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1. Introduction

This paper studies the following non-autonomous globally modified Navier—Stokes
equations

%—VAu—i—FN(HuHV)(wV)u—l—Vp:g(t) in  (7,400) xQ, (1.1)
V-u=0, (1.2)

u=0 on (7,400)x99Q, (1.3)

u(z,7)=u, (), z€Q, (1.4)

where u denotes the velocity field of the fluid, p is the pressure, and ¢ is the external
force. In equation (1.1), ||ullv =||Vul|(z2(q))s, and the function Fy(-):(0,00) (0,1] is
defined as

Fn(r)=min{1,N/r}, re(0,+00),

where N € (0,+00) is given. In addition, 7 € R and Q € R? is a suitable smooth domain
satisfying the Poincaré inequality.

The globally modified Navier—Stokes equations were initiated in the papers [3] and
[10]. The modifying factor Fiv(||ulv) depends on the norm |luy =||Vul|(£2(q))s, which
in turn depends on Vu over the whole domain €2 and not just at or near the point
x €€ under consideration. Essentially, it prevents large gradients from dominating the
dynamics and leading to explosions ( [5]).

The globally modified Navier—Stokes equations are interesting in themselves, but,
more importantly, can be used to obtain useful information about the Navier—Stokes
equations. For example, they were used as an intermediate step by Kloeden and Valero
in [11] to prove that the attainability set of the weak solutions of the three-dimensional
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(3D) Navier—Stokes equations which satisfy an energy constraint is a compact and con-
nected set in the weak topology. Nowadays, the globally modified Navier—Stokes equa-
tions have been widely studied by many researchers. For instance, the existence and
uniqueness of solutions was investigated in [6, 20, 23]; the existence of attractors was
studied in [3,10,21]; the existence of invariant measures and statistical solutions was
proved in [5,12,17], etc.

The invariant measures and statistical solutions have proven to be very useful in
the understanding of turbulence in the case of Navier—-Stokes equations (see Foias et
al. [7]). The main reason is that the measurements of several aspects of turbulent
flows are actually measurements of time-average quantities. Very recently, Lukaszewicz
and Robinson ( [17]) used the techniques developed in the papers Lukaszewicz [15]
and Lukaszewicz et al. [16], which were in turn based on works of Foias et al. [7] and
Wang [25], to provide a construction of invariant measures for non-autonomous systems
with minimal assumptions on the underlying dynamical process.

The results of Lukaszewicz and Robinson ( [17, Thereom 3.1]) show that a con-
tinuous process {U(t,7)}i>- on a complete metric space X possesses a family of Borel
invariant probability measures in X if {U(¢,7)}:>, satisfies

(i) For every vg € X and every t € R, the X-valued function 7+—— U (¢,7)vg is con-

tinuous and bounded on (—o0,t].

(ii) The process {U(t,T)}1>, possesses a pullback attractor in X.

In particular, in the end of the article [17], the authors pointed out that it would be
interesting to apply the invariant measures theory there to a non-autonomous version
of the globally modified Navier—Stokes equations studied in [5] and [12]. Following this
clue, we will investigate the existence of the invariant measures for equations (1.1)—(1.4).

The first objective of this paper is to prove the existence of the pullback attractor
for the process associated with the globally modified Navier-Stokes equations (1.1)—
(1.4). We want to remark that Kloeden et al. established, via the flattening property,
the existence and finite dimension of the pullback V-attractor for equations (1.1)—(1.4)
n [10]. There they need the external force function g(t) € W,"%(R;(L3(£2))?) and

loc

¢ T+1
[ lo@iPas< oo, iR and m e [l s)1Pas=o.

Here we will use the approach of enstrophy (see e.g. [8]) to prove the existence of the
pullback attractor for equations (1.1)—(1.4). The condition (see Assumption (H;)) on
the external force function g(t) here is weaker than that of [10].

The idea of energy equation (or enstrophy equation) was initially introduced by
Ball ( [1]) and developed later by Moise et al. [18,19] in a systematic and abstract
framework. In fact, such idea has been well extended and widely used in verifying
the asymptotic compactness of the semigroup or process associated with the partial
differential equations on unbounded domain (see e.g. [4,9,14,22,24,26-28]). Recently,
the approach of enstrophy equation was used in a concise form in [8] to investigate
the existence and tempered behavior of the pullback attractor for the two-dimensional
(2D) Navier—Stokes equations. This concise form was used in [29,30] to investigate the
existence of the pullback attractor for the 2D non-Newtonian fluid equations and 2D
non-autonomous micropolar fluid flows with infinite delays.

The second goal of this paper is to establish the existence of a family of Borel
invariant probability measures for the globally modified Navier—Stokes equations (1.1)—
(1.4). By the results of Lukaszewicz and Robinson ( [17, Thereom 3.1]), we shall check
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that the V-valued function 7+—— U(t,7)ug is continuous and bounded on (—oo,t]. In
fact, we prove these facts by estimating the difference u(t) —v(t) between two solutions
and the nonlinear term

En([lullv)(w-V)u—=Fn(|vflv)(v-V)o.

The rest of this paper is arranged as follows. The next section introduces nota-
tion, some operators, as well as a theorem concerning the existence and uniqueness of
solutions to the globally modified Navier—Stokes equations. Section 3 is devoted to es-
tablishing the existence of pullback attractors for the associated process in space V via
the approach of enstrophy equations. In the last section, we prove that there exists a
unique family of Borel invariant probability measures on the pullback attractor.

2. Preliminaries

In this section, we first introduce some notations and operators. Then we present the
existence and uniqueness of solutions to the globally modified Navier—Stokes equations
(1.1)—(1.4).

In this paper we use the following notations:
R-the set of real numbers, N-the set of positive integers;
¢(+,-)—the generic constant that can take different values in different places;
L?(Q) = (LP(£2))*the 3D Lebesgue space with norm ||-||Lr(q); [ lL2@) =11 ;
H™(Q) = the 3D Sobolev space {¢ € L*(Q)|V*¢ € L?(Q),k <m} with norm ||- ll ez ()3
H{ ()= closure of {¢|¢ € (C5°(R2))*} in H'(Q) with norm |- e ()
V= {6 (C(2)*|V-$=0}:
H= closure of V in L?(Q) with norm ||-|; H'= dual space of H;
V= closure of V in H'(Q) with norm |||y, = - et ()3
V'= dual space of V' with norm ||-|v/;
(+,-)— the inner product in H, (-,-)— the dual pairing between V and V’;
distps(X,Y)— the Hausdorff semidistance between X C M and Y C M defined by

distp (X,Y) = sup inf || —yl|as-
zeXyeY
“—7” and “—" denote the strong and weak convergence, respectively.

To write equations (1.1)—(1.4) in an abstract form, we next introduce some opera-
tors. Firstly, we consider the operator A:V V' defined as

(Au,v) = (Vu,Vv), u,veV. (2.1)

Denoting D(A)=H?*(Q)NV, then Au=—PAu, Yue D(A), is the Stokes operator,
where P is the Leray-Helmholtz projection from L2 (©2) onto H. Secondly, we define a
continuous trilinear form

b(u,v,w) = 23: /uig—;}iwjdx, u,v,w € Hy(Q).
ij=1p,
Note that V C HS(Q) is a closed subspace, b(u,v,w) is continuous on V x V x V, and
b(u,v,w)=—b(u,w,v), b(u,v,v) =0, Yu,v,weV.
For any u,veV,

(B(u,v),w) =b(u,v,w), YweV,
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defines a continuous function B(u,v) on V x V. We further set

by (u,v,w) = Fn(||v]|v)blu,v,w), Yu,v,weV. (2.2)

(Bn (u,v),w) =by (u,v,w), Yu,v,weV. (2.3)

Note that the form by (u,v,w) is linear in u and w, but it is nonlinear in v. For above
introduced operators, we select the following estimations.

LEMMA 2.1 ( [5,12]). There exist two positive constants ¢; and ¢y depending only on
Q) such that

b(u,v,w)| <allullv[v]vllwlv, Yu,o,weV, (2.4)
[b(u,v,w)| <eal|Aull||v||v]|w|, Yue D(A),veV,weH, (2.5)
b(u,0,0)] < e [ull V) Al 4ol o, Yue D(A)veViweH. (26

We can easily obtain from (2.2) and (2.5) that
| By (u,u)|| <caN|Aul, YueD(A). (2.7)

With the above notation, excluding the pressure p, we can express the weak version of
equations (1.1)—(1.4) in the solenoidal vector field as follows (see e.g. [5,12]):

o' (t)+vAu(t)+ By (u(t),u(t)) =g(t) inD'(r,400; V"), (2.8)
u(z,7)=u;, x€Q, (2.9)

du(t)

where u/(t) =
We next specify the definition of solutions to problem (2.8)—(2.9).

DEFINITION 2.1.  Let 7€ R and any T > 7 be given. Let u, € H and g€ L*(7,T;H). A
weak solution of problem (2.8)—(2.9) is any function u(x,t) that belongs to L (7, T; H)N
L2(7,T;V) for all T >, with u(x,t)|=r =u,, such that

(u(0).6) +{Au(t), ) +(Bx (u(t),u(1)).6) = (9(1).6), VeV,

holds in the distribution sense of D'(1,400). If u(x,t) is a weak solution and u(z,t)€
L (1, T; VYN L2 (1,T; D(A)) for all T >, then u(z,t) is called a strong solution of prob-
lem (2.8)-(2.9).

For the existence and uniqueness of solutions to problem (2.8)—(2.9), we have the

following result.

LEMMA 2.2 ( [3]). Suppose that g(t) € L*(7,T;H) for all T > 1 and let u, €V be given.
Then there exists a unique weak solution u of problem (2.8)—(2.9), which is in fact a
strong solution and satisfies

wel([r,T;V), for all T>r. (2.10)

Here we want to give a remark. Using the similar derivations as those as in [3], we
can prove that if u, € H\'V and g(t) € L*(,T; H), then problem (2.8)—(2.9) possesses a
weak solution. However, we do not know if it is unique. This is the reason we consider
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the evolutionary process associated with problem (2.8)—(2.9) in space V. In fact, we
can prove that the solutions of problem (2.10)—(2.11) depend continuously on the initial
value in the topology of V. From this fact and Lemma 2.2, we see that the family of
solution operators

Ult,7):u eV—U(t,T)ur =u(t;T,ur) €V, Vi>T,

generates a continuous process {U(¢,7)}>, in space V, hereinafter u(¢;7,u,) denotes
the solution of problem (2.8)—(2.9) corresponding to the initial datum w, at initial time
7. Moreover, we can conclude from (2.10) that

{for given 7€R and u, €V, the function 7 <t—U(t,7)u, (2.11)

is continuous with values in V.

3. Existence of the pullback attractors in space V
In this section, we first introduce some definitions concerning the pullback attrac-

tors. Then we establish the existence of pullback attractors for the process in space
V.

In the sequel, we use P(V) to denote the family of all nonempty subsets of V,
and consider a family of nonempty sets Do={Dy(t)|[t€ R} CP(V). Let D be a given

o~

nonempty class of families parameterized in time D={D(¢)[tc R} CP(V). The class
D will be called a universe in P(V).

DEFINITION 3.1. It is said that Dy ={Dy(t)|te R} CP(V) is pullback D-absorbing
for the process {U(t,7)}i>- in V if for any t€ R and any D={D(t)|t€ R} €D, there
exists a 7o(t,D) <t such that U(t,7)D(7) C Do(t) for all T <79(t,D).
DEFINITION 3.2.  The process {U(t,7)}i>, is said to be pullback Z/)\o—asymptotically
compact if for any t € R and any sequences {7, } C (—o0,t] and {x,} CV satisfying 1, —
—o00 and x, € Do(7y,) for all n, the sequence {U(t,7,)xn} is relatively compact in V.
{Ut,7)}i>r is said to be pullback D-asymptotically compact if it is D-asymptotically
compact for any D €D.
DEFINITION 3.3. A family Ap={Ap(t)|te RYCP(V) is said to be a pullback D-
attractor for the process {U(t,7)}i>- in 'V if it has the following properties:

(a) Compactness: for any t€ R, Ap(t) is a nonempty compact subset of V' ;

(b) Pullback attracting: Ap is pullback D-attracting in the following sense
EI}l disty (U(t,7)D(7),Ap(t)) =0, VD={D(t)|te R} €D,t€ R;

(c) Invariance: U(t,7)Ap(T)=Ap(t), V7 <t.

References [4, 8] proved the general existence and minimality results of a pullback
attractor and its property for general process. For example, Garcia-Luengo, Marin-
Rubio and Real in [8] pointed out that the family Ap is minimal in the sense that if
C={C(t)|teR}YCP(V) is a family of closed sets such that for any D={D(t)[teR} €

lim_disty (U(t,7)D(7),C (1) =0,

T

then Ap(t) CC(t).
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To prove the existence of the pullback attractors for the process {U(t,7)}i>, in
space V', we need the following assumption on the external force function g(t).

Assumption (H;). Assume g€ L2 (R;H) and

t

/e/\ll’3||g(s)||2ds<+00, for all teR, (3.1)

— 00

where \; is the first eigenvalue of the operator A.

From now on, we set v= ;v and denote by D, the class of all families of nonempty
subsets D(t)={D(t)|t e R} CP(V) such that

lim (7" sup |ull})=0. (3.2)

T =0 u€eD(T)

LemMMA 3.1, Let Assumption (Hy) hold. Then for any t€ R and D= {D(t)|[te R} €

D.,, there exists some T (D,t)<t—3, such that for any <71 (D,t) and any u, € D(7),
we have

||u(r;7',u7)||2§p1(t), Vrelt—3,t, (3.3)
u(r;mur) |3 < pa(t), Vrelt—2,, (3.4)
/HAu(G;T,uT)HQdGSpg(t), Vrelt—1.4, (3.5)
/||u’(9;T,uT)||2d9§p4(t), Vrelt-1,4, (3.6)

r—1

where
o(3-0 f
() =1+ Y ZOIR (3.7)
pat)=cleavn.N) max (o) + [ Io@)Pa0)}, (33
2 / 9

Ps(t):C(szV,N)Pl(t)+P2(t)/V+ﬁ/||9(9)|| de, (3.9)
pa(t) = c(ca,v, N)ps(t) / l9(6)12a6. (3.10)

Proof.  We know that A is a positive self-adjoint linear and elliptic operator with
compact inverse. By the classical spectral theory of elliptic operators (see e.g. [2]), there
exists a sequence {\,}52; satisfying

0<A <A< <N, <oeey A\, — 400 as n— oo, (3.11)
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and a family of elements {w,}52; C D(A), which forms a Hilbert basis of V' and is
orthonormal in H, such that

Aw, =\, w,, Yne N. (3.12)

We now consider some u, €D, and let u(t;7,u,) be the corresponding solution with
initial datum w,. For each integer n > 1, we denote by wu,, (t) the Galerkin approximation
of the solution u(t;7,u,) of problem (2.8)—(2.9), which is the weak solution of

ul, () +vAu, (t) + Py By (un (t),un(t)) = Pug(t), t>T, (3.13)
Up, (T) =Un,r :Pnu7'7

where P, is the projection onto the subspace H spanned by {wy,ws, -, w,}. From the
proof of Theorem 7 in [3] and the uniqueness of the solution, we conclude that

u, —u strongly in L*(1,t;V), (3.14)
u, —u weakly in L*(r,t; D(A)), (3.15)
ul, =/ weakly in L2(r,t;H). (3.16)
For the Galerkin approximate solution wu,,, we have
d 2 2 2
g len O+ llun I < lg@®I%/, (3.17)
where we have used the Cauchy inequality and the following Poincaré inequality
MIGIP <115, Vo e Hy(€). (3.18)
Applying Gronwall inequality to estimate (3.17) yields
t
e 0 2
[t ()]|% < |Jur ||2e= 7T +T / e)g(0)]|2d0, Vi>T. (3.19)

— 00

Therefore, if D={D(t)|tcR} € D, and u, € D(7), then

lim (e, |[3) = 0.

lim (e~ Y®=7) - AP
T~l>700(e ”u || )_ \/XTﬁfoo

Hence, there exists some 7 (ﬁ,t) <t—3such that for any 7 <7 (D,t) and any u, € D(7),
we have

t
-y
||un(t)||2§1+€7/e'ngg(H)HQdH, Vi >T. (3.20)

Therefore, for any 7 §7'1(ﬁ,t) and any u, € D(7),
[un(rsmun)I* <pi(t), Vrelt—3.], (3.21)

where p;(t) is given by formula (3.7).
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To prove estimate (3.4), we take the inner product of equation (3.13) with Awu,,(t)
and obtain

1d
2dt

= (Pag(t), Aun (£)) < 7 | Aun (1) |2+

By estimate (2.6) and the Young inequality, there is a positive constant ¢(ca,v, N) such
that

lun (B + 1| Aun (01 + (Pa B (un (£),un (), Aun (1))

”g( W yisr (3.22)

[P By (n (6 (8)), At (8))| < oV Jun (0] v ()] 7/
< 2l Aun (8)]2+ elez, v, N un @] (3.23)

Inserting estimate (3.23) into inequality (3.22) gives

d 2 2 24 2“9()”2
a\lun(t)llerl/IIAun(t)ll <c(e2,v, N)lun (t)[*+ . Vi>T. (3.24)

Notice that A1 |luy, (t)||3 <||Au,(t)||>. Estimate (3.24) implies

d 2/lg(t)])?
(O + (O < e, v M un @)+ O 57 3.05)

Applying the Gronwall inequality to expression (3.25) on 7<r—1<s<r yields
T

2 [ o
Jun (O < (o) +2 [ e g(o)]a

r—1
r

+¢(ca,v,N) / e =0 u,,(0)]/2d6. (3.26)

r—1

Then integrating inequality (3.26) with respect to s over [r—1,7] gives

T

r 5 e
Jun (< [ un(@)pds+ 2 [ e 0D g(o)]a0
r—1 r—1

r

+¢(ca,v,N) / e 7= |u,,(9)]|2d0, (3.27)

r—1

for all 7<r—1. To estimate the term / |1 (s)||3-ds, we take the inner product of

r—1
equation (3.13) with w,(¢) and obtain

%Ilun(lﬁ)HzJrl/l\un(t)ll2 <llg®11?/- (3.28)

Integrating inequality (3.28) over [r—1,r] yields

/ i (5 ks < = 1)+ /||g IRY (3:29
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Inserting estimate (3.29) into expression (3.27) and using estimate (3.21), we obtain for
any 7 <7 (D,t) and any u, € D(7) that

HU(T;T,UT)H%/SpQ(t), Vret—2,1], (3.30)

where py(t) is given by formula (3.8).

We now integrate expression (3.24) on [r—1,7] to obtain

T 2 T T
[ 14O PO =11 /5 [ 90)1Pd6+clean V) [ un(0) a6,
r—1 r—1 r—1

(3.31)
Hence, we get for any r € [t —1,¢] that
s 2 T

[ 1@< % [lg@[Pa0-+clcan Npu0)+ patt)fve (332
r—1 r—1

Finally, taking estimations (2.7), (3.32) and equation (3.13) into account, we have
T T T
[l @l <ccanN) [ lau)Fass [ oo (333
r—1 r—1 r—1

At this stage, we can pass to the limit in inequalities (3.21), (3.30) and (3.32)-
(3.33), using the convergent relations (3.14)—(3.16), to get the desired results of Lemma
3.1. The proof is completed. 1]

Let
Do={B(0,p5*(t))|t e R} (3.34)

be the family of closed balls in space V centered at zero and with radius pé/ 2 (t). By
Assumption (H;), we have

lim e py(t) =0.

T——00
By Lemma 3.1 and above fact, we have the following result.
LEMMA 3.2, Let Assumption (Hy) hold, then for any t€ R and any D={D(t)|te
R} €D., there exists some 7(D,t) <t such that

U(t,7)D(r) CB(0,py* (1)), Vr<r(D,b).
Particularly, the family of closed balls lA)O defined by formula (3.34) is pullback D--
absorbing for {U(t,7)}i>- in space V.

We next use the enstrophy equation of the addressed equations to investigate the
pullback asymptotic compactness of the process {U(t,7)};>, in space V for the universe
D

LeEMMA 3.3.  Let Assumption (Hy) hold. Then the process {U(t,7)}i>r is pullback
D, -asymptotically compact in space V.

e
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Proof. Let us fix t€ R, a family D={D(t)|t e R} €D,, a sequence {7, } C (—00,t]
with 7, = —o00, and a sequence {u,, } CV, with u,, € D(r,) for all n. We shall prove
that the sequence {u(t;7,,u-, )} is relatively compact in V. For brevity, we set u(™ =
u™ () =u(; 70, Uy, ).

From Lemma 3.1 we see that there exists a Tl(ﬁ,t)<t—3, such that the se-
quence {u(|r, <71(D,t)} is uniformly bounded in L°(t— 2, V) L2(t —2,t; D(A)),
and {(u(™)'} is also uniformly bounded in L?(t—2,t;H). By the Aubin Lions com-
pactness lemma (see [13]) there exists an element u€ L*(t—2,t;V)(L2(t—2,t; D(A))
with u' € L?(t—2,t; H), such that for a subsequence the following convergent relations
hold:

u™ =" u weak —star in L*°(t—2,t;V), (3.35)
u" — u weakly in L*(t—2,t;D(A)), (3.36)
(u™) — ' weakly in L*(t—2,t;H), (3.37)
u" —u strongly in L*(t—2,4;V), (3.38)
u"(s) —u(s) strongly in V,a.e.s€ (t—2,t). (3.39)

By relations (3.35)—(3.39) and the fact that uweC([t—2,t];V), we have in the interval
(t—2,t) that

d

a(u(t),v) +v(Au(t),v) + (Bn (u(t),u(t)),v) = (g(t),v), Vv e V. (3.40)

From relations (3.35)-(3.39), we also conclude that {u(™} is equiv-continuous in H on
the interval [t—2,¢]. Since the sequence {u(™} is uniformly bounded in C([t—2,];V)
and the injection V < H is compact, we obtain by the Ascoli-Arzelda Theorem that

u™ —u strongly in C([t—2,t];H), (3.41)
by which and also the uniform boundedness of {u(™} in C([t —2,t];V), we have
u™ (s,,) —u(s,) weakly in V, V{s,} C[t—2,t] with s, —>s,. (3.42)
We next prove
u™ —su strongly in C([t—2,t];V), (3.43)

which will implies the desired relative compactness. To prove the limit (3.43), we argue
by contradiction. If limit (3.43) does not hold, then there exist an ¢y >0 and a sequence
{tn} C[t—1,t] (without loss of generality converging to some t,) such that

™ (tn) —u(ty)||v > e, Vn>1. (3.44)
By the result (3.42) and the lower semi-continuity of the norm, we get

lu(t)llv <Liminf [[u® (t,)]v. (3.45)

Since V' is a Hilbert space, inequality (3.44) will contradict the inequality (3.45) and
the following inequality

() [[v > limsup |u™ (¢,)[|v- (3.46)
n—oo
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Thus we only need prove inequality (3.46).

Now, using the enstrophy inequality (3.24) for u and all u(™) | we have for all t—2<
51 <89 <t that

ED) 2 82 S2
W (s2) +v [ 146 ©)7d8 <2 [ 19(6)|Pa8-+cleaN) [ @) a0 (.47

and . ’ .
Ju(sa)II3 + / | Au(®)]?a0< / ||g<e>||2do+c<c2,u,1v>7|u<9>||2do. (3.48)
Write . 1 1
Jn(s)= ™ )}~ 2 / 9(6) 11246 — c(ca,, N) / ™ (6) |2a8,
J() = lu(s) —f/ng )l de—ccz,uw/nu )24,
Then

Jn(SQ) — Jn(sl)

2 S2 S2 .
= [ (s}~ I sl — 2 / 19(6)]12d0 — c(cz,v. ) / [u™ (6)[2d0

S1 S1

2
S—V/\\Au(")(0)||2d9§0, for t—2<s1 <so<t.

S1

Hence, for each n, J,(:) is a non-increasing function in [t —2,¢]. Similarly, J(-) is a
non-increasing function in [t —2,t]. Now, by relations (3.39) and (3.41), we see

Jn(s)— J(s), a.e.s€(t—2,t).
Therefore, there exists a sequence {t}} C (t—2,t.) such that ¢; —t, when k— oo, and
nh_}rr;o Jn(tr)=J(t}), for all k.
Consider an arbitrary § > 0. By the continuity of J, there exists some ks such that
|J(t5) —J(ts)]| <0/2, Yk>ks. (3.49)
Now consider n(ks) such that for all n>n(ks), it holds
tn >t and |, (ty,) — J (g, )] <d/2. (3.50)

Then, since all J,, are non-increasing, we deduce from estimates (3.49) and (3.50) that
for all n>n(k,)

Jn(tn) _J(t*) < Jn(tZg;) _J(t*) < |Jn(t25) _J(t*)‘
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S n(tey) = T W)+ [T (tr,) = I (8:)] <6, (3.51)
which implies that
limsup J,, (¢,) < J(ts). (3.52)
n—roo

From relations (3.35)—(3.39) and (3.52), we get inequality (3.46). The proof is com-
pleted. a

By combining Lemma 3.2, Lemma 3.3, and Garcia-Luengo et al. [8, Theorem 3.11,
Corollary 3.13], we get the main theorem of this section as follows.

THEOREM 3.1.  Let Assumption (Hi) hold. Then there exists the minimal pullback
D, -attractor Ap, ={Ap_|t€ R} for the process {U(t,7)}i>r in V', which satisfies:

(a) Compactness: for any tc R, Ap_ (t) is a nonempty compact subset of V;

(b) Pullback attracting: ADW is pullback D~ -attracting in the following sense

lim disty (U(t,7)D(7),Ap. (1)) =0, YD={D(t)|t€ R} €D,,t € R;

(c) Invariance: U(t,7)Ap, (7)=Ap, (1), VT <t.

4. Invariant measure on the pullback attractor
The aim of this section is to employ the theory of Lukaszewicz and Robinson [17]
to prove the unique existence of invariant measure on the pullback D,- attractor Ap. .

We first cite two definitions.
DEeFINITION 4.1 ( [7,17]). A generalized Banach limit is any linear functional, which

we denote by LIMy_., defined on the space of all bounded real-valued functions on
[0,400) that satisfies

(i) LIM 700 f(T) >0 for nonnegative functions f;
(il) LIMp 00 f(T) :Thm f(T) if the usual limit Tlim F(T) exists.
—00 —00

DEFINITION 4.2 ( [17]). A process {U(t,7) }1>r s said to be T- continuous on a metric
space X if for every vo € X and every t€ R, the X -valued function T—— U(t,7)vg is
continuous and bounded on (—oo,t].

The following result was proved by Lukaszewicz and Robinson in [17].
LemMMma 4.1 ( [17]). Let {U(t,7)}1>+ be a T-continuous evolutionary process in a
complete metric space X that has a pullback D-attractor A(-). Fiz a generalized Banach
limit LIM7_ oo and let ¥: R— X be a continuous map such that ¥(-) € D. Then there

exists a unique family of Borel probability measures {ju}rer in X such the support of
the measure p; is contained in A(t) and

t

LMo [ o8 o) ds= [ o)

T A(t)

for any real-valued continuous functional ¢ on X. In addition, u; is invariant in the
sense that

[ owu /¢ (Lr))de (v), t=7.

A(t)
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In order to employ the above result to the pullback D.-attractor ADW obtained in
Theorem 3.1, we need check the 7-continuous property of the process {U(¢,7)}i>, in
space V. We begin with the following estimation.

LEMMA 4.2.  There exists some positive constant c¢(c1,co,N) such that

1B (v,0) = By (u,u) || < c(er, e, N)([[Au| + [[Av|)[o—ull,  Vu,ve D(A).  (4.1)

Proof. For any we H, we have

|<BN<U7U) —BN<U,U),'LU>| = ‘bN<v7an) —bN(U,’LL,’LU>|
=|Fn([[ollv)b(v,v,w) = Fn ([[ullv)b(u, u,w)|
<Li+1Is+13, Vu,weD(A), (4.2)

where
Li=|(Fn([lvllv) = En(([ullv))b(v,v,w)],

Ly=[Fn([[v]v)b(v—u,v,w)],
Iy=[Fn([lullv)b(u, v —u,w)|.

We next estimate the terms Iy, I and I3. Firstly, we have (see e.g. [5])
r|Fn(r)—Fn(s)|<|r—s|, Vr,s>0. (4.3)
It follows from estimates (2.5) and (4.3) that
I <co|Fn(|lvllv) = Fn (ullv) H Av[l[[ollv [|wl]
< caflv—ullv[|Av]|[|w]. (4.4)

Secondly, employing the Sobolev embedding H(Q2) < L°(Q2) and the fact that |Fy ()| <
1, we see that there exists some positive constant ¢(£2) such that

I <c(@)[lv—ullLs o) [[Vlles @ llwll < (@) lo—ullv [ Av]|[w]]- (4.5)
Finally, we get directly from estimate (2.5) that
I3 < coflv —ullv [[Aul|[|w]]. (4.6)

We obtain the desired inequality (4.1) from estimates (4.4)—(4.6). 0

LEMMA 4.3.  Letu., v, €V, and u(t) =u(t;7,u,), v(t) =u(t;7,v;) be the corresponding
solutions to problem (2.8)-(2.9). Then there exists some positive constant c(cy,co,N)
such that for any t>T

t

()~ v(OIF < -~ orlfexp {eter.ca, V) [(LAuO)] + L 40(6) P)as}. (0.7

T

Proof.  Since u(t) and v(t) are two solutions of problem (2.8)—(2.9) corresponding
to the initial data u, and v, respectively, we have

(u—0)'(t)+vA(u(t) —v(t)) + By (u(t),u(t)) — By (v(t),v(t)) =0. (4.8)
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Taking the inner product of expression (4.8) with A(u(t) —v(¢)) in H and using Lemma
4.2 and the Cauchy inequality yields

1d
2dt
< gHA(U(t) —v(O)? +cler,c2, N) (| Au(®)|| + | Av (@)D u(t) = v(B)I7,

lu(t) —v@)I} + VIl Ault) - v())]?

that is
d 2 2
g @) —o@Olly + [ Alu(t) —v(@®)]
<c(er,ea, N)([[Au(®) | + (| Av (@) [} [[u(t) —o(@)[|7- (4.9)
Applying the Gronwall inequality, we obtain inequality (4.7). ]

LEMMA 4.4.  Let Assumption (Hy) hold. Then the process {U(t,7)}i>r s T-continuous
i space V.

Proof. Consider any ug € V and t € R. We shall prove that for any € >0 there exists
some 0 =d(€) >0, such that if r <t, s <t and |r —s| <9, then [|U(t,r)uo—U(t,s)uol|v <e.
We assume that r <s without loss of generality. Then employing Lemma 4.3 and the
property of the continuous process, we have

HU(tar)uO - U(tvs)uon%/
=||U(t,8)U(s,7)uo —U(t,s)U (r,r)uol%,
< U (s,7)uo=U (r,r)uoll5
ecxp {c(cl,CQ,N) /(HAU(Q,?")UOH2 + ||AU(9,s)u0||2)d9}. (4.10)

S
Now we can use the similar derivations as estimates (3.19) and (3.24) to see that

exp {C(Cl,CQ,N) /(||AU(9,r)u0||2 + ||AU(9,s)u0H2)d9}

S

is bounded by a constant depending only on ¢1, co, N, ug, t and g, but being independent
of s. Hence, From statement (2.11) we conclude that the right hand side of inequality
(4.10) is as small as needed if |r —s| is small enough. Therefore, the V-valued function
T+ U(t,7)up is continuous in space V. Finally, using the similar derivations as relation
(3.25), we obtain

d 2/1g()])?
@7+ <elesr Mu?+ 2 gyr )

Integrating inequality (4.11) gives the boundedness of the V-valued function 7+—
U(t,7)up on (—oo,t]. The proof is completed. O

At this stage, we take Theorem 3.1, Lemma 4.1 and Lemma 4.4 into account and
have the following result.

THEOREM 4.1.  Suppose Assumption (Hy) hold. Let {U(t,7)}i>- be the process asso-
ciated to the solution operators of equation (2.8) and Ap_ be the pullback D -attractor
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obtained in Theorem 3.1. Fiz a generalized Banach limit LIMp_, o and let ¢ : R+—V be
a continuous map such that () € D. Then there exists a unique family of Borel proba-
bility measures {p }1cr in space V' such that the support of the measure p; is contained
m flpW and

LIM, _,_ oo—/qs (tsyie)ds= [ ofw)dusta)

AD’Y (t

for any real-valued continuous functional ¢ on V. In addition, u; is invariant in the
sense that

[ ewdnt= [ s, e=r

,AD7 (t) .AD,Y (m)
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