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GLOBAL WELL-POSEDNESS OF STRONG SOLUTIONS TO
THE 2D DAMPED BOUSSINESQ AND MHD EQUATIONS WITH
LARGE VELOCITY"

RENHUI WANT

Abstract. In this paper, we obtain global well-posedness for the 2D damped Boussinesq equations.
Based on the estimate of the damped Euler equations leading to the uniform corresponding bound which
does not grow in time, we can achieve this goal by using a new decomposition technique. Comparing
with the previous works [D. Adhikar, C. Cao, J. Wu, and X. Xu, J. Diff. Egs., 256:3594-3613, 2014] and
[J. Wu, X. Xu, and Z. Ye, J. Nonlineal Sci., 25:157-192, 2015], we do not need any small assumptions
of the initial velocity. As an application of our method, we obtain a similar result for the 2D damped
MHD equations.
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1. Introduction
The 2D damped Boussinesq equations read as follows:

du+u-Vu+rvu+Vp=_0es,

0 +u-VO+n0=0,

Vou=0, (1.1)
u(z,0)=wuo(z), 60(x,0)=0(z),

where u and 6 stand for the fluid velocity and the temperature in thermal convection
or the density in geophysical flows, respectively, p represents the pressure, eo =(0,1) is
the unit vector in the vertical direction, and v and n are positive parameters.

When v=n=0, system (1.1) reduces to the inviscid model. Taking the operator
“curl” on the velocity equation, by treating the initial data near nontrivial steady, [4]
and [11] studied a new system

Oyw+u-Vw=rop,
Op+u-Vp=rus,
u=V+(-A)"lw,

w(o,.%') =wo(z), p(o,x) = po(l‘),

(1.2)

where p is the temperature, like 6 in system (1.1). When k=1, by using the decay
estimate

_1
I fllze <Ct=If | g2

Elgindi and Widmayer [4] obtained the long time existence for equation (1.2). Specifi-
cally, when the initial norm is smaller than e, they proved that the lifespan T* of the
local solution satisfies T > e’%, which is larger than the standard level e~'. When & is
large enough, by using some Strichartz-type estimates like

+R.t
fle=" f”Lq(]R;LT(]W))SC||f||B;;%(R2)a
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1618 2D DAMPED BOUSSINESQ AND MHD EQUATIONS

Wan and Chen [11] obtained global well-posedness for equation (1.2), the main result
of which is consistent with [4] if k=1.

When v >0 and >0, Adhikari et al. [1] proved global well-posedness for system
(1.1) with the initial data satisfying

||Vu0||Bo  <min{_—

=}, Vol go_ IVuoll o,

2C’ Co 20

where 32011 is the Besov space. The authors in [12] also obtained similar results for
the n dimensional Boussinesq equations and other related models. We refer to the
works [3,5-7,9,10,13] and the references therein for the global well-posedness of the 2D
dissipative Boussinesq equations.

Let us point out that both [1] and [12] require small velocity and temperature data.
However, in this paper, we can get global well-posedness with large velocity. The main
result reads as follows:

THEOREM 1.1. Let m>3. Assume that
up € H™(R?), 6o H™ H(R?), V-up=0.

If there exist some constants C' and Cy such that uy and 0y satisfy

14+v C
ool o5 { D g xS 100 s Alvruos 20}

2,2
s
(14wvn)?

where Qg:=V xug and A(v,ug,Q):=1In(e+ W)exp{cmoﬂw}, then system

v

min{1n, g}, (1.3)

(1.1) admits a unique global solution satisfying

(u,0) € C(RT; H™ 1(R?)).

REMARK 1.1. In fact, this damped Boussinesq equations can be seen to be a special
supercritical case (see e.g. Stefanov and Wu [10]). To the best of our knowledge,
Theorem 1.1 is a first result on the global well-posedness with large velocity.

Now, let us give some comments on the proof.

1) By methods similar to those used in [1] and [12], we shall use the velocity equa-
tion and temperature equation simultaneously to bound the nonlinear terms
and the special term fes. In this paper, we find a new method that splits sys-
tem (1.1) into two new systems, one of which has a unique global solution. We
call this system the damped Euler equations.

2) To obtain the global bound (independent of the growth of time) for the 2D
damped Euler equations, we need different regularity of ug and 6y, and we need
to establish a new interpolation inequality— see Lemma 2.2.

Similarly, we can also get global well-posedness for the 2D damped MHD equations
given by

Owu+u-Vu+rku+Vp=B-VB,
OB+u-VB—B-Vu+uB=0,
V-u=V-B=0,

u(z,0)=ug(x), B(z,0)=DBy(x),

(1.4)
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where u, B, and p are, respectively, the fluid velocity, the magnetic field of the fluid,and
the pressure. The constants x and p are positive parameters.

THEOREM 1.2. Let m>3. Assume that
ug € H™(R?), By H™ 1(R?), V-uy=V-By=0.
If there exist some constants C' and Cy such that uy and By satisfy

1 1 Clr+p)? ClIQ0| L2ALe
ol + 1)l exp( S oy expf TR0 4,200

<min{k,v}, (1.5)

K

where Qo:=V xug and Ai(k,ug,Q0) :=In(e+ Huo'\le )exp{CHQOHLZ“L‘” }, then system
(1.4) admits a unique global solution satisfying

(u,B) € C(RT; H™ 1 (R?)).

REMARK 1.2.  Comparing with the small condition (1.5) of the MHD equations, it
may be strange that the initial data of the Boussinesq equations is smaller than % As
a matter of fact, we shall need the damped term 76 to control the special term fes, but
this situation does not occur in the MHD equations.

The present paper is structured as follows:
In the second section, we provide some definitions of spaces and an important lemma.
In the third section, we prove Theorem 1.1. In the fourth section, we prove Theorem
1.2.

Let us complete this section by describing the notation we shall use in this paper.
Notation. For operators A and B, we denote by [A4, B]=AB — BA the commutator of
A and B. The uniform constant C' is different on different lines. In some places in this
paper, we may use LP and H* to stand for LP(R?) and H*(R?), respectively. We shall
denote by (a|b) the L? inner product of a and b, and (a|b) ;. will stand for the standard
H* inner product of a and b. More precisely, (a|b) ;. = (A®a|A®b), and furthermore

(a|b) s :==(a|b) 7. + (alb), s>0.

2. Preliminaries
In this section, we give some necessary definitions and propositions.

The fractional Laplacian operator A% =(—A)? is defined by the Fourier transform.
Namely,

p— —~

A f(&) =€ F(8),
where the Fourier transform is given by
F&)=[ e ™¢f(a)da.
feo)= [ e swys

The H*(R?) and H*(R?) (s>0) norm of f can be also defined as follows:

def s
11 s m2y = I1A° fll L2 re)



1620 2D DAMPED BOUSSINESQ AND MHD EQUATIONS

and

def
[ flles 2y = 1 fll2 ey + IA° fll L2 g2)-
Let us recall a standard commutator estimate.

LEMMA 2.1. [8] Let >0, and 1<p<oo, then
A%, Flgll Lo @2y S C LIV fllzo @2y 1A gll Lo m2) + 1A° fll oo 22y |9 Loa R2) }
where 1 <pg,p3 <00 such that %:p%—i—p%:p%—%-p%,

The following proposition provides Bernstein type inequalities.

PROPOSITION 2.1.  Let 1<p<q<oo. Then for any 3,7 € (NU{0})?, there exists a
constant C' independent of f,j such that:

1) If f satisfies
supp f C {€ €R?: €] < K27},
then
107 £l L2y < C2HGD | £l Lo @2y
2) If f satisfies
supp f C{€€R?: K127 < |¢] < K927}
then

Il e (r2) < 027Nl WS‘UI? |||3Bf||Lp(R2)-
=1

The following lemma gives an interpolation inequality.

LEMMA 2.2. Let s> 2, the vector function v satisfies V-v=0. There ezists a constant
C' such that the following inequality holds for any constant M :

1
IVl L <C{(||V x| g2+ ||V XvLoo)ln(e+M|v||Hs)+M} (2.1)

Proof. By the inhomogeneous Bony decomposition, I =73 j>—1 Aj, and Bernstein’s
inequality, (see e.g. the Chapter 2 in [2]), we have B

N
Vol <IVA 1vfie+ D IIVAl=+ Y 2N A0]| 2
Jj=0 J>N+1

<C|Voll2+CN| Vol go _+C27 Vo] g
<C||V x 0|2 +CN||V x v|| g +C2NE2 0| g1,

where BY is the homogeneous Besov space, and we have used

00,00

IVollge _ <CIVxullzy  <CIVxvl=, IVollzr <CIVxv]l1r, 1<p<oo
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and

: 1
lull = (Y 27°Azul32)2.

j=-1

For details about Besov spaces, see Chapter 2 in [2]. By setting

N =2 {llogalet Mol )] +1

we get
s 1
2= NGE=2) 1yl s < lvlle <=
leller < Comagol e < 02
and then the desired inequality (2.1) can be proved. d

3. Proof of Theorem 1.1
As the comments in Section 1, we will split system (1.1) into two systems, that is,
a system of 2D damped Euler equations

OV +V-VV+rV+Vpy =0,
V-V =0, (3.1)
V(z,0) =up(z)

and

OW V- NYW+W -V (V+W)+vW 4+ Vpw = e,
0+ (V+W)-VO+n0=0,

V-W=0,

W(z,0)=0, 6(x,0)=00(x).

(3.2)

One can easily get the local well-posedness of equations (1.1), (3.1), and (3.2), so u=
W +V is the unique local solution to system (1.1). It therefore suffices to prove the
global bound of the solutions to systems (3.1) and (3.2). The proof will be split into
two steps.

Step 1 Global regularity for system (3.1). Denote Q:=V x V. By the stan-
dard commutator estimate and by equation (2.1), we have

Ld

2dt
C

<C(I9lz2 + 1l o) e+ MV )V rm + 57 IV [

IV Iz + 21V <CIVV Lo [V [7m

Taking M = %, then
1d

- 2
2 di Hm-

v 1
IV + §|IV||§1m < C(19l 2 + 12 o ) (e + — [V z=) | V]

Dividing by ||V||g= on both sides leads to

d v 1
ﬁllVlle +5 IVl < CA120 2 + (|2 o ) Inle+ V[ ) [V ][ - (3.3)
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Multiplying by % and applying Gronwall’s lemma yields

@)z

1% m K
In(e+ ” 1/ ) <In(e+ luolylH)exp{C/ ||Q(T)||LszoodT}. (3.4)
0

Applying the operator “Vx” on system (3.1), one gets
O+ V-VQ+10=0.

Taking the inner product with Q|QP=2, using V-V =0, and integrating by parts, we
obtain

1d
E@IIQH’ZF +v[|1QZ, =0.
After dividing by [|[||%,", and taking p=2 and oo, one has
t
0
Inserting the above estimate into equation (3.4) gives

ln(e+M)§A(y,uo,Qo),
14

where

m QO .
A(v,u0,8) :=1In(e+ UOIJH)eXp{Cl(J”VL%L}.

Plugging the above Log type estimate into equation (3.3), and applying Gronwall’s
lemma, we get

t
v
V@l +5 [ 1V
t
§||u0||Hmexp{CA(V,quO)/ |Q||L2mLoodT}
0

Cl|Q0||2AL>
<[Juol| zrm eXp{i” O‘J/L OE= A(v,u0,0)}- (3.5)
REMARK 3.1. We can see the growth of the bound of V is independent of ¢, which is
very important in our proof.

Step 2 Global well-posedness for system (1.1). Let s=m —1. Integrating by
parts, and applying the cancelation property

(W - VA WA W) =(V-VA WA W) =0,
and the standard commutator estimate and Young’s inequality, we obtain

1d
5 W e VW e == (W DV W)W 1o = (V- S WIW) 15+ (BealW )
<CIVV |- [ W g +CITW | o= [ Wy

HIVW Lo WL e [V | ers + (161 s (W

s

<C|V 1z

. 1 v
W3+ CIW I + 100 + S 1W I,
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which leads to

v 1
HWIIHs §|IW||?+<SC(HVIIHerIIWIIHs) W”%ISJ'_EHQH%IS' (3.6)

2 dt
Similarly, using
(V4+W)-VA®0|A®0)=0, V s >0,
we have the H*® estimate for 0:

H9||Ha +0)|0]1 3. == ((V+W)-V6|0) i
03 (3.7)

2dt
<CUVllas+IIWlle-)

Multiplying estimate (3.7) by 17% and then adding the resulting inequality to estimate
(3.6) we have

d 1

S 01+ 19 T} + I+ S 01
C(1+wvn
s%(\\vnw+||W||Hs><||W||%qs+||e||%{s>.

Now, let us denote

“ vn . 1
['=:su ) [|W s < —  min —
S p{te(o, ) ” (t)”H _20(1 V77) 1 {V7 1/}}7

where 7™ is the lifespan of the local solution. To achieve our goal, it suffices to obtain
a contradiction if T'<T™*. For all te (0,7),

d
pn HQHH*J’_HWHHS}"" mlﬂ{V }(||WH%,S+||9||§{S)
(1+V77) 2 2
<(—— m s+ — s).
<Oy (W + L )

Applying Gronwall’s lemma yields
1 1 (1+vn)? [
—||0(¢t 254’ Wit 25370 25€Xp 07/ VH'de.
anl )z + W @) 17 V??H oll7r- exp{ o) Vi }
Because of estimate (3.5), we get V¥ ¢t € (0,T),

1 2 2
%Ila(f)llm WOz

M

1 C
=y 16017+ exp {C ol zrm exp{ |0l L2nz~ A(v, uOﬂo)}}

Thus, by choosing Cy sufficiently large in equation (1.3), we get

1+vn)? C
||eo||%sexp{c<y%;”u0|Hmexp{V||Qo||LzﬁLooA<u,uo,szo>}}

v2n? |
<T6C2( oz Mnl I Sk

This ensures that we can get T=T* =00 by a continuous argument, which contradicts
the previous assumption that 7'<7T*. So we have shown global regularity for system
(3.2). This concludes the proof of Theorem 1.1.
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4. Proof of Theorem 1.2
In this section, we prove Theorem 1.2. Like the previous proof of Theorem 1.1, we

split the system (1.4) into two systems, namely,

oV +V -VV+&V+Vpy =0,
V-V =0, (4.1)
V(x,0)=ug(x)

and

OW +V - YW +W -V(V+W)+sW +Vpw =B-VB,
OB+ (V+W)-VB—B-V(V+W)+uB=0, (4.2)
V-W=V.B=0, '
W(z,0)=0, B(z,0)=By(x).

Step 1. Global regularity for system (4.1). Following the Step 1 in Section
3, we have

! C|%0] 2nz~
VOl 5 [ IV e < uolm exp{ L0 g, 2073, (43)
0

where

Ay (Kyu0,90) :=In(e+

[[uol[rrm Cll€0ll 20z
Jexpy ——————— 5.
K K

Step 2. Global well-posedness for system (1.4). It suffices to get global
regularity for system (4.2). Let s=m —1. By the energy estimate, we have

1d
5@”("‘43)”%5 + oW+l Bllgr = =(V-VYW|W) g = (W-V(V+W)|W) g

=1

+(B-VB|W)g- +(B-VW|B) -

(1]

+(B-VV|B)y: —((V+W)-VB|B) g .

=3

Using the cancelation property
(V-VAWIAW)=0

and the standard commutator estimates, we have

S <O([[[AV-VIW | g2 +[[A*W-VIW [ 2 + WV V[ ) [W | s
<CUVVILelWllaes + VWL [VIIEs + IV V[ e W[ 222) W

| e

=1 Q

K
< (VIE + W) W7+ W

Since

(B-VA*B|AW) +(B-VA*W|A*B) =0, s>0,
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we get
E2 <C(|V Bl Bl + VW | oo | Bl| zr+) || Bl 2+
<O+ W 1B + 5 1Bl
Because
(f-VA°B|A°B)=0,V V- f=0,
we obtain

S5 <C([VV] g

Bllms +|[A*(V+W)-V]B| 2)|| Bl -
CUV Nz Bllzs + IV (VA W)= [|Bl
HIVB=l[V+Wlla:)[| Bl a

CUV N w1 Bllers + [1W | z+ || B

|ers) || Bl a5

c 1%
SE(”V”%I’”_"HW”%IS) | B|%: +gHBII?qs~

Collecting the above estimates, we have

C(r+p)

d
NV B+ kW + el Bl e ST(IIVllfqm W) (W, B)| -

B||%..

o
+=(B,W)| %=
7
Denote by
T=:4te(0,7%): [|(W,B)®)||%. < ——E— min{s, u}
) ) Hs = 4C(KZ+/J,) ) 9

where T* is the lifespan of the local solution. Assume T'<T*. For all t € (0,T), we have.

C(r+p)

d
TNV B) 5+ s W5+l Bl < IV Zrm | (W, B) [

Applying Gronwall’s lemma, and using estimate (4.3) in Step 1 yields

|(W. B) (1) <1 Boll3exp{ S /IIVIIHde}
C<*’~+ i Clillz2nr=
K

<[|Bol[7m - exp( oI exp{ Ay (r,u0,80)})-

One can easily check that if we take Cy large enough in equation (1.5), then

1

(W, B)(t)| » _Rimln{m W}

By a continuous argument, we can get a contradiction. So we have proven that system
(4.2) admits a unique global solution. Therefore, we conclude the proof of Theorem 1.2.
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