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ENERGY-TRANSPORT MODELS FOR SPIN TRANSPORT IN
FERROMAGNETIC SEMICONDUCTORS*

ANSGAR JUNGEL', POLINA SHPARTKO?¥, AND NICOLA ZAMPONI¢

Abstract. Explicit energy-transport equations for the spinorial carrier transport in ferromagnetic
semiconductors are calculated from a general spin energy-transport system that was derived by Ben
Abdallah and El Hajj from a spinorial Boltzmann equation. The novelty of our approach is the simpli-
fying assumptions leading to explicit models which extend both spin drift-diffusion and semiclassical
energy-transport equations. The explicit models allow us to examine the interplay between the spin and
charge degrees of freedom. In particular, the dissipation of the entropy (or free energy) is quantified,
and the existence of weak solutions to a time-discrete version of one of the models is proved, using
novel truncation arguments. Numerical experiments in one-dimensional multilayer structures using a
finite-volume discretization illustrate the effect of the temperature and the polarization parameter.
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1. Introduction

Spintronics is a new emerging field in solid-state physics with the aim to exploit the
spin degree of freedom of electrons, which may lead to smaller and faster semiconductor
devices with reduced power consumption. The aim of the mathematical modeling of
spin-polarized materials is to develop a hierarchy of models that describe the relevant
physical phenomena in an accurate way and, at the same time, allow for fast and efficient
numerical predictions. A model class which seems to fulfill the requirements of precision
and simplicity are moment equations derived from the (spinorial) Boltzmann equation.

In the literature, up to now, mostly lowest-order moment equations for spin trans-
port have been investigated, namely spin drift-diffusion-type equations [8,17-19]. These
models are mathematically analyzed in [10,11,14,20]. When hot electron thermal-
ization has to be taken into account, the carrier transport needs to be described by
higher-order moment equations including energy transport. This leads to semiclassi-
cal energy-transport equations in semiconductors, see, e.g., [1,2,5,13]. A spinorial
energy-transport model was derived in [3], but the equations are not explicit such that
its structure is not easy to analyze. The goal of this paper is to derive and analyze
simplified explicit versions of this model.

The starting point is the spinorial Boltzmann equation for the distribution function
F(x,k,t) with values in the space of Hermitian 2 x 2 matrices,

OF+k-VoF =V, V-V F=Q(F)+=[Q-7,F|+ Qu(F), (1.1)
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where x € R? denotes the spatial variable, k € R? the wave vector, ¢ >0 the time, i=+/—1
the imaginary unit, and [-,-] the commutator. The function V(x,t) is the electric po-
tential, which is usually self-consistently defined as the solution of the Poisson equation

1
CNLAV =no[F] - C(x), nolF]= 5ur/ Fdk,
R-’_’)

where Ap is the scaled Debye length, ng[F] the charge density, “tr” the trace of a matrix,
and C(z) the doping concentration [13]. Furthermore, () is a local magnetization field
and &= (01,09,03) is the vector of the Pauli matrices. We choose the spin-conserving
BGK-type collision operator Q(F)= M[F]— F, where the Maxwellian M[F] is such that
Q(F') conserves mass and energy (in the sense of (3.2)), and the operator Qg (F') models
spin-flip interactions. Details are given in Section 3.1.

Assuming dominant collisions and a large time scale, moment equations for the
electron density n[A,C] and energy density W[A,C|] can be derived from equation (1.1)
in the diffusion limit [3], leading to

On[A,C)+divJ, = F,[,A,C],

N (1.2)
OHWIA,C)+divJy +J,-VV =Fy[3,A,C], z€R3 t>0,

where J,, and Jy, are the particle and energy flux, respectively, and F),, Fy are some
functions; we refer to Section 3.1 for details. Furthermore, A and C are the Lagrange
multipliers which are obtained from entropy maximization under the constraints of given
mass and energy, and the electron and energy densities are the zeroth- and second-order
moments

nACl= [ MIACldk, WI[A,C]= 1/ MIA,C]|k|2dE,
R3 2 Jps

where M[A,C]=exp(A+C|k|?/2) is the spinorial Maxwellian. Note that A and C are
Hermitian matrices in C2*2, so n[A4,C] and W[A,C] are Hermitian matrices too.

In contrast to the semiclassical situation, the densities cannot be expressed explicitly
in terms of the Lagrange multipliers because of the matrix structure. In order to obtain
explicit equations, we need to impose simplifying assumptions on A and C. Our strategy
is to first formulate the variables in terms of the Pauli basis,

A=agoog+ad-d, C=coog+c-7,

where o is the unit matrix and ag, ¢y €R, @, ¢€R?. The densities may be expanded
in this basis as well, n[A,C]=ngoo+17 -7, W[A,C|=Wyoo+W -7, and the Maxwellian
becomes

M][A,C] = e teolkl/2 (cosh|5(k)|ao+swg(k) .a>, b(k):=ad+ AR (1.3)

The formulation of the energy-transport model (1.2) in terms of the Pauli components
(ap,a), (co,C) still leads to nonexplicit equations, so we will impose some conditions. We
will derive three model classes by assuming ¢=0, @=0, or d=A¢ for some A= \(z,t)
and show the following results:

e First model class (¢=0): we discretize the one-dimensional equations using a
semi-implicit Euler finite-volume scheme and illustrate the effect of the temper-
ature on two multilayer structures.
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e Second model class (@=0): we show the existence of weak solutions to a time-
discrete version.

e Third model class (@ = \¢): we show that the equation for the spin accumulation
density §=1i/|7| has some similarities with the Landau-Lifshitz equation.

e All model classes: we quantify the dissipation of the entropy (free energy), thus
providing not only the monotonicity of the entropy but also gradient estimates.

These assumptions mean that we impose additional properties to the local equi-
librium related to the moments ng, 7, Wy, and w. Namely, some components of the
moments are determined by the other ones, so that the local equilibrium coincides with
that one that could be obtained by imposing the conservation of selected fewer moments.

These findings are a first step to understand higher-order spinorial macroscopic
models which may lead to improved simulation outcomes.

The paper is organized as follows. The main results are detailed in Section 2.
The derivation of the general energy-transport model from the spinorial Boltzmann
equation is recalled in Section 3.1 and the general model is formulated in terms of the
Pauli components in Section 3.2. In Section 4, the three simplified energy-transport
model classes are derived. The entropy structure is investigated in Section 5, and the
existence result for the second model is stated and proved in Section 6. Some numerical
experiments for the first model are performed in Section 7.

2. Main results
We detail the main results of this paper.

2.1. Derivation of explicit spin energy-transport models. We derive
explicit versions of model (1.2) under three simplifying assumptions on the Pauli com-
ponents of A and C.

First model: ¢=0. If the Lagrange multiplier C is interpreted as a “temperature”
tensor, it might be reasonable to suppose that the “spin” part ¢ is much smaller than
the non-vanishing trace part ¢y, which motivates the simplification ¢=0. This allows us
to write three of the eight scalar moments (ng,7) and (Wy, W) in terms of the remaining
moments, leading to equations for five moments. We choose the moments (ng,7, Wp),
leading to the system (see Section 4.1)

O¢ng +divJ, =0, Jn:*(V(noT)#*noVV), (21)
3 5
§8t(n0T) +divJy +J, - VV =0, Jw=—3 (V(noT?)+noTVV), (2.2)
3 N
Oyt =3 0y, (00, (AT) 710y, V) + G xii=— -, 2R t>0, (2.3)
j=1 Tsf

where T'=2W;/(3ng) is interpreted as the electron temperature, 0., =0d/0x;, Q. is the
even part of the effective field (with respect to k), and 74 > 0 is the spin-flip relaxation
time. In this model, (no,%noT) solves the semiclassical energy-transport equations,
and the spin-vector density 71 solves a drift-diffusion-type equation, which is coupled to
the equations for (ng, %noT) via T only. Our numerical experiments indicate that this
coupling is rather weak.

Motivated from [18], we may include a polarization matrix P in the definition of the
collision operator Q(F). We choose Q(F)=P'/?(M[F]— F)P'/?  where the direction
of P=og+ pﬁﬁ’ in spin space is the local magnetization O and p€[0,1) represents
the spin polarization of the scattering rates. This operator conserves spin, mass, and
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(in contrast to the operators in [18]) energy. The corresponding spin energy-transport
model (still under the assumption é=0) becomes (see Remark 4.1)

Omo+divT, =0,  Tn=n"2(Jn—p3- ), (2.4)
3 .
§at<n0T)+diij+._7n'VV:0, szn_z(JW —pQ-Jw>, (25)
O+ divT+ G xi=——2 2R3 >0, (2.6)
Tsf

where n=1+/1-p2, J,, Jw are as above, and

Jo=—(V(@AT)+AVV), Jw= —g (V(RT?)+7iVV),

T =n"2((1=n)(Jn- D)4 0T, — pSL],).

Note that we recover the model (2.1)-(2.3) if p=0. We compare both models numeri-
cally in Section 7. It turns out that the polarization matrix P leads to a stronger mixing
of the spin density components, and the heat flux effects causes a smoothing of these
components.

Second model: @=0. The Lagrange multiplier A may be related to the particle
density. Supposing that the spin effects are rather encoded in ¢, one may assume that
d=0. This condition gives as above three constraints and leads to equations for five
moments. One may choose, for instance, the variables (ng,7,T) or (no,T,W). In the
former case, we arrive at the system of coupled equations

O¢ng +divJ, =0, Jn:—(V(nOT —l—noVV), (2.7)
3 )
gat(noT)—i—divJW—i—Jn-VV:O, JW:—5(V(D(n+,n,)n0T2)+n0TVV), (2.8)

3 -
Ot = Oa, (awj (p(n+, )n0T| |> + 710y, V) +Q x 7T = —Tif, (2.9)
=1 °
and D(ny,n_), p(ny,n_), defined in equation (4.9), depend on the spin-up/spin-down
densities ny :=ng £ |7 (see Section 4.2). Compared to the first model, these coefficients
realize a coupling between the charge and spin-vector densities. A similar model can be
derived in the variables (ng,T, W) This coupling is still rather weak since the function
D(ny,n_) only takes values in the interval [1,1.1]; see Remark 4.2.

Third model: @=\¢. Generalizing the above approaches, we suppose that the
vectors @ and ¢ are aligned such that @= A for some function A= A(z,t) #0. The first
model is recovered for A— oo, the second one for A=0. This condition provides only
two constraints such that we obtain a system for six moments. A possible choice is
(ny,W4,8), where ny =no =+ ||, Wi :WOd:|V_[7|, and §=7/|7|, which gives the equa-
tions

a1
atni+dian,i:1%15(n+T+—n,T,)\V§12, (2.10)
S
3
fat(niTi)—i—dleWi—i—Jni VvV = IF47_ (nyTy—n_T-)
sf
2y T2 -T2 Va2, (2.11)

4
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n+T+ n_T_ Fx V(TL+T+ —n,T,)

ny —n—

05—

X (AFx §) = ( +vv) V5—Q. x5 (2.12)

ny—n—

where |V3§] = Z§=1 |Vs;|?, the spin-up/spin-down particle and heat fluxes are given by
5
Jpa=—(V(neTe)+neVV), Jwi= -5 (V(neTE)+nsTeVV), (2.13)

and the spin-up/spin-down energy densities are Wy = %niTi. The evolution equations
for the spin-up/spin-down densities are similar in structure as the first and second
model. For constant “temperature” T, =T_ =1, we recover the two-component spin
drift-diffusion equations analyzed in [11]. The coupling is realized through the spin-
accumulation density §. The equation for § preserves the relation |§] =1, and the second-
order term §x (A§x §) also appears in the Landau—Lifshitz equation [15]; see Remark
4.4.

2.2. Entropy inequalities. We derive explicit entropy (or free energy) func-
tionals which are nonincreasing in time along solutions to the corresponding equations.!
To simplify the computations, we neglect electric effects, i.e., the potential V' is assumed
to be constant (also see Remark 5.1 for the general situation).

The kinetic entropy of the general spin model (1.2) is given by

H:/ / tr(Mlog M)dkdzx, (2.14)
R3 JR3

where the Maxwellian is defined by equation (1.3) and “tr” denotes the trace of a matrix.
It was shown in [3, Theorem 2.2] that the entropy is nonincreasing along solutions to
model (1.2). Our aim is to quantify the entropy production —dH/dt which provides
gradient estimates. To this end, we insert the Maxwellians (2.14) under the simplifying
assumptions on (@,¢) specified above and compute explicit expressions for the entropies.
Denoting by H; the entropy of the jth model presented above, we obtain

le/ (nylog(ny T, /)—i—n log(n_T" 3/2))dx, (2.15)
R3

) no 3 - 9
szz/l;BnOIOgW)d y where WizinoT:I:\W| s (216)
Hy=H,, (2.17)

and the corresponding entropy inequalities read as (see Propositions 5.1-5.3)

%4—4/ (VT2 + |V /n_T|*+5no| VVT|?)dz <0,

dHy

Wﬂ/ (VWL P+ |V W_ P+ T|V/ng|*)dz <0, (2.18)
dH3 /Z (TuV /sl + 1| VT 2) d <0,

where ¢ >0 is some number and the results hold for smooth solutions.

n contrast to the physical notation, the mathematical entropy is defined here as the negative
physical entropy.
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2.3. Existence analysis for the second model. The second analytical
result concerns the existence analysis for the second model (@=0) in the variables
(ng, Wo, W), where Wy = %noT. Because of the strong coupling, we are only able to

prove the existence of solutions to a time-discrete version without electric field in a
bounded domain D C R%:

1 2
E(no—ng)—gAW():O, (2.19)
1 1
=(Wo—WP)— 185A<no(Wi/5+w3/5)(wi/5+w7/5)> =0, (2.20)
1 = 2o, O 1 3/5 3/5 7/5 7/5 w W
w2 A2 _ —)=—" D, (221
P —W0) — <n0(W+ + WA WIP—wT )|W| i (2.21)

where (ng, Wy, W) is the solution at the actual time, (nd, W2, W?°) is the solution at the
previous time instant, and h >0 is the time step size; see Theorem 6.1. The boundary
conditions are given by

no=nl, Wo=W, W=WwP" onoD. (2.22)

The main difficulty in the existence proof is the derivation of suitable a priori esti-
mates. The entropy-production inequality (2.18) provides estimates which are uniform
in h, but they are not sufficient to pass to the limit h— 0 since the gradient estimate
(2.18) for V/ng becomes useless in regions where T is close to zero.

Our proof employs some ideas from [21]. The first idea is to formulate system
(2.19)—(2.21) as

no(u,v,7) —nY =hAu,
Wo(u,vo,ﬁ) - WOO = hAUQ,
W (u,v0,0) — WO = hAG— (h/7)W in D,

where (u,vg,7) are some auxiliary variables. The second idea is to truncate the new
variables by replacing u by [u/vglc-vg, where [-]. is a truncation operator satisfying
[t/vo]evo=wu for 0 <u/vg<1/e. The existence of weak solutions to the truncated prob-
lem is shown by means of the Leray—Schauder fixed-point theorem. The compactness
follows from standard H' elliptic estimates. Then, choosing special Stampacchia-type
test functions, we prove lower and upper bounds for the new variables, which allow us to
remove the truncation. In this step, we exploit the particular structure of the equations.

Unfortunately, our a priori estimates depend on the time step size which prevents
the limit h—0. FEven the analysis of the time-discrete equations is highly delicate
since the equations are highly nonlinear and a priori estimates are not easy to obtain.
The existence of weak solutions to the semiclassical energy-transport equations near
equilibrium was proved in [4,9,12]. An existence analysis for general initial data was
shown in [6] but for uniformly positive definite diffusion matrices only. A semiclassical
energy-transport system without electric effects has been investigated in [21]. This
system possesses similar difficulties as equations (2.19)—(2.21) but its structure is easier.
For details, we refer to Section 6.
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3. A general energy-transport model for spin transport

3.1. Derivation from the spinorial Boltzmann equation. We sketch briefly
the derivation of the general energy-transport model (1.2) from the spinorial Boltzmann
transport Equation (1.1). Details are given in [3]. We consider the Boltzmann equation
in the diffusion scaling,

1 1 1 —
OF.+— (k-VoF. = V.V -ViF) = 5Q(F.) + %[Qg(x,k) G+ Qu(F),  (3.1)

The parameter ¢ >0 is the scaled mean free path and is supposed to be small. We have
assumed the parabolic-band approximation such that the mean velocity equals v(k) =k.

The last term in equation (3.1) represents the spin-flip interactions which are spec-
ified in (4.1) below. The commutator [-,-] on the right-hand side of equation (3.1) can
be rigorously derived from the Schrédinger equation with spin-orbit Hamiltonian in
the semiclassical limit [7, Chapter 1]. The term models a precession effect around the
effective field [3].

The first term on the right-hand side of equation (3.1) models collisions that con-
serve mass and energy. For simplicity, we employ the BGK-type operator (named after
Bhatnagar, Gross, and Krook) Q(F)=M|[F]—F, where the Maxwellian M [F] associ-
ated to F' has the same mass and energy as F',

1 1
M[F]dk:/ Fdk, = M[F]|k|2dk:f/ Fk|*dk. (3.2)
The Maxwellian is constructed from entropy maximization under the constraints of given
mass and energy, which yields, in case of Maxwell-Boltzmann statistics, the existence
of Lagrange multipliers A(x,t) and C(z,t) such that [3]
2
M[F](kavt) =CeXp A(xat) +C(xat)7 )
where exp is the matrix exponential and A, C' are Hermitian 2 x 2 matrices satisfying
(3.2).
The space of Hermitian 2 x 2 matrices can be spanned by the unit matrix oy and
the Pauli matrices & =(01,09,03),

(10 (01 _(0—i (10
90=101) *T\10) 27 \io) 7 o-1)

Accordingly, we may write A=ag+d-d and C=cyp+c -7, where ag, co€R, d=
(a1,a9,a3), ¢=(c1,co,c3) €R?, and &'~5’:Z?=1ajaj. The coefficients in the Pauli ba-
sis are computed from ag=3tr(A), @=3(FA), and similarly for co, & see, e.g., [18].
The matrix exponential can be also expanded in the Pauli matrix, giving M[F]=
Moo'o—‘rM‘E, where

kP2

a4l :eﬂ0+co\k\2/2Sinh|d+€|k|2/2|
2

; P
M _— — . .
’ e (e ) 63)

It is shown in [3, Theorem 3.1] that F. converges formally to M:=MJ[A,C]|=
exp(A+C|k|?/2) as e —0, where (A4,C) are solutions to the following spin energy-
transport system for the electron density n(x,t) and energy density W (z,t), which are
related to (A,C) via the moment equations

2
My = etotecolkl7/2 ooy

1
n= | MI[A,C]dk, sz/ MIA,C)|k|*dk.
R3 2 R3
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The general energy-transport equations read as [3, Theorem 3.1]

atn+divzjn=i/ [QET-a,M}dk—l/ [Q0-7,[Q0 -7, M]]|dk+ | Qu(M)dk
2 R3 4 R3 R3

(3.4)
W +divy Jyy + Jp, - ViV

i ~ |k|? 1 ~ = |k|? 1 5
== [Q-7, ] dk—— [ [Qo-3,[Q0-3M]|—-dk+= [ Qu(M)|k|*dk, (3.5)
2 Jrs 4 Jps 2 2 Jrs

where the effective field QET is defined by
Opr=(k-V, = VoV Vi) Qo+ e, (3.6)

and ©Q, and Q. are the odd and even parts of Q (with respect to k), respectively. The
tensor-valued fluxes are defined by

Jn=—div, T—nV,V +1Ig,,

3.7
JW:—dIVIQ—<W+H)va+QQO7 ( )

and the tensors II=(II"Y), Q=(Q’*) with II7¢, Q’*€C?*? and HQo:(Hg)O)7 Qq, =
(Qéo) with Hglo, Q?)O € C?%2 are given by the moments

. L1
Hﬂz/ kjkoMdk, Q]":f/ kjkelk|* Mdk,
s 2 Jgs
T/, :i/ [, -7, M]k;dk, QL :i/ (- &, M k; ||k,
o RS © 2 RS

where j,£=1,2,3. The first two terms on the right-hand sides of equations (3.4) and
(3.5) are due to spinor effects; they vanish in the classical energy-transport model. The
last term on the left-hand side of equation (3.5) is the Joule heating and it is also present
in the classical model. The last terms in equations (3.4)—(3.5) express the moments of
the spin-flip interactions.

3.2. Formulation in the Pauli basis. In order to derive simplified spin energy-
transport models in explicit form, it is convenient to formulate equations (3.4)—(3.5) in

the Pauli basis. Recall that n=nqgoq+17-7 and W:WOUO—i—W-&'. Furthermore, we
expand

- . 1 = .
[ @Ok =Qutnoon+ Qa3 5 [ QuDIKEdE=Qu a0+ Gusar .
R R

(3.8)
LEMMA 3.1 (Energy-transport model in Pauli components). Equations (3.4)—(3.5) can
be written in the Pauli components (ng,n) and (Wo, W) as

2
8tnO - lea: (vzWO + novxv> = st,n,Oa (39)

3
D71 — Z ( D W—i—n@wJV—i-Q/ (QOxM)kjdk>
: RS
3

/ (, x M kdk+2(~)%v/ O, (Go x M)dk+ | Qo x Mdk
R3



ANSGAR JUNGEL7 POLINA SHPARTKO, AND NICOLA ZAMPONI 1535
/ (|Q |2 0®Q ) Mdk:@sf,nv (310)
R3
(1 w5
8tW0—d1vz - VIM()|I€| dk—‘r*W(]sz
6 Jgs 3

2
- <3vmWO+novzv) 'sz:st,W,07 (311)

3
B 1 . - Y
o= {on, (Lo, [ Sitars 2,y + [ (it P
= 6 R3 3 R3

+ (%ﬁwaﬁvu/ (ﬁox]\})kjdk;>8wj\/}
R3
41 Za%/ Nk K2 dk+ = Zaxjv/ O, (Cho x M) [k[2dk
+%/ (ﬁexM)|k|2dk+/ (1962 = Qo @) - M k|2 dk = Qst,w, (3.12)
]RS

where 0, = 0/0x;, O, =0/0k;.

Proof.  We reformulate equations (3.4)-(3.5) in terms of the Pauli coefficients. For
thiS, set Jn:(J,;{)j:LQ,g, JW:(JI‘ZV)J’:LZ,B and J] Jj OUO—FJ] O’ J‘J/V: WOUO+J
&. We obtain

3
atnO“‘Zaxj Ji70:st,n,07 (313)

j=1
3 .
s 00 [ e | (o) =G 510
j=1 R? R3
3 . .
atW(H_Z (0, Jiv.o+ 5,00, V) =Qst, w0, (3.15)
j=1

3
QW+ (0n, Ty +T302, V) +/ (Ger x M)|k[*dk
i=1 *

1

+2/ (16[2— G @ Go) - M|EPdk =Gy, (3.16)
RS

Let us expand the integrals involving Oy and the fluxes. Let d(k)=1or ¢(k)=1k[?/2.
Then, recalling definition (3.6) for Qpr,

/ (QETxM)¢(k)dk:/ (k~VI—VxV'Vk)(QOx]\Z/)¢>(lc)dk+/ (Qe x M) (k)dk
RS RS

R3

R3

3
:Zarj/ (Qo x M)k;p(k)dk — Za V[ (9, Qo x M) (k) dk
j=1 IR

+/R3(QC x M) (k) dk.

Inserting these expressions into the evolution equations for 77 and W, we recover the
three integrals in the second line of equation (3.10) as well as the integrals in the third
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line, and the first integral in the fourth line of equation (3.12).
It remains to compute the fluxes (3.7). First, we calculate

| 2 b1
W == [ Mk|dkd; = =W, Q”:f/ M |k|*dkdje.
3 R3 3 6 R3

Furthermore, using the formula [i- &, v 7] = 2i(i x ©) - & for @, ¥ € R3, we find that Il =
g, 000+, -6 with g, o =0 and Ilo, =—2 [54(Q6 x M)kdk. Therefore,

3
; 2
J’iL,O:_ E &WH noa%v-i-HQ 0= 36,;jW0—n08$j1/,
=1

3
_Zamﬁﬂ_ﬁamjv+ﬁgzo:_gazjw*/—ﬁaxjv—z/ (G0 x M)k;dk.
=1 R®

Expanding Qa, =Qq, 000 +Qa, -& with Qa, 0 =0 and Qa, = — [5s(Fo x M)k|k|?dk, it
follows that

3
Tiyo=— Z (On, Qéé +(Wodje + H%Z)aw V)+ Q%0
=

1
- Lo, / Molk|*dk — 2Wod,, v,
R3 3

Mwa

Ty ==Y (80, 7 + (W +11790,, V) + G,
=1
éa /M|k;|4dk—fW8 V- / M)k;|k|*dk.

Inserting these expressions into equations (3.13)—(3.16) gives equations (3.9)—(3.12). O

4. Simplified spin energy-transport equations

In this section, we derive some expllclt models. We assume for simplicity that the
odd part of the magnetization vanishes, (o, =0, and that the even part Q. depends
on z only. Moreover, we suppose that the spin-flip interactions are modeled by the
relaxation-time operator

st(M)::—1<M—;tr(M)UO) —_Lits, (4.1)

Tst Tsf

where 74 >0 is the average time between two subsequent spin-flip collisions, and we
recall that M = Myoo+ M -&. In particular, with the notation of equation (3.8),

-,

- 7 = w
st,n,O:Oa st,nzfiv st,W,OZOa st,WZfi'
Tsf Tsf
Then system (3.9)—(3.12) reduces to
. (2
Oyng —div (3VW0 +n0VV) =0, (42)

3
atﬁ—Za%( X W+n8xJV) Qe x =, (4.3)
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1 2
8, Wo —div <6v/ M0|k|2dk+§WOVV> - <3vwo+n0vv> VYV =0, (4.4)
R3

3
- 1 - o 2 -
FAUESN {azj(amj/ M|k|4dk+5wamjv)+(aijJrﬁaxjv)azjV}
~ 6 " Jps 3 3

-,

T
F+QexW=——. (4.5)

Tst

Given (ng,1,Wy), we define the densities ny and the temperature T' by
3
n4+ :?’Lozl:|ﬁ|, Woi §TLOT (46)

We also introduce the Gaussian with variance 6 >0,

go (k)= (271'0)73/2 exp (— “;';) , (4.7)

whose moments are given by

1 1

/gg(k:) 2/2 | ak={ 3072 | . (4.8)
R? 1k[4/6 502 /2

4.1. First model. We show the following result.

THEOREM 4.1 (Spin energy-transport model with ¢=0). For ¢=0, system (4.2)—(4.5)
can be written in the variables (no,T,7) as system (2.1)—(2.3).

Proof.  Under the assumption ¢=0, the higher-order moments in equations (4.4)—
(4.5) can be computed explicitly. Indeed, the Pauli expansion of the Maxwellian (3.3)
simplifies to

1

My = eo+eolkl®/2 cogh @, M= eaoteolkl*/2ginp |d’||i|.
a

Observe that ¢y <0 is necessary to ensure the integrability of M, and M. The above
expressions can be reformulated by introducing the new Lagrange multipliers

o\ . 1
Ky = <7T) ea"ila‘, 0:=——, 7:=
—Cp Co |

| =

S

Then Mo=1(k4+r_)ga(k), M:%(mr—/i,)gg(k)ﬁ', where g is defined in equation
(4.7). As a consequence, we have

1 - 1
ng = Modkzi(mr—i-m_), n= Mdkzﬁ(mr—/@'_)’_y',
RS RS

1
Wozf/ Mo\k|2dk:§9(/f++/€—),
2 Jos 4

and we infer from equation (4.6) that ki =ny, Yy=7/|7|, and 0 =T. Then the Pauli
coefficients become My =nogr(k), M =iigr(k) and

L1 - 3 1 )
sz/ M |k|?dk = Z/T, 7/ Mo |k|*dk = ZnoT?.
2 R3 2 6 R3 2
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Inserting these expressions into system (4.2)—(4.5) shows the result. o

REMARK 4.1. The derivation of model (2.4)—(2.6) is similar to that one in [3], therefore
we sketch it only. The Maxwellian is here given by

MIF(k) = (270[F]) =2~ K2/ 201F) / FORYdK,
Rg

1 fpetr(PF(K))|K|dk
T3 [ostr(PF(k))dk

where 0[F]

The formal limit € — 0 in equation (3.1) gives Q(F°) =0, where F* =lim._,q F., showing
that F°=M|[F°]. Next, we perform a Hilbert expansion F. =M [F]|+cF!+0O(g?) and
assume that F' is odd with respect to k. Since 1, |k|?/2 are even functions, F'! does
not contribute to the moments n= [y, Fdk, W =1 [, F|k[*dk. It holds that W = 3nT,
where T:=0[F°]. After a computation which is similar to the derivation of the semi-
classical energy-transport equations, we obtain the moment equations

- 1
on+divG, +i[n,Q-5) = itr(n) —n, Gp=—P1/? (V(nT) +nVV)P_1/2,
g@t(nT) +divGw +G,-VV =0, Gw= —%P*W (V(nT?)+nTVV)P~/2.

In order to formulate these equations in the Pauli components, we observe that for any
2 x 2 Hermitian matrix A =agoo+a-a, it holds that PY/2APY2 =byo,+b-&, where

QT
(b_(3> :T]_2 ( 1 g _'pQ_’ ) (a_9> ’ O ! _p2.
b —pQ (1-n)QeQ+n0/) \ @

We omit the calulcation and only note that this leads to model (2.4)—(2.6).

4.2. Second model.
THEOREM 4.2 (Spin energy-transport model with @=0, version I). For a=0, system
(4.2)—(4.5) can be written in the variables (no,T,7) as system (2.7)—(2.9), where the
diffusion coefficient D(ny,n_) and the polarization factor p(ny,n_) are defined by

n
) ="t (4.9
A

- 2no(n1/3+n7_/3) 5/3_5/3

Dnygn_)=—rF———=
5/3 , 5/3v9 °
(n+/ +n? )?
and the spin-up/spin-down densities are given by ny =ng=+||.
Proof. For a=0, the Pauli components of the Maxwellian take the form

) K|? - , E2\ é
Moy =e®tlF*/2 o5 \é]u ., M =eoteolkl’/2giny |E’|u ‘. (4.10)
2 > )1a
The integrability of My and M implies that ¢+ |¢] < 0. In the new Lagrange multiplier
variables

1 c
K:=(2m)%%e%, fp=——, F:=— 4.11
( 7T) e, + Cot ‘5] y |E| ( )
these components can be rewritten as
K - K R
Mo==(63gy, (k)+6>2gy_(k)), M= 5 (03290, (k) —0*gs_(k))7.

2
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Taking into account equation (4.8), this shows that

no= [ Modk="0(622+0%), = [ Nidk="2 (62 -0%)3,
R3 R3

1 K
:’/ Molszdkzgf(ﬂi“@i“),
2 R3 4

and consequently, ny :=ng=+|ii|= K93/2 y=it/|ii]. This implies that Wy =2 (n, 0, +
n_6_) and n_/ny =(6_/0,)3/. Hence,

3 3 04 ( 573 9+
2n0T:W0:4n2/3<7’L+ + 9_
+

304 , 5/3 573 30_ , 5/3 53
:4n2/3(n+ +n ):4n2/3(n+ +n_’ )
JF —

We obtain the following form for the Pauli components of M:

1 - 1 T_i
M= (g, () -0 )). 5T =3 (20, (041908 )
It remains to compute the higher-order moments:
= 5/3 5/3
- 1 - 9 3 3 —n’"n
W—§ R3M|]€| dk—f(n_,ﬁ_,_ n_— 0 )l | QHOTWW,
7/3, 7/3
1 4.9 2 2 n2T? n+ 'HL

Inserting these expressions into equations (4.2)—(4.4) concludes the proof. O

REMARK 4.2.  Equations (2.7)—(2.9) are fully coupled since the diffusion coefficient
D(ny,n_) depends on the spin vector density through |7i|=(ny —n_)/2. However, it
turns out that 1< D(ny,n_)<1.1 for |77] <ng, which means that the dependence of the
energy %nOT on the spin vector density 7 is in fact very weak. When the spin vector
density vanishes, 7 =0, it follows that ny =n_=ng and D(n4,n_)=1, and we recover
the classical energy-transport model.

The model in Theorem 4.1 can be formulated in the variables (ng, Wy, W ) and this
formulation is used below in the existence analysis.

THEOREM 4.3 (Spin energy-transport model with @ =0, version IT). For @=0, system
(4.2)~(4.5) can be written in the variables (no,T,W) as

Ong — div (V(noT)+n0VV) =0, (4.12)

gat(noT) —div <VZO+ ;nOTVV> — (V(nT) +nVV)-VV =0, (4.13)

3 3
W = "0, (aszwgﬁmﬁjv) Z( 00, W+, v)aT]v
j=1

Jj=1

= - w
+ QX W=——, (4.14)
Tsf
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where the spin-vector density @ and the auxiliary quantities Zy and Z are gien by

WP w3y

=" W3/5 W/ W’
Zy = 18 (WP WPy (WP 4w, (4.15)
= (W3/5+W3/5)(W1/5—WZ/5)K, (4.16)

and Wy =Wy |W|, Wo=3n,T.

Proof.  With the new Lagrange multipliers introduced in the proof of Theorem
4.1, we find that

np= Modk_—(93/2+03/2), W=~ /M\kz| di="% (05/2+95/2) (4.17)

3K
W= 5 M|k|2dk (95+/2—0i/2)v. (4.18)
As ¢p <0 is required to ensure integrability of the Maxwellian, it holds that 6, >6_,
such that we deduce from (4.18) that

\%

- 3K  5/2 52
= W= =077, (4.19)
W
Let Wy =Wy +|W|. Then
3K 3K 3K
W= (0774 07%) £ 55 (077 - 07) = 027,

which is equivalent to 64 = (2W/(3K))?/°. Inserting this expression into the first
equation of (4.17), we obtain

K ((2W \>°  [ow_\*/° K% a5 o3
no—2<< SK) 35 —722/533/5(14/+ +W27).

Thus, the constant K can be written as
K =230 (W 4 w?/?) 752, (4.20)
and we can eliminate K in the formulation of 6:
oW\ /P WQ/5 3/5 3/5
Or=|—= wy w: 4.21
= (GR) e W), (1.21)

The spin-vector density is then computed as follows:

Md/g:5(03/24)3/2)E
R3 250 T

B 33/2n(5)/2 Wi/5+WE/5 5/2 W3/s _ 3/ E

- 3/5 3/515/2 3n ( + - ) T
(W2 +W2r?) 0 W]
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W W
:no - .
Wi LW W

It remains to compute the fourth-order moments. Using W = %K 01/ % and equation
(4.21), we have

1 5K 5
6/ Molftdk =2 (67 +07) = 2 (0, W, +0_ W)
RS

5

- M(Wi/5+WE/5) (W +wi).

In an analogous way, we calculate

-,

w
W

1 S A O (13/5 3/5 /5 17/5
5 RSMW dk;_lgno(w+ + W2 (W =W

Inserting these expressions into (4.2)-(4.5), the result follows. O

REMARK 4.3. If W=0, it follows that Wy =Wy=3noT, =0, Zo=3noT?, and
we recover the semiclassical energy-transport model. It is possible to see that 1<
Zy/ (%nOTQ) <1.08, which shows that the coupling is rather weak. This is expected
since the coupling in system (2.7)-(2.9) is weak too.

4.3. Third model.
THEOREM 4.4 (Spin energy-transport model for @=A¢).  Under the assumption @d= A
for some A=X(x,t) >0, system (4.2)—(4.5) can be written in the variables (ny,Wy,85)

-,

as system (2.10)—(2.13), where (ny,Ty,S) are linked to (ng, 7, Wo, W) via

3 - il
ne=no£liil,  SniTe=Wox|W], g‘:%. (4.22)
7
Proof. First, we compute the moments in order to make system (4.2)—(4.5)

explicit. Under the assumption that @ = A¢ for some A >0, the Pauli components of the
Maxwellian become

1 1 1 1
My = gexp (a0 T+ 5o DI ) + gex (a0 =N+ 5 (o= IDIKE ),

1 = {exp o+ e+ co ) —exp (an =Nl + G ao -1 ) } &

Introducing the new Lagrange multipliers

oL

32000204 g, . 1

= (270 = Fi=—=
) TET: MT

the Pauli components of M can be rewritten as

1 — 1 —
My= §(k5+99+ +k7997 )? M= §(kj+ge+ —]{37997 )’y’

where gp, is defined in equation (4.7). Since the Maxwellian has to be integrable, we
have ¢g+1|¢] <0 and consequently, 0, >60_ >0 and £y >rk_ >0. It follows that
1

1 R .
710:5(“++’€—)a ”:i(/ﬂ*’f—)%
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3 - 3
WOZE(K/+9++K/797)7 W= Z(K}+9+—K}79,)’7.

These expressions allow us to identify the new Lagrange multipliers with ny =ng +|7],

Wi =Wy+|W|, and §=1/|7l:

3 it W
ny =ky, Wiziki@, §= 1 =

The last expression represents a constraint of the spin part of the particle density and
energy. Moreover, the definition 7y =2W_,/(3n4) implies that T4 =604. Thus, the
Pauli components of the Maxwellian take the form

-1

1 iR
My= 5("+9T+ +n_gr. ), M= 5("+9T+ —n_gr_)s. (4.23)

Computing the higher-order moments
1 5
/ Molkitak = [ (o, +n_go JkI'dk="(n 13 40 12)
R3
M\k|4dk = §(n+Ti —n_T?)3,

system (4.2)—(4.5) becomes

6tn0—div< VW0+n0VV>: (4.24)
2 . . i

8tﬁdiv(VW+ﬁVV> + Qe :f—, (4.25)
w2 W2\ 5

0Wo —div V — = )+ SWVV VWO—l—noVV V=0, (4.26)
9 nye  N_ 3

- (5 w2 w2 e
oW —div| =V | —+— 5| += WVV fVW—&-nVV -VV
9 ny n_— 3 3

< . W
+QexW=——. (4.27)

Tst
The next step is to reformulate this system in terms of (niy,Wi,s). First, we
derive equation (2.10). For this, we take the scalar product of equation (4.25) and

§=1/|ii|=W /|W|, leading to

Lo (200 o (2o |72
07| — div §V|W|—|—|n|VV +Vs. §VW+7”LVV =——.

4.2
Tst ( 8)

Observing that |§]=1 implies that V§-5=0, we find that V§-VW =V5-V(|W|3)=
|[W||V5)? and V5.7 =0. Hence, equation (4.28) becomes

2 - 2 — s

o i (597 awv ) + 2w = 2
sf

Taking the sum and difference of equation (4. 2) for no and the previous equation, we

obtain equation (2.10) using n. =ng=+|7| and |W|= 3(nyTy—n_T-).



ANSGAR JUNGEL, POLINA SHPARTKO, AND NICOLA ZAMPONI 1543

Second, we derive equation (2.11). Multiplying equation (4.27) by §=W /|W| yields

) w2 w2
0,/ | — div <5v< _ ) |W|VV>
9 TL+

n_

. (5 w2 w2
+Vi (V[ —+-— \W|vv
9 ny  n_
2 - w
-5 (3(VV-V)W+T'£|VV|2>:—T|,

and adding and subtracting this equation from expression (4.26) and employing §-7 = |7i|
shows that %niTi =Wy =Wy+|W]| solves equation (2.11).

Third, we derive equation (2.12). We take the product of P:=(I—5®35)/|| and
expression (4 25) (here I is the unit matrix in R3*3.) This matrix has the following

properties: Pii=0, Pdii=0,5, and PVii=V3. A computation shows that
~ /2 -
3tsd1v< ( VW+nVV>> +VP- (3VW+ﬁVV> +Qe x §=0. (4.29)
We reformulate the second and third term:
~(2_ - 2|W| 1
Pl -VW+aVV ————(I- VW=
(3 o ) 30n W|( 5©9)

3
(VP-YW); =Y VP VW,

3
1 1
:E <| |2(5 slsJ)Vﬁ|m(sZVs]JrsJVsi))VWj
j=1

. 1 -
7 |2\W|V|n\ Vit ||W||V§12$¢—WV|W|V81
W T g

=—"= Vlog(|i||[W])-Vs; — =—[V5]"s;,

7] 7]

VP-iVV =(VV.V)(Pi)—P(VV-V)i=-VV.V5.

Therefore, equation (4.29) becomes

W > <2|W T ) 2 |W| 2
8s—dlv( —Vs |+ Vlo W)+VV ) -Vi+ = 1|V525— 0 x §
) T 3 177 Vsl SELE
2 [W 2 2 -
:VY|(A§+|V§12§‘)+{V( |W>+|W|v10g(| ||W|)+VV}-V§—Qex§
3 7| 3 |al ) 3 |l
2|W .
:2Mgx(Asxg+<4Wrw)+vv>.vg_ﬁeX§:
3 nyg—n_ 3 ny—n_

Then, using Wi = %niTi, equation (2.12) follows. 0
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REMARK 4.4. If the temperature is constant, T, =7_ =1, equation (2.12) for the
spin accumulation vector becomes

0,5—5x (AFx 5) =V (log|ii|>+V) - V5i—Q, x 5.

If ﬁe = AS, this resembles the Landau-Lifshitz equation with the exception of the first
term on the right-hand side, which provides an additional field contribution. Note that
this term does not vanish in termal equilibrium where V' =—logny.

5. Entropy structure

In this section, we investigate the entropy structure of the spin energy-transport
equations derived in the previous section. Recall that the entropy of the general model
is given by

H:/ / tr(Mlog M)dkdzx,
RS JRS

where M = Moo+ M- is the Maxwellian. We introduce M, :MO:t|M| and Py =
$(o0% (M /|M])-&). Then (Py,P-) is a set of complete orthogonal projections since
P?=Py, P,P_=0, and Py + P_ =09. Therefore, for any function f:R—R,

F(M) = F(M )Py + f(M_)P_

1 1 M
:E(f(M+)+f(M—))Uo+§(f(M+)—f(M—))M 0.
In particular, since the Pauli matrices are traceless,
1
H:f/ / (M log My + M _log M_)dkdzx. (5.1)
2 R3 JR3

5.1. Entropy inequality for the first model. We wish to explore the entropy
structure of the first model (2.1)—(2.3) (¢=0), neglecting the electric field:

—
—

o= A(noT), %&(noT) - gA(noTQ), i = AGRT) — o xii— . (5.2)

Tst

where z €R?, ¢ > 0. We claim that the entropy is given by equation (2.15). Indeed, since
¢=0 by assumption, M = gr(k)(nooo+1m-), where gr(k) is defined in equation (4.7)
(see the proof of Theorem 4.1). Then My =gy (k)ny and equation (5.1) shows that

Hy = % /Rs /RS gr(k) (nlog(n.4.gr (k) +n-log(n-gr (k)))dwdk

1

25/ (n+logn++n,logn,)dx+/ (n+—|—n,)/ gr(k)loggr (k)dkdx
R3 R3 R3

1 3 3

= f/ (nylogny +n_logn_)dx f/ (ny4+n_)| =+ =log(2nT) |dx.
2 R3 R3 2 2

Thus, since [ps(ny +n_)dz is constant in time, we find that, up to a constant,

H1:/ (n4log(n T7%?) +n_log(n_T/%))dx,
R3

which is exactly equation (2.15). Recall that ny =ng£|7].



ANSGAR JUNGEL, POLINA SHPARTKO, AND NICOLA ZAMPONI

1545
PrOPOSITION 5.1 (Entropy inequality for system (5.2)).  The entropy (2.15),
sidered as a function of time, is nonincreasing along (smooth) solutions (ng,T,7i
equation (5.2), and

dH, 2 2 2
— T4 3(|V\/n+T| +|Vy/n_T|*)dz +20 3n0|v\FT| )dz
1 i |?
+f/ (n+—n_)(logn+—1ogn_)< —&-T‘V )dx 0. (5.3)
2 R3 sf "I”L|
Proof. We compute
dH
i} / Z (log nyT—3/? )8tns—f—8t(n T))dac
RS
:/ (log((n0+|ﬁ)T_3/2)8t(n0+|ﬁ|)—2T8t(noT+|ﬁ|T)
R3
32 _, 31 .
+10g((n07|n|)T )Bt(nof\n|)f§fat(non|n|T) dx
n —|i|? no + |7 2, (3
= log [~ 1 = “noT | pdz. (5.4
J o (B Jomo-on (55 ) -0 20 (g oo 50

Inserting expression (2.1) in the first term and integrating by parts, we find that

2 _ |72 2 1712
/ log(w>6tnodx:—/ VIOg(W)'V(noT)dx.
R3 R3

Furthermore, using experssion (2.3) in the second term on the right-hand side of equation
(5.4) and integrating by parts gives

/ log(nO—Hn') -Oyidx
ke \no— ||/ |l
e s
RS no—|7l ) ) 7|
_ 1 S
—/ 1og("0+|7f|)v Y (AT)dz — — |ﬁlog<n0+|n>dx.
R3 ’I’L()—|n| "I”L| Tsf JR3

no—w
Since V(i/l7) - (7i/|7i]) =

0 (note that 7i/|7| is a unit vector) and

—

V- .V(AT) :vﬁ-v(ﬂﬂf) - |ﬁ|T’Vn
7] 7l 7]

n

| =

|ﬁ|~V(ﬁT): (TVA+aVT)=TV|ii| + |7 VT =V (|7|T),

En

it follows that
/ log <n0+ ‘ﬁl ) 4 -Oyndx
R3 no — 7| / |7l
7/ v1og<”°+7f|).V(ﬁ|T)dx
R3 no — |7
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- - 12 —
1
—/ 1og<”0+7f|)|ﬁT‘VTf dr— — |ﬁ|log<n0+|n|>daj.
RS no — |7 |7

7ot Jrs no — |7
Finally, we employ equation (2.2) to reformulate the last term on the right-hand side of
equation (5.4):

2 3 1
_ 20, SneT - —. T2
/STat(2no )dx 5 3VT V(noT*)dz

=—5 VlogT-V(nOT)dx—B/ 0|V TPdz.
- s T

Summarizing these expressions, we have

dH, ng —|7|? ng + || -
= Viog | ——=— | -V(noT)dz+ V1 V(|71
di /R3{ Og< T3 (noT)dx 0g no — |7 (172 T)

+5VlogT-V(n0T)+57;?|VT2}dx
- - 12 -
1
—/ {1og<”‘)+’f')|ﬁT‘v7ﬁ +|ﬁ|1og<"°+’f|)}dm
R no — |7 Al T no — |7

=0L+1.
The integrals in Is correspond, up to the minus sign, to the second and third inte-
grals in equation (5.3). It remains to show that I; corresponds to the first integral
in equation (5.3), up to the sign. Indeed, since log(nZ—|7i|?)=logn, +logn_ and
log((no+|7])/(no —17])) =logns —logn_, we have

I = —/ Viog(na —|ii|?)-V(neT)dx
R3

—/ Vlog<”°+|’f|>-V(|ﬁ|T)dx—2 ViogT -V (noT)dz
R3 n0—|n| R3

:—/ (Vlogn, -V(niT)+Vlogn_-V(n_T)+VlogT-V(nyT+n_T))dx
R3
:—/ (Vlog(nyT)-V(nyT)+Viog(n_T)-V(n_T))dz.

R3

This ends the proof. ]

REMARK 5.1. When system (2.1)—(2.3) includes the electric field, a computation similar
to the proof of Proposition 5.1 shows that the entropy-production identity reads as

dH, / IV(nyT)+n TVV? |V (n_T)+n_TVV|?
— + + dx
dt R3 7’L+T n_T

+1O/Ra(n+—|—n_)\V\/T|2)d3:

L2
1 1
+f/ (ny —n_)(logny —logn_)| —+T v@ dz=0.
2 R3 Tsf "I/L|

Thus, the presence of the electric field complicates the existence of a priori bounds.
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5.2. Entropy inequality for the second model. We show that there exists
an entropy for the second model (4.12)—(4.14) (d¢=0) for vanishing electric field,

-,

3 - T 4
8tn0=A(n0T), §8t(n0T)=AZ0, &gW:AZ—Qe XW—f, (55)

Tsf

where x € R3, >0, and (ZO,Z) are defined in equations (4.15)-(4.16), i.e

Zo—= (Wd/5+W3/5) (W7/5+W7/5)

18n

7 3/5 3/5 7/5 T/ W
Z= 18n0(W + WY (WP —-w! )|W|

We claim that the general entropy (2.14) becomes an entropy for the second model
when the Maxwellian M = Moo+ M - & is given by expression (4.10), and this entropy
equals, up to a constant, expression (2.16). Note that if W:O, we obtain W =W,=
3noT and Hy = [g. nolog(noT—3/?)dz, up to a constant. This function corresponds to
the entropy of the semiclassical energy-transport model [13, Chapter 6].

To show that equation (2.14) reduces to equation (2.16), we may employ expression
(5.1) but we prefer to proceed in a slightly different way. We observe that the Pauli
matrices are traceless and we employ the formula (&-3)(M -&) = (¢- M)oog+i(Ex M) - &
(see [18, (7)]) to infer that

2
Hy= ftr/ MO+M a) (a000+(coao+c a)|k| )dkdm
R3 JR3

L viLis
= a0M0+CoM 74— M dkdx
- 2 2

:/ (a0n0+COWO+E~ V_V)dx
R3

The Lagrange multiplier ag can be written in the following way, using the first equation
n (4.11) and (4.20):

=log ——r 5 logno — glog(Wi/5 +WE/5) +1log(2- 33/2(27073/2)'

K
@07

Observing that ng nodx is constant in time, it holds that, up to a constant,

/aonodx:§/ nolongaﬁ
R 2 Jps w2 Wi/

By the second equation in (4.11), we have ¢y +|¢]=—1/601, which yields

__ i1 |717L_L
o= 9\e, T ) f° 0. o)

Furthermore, employing the third equation in (4.11) and (4.19), we have ¢/|¢|=7=
W /|W| which shows that & W = |&||W|. Thus, replacing 6+ by the expression in equa-
tion (4.21),

- 1 1 1 1 -
st ) (o s (L L)
+ -
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O 3ngW 1 1 3no|W| 1 1

T W W (Wz/s " w2/5> WA W (Wi/5 ) w%)
3o <W0+W| Wo—|W|) ~
WP wio w2 w2/s

Neglecting this contribution as well as the constant in the expression for ag, this shows
the claim.

We show now that the entropy (2.16) is nonincreasing in time and that it provides
some gradient estimates.

PROPOSITION 5.2 (Entropy inequality for system (5.5)).  The entropy (2.16), con-
sidered as a function of time, is nonincreasmg along (smooth) solutions (ng,T,W) to
equation (5.5) in R3, where Wy =Wy+ |W| and Wy = 2n0T Furthermore, it holds

dH. -
CT;“/ (VWi >+ VW 2+ T|Vy/no >+ Wy (VW) T*)dz <0,  (5.6)
R3
where ¢>0 is a constant and (VW)T = (I—|W|2W @ W)VW.
Proof. First, we perform some auxiliary computations:
a (5 ng 3/5 3/5
e (3008 ) =3 (oo 20211,
5n . - §n W;2/5+W__2/5
Wy \2" By T 270 WS W

0 no 3 WMt owt g
3/5

nolog——+———<= | =—no——7+—57+7———-
aw( w2 w? 27 WIS wAe W

Using these expressions and equation (5.5), it follows that

dH. 5
72:/ —(logno—log(W3/5+W3/5)+1)8tn0
dt Jes | 2

3 Wos s 3 W—2/5 W2
5 e 0o e e — e e O }
20 W w? 20 Wt wrt W
5 no
=—— Vlog ———+——~ - VWydx
3 Jrs Wi/‘)—i—WE/S
5 vno(W_:2/5+W_2/5) v W_?_/5+WE/5 W w5\ de
+E 3/5 3/5 ' (W7 )
R? Wi+ we "o
o[ I
12 Jgs WS/o+W3/5 |W|
W3/5+W3/5 W
xV((WIm—WZ/E’)ﬁ)d:c
no |W|
3 TLQ(W_:Q/5*W__2/5) .
+27_‘f ) 575 37 |W |d.
st JR W+ +W_
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Setting A ::no/(Wi/5 +WE/5), we can rewrite dHy/dt as follows:

dH, 1
o ——3 RS)\ V- VWodz
5 - - 5
£ L, V07 LW AT WP+ W) da
5 —2/5 —2/5 W 110,7/5 7/5 W
+—= V()\(W —W_)— ) VAN (W =W — |dx
12 Jpo " W " Wi
3 _ _
+27‘f/ ANWIW2P - w22 da
=hL+1+ 15+ 1.
Using Wo = (W +W_), the first integral becomes
:—f/ Z— VW,d.
R3
By the product rule, the third integral I3 is computed as
5 _ _
=7 Rsv(A(Wf/"’—W,?/S))-V(A—l(WT—WZ/E’))dm
5 _ ~ w?
+13 AW 2P —w 2N WP —w TP v | da,
RS W

where the mixed terms vanish since V(W /|W|)-(W /|W|)=0 (which is a consequence
of VW /|W||2=0). Expanding the products in the first integral on the right-hand side
and in I, some terms cancel, and we end up with

L+I3= %/ (VOW ) A W) v w7 . v (A W) da
RS

V‘['/ 2
VT
IW\

5 _ _
+ [ WP _w YW W) da
12 Jgo

5 14|VW,> 9 VA
2 EAAN v/ d
G/R;E( % W, 5V ) v

5 2/5 2/51 j1177/5 7/5 w?
+— W, " —-Ww_ W,/ =WV —
o Lo W

dx.

Finally, the fourth integral is nonpositive since 0 <W_ <W,, i.e. I4<0. Combining
these results, we find that

H 14 S VW, Vv 2
i o /Z S ALY R A ALEL W AL\ I P
at s 2\ 25| AT | B AT, A X

5 —2/5 —2/5 y11,7/5 7/5 w?

1 [,V )V—M/' dz

=Ji1+Jo. (5'7)
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First, we consider the first integral J;. The quadratic form in J; is positive definite
and the eigenvalues of the associated matrix are larger than 1 / 5, SO

J1<”/ (|VF|2+|vf|2 (We+Wo)
<_7/ (|v\ﬁ|2 + VW +2e Wy | == VA )dac, (5.8)

where we replaced W, +W_ by 2W, and introduced some € (0,1). The last term

can be reformulated in terms of Wy = %(W, +W_) and ng = (Wi/5 + Wf/s))\, using the
elementary inequalities (a—b)? > 1a?—b? and —(a+b)* > —2(a®+b%):

2 2/5

Vng 3 W YPVWL 3 wIMSvwL P
no  SWA LW S
Vo {gw Wt YW 2 w2
no 25 (W3/5+W§/5)2 (W3/5+WE/5)2

VA

A

—VVo

Wo

1
> W
Z5 %o

Employing Wi/5+WE/5 > (W +W_)3/5=(2Wp)?/® and Wl/5 < (2Wp)'/?, we can es-
timate as follows:

Vg2 18 AWV WP AW oW
5 ¢ (2W,)6/5 (2W,)6/5

1

2 o 2

1. |Vngl® 18 2%/

=5 Wo|—— 25W1/5( WP IO+ WP O W)

no

1 \Y% 36
> S Wo AL . (VWL + VW P),

no

Then, with the relation Wy = 2noT,

> 3TV ol — 52 (VI P 4+ [V,

Inserting this expression into estimate (5.8) and choosing € >0 sufficiently small, we
arrive at

VA

WO)\

Jlgfc/ (IV /WL P+ |V W_2+T|V /no|?) da (5.9)
R3

for some number 0 <c<1/5.
Next, we estimate the second integral J, in estimate (5.7). By the mean-value
theorem, there exist &, n € [W_,W,] such that

(W22 w2y WIP — Wy = (W W)W w2 W —wT

_ 14 —2/50—3/5, 2/5 14 28 |W|?
—25(W+W7) E3OPPW,L—W_)? > 25W TWye—W_)?> 255 W,

where we used that W, <2Wy and W, —W_ = 2|W\ Consequently,
WP 281
= | de==2

2 V|2 V V
J2>—8 W] = = e (H_W?W)
|W| 25 Jrs Wy H/V|2

25 Jrz W
Combining this inequality and estimate (5.9) with estimate (5.7), the result follows. 0O
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5.3. Entropy inequality for the third model. We show that there exists an
entropy for the third model (2.10)—(2.12) (&= A¢) for vanishing electric fields, i.e.

1 1
8tni—A(niTi):qZQTf(n+—n_)$§(n+T+—n_T_)\V§'|2, (5.10)
3 5 2 3 5 2 2 2
§at(nisz)_§A(niTi):$Ff(n+T+—n,T,)$Z(n+T+_n7T7)‘V§17 (511)

Ty —n_T_ T, —n_T_ -
R Ll e NN SPAA GRS E Sl ) RPN e SOV (5.12)
ny—n— ny—n—

where z€R3, t>0. As in Section 5.2, we make first explicit the entropy functional
(2.14), where the Maxwellian is given by its Pauli components (4.23). A computation
shows that My =n4gr, (k)oo, so equation (5.1) yields immediately entropy (2.17).

PROPOSITION 5.3 (Entropy inequality for system (5.10)—(5.12)).  The entropy (2.17),
considered as a function of time, is nonincreasing along (smooth) solutions (ni,Ty,5)
to system (5.10)—(5.12) in R3, and there exists a number ¢ >0 such that

D ve [ 3 (TIVGAP +n VTP <0
dt RS ‘=

Proof. Before computing the derivative dHs/dt, let us consider the semiclassical
energy-transport system

On=A(nT), gat(nT):gA(nTQ) in R,

which is known to dissipate the entropy Ho= [snlog(nT~3/?)dz. Indeed, a computa-
tion shows that

==/ <V(”T)'V(”T_3/2)—2V;'V(NT2)>dax
=—4/ <|ﬁv\/ﬁ2+2ﬁv\/ﬁ'\/ﬁvﬁ+;|\/ﬁﬁ|2>dx.
R3

The quadratic form in the variables vTV+/n and \/nV+/T is positive definite and the
eigenvalues of the associated matrix are larger than 1/2; so

H
% +2/ (WTVVn? +|VaVVT|*)dx <0.
]RS

The similarity in structure between Hs and Hj as well as between the spin and
semiclassical energy-transport system allows us to deduce that, for some number ¢ >0,

- 2 2
i +043§(Ts|vm 1| VT. ) da

ny T2 3T, T
<-— /]R3 (log%(r@ —n_ )= (ny Ty —nT))da:

Ot DT 2 T, T_

~3/2
1 nyTo° 5T, —T- ) R
75/]1%3 (log1_‘__:3/2(71+T+n_T_)+2m(n+T+n_T_) |§| dI:11+12
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We claim that I; <0 and I <0 which concludes the proof.
First, we prove that [; <0. It holds that

1
L =— /(n+—n,)(logn+—logn,)d:ﬁ
27’Sf R3
3 T T, -T_
il (‘<”+ ‘”—>1°gF+EF+T<”+T+—”—T—>)dx
3 T T, —-T_
= _4Tsf /]RB (_ (ns —n_)logT—i * ;}_T(THTA' —n_T_)>da:.

Because of T_ <T, and n_ >0, we have n,. Ty —n_T_ > (ny —n_)T which shows that

A7yt T T

3 T, T,
—— —n ) = —1-log =" )dz <.
4Tsf/Rs(n+ n )<T ogT> x<0

In a similar way as above, we find that nyT7 —n_T? > (ny Ty —n_T_)T; and

Lie— 5 /R3 (—(n+—n)logﬂ+1(n+—n)(T+—T))d:p

1
== [ (1 Ts =0 1) (log(ns ) ~log(n_T))dz
R3
5 T, T,-T- 2 2 2
- = — T, —n_T )log—+——7— Ty —n_T
N L e R ) [
5 T, 1 )
<—= — (4T —n_T_)log — + — (n4 T4 —n_T_) (T4 = T-) | |5 da
4 Js T T
5 T T
:—4/Rs(n+T+—nT)(i—l—logi)dx<0.
This finishes the proof. ]

6. Existence analysis of the second model

We show the existence of weak solutions to a time-discrete version of the second
model in the formulation (4.12)-(4.14) for vanishing electric field. Replacing Wy = 2noT
and Zy, Z by expressions (4.15), (4.16), respectively, we obtain system (2.19)-(2.21). We
recall that A >0 is the time step size, (no,Wo,W) are the unknowns, and (ng,Wg,Wo)
are the moments at the previous time step (supposed to be given).

THEOREM 6.1 (Existence for the time-discrete second model). Let DCR? (d<3) be a
bounded domain and let nd, W € L*(D), n, WP e HY(D)NnL>(D), WP € HY(D;R3*)n
L>°(D;R?), WO e L2(D;R?3) satisfy supyp |WP|/WEP <1 and
: . W)
n8>0, Wg>0 i D, 1%fn—80>07 Sll,l)p WO <1.

Then there exists a solution (ng,Wo, W)€ H*(D;R%) to system (2.19)~(2.22) such that

147 W
no>0, Wo>0 inD, inf—2>0, supu<1.
D nyg p Wo
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Proof.  The proof is inspired by the techniques employed in [21]. The idea is to
introduce new variables to make the differential operator linear and to truncate the
nonlinearities. We proceed in several steps.

Step 1: new variables. Let Wi =Wy=+ |W\ We define

2 5

wi==Wo, voi=—— (WP WSy W/ W),
3 18ny

R 5 3/5 3/5 7/5 7/5 W

7= WP WA\ WP Wy
18n0( * )Wy )\W|

Observe that supyp |WP|/WP <1 implies that infyp W >0 and supyp | 7] /ve < 1. Fur-
thermore,

5

B 0]
B 18710

1\ =

3] (WP L WPy WP —w /),

=
v

=

)
vy i=vo U= %(W_?_/5+WE/5)W1/5.

This shows that vy /v_= (W, /W_)"/® or equivalently, Wi /W_=(vy/v_)*7. We
rewrite the variables in terms of vy, observing that vy +v_ =2uvy:

W2 3/7 W2 _ 3/7 B
UO:E; 1+ v+ 1_,_”;*‘ :ii 14+ = 1_|_L ,
18 nyg v_ v_ 18 ng vy Uy
(18 1/2 5/7,3/T | 3/T\—1/2 ~1/2
W= 5 "ot vy (v o) (vy+ovo)
1/2
<9"°> o T
1 2 V2o 5/7\, 3/7  3/7
u:(W++W):<5n0vo> (U+/ +o2 ) 0 YT 2 (v 0o )1?

1/2 )
= (1) " e iy 1)

Solving the last expression for ng yields

S viﬁ + viﬁ

| (62)
(vi/7 +vi/7)2

ng—=

and inserting this equation into (6.1) gives Wi:?)uviﬁ/(viﬁ—i-viﬁ). Because of
7/|5| =W /|W|, it follows that

5/7  5/7T
1 3~ 3 T
Wo=5(Wy+W-)="u, W=yt T Y

—_— 6.3
2 2" T (6:3)

We infer that system (2.19)-(2.21) can be written as

no(u,vg, V) —hAuzng,
Wo(u,’()o,’l_f) —hA’U() :Wg,
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h 0 -
14— |W(u,v00,8) —hAT=W" in D, (6.6)
Tsf

where ng(u,vo,7), Wo(u,vo,7), and W (u,vo,7) are given by equations (6.2)—(6.3).
Step 2: truncation. We introduce for € >0 the truncation operator

0 for f <0,

[fler==4 f  for0<f<1/e,
1/e for f>1/e,

and the auxiliary functions

5, (0 +0% ) (W +v0)

v
)‘(gvv yU— ) 75 + )
' T

5/7  5/7
3 h\ vy —v’
(& vp,v) = 5 <1+7_sf>£5/7—|—1)/.

These definitions imply that

—

- - . U
no(u,v0,7) = A(u/vo,v4,v-)u, W (u,vo,7) :N(U/UO»U%U*)UOE-

We claim that the following estimate holds for A and p:

5 3 h
D<A ) <6 0<plE s < <1+T )5 (6.7
sf
for all £>0, vy >v_>0. Indeed, the bounds for p are obvious. In order to prove the
upper bound for A\, we observe that

3/7

(vi/7+vi/7)(v++v,) 10/7+v10/7 3/71)7_’_1}_ v

By Young’s inequality,

3/7 <3 w7, T 10/7<l 10/7 . 10/7
vy v,_10v+ +10v7 _10(v+ +v_ )7

3/7

and the same bound holds for v”" "v;. such that

SO

12
(vi/7+vi/7)(v+ +v_)< 5 (vioﬂ—l—vl,o/?) <
Inserting this estimate into the definition of A, the upper bound follows. The lower
bound is equivalent to (v 3/7+v3/7)(v+ +ou_)> (viﬁ—l—vi/?)z which follows from

(vf_/7 +v5_/7)2 ( 3/ +v3/7) (vy+v_) :21}1/7115:/7 —viﬁv_ 7v3/7v+

2/7 2/7
1 /v 1
e (155(5) () )=

This completes the proof of estimate (6.7).
With the above truncation, we wish to prove the existence of a weak solution to

A[u/vole,vg,v- ) u—hAu=ng, (6.8)
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3
§[u/v0]5v0 —hAvy =W, (6.9)
u([u/vo}g,v+,v_)voﬂj‘—hATJ':WO in D, (6.10)

where, slightly abusing the notation, vy is here defined by vy =max{0,vo 4 |7]}. Since
we will prove below that vg=+|¥] >0, this notation is consistent. The boundary condi-
tions are

2
uzuD::§ OD, vozvé), 7=v" on dD, (6.11)
where

5 5

o i= s (WD)/5 4 (WD) ) (WY (WD),
0
17D'_ o ((WD)3/5+(WD)3/5)((WD)7/5—(WD)7/5) WD
BT - + - Wwo|’

and WP := WP +|WP|.

Step 3: existence of solutions to the truncated problem. The existence of a solution to
system (6.8)-(6.10) is shown using the Leray—Schauder fixed-point theorem. For this, we
define the mapping F:L?*(D;R%) x [0,1] — L?(D;R®), F(p,vo,v;0)=(u/vg,v0,7), such
that

oM([ple,vy,v_)u—hAu=ng inD, u=u” on ID, (6.12)
ga[p]svo—hAvong in D, vo:véj on 0D, (6.13)

a,u([p]g,wr,y,)uoﬁ —hAG=W°® inD, =7 ondD, (6.14)
where vy :=max{0,19+|7|}. We first show that F is well defined, i.e. u/vge L?(D).
Standard elliptic regularity implies that u, vo € H?(D) C L*°(D) (here we use d < 3). By
Stampacchia’s truncation technique, we infer that u and vy are strictly positive (see, e.g.,
Step 2 in [21, Section 2]). We deduce that u/vo € H'(D), and F is well defined. Since
7€ H%(D;R3) by elliptic regularity again, the range of F' lies in H'(D;R®). Employing
u, vg, U, respectively, as test functions in the weak formulation of system (6.12)—(6.14)
and using the Poincaré inequality (note that (u,vg,7) are bounded functions), we obtain
for some constant C'> 0,

||F(p7V0717;0')||H1('D;R5) SO(||(n87W(?aW0)||L2(D;R5) + H(paVOaﬁ)HLQ(D;Rs))'

Standard arguments show that F is continuous. Then the Sobolev embedding H*!(D) <
L?(D) implies that F is compact. Moreover, F(+;0) is constant.

It remains to derive uniform a priori estimates for all fixed points of F'(:;0). Let
(p,vo,7) € L?(D;R%) be such a fixed point. Then (p,vp,7) € H*(D;R%) and u= pry. Em-
ploying u—u®, vg — v{ as test functions in the weak formulation of system (6.12)—(6.13),
respectively, and the Poincaré inequality, we find that

ull 1y + voll zr1 oy < b2 ([0 2oy + WS | L2 ()
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where here and in the following, ¢>0 denotes a generic constant independent of the
solutions (and of €). Similarly, with the test function ¥'— o in the weak formulation of
(6.14), using the nonnegativity of vy and ,

10| 1 (D) SCh*l/ZHWOHL?(Dy

These estimates provides the uniform bound in L?(D;R®) for all fixed points of F(-,0).
By the Leray—Schauder fixed-point theorem, we infer the existence of a weak solution
to system (6.8)—(6.10).

Step 4: removing the truncation. We prove that that there exists a positive lower
bound for u/vg which is independent of £. As a consequence, the truncation in system
(6.8)—(6.10) can be removed for sufficiently small values of € >0, giving a solution to
system (2.19)—(2.21).

We choose &:=min{infp (W /nd),(supp(ul /vP))~1}, which is positive by as-
sumption, and define ¢(z)=max{0,z—1/c}. We use the (admissible) test functions
vop(u/vo), up(u/vg) in (6.8), (6.9), respectively, and take the difference of the resulting
equations:

[ (Ml o) = Sl Yoot/
+h/D (V (006 (/o)) - Vu— ¥ (ud(ufvo)) - Vo) da
:/D(vong —uW)é(u/vo)d. (6.15)
By estimate (6.7), the first integral on the left-hand side can be estimated from below,
[ (Moo= Slaml. Yunnstufulde > [ fuflaadtufon)de 2o
The second integral on the left-hand side of equation (6.15) is nonnegative since
/D (Y (v00(u/v0)) - Vu— ¥ (ub(ufvo)) - Vo) d
- /D (w0 Vb(u/v0) - Ve — uVh(as/v0) - Vo)
:/D(UOVU—UVUO) .V(u/v0)¢'(u/v0)dx:/Dvg|wu/vo)\2¢'(u/vo)dzzo.

Finally, because of ¢(u/vg) =0 if vo/u > ¢ and e < W] /ng, the integral on the right-hand
side of equation (6.15) becomes

0
/D(vong—qu)qb(u/vo)dx:/Dun(O)(Z?—I/:L%J)qb(u/vo)dx
0
S/Dun(O)(E—VTZé))¢(u/UO)dm<O

Therefore, equation (6.15) implies that

0< / wvop(u/vg)dx <0,
D
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from which we deduce that ¢(u/vyg)=0 a.e. in D and consequently, u/vo<1/e a.e. in
D. Hence, [u/vo]e =u/vo and we can remove the truncation in system (6.8)—(6.10).

Step 5: proof of vo > |U| in D. More precisely, we show that (1—d)vg—|0]>0 for

Wo 7/5
O<(5<min{1—sup|W0|,1 W |U0| (6) }

Note that such a choice is possible because of our assumptions. To prove the claim, we
use w :=min{0, (1 —9)vy —|7|} and & :=wv//|V] as test functions in the weak formulations
of equations (6.9) and (6.10), respectively. Note that, since vg is strictly positive, W
vanishes in a neighborhood of #=0, so we€ H! (D). By definition of §, it holds that
w=0 on dD, so w, W€ H} (D). We find that

g/uwdquh/ V'U0~de:17:/ Wgwdz,
D
5/7  5/7

§ 1—|—£ /uuwdxﬁ—h/ Vv -Vudx = /WO -dx.
2 TSf 5/7+v5/

We take the difference between the first equation, multiplied by 1—4, and the second
equation:

50 n\
/1)((1—5)—2(1+Tf>5/75/7>uwdx+h/ (1=6)Vvg-Vw— V- Vi) dx
S ’U+
:/D ((1—5)W00 % W°> wdz. (6.16)
We deduce from the definition of § that for any z>1—4,
(142)%/7—max{0,1—2}>/7 2max{0,1—2}°/7 o195/
(142)5/7+max{0,1—2}5/7  ~ (142)5/7+max{0,1—2}5/7 =

Thus, since vy =max{0,vo£|¥]} and taking z=|7]/vg>1—¢ on {w <0}, the first inte-
gral on the left-hand side of equation (6.16) is estimated as

5/7  5/7
3 h v —v
(15)<1+>+_>uwdx
/D( 2 Tef Ui/7+v5,/7
/ 177(1+\fu|/vo)5/7 max{0,1—|7] /v }*/" o
= Jp 2 (1+17)/v0)>/ 7+ max{0,1 — |F] /vo }>/7

2—05/ uwdxz—q;/ umax{0,(1—0)vy—|v]}dx,
D D

where ¢5=2(1-20%7)—1=1—-357>0. The second integral on the left-hand side of
equation (6.16) equals

[ (a=viu-vo9 (D) )i

((1 0)Vug-w—V|0|-Vw—wVi- V‘ |>

U\
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z/ (|Vw|2—|v|w‘ )dm>0
D |”|

using the fact that w <0. Finally, by the definition of ¢, the integral on the right-hand
side of equation (6.16) is nonpositive,

/D((l SWg — G WO)Wd$</1)((1—5)W8—IW°)wdxgo.

Summarizing these estimates, equation (6.16) implies that
—q;/ umin{0, (1 —4§)vy — |v] }dx = —05/ uwdxz <0
D D

and hence, (1—39)vg—|¥] >0 a.e. in D, which proves the claim. d

7. Numerical experiments

We perform some numerical simulations using the first model (2.4)—(2.6) with the
spin polarization matrix, We consider, as in [18], three- and five-layer structures that
consist of alternating nonmagnetic and ferromagnetic layers. Multilayer structures are
promising for applications in micro-sensor and high-frequency devices. In this paper,
they serve to illustrate the solution behavior rather than to model practical devices.

7.1. Numerical scheme. We solve equations (2.4)—(2.6) on the finite interval
[0,1] which is divided in m equal subintervals K of length Az =1/m. The finite-volume
method is employed and the generic unknown wug is an approximation of the integral
Jreudz. The difference quotient Dug ,/(Ax):=(ug,o —ux)/(Ax) approximates the
gradient of u in the subinterval K, where ug , is the value in the neighboring element
K’ such that KNK'={o}. Then the flux J, =—(V(uT)+uVV) through the point &
can be approximated by

1 1

Ju,K,U:_AJ:(D(UT)K,J+2(uK+uK7U)DVK,U>‘ (7.1)

Special care has to be taken for the discretization of the Joule heating term 7, -VV.
We suggest to approximate it according to

1
/I(jn -VVidr~ E ;ijn,K,aDVK,Ua

where the sum is (here and in the following) over the two end points of the interval
K. The values Cg, Qk, pi are given by the integrals of C(x), Q(x), p(x) over K,
respectively, and the values Qg, P, are the arithmetic averages of Q p in the neighboring
subintervals of the intersecting point o, respectively. Finally, we set 1, = /1 —p2.

The stationary solution is computed as the limit ¢, =kAt— oo from the implicit
Euler finite-volume discretization of equations (2.4)—(2.6). We solve first the Poisson
equation for the electric potential V* with the charge density from the previous time
step k—1, solve then the moment equations for (an07 #), and update finally the
temperature. Given (nlg % "kil,TI’“{l) and Wy ;{1 = ISKIT ~1 the numerical scheme
reads as

)\2
D ZDVKU ”01{ Ck),
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Az
At(OK ”OK "'ijKa )
JAN QP -1 k k k
Kt( )+ZJW,K,U+EZAxJn,K,aDVK,U:07
Az o - = . Ax_,
E(nl;(_n/;( 1)+ZJII§,U+7AZ‘(QK Xn’;{) To nl}c(7
Tk _EW&K
K — 3 k )
o,k

and the discrete fluxes are defined by
«77]5,1(,0 =—Don,” (J:,K,a — oSy ij,K,U)?
Thv i =— 200z (s~ 90 Fiv 1)
Tta==Don;* (= PoQa I 1.0+ (1=10)2 @0 T 1 o 100 T 1)

and the fluxes J* Ko JWK > and JK . are discretized according to equation (7.1) with
the exception that the temperature and the densities in the drift term are explicit, i.e.

1 1
JZZK,U N (D(Uka_l)K,a + 5(“’;{1 "’“];(,;)DV;?,J) .

Note that we have introduced the scaled diffusion coefficient Dy and the parameter -,
which come from the scaling of the equations. The values are Dy~6.9-10"% and v=4.
The scaled Debye length equals Apa21.2-10~%. We have chosen the (scaled) boundary
conditions ng=1, 7=0, and V=Vp at 2=0,1 with Vp(0) =0 and Vp (1) =U/Ur. Here,
Ur=0.026V is the thermal voltage at room temperature.

The discrete linear system is solved for each time step k£ until the maximum norm of
the difference between two consecutive solutions is smaller than a predefined threshold
(1078...1071). This solution is considered as a steady state. The numerical parameters
are Az=0.003, At=>5-10"%...1073, and the (unscaled) physical parameters are D =
1073m?s~! (diffusion coefficient), 7t =107'?s, and U =—1V (applied bias).

xr

F1G. 7.1. Geometry of the three-layer structure with ferromagnetic (F) highly doped (nt) source
and drain regions and nonmagnetic (N ) lowly doped (n) channel region.

7.2. Three-layer structure. As the first numerical experiment, we consider a
three-layer structure which consists of a nonmagnetic layer sandwiched between two
ferromagnetic layers; see Figure 7.1. This structure may be regarded as a diode with
ferromagnetic source and drain regions. The length of the diode is L=1.2um, the
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F1a. 7.2. Charge density no (left) and spin density ng (right) in the three-layer structure computed
from the spin energy-transport model (T # const.) and from the corresponding spin drift-diffusion model
(T=1).
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Fic. 7.3. Temperature in the three-layer structure for various polarizations p.

ferromagnetic layers have length ¢=0.2um, and the doping concentrations are C'=
1022 m~2 in the highly doped regions and C' =4-10%° m~3 in the lowly doped region.

The local magnetization in the side regions is aligned with the z-axis (orthogonal to
the diode), Q(x)=(0,0,1)T for z€[0,(]U[L—¢,L] and €(z)=0 else. The polarization
in the ferromagnetic regions equals p=0.66.

Figure 7.2 shows the stationary charge density ng (left panel) and the spin density
7= (0,0,n3) (right panel), compared with the solution to the corresponding spinorial
drift-diffusion model (with constant temperature). As expected, the charge densities
are similar with some small differences close to the junction of the drain region. The
spin component ng exhibits some peaks around the junctions which can be explained
by the discontinuity of p(z) (and hence n(z)) at the junctions [18, Sec. 8.1]. The peaks
are smaller in the energy-transport model which may be due to thermal diffusion.

The temperature for different values of the polarization p is illustrated in Figure
7.3. The case p=0 corresponds to a nonmagnetic diode. The temperature maximum
increases with p but the temperature decreases with p in the drain region. Possibly,
higher values of p lead to stronger heat fluxes increasing the temperature in the channel
region, while the highly doped drain region leads to a cooling.
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xr

Fi1G. 7.4. Geometry of the five-layer structure with ferromagnetic (F1, Fa) lowly doped (n) regions
and nonmagnetic (N) regions. The source and drain regions are highly doped (n* ), while the middle
region is lowly doped.
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Fi1G. 7.5. Charge density no (left) and temperature T' (right) in the five-layer structure.

7.3. Five-layer structure. The five-layer structure is composed of two ferro-
magnetic layers sandwiched between two nonmagnetic layers and separated by a thin
nonmagnetic layer in the middle of the structure; see Figure 7.4. The choice of the
lengths L and ¢ and of the doping concentrations is as in Subsection 7.2. The middle
region has the thickness d=L /21 ~60nm. Again we take p=0.66. The local magnetiza-
tion is different in the two layers: ﬁ(w) =(0,0,1)T for x € [L/6,10L/21], ﬁ(x) =(0,1,0)"
for z € [11L/21,5L/6], and Q(z) =0 else.

The effect of the temperature is now stronger than in the three-layer structure. The
charge density ng and temperature 1" are presented in Figure 7.5. The interplay of the
charge and spin densities in the nonmagnetic middle region causes a small hump in ng
and a more significant increase before the drain junction, compared to Figure 7.2 (left).
The hump is larger when the electric potential is a linear function and the temperature
is constant; see Figure 3 in [18]. The temperature maximum decreases with p, oppo-
site to the situation in the three-layer structure. Maybe this observation is related to
the coupling mechanism of the F; and Fs multilayers, which depends on the device
temperature and may have counterintuitive effects [16]. Another explanation could be
that in real devices, the spin-flip scattering should depend on the temperature, and the
lack of this dependence in our model may lead to the observed effect. However, note
that T is the electron temperature, which is usually only weakly coupled to the device
temperature. We observe that the polarization strongly influences the temperature.
When p=0, we obtain the same curve as in Figure 7.3 since this describes the same
nonmagnetic diode.
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Fia. 7.6. Spin density components na and ng in the five-layer structure computed from the spin
energy-transport model (T # const.) and from the corresponding spin drift-diffusion model (T'=1).

In contrast to the three-layer structure, all components of the spin vector density
are nonzero. This comes from the fact that the local magnetization in the Fi-layer
leads to a spin polarization in the z-direction, while the Fs-layer causes a spin polariza-
tion in the y-direction. Furthermore, the component n, of the z-direction is relatively
small. We present the components ny and ng in Figure 7.6. The peaks at the F/N
interfaces are a result of non-equilibrium spin polarization due to the discontinuity of
p; see [18]. The temperature causes a significant smoothing of the peaks between the
magnetic/nonmagnetic junctions.

8. Conclusion

We have derived several spin energy-transport models by formulating the general
spin energy-transport system of [3] in terms of the Pauli components and applying
some simplifying assumptions on the Lagrange multipliers in the Hermitian-valued
Maxwellian. It turns out that if one of the spin components of the Lagrange multi-
pliers is set to zero, the resulting spin energy-transport models are only weakly coupled.
If both components are aligned, a more interesting model is derived, which contains
a Landau-Lifshitz-type equation for the normalized spin vector density. Including a
polarization matrix in the definition of the collision operator leads to a stronger mixing
of the components.

The entropy (free energy) structure of all the models (without polarization matrix)
is analyzed, and for one of the weakly coupled models, we proved the existence of weak
solutions for a time-discrete version. Furthermore, we performed numerical simulations
for one of these models including the polarization matrix.

The results show that the spin energy-transport models are much more complex
than the spin drift-diffusion models, and only partial results on their structure could
be achieved so far. Future work may be concerned with the analysis of the models
with polarization matrix and the inclusion of temperature-dependent relaxation times
as well as a coupling between the electron temperature and device temperature in the
numerical simulations.
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