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GLOBAL WEAK SOLUTIONS TO
A STRONGLY DEGENERATE HAPTOTAXIS MODEL*

MICHAEL WINKLERT AND CHRISTINA SURULESCU#

Abstract. We consider a one-dimensional version of a model obtained in [C. Engwer, A. Hunt, and
C. Surulescu, IMA J. Math. Med. Biol., 33(4):435-459, 2016] and describing the anisotropic spread of
tumor cells in a tissue network. The model consists of a reaction-diffusion-taxis equation for the density
of tumor cells coupled with an ODE for the density of tissue fibers and allows for strong degeneracy
both in the diffusion and the haptotaxis terms. In this setting we prove the global existence of weak
solutions to an associated no-flux initial-boundary value problem. Numerical simulations are performed
in order to illustrate the model behavior.
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1. Introduction

Models with degenerate diffusion in the context of taxis equations have received
increased interest during the last decade. They describe the dynamics of a cell popula-
tion in response to a chemoattractant [7,14,20], moving up the gradient of an insoluble
signal (haptotaxis) [24], or performing both chemo- and haptotaxis [15,19,22].

In this work we consider a reaction-diffusion-transport-haptotaxis model which is
inspired by the effective equations obtained in [9] via parabolic scaling upon starting
from a multiscale model for glioma invasion in the anisotropic brain tissue and rely-
ing on the setting introduced in [8]. More precisely, the following PDE-ODE model
was considered for the density function p(t,x,v,y) of glioma cells depending on time
t, position x € R™, velocity v €V :=sS""1 and density y €Y :=(0,Ry) of cell surface
receptors’ bound to tissue fibers, and for the subcellular dynamics simplified to mass
action kinetics of the mentioned receptor binding:

Oip+ V- (vp) +Vy - (G(y,w)p) = LINp+P(p) (1.1)
y:G(y,’LU).

Thereby, w(x) represents the (macroscopic) volume fraction of tissue, the
turning operator L[A]p:=—Xy)p+ [, A(y)K (z,0,v")p(v")dv’ describes the reorien-
tation of cells due to contact guidance by tissue, and the term P(p):=
w(z,p,v) [y x(z,y,y" )p(t,z,0,y )w(z)dy’ models proliferation subsequent to cell-tissue
interactions. The function A(y) denotes the cell reorientation rate, K(x,v,v’) is the
turning kernel depending on the directional distribution ¢(z,v) of tissue fibers (obtained
from diffusion tensor imaging data), p represents the proliferation rate depending on
the macroscopic cell density p= fV fY p(t,z,v,y)dydv, and y is a kernel characterizing
the transition from the state y to the state ¢y’ during a proliferative action.
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An appropriate parabolic scaling led to the macroscopic equation for (an approxi-
mation of) the tumor cell density:

Ou—VV:(Dru)+ V- (a(w)DrVw u) =wu(z,u)u, (1.3)

where a(w) is a function containing both macroscopic and subcellular level information,
D7 =const fv qu®vdv is the tumor diffusion tensor encrypting the medical data about
the structure of brain tissue, and

VV:(Dru)=V-(Dr(z)Vu)+ V- ({(x)u) (1.4)

with the drift velocity ((z)=const fvv®qudv. For more details and the precise defi-
nitions we refer to [9].

Equation (1.3) is of the reaction-diffusion-transport-(hapto)taxis type and char-
acterizes the evolution of the tumor cell density for a known underlying structure of
brain tissue; in practice, the functions ¢ and w are assessed at a certain time point ¢
from medical data. This facilitates both its mathematical analysis and efficient numer-
ical handling, however in fact the tumor evolution in a patient also induces dynamical
changes in the tissue such as e.g. depletion or remodeling, which play an essential role in
the disease development, see e.g. [2,17] and the references therein. Therefore, a further
equation is needed to describe these tissue modifications under the influence of tumor
cells. Although in practice it is not feasible from the viewpoint of medical imaging to
assess the tissue structure dynamically, by way of model-based predictions relying on
such PDE-ODE coupled systems it is possible to use a sequence of just a few images in
order to obtain via numerical simulations a good approximation of the dynamics over
the whole timespan of interest.

Another issue is related to possible (local) degeneracies of the tumor diffusion tensor
Dy (x), which is particularly relevant e.g. when modeling resected or irradiated regions
of the tumor, where the tissue has been depleted as well. In the respective domains, this
indeed reduces the otherwise diffusion-dominated PDE (1.3) to a hyperbolic transport
equation with nonlinear source term.

The mathematically quite delicate features of such strongly degenerate systems
become manifest already in the case when any taxis or source terms are absent, that
is, when a=0 and ;=0 in equation (1.3). Indeed, in [11] the linear scalar parabolic
equation

atu: (dl (y)u)zx + (dZ(y)u)yyv (l',y) € Q= (Ova) X (OvLy)v t> Oa (15)

has been studied, motivated among others by a monoscale model for anisotropic glioma
spread in [16], and it was shown there that if the functions dy and dy are smooth
and nonnegative and such that d; is strictly positive but do vanishes precisely in some
subinterval [a,b] of (0,L,), then solutions to an associated no-flux initial-boundary value
problem asymptotically approach a singular state reflecting concentration of mass within
the degeneracy region [0, L,] X [a,b] and extinction outside.

In this paper we intend to provide a first step toward a mathematical understanding
of corresponding systems when beyond such strongly degenerate diffusion processes,
further crucial mechanisms and especially nonlinear haptotaxis are involved. In order
to concentrate on essential aspects of such types of interplay within the framework of
a model that captures the essential properties but beyond that remains as simple as
possible, we may restrict to the spatially one-dimensional case, in which the tumor
diffusion tensor Dr in equation (1.3) actually reduces to a scalar function. In the
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context of a simple evolution law for the haptotactic attractant, particularly neglecting
remodeling mechanisms, this leads to coupled parabolic-ODE systems of the form

w = (d(@)u),, ~ (d@)u()s),.
{Ut “ (e (1.6)

with given nonnegative functions d,? and h.

Although in our current 1D setting (1.6) the model in [9] loses most of its anisotropy
relevance, some of it is retained in the space-dependent diffusion and haptotactic sen-
sitivity coefficients. Likewise, the multiscality considered in [9] and leading to a hapto-
tactic coefficient depending on the subcellular dynamics can still be partially retained
in this model, in spite of the modified transport term, in which the drift velocity has
now a simpler form, yet depending on d(x). The very presence of the haptotaxis term
is a consequence of taking the receptor binding dynamics into account when describing
the evolution of the cell density function on the mesoscopic level and scaling up to the
macroscopic one. Hence, essential features of the model obtained in [9] are preserved
even in this simplified, dimension-reduced setting.

Other related models featuring degenerate diffusion in the context of haptotaxis
were proposed and investigated in [23,24]. The kind of degeneracy considered there
is, however, different from the one in this and previous models, as it affects both the
diffusion and the haptotaxis coefficients, thereby allowing the diffusion to degenerate due
to one or both solution components (tumor cell density and tissue density). The model
in [23] involves two subpopulations of tumor cells, differentiating between moving and
proliferating? ones, but allowing mutual transitions. Unlike the present model, in [23,24]
there is (apart from the taxis) no other transport term.

2. Problem setup and main result

In order to make the essential mathematical aspects of the system (1.6) more trans-
parent, let us write the system (1.6) in a form involving a constant haptotacitc sen-
sitivity, which according to the simple ODE structure of the second equation therein
can readily be achieved on substituting w=V(v) with ¥(v) := [ ¢ (0)do, v>0. Accord-
ingly, in an open bounded interval 2 C R we will henceforth consider the initial-boundary
value problem

= )~ D) +uf(rn), 2, 150,
w:—ug( ) $€Q,t>0,

(d(z)u)e —d(x)uw, =0, 2 €N, 150, (2.1)
u(,0)=uo(z), w(x,0)=wo(2), reQ,

with given parameter functions d: 2 — [0,00), f:Q x[0,00)2—=R and g:[0,00) — [0,00)
satisfying

VdeWwh=(Q), feC (Qx[0,00)?) and geC([0,00)), (2.2)

and with prescribed initial data ug and wg which are such that

0 <wup € C%(Q) satisfies ug#£0 and
(2.3)

0<wo € W2(Q) has the property that [, g(w—;}o) < 00.

2whence in virtue of the go-or-grow dichotomy assumed to be non-motile
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As for the parameter functions in the system (2.1), throughout our analysis we shall
furthermore assume that

f(z,u,w) < p(w) for all (z,u,w)€Qx[0,00)? with a nondecreasing p: [0,00) — [0,00),
(2.4)
and that there exists 6 >0 such that writing
M :=[lwol| o< () +6, (255)

we have

9(0)=0, g(w)>0 for all we (0,M] and g (w)>0 for all we|0,M]

(2.6)
as well as
/
liminf <) 5 0, (2.7)
w\O  g(w)
whence in particular there exist I' >0 and ~ > 0 fulfilling
g(w)<Tw for all we0,M] (2.8)
and
g'(w) >~ for all we (0,M]. (2.9)
g(w)

Beyond the analytically simplest case obtained on letting
gw)=w,  w=0,
this inter alia includes more general choices such as
g(w)=w(l—w), w>0,

upon which via the substitution w = 77, on the set of solutions fulfilling v <1 the system
(2.1) becomes formally equivalent to a corresponding initial-boundary value problem for
the special version

{ we=(doy),, — (420, (2.10)

V= —Uuv,

of the system (1.6), as proposed in [24] for modeling tumor invasion in a tissue network,
thereby paying increased attention to the form of the haptotaxis coefficient. Specifically,
the latter accounts for microscopic cell-tissue interactions, which—besides having a
haptotaxis term at all—retains a supplementary trace of multiscality in our macroscopic
model, although in a rather indirect way, as we do not explicitly couple some ODE for
receptor binding kinetics to the two PDEs for v and v. The presence of d(x) in both
diffusion/transport and haptotaxis coefficients is motivated by the deduction in [9].
The main results of our analysis indicate that even in this general setting, thus
allowing for virtually arbitrary strength of degeneracies in diffusion, haptotactic cross-
diffusion does not result in a finite-time collapse of solutions into e.g. persistent Dirac-
type singularities. More precisely, let us introduce the following solution concept to
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pursued below, in which we use the abbreviation {d>0}:={z e ‘ d(z) >0} which

along with a corresponding definition of {d=0} will frequently be used throughout the
sequel.

DEFINITION 2.1. A pair (u,w) of nonnegative functions

{Zii%ﬁziﬁﬁigﬁthmxanHJqd>ow> (210

satisfying
Wf(uw) €L @x 0,00)  and  uglw)eLh(Ox[0,00) (212

as well as
dus € Ly (0,001 L1 ({d > 0}) (213

will be called a global weak solution of the system (2.1) if

—/ /ugot—/uow(~,0):/ / dugom—i—/ / duwg o,
o Jao Q 0 J{d>0} 0 J{a>0}

o [ustuwe 21
o Jo
for all € C° (2 x [0,00)) such that v, =0 on 92 x (0,00) and

/ooo/gzwwr/gwo*"("‘)):/Ooo/gzug(w)so (2.15)

for all € C3°(Q2 % [0,00)).

Within this framework, a global solution of the system the system (2.1) can always
be constructed:

THEOREM 2.1.  Suppose that QCR is a bounded interval, and that ug,wq, d,f and
g satisfy the conditions (2.3), (2.2), (2.4) and (2.6). Then (2.1) possesses at least one
global weak solution in the sense specified in Definition 2.1 below.

This paper is organized as follows: In Section 3 we introduce a regularized version of
the degenerate problem, for which some useful properties are obtained. Section 4 is con-
cerned with studying an entropy functional which allows to deduce a quasi-dissipative
property of the regularized system, inter alia asserting global existence of its solution.
Some precompactness and regularity properties of terms involved in that system fol-
low in Sections 5 and 6, respectively, succeeded in Section 7 by regularity features of
corresponding time derivatives. Sections 8 and 9 provide convergence properties of the
approximate solution in the region with no degeneracy; further properties of the respec-
tive limits are obtained in Section 10. Finally, Section 11 concludes the existence proof
for the strongly degenerate problem (2.1).

3. Regularized problems and their basic properties
In order to prepare the construction of an appropriate family of non-degenerate
approximations of the system (2.1), according to the nonnegativity of d and the inclusion
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VdeW>°(Q) we may first choose (d.)ce(0,1) C C*(Q) in such a way that de, =0 on 9
and that with some K; >0, for each € € (0,1) we have

Ve<do(z)<||d|| ooy +1  forall z€, (3.1)
as well as
dZ,(x) -
L <K f 11 Q 3.2
@) S or all z€Q, (3.2)

and such that moreover

de —d in L*™(Q) as e \(0 (3.3)
and

dey —d, a.e.in as € (0. (3.4)

We next note that according to the properties (2.6) it is possible to fix 9 € (0,1) such
that g(M) > g, whereupon with ¢ as introduced in the course of the definition (2.5) of
M, for each ¢ € (0,e0) we can choose . € (0,42) such that

g(w)>e for all wel[d., M], (3.5)

and such that moreover §. —0 as £\,0. It is then easy to see that one can find
(1 )ee(0,e0) € (0,1) with the two properties that

1
ngln\—ﬁ—H—oo as €\, 0, (3.6)
>

and that
7 —0 as € \,0; (3.7)

indeed, it can readily be checked that this can be achieved on choosing

A

Inln
175::714\/&, e€(0,e0),

with some suitably large A>0. For ¢ € (0,e¢), we then let

woe (z) :=wo () + /3., r e, (3.8)

and consider the regularized variant of the system (2.1) given by

Uet = (dsus)zz - (ds M#E)zwsz> Jrusf(xausaws), r €, t>0,

x

wgt:s(ﬁf&)[ o 9(We), zeQ, t>0, (3.9)
Ueg = Weg =0, r €I, t>0,
us(x,0) =up(z), we(2,0) =woe (), r e,

Due to the additionally introduced artificial diffusion in the equation for w. each of these
problems can be viewed as a variant of the well-studied Keller-Segel chemotaxis system:;
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in fact, as can be seen by straightforward adaptation of arguments well-established in the
analysis of chemotaxis problems ( [1,12,21]), all these problems allow for local-in-time
classical solutions which enjoy a favorable extensibility criterion:

LEMMA 3.1. For each e € (0,e¢), there exist Tpqz - € (0,00] and nonnegative functions
e € COQX [0, Tnaz.c)) NC?HQ X (0, Trnawc)),
we € C[0, Thnaz < ); WH2(Q)) NC2HQ % (0, Thnaz 2 ),

which solve the system (3.9) in the classical sense in Q x (0, Tra0.c), and which are such
that if Thyae,e <00, then

imsup (e )]+ GOl + s | ) (3.10)
imsup | ||ue(-, oo we (-, 1,2 _ =o0. .
DT N IR T g () = )

Let us first collect some basic properties of these solutions. We first assert some
useful pointwise upper and lower bounds for w,.

LEMMA 3.2.  Let €€ (0,e0). Then

we(z,t) <M for allz€Q and t € (0,Tpaz.c) (3.11)
and
we(x,t) > \/ae*%t forallz € and t € (0,Taz.c), (3.12)

where T' >0 is as in the inequality (2.8).

Proof. Since according to our choices of §. and M we have
we(2,0) =wo(x) + /e < |lwol| oo () +6 =M for all z€Q,

the inequality in (3.11) immediately results from the maximum principle applied to the
second equation in (3.9). As a consequence thereof, in view of the properties (2.6) we
know that ¢’'(w.) >0 in Qx (0,44, ), whence

uE

1
we) < —g(w in QX (0,Tnaz.e),
1+775Ueg( 6)_7769( e) ( ,6)

so that using the system (3.9) and the inequality (2.8) we see that

ET F .
Wey > ( v ) — —w, in Qx(0,Thnaze)-
g(we) = e

Since

satisfies

w r
w, — — + =0 in Q2 x (0,00
w,— ( g<w€>)x (0,00)

and g—% =0 on 082 x (0,00) as well as

w(z,0)=/0. <we(z,0) for all z€Q
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by the definition (3.8), the comparison principle therefeore ensures that w. >w in Q x
(0,Tmaz,e) and that thus also the inequality (3.12) is valid. O

Using the latter along with the inequality (2.4), we easily obtain the following
information on the evolution of [, u..

LEmMMA 3.3.  With M as in definition (2.5) and p taken from the inequality (2.4), we
have

i/ ue < p(M)/ Ue for all t€(0,Thnaze) (3.13)
dt Jo Q ’
and

/ us(';t) < {/ UO} 'ep(M)t fOT’ allte (OaTmax,e)' (314)
9] Q

Proof. We integrate the first equation in (3.9) and use the inequality (2.4) together
with the inequality (3.11) to find that

d

—/ uE:/ Ue f (T, e, we) S/ uep(we) Sp(M)/ Us for all t€ (0,Tnaz ),

dt Jo O Q Q
and that hence the estimate (3.13) holds, from which in turn the estimate (3.14) results
upon integration in time.

0

4. Implications of an entropy-like structure

Now the core of our approach consists in the detection of a favorable quasi-
dissipative property of the system (3.9) which can be revealed by following the well-
established strategy of considering the time evolution of a functional that combines a
logarithmic entropy of the cell distribution with a properly chosen summand annihilat-
ing the correspondingly obtained cross-diffusive interaction integral. In order to clarify
which precise form the latter takes in the context of the approximate problems (3.9),
let us begin by separately tracking the logarithmic entropy.

LEMMA 4.1.  Let p,M and K; be as introduced in the expressions (2.4), (2.5) and
(3.2). Then for each e € (0,e9) we have

d 1 u2 u Kl
L umue+ = [ d < [ d ey, ( M —)- / LeP(M)t
dt/ﬂu‘E nu£+2/ﬂ : Ue _/Q €(1+77€u6)2w6 * p( )+ 2 Quo ‘

+/ ueInug - f(z,ue,we) for allt€(0,Thape). (4.1)
Q

Proof. Since u,. is positive in QX (0,742 ) by the strong maximum principle, we
may multiply the first equation in (3.9) by Inu. and integrate by parts to see that

i ulnu—/u lnu—|—£/u
dt 0 € e — 0 et £ dt 0 5

u u
= — d .7658 /d L / 1 .
/Q( cUe)p w + ; E(1+775U5)2wm+ ng nu. - f(x,ue,we)

+— [ ue for all t € (0, Trmaz.c)- (4.2)
at Jo :
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Here by Lemma 3.3 we have
d
— [ u<p(M) | uc for all t € (0,Tmaz.e), (4.3)
dt Q Q ’

and using Young’s inequality and the inequality (3.2) we obtain

2
T U
_/(dsus)z‘ :_/ ds = —dsmusx
Q Ue Q  Ue

1 u? 1 d?
< _Z d.—gz 4 = ex
=732/ 5u5+2/ﬂd6“5

1 2, K
< —f/ d. Yex + —1/ Ug for all t € (0, Tmam.e)- (4.4)

2Ja  ue 2 Jo 7

Since

K K
(p(M) + —1) / ue < (p(M) + —1> {/ uo} (M)t for all t€ (0,Tmaz,c)
2 7)o 2 Q ’
by Lemma 3.3, combining the results (4.2)-(4.4) thus yields the estimate (4.1). o

Thanks to a favorable exact relationship between the approximate signal absorption
rate 0 <ur 5 +77‘75u and the tactic sensitivity 0 < a + == in (3.9), an exact compensation
of the first summand on the right of the estimate (4. 1) can be achieved on complementing
the above by the following

LEMMA 4.2. With K1 as in the inequality (3.2), we have

1d ng £ 1 Weg 2 1 Ue g/(w‘?) 2
R
2dt Jo g(w 2Ja Vo(w.) “\g(w.) o 14+nu. g(we)
@ K 2
S—/dg(u;wm—&—gil Lﬁ,’ for all t € (0,Thap,e) (4.5)
Q

1+775U5)2 2 Jo ’/g(we)

whenever ¢ € (0,£).

Proof.  Using that g(w.) is positive in Q x [0,T44,) due to Lemma 3.2 and the
properties (2.6), on the basis of the second equation in (3.9) we compute

R i
g (o)~ (o)
/Qdi’“"” () et
/< we) (),
2 [ <H“;Eugg<we>>w—e/ﬂdeﬁéiﬁwfz~< )
+ [ 2

9'(we) o
1+775Usg ) °

for all t€ (0, naz,e)- (4.6)



1590 A STRONGLY DEGENERATE HAPTOTAXIS MODEL
Here we expand
1 Ue Uey ue  g'(we) o
72/d5 Wez - We :72/ d€7w5172/d5 Wiy
o glwe) (1+7iaus o ))T o (14neue)? o Ll+neue glwe)
for all t € (0,T4z.), so that
1 u us g (we)
-2 | de——w <7€ w ) —|—/ d c £ w?
/Q Eg(wa) - 1"'778“59( ¢) T Q €1+775Ue gwe) =*

Ueg Ue gl(wﬁ) 2
—2/d57wm—/d57 w?,  for all t€ (0, Tmase). (4.7
o T2 Jo = T gluwe) ( ). @)

We next use the identity

!
Wezs = v/ g(w )-( Wew )z+g (we) w?, i Q% (0, Tas.c) (4.8)

g(we) 29(11)5)
to rewrite
| I J(w) i
(da g(ws) wex) . de. g(ws) Wegy — de 92 (wE) Wey +dey g(ws) Weg
1 Weg 1 "(w
) el
g(we) \g(we) /= 2 g*(we)
1 .

Fdey———Wey in 2 x (O7Tmaw,e)a

g(we)

so that on the right-hand side of the equality (4.6) we can employ Young’s inequality
to see that

1 Wey "(we) 5 Wez
_QE/Q(dgmwm)m( g(wg))w—g/gdgé(ws)ww-( g(ws))w

1 Wer 2 1 Le
:—25/ngm(\/m)w_2g/ﬂdwg(ws)wsm.< g(ws))””

2
Weg

Wey ) 2 2, 1

1
_ d. Zex -
SEA wmm<mwax€n%\@%f

1 2 1
< —5/ d. +EK1/ —_—w?, for all t€ (0,Tmaz.e),
Q g(we) ( V g(ws))w Q \/g(’wg)s

again due to the inequality (3.2). In conjunction with the equalities (4.7) and (4.6) this
yields the estimate (4.5). d

In fact, combining the latter two lemmata yields a quasi-entropy inequality, the
essential implications of which can be summarized as follows.

LEMMA 4.3.  Let T>0. Then there exist e,(T) € (0,0) and C(T)>0 such that for
any choice of € € (0,e4(T)), the solution of the system (3.9) satisfies

/ Ua(7t)lnus(at)§C(T) fOT all t€(07f5> (49)
{us('vt)zl}

and

/ dgwgw("t; <O(T)  forallte(0,T2), (4.10)
; )
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and such that moreover

T. w2
/ / d.—=2<C(T) (4.11)
0 Q Ue

TE
/ / uelnug - fo (- ue,we) <C(T) (4.12)
0 {ue(-,t)>1}

and

as well as

T /
N Ug g (’U)E) 2
de w, <C(T), 4.13
/0 /Q 1+n.ue g(ws) ( ) ( )

where with Tpaq.c as in Lemma 3.1 we have set ﬁ =min{T, Thaze}-

Proof. We add the inequalities provided by Lemma 4.1 and Lemma 4.2 to see on
dropping a nonnegative summand on the right that for all € € (0,e9) we have

d u-  g'(we)
1 d. Uy, 1 d < L aw?
dt{/ vetnte® } / / Tt neue glws) =
K
§c1+/ uelnue - f(x, ug,tug)—l—e—1 w” for all t€ (0, Tpnaw,:) (4.14)
Q

Q\/i

with ¢y =¢1(T) := (p(M)—i— %) -{fﬂuo} -e?MT Here we split f=f, — f_ and

/uslnus’f(x7us,ws):/ uslnus'f+(xvus;ws)7/ uslnus'f—(xvus;ws)
Q {us<1} {uc<1}
+/ uelnue'f+($7u€aws)
{u.>1}
—/ uelnu, - fo(z,ue,we) (4.15)
{ue>1}
for t € (0, Tonaz,e ), where clearly
/ uelnu, - fi (2, ue,ws) <0 for all t€ (0,Tmaz.), (4.16)
{ue<1}

and where using that

1
Elng>—-— for all £>0, (4.17)
e
we see that
Q
—/ uelnu, - fo (2, ue,w:) < u@ for all t€ (0, Tnaz,e) (4.18)
{us<1} €
with
cgi= max f-(z,u,w)

(z,u,w)€QX[0,1]x[0,M]
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being finite by continuity of f. Since
fo(ue,we) < p(M) in Qx(0,Tqz.) (4.19)

by the inequality (2.4) and Lemma 3.2, again relying on the inequality (4.17) we see
that

/ uelnu, - fy(z,ue,we) < p(M)/ U Inug
{uezl}

{u521}

:p(M)-{/uglnuE—/ uglnug}
Q {us<1}

M)

< p(M)/ ue Inu, + o for all t€ (0, Thnaz.c),
0 e

so that from the results (4.15), (4.16) and (4.18) we infer that

/nglnug-f(x,u@wa)gp(M)/

uelnus—/ uelnue - f(z,ue,we)+c3,  (4.20)
Q {u.>1}

for all t € (0,T)q4,.) and with cz:= @ (ca+p(M)).

Next, the rightmost summand in the inequality (4.14) can be estimated using
Lemma 3.2 along with the defining properties of (d:)cc(0,e0) and (7:)cc(0,e): Indeed,
given 7' >0 we may use the property (3.6) to fix e, =¢&,(T') € (0,&¢) small enough such

that with T" as in the inequality (2.8) we have

Tgﬁ-n

1
RV

which implies that for any such e,

for all e € (0,e,),

etz MV =5, forall te (0,7)
and hence, by Lemma 3.2,
M >w.(z,t) > (55~€7%t255 for all x € andtG(O,fE).
Therefore, the inequality (3.5) applies so as to ensure that
glwe) >e¢ for all z€Q and t € (0,1.),

so that the term in question satisfies

ek, w?m <\/EK1/ wgac
2 Q 4 /g(ws)3 - 2 Q g(we)
Kl/ w2 ~
<— [ d.—== for all te€(0,7%), 4.21
=72 gt 1 o

because d. > /e in by the inequality (3.1). Together with the inequalities (4.20) and
(4.14), this shows that

1 2 (-t
ye(t)iz/uE(-,t)lnuE(-7t)+§/d5%w7() tE[OaTmaaj,E)7
Q Q :
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and

L et 1 ue(t)  g'w(t) o
hg(t).—2/9d5 (D) +2/Qd - 2 (1)

+/ Ug(',t)lnug(',t)'f_(-,ug(-,t),w5(~,t))7 te(O7Tma1‘,e)a
{ue(-t)=1}

have the property that

2
Wey

K
L(t)+he(t) < M 1 — | d
)+ helt) ertent o) [ wetnu+ 5 [ e

1 w?
— Myt —= [ d—= V1K Ay )= [ ulnu.
areat o0 {00~ [ de b {0 [ wtn]
<eca+csye(t) for all t € (0,7.) (4.22)

K1|Q|

with cq:=c1+c3+ == and c5:=p(M)+ K1, where we again have used the inequality

(4.17).

Now by nonnegativity of h. and the inequality (3.1), an integration of the inequality
(4.22) firstly yields

ye(t) <y (0)esst + et (1t
Cs

1 w? Cq
<cg:= uolnu —|—7< d|| 7 —|—1)- su /%+}'BC5T 4.23
o= { [ wotnuo 5 (Idl~o e (4.23)

for all t € [0,7-) and € € (0,&, ), where we note that cg is finite according to the properties
(2.3), because 6. —0 as € \,0, and because due to the fact that ¢’ >0 on [0,M], as
asserted by the properties (2.6), Beppo Levi’s theorem warrants that as k — oo we have

2 2
Wog Wog
Y .
/Qg(wO"‘]i) o 9(wo)
Once more in view of the inequality (4.17), this entails both inequalities (4.9) and (4.10)

with some suitably large C(T') >0, whereas another integration of the inequality (4.22),
this time making use of the inequality (4.23), shows that

T R R T
/ he (£)dt <y (0) — yo(T2) + eaTo 4+ ¢ / e (£)dt
0 0

Q
§C72266+u+C4T+C5C6T, (4.24)
e

and hence that the estimates (4.10)-(4.13) hold with some possibly enlarged C(7"). 0O

Due to the boundedness property (3.11) of w, and the properties (2.6) and (2.9),
from the estimates (4.10) and (4.13) we particularly obtain corresponding estimates for

1 gl(ws)

gty and o

integrals no longer containing

COROLLARY 4.1.  Suppose that T >0, and let £,(T) € (0,0) be as given by Lemma
4.3. Then there exists C(T) >0 with the property that for all e € (0,e.(T)),

/ dow?, () <C(T)  for all t€(0,T%) (4.25)
Q
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and

T:—:
o Jo 1+noue

where again T. = min{T, Tyaz.e }-

Proof.  Since g(w:) <g(M) in Qx (0,T4z.e) by Lemma 3.2 and the properties
(2.6), we immediately obtain the inequality (4.25) from the inequality (4.10). As fur-
thermore the inequality (2.9) warrants that

>~v>0 in Qx (O,Tmaz,s)

by Lemma 3.2, we also infer from the inequality (4.13) that the inequality (4.26) is valid
with some adequately large C(T') > 0. O

As one consequence of (4.25) when combined with the boundedness of (H:;#S)Q and
the uniform positivity of d., we can infer that in fact our approximate solutions cannot
blow up in finite time:

LEMMA 4.4.  For each € € (0,e¢), the solution of the system (3.9) is global in time;
that is, in Lemma 5.1 we have Ty,qq,c = 00.

Proof. Assuming on the contrary that T,,,, . be finite, combining the bound
(3.12) with the properties (2.6) we first obtain that then there would exist ¢; >0 such
that

<c in Qx(0,Thnaw.e)- (4.27)

Moreover, as d. >0 in Q by the inequality (3.1), Corollary 4.1 and Lemma 3.2 would
yield ¢o > 0 fulfilling

||wg("t)||Wl,2(Q) <co for all te (O7Tmaw,e)~ (428)

In particular, the latter along with the inequality (3.1) and the fact that ﬁ < ﬁ

for all £>0 ensures that the cross-diffusive flux in the first equation in (3.9) satisfies

‘d uc (1)

: (14n:uc(-1))?
Since furthermore, by (2.4) and again Lemma 3.2,

waw('vt)‘

1
< (11d|[ 1. 1)-—- for all £ € (0, Tyas..).
L2(Q)_(H | o (2) + I, ) or all te( )

f(’)uanE)SP(M) inQX(O7T’I’TLa:E,E)a

a standard argument based on the smoothing properties of the non-degenerate linear
semigroup (et(%)==),5( (cf. e.g. the reasoning in [3, Lemma 3.2]) provides c3 >0 such
that

e O)llzm@ Ses for all 1€ (0, Tran,e)

In view of the extensibility criterion (3.10), together with the inequalities (4.27) and
(4.28) this shows that our assumption T}, <00 was absurd. 1]
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5. Weak precompactness properties of u. f(z,u.,w.) and u.g(w.) in L!

In appropriately passing to the limit in the zero-order integrals appearing in the
respective weak formulations of the system (3.9), we shall make essential use of two
compactness properties of the solutions thereof which appear to go beyond trivial im-
plications of the bounds provided by Lemma 4.3.

As a preparation for our arguments in this respect, let us state the following ob-
servation on a lower bound for all possible values of u>0 at which u- f_(x,u,w) may
become large for some z € and we[0,M]. This will be used in Lemma 5.2 to as-
sert that for arbitrarily large x>0 one can pick N >0 in such a way that whenever
e f— (-, ue,we) > N, we know that u. > k.

LEMMA 5.1.  With M >0 as in the definition (2.5), let

S(N)::{uzo ’ u-f_(z,u,w)>N for some x € andwE[O,M]} (5.1)

and
K(N)::{me(N) if S(N)#0), (5:2)
+o0 else
for NeN. Then
limsupk(N) =+o0. (5.3)

N—oc0

Proof.  If the equality (5.3) were false, then there would exist Ny € N such that for
all N> Ny we would have S(N)#0 and k(N)<c¢; with some ¢; >0. By definition of
S(N) and £(N), this would mean that we could find (zn)n>n, €, (un)n>n, C[0,00)
and (wy)n>n, C[0,M] fulfilling

uN-f_(mN,uN,wN)ZN for allNZNo (54)
and
uny <cp for all N > Ny,

where passing to a subsequence if necessary we may assume that as N — oo we have
TN = Too, UN — Uso aNd Wy — Wee With some xo € Q, us €[0,¢1] and wy € [0, M]. By
continuity of f_, however, this would imply that

un - [ (ZN, UN, WN) = Uso * [ (Toos Uoos Woo ) as N — 00

and thereby contradict the property (5.4). o

Making use of the latter, by means of the Dunford—Pettis theorem we can now
establish suitable compactness properties of the rightmost summands in the first two
equations in (3.9).

LEMMA 5.2.  Let T>0. Then with €,(T) € (0,e9) as in Lemma 4.3,

(usf(.,us,ws))ae(o ) is relatively compact

with respect to the weak topology in L* (2 x (0,T)), (5.5)
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and moreover

(ugg(wa))se(oﬁ*(ﬂ) is relatively compact

with respect to the weak topology in L*(2x (0,T)). (5.6)

Proof. According to Lemma 4.3, we can fix positive constants ¢; and c¢o such that
/ ue () Inus (1) <y for all t€(0,7T) (5.7)
{us('7t)21}
and

T
/ / e lnue - f- (- ue,we) <co (5.8)
0 {us(vt)Zl}

whenever ¢ € (0,6,(7")). Aiming at an application of the Dunford-Pettis theorem, given
1 >0 we first fix an integer N > 1 suitably large such that

ap(M)T _p
LN <1 (5.9)
and
ag(M)T" _p
—_— <= 1
In N 2’ (5.10)
and such that with x(N) as defined in Lemma 5.1 we have x(N)>1 and
2 B (5.11)

Ink(N) ~ 4’

where the latter is possible due to the outcome of Lemma 5.1. Thereafter, we choose
¢ >0 small enough fulfilling

"

p(M)NL <L (5.12)
and
Ni< % (5.13)
as well as
g(M)Nu< g (5.14)

and fix an arbitrary measurable set £ C ) x (0,T) satisfying |E| <t¢. Then decomposing

//E =//Euaf+(-,ua,we)+//Iu6f_(-,ua,w5), (5.15)

by combining the bound (5.7) with Lemma 3.2 and the properties (2.4) and (5.12), we
can estimate

/u6f+('au67w6):// uaf+('aua7w£)+/ uef—i—('aueaws)
E En{u.<N} En{u.>N}

usf('7usaws)
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<p(M) Ue + // uelnu
En{u.<N} ° InN En{u.>N} o

M T
§p(M)-N|E|+p( )/ / ueInu,
InN-Jo Juccnz1y

p(M)
< p(M)N ey T
<p(M)Nv+ N “
- % +% B for all e€ (0,6,(T)). (5.16)

2
Likewise, relying on the property (5.13) we see that

// Ugff('7u67w€)
E
:// usf*(WuanS)—’_// uEf*(VuE’wE)
BN {ucf— (- ue,we)<N} Bnfuef-(uewe) 2N}
S el (ueyw)
En{ue f— (-, uc,we)>N}
<g+// uef—(ue,we)  for all e € (0,6,(T)), (5.17)
4 En{ucf—(-uc,w)>N}

and in order to appropriately control the last summand herein we recall the definition
(5.2) of k(IN) to observe that whenever u.(x,t)f_(x,u-(z,t),w.(x,t)) > N for some €€
(0,60), €Q and ¢ >0, we necessarily must have u.(z,t) > r(N).

Consequently, EN{ucf_(,uc,w:)>N}C EN{u.>~r(N)}, so that the conditions
(5.8) and (5.11) become applicable so as to guarantee that

// Ue f ( u87w6 // Ue fo ( ua;ws)
En{ucf-(-,uc,we)>N} Eﬂ{u€>n(N

1 .
lnm N //Eﬂ{u5>m(N)}us ne f- (e we)

<

which along with the results (5.15), (5.16) and (5.17) shows that for any such E we have

/),

Similarly, using Lemma 3.2 together with the properties (2.6) we obtain

// :// Uag(wa)"'// Uag(we)
E En{u.<N} En{u.>N}
Sg(M)// u5+g(M)// Ue
En{u.<N} En{u->N}

M T
<gon-me+ S5 [
n {ue ()21}

usf(',usaws)

<p for all e € (0,e.(T)). (5.18)

Uag(ws)
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M
<g(M)N.+ glle) T
<g+g:l¢ for 31156(0,5*(T))7

because of the inequalities (5.10) and (5.14). By means of the Dunford—Pettis compact-
ness criterion, from this we infer that the property (5.6) holds, and that the property
(5.5) is a consequence of the inequality (5.18). O

6. Regularity properties of v/d.u.

In order to further prepare our limit procedure, especially with regard to pointwise
convergence of u. and of convergence in the cross-diffusive flux term da(l-s-;;#ayww
in (3.9), we next plan to combine the weak compactness feature of the part /d-w.,
thereof, as naturally implied by Corollary 4.1, by an appropriate result on convergence
in the complementary factor v/d. (H—##E)z in a strong L? topology. To achieve this in
Lemma 9.1 by using underway an argument based on the Aubin-Lions lemma, let us
suitably interpolate between the inequalities in (3.14) and (4.11) to derive the following
spatio-temporal estimates for the quantity /d.u. forming the core of the factor in
question.

LEMMA 6.1.  Let T>0 and e,(T) € (0,e0) be as in Lemma 4.3. Then there exists
C(T) >0 such that for all e € (0,e,(T)),

/OT”(@us(.,t))z il(ﬂ)dth(T) (6.1)
and

[ [Vameo, m=om (62
as well as

/ ' [ ViEte<om). (6.3)

Proof.  According to Lemma 3.3 and Lemma 4.3, there exist ¢; =c¢1(T) >0 and
ca=c2(T") >0 such that for any ¢ € (0,6¢) we have

/ ue <cq for all t€(0,7), (6.4)
Q

and that

T u2
/ /da o (6.5)
0o Jao  Ue

dE.fC
= ‘ \/CTEUE;L' + mua

VK
<V de|uer |+ 21u8 in 2% (0,00)

whenever ¢ € (0,e,(T)). Since

|(Vdeuo),
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due to the bound (3.2), by the Cauchy—Schwarz inequality these estimates imply that

| awtonl], , as /{/fu|} [ } |
< { L L }“Zl/o AS:

K
§03503(T)::20102+710§T for all £ €(0,e,4(T))

and thereby proves the inequality (6.1), whereupon the inequality (6.2) follows from
Lemma 3.3 and the fact that W11 (Q) < L>(Q). As the Gagliardo-Nirenberg inequality
provides ¢4 >0 such that

lelZs o) <caleallinglleloie tealleliig — forall pe WHH(Q),

in view of the inequality (3.1) this furthermore entails that with cs:=/[|d| g ) +1
we have

[} fvatie [ Ve,

§C4/OTH(\/(ZUE(.¢))$ L1(Q) H\/tug ’ HLI(Q)dH_C‘l/ H\Fue ’ ’

2 T
§6405||“€HL°°<<0,T>;L1<Q>>/0 H(\/luf("t))z Ll(ﬂ)dt+c4cg/0 ‘

<cyeseics+eaciT for all e € (0,e,(T)),
and that thus also the inequality (6.3) holds. 0

dt
3(Q)

L1<Q>

3

dt
LY(Q)

u5(~,t)‘

7. Regularity in time

As a final preparation for our first subsequence extraction procedure, we combine
our previously gained estimates to obtain some regularity properties involving time
derivatives of the solution components u. and w..

LEMMA 7.1.  Let T>0 and .(T) € (0,e0) be as in Lemma 4.3. Then there exists
C(T) >0 such that

[ oG . #2C@)  pratze@em). @

Wl S(Q))*

Proof.  For fixed ¢t >0 and v € C'(Q2), from the first equation in (3.9) we obtain
that

[ onatutaT i

;/Q(\/dis\/%d}) '(deus)er%/Q(\/di uglJrlﬂj)m.dE(l"'::UE)me
/\/7 usf ans)w

kYt / Vedeg—2 g

1 3
1/9\/678 \/T m
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), Ve ¢“"”w jzv%ﬁ%
_,/f

Ueqhy — / Videdey———

Nosoh J“*”

1/ 3 Ug
—_ vV ds UeqW sml/}‘i’ / \/ wszﬁ}z
4 Jo \/u5—|—13(1+?’]gu5) (1+775Us)
1 Ug
+§/Q \V dg\/ﬁf(~,u€,ws)1/) for all e € (0750). (72)

Here using the inequality (3.1) and Young’s inequality, we see that

1 3 u? z
- V de Uey / € Ez} o
‘4/9 Ve + T dJ‘ { Q U =)

'LL2
sl{/dam+4}wuwm> (7.3)
Q Uge

}{A@WAUWF
{/d ”}nwp

with ¢; := ||d|| o (@) + 1, and similarly,

’ \/tdex uez¢‘ {

vEKic -
< 81 ! /d =2 11 b9l L2, (7.4)
Q
because
d?, <Kid.<Kijc;, inQ (7.5)

thanks to the inequalities (3.2) and (3.1). Next, by the Holder inequality and again due
to the inequalities (7.5), (3.2), (3.1), and Young’s inequality,

1 1 1 w2, ) ? u z
- dedey———tucpP| < =3 [ de—2 % - d?, —=—o?
A e e U I Rt

1
< Kl C1 ugz 2
<Y 2 b Wlem)
Q €

Kic u?
ol [a e 7o)
Q Ue

and
’iﬁﬁm;‘{/f}wﬁwwﬂﬂﬂwf
() (L)

1 1
Kieq 3 3|°
<Bef [V i,y
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B { RSN TN (77)

as well as
1/\/(73 1 ¢<1/du§m%/ ¢2
_Z u - .
2 Q c ’U,E+1 o -2 O E’LLS Q UE+1
2 V3
C1 Ug
< =
_2{/9 Eue} V2|2 ()
2
C1 u
<20 [ a2z 1 Yy, 7.8
<2 [ 1l @
and

1 Ug
’Q/S)\/@dez /77/454”111)

F"’l{/ﬁu} el
< Vel { [V w1fiv, g (79)

Likewise, the integrals in the equality (7.2) stemming from the cross-diffusive interaction
can be estimated according to

‘ / NCA Noes <1+ngu€)2“”w5”

A u? 3
dr—: Ex . d275 2 _
{/ } {/Q 5(U5+1)3w5$} 19 Lo ()
Q

_m»—

gﬁ{ d. ”+/daw§$}ll¢llm(m (7.10)
8 Q Ue Q
and
1 1
P T e
€ Emm(l"’TIEUs ECE 0 Emug'i_l
1
VEKic 2 :
<l [t [ Il
Q Q
K
< 8101{/d5w31+/u5}||¢“L2(Q) (711)
Q Q
as well as

1 3 U
— d £ Weg Wy
lz/gv © Juri0tma)r Y
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1 % 2 %
<3{ faat} [ &)
Q Q u5+1
1 1

Scj{/ﬂd w? }% {/\F }é||1/1mL3(Q)
Scf{/d w? +/\F u +1}||7/):0L3(Q) (7.12)

Since finally

1 " o
‘2\/§'z\/d7€\/mf(,usaws)w‘§2{Aus|f(,u€,ws)|}||wLoo(Q), (713)

and since in the present one-dimensional setting we have W13(Q)cC wts (Q)—
L>°(Q) € L3(Q) € L2() € L7 (Q), in view of the estimates implied by Lemma 4.3, Corol-
lary 4.1, Lemma 6.1, Lemma 3.3 and Lemma 5.2 we only need to collect the inequalities
(7.3), (7.4) and (7.6)-(7.13) to derive (7.1) from (7.2). 0

It may be not surprising that our derivation of a corresponding property of w. is
much less involved:

LEMMA 7.2.  Let T>0, and let ,.(T) € (0,e0) be as in Lemma 4.3. Then one can find
C(T) >0 such that

T 3
/0Hat(\/diwg(.,t))H(W(Q))*dtgc*(T) for all e € (0,,(T)). (7.14)

Proof. For arbitrary ¢ € C*(Q), the second equation in (3.9) shows that

wEI
/Qat(\/iws('at) (G _5/9\/9(7E \/71/) /\Fl—i-naua Y
IS ey Weg Wey
=-¢ e [ VI,
2 Q\/CT\/ (we ¢ : szf\/g(wg)w

f N (7.15)

1+€€

for all £ €(0,g¢), where by the Cauchy—Schwarz inequality and the inequality (3.2),

2 V3 2 5
‘_5 dey  Wey w‘gg{/de Wey } {/dEQa: 2}
2 JoVde \/g(w.) 2 Jo glwe) o d2

VEieh w?, \*
< L 1
< [a = e, (19

because é < 7 in Q according to the inequality (3.1). Furthermore,

w?,
< {/Qdeg(ws)} 1Yz lL2 (), (7.17)

‘ /f ez | <
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whereas again invoking Lemma 3.2 along with the properties (2.6) we see that

’ | Vi >w’§g<M>/Q@UEWQ(M){/Q@SUEFW'Lg“”
(7.18)

for all £ € (0,e0). Thus, since W2(Q) < L2(Q)C L2 (), and due to Lemma 4.3 and
Lemma 6.1, we obtain that for any 7" >0,

cewientr >>/0T{/ ds(mmdﬂf}gdt

1+776Ua

3
§T~{ sup sup /d z,t) da:} <00
€(0,e, (7)) te(0,T) ))
and
sup / /\/ xtdmdt<oo
e€(0,e.(T))

it follows fromthe inequalities (7.16), (7.17), and (7.18) that the equation (7.15) entails
the inequality (7.14). o

8. Construction of limit functions in {d>0}

We are now prepared for the construction of a limit function inside the positivity set
of d through a straightforward extraction process based on straighforward compactness
arguments. We remark that at this stage, besides the weighted functions v/d.w., our
reasoning yet involves the quantities \/d. (us + 1), rather than those addressed in Lemma
6.1.

LEMMA 8.1.  There exist a sequence (e)ren C (0,60) and nonnegative functions u and
w defined in {d>0} x (0,00) such that €, \,0 as k— oo and

Ue = U a.e. in {d>0} x (0,00), (8.1)
ue = in Lj,([0,00); L' ({d>0})), (82)
Vde(ue+1)=/d(u+1) in L, ([0,00); L*({d>0})), (8.3)
wWe = W a.e. in {d>0} x (0,00) and (8.4)
Vidow. =Vdw i L2, ([0,00); W2 ({d>0})) (8.5)

as e =€y, \/0.
Proof.  Since given T >0 we can use the inequality (3.2) to estimate

[ v =//\f“” W\

\/ff

<o foaeal ]
<= d. ey +—1// ct+1
*2/0/9 w12 ), J ety

for all € € (0,e¢), it follows from Lemma 4.3 and Lemma 3.3 that with ¢, (T") as introduced
there,

+1)

. . 2 . 1,2
( dg(ue+1)>€€(01€*(T)) is bounded in L2((0,T); W'2(Q)).
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Therefore, in view of Lemma 7.1 the Aubin-Lions lemma asserts that for any such 7,

( de(ue + 1)>€€(O ) is relatively compact in L*((0,T);L?()),

from which it follows by a standard argument that for a suitable sequence (eg)ren C
(0,60) and some z € L? ([0,00); L?(Q2)) we have g \,0 as k — oo and

loc

Vo (uz+1)— 2 in L7 ([0,00); L*(Q)) (8.6)

and

Vde(uc+1)—z a.e. in 2 x (0,00) (8.7)

as e =€, (0. Since d. — d a.e. in Q as e \ 0 by the property (3.3), this means that if we
let w(xz,t):= ZZ((T)) —1 for z€{d>0} and ¢ >0, then the convergence results (8.7) and
(8.6) imply the results (8.1) and (8.3), whereupon (8.1) a posteriori also shows that @
must be nonnegative.

We next make use of the estimate (4.9) from Lemma 4.3 to infer that for 7'>0 and
ex(T) as above,

(u8 lnu5> is bounded in L*(Q x (0,7)),

€€(0,e.(T))
so that the Dunford-Pettis theorem guarantees that (u.).c(o,c, (7)) is relatively compact
with respect to the weak topology in L' (€ x (0,7)), and that hence the convergence (8.2)

can be achieved on extracting a subsequence of (gj)ren if necessary.
As for the second solution component, we first use the inequality (3.2) to see that

L VEwa| = [ |Vl + 5.
<2/dw€x+ d2 w?

§2/d5w§$—|——/w? for all t>0,
Q 2 Ja

2

so that for T'>0 and e,(7T) as before, Corollary 4.1 and Lemma 3.2 warrant that

(\/d8w5> is bounded in L>((0,7);W"2(Q)). (8.8)
€€(0,6,(T))
Thus,
(\/ dews) is relatively compact with respect to the weak topology in
e€(0,e,(T))

L2((0,7);Wh2(Q)), (8.9)

whereas the property (8.8) in conjunction with Lemma 7.2 and the Aubin-Lions lemma
ensures that
(s/dswe) is relatively compact in L*(2x (0,T)).
e€(0,e,(T))
Consequently, arguing as above we conclude upon passing to a further subsequence if

necessary that both the convergence results (8.4) and (8.5) hold with some w:{d>
0} x (0,00) = [0,00). O
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In dealing with the taxis term in the system (3.9), the following consequence of the
convergence (8.5) will turn out to be more convenient.

COROLLARY 8.1.  With (e )ren C (0,60) and w as in Lemma 8.1, we have
Videwey —Vdw,  in L}, ([0,00); L*({d>0})) (8.10)

as € = \,0.

Proof. We rewrite

dECE
\/@wsm—(\/lws)z_ 2@11)5 (811)

and note that in view of the dominated convergence theorem, combining the convergence
results (3.4), (3.3) and (8.4) with the inequality (3.2) and Lemma 3.2 shows that for
any T'>0 and p€ L?({d >0} x (0,T)) we obtain

{ > } { > } f

and hence

de.t da: ~ : 2 2
— =W — = Lio.([0,00); L=({d >0
2\/(78105 2\/cjw m loc([ OO) ({ }))
as e =g, \(0. Therefore, the convergence (8.10) results from the equality (8.11) on using
the convergence (8.5). 0

9. Further convergence and integrability properties

Let us now make use of the pointwise convergence property (4.9) from Lemma
4.3 to accomplish our previously formulated goal concerning strong L? convergence of
Ve (H##E)z Indeed, through an argument based on Egorov’s theorem this will result
from the fact that Lemma 6.1 implies bounds for this quantity in Lebesgue spaces
involving superquadratic integrability.

LEMMA 9.1.  Let (g)ken C (0,60) be as provided by Lemma 8.1. Then

@Mﬁ% di in L2,,(0,00); L2({d>0})) (9.1)

as e =€y \0.

Proof.  As a consequence of Lemma 6.1, given T>0 we can find ¢; =¢1(T) >0
such that with ,(7T) as in Lemma 4.3,

T
3
/ / Vid. ud<c for all e € (0,e,(T)). (9.2)
o Ja
Since 7. >0 for all € € (0,&¢), this implies that for

Ue
Ze i— \/digm, 66(0,8*(T)),

we have

T
/ / B<er forall e€ (0,5,(T)). 9.3)
0 Q
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Since 7. —0 as € \,0 by the property (3.7), from Lemma 8.1 we moreover know that
ze—=Vdu ae. in {d>0}x(0,00) as e =gy \(0. (9.4)

Therefore, according to a standard argument involving Egorov’s theorem it particularly
follows from the inequality (9.3) that

ze —~Vdu in L*({d>0} x(0,T)) as e =¢; \(0,

so that it remains to show that

T T
limsup/ / 22 S/ / du?. (9.5)
e=ex\0J0 J{d>0} 0 J{d>0}

To this end, supposing on the contrary that for some cp > fOT /, (450 du? and some sub-
sequence (g, )jen of (ex)ren we had

T
/ / 22— o as € =eg, \(0, (9.6)
0 J{d>0} )

once more by means of the inequality (9.3) we could extract a further subsequence, again
denoted by (e, )jen here fore convenience, along which for some z' € Lz({d>0}x(0,T))
we would have

2227 in L%({d>0}><(0,T)) as e=¢p, \0.

g

Since the property (9.4) warrants that 22— du? a.e. in {d>0} x (0,00) as e =g \,0,
again by Egorov’s theorem this would imply that actually

22 ~du®  in L%({d>0} x (0,1)) as e=¢x, \(0,

so that, since the boundedness of {d >0} x (0,T") allows for choosing nontrivial constants
as test functions here, we would conclude that

T T
/ / z?%/ / du® as e=¢g; \(0.
0 J{d>0} 0 J{d>0}

This contradiction to the convergence assumption (9.6) shows that in fact the estimate
(9.5) must hold, whence the proof becomes complete. d

A further property of the limit couple (u,w), quite plausible in view of Corollary
4.1, can also be justified on the basis of Egorov’s theorem.

LEMMA 9.2.  Suppose that u and w are as constructed in Lemma 8.1. Then for all

T>0,
T
/ / duw? < co. (9.7)
0 J{d>0}

Proof. According to Lemma 8.1, the property (3.7), and Corollary 8.1, with
(ek)ken C (0,60) as in Lemma 8.1 we have

- +“;7u Vi@ ae in {d>0}x(0,7) (9.8)
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and
Vdewey —Vdiw,  in L*({d>0}x(0,T)) (9.9)

as e=¢ \,0. Next, Corollary 4.1 entails that with ,(T) € (0,&9) taken from Lemma
4.3, the family (, /deﬁw”)eao,am) is bounded in L2({d>0} x (0,T)), so that

we can find
z€ L*({d >0} x (0,T)) (9.10)

and a subsequence (g, )jen of (ex)ren in such a way that

u u
- ! ds er) = ds - e — i L2 d>0 O,T
[ (\/ w 1—|—175u€w z in L*({d>0} x (0,7))

as € =¢eg, \(0. Here a known consequence of Egorov’s theorem ( [24, Lemma A.1])
asserts that due to the convergence results (9.8) and (9.9) we may identify

=i (\/Zm) —Vduw,  ae. in {d>0}x(0,T),

so that the property (9.7) results from the inclusion (9.10). O

10. Solution properties of © and w

We are now ready to make sure that (w,w) indeed solves the system (2.1) when
restricted to {d >0} in the following sense.
LEMMA 10.1. Let u and w be as obtained in Lemma 8.1.

i) If pe CS (% [0,00)) is such that ¢, =0 on 9 x (0,00) and additionally

suppp C {d>0} x [0,00), (10.1)
then
o0 (o) o
—/ / E(pt—/ uogo(-,()):/ / dﬁgpm—i—/ / AU, Py
0 {d>0} {d>0} 0 {d>0} 0 {d>0}
+/ / wf (-, u,w)e. (10.2)
0 J{d>0}
it) For all o€ C3°(2x[0,00)) fulfilling the condition (10.1), we have
/ / Wﬁ/ wocp(~,0):/ ug(w)ep. (10.3)
0 J{d>0} {d>0} 0

Proof. On testing the first equation in (3.9) by ¢ we see that

oo o0 oo m
— uepr — [ ugp(-,0)= d.u m+/ /diswzz
/0 /Q Pt /Q 0¢(+,0) /O /Q SUep R e
+/ /ugf(-,ue,wg)gp for all e€(0,e9), (10.4)
o Ja

where since u. —u in L}, ([0,00); L*({d>0})) as e =¢;, \,0 by Lemma 8.1, according
to the condition (10.1) we have

—/ /uswt%—// Qs
0o Ja 0 J{d>0}
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/ /daudpmx%/ / dﬂ(pxw
o Ja 0o J{a>0}

as € =¢, \(0, because d. —d in L>(Q) as £ \,0 due to the property (3.3).

Next, since Lemma 8.1 warrants that also u. —u and w. — w a.e. in {d >0} x (0,00)
as e=¢ \(0, it follows from Lemma 5.2 and a standard argument, again involving
Egorov’s theorem, that

usf('7u67w€) 4ﬁf(ﬁivw) in L}OC([O,OO);Ll({d>O})),

and hence that
| [t [ ] arean
0o Ja 0 J{d>0}
as e =g \(0.

Finally, from Corollary 8.1 we know that

\/diewaxé\/g@x in L?UC([O,OO);LZ({d>O}))

and

as € =g \(0, which combined with the strong convergence property of \/ds(lJr;‘iEu)2 in
L? ([0,00); L*({d>0})) asserted by Lemma 9.1 ensures that

wszwz—/ / ) (\/ e Weg <p1—>/ / AUy Pz
/ / 1+775u5 1+775U€) {d>0}

as € =¢, \(0. Therefore, the equality (10.2) is a consequence of the equality (10.4).
To verify the equality (10.3), given ¢ € C3° (€2 x [0,00)) fulfilling the condition (10.1)
we obtain from the system (3.9) that

[ e fommr=e [ o [ [ s w05

for all £€(0,60). Here by Lemma 8.1, Lemma 3.2 and the dominated convergence

theorem,
/ /wggot—>/ / WPy (10.6)
o Jo 0 J{d>0}

as € =¢, \(0, whereas the definition (3.8) trivially ensures that

/mwhmﬁ wo(-,0) (10.7)
Q {d>0}

as € =€y, \(0. Moreover, combining Lemma 5.2 with the pointwise convergence proper-
ties in (8.1) and (8.4) we easily infer that

ueg(we) = ug(w)  in Lig([0,00); L' ({d>0}))

and thus, also relying on the property (3.7) and again on Lemma 8.1, we obtain

o Ue o .
g(w <p—>/ / ug(w)ep 10.8
/0 /sz 1+n-u. (we) 0 J{d>0} (@) ( )
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as e =g, \(0. Finally, once more relying on the fact that d. >/ by the inequality (3.1),
we see by using the Cauchy—-Schwarz inequality that if 7'> 0 is large enough such that

©=01in Q2 x (T,00), then
Pt
<
—f/ (gt {7 o
w? t 3 0 3
sup {/d Wwer(n) } / {/gpi(,t)} dt
te(0,T) ws 7t 0 Q

for all e € (0,e0). Therefore, since with ,(T) € (0,£¢) as given by Lemma 4.3 we know
from (4.10) that

ie/f/ﬂ%%

»NW

2
-t
sup sup /dawmi(’)<oo,
e€(0,e.(T))te(0,T)JQ :

it follows that

o w
5 i@x N 0
~/0 /Q V g(we)
as £ =€, \(0. In combination with the convergence results (10.6)-(10.8), this shows that

the equality (10.5) implies the equality (10.3).
a

11. Proof of Theorem 2.1

We can finally extend the above spatially local solution in an evident manner so
as to become a global weak solution in the flavor of Definition 2.1. In the verification
of the desired solution property near the boundary of {d >0} we shall make use of the
following consequence of the inclusion vd € W°(Q).

LEMMA 11.1. Let x€Q. Then

K
d(x) < a

{dlst( ,{d:O})}z. (11.1)

Proof. We only need to consider the case when d(x) >0, in which by the closed-
ness of {d=0} we can pick zo € Q2 such that d(z¢) =0 and |z —z¢|=dist (z,{d=0}) >0.
Thanks to the inequality (3.2), we then have

V@ = [ aydy= [ 22y < Y o] = Y i (5, (4= 0,
Zo 2 Zo d(y) 2 2
from which the inequality (11.1) follows. O

By means of an appropriate cut-off procedure we can thereby proceed to show that
the natural extension of (u,w), consisting of a solution to the ODE system formally
associated with the system (2.1) in {d=0} indeed solves the system (2.1) in the desired
sense.

Proof. (Proof of Theorem 2.1.)  We let u and w denote the functions de-
fined on {d >0} x (0,00) in Lemma 8.1, and for fixed x € {d=0} we let (u(zx,-),0(x,")) €
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(C1(]0,00)))? be the solution of the initial-value problem

Gy=af(x,0,@), t>0,
@y =—Tg(@),  t>0, (11.2)

u(z,0)=up(z), w(x,0)=wo(z).

Indeed, it follows from the properties (2.2), (2.4) and (2.6) that for any such z this ODE
problem possesses a globally defined solution fulfilling

0<w(z,t)<M for all t>0 (11.3)
and
0<a(x,t) <ug(a)e Mt for all ¢ >0, (11.4)

and since ug and wy are continuous in Q by the property (2.3), standard ODE theory
warrants that both 4 and @ are continuous in {d=0} x [0,00). Therefore,

)(z,t), xe{d>0}, t>0,

)(,1), ze{d=0}, t>0, (11.5)

o (u,w
(u,w)(z,t) = { (@@

defines a pair of nonnegative measurable functions on all of € x (0,00) which, thanks
to Lemma 8.1, Lemma 5.2, Lemma 3.2, the properties (2.6) and the inequalities (11.3)
and (11.4), satisfy (2.11) and (2.12), and for which Lemma 9.2 in particular entails that
also the condition (2.13) holds.

In order to verify the equality (2.14), we first make use of the fact that by continuity
of d the set {d>0} is relatively open in 2, and hence consists of countably many
connected components; that is, there exist an index set 7 € N and intervals P, Q, i €1,
such that {d>0}=J;c; P; and P;NP;=0 for i,jel with i#j. Now for each i€,
there exist a; € Q2 and b; € Q) such that (a;,b;) C P; C [a;,b;], where a; € P; if and only if
a; €9 and b; € P; if and only if b; € 9Q. For fixed 6 € (0,1), defining 6; :=27%, i €1, it
is then possible to pick (C(gl))iej C C*°(Q) such that for all i€ I we have 0§C§Z) <1in
Q, Céz) (x) =1 whenever z € P; is such that dist (z,0F;) > d;, C(g’) =0in Q\P;, and

i 2 . =
D<2 i (11.6)
d;
as well as
i 16 LA
ISl < » g (11.7)

where in the exceptional case a; € 92 we can additionally achieve that ¢ () =1 holds
even throughout [a;,b; —d;], and where, similarly, in the case b; €9 we require that
C(gl) =1in [(li +§17b2]

Now given o€ C§°(Q x [0,00)) satisfying ¢, =0 on 9Q x (0,00), from the system
(11.2) and the inequality (11.4) we immediately see that

_/Om/{d_o}wpt—/{d_o}uogﬁ(-,O):/Ow/{d_o}uf(x,u,w)<p_ (11.8)
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Moreover, Lemma 10.1 guarantees that if we let

=>"¢Y. e,

iel

then since supp ((s-¢) C {d> 0} x[0,00), we have

/ / Coup t—/ Csuop(+,0)

{d>0} d>0}

/ [ du o) / [ Gl / [ cuftauwe

{d>0} {d>0} {d>0}

:/ / Cédu@mm+2/ / Cézdu@.r+/ / g&mmduSﬁ

0 {d>0} 0 {d>0} 0 {d>0}

+ / / Csduwg o, + / / Cszduwyp

0 {d>0} 0 {d>0}

b . f 116c(0,1). 11.9
+/O /{d>0}<5uf<,u,w>so or all 6 (0,1) (11.9)

Here we may use that 0 < (5 <1 and that as § \,0 we have (5—1 a.e. in {d >0} to infer
from the dominated convergence theorem that

_/ / Coupy — —/ / upy (11.10)
0 {d>0} 0 {d>0}

and
[ el 2= [ uae(0) (11.11)
{d>0} {d>0}
as well as
/ / Cadwpm—>/ / dupgy (11.12)
0 J{d>0} 0 J{d>0}
and
o0 o0
/ / C(;duwzgow%/ / duwgpy (11.13)
0 {d>0} 0 {d>0}
and
0 J{d>0} 0 J{d>0}

as 6 \(0. In order to estimate the integrals on the right of the inequality (11.9) which
contain derivatives of (s, let us first observe that as a consequence of the inequalities
(11.6) and (11.7) and Lemma 11.1 we know that whenever x € Q) is such that (s, () #0,
for some ¢ € I we have x € P; and dist (z,{d=0}) <J; and hence

K167 22
A0)G, () <=5+ (5) =K (11.15)
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as well as

(@) |Goaa (2)| < = - 5 =4K1. (11.16)
Furthermore, again by mutual disjointness of the P;,

’supp@;x‘<z2 0; —22 2705) <26 for all §€(0,1),

el el

so that since we know from Lemma 6.1, Lemma 9.2 and Fatou’s lemma that with T'>0
taken large enough fulfilling ¢ =0 in Q x (T',00) we have

Va'uP e LY {d>0) x (0,T))
and
duw? € L*({d >0} x (0,T)),

from the dominated convergence theorem it follows that

T 3 .
/ / Vd u? =0 (11.17)
0 Jsupp(sa

T
// duw? —0 (11.18)
0 Jsupp(se

as 0 \,0, whereas combining the inequality (11.16) with the dominated convergence
theorem shows that also

and

/ |Csza|-d—0 (11.19)
Supp (s

as § \,0.
Thus, using the Holder inequality along with the inequality (11.15) and the conver-
gence (11.17) we obtain that

0 J{d>0}
r 3 . 3 T . a3
§2||80z|Loc(Qx(o,oo)){ Vd u } {/ / C5£|2d4}
supp (sa supp(sa

%
<2VK T“H%HLOQ(QX 0,00) {// }
supp sz

0 (11.20)

as 0 \,0, while from the convergence (11.19) we infer that

C&xldqﬂp

{d>0}
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- . . H\[u , H / sow|-d dt
||90||L (2x(0, / Lo ({d>03}) JsuppCsa |C |

<VTlp| 1 - / H\/Ziu Lt H dt}2 / wa|-d
Iellmaciom] [ VaCo], it} [ G
0 (11.21)

as 0 \(0, because Lemma 6.1 together with Fatou’s lemma warrants that

T 2
Vaul-, H dt < liminf H\/d Lt H dt < .
/ H du( Le(asop H S imin e (+y1) 00

e=ex\0 J¢ L>(£2)

Since finally the convergence (11.18) along with the inequality (11.15) ensures that also

T
{d>0}C5mduwm<,0’ < ||<P||Loo(ﬂx(o,oo)){/ / duwi} {/ /Cém }
supp(sa

S VKTl Lo (x (0,00)) {/ / duw}
supp sz

—0

as 6 \(0, from the results (11.9)-(11.14), (11.20) and (11.21) we conclude that

_/ / U‘ﬂt_/ uO‘P 0 / / du@xw+/ / duwg
0 {d>0} {d>0} {d>0} {d>0}
+/ / Uf('7u,1U)S07
0 {d>0}

which in combination with the equality (11.8) shows that indeed the equality (2.14) is
valid for any such .

The derivation of the equality (2.15) is much less involved: Given ¢ e C§° (92 x
[0,00)), from the definition (11.5) and the system (11.2) we first obtain that

/ / w<pf+/ wop(- / / ug(w) (11.22)
{d=0} {d=0} {d=0}

whereas with ((s)se(0,1) as introduced above we obtain from Lemma 10.1 that

/ /C&w¢t+/C5wosO / /Cgug (11.23)

for all 6 €(0,1). Using that w and ug(w) belong to L}, .([0,00); L*({d>0})) by Lemma
3.2, Lemma 5.2 and Lemma 8.1, we may again employ the dominated convergence
theorem here to see that in the limit 6 \,0, the equality (11.23) implies that

// wsot+/ wow(wO):// ug(w)p,
0 {d>0} {d>0} 0 {d>0}

and thus that in view of the equality (11.22) also the equality (2.15) holds. O



1614 A STRONGLY DEGENERATE HAPTOTAXIS MODEL

12. Discussion

In this paper we considered a model for tumor cell migration in an anisotropic envi-
ronment. More precisely, this is a 1D version of a model deduced in [9] to characterize
glioma invasion. Here we explicitly allow for strongly degenerate diffusion and the set-
ting also involves haptotaxis and a drift term coming from the non-Fickian transport
obtained via parabolic scaling in [9]. We proved the global existence of weak solutions,
the boundedness and the uniqueness issues remaining open.

In order to illustrate the solution behavior some numerical experiments have been
performed upon using a finite volume method. It is well known that there are many se-
rious numerical challenges related to handling chemotaxis and haptotaxis systems, even
in the case with linear diffusion for the cell density, as in such settings the solutions can
infer large aggregations and even exhibit blow-up. We are not aware of any well inves-
tigated numerical methods dealing with strongly degenerate diffusion and haptotaxis,
thus had to rely on procedures which have been developed for other purposes in order
to get a glimpse into the solution behavior in this framework. Figure 12.1 shows the
densities of cancer cells and of tissue at several time points; the simulations confirm the
expected qualitative behavior and, moreover, hint on possible blowups in finite time,
which in this work we have neither been able to prove nor to rule out. Thereby, we
considered for z € [0,1] a diffusivity function

d(z) = (sin(4m(z — 0-25)))2a]1[0.25,0.5] + (sin(4m(z — 0-75)))2a1[o.75,1.0]

with o >0 and started with initial conditions like shown in Figure 12.1a; they describe
a tumor at time ¢t =0 situated in a tissue region which has already been degraded by the
cancer cells, most of the latter still being located in the immediate neighbourhood of the
tumor. Then the cells spread gradually into the available tissue, eventually aggregating
at the sites with highest difference between diffusivities, see Figures 12.1b and 12.1c.
Our results actually hint on the solution blowing up at those sites, see Figure 12.1c.

(a) Initial condition (b) Simulation at time t=80 (c) Simulation at time ¢t =200

Fig. 12.1: Simulation results. Red line: cancer cell density, blue line: tissue density; a=0.14.

This behavior corresponds to previous observations, in particular in the context of
glioma migration, which is heavily relying on the patient-specific brain tissue structure
in which the tumor cells are invading. Indeed, glioma cells have been observed to accu-
mulate along interfaces between white and gray matter [5]. This might be a consequence
of the very different diffusivities in the two regions: the white matter is much softer and
allows for cell motility (along white matter tracts) which is 5-25 times higher than in
gray matter, see [4,13,18]. According to the discussion in [4], such behavior can be re-
covered, however, only if the equations involve myopic transport (i.e., the cells sense only
locally their neighbourhood, which is described by a term of the form VV:(D(z)u))
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instead of the classical Fickian diffusion, whence supplementing the diffusion with a
transport term. The model we presented and analyzed here features this myopic trans-
port, but moreover also accounts for haptotaxis, which is crucial for cells invading a
tissue, [6] the more so for glioma cells following white matter tracts, [8,10]. Most of
the previous models addressing the issue of glioma invasion (including the already men-
tioned ones [4,13, 18] and [16]) did not involve haptotaxis; as mentioned in Section 1
our macroscopic model is obtained from a micro-meso setting and the haptotaxis term
is a consequence of the multiscality. Our numerical experiments suggest strong cell
aggregation at sites with high diffusivity situated in the surroundings of regions with
much lower diffusivity, whereby the latter may include areas with sparse tissue. Given
the heterogeneity of brain tissue it is possible to have a more or less frequent alternation
of such regions. This then leads to a rather fractal pattern for the tumor spread, fea-
turing an alternation of large cancer cell accumulations with smaller tumor cell groups,
possibly separated by hypocellular zones, occasionally exhibiting sharp transitions -as
shown by our simulations. This behavior is in line with the highly infiltrative character
of glioma spread.

Both the mathematical analysis and the numerical handling of a model featuring
haptotaxis, degenerate diffusion, and myopic transport are much more challenging than
for the prevalent systems with (nonlinear) diffusion and taxis. Not only are such models
more realistic, but they also offer a research field for several interesting questions, both
from the mathematical and the biological point of view.
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