wyllmll L)

§<€>
<ol llull 2@ llwll 22 @) |l el 2 ®)

I'<

SOl 2y llull 2wy 1wl 2 ) -
LEMMA 2.4. There exists a constant C independent of A such that
|(Ls02(u?), Lsu)| < CA™H| Loul G gy - (2.7)

. Proof.  Since (Ff.g)=(f.Fg) and F2[f(—z)] = f(z), we get (f.5(—))=(f.g())
Then

(Isaw(’U/Q),Isu)
_ / .00 () Lu(—)dés

- / / e (€0 (6261 — £2)T(—€1)déadey
— [ [ Cigm?-e0aeie - @)a-)dad(-€1)  (where m(e)=m(~¢))
- / im0y )20 ) ()0 )y .
m+mn2+n3=0
Similarly,
(1,00 (u?), T,u) = / inpm? (1) ()12 s dipa
n1+n2+n3=0

and

(L0, (1), Lou) = / i (138 (1) (12 (ns) i .
n1+n2+n3=0
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Then

0 Loy :/ i(Em?(61) + &m? (&) +&m? (&)

E1+E€2+E€3=0 3

u(&1)u(82)u(§s)dé1dSs.

In order to prove estimate (2.7), it suffices to prove
::|/ i(§1m2(§1)+€2m2(§2)+§3m2(£3))ﬁ(§1)ﬁ(éz)ﬁ(ﬁg)d§ dé|
T Jareram  3<6>P<E<EITm@OnE@m&)
< OA ullbagey. (2.)

By the symmetry of the integral, we assume that |€3] <|£2] <|€;1| without loss of gener-
ality.

Case 1: as [&1|< A, we have m(&)=m(&)=m(&3)=1. Since & +& +&5=0, we
immediately get that ==0.

Case 2: as |{1]2 A, we have |§3] > A. Otherwise [&2| < A, then |&]|=—|&+&5] <
|€3]+[€2] < 2A, which contradicts our assumption. In this case, one can check that (
see [9] Lemma 4.3)

|&m® (&) + &am® (&) +E&m® (&) S &m® (&3).

s—2 2(p 52

Moreover, <& >2m(&;)>< & >2 ELZ > |§1‘A‘§1‘2 > A% as i=1,2. Applying Young’s
inequality, Plancheral’s theorem, |m(£3)| <1 for £3< A as well as <&>~1e L2(R), we
have the following estimates

E</ m(&s)[a(&)]]a(é2)|[a(és)]
T ez A ez <& >2<E>2<E > m(&)m(S2)
<A [a(&)|[a(&)||ués)|

dé1d&o

dé&rd
R? <§3 > 51 52
4~ . N u(—
< AY[al| 2wyl 6* Gl L2 ry (9(—53)=<(§33)>)
<A@l 2wy 18]l L2 ) 1911 22 Ry
<Al Gyl <—&>" ey,
which implies inequality (2.8). d

Here and after, by f<g, we mean that there is a constant C' such that f<Cyg.
Throughout this paper, we denote by ||-|| the norm of L?(R), C(x,%,---,%) a constant
which may be different from line to line but only depend on the quantities appearing in
the parentheses.

3. Global solution
In this section we aim to prove the existence of the global solution to the Cauchy
problem (1.1) by the properties of I operator constructed in last section.

ProPOSITION 3.1 (Global well-posedness).  Given 0<T < oo and s€(0,2). For the
damped Rosenau equation (1.1) with u,v € RT, v u the initial data ug€ H*(R), the
source term g€ H~1(R) and

”g”H—l(R ”uO“Hs(R)v (3.1)

< \/Iu—vlmin{ﬂ,v}
= 2
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it has a unique global weak solution
we C([0,T]; H* (R)).

REMARK 3.1. By using the higher-lower order frequency decomposition on the initial
data, we can also get the global weak solution to problem (1.1) with ug€ H*(R) and
g€ H*2(R)(5>0), but without the restriction conditions (3.1) or v # u. However, it is
not obvious to get the long time behaviour of the solution using this higher-lower order
frequency decomposition method in our case.

Proof.  Since problem (1.1) can be rewritten as
Ovutryu=(I+08;) " g~ u—udpu— (n—")ul,

we define the nonlinear mapping
t
G(u)=e Mug+ / e 7T (1408 7 g — Opu — udpu — (1 — ) uld.
0

First, we aim to prove that problem (1.1) has a unique local solution by contraction
mapping principle, i.e. we can find some positive constants r and Ty such that

I,G:B(r,Ts) — B(r,Ty),
is a contraction mapping.
Now, for any Iu,Isve C([0,T5); H*(R)), using estimate (2.2) and Lemma 2.3, we
have

LG (W)le(o,7.): 12 (R))

t
:”eiwtjsuo +/0 e (=) (1 +a;1)71]s [9— Opu—udyu—(p _'Y)u}d$”0([0,Ts];H2(JR))

<[ Lo | 2wy + /T (CAZI(1+02) 7 g+ CllEullye 2y + (L+ =) Lol raqey )

<Wsvoll i) + TeCA gl =103y + ToC (Mol ogrn oy + Wstlleco ey
and

LG (u) = LG ()|l (0,70 m2(R))

t
b _ Oy
:H/O e ) (14-07) o[- 5 (u? =0%) = 0 (u—v) = (p =) (w =)zl oo m @)

SC/OTS (IMsu— Isv|| g2 gy s+ Lev|| g2y + (14 [ =D | Low = Lov|| 12 () ) dt
<T,C (| su+Isv|co,r); 2 ) + 1) [ Hsu— 10| oo, 1. 12(R)) -
Therefore, if we choose

r=4|Lsuo| mr2(r),

and

r 1
A4C A%\ 9|l -2y 20 (8[| Lsuol| 2wy +1)

Ts <min{

}
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we immediately get that
I,G: B(r,Ts) — B(r,T;) is a contraction mapping.

Consequently, due to estimate (2.2), Vug € H*(R) with s €[0,2) and g€ H%(R), we
claim that G(-) has a unique fixed point ue€ C([0,7]; H*(R)), which is a local solution
to problem (1.1).

Next, we aim to show that the local solution u € C([0,T]; H*(R)) can be extended
to the global solution u € C(]0,00); H*(R)) after a priori estimates.

Now, acting the I operator on both sides of equation (1.1) and taking the L? inner
product with I u, we arrive at

Or (ILsull® +1107 Leul|?) + 29|02 Lsul|* + 2l Lsul|* = = (100 (u?), Lsu) + 2(Lsg, Lsw). (3.2)
In the following, we will discuss (3.2) according to u <~ and p> .
Case 1: As <y, we rewrite (3.2) as
Oc (Isull® + 1102 Leul?) + 20 (| Loul|* + |02 Lul?)
== (Isa:v(u2>7[su)+2<Isgalsu)+2(,u_7)||62[su”2' (3.3)

Hence, applying Lemma 2.4, Cauchy-Schwartz inequality as well as ||Isgllg—2m®) <
9l zr=2(w), We obtain

(Ioull? +[102L,ul®) (1

t
=e 2 (|| Lyuo |* + 107 Lsuo 1) +/O e 2D (1,0, (u?), Lou) + 2(Isg, L)) dT

t
+2/ e 2= (1 — )| 02 Lyu||*dr
0

1—e2

ut
7“9”%{-2(11@)

§6*2Ht||IS’UJ0||%{2(R)+ Qe

t
+/ e D (e CA™ | Lyl 2y — 20y — ) (| Lsul® + 1102 Lyul|?) dr,
0

for all t €[0,00).
Since V7 €[0,7T5], |[Lsullg2m)(T) <7 =4[ Isuol|g2r), choosing e=I7# and suffi-
ciently large A such that 4CA™*|| T uol| gzw) < 272, then

CllLull sy

S (- <0, (3.4)

And then

(M sull® + 102 Lsul|?) (t)
2(1—e?")||gl1% -2 py

o . vtelo,T.). (3.5)

<e” | Lyuo | B2 gy +

Recalling the given condition (3.1) and the fact ||uo|| g ) < [[Lsuo|| 52 (r), choosing t =T
in inequality (3.5), it follows

(||IsuH2+ Ha:%ISUHQ) (TS) < HISUOH?L[?(R)'
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Thanks to the estimates, we can take u(z,Ts) as a new initial data to obtain a unique
solution on [T},2T5]. Moreover, recalling estimate (3.5), the solution satisfies

(HI UH2+ ||821 U||2) (2T ) < e HTs|| T u||2 (T,)+ 2(1—5*2#”“9”2—2(@
s =S8 s/ = STHH2(R)AS (y=m)p

< Hsuoll 32 gy -

Repeating the same process, we obtain the solution on [kT%,(k+1)Ts], k=0,1,2,---.
Moreover, estimate (3.5) holds for all t € [kTs, (k+1)Ts],k=0,1,2,---. Which implies that
equation (1.1) has a unique global weak solution u € C([0,00); H*(R)) with the bound

2”9“%{—2(11@)

(v—m)p (36)

52l (0,000 2 (R)) < [ stto]| 2 (m) +

Case 2: As vy <pu, we rewrite equation (3.2) as
Or (ILsull® + 102 Lsul?) + 2 ([ Lsul|* + |03 Lsul?)
= (L0, (u?), Lou) +2(Lsg, Tsu) +2(y — ) | L.

Repeating the similar process in step 1, using (3.1) again, we immediately get that
equation (1.1) has a unique global weak solution u € C'([0,00); H*(R)) with the estimates

2019017 -2k
Lsullc((0,00); 52 (®R)) < [[suo|| g2y + —F———- 3.7
[ Lsullc(o,00):m2(m)) < ([ Lstiol 122 () Gi=)y ( é
COROLLARY 3.1. Under the same conditions in Proposition 3.1, we can find two
constants M; (i=1,2) which only depend on ||ug|| fs(w),y and p such that
lullc(o,00); 1= (R)) < Mi([[uol| = (r), ¥, 10) (3.8)
and
10ullc(0,00); k= (R)) < Ma([[uoll s ry> 7, 10)- (3.9)

Proof.  Estimate (3.8) is immediately get from inequalities (2.2), (3.6) and (3.7).
And we only need to prove estimate (3.9). Since
1
Ou=(140;) " g=yut (p=7)(1+9;) " u—(140;) ' Oou—3(1+0;) " dp?,
it follows that

||atu”H4b(R)l(t) 4 1 4 1 1 4 1 2
= |(14+0;) g —yu+(p—7)(1+0;) " tu— (14+0;) "' 0pu— 5 (14+0;) ™ 0pu?|| s m) (1)

< gl =@y + C (v, ) |ull mre r)y (8) + 10 | e -3 () (2)
< ||9||H—2(R)+C(%/~L)||U||H5(R)(t)+||u2||H—1(R)(t)
< gl 2@ +C v m)llull s @ (8) + ul*(#),  Vtel0,00), s€(0,2),

here in the last estimate we have used the fact (see [6])
1
1fsfellre ) S Cllfill 2wl follz2 ey, Vs €[=1,—5).

Recalling estimates (3.1) and (3.8),we immediately get estimate (3.9). O
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4. Proof of Theorem 1.2

In this section, we main to prove that the solution sequence {u,(+,t,)}52 to the

damped Rosenau equation

gy, + 0 Ottty +yOf Uy, + pthyy + Oty +Un Oty = g(x), T ER, >0,
Un (2,0) =ugpn(z), z€R,

is precompact in H*(R) for any s€[0,2) and any initial data sequence

{uon ity CBs(0,7) ={f: ||/l o) <7}

And we mainly use Lemma 2.1 to reach this goal.
The condition (cl):

Sup”un('ytn)HHS(R) SC(B)v

with s€[0,2) is implied from (3.8).
And we only need to prove
condition (¢2):

1imsupHun(-,tn)HHs(‘wa)—>O, N — o0;

condition (¢3):

limsup || P> n U (-, 0 ) || 72 (r) =0, N — oc;

(4.1)

(4.2)

(4.3)

(4.4)

From Corollary 3.1, there exists a constant M3 only depends on s, 7, v and u, such

that
l|1n | c([0,00); 25 (R)) F [|0¢tn || c/(j0,00); 1+ (R)) < M3, vneZt,s€0,2).

Let

N (@) =t (2, 1) (1= $( ),

where ¢(z) is a nonincreasing and smooth cut-off function defined as

1, |z <1,

9(@)= {o, 2| > 2.

Operating multiplier (1—¢(5)) to the first equation in (4.1), it yields
DN+ Ot ORUN 1 +YORUN 1+ HUN . + Op VN +UN 1 Optn = G,
where
T L T

3
Gla,t) =g(@)(1 = () + 10 () + D ChODEund3 ™ (1=6(50)

k=0

3
_ xr
+7§ Cfajguna; k(1—¢(ﬁ))~
k=0

(4.5)

(4.6)
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Operating Iy operator on both sides of equation (4.6), multiplying it by I;vn, and
integrating over R, we arrive at

1d
Iq% (Hevn >+ D208 I7) + Y0708 0 1* + sl v n |1
=—(Is (N nOzun), Isonn) + (LG, IsuN p). (4.7)

In order to get the uniform estimates of [|[I;un n||c([0,00); 52 (R)); We need to estimate the
two terms on the right hand sides of equation (4.7).

For _(IS(UN,nawun)7IsUN,n):
Using integrating by parts formula for several times, Young’s inequality, Holder’s in-
equality, H'(R) = C(R) and || I, f|| o) < || f|| e (r), YPER,s€(0,2), it follows that

—(IS('UN,naa:un)vIS’UNyn)
1 z
= L@ ) o)
1 )X 1 x
=-— ﬁ(fs(ufﬂs (N))JSUN,n)JF 5”5(“%(1*¢(N))),3mfst,n)

xT

C T
<20 (oDl I Estom i )+ OBl 1 eyl 0 (L= 0 ) v

C(e) x
<e|l Lsonnllin ) +T”IS(U721¢/(N))H%{—1(R)

x
+ el Lu0uvN Iz ) + C (O (i (1= S )1y
C(e) x x
<te (Momal> H1L220m 1) + O a2 (1 + OO (L SO .

In order to continue to estimate the above inequality, we denote

M, = mas{suplo(a) . supl (x)] sup o ()]sup ' (2)] ).
z€R zER z€R

Recalling estimate (4.5) and using estimate (3.4) again, we immediately get
lupd ()1 ) < lunllllund (F)Il < CMal|ua||? < CMaM§;
Similarly,
[[uis (L= S(F )| -1 () < C My M3,

Substituting the above two estimates into the estimate of —(Is(vn n0ptn), LsVNn) , We
arrive at

2 4
_(Ié (UN,naxUn)vlsUN,n) < 4€||ISUN,TL||%[2(]R) + C(C)J[\\{Al M ‘|‘C\1(€)]\44%]\/[§1 (48)

For the term (I,G,Isvn,):
Since (ISG,ISUN,n):ijlBj, where

B = (Is (9(x)(1 —¢<ﬁ>>>,fsvw,n) ,
= 5 (16 (G un Levw,n).
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3
_ x
By=+>C} (Isag’juna;f k(1 —qb(ﬁ)),lst,n) ,
k=0
° x
By=Y ¢k (Isata’;una;**m - ¢(N)),ISvN7n) .
k=0
For Bi:
Applying Cauchy-Schwartz inequality, Young’s inequality and inequality (2.2), we
get that

B < L (g(x) 1 = S HLsv,n

T
ge|\Ist,n||2+C(e)||IS(g(x)(1—¢(N)))||2
T
Sel\Ist,nIIQ+C(e)||g(x)(1—qS(N))HQ
el Tonnll® +COglT2 (o> w3 (4.9)
For Bs: Similar to the estimate of By, we also get
M2M?
Bs §e||ISvN7n||2+%. (4.10)
For Bj:
3
_ k k a—k T
By =Y Ch (Lokundt (1= 6(0) Lvnn )

k=0

3
_ x
<O Ok S -2 ol svnnl 2 e
k=0
5 x
0 0nal?) + 003 1k 01 1= lFce

<e(

In order to get the upper bound of B3, we need to find the upper bound of
| 1508 un 027 (1= d(E)) | sr-2r) .k =0,1,2,3.

By direct computation, one can check that
Otun O30 55) =00 (unD26(52)) — un i ()

O2un020(55) =02 (unD26(57)) — 2051, 030 57) — wn D7)
Oun 0 57) =02 (1D (7)) = 302 (020 57)) + 30, (wa B30 57)) — un (7).
Then for ||1,05un0p " $(% )| rr-2r) (k=0,1,2,3), one has
as k=0,
M3 M,
N )

T T
”Isuna;l(ﬁ(N)HH—Q(R) < ||Un5§¢(ﬁ)|| <
as k=1,
||Isawuna%¢(%)“H*2(R) < ||8$un8;’¢(

< [lund3e(%
< QM%MAL;

-2
) = un0z ()l -1
[+ undzd ()]

i s

~—
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as k=2,

11:02u026(F) | 112 (ry < [|02u0Z0(F) 112 (=)
=107 (un076(5)) — 200un 03 () — un34¢( M=)

< Nun0Z0 (51 + 20100 undZd(F) | -2 () + [un 036 ()l
< 6Ms M, .
— N )
as k=3, we claim that
C(1+A)M3M4&LCA2’5M3M4’ sc [071)7

3 T
102000050l -20) < {W]@M‘z o)

In fact, for any s €[1,2), recalling estimate (3.8), and the definition of M3 and My, one
has

11503un0d(F) | -2 (x)
< ”agunamﬁb(%) ‘ —2(R)

|
= (103 (un020(5)) — 307 (un076(5)) + 300 (un 026(F)) — un 0z ()l -2(r)
< 102 (un P2 @ (5 )1+ 3llun 0251+ 3llun 03 (5) | + [lun Oz b ()l
< 9M]%M4'

For any s€[0,1): since the symmetric, decreasing and smoothing function

one can check that

Wg(1+m2, as [§] <24;

W <At as s€[0,1) and || >24;

then %ri(l—ﬁ—A—l—AQ’s)Q. Therefore,

115 83’&” x(b( )HH 2(R)

?; ?4|f<a;°; unDrd(50)) Pt
= [ (02 020(52) 30200026 ) + 30, (1020 ) — D2 ) P

/m E)(1+£9)
<&t
L2 2 0T \\2 3 0L \yi2 4,0 L 2
(1 (Db ()P 1 (nd20( ) | F (2650 + 1 F (0t (5)) )
SO+ A+ A7) (undad (I + und20( 1) 2+ D2 () 12+ 6511
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(1 —|—A+A2_S)M3M4

< 2
Consequently,
C(e, A, Mg, M.
By <e([[Lsvnn ‘2+|‘Isa§UN,n||2)+¥~ (4.11)
For By:

Repeating the similar argument as the estimate of Bs and using estimate (3.9), we
also get

C(e, A, M3, M.
B4SG(HISUN,HH2+HlsaivN,n||2)+%. (4.12)

Therefore, combing estimates (4.9), (4.10), (4.11) and (4.12), we arrive at

C(€>A7M37M4)

(LG Loy ) <€ ([ Loonnl* + 10208 l1?) + C(O) gl 2 (o> ) + ~

(4.13)
Substituting inequalities (4.8) and (4.13) into equation (4.7), it follows

% (||ISUN,n||2+ ||.753ng7”||2) +'7H18830N-,n”2+N||IS'UN,n||2

C(e,A,Ms,M
< 8¢ <||ISUN,n||2 + ”Isaa%UN,nHQ) +C(€)||9||%2(|m\>]v) + % +C(€7M37M4>-
(4.14)
Choosing a =min{u,v}, and €= % in the above estimate, then

d
dt (||ISUN,n||2 + ”IsazvN,n”2) ta (”Isa:z”N,n”2 + ||Ist,n||2) < C||g||%2(|z\>N) +C,
(4.15)
where the constant C only depends on A, M3 and Mj.
In order to obtain the unform estimate of |[vn ,(2,0)| g ®), we introduce a linear
function

Lw)=v(1-d(5) veH*(R).

One can check that L(-) fulfil the three conditions of the Tartar’s linear interpolation
theorem [30], then

L:H*R)— H*(R), s€][0,2).
Moreover,
L ()| s v) < Cllv] s w),

where C only depends on M. Thanks to

xT

UN (2, 8) =up (x,t)(1— d)(N))

and the initial data sequence {ug,}5>; C Bs(0,7)={f:||f|lzs®) <7r,5€[0,2)}, we im-
mediately get that

T
[onnll e ) (0) = [[uo,n (1 = (G ) 112 ) < C- (4.16)
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With estimate (4.16) in hand, applying Gronwall’s lemma to inequality (4.15), the
condition g€ H~2(R) and the fact inequality (2.2) holds, we finally arrive at

lim o0 limy, sup ||Un||§{s(|m\zN) (tn)
= lim s o0 lim,, sup ||u, (1 — ¢(%))||%1s(n{<) (tn)

< limpy_ o lim,, sup ||IS’UN7”||%{2(R) (tn)

< limpy o0 limy, sUp (e‘“t” [ 250N ,n 132 gy (0) + €=t (C'+ Hg"%i*?(\zlzN)))
= 0.

Recalling the definition of the Littlewood—Palay projection operator Pj, operat-
ing IsP~y on both sides of the damped Rosenau equation in (4.1), multiplying it by
I, P< yu,, and then integrating over R, we arrive at

1d,
2 dt
1
=-3 / I Ps NOpu? I, Ps yuyda + / I,PnglPs yupde. (4.17)
R R

125 Ps Nt |* + 10225 Po Nunl|*) + 71105 1s Po i || + pl| Ls P ||

Using the fact F(0,IsPsnf)=F(IsP~n0.[), where F denotes the Fourier trans-
formation with respect to the space variable, integration by parts formula, Holder in-
equality, and inequality (2.2), it follows

1 1
—5/ISP>N8xu%IsP>Nundx=—§/8xIsP>Nu$LIsP>Nundx
R R

1

:5/1‘9P>NU%ISP>N6$und:1:
R

S||ISP>N8$UTL||||ISP>N/U/$L||

S 102 L [Py
| A e e
Using the embedding H2¢(R) < C(R) , inequalities (3.6) and (3.7), we have
Lo ]
S Mstnllrcey ln ol o
< M tall o Tyt e
<2 O Tt nll 2 ey, Nl -2y 1) O Ty i ey N2y 1)
<Ol ey gl pw).  where s>t

Similarly,
/IsP>NgIsP>Nund$SHISP>NUn||H1(R)||IsP>N9||H—1(R)
R

1
Sy Hstnllmz@)llgll -1 )
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1
S Clluonllae®) llglla-1@®),  where s€[0,2).

Substituting above two estimates into inequality (4.17), for any s € (%,2), we arrive
at

it (s Po v | + 1921 Po v |?) + 291103 L Po Nun > + 20l L Po nun | < Fr, - (4.18)

where C, is a constant depending only on s, v and ||g||z-1(r). Hence, choosing a=
min{p,vy} >0, after applying Lemma 2.4 in [44] and inequality (2.2), we have
. . C.
limsup || Ps Nyt (-, tn) || s (r) < Hmsup || Is Po Ntn (5 t0) | 52(r) < N
n n
Consequently, for any s € (%,2),

limsup || Ps Ntn (-, t0)|| gor) =0 as N — oo.
Therefore, combing conditions (4.2), (4.3), (4.4) and Lemma 2.2, we can claim that

problem (1.1) has a global attractor A, for any s € (3,2).
Finally, supposing that « is in the global attractor A, we immediately get

C,
1Ps nullzr: gy =5up | P> nun [ Fra r) < 5P Po Ntn (580 ) [ e ) < N
Therefore, u e H**2(R), for any e >0 and s € (3,2).
5. Proof of Corollary 1.1
Proof. 1t is clear that
1
Ay C A, Vse (5,2). (5.1)
In order to prove Ay =.A,, we aim to prove
1
As C As, Vs e (5,2). (5.2)

Indeed, for any 47 € (0, %], So=1 let s;=1+6; and

1
Sk:Sk_1+§f§2 k=2,3,4,5,6.

One can easily check that s € (%,2) for any k=1,2,3,4,5,6. From Theorem 1.2, the
global attractor As, C H*2(R). Since the set A,, is compact and then bounded in
H*2(R), from the definition of the global attractor As,, it follows

lim dist(S(t)As, ,As,) =0,

t—o0

ie. Ag, =limy 00 S(t)As, CAs,. Repeating the similar process, we get that
As; CAs, CA, C A, C A CA,,.
Using Theorem 1.2 again, Corollary 1.4 in [44], after choosing d5 = % + 41, we have

Ay, CHT27%(R) = Ay.
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Then
Asl g ASQ g A33 g AS4 g -Ass g -Asa g -/42- (53)

Since for any s€ [%,2), we can find some global attractor As,, k€{1,2,3,4,5,6},
such that A; C A, , then combing (5.3) we arrive at
As C Ay, s€[=,2). (5.4)

And for any s€(1,2), since s; =3 401 with d; € (0,%), (5.3) implies

15
A C A, sE(i,g). (5.5)
Now, combing (5.4) and (5.5), we immediately get (5.2).
Therefore, (5.1) and (5.2) imply A, =A» for any s€ (3,2). O
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