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EXISTENCE OF LARGE-DATA FINITE-ENERGY GLOBAL WEAK
SOLUTIONS TO A COMPRESSIBLE OLDROYD-B MODEL*

JOHN W. BARRETT?, YONG LU¥, AND ENDRE SULI}

Abstract. A compressible Oldroyd-B type model with stress diffusion is derived from a com-
pressible Navier—Stokes—Fokker—Planck system arising in the kinetic theory of dilute polymeric fluids,
where polymer chains immersed in a barotropic, compressible, isothermal, viscous Newtonian solvent,
are idealized as pairs of massless beads connected with Hookean springs. We develop a priori bounds
for the model, including a logarithmic bound, which guarantee the nonnegativity of the elastic extra
stress tensor, and we prove the existence of large data global-in-time finite-energy weak solutions in
two space dimensions.
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1. Introduction

Micro-macro models of dilute polymeric fluids that arise from statistical physics are
based on coupling the Navier-Stokes system to the Fokker—Planck equation. In these
models polymer molecules are idealized as chains of massless beads, linearly connected
with inextensible rods or elastic springs. In the simplest case of two massless beads
connected with a single Hookean spring, the elastic spring-force is assumed to be a
linear function of the conformation vector g € R, d€{2,3}, describing the orientation
of the spring, and the model is referred to as the Hookean dumbbell model. An interesting
aspect of the Hookean dumbbell model is that it has a (formal) macroscopic closure in
the sense that the macroscopic evolution equation for the elastic extra stress tensor
associated with the classical Oldroyd-B model with stress diffusion can be deduced
from it by multiplying the Fokker-Planck equation with the rank-1 matrix ¢® q:=qq",
integrating with respect to ¢ over a ball B(0,R) C R? of radius R>0, and performing
(formal) partial integrations, where contour/surface integrals over dB(0,R) are set to
zero in the limit of R — oo, by postulating that the probability density function satisfying
the Fokker—Planck equation decays to 0 sufficiently rapidly as |g| = oco.

In [7] and [8], Barrett & Siili proved the existence of large data global-in-time finite-
energy weak solutions to a compressible Navier—Stokes—Fokker—Planck system, where
the solvent was assumed to be a barotropic, compressible, isothermal, viscous Newto-
nian fluid confined to a bounded domain Q CR%, d € {2,3}, and where the elastic spring
force was, instead of a Hookean spring potential, modelled by a finitely extensible non-
linear elastic (FENE-type) spring potential. In [20] the results of [7] were extended
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to compressible Navier—Stokes—Fokker—Planck systems with viscosity coefficients that
depend on the polymer number density. The aim of the present paper is to explore
the existence of weak solutions to a fully macroscopic model, the compressible Oldroyd-
B system, which arises, upon the formal macroscopic closure described above, from a
compressible Navier—Stokes—Fokker—Planck system, with polymer chains idealized as
Hookean dumbbells. The main contribution of the paper is the proof, in the case of two
space dimensions (d=2), of the existence of large data global-in-time finite-energy weak
solutions to this model. In the case of the incompressible Oldroyd-B model with stress
diffusion in two space dimensions the existence of large data global weak solutions was
shown by Barrett & Boyaval [2], and the existence and uniqueness of a global strong
solution, again in two space dimensions, was proved by Constantin and Kliegl [13].
The question of existence of large data global weak solutions to both the incompress-
ible and the compressible Oldroyd-B model with stress diffusion remains a nontrivial
open problem in the case of d=3. We note in passing that in the incompressible case
the existence of global weak solutions to the Navier—Stokes—Fokker—Planck system with
Hookean dumbbells was recently proved in [9] for d=2, as part of the research pro-
gramme initiated in the series of papers [3-5]; for d=3 the problem is open, and the
problem is also open in the compressible case for both d=2 and d=3. The results of
the present paper may however lead one to speculate that in the case of d=2 at least
the question of existence of large data global-in-time finite-energy weak solutions to the
Hookean dumbbell model for the compressible Navier—Stokes—Fokker—Planck system
can also be answered positively.

For the moment we shall keep the presentation general, with Q C R? assumed to be
a bounded open domain with C?# boundary (briefly, a C?# domain), with 8¢ (0,1),
and de€{2,3}. In subsequent instances, whenever we are forced to restrict ourselves
to the case of d=2 this restriction will be clearly stated. We consider the following
compressible Oldroyd-B model, posed in the time-space cylinder (0,77 x €2:

Oro+div,(ou) =0, (1.1)

d(ou) +div, (ou®u) + Vup(o) —div, S(V,u) =div, (T — (kLn+30*)I) +of,  (1.2)
O+ div,(nu) =eA,n, (1.3)

9 T+Div,(uT)— (V,uT+TV,u) =A, T+ %nﬂf%'ﬂ“, (1.4)

where the pressure p and the density o of the solvent are supposed to be related by the
typical power law relation:

d
ple)=ag’, a>0,7>3. (1.5)
Here, like all the mathematical literature apart from [44], who consider y=1 in the case
d=2, we require 'y>g in order to avoid the possibility of pu®u being just a measure.
The Newtonian stress tensor S(Vzu) is defined by

V,u+Viu 1

S(V,u) =p? < 5 - d(diwu)ﬂ) + uB (div, ), (1.6)

with constant shear and bulk viscosity coefficients, respectively, z° >0 and u” >0. The
velocity gradient matrix is defined as

(Veu)i<ij<a= (0 i) 1<i j<d- (1.7)
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The symmetric matrix function T= (T ,), 1 <k,¢<d, defined on (0,7] x €, is the extra
stress tensor and the notation Div,(uT) is defined by

(DivI(uT))H,L:divm(u'lfw), 1<k, <d. (1.8)

The meaning of the various quantities and parameters appearing in equations (1.1)—
(1.4) will be introduced in the derivation of the model in Section 2. In particular, the
parameters €, k, A are all positive numbers, whereas L >0 and 3 >0 with L+37#0. We
note in passing that, in contrast with the compressible Oldroyd-B model considered
here, in the case of the incompressible Oldroyd-B model the term div, ((kLn+3n*)I)
appearing on the right-hand side of equation (1.2) plays no particular role in the proof
of the existence of global weak solutions and can be absorbed into the pressure term
V.p on the left-hand side of the equation.

Equations (1.1)—(1.4) are supplemented by initial conditions for g, u,  and T, and
the following boundary conditions:

u=0 on (0,7]x09Q, (1.9)
Oan=0 on (0,7]x 0%, (1.10)
OnT=0 on (0,7]x 0. (1.11)

Here 0, :=n-V,, where n is the outer unit normal vector on the boundary 9¢2, and the
external force f is assumed to be an element of the function space L>((0,7] x 2;R?).

Our proof is based on several levels of regularization, the first of which involves
supplementing equation (1.2) by an additional term, including the regularization pa-
rameter a >0, and replacing 7 in equation (1.4) by 7+ «. The procedure results in the
following regularized compressible Oldroyd-B model, posed on (0,7 x :

8,0+ div, (ou) =0, (1.12)

9 (ou) +div, (ou®u) + Vup(0) + Vi (kLn+31?) — div, S(V,u)
:diva—%thr(logT) +of, (1.13)
O+ div, (nu) =eA,m, (1.14)

9, T+Div,(uT)— (V,uT+TV, u) =eA, T+ %(n—l—a)ﬂ— %T. (1.15)
Equations (1.12)—(1.15) are once again supplemented by initial conditions for g, u, n and
T, and the boundary conditions (1.9)—(1.11). The regularization term on the right-hand
side of equation (1.2) presupposes that T is symmetric positive definite, but this will
be proved rigorously below in the case of d=2, provided that T is symmetric positive
definite at t=0. In the final step of the proof, we shall pass to the limit @ — 0 with the
regularization parameter a.

The paper is organized as follows. In Section 2, we shall derive the compressible
Oldroyd-B model (1.1)—(1.11) from the compressible Navier—Stokes-Fokker—Planck sys-
tem in the Hookean dumbbell setting. In the cental part of the paper, between Section
3 and the first part of Section 11, we shall focus on the regularized model (1.12)—(1.15),
with >0, 3>0, and the global-in-time existence of weak solutions in two-dimensional
space will be proved in this case. In the second part of Section 11, we will show the
global-in-time existence of weak solutions in two-dimensional space to the original model
(1.1)=(1.11) when 3 >0, by passing to the limit «—0. Finally, the existence result in
the case of 3 =0 will be established in Section 12, by passing to the limit 3 —0. We note
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that the condition L >0 is only needed in the passage to the limit 3 — 0; in other words,
as long as 3 >0, it suffices to assume that L >0.

The mathematical analysis of compressible viscoelastic fluid flow models has been
the subject of active research in recent years. The existence and uniqueness of lo-
cal strong solutions and the existence of global solutions near equilibrium for macro-
scopic models of three-dimensional compressible viscoelastic fluids was considered in
[27-30,45,46]. Fang and Zi [17] proved the existence of a unique local strong solution to
a compressible Oldroyd-B model for all initial data satisfying a certain compatibility con-
dition, and established a blow-up criterion for strong solutions. Lei [33] proved the local
and global existence of classical solutions to a compressible Oldroyd-B system in a torus
with small initial data; he also studied the incompressible limit problem and showed
that solutions to the compressible flow model with well-prepared initial data converge to
those of the incompressible model when the Mach number converges to zero. Guillopé,
Salloum, and Talhouk [25] investigated weakly compressible viscoelastic fluids satisfy-
ing the Oldroyd constitutive law; they obtained a prior: estimates that are uniform in
the Mach number, which then allowed them to prove that weakly compressible flows
with well-prepared initial data converge to incompressible flows when the Mach number
converges to zero. The existence of measure-valued solutions to non-Newtonian com-
pressible, isothermal, monopolar fluid flow models was studied by Necasovd in [40,41];
for bipolar isothermal non-Newtonian compressible fluids related analysis was pursued
in [42]. In a series of papers (cf. [37-39]) Mamontov developed a priori estimates for two-
and three-dimensional compressible nonlinear viscoelastic flow problems and studied the
existence of solutions. There is also a substantial literature in chemical engineering on
the use of the compressible Oldroyd-B system in modelling bubble dynamics in com-
pressible viscoelastic liquids (cf., for example, [12]). Bae & Trivisa [1] have established
the existence of global weak solutions to Doi’s rod-model in three-dimensional bounded
domains; the model concerns suspensions of rod-like molecules in compressible fluids and
involves the coupling of a Fokker—Planck type equation with the compressible Navier—
Stokes system. In a related context, Jiang, Jiang & Wang [31] have studied the existence
of global weak solutions to the equations of compressible flow of nematic liquid crystals
in two dimensions. For a survey of macroscopic models of compressible viscoelastic
flow, the reader is referred to the paper by Bollada & Phillips [10]. As was noted there,
even for isothermal viscoelastic models, the transition from the incompressible to the
compressible case is nontrivial; in fact, the precise form of temperature-dependence in
compressible viscoelastic models is not yet properly understood, the development of
complete, thermodynamically consistent, models being the subject of ongoing research.
We shall therefore confine ourselves here to the isothermal setting, with the temperature
assumed to be held fixed.

2. Derivation of the compressible Oldroyd-B model

In this section we recall the compressible Navier—Stokes—Fokker—Planck system con-
sidered in [5]. We shall then (formally) derive from it the compressible Oldroyd-B model
(1.1)=(1.11) by considering the special case of the compressible Hookean dumbbell model
and formulating its (formal) macroscopic closure.

2.1. Compressible Navier—Stokes—Fokker—Planck system. The solvent
density ¢ and the solvent velocity field u are defined in (0,7]x Q and (0,7]x Q, re-
spectively, with T'>0, and satisfy the compressible Navier—Stokes equations with an
elastic extra stress-tensor K:

Oro+dive(ou)=0 in (0,7]xQ, (2.1)
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O(ou) +div,(ou@u) + Vp(o) — div, S(Vyu) =div, K+ of in (0,7]xQ. (2.2)

The pressure p(p) and the Newtonian shear stress tensorS are defined by the expressions
(1.5) and (1.6). We shall impose a no-slip boundary condition on the velocity field; i.e.,

u=0 on (0,77 x00. (2.3)

In the dumbbell model consisting of two beads coupled with an elastic spring repre-
senting a polymer chain, the non-Newtonian elastic extra stress tensor K is defined by a
version of the Kramers expression (cf. equation (2.5) below), depending on the probabil-
ity density function v, which, in addition to ¢ and z, also depends on the conformation
vector g € R? of the spring. Let D C R? be the domain of admissible conformation vec-
tors. Typically D is the whole space R? or a bounded open ball centered at the origin
0 in R%. Here we consider the Hookean bead-spring model, where D =R?, and the
elastic spring-force F:qEDHU’(%\qF)qGRd and the spring potential U:R>¢o—R>q
are defined by

F(q)=qfor all ge D, U(s)=s for all s>0. (2.4)

The eztra-stress tensor K is defined by the formula:

K()(t,z) ==Ky () (t,x) — (/D v(q,q’)w(t,x,q)¢(t,x,q')dqdq’> I, (2.5)

xD

where, similarly to [7,20], the interaction kernel 7 is assumed to be a nonnegative
constant y(g,q") =3 > 0. Consequently,

K():=Ki(¢¥) -3 (/Dwdq)zﬂ. (2.6)

The first part, Ky (1), of K() is given by the Kramers expression

k()= |cw)-( [ v ag)1], (27)

where k>0 is the product of the Boltzmann constant and the absolute temperature,
L =2 is the number of beads in the polymer chain in the classical Kramers expression
(in our setting L can be taken to be any nonnegative real number as long as 3> 0; in
order to cover the case of 3=0 in the final step of our proof we pass to the limit 3 — 0,
and this requires that L >0 in this step), and

2
cwita)= [ viaav (1) ot (2.9

By noting the expressions (2.4), one deduces from the formulae (2.5)-(2.8) that in
the Hookean case

K(¢)=T— (kLn—+3n°)1, (2.9)

where

T(t@)::k/Dw(tw,q)qud% n(t»w):Z/Dw(t,M)dq, (2.10)
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with the quantity n being called the polymer number density. We thus arrive at the
momentum equation (1.2). Since ¢ is a probability density function, and therefore
nonnegative a.e. on [0,7]xQxD and [, ,v(t,2,q)dedg=1 for a.e. t€[0,T], it is
clear from the first equality in (2.10) that T(¢,z) is symmetric and nonnegative definite
for a.e. (t,z)€[0,T] x Q.

We introduce the Mazwellian M : D — [0,00) by

M(q):= %exp <—U (;Iq2>> ,  where Z:= /Dexp (— U <;p|2> ) dp.

Clearly, [, M(q)dg=1.
The probability density function ¢ satisfies the following Fokker—Planck equation
in (0,7]xQxD:

O +divy (uy) +divy (Veu) qy) =e Ao+ %divq (MVq <J\i>) . (2.11)

A simple calculation reveals that in the case of Hookean springs, when U (%[q|?) = 3|q|?,
the expression appearing in the second term on the right-hand side of equation (2.11)
can be rewritten as follows:

MV, <z\¢4> =V h+1q. (2.12)

The centre-of-mass diffusion term A, 1) is generally of the form A, (%), which

involves the drag coefficient ((-) depending on the fluid density o. Here we assume that
C is a constant function, which is, for simplicity, taken to be identically 1. The constant
parameter € > 0 is the centre-of-mass diffusion coefficient. The parameter A >0 is called
the Deborah number; it characterizes the elastic relaxation property of the fluid.

The Fokker—Planck equation needs to be supplemented by suitable boundary con-
ditions; in the Hookean case considered here, with D =R?, these are:

Plq|—0, qu/wi—m, as |¢| — oo, forall (t,z)e(0,7]x%Q,
I (2.13)
Onp=0 on (0,7]x 90 x D.

Finally, by (formally) integrating the partial differential equation (2.11) over D
and using the boundary conditions (2.13),, and by integrating the boundary condition
(2.13), over D, we deduce the following partial differential equation and boundary
condition for the function #:

On+divy(un)=cA,n in (0,7] x £; Oan=0 on (0,T]x 9N. (2.14)

The compressible Navier—Stokes—Fokker—Planck system in the case of Hookean
bead-spring chains consists of equations (2.1), (2.2), (2.11), (2.14), supplemented with
the boundary conditions in (2.3), (2.13), (2.14), and suitable initial conditions for p, u,
1 and 7. In the next section we use formal computations to derive the compressible
Oldroyd-B model whose analysis is thereafter pursued in the rest of the paper.
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2.2. Compressible Oldroyd-B model. This section is devoted to the deriva-
tion of the model (1.1)-(1.11) from the Navier-Stokes—Fokker-Planck system stated
in Section 2.1, consisting of equations (2.1), (2.2), (2.11), (2.14), and the boundary
conditions in (2.3), (2.13), (2.14).

The continuity equation (1.1) for the fluid density ¢ and equation (1.3) for the
polymer number density 7, as well as the boundary condition (1.10) for 7, follow directly
from equations (2.1) and (2.14). From equation (2.2) and the equality (2.9), we deduce
the balance of momentum equation (1.2); the boundary condition for the velocity field
u follows from the equality (2.3).

The boundary condition (1.11) can be deduced from the boundary conditions (2.13)
and the first equality in (2.10). It remains to derive the evolution equation (1.4) for the
elastic extra stress tensor T. To this end, we note the definition of T in the first equality
n (2.10), multiply equation (2.11) by the matrix kqq™, and integrate it with respect to
g€ D. In the following we shall calculate the results, term by term. We will see that
the resulting evolution equation for the extra stress tensor T is precisely equation (1.4).

We begin by noting that for the first term in equation (2.11), associated with the
time derivative, we have that

[ o (kad") ao=0. [ wheq"dg=or. (2.15)
D D

For the second term in equation (2.11), we have that

/divx(u%/}) (quT)dq:(diva)/%/J(quT)quu'Vx)/¢(quT)dq
D D D

=(div,u)T+(u-V,)T
(

=(div,(uTy,)) =:Div,(uT). (2.16)

1<k, <d

For the third term in equation (2.11), by (formal) integration by parts and ignoring
the “boundary” terms at |q|=oo, for any 1<k,.<d, we have, with ¢, being the x*
component of ¢, that

[ div,(Tawa0) (baa)da =k [ (Fow)a0)- V4 (0.0 da
D

D
:_k/ Z (02,80 95%) Oy, (ar4.) dg
75 1
:_k/ Z 3;c5uaq/31/)) (@00, +q0a,x)dg
ozﬁ 1
=k Z 8x[,11LQ5’l/1q,<; dg— k/ Z aﬂfﬁ“ﬁ‘]ﬁwqb
Dg—y D

=—(VeuT), . —(V,ul), ,=—(Vyul),  — (’]I‘Vgu)m
For the fourth term in equation (2.11) we have that
/ eALY (quT)dq:a‘Az/ w(quT)dq:a‘AzT. (2.17)
D D

It remains to deal with the last term in equation (2.11). By the identity (2.12), for
any 1<k,.<d, we have by (formal) integration by parts and ignoring the “boundary”
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terms at |¢|=

/Ddivq (qu (X;))(kqﬁqL):/Ddivq(qu+wq)(kqnqL)dq
=—k/D(qu+wq)-Vq(qnqL)dQ~ (2.18)

We compute the right-hand side in the chain of equalities (2.18), which can be decom-
posed into two terms. The first one is, after a second (formal) partial integration,

—k/ V) Vo (grq.) dg = k/ WA, (¢eq.) dg= 2k5m/ pdg=2knd.,.  (2.19)

The second one is

d
—k/ wq-Vq(qnqL)dq=—k/ > 0400y, (4:9.)dg
D D=1
d
=—k/ > ¥ da (G 0o+ 00.) dg
Da=1

:—Zk:/ 0 q.q,dg. (2.20)
D

Thus, by the identities (2.18)—(2.20), we have that

1 P T — 1
o dlvq (MV (M)>(qu )d 2)\77]1 /¢ qq dq 2)\77 2)\T
(2.21)

By combining the identities (2.15)—(2.17) and (2.21), we then obtain

k 1
9, T+Div,(uT)— (V,uT+TV, u) =eA, T+ 577]1— ﬁ’ﬂ‘

which is precisely equation (1.4). We note that if T solves equation (1.4) for a given u,
then taking the transpose of equation (1.4) we see that T solves equation (1.4). Hence
the symmetry of T from the definition (2.10) is encoded in the macroscopic equation
(1.4).

Having derived the model, we now focus our attention on its mathematical analysis.
We begin by establishing a priori bounds that will form the basis of the weak compact-
ness argument leading to the proof of existence of a weak solution to the system under
consideration.

3. A priori bounds

This section is devoted to the derivation of a priori bounds for the regularized com-
pressible Oldroyd-B model (1.12)—(1.15) with «, 3 > 0 subject to the boundary conditions
(1.9)—(1.11), and given proper initial conditions.
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3.1. Initial data and a prior:i bound. We adopt the following hypotheses on
the initial data:

0(0,-)=p00(:) with g9 >0 a.e. in Q, o€ L7(Q),

u(0,-) =ug(-) € L"(;R?) for some r > 24" such that go|ug|® € L*(Q),

n(0,-) =m0 with 79 >0 a.e. in Q, e L*(Q), (3.1)
T(0,-) =To(+) with To=Tg >0 a.e. in €,

To € L2 (4R, tr(logTy) € LH(Q).

Here 4/ denotes the conjugate exponent to v>d/2, i.e.,, 1/y+1/9'=1, and Ty >0 sig-
nifies that Tg is positive definite.

Because the density p is required to be a nonnegative function, we have assumed
that the initial datum pg is nonnegative. Since the probability density function 1 is, by
definition, nonnegative, the definitions of 77 and T stated in the formulae (2.10) for the
Navier—Stokes—Fokker—Planck system automatically imply that  must be a nonnegative
function and T must be a symmetric nonnegative definite matrix a.e. on (0,77 x Q.
However, this information concerning the nonnegativity of T is not a priori encoded in
the macroscopic counterpart of this kinetic model, the compressible Oldroyd-B model
(1.1)=(1.11). Furthermore, because of the presence of the logarithmic term in the alpha-
regularised model, see equation (1.13), we require T >0 a.e. in (0,7]x . We have
therefore assumed nonnegativity /positivity of the initial data for n and T, respectively,
in the hypotheses (3.1). For the purposes of the formal energy estimates developed
in this section, we will temporarily assume that (o,u,n,T) is a smooth solution to the
problem (1.12)—(1.15), (1.9)—(1.11), (3.1) with «,3>0, and, in addition, that ¢>0,
n>0 and T>0 a.e. in (0,7] x 2. We stress that the energy estimates below, and these
nonnegativity and positivity constraints on g, n and T, will be made rigorous in the
case of d=2 later in the paper.

We deduce from the hypotheses (3.1); and (3.1), by using Hélder’s inequality that

2y
(ou)(0,-) = goug = 1/00\/00up € L5+ (;RY).

For the fluid density g, integration of equation (1.12) over © with respect to the spa-
tial variable x, performing partial integration and noting the no-slip boundary condition
(1.9) for the velocity field gives

T (t z)de=0 = / (t,x)dx= /Qodz, te (0,77].

For the polymer number density 7, integrating equation (1.14) over  with respect
to the spatial variable x, performing partial integration and noting, in addition to the
boundary condition (1.9), the homogeneous Neumann boundary condition (1.10) on 7
gives

T (t x)de=0 = / (t,z)dx= /nodx, te(0,7]. (3.2)

In order to derive a formal energy identity we take the inner product of the mo-
mentum equation (1.13) with the velocity field u, integrate over {2 with respect to the
spatial variable x, and perform partial integration noting the no-slip boundary condi-
tion (1.9) for u. In order to explain the details of the calculation, we shall perform the
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computations term by term. We begin by noting that for the first term in equation
(1.13) we have, for t € (0,77,

2 1 1
/8t(gu)-udx:/(8tg)|u|2dx—|—/Q@t| ul dac—fi |u|2dx+f/(8tg)|u|2dx.

For the second term in equation (1.13),

/divgg(gu®u)-udx:—/(gu®u) Vudr=— Z/Qulujﬁ%uldx
Q

i,=1
=— Z/guj2 x7|uz| dx*f/dlvm(guﬂu\zdx, te(0,7].
7,7=1

For the third term in equation (1.13),

/pr(g)udx:—/(ag'y)divxuda:, te(0,7].
o Q

Multiplication of equation (1.12) by vo?~! gives
00" +divy (0"u) + (v —1) 0" div,u=0.

Thus, thanks to the boundary condition (1.9) and our assumption that v > d/2, we have
that

a d
= —_— 2
/pr -ude = / (atg +divy(0"u))dx pow QQ dz, te (0,7].

For the fourth term in equation (1.13),
/vx (kLn+3n°) -udx:—kL/ ndivmudxfg/ n*diveudz,  t€(0,7).
Q Q Q

Let b:[0,00) =R be a continuous function and b€ C1(0,00). Recalling our assumption
n >0, multiplication of equation (1.14) by ¥'(n) yields that

9;b(n) +diva (b(n)u) + (' (n)n —b(n)) diveu=eb(n) Agn. (3.3)
By choosing b(n) :=nlogn+ 1, we obtain from equation (3.3) that
di(nlogn+1)+div, ((nlogn+1)u) +ndivyu—divyu=e(l+logn) Ayn

Thanks to the boundary conditions (1.9) and (1.10) we then have that

d 1
—kL/ ndiv,udz = kLa (nlogn—l—l)dx—i—sk‘L/E\Vwmzdx, te(0,7]. (3.4)
Q

By choosing b(n) :=n? in equation (3.3) we obtain that
Or(n?) +div, (n*u) +n?div,u=2enA,n.

Hence, thanks again to the boundary conditions (1.9) and (1.10), we obtain

d
—3/n2dikudm:3—/n2dx+283/ |V,n|*d, t€(0,7). (3.5)
Q dt Jo Q
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By combining the identities (3.4) and (3.5), the fourth term in equation (1.13) can be
therefore rewritten, for ¢ € (0,77, as follows:

d kL
/vz (kL77+5772)~udx:—/ (kL(nlogn+1)+3n2)dx+/ =423 ) e|Venltda.
Q dt Jg a\”m

For the fifth term in equation (1.13) we have

- Tu 1
— [ div,S(V,u) -ude/ (MS (W - d(dimu)]l) —i—,uB(divxu)]I) :Vude
Q

Q 2
Q

Veu+Via 1 °
For the sixth term in equation (1.13) we have

+pB|divyu)?de,  t€(0,T).

5 pi (div,u)l

/divz']I‘~udx:—/']I‘:VIudx, te (0,77].
Q Q

For the seventh term in equation (1.13) we have
e a .
) / V.tr(logT) -udx = 5/ tr (logT) (div,u)dz, te(0,7].
Q Q

Therefore, by summing up the above identities, we deduce, on noting equation (1.12),
that

d 1 kL
/ [g|u|2+ag”-i—(kL(nlogn—H)—i-gnQ)} dx+/ <+25)E|Vx77|2d(13
al2 v—1 o\

dt
/‘LL
Q

:—/’]T:Vzudac—i—%/tr(log’]l’)divmudx—i—/gf-udx, te(0,7). (3.6)
Q Q Q

2

T
1
Voutvyu —(div,w)I| + pP|div,u)®dz

2 d

In order to complete the derivation of a (formal) energy identity for the system, we
need to deal with the first two terms on the right-hand side of the identity (3.6). As far
as the first term on the right-hand side of the identity (3.6) is concerned, by taking the
trace of equation (1.15), integrating over € with respect to the spatial variable x, and
using the boundary conditions (1.9) and (1.11), we deduce that

d 1 kd

— tr(T)dx+—/tr(’]I‘)dm:— (n+a)dx+2/'ﬂ‘:vzudx, te(0,7]. (3.7)
dt Jq 2) Jo 2X Jq Q

Here, we have also noted that tr(PQT)=P:Q for all P, Q€ R"*". Therefore, summing
the equality (3.6) and % times equality (3.7) gives

d 1 9 a o 1
Rl . kL (] 1 ~tr(T)|d
T Q[29|11| t1¢ + (kL(nlogn+1)+37") + 5tr(T) | da
kL Lu+Via 1 :
+/ (+23)6Vzn|2d:r+/us Mff(divru)]l
o\ 7 Q 2 d

1

+ 1B\ div,ul?dz + o/,

tr(T) dz
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:/ ,Qf~udyc—&—@/(77—&—04)dac—i—g/tr(log?l‘)dikudac7 te(0,7). (3.8)
Q 4N Jo 2 Ja

We are left to deal with the final term on the right-hand side of the identity (3.8) (which
is the same as the second term on the right-hand side of the identity (3.6)); this requires
some nontrivial calculations, which we shall next discuss.

3.2. A logarithmic bound. In this section, inspired by the study of the in-
compressible Oldroyd-B model in [2,26,34], we derive a logarithmic bound on the extra
stress tensor T and a bound on T~! . These are needed both to complete the derivation
of the (formal) energy identity for the system, as well as in the construction of the
sequence of approximating solutions. As we shall see below, the computations aimed at
dealing with the final term on the right-hand side of the identity (3.8) will yield a term
in the (formal) energy identity for the system (1.12)-(1.15), (1.9)—(1.11), (3.1), which
will ultimately ensure the positivity of T a.e. on Qx (0,7]. For the purposes of the
formal calculations that will now follow, we temporarily assume that T is a symmetric
positive definite matrix.

Let T~'=(T"1)1<x,<a be the inverse of T. We compute the inner product of
equation (1.15) and T—!. We recall the following formula, usually referred to as Jacobi’s
formula:

d(detT) = (det T)tr (T~ 'OT); hence O (logdetT) =tr (T 'OT)=0T: T, (3.9)

where, in the present context, 0 is a derivative in space or time. Since T is symmetric
positive definite, we can define its real logarithm, logT, which is a symmetric matrix
such that e'°¢T = T. Indeed, upon diagonalization of T, using the orthogonal d x d matrix
O, we have that

T=0diag{\1,\2,...,A\¢} O and therefore logT =Qdiag{log\;,logAs,...,logA\s} O,
where A\, >0, k=1,...,d, are the eigenvalues of T. Thus, we have the following identity:
tr(logT) =logdetT. (3.10)
By the identities (3.9) and (3.10), we have for the first term in equation (1.15) that
T : T~ =0, (logdetT) = 9;tr (logT). (3.11)
For the second term in equation (1.15) we have that
Div, (uT): T~ = ((u-V,) T+ (div,u)T): T~ ! = (u-V,)tr (logT) +ddiv,u.  (3.12)
For the third term in equation (1.15) we have
= (VouT+TV u): T =—tr ((VouT+ TV, u) T = —2tr(V,u) = —2div,u.
Thus, by taking the inner product of equation (1.15) with T~!, we obtain
Otr (logT) + (u-Vy)tr (logT) + (d —2)div,u
=eA,T:T !+ %(n—l—a)tr (T™Y) - %

After integrating equation (3.13) over €2, performing partial integration and noting the
boundary condition (1.9) on u, we have that, for ¢ € (0,71,

(3.13)

d
at tr(logT)da
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/(leIu)tr(logT dm—i—s/A T:T 'de+ —~ k (n+a)tr( )dx——|Q| (3.14)
Q

2\

To proceed, we require the following lemma whose proof is elementary but rather lengthy
and has been therefore relegated to Appendix A.

LEMMA 3.1. Let ]P’EW2’2(Q;RdXd)ﬂg1(ﬁ;RdXd) be a symmetric matriz function,
which is positive definite, uniformly on €, and satisfies OalP =0 on 0S); then,

d
AAmP:PIdx—;/Qtr(((ﬁij) ) )d >= /|V tr (logP)|*da. (3.15)

We continue our formal calculations under the assumption that T(¢,-) satisfies the
hypotheses of Lemma 3.1 for ¢ € (0,77]. By subtracting § times the equality (3.14) from
the a priori bound (3.8) and using the equality in (3.15), we finally obtain the following
(formal) energy identity:

S |gen+
at Jo, [2°

1
7 3 (kL(nlogn+1)+3772)+2tr(T—alogT)} dx

+ / (’j?ﬂzz,)svxnﬁdwfijl / tr (8, DT ™)*) da

2
/ S
Q

+ 8| div,u)? dx
—I—i ()dx—&-—k (77+a)tr(T_1)dx
4\ 4\

qu+v;fu 1 ..
f—g(dlvxu)l

kd
/gf udﬂc—kﬁ (n+a)dw+ \Q|, te(0,7). (3.16)

This (formal) energy identity will be the starting point for the development of the weak

compactness argument leading to the proof of existence of a global-in-time large data

finite-energy weak solution to the compressible Oldroyd-B system under consideration.
To this end, we make some preliminary observations. Let us denote by A., k=
.,d, the eigenvalues of the symmetric positive definite matrix T. Then,

d d
tr(T—alogT) :Z (A —alog),,) Z (a—aloga)=d(a—aloga).

Hence, for any >0, we have that
tr(T—alogT)+d(aloga—a) > 0. (3.17)

Motivated by the identity (3.16) and the inequality (3.17), for ¢t € [0,T] we consider
the following nonnegative energy functional:

1 a
E(t) ::/Q {gu|2 + ﬁgﬂ + (kL(nlogn+ 1) +57}2)

+—(tr(T—alogT)+d(aloga—a)) |de. (3.18)

l\D\»—t
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Holder’s inequality then gives

/QQf'de <l L~ (0, xarsllVelalllLzrayllVell L@ <CE®R),  t€(0,1],

for some positive constant C'=C(f,a,7). Also, as n(logn—1)41>0 for n>0, we have
that

max{1l,a|Q|}

E(t)+1), te(0,T], when L d3>0; (3.1

/ (n(t,x)+a)dx <
Q

similarly, as n+a < (% +a)+ 2715 312, by integrating this inequality over Q we deduce that

1 1
/Q(n(t,x)+a)dx§max{(2+a>|Q,23}(E(t)+1), t€(0,7], when L>0 and 3>0,
(3.20)

Thus, integrating the identity (3.16) over the time interval [0,¢] with respect to the
temporal variable and noting the inequality (3.15) implies that

//(-1-23) Von|? dzdt’ —l— /|V tr (logT)|* dzdt’
Tu 1 ?
—|—/ /us M_E( + B |div,u)? dzdt’
0 Jo

1 t t
+—/ /tr(ﬂr)dxdt’+a—k/ /(n+a)tr(T_1)dxdt’
Ao Ja 4 Jo Ja

t
< E0+C/ E{)dt' +Ct, te (0,77, (3.21)
0

div,u)l

where, if L >0, the positive constant C' depends only on ||f||e((0,rxqmrs) and
the parameters a,v,k,d,L,\,«,|Q|, but it is independent of 3>0; whereas if 3>0,
then the positive constant C' depends only on [|f|| e ((0,77xre) and the parameters
a,7y,k,d 3, a,|Q, but it is independent of L >0. The initial energy

1
EO:_/Q{ 2ol uo|? M 703+ (kL(nologno +1) +3115)

+— (tr(To — alogTy) +d(aloga — a))}dx (3.22)

N\H

is finite thanks to the initial data assumptions (3.1). Thus, Gronwall’s inequality implies

that
//( +25)5|an2dmdt +—/ /|V tr(logT)|* dzdt’
T
// “”V —l(divxu)ﬂ
d
//tr ) dadt’ +—/ / n+a)tr (T™") dedt’
Q Q

< (E0+Ct) ¢ € (0,77, (3.23)

+ 1P |div,ul? dzdt!
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where, if L >0, the positive constant C' depends only on ||f||zec((orx0mre) and
the parameters a,v,k,d,L,\,«,|2|, but it is independent of 3>0; whereas if 3>0,
then the positive constant C' depends only on [[f|[ (0, 71x0;re) and the parameters
a,7,k,d,3,\,a, ||, but it is independent of L >0.

Next we recall Korn’s inequality (see, for example, [14]): there exists a positive
constant C'=C(d, ) such that

V.v+Viv 1
[Vavll L2 (@raxay <C Hx2

— —(div,v)I

y YveW,?(Q,RY). (3.24)

L2(Q;Rdx4)

Thus we deduce the following (formal) inclusions from the a priori inequality (3.23):
0€L®(0,T;L7(Q)), weL*(0,TsWy*(RY)),  olul” € L%(0,T;L1(Q)),
ne€L>®(0,T;L*(Q))NL*(0,T;WH(Q)), (n+a)tr(T™')eL'(0,T5L (), (3.25)
tr(T—alogT) € L=(0,T; L' (Q)), V,tr(logT) e L?(0,T;L*(Q;R%)).

Unfortunately, these bounds on T are not strong enough in order to establish the exis-

tence of a solution to the regularized compressible Oldroyd-B model (1.12)—(1.15) with
a, 3> 0 subject to the boundary conditions (1.9)—(1.11), and initial conditions (3.1).

3.3. A further bound in two space dimensions. In this section we will show
that when d =2 one can establish stronger bounds on T than those stated in the estimate
(3.23) and the inclusions (3.25). The key step is to take the inner product of equation
(1.15) with T and integrate over € with respect to x. Direct calculations imply that

2 2
2dt/|T| da:+5/ V. T|*dz+ — /|T\ dz

—/Divx(uT):Tdm—i—/ (unT—HI‘V;fu):de—i—i/(r]—i—a)ﬂz’ﬂ‘dx

2

1 k
2/(d1ku)\’ﬂ‘|2dx+2/|VEuHT|2d33+ /|1r\2c1:c+2A

(n+a)®de
2 k 2
<3 |Vmu||’]T\ dx+4)\ |T|? dx+2)\ (n+a)“de, te (0,77

Thus, for t € (0,77,

2 2
2dt_/m‘| dx+€/ |V, T|*dz+ — /|’]I‘| dz
k? 2
<3||Voul 2 mexe) | T/ 74 (r2x2) T o (77—|—a) dz. (3.26)

We recall the following Gagliardo-Nirenberg inequality: let G C R? be a bounded Lip-
schitz domain; then, for any r € [2,00) if d=2, and r €[2,6] if d=3, one has, for any
veW2(Q), that:

1 1

lolzrie) < Clrd DIl Il 0=d (51 ). (3:27)

Hence, in the case of d=2 and G =Q CR?, we have, for t € (0,7}, that

ITNZ 4 (@mex2) < CITl L2 (2 x2) I Tl w2 mexe)
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<C ||’]I|HL2(Q;R2><2) (||T||L2(Q;R2><2) + ||vxT||L2(Q;R2X2X2)) . (328)
This implies, for t € (0,7}, that
31V sl 2 oimees) 1T sy
2 2 1 2 € 2
§C||Vmu||L2(Q;R2x2)HTHLZ(Q;R’ZM)+§||T|\L2(Q;R2x2)+§||VmT||L2(Q;R2x2X2)- (3.29)

As 3>0, we have from the a priori bound (3.23) that ||77||%°C(0,t;L2(Q)) <C(t,Ep,371).
We thus deduce from the estimates (3.26) and (3.29) that, for ¢t € (0,77,

d 1 _
G [ mPas e [ [90Pdor 55 [ TP de <OIVaula Tl +Ct Ens™)
Now, Gronwall’s inequality implies that, for ¢ € (0,77,
t N2 ’
||']I‘(t,~)H%2(Q;R2X2)gecfo IVau( )Lz qpexa) dt (HTOH;(Q;RM)+C(t,EO73*1)). (3.30)

Finally, by invoking the a priori bound (3.23) again we deduce that, for ¢ € (0,71,

t 1 t
/\T(t)|2dw+€/ /|Vx'ﬂ‘|2dxdt’+—/ /|’H‘|2dxdt’
Q 0 JQ 4A 0 JQ

<C(t,Eo,37 5 IToll 72 (umex2y)- (3.31)

Thus, in the case of d=2 and 3 >0, we can supplement the inclusions (3.25) with the
following stronger inclusion for T:

T e L>(0,T; L*(;R*?)) N L2 (0, T; W2 ((;R?*?)).

Finally, we will also consider the case of d=2 and 3=0 in the final step of our
existence proof. To this end we require bounds on ||V ul|r2(0,7:12(0r2x2)) and the
second term on the right-hand side of the estimate (3.26) that are uniform in 3 as 3 —0.
The derivation of the required 3-uniform bounds is the subject of the following remark.

REMARK 3.1.  The z-uniform bound on ||V ul|z2(0,7;12(0;r2x2)) is a direct consequence
of the estimate (3.23), with L >0, and the estimate (3.24). To show that the constant on
the right-hand side of the inequality (3.31) is uniform as 3— 0, by the estimate (3.26)
it suffices to show that the norm [|||z2(0,7;22(q)) is uniformly bounded as 3—0. As
[nlogn| <nlogn+1 for all >0, it follows from the estimate (3.23), considered in the
case when L >0 and 3 >0, that

1 _
Inlogn|| Lo 0,7521 () + IVan? | 220,72 (r2)) < C(T, Eo, L), (3.32)

where, for any (fixed) L >0, the constant C(T, Ey,L~1) is bounded as 3 —0. By direct
computation, for ¢ € (0,77,

1 1 1 1 B 1
[ 19enlde= [ 12059810 <20 12 Vet sy =21l I Vo2 2o,
and by the estimate (3.32) we therefore have that

7l 20,711 (0)) < C(T,Eo,L71).
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As d=2, the Sobolev embedding of W(€) into L?(€2) then gives that

01l L2 0,7 02(0)) < C(T,Eo, L),

as required. Consequently the constant appearing on the right-hand side of the inequal-
ity (3.31) is independent of 3, and the inequality (3.31) therefore provides a uniform
bound on T in L*(0,T;L%(Q;R?*2)NL2(0,T; W12 (;R?*2)) as 30, for any (fixed)
L>0.

Motivated by these formal calculations, we shall now embark on a rigorous argument
aimed at proving the existence of global-in-time large data finite-energy weak solutions
to the compressible Oldroyd-B model for the case d=2.

4. Weak solutions, main results and the construction of approximating
solutions

The rest of the paper is devoted to the proof of the existence of global-in-time
large data finite-energy weak solutions to the regularized compressible Oldroyd-B model
(1.12)—(1.15), (1.9)—(1.11), (3.1) in the case d=2, followed by passage to the limit o — 0
with the regularization parameter o> 0 under the assumption that 3>0. Finally, we
cover the entire range of 3 >0 by passing to the limit 3 — 0 assuming that L > 0.

4.1. Weak solutions and main results.  Our main result is the proof of the
existence of global-in-time large data finite-energy weak solutions to the compressible
Oldroyd-B model in the two-dimensional setting. First of all, we give the definition of
a finite-energy weak solution to the a-regularized problem (1.12)—(1.15), (1.9)—(1.11),
(3.1).

DEFINITION 4.1.  Let T>0 and let QCR? be a bounded C*# domain, with 0< < 1.
Let £€ L>=((0,T] x ;R?Y).  We say that (o,u,n,T) is a finite-energy weak solution in
(0,T) x 8 to the system of equations (1.12)—(1.15), (1.9)—«(1.11), with 3>0 fized and
a>0, supplemented by the initial data (3.1), if:

e p>0ae in (0,7]xQ, 0e€Cyu([0,T;L7()), ueL(0,T;W,*(Q;R%)),
T is symmetric; ,
oue Cy ([0, T L7 (2RY),  oful” € L®(0,T5L1(R)),
n>0ae. in (0,7]xQ, neCyu([0,T];L*(Q))NL*(0,T;WH(Q)),
T>0 a.e. in (0,7] x 9,
T e CyW([0,T]; L2 (RN L2(0,T; W2(Q; RI*4)),
tr(logT) € L>(0,T; L* ()N L*(0,T;Wh2(Q)),
(n+a)tr (T~) e L'(0,T;L' (),

e For any t€(0,T] and any test function ¢ € C>([0,T]x ), one has

//[g@t¢+gu.v$¢] dxdt/:/Q(t,')gb(t,-)dxf/go(,b((),')dx, (4.2)
0 Ja Q Q

¢
//[ﬁ5t¢+nu-vx¢—avmn~vqu]dxdt’
0 Jo

- / n(t,)o(t, ) da— / 106(0,) d. (4.3)



1282 GLOBAL WEAK SOLUTIONS TO A COMPRESSIBLE OLDROYD-B MODEL

o For any t€(0,T] and any test function @ € C*([0,T];C(Q;R?)), one has

t
/ /Q [ou- 0o+ (ou®u): Vo +p(o)divee
0

+ (kLn+3n°) divy —S(V,u) : V| dedt!
:/Ot/g’]l’:vxcp—gtr(log’ﬂ‘) divyp — of - pdadt’
+ [ outt)elt)do= [ omop0.)de (@)
e For any t€(0,T] and any test function Y € C([0,T] x ;R4 one has

¢
/ / [T:0,Y+(uT)::V,Y+(V,uT+TV u):Y—eV,T:V, Y] dzdt’
0

/ / [— (n+a tr(Y)+2/\’]I‘ Y} dzdt’

+/T(t,-):Y(t,~)dx—/’H‘O:Y(O,~)dx, (4.5)
Q Q
where the terms involving the notation :: are
d d
(uT) ::VwY:ZuKYﬁINY, V,T:V,Y= Zawﬁﬂr:azﬁy (4.6)
k=1 k=1

e The continuity equation holds in the sense of renormalized solutions:
9¢b(0) +div,(b(o)u) + (b'(0)o—b(p))div,u=0 in D'((0,T)xQ),  (4.7)
for any be C[0,00)NCY(0,00) such that
b/ (s)] < Cs™™ Vse(0,1] and b/ (s)] < Cs™ Vs>1, (4.8)
where \g <1 and A\ € (—1,00); see (6.2.9) and (6.2.10) in [43].

e For a.e. t€(0,T] the following energy inequality holds:

E(t +25/ /2kL\an ? 43| Ven|* dzdt’ +2 //|V tr(logT)|* da:dt’

“f he
+ﬁ/0 /Qtr(']l‘) dxdt'JrZL/l\f/t/(nJra)tr(Tl) dzdt’

t
§E0+/ {/ of - udx—l—if/(n—l—a)dx—&-mq dt’, (4.9)
0

Iu—i—VT 1

E(divzu)]l —|—u B|div,ul|*dzdt’

where E(t) and Eq are defined by the equalities (3.18) and (3.22).

REMARK 4.1. Definition 4.1 is fairly standard. The energy inequality (4.9) identifies
an important class of weak solutions, usually termed dissipative or finite-energy weak
solutions. We note that, given a smooth solution, the energy inequality (4.9) can be
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derived by integrating the a priori bound (3.16) over [0,¢] with respect to the temporal
variable and using Lemma 3.1.

REMARK 4.2. In Definition 4.1, we assume sufficient regularity for T in the conditions
(4.1). This allows us to choose T as a test function in the weak formulation (4.5) and
to derive the following inequality in the two-dimensional setting: for a.e. t€ (0,77,

1 t 1 t
7/|']I‘(t)|2dx+5/ /|VI'H‘|2dxdt’+—/ /\T|2dxdt’
2 Q 0 JQ 4N 0 JQ

1 t k2 t
gf/ |']I‘0|2dac+3/ /|vzu||1r|2dxdt’+—/ /(77+a)2dxdt’. (4.10)
2 Ja 0 Ja 2x Jo Ja

Given a symmetric positive definite matrix function T satisfying the conditions (4.1),
all of the terms appearing in the inequality (4.10) are meaningful. Moreover, by the
argument presented in Section 3.3, we can derive the uniform bounds stated in the
inequality (3.31).

We are now ready to state our first main theorem, which asserts the global-in-time
existence of large data finite-energy weak solutions to the a-regularized compressible
Oldroyd-B model in the two-dimensional setting when 3> 0.

THEOREM 4.1. Let d=2 and suppose that v>1, 3>0 and a>0. Then, there ez-
ists a finite-energy weak solution (0,u,n,T) to the a-regularized compressible Oldroyd-B
model (1.12)—(1.15), (1.9)—~(1.11) with initial data (3.1), in the sense of Definition 4.1.
Moreover, the extra stress tensor T appearing as the fourth component of such a weak
solution (o,u,n,T) satisfies the inequality (3.31), and the constant on the right-hand
side of the inequality (3.31) is independent of 3 as long as L>0.

The proof of Theorem 4.1 involves four levels of approximation, which are described
in Section 6; the respective passages to the limits with the four levels of approximation
are carried out in Sections 7-11.

Our second main result is stated in Theorem 11.1, and concerns passing to the
limit o — 0 with the regularisation parameter o> 0 in the sequence of solutions whose
existence is asserted by Theorem 4.1, thus proving the existence of large data finite-
energy global weak solutions, in the sense of Definition 11.1, to the system (1.1)—(1.11),
with L >0 and 3> 0. Finally, in Theorem 12.1 we pass to the limit 3 — 0, assuming that
L >0, to deduce the existence of large data finite-energy global weak solutions to the
compressible Oldroyd-B model with stress diffusion in two space dimensions, for the
entire range of parameters 3 € [0,00), including 3=0. We conclude with a further result,
which shows that if the initial polymer number density has stronger integrability than
Llog L(9), say ng € L1(2), ¢>1, then the regularity and the integrability properties of
7n(t,-) for t € (0,7 are also improved.

Before embarking on the technical part of the paper, we recall, in Section 5, a
number of preliminary results, which will be required in the proofs.

5. Preliminaries
In this section we recall some technical tools that will be required in the analysis
pursued in the rest of the paper.

5.1. Classical mollifiers. Let ¢ € C2°(R?) be a nonnegative, radially symmetric
function such that supp¢ € B(0,1) and [, ((x)dz=1. We define the mollification kernel
Co(h)= Q%C (3) for any 6>0. Then for any locally integrable function v defined on R?
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with values in a Banach space X, we define the classical (Friedrichs) mollifier Sy as the
following convolution operator:

So[v] :zgg*v:/ﬂwg‘g(w—y) v(y)dy.

Some of the key properties of Sy are summarized in the next lemma.
LEMMA 5.1 (Theorem 10.1 in [22]). Let X be a Banach space. If ve Ll (R%X), we
have that Sg[v] € C>®(R% X). In addition, the following hold:

(i) vagLfoc(]Rd;X), 1<p<oo, then Sy[v]€ LY (R%X); furthermore, Splv]— v
i L

P(RE:X), as 0.

(it) If ve LP(R%:X), 1<p<oo, then ||So[v]|lrera,x) <|vl|Lo®a,x); furthermore,
Splv] —wv in LP(R% X), as 0 — 0.

(iii) If ve L=(RYX), then ||Sp[v]]l oo ra;x) < 0]l e (me;x) -

5.2. The Bogovskil operator. = We recall the Bogovskil operator, whose con-

struction can be found in [11] and in Chapter III of Galdi’s book [23]; see also Lemma
3.17 in [43].

LEMMA 5.2. Let 1<p<oo and suppose that G CR? is a bounded Lipschitz domain.
Let L{(G) be the space of all LP(G) functions with zero mean value. Then, there exists
a linear operator Bg from LE(G) to Wy (G;R?) such that for any pe LE(G) one has

divoBa(p)=p inG: [Ba(p)lyrngzs <cp.dG) ol oo

If, in addition, p=div,g for some g€ LI1(G;R?), 1<g<oo, g-n=0 on G, then
the following inequality holds:

HBG(p)”L‘I(G;Rd) <c(d,q,G) ||g||L‘1(G;]Rd)-

5.3. Compactness theorems. We begin by recalling the following result,
usually referred to as the Aubin-Lions—Simon compactness theorem (see Simon [47]).

LEMMA 5.3.  Let Xg, X and X, be three Banach spaces with Xo C X C X1. Suppose
that Xg—— X, i.e. X is compactly embedded in X, and that X — X1, i.e. X is
continuously embedded in X1. For 1<p,q<oo, let

Y= {U S LP(O7T,X0> 0w € Lq(O,T,Xl)}
Then, the following properties hold:
(i) If p<oo, then the embedding of Y into LP(0,T;X) is compact;
(i1) If p=oc and q>1, then the embedding of Y into C([0,T];X) is compact.

We shall also require the following generalization of the Aubin—Lions—Simon com-
pactness theorem due to Dubinskil [15] (see also Barrett & Siili [6]). Before stating the
result, we recall the concept of seminormed set (in the sense of Dubinskii). A subset
Xy of a linear space X over the field of real numbers is said to be a seminormed set if

Ave Xy, forany A€[0,00) and any v € Xy,

and there exists a functional on Xy (namely the seminorm of X), denoted by []x,,
satisfying the following two properties:
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(i) [v]x, >0 for any v e Xy, and [v]x, =0 if and only if v=0;

(ii) [Av]x, =A[v]x, for any A€[0,00) and any v € X.

A subset B of a seminormed set X is said to be bounded if there exists a positive
constant ¢>0 such that [v]x, <c for any v€ B. A seminormed set X contained in a
normed linear space X with norm || -||x is said to be continuously embedded in X, and
we write Xo< X, if there exists a constant ¢ >0 such that

[[v]|x <clv]x,, forany ve Xj.

The embedding of a seminormed set Xy into a normed linear space X is said to be
compact if from any bounded infinite set of elements of X one can extract a subsequence
that converges in X.

We remark here that, for the sake of simplicity of the exposition and our mathe-
matical notations, the extraction of subsequences from sequences (e.g. the extraction of
weakly or weakly-* convergent subsequences from bounded sequences, or the extraction
of almost everywhere convergent subsequences from strongly convergent sequences) will
not be explicitly indicated.

LEMMA 5.4 (Dubinskil’s compactness theorem). Suppose that Xg is a seminormed set
that is compactly embedded into a Banach space X, which is continuously embedded into
another Banach space X1. Then, for any 1 <p,q<oo, the embedding

{ve LP(0,T;Xy): 0w e L0, T;X1)} — LP(0,T;X)
18 compact.

5.4. On C,([0,T];X) type spaces. Let X be a Banach space. We denote by
Cw([0,T];X) the set of all functions v € L>°(0,T;X) such that the mapping ¢ € [0,7]+—
(¢,v(t)) x €R is continuous on [0,7] for all ¢ € X'. Here and throughout the paper, we
use X’ to denote the dual space of X, and (-,-) x to denote the duality pairing between
X" and X.

Whenever X has a predual E, in the sense that E' =X, we denote by Cy,.([0,T]; X)
the set of all functions v € L*°(0,T;X) such that the mapping ¢ €[0,7]— (v(t),¢)p €R
is continuous on [0,7] for all ¢ € E. We reproduce Lemma 3.1 from [7].

LEMMA 5.5.  Suppose that X and Y are Banach spaces.
(i) Assume that the space X is reflexive and is continuously embedded in the space
Y, then,

L(0,T;X)NCy([0,T];Y) = Cy ([0,T]: X).

(i1) Assume that X has a separable predual E and Y has a predual F such that F
s continuously embedded in E; then,

L0, T; X)NCuws([0,T];Y) = Couu ([0, T); X).

Part (i) is due to Strauss [48] (cf. Lions & Magenes [36], Lemma 8.1, Ch. 3, Sec.
8.4); part (ii) is proved analogously, via the sequential Banach—Alaoglu theorem.

We recall the following Arzela—Ascoli type result, and refer to Lemma 6.2 in [43]
for its proof.

LEMMA 5.6. Let r,s€(1,00) and let G be a bounded Lipschitz domain in RY, d>2.
Suppose that (gn)nen s a sequence of functions in Cy, ([0, T];L*(G)) such that (gn)nen
is bounded in C([0,T);W =17 (Q))NL>(0,T;L*(GR)). Then, there exists a subsequence
(not indicated) such that the following hold:
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(i) gn—g in Cu([0,T];L(G));

(it) If, in addition, r< %, or r>-% and s>
c(0,T);W=Lr(@)).

5.5. Regularity of the parabolic Neumann problem. We first introduce

fractional-order Sobolev spaces. Let G be the whole space R? or a bounded Lipschitz
domain in R?. For any k€N, € (0,1) and s € [1,00), we define

dH, then g, — g strongly in

W3 (G) i= {v e WP (G) : |v||lwr+s.s (@) <oo},

where

1
o v -l N
lvllwrts.s ) = vllwes @)+ Z (// |w y|d+5s dzdy ) .

|| =k

The following classical results are taken from Section 7.6.1 in [43]. Let G be a
bounded domain in R% and consider the parabolic initial-boundary-value problem:

Op—eAzp=h in (0,T]xG, p(0,)=po InG, Oap=0 in (0,T]x0G. (5.1)
Here € >0, po and h are known functions, and p is the unknown solution. The first
regularity result of relevance to us here is encapsulated in the following lemma.
LEMMA 5.7. Let 0<fB<1, 1<p,q<oc and suppose that G is a bounded domain in
R?,

_2
GeC?P, poeWe ™ heLP(0,T;L4(G)),

2-24q . . . — .
where W *'? is the completion of the linear space {ve C®(G): dqv|e =0} in the norm
of W2_%’q(G). Then, there exists a unique function p satisfying

p e LP(0,T;W>4(G)NC([0, T W 59(Q)), pe LP(0,T;L4(Q))

and solving equation (5.1); a.e. in (0,T]x G, together with the initial condition (5.1),
a.e. in G; in addition, p satisfies the boundary condition (5.1), in the sense of the
normal trace, which is well defined since Ayp € LP(0,T;LY(G)). Moreover, we have that

v HP” + Hatp”LP(O,T;LQ(G)) +ellpllLeo,7w20(G))

< (0,T;W° -3 @)

< p .7 .
<C(p,q,G)[¢" pHPO“Wz—%,q(G)"'”hHL (0,75L9(G)))

The second result that we state concerns parabolic problems with a divergence-form
source term, h=div,g.

LEMMA 5.8. Let 0<fB<1, 1<p,q<oc and suppose that G is a bounded domain in
R4,

GeC™?, poeLl!(G), geL’(0,T;LY(G;RY)).

Then, there exists a unique function p€ LP(0,T;W14(G))NC([0,T];LY(G)) satisfying
the initial condition (5.1), a.e. in G and

T p¢dx+€/ Vaup-V ¢dx——/ g -V.odxr in D'(0,T).
G
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Moreover, we have that

e' 7| pll L o,1:9(6)) +EIVabll Loo,r: Lo (R

_1
<C(p.0.G) [ Fllpollace) + I8l Lo 7oy -

6. Definition of the sequence of approximating solutions

We will prove Theorem 4.1 by means of a four-level approximation, inspired by the
construction of approximate solutions in [18,21,22] for the study of the compressible
Navier—Stokes equations and in [2] for the study of the incompressible Oldroyd-B model.
In this section we will describe our four-level approximation scheme. In subsequent
sections we will prove the existence of solutions to each of the approximation levels,
the convergence of the approximating solution sequence at each level, and will complete
the proof of Theorem 4.1. Finally, upon passing to the limits « —0 and 3 — 0, we will
deduce the existence of a global-in-time large data finite-energy weak solution to the
original compressible Oldroyd-B model, (1.1)—(1.11), for the entire range of 3 € [0,00),
including 3=0.

In the sequel, we shall occasionally retain the symbol d in certain (in)equalities in
order to emphasize the role of the number of space dimensions in the (in)equality con-
cerned, but it will be understood throughout that the analysis that follows is restricted
to the case of d=2.

6.1. Mollification of the initial data. First of all, we consider a mollification
of the initial data by using the mollifier introduced in Section 5.1.

Let d=2, let 2 CR? be a bounded C?# domain, with 8€(0,1), and let the initial
data gg,u9,70,To be given, as in the hypotheses (3.1). We consider the zero-extension
of (00,10,70,To) to the whole of R?, still denoted by the same symbols, outside of the
domain 2. We then define for 6 >0 the following mollified initial data:

00,0 =0+ Ssl00]; w00 =Sp[uol; Mo,9:=0+S5e[n0]; To,e:=01+55[To). (6.1)

Thanks to the properties of the classical Friedrichs mollifier listed in Lemma 5.1, we
have the following bounds and convergence results, as 8 — 0:

00,0 €C®(R?), < 00,0 <C(0), 00,0 — 00 in L7(€);

ug 9 € C°(R%;R?), ugp—ug in L7(Q;R?) for r€[1,00);

00,0/10,6]” = 0o|uo|* in L (€2);

00,010,0 € C™(R*R?), 00 9109 — 0oup in Lo (R?); (62
no,0 € C™(R?), 0<n0,9 <C(0), mo,0—no in L2();

To,0 € C®(R*R>*?), 0 <To,9=T; < C(), Top—To in L2(Q;R>*?),

where C(0) signifies a constant depending only on 6. By Sobolev embedding,
100,01l Loe (r2) <O+ [|Solo] || Lo (m2) <O+ C|Sol0)ll w22y <O+CO2,

and we can therefore take C(0)~60~2 as § — 0.
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6.2. First level: artificial pressure approximation. Let o1 >0 be small and
I'>4. We consider the following system of equations, which results from a modification
of the pressure in the system (1.12)—(1.15):

Oro+div,(ou) =0,
9¢(ou) +div,(ou®u) +V,p(0) ++ V. (kLn+3n®) —div,S(V,u)
= div,T— %VItr (logT) + of,
On~+div,(nu) =eA,n,

9 T+Div,(uT)— (V,uT+TV,u) =cA, T+ %(T]Jra)]l - %T.

We impose the same boundary conditions as in the equalities (1.9)—(1.11) and we con-
sider the mollified initial data defined in the equalities (6.1), satisfying the conditions
(6.2).

6.3. Second level: dissipative approximation. Let o2>0 be small. We
consider the following system of equations, where a dissipative term is added to the
continuity equation and, in order to maintain an energy bound, a term is added to the
momentum equation:

Dyo+divy (o) =[020,0], (6.3)
d:(ou) +div,(ou@u) +V,p(o) + 01Veo' |+|02V,uV,0
+ Vi (kLn+3n*) —div,S(V,u)
= div,T - %thr(log']l‘) +of,

5t77 +div, (7711) = EAaﬂ%

k 1
9, T+Div,(uT)— (V,uT+TV,u) =eA, T+ 2 m+a)l— ﬁT'
We consider the mollified initial data defined in the equalities (6.1), satisfying the con-
ditions (6.2). Since the os-regularized equation (6.3) is now parabolic, in addition to
the boundary conditions (1.9)—(1.11) we shall also require that

Ono=0 on (0,7]x90N. (6.4)

6.4. Third level: Galerkin approximation. By the classical theory of eigen-
value problems for symmetric linear elliptic operators (see, for example, Theorem 1 in
Section 6.5 in [16]), one deduces the existence of an infinite sequence of eigenvalues
0< A <Ay <--- with A, = 00, n— o0, and an associated orthogonal eigenfunction basis
in L?(Q;R?), denoted by (¥,,)nen, such that

—Apthy = A, in Q5 9, =0 on 0.
Moreover, ¥, € Wy ?(Q;R2) NW22(Q;R2)NC>(Q;R?) and v, € C2F ((;R?) since Q is
a C%# domain, with 0< < 1; by a classical Schauder type elliptic regularity estimate

and Sobolev embedding, one also has that

||’(/)n||cg,g(§;R2) SC()\n)||"/)n||L2(Q;R2)7 with C()\n)SC)\%L, for n=1,2,.... (65)
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We define the n-dimensional Hilbert space X,,, with inner product (-,-), by
X, i=span{t1,....¥,}, (v,w) :/ v-wde, v,weX,.
Q

We denote by P, the orthogonal projection in L?(Q;R?) onto the linear subspace X,,,
and we consider the following problem:

u, €C([0,7],X,), u,(0)=up, =P,ugg; forany peX,:
/8t(gnun)~cpdx
Q
+/ [divz(gnun®un)+vmp(gn)+ O—lvmgg + UQVIUanQn
Q
+ Vo (kLny +3n2) — diveS(Veu,)] - ede

— / {divITn - % Vatr(logTy) + 0n f} -pdz, (6.6)
Q

where ug ¢ is the mollified initial datum for ug defined in the second equality in (6.1),
and 9,,m,, T, are determined by the parabolic equations

0100+ divs (0v0a) =[02r0n | (6.7)

6t77n+divw(77nun) :EAmnna (68)

k 1
T, +Divy(u,T,) — (Vou, T+ T, Vau,) =eA, T, + o (N +) T — ﬁm, (6.9)
subject to the boundary conditions (1.9)-(1.11) and (6.4), and the mollified initial data
defined in the equalities (6.1), satisfying the conditions (6.2), for g,, u,, 7, and T,,.

6.5. Fourth level: regularization of the extra stress tensor. As pointed
out in Section 3.2, the a priori bounds are obtained by assuming the that T is symmetric
positive definite, which we do not have a priori. Thus, inspired by the work of Barrett
& Boyaval [2], we will employ a regularization for T to construct a family of symmetric
positive definite approximations of T, which satisfy bounds on their logarithm and
inverse similar to the ones in Section 3.2. The regularization of the extra stress tensor
T in [2] needs to be modified slightly to remain valid in our context.

Let o3>0 be small, in the sense that o3 <min{«,0}, and define y,,(s):=
max{os,s}, s € R. We introduce the following generalization of scalar functions to sym-
metric matrix functions: let g:R—R be a scalar function and let P€R*¢ be a real
symmetric matrix; then, one has the following diagonalization:

P=0DO", O is an orthogonal matrix, D=diag{\1,..., ¢},

where \;, j=1,...,d, are the eigenvalues of PP.
We define ¢g(PP) and ¢'(P) by the following formulae

9(P)=0(g(D))0", ¢'(P)=0(g'(D))0O", (6.10)
where

g(D):=diag{g(M),---,g(Aa)}, ¢ (D):=diag{g'(M),.-.,g'(Na)}. (6.11)
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With these definitions, we have the following lemma, whose proof is given in Ap-
pendix B.

LEMMA 6.1. Let ge CY(R), with 0<~vy<1, be concave or convex, and let Pe
W20, T;R™4) be symmetric. Then, the matriz function t € (0,T)— g(P(t)) € R¥*4,
defined by the first equality in (6.10), is differentiable a.e. on (0,T) and satisfies the
identity

dtr(g(P)) =tr (¢’ (P)0,P)=0,P: ¢ (P) a.e. on (0,T).

We now fix d=2, and state the fourth level of approximation as follows:
U0, €C([0,T,],X,), Wn0,(0)=1ug,,=P,ugp; forany peX,:

/ [at(gnﬁs un,cfa) +div$(gn’03un’g3 ®un,03)] “pdx
Q

+/ [vzp(gn,03)+ Ulva;gg +’U2kun,angQn,og
Q

+ Vo (kLNp.oy +3M07 5,) — diveS(Vaolln o)) - pda

:/ l:divévXU3(T5,ag) - %vﬂ@tr(logXUa(Ts,ag)) +Q’ﬂ;03f:| '('pdm7 (6'12)
Q

where ug ¢ is the mollified initial datum for ug defined in the second equality in (6.1),
Tias = % (T"vaa + (T%Us)T) ) (613)

and 0p,04,Mn,05, Ln,0; are determined by the parabolic equations
atnn,ag +div, (7771,03 un,ag) :5Am77n,037 (6.15)

and

atT"»U3+DiV$(un703 Xos (T;S]:,O‘g) )

- (vzun,as Xos (Tg,dg) +| Xos (TS,Ug) vEun,ag)

ATy + o (s )T o] (TS0, (6.16)
and the boundary conditions (1.9)—(1.11) and (6.4). Equations (6.14)—(6.16) will be
considered subject to the initial data defined in the equalities (6.1), satisfying the con-
ditions (6.2) for 0n oy, Mn,05, Tn,os-

Compared to the regularization of the extra tensor performed in [2] in the incom-
pressible case, in the compressible case considered here we require the additional reg-
ularization g5 X, (']I‘;?(TS) featuring in equation (6.16) in order derive sufficiently strong
bounds on log(T,,q,) and T, L (see Section 7.2 below).

7. The fourth level of approximation

For any o3>0, sufficiently small, and any n €N, the problem (6.12) is a system
of ordinary differential equations in u, ,, with respect to t because X, is a finite-
dimensional space; equations (6.14)—(6.16) are all of parabolic type and are all well-
posed given any smooth u,, ,,. Thus, locally in time, over a time interval [0,T, ,,]|, for
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some T}, , >0, the existence of a unique solution, denoted by (95,04, Un.ou, 05, Tnos),
to the problem at the fourth level of approximation, posed in Section 6.5, is classical,
see [19,21, 35,43].

Since Wy, 0, € C([0,1),65],X5), by the definition of X, in Section 6.4, we have, for
all t€[0,T), 0],

Up,oy € C([07Tn703]70275 (Q?RQ))a ||un,03 (t)Hc?,ﬂ(ﬁ;W) < C(n) ”un,frz (t)HL2(Q;JR2)' (7'1)

By similar arguments as in Section 2.1 in [21] concerning well-posedness and uniform
bounds for parabolic equations, we have, for all ¢ € (0,7}, »,], that

(Qn,<737 Mn,os> Tn,og) € C([Oan,ngwLQ(Q) X W172(Q) X W172(Q?R2X2))7
(QTL,O'37 T]’n,o’gv Tn,a_o,) e L2(01Tn,0'37W2,2(Q) X W2,2(Q) X W272(Q;R2X2))7

T, o, is symmetric,

t t
00xp (= [ 1%t ()10 ) < 00 00) < CO)0xp ([ ity ()i ).
0 0
t t
. / / . / /
fexp (—/ (|divetin, oy ()| Loo (o) dt ) <Mooy (t,) <C(0)exp </ (|divetn, oy ()| Loo (o) di ) ,
0 0
t
lon,os (t)H‘Q/VM(Q) +/ llon,os (t/)”?/[/?ﬂ(n) dt’ <C(t,0,02,(|Vetin,oy ||L°o(<o,Tn,03)xQ;R2x2))7
0
t
||77n,63(t)|‘€vl»2(9)+/ Hnn,os(tl)H\Q/v?ﬂ(Q) dtlSc(t»a||qun,03||LM((0,TW,<,3)xQ-,R2x2))7
0

t
2 2
Ty (D112 0522, + / [T () 12223 o A
0

SC(,0,IVattnos | Lo (0,1, 0y x2m2x2))- (T:2)

The symmetry of T,, ,, can be deduced by using the symmetry of equation (6.16), the
symmetry of TEJS, the symmetry of the initial datum T, »,(0) =To¢ >0, the symme-
try of the trace operator appearing on the right-hand side of equation (6.12), and the
uniqueness of the solution to equation (6.16). The latter is a consequence of the inequal-
ity (7.1) and the Lipschitz continuity of x,, defined over the space of real symmetric
matrices, which follows from the Lipschitz continuity of x,, considered as a mapping
from R into R (cf. Theorem 1.1 in [49]).

The bound on T, ., stated in the last estimate in the set of inequalities (7.2) can
be derived similarly to those on the scalar functions o, », and 7, »,, by observing that,
for any real symmetric matrix P€R%*9 one has |x,,(P)| <o3+|P|. In the rest of this
section we shall derive uniform bounds on the solution sequence, which guarantee that
the existence time T, ,, identified above can be extended to T

7.1. Uniform bounds. We shall now develop some bounds that are uniform
in o3 in the limit of o3 — 0. Similarly to the a priori bound (3.6), we deduce by taking
p=1u,,q, in equation (6.12), noting equation (6.14) and that

1
5/Azgn,03|un,ag|2dx:_/(vzun,a3vzgn,a3)'un,a’3 d{E,
Q Q

and combining with equation (6.14) tested with b} (g,,+,) and equation (6.15) tested
with b5 (11,05 ), where by (r) = =477 + 237" and by(r) = kL(rlogr+1) +3r%, that

-1

g1
I'—1

d 1
[Qn,ds W05 |2 + 911:,03 +EL(1n,05 10800 05 +1) +5T]?L,0'3 dz

— 2%
at o |2 On,oy T

a
v—1
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kL
v [ (@002 4T DIVaty P+ [ ( +23) Vs Pt
Q

Nn,os
s| Vatlnoy + Vit oy 1 Lo )
+ | p 5 —a(dlvxunﬁg)ﬂ + 7 |divauy, o< de
Q
__/QXUS (Tn,ag) : vazun,crg dx
a .
+5/Qtr(l()gXas(Tn,as))dlvmun,as dx"‘/QQn,asf'un’Js dz, (7.3)

for a.e. t€ (0,7}, ,,], where we have used that T5 03 = In,oy (cf. the paragraph following
the inequalities (7.2)).

Similarly as in the identity (3.7), on taking the trace of equation (6.16) and inte-
grating over ), we have that, for a.e. t€ (0,7}, 4],

d
dt tr(Tnas)dx+2>\/tr Xcrg TnUz))dx

_kd

=5 (nn oy +00) d:c+2/ Xos(Tnos) : Valy, s da. (7.4)

7.2. A logarithmic bound. Following [2], we introduce the logarithmic cut-off
function G, :R—R, defined by

B logs if s> 03,
GUS(S)_{0318+10gU3—1 if s<o3.

Since G, (s) =Xo,(s)~" for all s€R, we have, for any real symmetric matrix T, that
G, (T) = X0, (T) 1. Tt follows from equation (6.16) and the inequalities (7.1) and (7.2)6
that T, o, € WH2(0, T}, 043 L2(Q,R4*?)). Hence, by Lemma 6.1, we have, as T% 05 = Tn,os
and G,, € CL1(R) is concave, that

T oy : Gl (Thoy) =01t (Goy (Th,oy ) a.e. on (0,7}, 5] x Q.
Further, by the identities (3.12) and (3.11) we deduce that

Div, (w0, Xas( naos)) G/ ( n,03)
=[(Wn,05* Vi) Xos (Tn,oq) + (divaln,og) Xog (Tn,os)] 1 Goy (Tros)
=((Un,05 Vi) Xos (Tnos)) : Xog (Tn,d3)71 +(diveUn,o5) Xos (Tnos) 1 Xos (Tn,03)71
=(Up, o4 - Vo )tr (l0g Xoy (Thoy)) +ddivey, o, a.e. on (0,7}, 4] X

and

— (Valnos Xos (Tnos) + Xoo (Troos) Va Unoy ) : Gl (Thioy)

=" (va:un,o'g Xos (Tn,as) + Xos (Tnﬁs) vEu”J’B) ‘Xos (T”’U?’)_l
=— 2divmun703 a.e. on (OaTn,U3] X ().

Thus, by taking the Frobenius inner product of equation (6.16) with G/, (T o,) we get
that

Otr (G oy (Tn,o'a)) + (un,frs -V )tr (log X o, (Tn,as)) +(d—2) divyun, oy
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d

— (7.5)

k
(nn o3 +a)tr (XU3 (Tn’03>_1) -

:EAan,Ug *Xos (TH,US)_l 22

a.e. on (0,7}, »,] x . Integrating equation (7.5) over Q implies, for a.e. t€ (0,7}, ],
that

d
= /Q 8 (Gly (T ) da
:/tr(logxoz(Tn703))divmun703dx—|—€/ AT, 5, :XUB(Tm@)_ldx
Q Q

k
4 / (s + )17 (o (T) ™) o= o0, (7.6)
22 Jo

To proceed, we require the following generalization of Lemma 3.1, whose proof is
elementary but rather lengthy and has been therefore relegated to Appendix C.

LEMMA 7.1.  For a3>0, let T,, >0, and suppose that P€ C([0,T,,]; WH2(Q;RI*4)) s
a symmetric matriz function, with AP € L?(0,T,,; L*(Q;R¥*4)), satisfying a homoge-
neous Neumann boundary condition on 0; then, X o, (P) =t € L>(0,Ty,,; W12 (;REX4)),
and

/AxP:Xm(IP)*ldx:—/VmIP’::VmXU.S(P)*ldQ:
Q Q
1
>- / |V otr (log xo, (P))| da (7.7)
Q

a.e. on (0,1,,].

Thanks to the identities (7.3), (7.4), (7.6) and the inequality (7.7) we then obtain,
for a.e. t€ (0,7}, ,,], that

d/ 1 | |2+ g1
n,o3 | Un,o 1Yo
@ J, |3 0mesl e+ 2= 0o, F 5y

1d

+ 55/ tr(']Tn,as _aGUS(T”vU3))d$

F7 . +kL(77n,03 1Og77n,03 +1)+57772L,U3:| dz

kL
+02/(awn toilon ) Vaones)? dx+s/< +25>|Vxnn,asl2dx
Q Q

n,o3
/ S
Q

1
+uB|d1kun 03| d$+4)\/tr(Xa3(Tn,03)) dx

T 2
V:I/’un,o'g + vx un,o’g

2

- % (divguy, qy)1

ak
+ﬁ (Mo +a)tr(X03(Tn,as) )dm—i——/ |Vztr (log Xo, (T nas))‘ dw
kd
< | Onoyfup g do+— (nn,03+a)dx+7‘9| (7.8)

Since we can take o3 <a, it is straightforward to see that, for any s€R, one has s—
aGyy(s) > a—aloga. Thus,

d
tr(Tn,oy = Goy(Tn,oy) Z ()‘53)03 - (/\ngg)) > d(a—aloga),

Jj=1
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where ,\53 2,3, j=1,...,d, are the eigenvalues of the symmetric matrix T, ,,. Then,

similarly as in the equality (3.18), we define the following nonnegative functional:

1 a o1
En,o‘g (t) ::/ |:§QTL703 |un703 |2 + ﬁg;\;,og + ﬁgg,dgg +kL(nn,03 10g17"70'3 + 1) +57772L,d3 d‘t
Q Y= -

+%/ [tr (Th,05 —@Gos(Th,0s)) +d(aloga—a)|dz.
Q

Similarly to the estimate (3.21), integrating the inequality (7.8) over [0,¢] for any
€(0,T,,5,]) then gives

¢
Pros() 02 [ [ (@101 40T 2) Vet Pt
t
kL
+e/ / ( +25) Va5 > dazdt’
0 JQ \Tn,os
¢ S qung —i—VTuna 1
+/ /,u T8 L T2 IS (diveU,e, )|+ pB|diveu, o, | dedt
0 Jo 2 d o o
1 t
!
+ﬁ/0 /Qtr(xgs('ﬂ‘m%))dxdt

t
afk/ /(TITL,O'g +Oé)tr (XUS(Tn)Ug)_l) dxdtl
A 0 JQ

2

ae (! 2
—/ /|thr(1ogxa3(’]l‘n 03))|” dzdt’
dJo Jo ’
t
< Eo’g-i-/ /gm%f.unmdxdt'—i— / / Nn.os +a)dzdt’ —|— |Q\t
o Ja
t
< Eo,9+0/ E, ., (t")dt'+Ct, (7.9)
0
where the initial energy Ej ¢ is defined as
1
Eo,eiz/ {QQoel w o+ —— 000 t+="7 Qoo-f—(kL(erlognoe-i—l)-i-éﬁoe) dz
0 N 1 r 1
1
+§/ [tr(To,9p —alogTyg)+d(aloga —a)]dz. (7.10)
Q

Here we have used the fact that Tg g >6> o3, which implies that Gy, (T ) =logTo.e.
Then, Gronwall’s inequality implies, for any ¢ € (0,7}, o], that

¢
En,as(t)—l-m// avgn%—l—alfgnggﬂvwgn03|2dxdt
0

¢
kL
+€/ /( +25>|ann7032dxdt’
0 Jo \Tn,os
¢
—|—/ /us 5 —E(divxumgs)]l

//tr (Xos(Thos) da?dt—i— // Msors + )T (Xog (Trog) ™ 1)dxdt’

2

v v 1
zUn o3 + 2 Un,os —|—MB|divmun7U3|2dxdt’
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_|_7 /|V tr(log Xy (T HJB))| dxdt
S (E07‘9+Ct) k) (OvTTL,O'gL (711)

where C'is a positive constant, independent of ¢ and of the approximation parameters
(F701a027033n)~

3. Maximal existence time. In this section, we shall use the uniform bound
(7.11) to show that T}, »,, the maximal time of existence for solutions to the fourth level
of approximation, is in fact equal to the final time T

By Korn’s inequality (3.24), a partial result from the bound (7.11) is that

Tn.og
/ IV g (8) |22 g2y At < (Fig o+ C Ty ) €78 <C(Bop, 7). (7.12)
0

Thanks to Friedrichs’ inequality, the estimate (7.12) implies that

Trog
/0 1y (1) 215yt < C (B 0, ). (7.13)

By the equivalence of the W12(Q2) and W°°(Q2) norms in the finite-dimensional linear
space X,, (see the estimate (6.5)), and the Cauchy-Schwarz inequality over (0,7}, ],
we then have from the estimate (7.13) that

TTL,G'S
/ vaun,m (t)HLoo(Q;R2><2)dtSC(TL,EQ@,T). (714)
0

Using the estimate (7.14) it follows from the third line of the inequalities (7.2) that we
have the following lower and upper bounds on g, », in terms of positive constants:

0(97TL,E0’97T)_1 S On,os < C(Q7TL7E0,9,T).

Together with the following partial result from the estimate (7.11):

sup ||Qn,03|un,63|2(t)”L1(Q) SC(EO,G,T)v
t€(0,Thn,05]

we obtain

sup |[n, oy (1) L2(ur2) < C (0,7, Eo 9, T).
t€(0,Tn,04]

Again by the properties (6.5) of functions in X,,, we have

SUp [,y (1)l 026 g2y < C(6,0, Eo,0,T). (7.15)
t€(0,Th,05]

Hence, by a continuity argument, the existence time can exceed 7}, ,. Since the bound
(7.11) is independent of n, o3, this process can be repeated a finite number of times, as
long as the existence time 7}, ,, <T', until the final time T is reached, and therefore the
maximal existence time 7T, ,, =7. Moreover, by the inequalities (7.2) and (7.15), we
have the following bounds that are uniform with respect to os:

sup Hun,as (t) ||C2=5(§;R2) < O(oanaEO,QvT)a
te (0,7
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C’(@,n,EO,g,T)*1 < On.os(t,x) <C(0,n,Ep9,T) forall (t,z)€ (0,T]xQ,
C(0,m,E0,6,T) ™ <ty (t,2) <C(0,1,F0 9, T)  for all (t,x) € (0,T] x Q,

S(UP ]”Qn,ag (O llwr2) + | 0n05 220, 7;w22(0)) < C(02,0,n, E9,T),
te(0,T

S(up 11,05 Ol w2 @) + 11,05 | 220, 75w2.2(2)) L C(0,1,E0,9,T),
te(0,T

S(L(l)pT] ||Tn703( )||W1v2(Q;]R2><2) -+ HT”70'3 ||L2(O,T;W212(Q;R2><2)) S O(Q,H,E079,T) (716)
te(0,

and

sup /[tr(']l‘n’gs—aGUS(Tn,US))—l—d(ozlogoz—a)]dxSC(EO,Q,T),
te(0,11/0
(7.17)

T
/ / tr (Xoy (Thyoy) ") dzdt < C(6,n,Eo 9, T).
0 Q

After these preparatory considerations, we are now ready to pass to the limit o3 —0
in the fourth level of approximation, so as to deduce the existence of solutions to the
third level of approximation. This will be the subject of the next section.

8. The third level of approximation

This section is devoted to studying the limit of the solution sequence
(0,05, Un 05,105, Tn,0s) as 03—0, and to showing that the resulting limit is a so-
lution to the third level of approximation formulated in Section 6.4. We will also derive
bounds on this solution limit that are uniform with respect to n, in preparation for
passage to the limit n — oo in the next section.

8.1. Time derivative bounds and strong convergence. The bounds (7.16)
imply the following weak convergence results, as o3 — 0:

On.os = Ons weakly-* in L°°(0,T;W2(Q)) N L*(0,T;W%(Q)),

Nnos = Ty weakly-* in L (0,T;W12(Q))NL*(0,T;W?2(Q)),

Thos —Tny  weakly-* in L(0,T; W2 (Q;R?*2)) N L2(0,T; W22(Q; R?**?2)).
From equations (6.14)—(6.16) and the bounds (7.16) we then have that

H(atgn,dsvatnn,dsaa T, 03 HL2 0,T;L2(Q)x L2(Q) x L2 (;R2%2)) = < 0(0270 n, Eo HvT) (81)

We can therefore use the Aubin-Lions-Simon compactness theorem (cf. Lemma
5.3) to deduce, for all g€ [1,00), the following strong convergence results, on noting
that d=2, as 03 —0:

On.os — Ons strongly in LQ(O,T;Wl’q(Q)) C([0,T); LY(R2)),
Nnos — Mns strongly in LQ(O,T;Wl’q(Q)) C([0,T); L)),
Th.05 = Tn, strongly in L*(0,T; W14 (Q;R**?))NC([0,T]; L1(Q;R?*?)),
Xos(Tn.os) = [Ta]e,  strongly in L(0,7;Wh2(Q;R?*2))NC([0,T]; LY(Q;R?*?)),
(3.2)

where the limit T, is also real symmetric as Ty, ,, is real symmetric for all o3>0, n€N.
In addition, it follows from the estimates (7.16)2 3 that

On, M >0 ace. in (0,7 x Q. (8.3)
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Thanks to the estimates (7.16), (7.11) and equation (6.12) it follows that

[CXe. < C(03,0,n, Eo,9,T). (8.4)

||L2(O,T;L2 (R2))
Thus, thanks to the embedding C%#(Q;R?) < W?2+5:2(Q;R?), the compact embedding

W2H6:2(Q;R?) <5 W22(Q;R?), the estimates (7.16), and the Aubin-Lions-Simon the-
orem, we have the following strong convergence result, as o3 — 0, for each fixed n € N:

U, 5, — U, strongly in C([0,T];W?(;R?)). (8.5)

8.2. Positivity of the extra tress tensor. Employing a technique from [2], we
will now show by using the bound (7.17), that the limit T,, obtained in the collection
of limits (8.2) is, almost everywhere, a real symmetric positive definite matrix.

Assume that T, is not symmetric positive definite a.e. in D,, C (0,7 x €2; then, there
exists a q € L>((0,7] x ;R?) such that

[T,]+q=0 a.e. in (0,7]xQ

8.6
with |q|=1 a.e. in D,, and q=0 a.e. in ((0,7] x Q)\ D,. (8.6)

On noting the estimate (7.17)2 and using the Cauchy—Schwarz inequality, we then have
that

T T
D, = / / P dedi= / / DXos (T
0 Q
2
(/ /\xas n.os) Idxdt> < qxas (Ty.05)qdadt

2

<c<// aXou (T o qudt) , (8.7)

where C is independent of o3. Passing to the limit 03— 0 in the estimate (8.7), and
noting the limit (8.2)4 and the statement (8.6), yields that |D,|=0. Hence, T, is
symmetric positive definite a.e. in (0,7]x Q. Finally, it follows from the estimates
(7.11) and (8.2)4 that, as o3 — 0:

Vatr(logxey (Th,ey)) = Vatr(logT,) weakly in L2(0,T;L*(;R?)). (8.8)

W=

40) - (Do (Tnoa)]F ) dodt

8.3. Convergence to the third level of approximation. By the estimates
(8.1) and (8.4), we have weak convergence of the time derivatives. By the strong con-
vergence results established in Section 8.1 and the positivity of T,, shown in Section
8.2, letting 03— 0 in the fourth level of approximation (6.12)—(6.16) implies that the
limit (05, W, Mn, Tr) is a solution to the third level of approximation, (6.6)—(6.9). The
attainment of the boundary conditions (1.9)—(1.11) and (6.4) for (o5, ,,n,,Ty,) follows
from the attainment of the boundary conditions for (0,64, Un oy, Mn,05: Ln,os). Lhe ini-
tial data for g,, n,, T, are attained in the sense of the L4(2) norm for any ¢ < oo by
the first three statements in the collection of limits (8.2), and the initial datum for u,,
is attained in the sense of the W22({;R?*?) norm by the limit (8.5).

Moreover, by the convergence results established in Section 8.1, weak lower-
semicontinuity of the norm in L? spaces and Fatou’s lemma, letting o3 — 0 in the bounds
(7.9) and (7.11) gives, for a.e. t € (0,77, the following inequalities:

t . r
t)+402/ / (a|Vzgﬁz+01Vzgﬁ|2)dxdt'
o Ja\v r
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t
+2€// 2kL\vmn§|2+;,|vxnn|2)dxdt’

2
// + 1B |div,u, |2 dzdt’
—/ /tr(']I‘n)dxdt'

t
/ / Nn+a)tr (T, 1) dzdt’ —l——/ IV ptr (logT,)|* dzdt’

d t
§E0,9+/ /gnf~undxdt'+—/ /(mﬁ—a Ydzdt +f\Q|t
0 Ja AN Jo Ja

with d=2 and

t
En(t)+402/ / (“|v$g%|2+‘”|vxgé|2>dxdt'
o Ja\7 I
t
+2g/ / (2kL|vzn§|2+3|vInn|2)dxdt’
0 JQ
t 2
+/ /us — = (diveu)I| 4 p®|div,u,|?dzdt’
0 JQ d
+1/t/u~(ﬂr )dxdt’—i—ak/t/( +a)tr (T, ") dzedt’
Sy Joom Sy Joim "
t
ac / IV ptr (logT,)|* dzdt’
d 0 JQ
<(Eo,p+Ct)e’"

13 n n 1 .
s —i—V 1 —E(dlkun)ﬂ

Veou,+Via, 1

with d =2, where the energy E,, is defined by

1 a
E,(t):= Zonlun P+ ——0o7
(0= [ [genhunP ot 17

1
+ 5/ [tr(T,, — alogT,)+d(aloga— )] dx,
Q

v +kL(n,logn, +1)+3m2 | dv

with d=2, and the initial energy Ej ¢ is the same as in equality (7.10).

9. The second level of approximation

(8.10)

Our objective in this section is to study the limit of the solution sequence
(0n,Un,mn, Ty) as n— 00, in order to deduce the existence of a solution to the sec-
ond level of approximation, stated in Section 6.3. To this end, we need to derive bounds

n (0n,Un,"Mn, Ty) that are uniform in n. We note here that while the steps performed
hitherto can be extended to the case of d=3, with some restrictions on ¢ in the con-
vergence results (8.2), in what follows we shall have to restrict ourselves to the case of

d=2.

9.1. Uniform bounds and convergence. We summarize the n-uniform bounds

that follow from the estimate (8.10) as 3> 0:

llonll Lo 0,77 () T o1llonll e (0,7:Lr (@) L C(Eo,0,T),

jod r
V(o )llL2(0,1)xsr2) + 01| Ve (07 20,1y x:r2) < C(02, Eo,9,T),
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70l 0,7:22(2)) + 1Ml L2 0, 73w 1 2 (02)) + In? 220,75 12(0)) <C(Eo,0,T),

[ Qn|lln|2 ||L°°(O,T;L1(Q)) +[u, HL2(0,T;W01’2(Q;]R2)) <C(Eo,T),

[[tr (T, — alog T ) | o< 0,752 (2)) + | (1 + @) tr (T, )| 10,1301 (02)) < C(Eo,0,T),
[Vatr(logTn) |22 (0,7:22 (2:r2)) < C(Eoe,T).  (9.1)

Multiplying equation (6.7) by ¢, and integrating the result over € implies that

1d 1
Qnd$+0'2 |V pon|?de=— divx(gnun)gndx:—f/(dikun)gidx
2dt Q Q 2 Jo

1
<- (/ |divmun2dx+/gidx>. (9.2)
4 Q Q

Combining this with the estimates (9.1) and recalling from Section 6.2 that ' >4, we
deduce that

llonllz20,r;w12()) < C(o1,09,Eo0,T).

For d=2, as is assumed to be the case here, taking the inner product of equation
(6.16) with T,,, integrating the result over 2 and applying the same argument as in
Section 3.3 additionally gives

t
/|’H‘n(t)|2dx+5/ /|VI']1‘n|2dxdt’
Q 0 JQ

1 t
+7)\\/ / |Tn|2dxdt/SC(t7E0797HT079||%2(Q;R2X2))7 (93)
0 JQ

and furthermore
I Tl Lo 0,22 (@R2x2)) + 1Tl L2 0,msw 2 (@ir2x2)) S C (T o0, 1 To,0[1 72 (02 x2)) -

Therefore, we have the following weak convergence results, as n — co:

On — 0o, weakly-* in L>°(0,T; LY (Q))NL2(0,T;Wh2(Q)),

N = Ty weakly-* in L>(0,7;L*(Q))NL*(0,T;W'2(Q)),

u, — U, weakly in L2(0,7; Wy (€ R?)),

T, =T, weakly-* in L>°(0,T; L* (S R?*2))NL2(0,T; WH2(Q; R?*2)),
trlogT, —trlogT,,  weakly in L?(0,7;W?(Q)). (9.4)

The time derivative bounds obtained from equations (6.7)—(6.9) enable us to use the
Aubin-Lions—Simon compactness theorem to obtain the following strong convergence
results, as n — oo:

On = 0oy strongly in L?(0,7;L9()) Vqel,00),
N = Mo strongly in L?(0,T;L9()) Vqe[l,00), (9.5)
T, —T,, strongly in L?(0,T;L9(Q;R?**?)) Vqe([l,00).

It follows from the inequalities (8.3) that

0>y =0 a.e. in (0,7] x €. (9.6)
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By Sobolev embedding we have that

r I
llor Iz (0,7:L9(0)) < Cllod 2201w 2 () Vge(l,00),

and therefore ||QEHL1(O)T;L{1(Q)) <C(01,02,E9,T) for all g€ [1,00). Hence, by the esti-
mate (9.1); and interpolation between Lebesgue spaces, we deduce that

llonll Le-or(0,r)x0) < Clo1,02,E0,0,T)  V3€(0,1).

Together with the convergence results (9.5), we obtain the strong convergence result, as
n— 0o:

0n — 0o, strongly in L'((0,T) x Q). (9.7
Thus, we have the following convergence results, as n— oo:

Onlln = 0y, weakly-* in L(0,T5L777 ((;R?)),
o) =07, Qg — 952 strongly in Ll((O,T) x ).

Next we shall deal with the nonlinear term g, u,, ®u,,. From equation (6.6), by the
same argument as in Section 7.8.2 in [43], we have that

||atpn(gnun)||Lr1 (O,T;AWJ*QvQ(Q;RZ)) < O(O—laEO,QaT)a for some rL> ]-a

where P, is the orthogonal projection from L2(€;R?) onto X,, and W~22(€;R?) is the
dual space of W(]I’Q(Q;IR2)HW2’2(Q;R2). On the other hand, since I' >4, we deduce
from the estimates (9.1) and Sobolev embedding that

| Pr(0nn)| 20,702 (0ir2)) < lontnll L2 0,7;L2(0:r2))
<Cllonlle(o,r;Lr @) Vatnll L2 (0,102 (0:ir22))
<C(o1,E0,,T).

Thus, the Aubin—Lions—Simon compactness theorem gives
Po(0n1y) = 05,uy, strongly in L2(0,T; W~ 12(Q;R?)).
By writing g,u, =P, (0nu,)+ (1 — P,)(0nu,) we deduce that
Only, — 05Uy, strongly in L2(0,T;W 12 (Q;R?)).
Thus we have the following convergence result for the convective term:
Onlly, @ Uy = 0, Uy, DUy, in D'((0,T) x Q;R**?),
Finally, we shall study the limit of the extra term V,u,V 0,. To this end, we will
employ Lemma 5.7 and Lemma 5.8 to show that the limit (g,,,u,,) fulfills the parabolic

equation (6.3) a.e. in (0,7] x 2. By function space interpolation, we have that

(0ntn)men is bounded in L™ (0,T; L7 (;R?) N L*(0,T; L~ (R?)) < L7 ((0,T) x %R?),
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for some r>2, where I'— denotes any number in the interval [1,T'). We then apply
Lemma 5.8 to the problem (6.4), (6.7) to deduce that

(V20n)nen is bounded in L"((0,T) x ;R?) for some 7> 2.
Consequently,
div,(onuy) = ondiveu, + V0, -1, is bounded in L°((0,7) x Q) for some s> 1.

The application of Lemma 5.7 gives

10con s 0,1y x2) F |onllLs(0,7;w25()) <C,  for some C' >0 independent of n.

Letting n — oo gives
0100, €EL*((0,T) xQ), 05, € L*(0,T;W5(Q))NL" (0, T; W (Q)),

for some r>2 and s> 1. Moreover, g,, and u,, satisfy equation (6.3) a.e. in (0,77 x €,
On0o, =0 on (0,77 x 0 and g4, (0) = 00,9. Therefore, similarly as in the estimate (9.2),
we have, for every t € (0,7, that

||Qn(t)||%2(sz) +2U2”vIQnH%?((O,t)xQ;R?) =l00,0

t
|%2(Q)—/ /(divmun)gidx,
0 JQ
t
|%2(Q)—/ /(divxugz)giz dx.
0 JQ

Letting n — 0o, noting the convergence results (9.7), (9.4)s and by the weak lower-
semicontinuity of the L? norm we deduce, for any t € (0,7}, that

|05, (t)||2L2(Q) +203(|Vz 00, H%%(o,t)xn;n@) =1l00,0

lon @120y = 00 N2y 1VwonllT2(0,0x0r2) = 1 Vaos T2 (0,0 xm2)-
This implies the strong convergence of V0, and, in addition,
Vo, Vion — Vaus,Vaeos, in D'((0,T) x QR?).

We shall combine the convergence results established in this section to show that the
limit (955, Upy,7M0,, Loy) solves the second level of approximation; this will be done in
Section 9.3. Before doing so however we need to prove the positive definiteness of the
limiting symmetric extra stress tensor T,,.

9.2. Positivity of the extra stress tensor. AsT, is symmetric positive definite
a.e. in (0,7] x §2, we have from the convergence (9.5)3 that T,, is symmetric nonnegative
definite a.e. in (0,7] x Q. It follows from the bound (9.1)5 and the inequality on 7, in
(8.3) that

||t1‘ (T;l) ||L1(O,T;L1(Q)) SC(EQ@,T,O(). (98)

We now adapt the argument in Section 8.2 to show that T, is in fact symmetric positive
definite on (0,7] x Q. Assume that Ty, is not positive definite a.e. in D,, C (0,7] x 2.
Then there exists a q € L*((0,7] x Q;R%) such that

Ty,q=0 a.e. in (0,7] x 2

9.9
with |q|=1 a.e. in D,, and q=0 a.e. in ((0,7]xQ)\ D,. (9:9)
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On noting the estimate (9.8), we then have that

D02|_/0T/Q|q2dzdt_/oT/Q((Tn)5q)-((’}1‘ )3 )dzdt
gc(/OT/QqTandxdtf,

where C' is independent of n. Passing to the limit n— oo in the estimate (9.10), and
noting the convergence (9.5)3 and the result (9.9), yields that |D,,|=0. Hence, T,, is
symmetric positive definite a.e. in (0,7] x 2. Finally, by the convergence results (9.4);
and (9.5)3 we deduce, as n— oo, that

(9.10)

tr(logT,) —tr(logT,,) weakly in L*(0,7;W%(Q2)).
9.3. Convergence to the second level of approximation. We have already

shown that o,, and u,, satisfy equation (6.3) a.e. in (0,7] x Q, 9n0, =0 on (0,7] x O

and 9., (0) = 00,9
By the convergence results obtained in Section 9.1 and a compactness argument,
letting n — oo in equation (6.6) implies that, for any ¢ € C*°([0,T];C°(Q;R?)), we have

t
/ /Q[Q@uﬂz'at‘PJr(Qozunz ®u02)5vm‘PJr(p(an)JrUngQ)divm‘P} dzdt’
0
t
+/ / [(kLngz+3n32)divwcp—S(Vmu(,2):Vwcp—agvmuﬁvwggz-go]dxdt’
0 Ja
t
:/ /T@:Vmcp—&—%(trlog’ﬂ‘az)divmcp—QUQf-godxdt’
0o Ja

+/gagu02(ta')'¢(t7')d‘ri\/90,9u0,9'<10(05')dx'
Q Q

Again by the convergence results obtained in Section 9.1, we deduce that the weak
formulations (4.3) and (4.5) are satisfied by the limit (055, Upy;Mes, Loy )-

Moreover, by the convergence results established in Section 9.1, weak lower-
semicontinuity of the norm in LP spaces and Fatou’s lemma, letting n— oo in the
inequalities (8.9) and (8.10) gives, for a.e. t€ (0,77:

t
Erlt)tdon [ [ (9,040 + 9.0k ) aoar
0o Ja\Y r
t 1
+2g/ / (21<:L|V177§2|2+3|V17702|2)dxdt’
0 JQ
+/t/us M_l
d
//tr o) d:r:dt—i— //77(,2—&—04 tr Uz)dxdt
—/ /|Vrtr(log'ﬂ‘02)|2dxdt’
d Jo Ja

t t
kd
< Eo,g-i-/ /902f~u02dxdt’+—/ /(7702—1'04 dzdt’ +—|Q|t (9.11)
0 Jo 4\ Jo Jo

2

(divyue,)I| +pPdiv,u,, [*dzdt
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with d=2, and
¢ 2 I
Eaz(t)+402/ / <a|VzQ§2|2+Ul|V1Q§2|2>dxdt’
0o Ja\Y r
t 1
w2z [ (GRLIVah P o1V ) dra
// xu02+V Vaus, +Viu,, 1
d
4/\/ /tr oy )dzdt’ + & // (N, + ) tr (T, ) dzdt!
7/ /|thr(log’ﬂ’02)|2da:dt’
d 0o JQ

< (Egg+Ct)et, (9.12)

2

(divpup,)I| +pPdiv,u,, [*dedt’

with d =2, where the energy E,, is defined as

1
E'(72 t ::/ |:g02 Ug, 2—|—
()= [ [omshues+ =
1
+§/ [tr(Ty, —alogT,,) +d(aloga —a)|dx,
Q

by HEL(No,logne, +1)+3n2, | da

F 1

with d=2, and the initial energy Ej ¢ is the same as in the equality (7.10).
Moreover, letting n— oo in the estimate (9.3) implies, for a.e. t€ (0,77, that

t 1 t
/|’]I‘02(t)|2dx+6/ /|V1.Ta2|2dxdt’+—/ /|T02|2dxdt’
Q 0 JQ 4x 0 JOQ

<C(T, Eop. ||T0,9||%2(Q))' (9.13)

10. The first level of approximation

Now we let 05 —0 in the solution sequence (94,,U0y,70,; s, ), in order to deduce
the existence of a solution to the first level of approximation, formulated in Section 6.2.
First, we derive uniform bounds on (94, ,Us,, 70y, Le,) as o2 — 0. It follows directly from
the estimates (9.12) and (9.13), as 3> 0, that

[tr (Ty, —alogTy, ) || Lo (0,711

||T02 ||L°°(O,T;L2(Q;R2><2)) + ||ng HLQ(O,T;WL?(Q;]R?X?))
= C(EO,GyTa ||T079||2L2(Q;R2><2))-
(10.1)

The process of letting oo — 0 can be performed similarly as in the study of the com-
pressible Navier—Stokes system (see for example Section 3 in [21], where the Bogovskil
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operator (Lemma 5.2) is needed to show the higher integrability of the density, and
Lemma 5.6 is used to pass to the limit in the nonlinear terms 95, Uy, and gy, Uq, @ Uy, ),
by observing the strong convergence of the additional unknowns 7,, and T,,. A key
step in passing to the limit in a sequence of approximations to the compressible Navier—
Stokes system is the proof of strong convergence of the approximations to the density,
based on weak convergence of the, so called, effective viscous flux. A helpful tool in the
proof of this is Lemma 7.36 in [43]; see also Lemma 5.6 in [7] and Lemma 2.3 in [8],
which are the appropriate extensions of Lemma 7.36 in [43], required for deducing weak
convergence of the effective viscous flux in the presence of the extra stress tensor, in
a compressible Navier—Stokes—Fokker—Planck system. Unlike the compressible FENE
models in [7] and [8], where only strong convergence of the approximations to the extra
stress tensor in L"((0,7) x ), with r€[1, 43()31?), was available, for the compressible
Oldroyd-B model considered here these extensions are not needed: Lemma 7.36 from [43]
(suitably adapted to the case of d=2; cf. Lemma 2.3 in [8]) directly applies, as in the
case of the compressible Navier-Stokes system, thanks to the bounds (10.1); , yielding
the limits (10.3); 5 below, thus ensuring fulfillment of condition (7.5.4) of Lemma 7.36
in [43]. From the uniform estimates (10.1) and the equations for 7,, and T, we deduce,
for any r€(1,2) as d=2, that

10eN0, || 22 0,7w 1.7 () +[10¢ Ty || L2 (0,73 1.7 (r2x2)) < C(Eo,0,T), (10.2)

where W~17(Q) is the dual of VVOLT,(Q), with 1/r+1/r"=1. These time derivative
bounds, the estimates (10.1) and the application of the Aubin—Lions—Simon compactness
theorem implies, as oo — 0, that

Noy = Mo,y weakly-* in L>°(0,7;L*(2))NL*(0,T;WH?(Q)),

Now — Moy strongly in L*(0,T;L%(Q)) Vqe[l,00),

Ty, = Ts, weakly-* in L°°(0,T; L2 (Q;R**?)) N L2(0,T; W2 (Q;R?*?)),
Ty, =Ty, strongly in L?(0,T;L9(;R**?)) Vqe[l,00),

tr(logTy,) — tr(logTy,) weakly in L?(0,T;Wh2(Q)).
(10.3)

Then, by Lemmas 5.5 and 5.6, the estimate (10.2) and the convergence results (10.3),
Moy € Cow([0,T;L3()), Ty, € Cu([0,T]; L2 (4 R?¥2)).

The nonnegativity of o,, and 7n,, a.e. in (0,7] x 2 follows from the inequality (8.3).
We note that since T,, is symmetric and positive definite a.e. in (0,7] x €, it follows
from the convergence (10.3)4 that T,, is symmetric and positive semidefinite a.e. in
(0,T] x §2. The positive definiteness of T,, >0 a.e. in (0,7] x Q can be deduced by an
argument that is identical to the one in Section 9.2; we therefore omit the details and
only state the conclusion. The limit (04,,00,,%0,, s, ) is a weak solution to the first
level of approximation stated in Section 6.2. Passing to the limit oo — 0 in the estimates
(9.11)—(9.13), one has the following bounds, for a.e. t € (0,T]:

t
E,,l(t)+25// 2I<:L|ang%1|2+g,|vmnm|2)dzdt’

L

2

Vi, 1
Vallo, +Vy U, + Uy _ + B divyuy, P dedt!

a (divzual )]I
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+1/t/tr(’]l‘ )dxdt’—}—ak/t/( +a)tr (T, ') dzdt’
NSy Jo e AN Sy Jo e o
t
ac / |Vtr (logT,, )| dedt’
d 0 JQ

t
§E076+/ /galf-uc,ldxdtl—i— // (Mo, + @) dxdt+ |Q\t (10.4)
0 JQ

with d=2, and
¢ 1
Ec,l(t)JrZe/ /g QkL\Vxngl\qug\Vxnol\Z)dxdt’
/ / u 1+V Us, 7a +MB|diVmuUl|2d.Tdtl
//tr o) da:dt’+ //7701+a )tr (T,') dadt’

— / / |V tr (log Ty, )| dadt’
d 0 JQ

< (Eop+Ct)e“, (10.5)

(divyu,, )l

with d=2, and

t
|Tgl(t)|2dx+5/ VT, 2 dedt + //\’JI‘01| (' 2) dzdt
Q 0
SC(T7EO,0)||T0,9||L2(Q;R2X2)>7 (10.6)

where the energy E,, is defined by

1
Er )= [ |gontun P =
Q

1
+§/ [tr(To, —alogT,, ) +d(aloga —a)|dx,
Q

b+ kL(no, logne, +1)+3n2, | da

1" 1

with d=2, and the initial energy Ep g is the same as in the equality (7.10).
11. Completion of the proof

11.1. Passage to the limits 01 -0 and # —0. The next step is to show that
the limit (o,u,n,T) of the sequence (0s,,U0,,70,; s, ), as o1 — 0, is a weak solution to
the problem (1.12)—(1.15), (1.9)—(1.11), in the sense of Definition 4.1 with regularized
initial data (6.1), satisfying the conditions (6.2). We choose § =0 and simultaneously
pass to the limits 01 — 0 and # — 0. Having done so, in the next section we shall also
pass to the limit @« —0 with the regularization parameter «, with 3> 0 held fixed, and
in the final section we shall let 3 — 0, with L >0 kept fixed, in order to cover the entire
range of the parameter 3€[0,00). We begin our considerations by noting that, thanks
to the estimates (10.4)—(10.6), we have the following uniform bounds as 3 > 0:

|00, | Lo (0,757 (2)) + 01 100, | Lo (0,7;7 (2)) £ C(Eo,0,T),

M0y | 2o 0,522 (90)) + 110y |2 (0,712 (02)) + 1081 | 22 0, 73w 1 2 (2)) £ C(Eo.0,T),

00, [us, ‘2 ||L°°(O,T;L1(Q)) + e, ||L2(07T;W01'2(Q;]R2)) <C(Eo,,T),
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[[tr(To, — 10g(To,)) | oo, () + | (Mo + ) tr (T D) 10,7520 (02)) < C(Eo,p,T),
Va||Vatr(logTo,) | 20,72 (0:r2)) < C(Eo,0,T),
ITo | oo (0,722 (2sr2%2)) + | Toy | 220,712 (R x2))
= C<E0707Tv ||T0,0H2L2(Q;R2x2))~
(11.1)

Similarly to the estimate (10.2), the uniform estimates (11.1) and the equations for 7,
and T,, imply, for any r € (1,2), that

1010, | 20, 75w —1r(2)) H 10 Tory | L2 (0,751 (r2x2)) S C(Eo 9, T). (11.2)

Similarly as in the convergence results (10.3), we have the following convergence results
for n,, and Ty, , as o3 —0:

Noy =1 weakly-* in L°°(0,T;L*(2))NL*(0,T; W2 (Q)),
Neoy = 1) strongly in L*(0,T;L%(Q)) Vqe[l,00),
Ty, =T weakly-* in L°°(0,T;L?(Q;R?*?)) N L2(0,T; W2 (Q;R?*?)),
Ty, =T strongly in L?(0,T;LY(Q;R**?)) Vg€ [l,00),
tr(log Ty, ) = tr(logT) weakly in L2(0,7;WH2(Q)). (11.3)

We note that since T,, is symmetric and positive definite a.e. on (0,7 x £, it follows
from the convergence result (11.3)4 that T is symmetric and positive semidefinite a.e. on
(0,7] x 2, and we have n>0 and T >0 a.e. in (0,7] x 2 by employing the argument from
Section 9.2. The other limit processes, associated with g,, and u,,, can be performed
similarly as in the study of the compressible Navier-Stokes equations, and we refer to
Section 4 in [21] for details (see also the paragraph following the bounds (10.1) above).
Thus, by observing the strong convergence of the initial data in the conditions (6.2), we
deduce that the limit (o,u,n,T) is a weak solution to the problem (1.12)—(1.15), (1.9)—
(1.11), in the sense of Definition 4.1, with the initial data satisfying the conditions
(3.1). The bounds (3.31) and (4.9) follow by letting o1 =60 — 0 in the estimates (10.6)
and (10.4), respectively. Moreover, thanks to the definition of E,, (t), following the
estimate (10.6) above, and by noting that the expression appearing on the right-hand
side of the estimate (10.5) is independent of 3, the argument contained in Remark 3.1
implies that the constant on the right-hand side of the estimate (3.31) is independent
of 3, as long as L >0. Finally, by Lemmas 5.5 and 5.6, the convergence results (11.3)
and the estimate (11.2), we have

ne Cw([O,T];Lz(Q))’ Te Cw([O,T];LQ(Q;R2X2))_
The proof of Theorem 4.1 is complete.

11.2. The vanishing logarithmic term limit: passage to the limit a—0.

In this section, we study the process of letting a— 0 in the problem (1.12)-(1.15),

(1.9)—(1.11). We will show that letting oo — 0, with 3 >0 held fixed, yields the existence

of a global-in-time weak solution to the corresponding problem without the logarithmic

term §V, tr(logT) in equation (1.13) and with no a term in equation (1.15), which is
our original model (1.1)—(1.11) in the case of 3> 0.
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11.2.1. Weak solutions and main theorem. We re-iterate our hypotheses
on the initial data, but this time we do so without requiring the positivity of the initial
extra stress tensor (only its symmetry and nonnegativity are assumed):

0(0,-)=00(:) with g9 >0 a.e. in Q, g9 L7(),

u(0,-)=ug(-) € L"(R?) for some r > 2 such that go|u|® € L*(Q),
7(0,-) =no with 79>0 a.e. in Q, 1o € L*(Q),

T(0,-)=To(-) with To=Tg >0 a.e. in Q, Toe L?(Q;R¥*9).

(11.4)

The corresponding weak solution is defined similarly as in Definition 4.1.

DEFINITION 11.1.  Let T >0 and suppose that Q C R is a bounded C*P domain, with
0< B<1. Assume further that f € L°°((0,T] x ;RY). We say that (0,u,n,T) is a finite-
energy weak solution in (0,T] %  to the system of equations (1.1)—(1.11), supplemented
by the initial data (11.4), if:

e 0>0ae. in (0,T]xQ, o€ CyW([0,T];L7(2)), ue L2(0,T; W, > (Q;RY)),
T s symmetric,

oue Cy (0,7 L1 (RY),  oluf? € L=(0,T;L1 (%)),
n>0ae. in (0,7]xQ, neCy,([0,T];L*(Q))NL*(0,T;WH2(Q)),
T>0 ae. in (0,7]xQ, TeC,([0,T];L*(Q;R>)) N L0, T;Wh2(Q;R¥*9)).

e For any t€(0,T] and any test function ¢ € C([0,T] xQ), one has

//[g@tQSJrQu-quﬁ] dxdt':/g(t,)qﬁ(t,-)dx*/g0¢(0,~)dz, (11.5)
0 JQ Q Q

t
/ / [n3t¢+nu-vm¢fsvmnovz¢] dxdt’:/n(t,)qb(t,o)dxf/n0¢>(0,~)dx
0 Ja Q Q (11.6)

e For any t€(0,T] and any test function @ € C*([0,T];C°(Q;R?)), one has
¢
//[gu'8t<p+(9u@>u):stoer(@)divzw
0 Jo
+ (kLn+3n*) divae—S(Vyu) : Vae] dedt!
¢
:/ /T:Vch—gfwdxdt”r/QU(t,-)%P(tw)dw—/Qouo'tp(Ow)d:v
0 Jo Q Q
(11.7)
e For any t€(0,T] and any test function Y € C*=([0,T] x Q;R¥*%) one has

t
/ / [T:0,Y +(uT):: V, Y+ (V,uT+TVIu) : Y — eV, T:: V, Y] ded?’

//[ oy (Y +2/\7r Y] dzdt’ +/91r( Y Y(tv-)dx—/ﬂTO:Y(o,-)dx.

(11.8)
e The continuity equation holds in the sense of renormalized solutions:
9¢b(0) +div (b(o)u)+ (V' (0)o—b(0))div,u=0 in D'((0,7)xQ), (11.9)
for any be C°[0,00)NC*(0,00) satisfying the conditions (4.8).
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e For a.e. t€(0,T], the following energy inequality holds:

1 1
/ [29|u|2 + %QV + (kL(nlognJr 1) +5772) + tr(’JI‘)} dz
0 _

2
+25/ /QkL\Vxn 12 +3|Ven)?dedt + — //tr T)dzdt’
T
Veu+Viu 10
// u—|—V f&(dlvmu)]l + pP|div,ul? dzdt!

1
S/[ Qo\uo|2+ﬁgo (kL(T)ologTI0+1)+5770)+2“(?}1‘0)} dx
0

+/ gf~ud1:—|—f/77d:c. (11.10)
Q 4X Jo

We state the associated result concerning the existence of large data global-in-time
finite-energy weak solutions.

THEOREM 11.1. Let d=2, v>1 and 3>0. Then, there exists a finite-energy global-
in-time weak solution (o,u,n,T) to the compressible Oldroyd-B model (1.1)—(1.11) in
the sense of Definition 11.1 with initial data (11.4). Moreover, the extra stress tensor
T in such a weak solution satisfies the bound (3.31).

In the rest of this section we briefly prove Theorem 11.1. The first step is the
regularization of the initial stress tensor in order to make it strictly positive definite.
This allows us to apply Theorem 4.1 to construct a family of approximating solutions.

11.2.2. Proof of Theorem 11.1.  Let Ty be as in the hypotheses (11.4) and
€(0,1). We define:

To,azTo—FaH. (1111)
Direct calculations give

Too>al>0, ae. in €,

11.12
ltr (logTo.o) | <d|loga|+tr(To) +da€ L'(2) (with d=2 in our case here). ( )

We consider the problem (1.12)—(1.15), (1.9)—(1.11), where « is chosen to be the
same as in the equality (11.11). The initial data are as in the hypotheses (11.4) except
that the initial stress tensor is taken to be the regularized one in the equality (11.11).
When d=2, as is assumed to be the case here, by Theorem 4.1 and its proof, for any
a€(0,1), there exists a weak solution (04,Un,7a,Ta) in the sense of Definition 4.1
satisfying the bound (3.31).

By the energy inequality (4.9) and Gronwall’s inequality we deduce, for a.e. t€
(0,77, that, with d=2,

t
Ea(t)—|—25// 2kL\ané|2+3|ana|2)dxdt’

¥
//tr dxdt—l——//na—i-a )tr (T, ") dedt’

2

fL' (o3 v (07 1 .
u + u + 1B|div,ug|? dedt’

- f(dikua)]l
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(625 t 2
+—= /|Vztr(log'ﬂ‘a)| dzdt’
2d Jy Ja

<(Eop .o +Ct)ec. (11.13)

Here E,(t) is the same as E(t), as defined in the equality (3.18), but with (o,u,n,T)
replaced by (0a,Uq,7q,Te). Similarly, Ey , is the same as Ej, as defined in the equal-
ity (3.22), but with Ty replaced by To .. We explore the behavior of Ey . as a—0.
Thanks to the property registered in the estimate (11.12), the quantity Ey  is uniformly
bounded as o — 0, and we have the following convergence result, as a — 0:

Eo —>/Q [;go|u0|2 + %Qg + (kL(nologno+1)+3n3) + %tr (Toy) | de.
Thus, from the estimates (11.13) and (3.31), we derive analogous uniform bounds to
those in the estimates (11.1). Time derivative bounds, similar to the bound (11.2),
obtained from the equations for 7, and T,, and the application of the Aubin—Lions—
Simon compactness theorem then yield (strong) convergence of the sequences (14 )a>0
and (Ty)as0-

Letting o— 0 in the conditions (4.2)-(4.9) we deduce the results (11.5)—(11.10);
here we only deal with the terms associated with «, as all other terms can be handled
similarly as in [21] in the case of the compressible Navier—Stokes equations, together
with the strong convergence we have obtained for the sequences (74 )a>0 and (Ty)a>0-

A partial result of the estimate (11.13) is the following uniform bound:

\/&vactr (10gTa) HLQ(O,T;LZ(Q;RQ)) S C(E07Q,T).
Then, for any ¢ € C>([0,7];C>°(;R?), as a— 0,

t
‘a/ /tr(log'ﬂ‘a)divxcpdxdt’
2Jo Ja

<Vava|Vatr(logTa) [l 22 0,7;22:r2)) |91l L2 (0,722 (2R2)) — 0-

The energy inequality (11.10) can be deduced by letting a— 0 in the estimate (4.9).
Indeed, thanks to the fact that s—logs—1>0 for any s>0, we have —logs>—s+1.
Thus,

tr(Ty, —alogTy) +d(aloga—a) >tr(Ty) +a(—tr(Ty) +d) + d(aloga—a) — tr(T).
All of the other terms can be handled directly. The additional bound (3.31) follows
similarly. The proof of Theorem 11.1 is thereby complete.

12. Passing to the limit 3—0

Inspired by the conclusions of [8], in this section we shall study the limit process for
the problem in Section 11.2 as 3 — 0, so as to be able to cover the entire parameter range
3€[0,00). We will show that the limiting problem is one that arises by formally setting
3=0. To this end we shall assume henceforth that L >0 is kept fixed. The initial data
are as follows (note, in particular, that the initial polymer number density 7y is now
only assumed to have Llog L() integrability instead of the stronger L?() integrability
assumed hitherto (cf. the hypotheses (11.4)):

0(0,-)=00(:) with g9 >0 a.e. in Q, o€ L7(),

u(0,-) =up(-) € L"(;RY) for some 7> 2+ such that go|ug|> € L}(Q),
(0,-) =no with 79>0 a.e. in Q, nologne € L*(Q),

T(0,-) =To(-) with To=Tj >0 a.e. in Q, Toe L*(uR*).

(12.1)

3



1310 GLOBAL WEAK SOLUTIONS TO A COMPRESSIBLE OLDROYD-B MODEL

We first regularize the initial polymer number density 79 given in the hypothesis
12.1), to obtain a square-integrable function:
3

7o
N;=—"""1"71

. (12.2)
1+31ng

Hence,

3/n§’5dx§3%/n0dx%0, as 3—0. (12.3)
Q Q

Furthermore, by direct computations and the Dominated Convergence Theorem we
deduce that

/no,zlogng,adx:/ %(lognoflog(lJrﬁng))dx
@ 2 1+5105

1 3

in?2 1 1

:/ <77010g770—3 70 llogno—imi 110g(1+34775)> da
o L+5%n5 L+54n5

—>/ (nologmno)dzx, as 3— 0. (12.4)
Q

The convergence results (12.3) and (12.4) then allow us to pass to the limit 3 — 0 on the
right-hand side of the energy inequality (11.10). We are now ready to state our third
main theorem.

THEOREM 12.1.  Suppose that L >0 is held fixed. For any 3>0, let (o;,u3,1;,T;) be
a weak solution in the sense of Definition 11.1 with initial data as in the hypotheses
(12.1), except that the initial polymer number density is taken as the regularized one,
as in the equality (12.2), satisfying the convergence results (12.3) and (12.4). We then
have that

(05,u5,m;,T5) = (0,u,n,T) in D'((0,T) xQ), as3—0,

and the limit (0,u,n,T) is a weak solution to the problem (1.1)—(1.11), with initial data
(12.1), in the same sense as in Definition 11.1 except that 3 is taken to be 0 and n is
taken in the set of all n such that

n>0 ae. in (0,7]xQ, n€Cy([0,T]; L' (Q)),
nlogne L*(0,1;L}(R)), n? € L*(0,T;W"*()).
Proof. By the energy inequality (11.10) and Gronwall’s inequality we deduce the
following uniform bounds:
;o (0,717 (22)) < Cs
1
l[n51ogn; | Loe (0,7522 (02)) + 115 [ 20,751 2(02)) < C,
3“773||%°°(0,T;L2(Q)) +3l7; H%?(O,T;le2(ﬂ)) <C, (12.5)
llos s oo 0,752 () + 105 220 72 2 02y < C

T3] Lo 0,752 (sr2x2)) + I T3 | 20,7512 (r2x2y) < C,
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where C' only depends on T and the initial data; in particular it is independent of 3
as 3—0. We draw the reader’s attention here to the alternatives (3.19) and (3.20),
corresponding to L >0, 3>0 and L>0 and 3> 0, respectively, and emphasize that we
are now operating in the first of these two regimes, corresponding to the estimate (3.19),
which guarantees the independence of the constant in the energy inequality (11.10) on 3,
provided that L >0 is held fixed (as has been assumed in the statement of the theorem).
The independence of the constant on 3, as 3— 0, in the bounds (12.5), and (12.5), on
n; and T, respectively, can be shown by the same argument as in Remark 3.1, thanks
to L >0 being held fixed.

The uniform bounds for g;, u;, T, are the same as in the previous section, Section
11.2. To understand the limit as 3—0, we only focus on 7; and the terms in the
equations related to 7;. The passage to the limit for the other terms can be dealt with
similarly as in the previous sections.

We apply Dubinskii’s compactness theorem (Lemma 5.4) to show strong conver-
gence of n;. Let

X:=L'Q), Xo={pecX:9>0, JoeW2(Q)}, X, =W 23Q)=[W*Q),

where X is a seminomed space in the sense of Dubinskii, with seminorm defined by

olxo = llell 1oy + / Var/@2de.

We shall now verify that X, Xy and X; thus defined do indeed satisfy the require-
ments of Lemma 5.4. By the bounds (12.5), and Sobolev embedding we obtain

17510873 | oo (0,721 ) 15 4 g 3 () S € For any 6€(0,1). (12.6)
From function space interpolation, we deduce that

;125 0,752 (02)) + 115 HL“%(O TiL2-5(9) <C, forany d€(0,1). (12.7)

Together with the bounds (12.5)2 4 and equation (1.3), we have that
(n;)3>0 is bounded in L*(0,7;X¢) and (9;7;);>0 is bounded in L'(0,7;X;). (12.8)

The continuity of the embedding X < X is immediate by Sobolev embedding. We
now verify the compactness of the embedding X< X. Let (¢, )nen be a bounded se-
quence in Xy. Thus, the sequence (\/ng)neN is bounded in W12(£2), which is compactly
embedded into L?(2). This means that

V@n —p strongly in L*(Q), as n— oo.
Define ¢:=p?. Then,

lon —@llzr@) = | (Ven + @) (Von —ve) @)
<Ven+velrz@)llvVen —VellLz —0, asn—oo.

This implies that the embedding Xy < X is compact.
By the conclusion (12.8) and Dubinskii’s compactness theorem, we obtain

n,—n strongly in L*((0,7) xQ), as 3—0.
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This implies that
n,—n ae in (0,7)xQ, asjz—0. (12.9)

Again by the argument in Remark 3.1, we have the following uniform bound on the
L? norm of n;:

15l 20,7 2(02)) < C, (12.10)

where C' is independent of 3. Thus, by the almost everywhere convergence (12.9) and
Vitali’s theorem, we have, for any 6 € (0,1), that

n,—n strongly in L*7°((0,T) x Q), as 3—0. (12.11)

By the bound (12.10) and the convergence result (12.11), and writing V,n; as

2775% V:c%% , we can pass to the limit 3 —0 in the nonlinear terms associated with n; in
the weak formulations (11.5)-(11.8) to deduce that the equations are satisfied by the
limiting quadruple of functions, (g,u,n,T).

The energy inequality for (o,u,7,T) can be obtained by letting 3 — 0 in the inequality
(11.10), using the convergence results (12.3)—(12.4), and omitting the nonnegative terms
37]‘.’2 and 3/V,n;]? on the left-hand side of the inequality (11.10).

It is immediate to deduce that the solution 7 satisfies >0 a.e. in (0,7] x © and

nlogn € L=(0,T5L1 (), n# € L2(0,T;W3(Q)),
n€L?(0,T;L%(Q)), 0me L' (0,T;W~22(Q)).

Thus, by using Lemma 5.5 (ii), we have that
1€ Cy([0,T]; L1 ().

The proof of this assertion proceeds as follows. Let F(s):=s(logs—1)+1 for s>0,
and define F(0):=1. Clearly, F(s) >0 for all s€[0,00), F(1)=0, F is strictly convex
with superlinear growth as s — oo. We take X := L®(Q), the Orlicz space with Young’s
function ®(s)=F(14|s|) (cf. Kufner, John & Fucik [32], Sec. 3.6) whose separable
predual F:=EY(Q) has Young’s function, ¥(s) =exp|s| —|s| — 1, the Fenchel conjugate
of ® (see, Section 3.12 in [32] for the definition of EY({2), Theorem 3.12.9 in [32] for
the separability of E¥({2), and Section 3.13.8, eq. (1) in [32] for the duality [E¥(Q2)]' =
L®(Q)). Further, we choose Y :=W~22(Q), whose predual F=W?(Q) is, clearly,
continuously embedded in L>°(Q2) by the Sobolev embedding theorem, and L () is, in
turn, continuously embedded in E= EY(Q) thanks to Theorem 3.17.7 in [32]. It then
follows from Lemma 5.5 (i) that € Cy.([0,T]; L(Q)). However, as L>=(Q)=[L' ()],
Cuw«([0,T]; L®(Q)) is contained in C,,([0,T];L*(2)), whereby 1€ C,,([0,T];L*(R)), as
has been asserted. 0

We conclude with a further result, which shows that if the initial polymer number
density has stronger integrability than LlogL(€2), say no € L4(£2), ¢> 1, then the regu-

larity and the integrability properties of 7(t,-) for t € (0,T] are also improved; the proof
is based on function space interpolation and repeated application of Lemma 5.8.

PROPOSITION 12.1.  Suppose that L >0 is held fized. Assume further that no € L1(€),
q>1; then, for any 6 € (0,1) such that § <q—1, we have that

ne€ L>®(0,T;L9(Q) N L>~° (0, T;Wh4(Q)) N L2(0,T; Wh17°(Q)). (12.12)
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Proof. By the bounds (12.5), we have that the limit ue L?(0,7;W2(Q,R?)) and
neL>®(0,T;L(Q))NL2(0,T; L(Q)). By Sobolev embedding W2(€) < L3 (Q), for any
0€(0,1), we have that

nae L2 2 (0,T; LN (4 R)) N LY (0,T; L2 % (0 R2)) — L0 (0, T, L2709 ((;R?)),  (12.13)
for any 0 € (0,1) and some ¢(d) > 0.
We first consider the case 1<¢g<2. Using the embedding (12.13), we can apply
Lemma 5.8 to deduce that
ne L°(0,T; LU(Q)) N L@ (0,7, Wha(Q)) — L2F220) (0,7 L3 (Q)),
where we have used the Sobolev embedding
Wha(Q) s L7 (Q), if 1<q<2.

Again by Sobolev embedding and function space interpolation, with § € (0,1) such that
0 <q—1, we deduce that

mue L2(0,T; L7 (R2)) N L) (0,7 L5 (Q;R?)),  for some ¢(3) > 0.

This implies that nue L27(0,T;L(Q;R?)), for any &€ (0,1) such that §<g—1 and
some ¢(d) > 0. By using Lemma 5.8 again we arrive at the result (12.12).

Let us now consider the case ¢>2. By the embedding (12.13) and Lemma 5.8 we
deduce that

ne L=(0,T;L>75(Q))N L) (0, 7;Wh279(Q)), for any d € (0,1) and some ¢(d) > 0.
This implies furthermore that

nue L*7°(0,T; L* (4 R?))NL2(0,T; L*°(Q;R?)), for any § € (0,1).
By applying Lemma 5.8 again we deduce that

ne L>(0,T;L2(Q)NL*~%(0,T;Wh2(Q))NL2(0,T;WH279(Q)), for any 5 € (0,1),
(12.14)
which proves the result (12.12) with ¢=2. It remains to consider the case when ¢ > 2.
By the result (12.14) we have that

nue L2(0,T; L% (Q;R?)) N L'<) (0,T; L3 (Q;R?)), for any 5 € (0,1) and some c(5) > 0.
Together with Lemma 5.8 we then deduce that
ne L>(0,T;L1(Q)N LD 0, T;Wh9(Q)), for some ¢(q) > 0.
Again by the bound on u and Sobolev embedding we have that
nue L2(0,T; LI~ (;R?)) N L) (0,T; L2~ % (Q;R?)),
for any §€(0,1) and some ¢(6) >0. This gives nue L27°(0,7;L(;R?)) for any § €

(0,1). Hence, the application of Lemma 5.8 implies the result (12.12). That completes
the proof of the proposition. 0
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Appendix A. Proof of Lemma 3.1. We complete our analysis of the compress-
ible Oldroyd-B model by providing the proofs of Lemmas 3.1, 6.1 and 7.1. Here, we give
the proof of Lemma 3.1; the proofs of Lemmas 6.1 and 7.1 are contained in Appendices
B and C, respectively.

Proof. (Proof of Lemma 3.1.) We begin by proving the inequality stated in
Lemma 3.1. As s€[1,00) > g(s):=s?—2slogs—1€R>( is a convex function, with a
unique stationary point located at s =1, where g attains its minimum value on [1,00), it
follows that g(s) >g¢(1)=0 for all s€[1,00). Assuming that a,b€R~q, and rearranging

the expression g(s,) >0, where s, := ﬁ?ﬁg:g, we deduce that
1
—(a—0) <a_b> > (loga —logb)? Va,beRs. (A1)

In order to extend this inequality to symmetric positive definite matrices, we
adapt an argument from [2]. Suppose that A,B€R*? are symmetric positive defi-
nite matrices, with respective diagonalizations A=0,D,0} and B=0pD0%, where
Dy, Dy € R4 are diagonal, with positive diagonal entries, and Q4 and Qg are orthogo-
nal. By defining the matrix C:=logA —logB, applying the Cauchy—Schwarz inequality,
and noting that C=CT, we have that

|tr(logA) —tr(logB)|* = |tr(C)|?

d d
SdZ(Cii)z <d Z =d Z Czkckl—dz )ii =dtr(C?)
i—1 =1

i,k=1
:dtr((logA—logIB%)) dtr((logA —logB)(logA —logB))
=dtr((04(logDy)O} —Op(logDp )03 ) (04 (logDy )0} — O (logDp)03 ). (A.2)

Since O, is orthogonal and the trace of a product of matrices is invariant under cyclic
permutations of the factors appearing in the product, we have, with O ::@K@B, that

tr((Qa(logDa) 0} — Op(logDp)0f ) (04 (logDa )0 )
=tr(04(logDy)? O} ) — tr(0} Og(logDp)(0F Og) T (logDy))
=tr((logDs)?) — tr(O(logDy )0 (logDy))

d
=tr((logDs)?) — Z (0i;)(logDg);;(O") i (logDa )i
d
= Z (0i;)*[(logDa)ii —logDg),; ) (logDa )i, (A.3)

where in the transition to the last line we have used that Z?:l(@ij)Qzl for all i€

{1,...,d}, which is a direct consequence of the fact that OOT =1, because O, and Og
are orthogonal matrices. By swapping A and B in this identity, and noting that the
matrix OF Oy, resulting from swapping A and B in the definition of O =0} Og, is equal
to the transpose of O, we have that

tf((@B(logDB)@if — 04 (logDy )0y ) (Op(log Dp) O )

= Z 2[(logDp)s; — (logDa) ;] (log D).

1,j=1
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After renaming ¢ into j and j into ¢ under the double summation sign appearing on the
right-hand side, we have that

—tr((O4 (logDs)Of — Oz (logDe)Og ) (Or (log Ds) O )

d
== (0i)*[(logD4)ii — (log D) ;] (log D) ;. (A.4)

ij=1
By summing the identities (A.3) and (A.4) and recalling the inequality (A.1), we deduce
that

tr((0a(logDy)OF — Op(logDp)0g ) (04 (logDy )OF — O (logDg)0g )
d
= > (0i))*[(logD4);; — (logDs) j;][(logDs)ii — (log D) ;]

1,j=1

d
= Z (04)?[(logDa)ii — (log D) 5]

i,j=1
d ) 1 1
< _1';::1(@”) [((DA)M —(Dg)j;) ((DA)M " Ds)y )}
d
== Z (045)? [(Da)ii — (DB);5) (D )i — (D5 )j5)] - (A.5)
ij=1

Now, by an analogous calculation to the one that led to the first equality in the chain
(A.5) above, we have that

tr ((0,DA0}; —OpDp0Og ) (0O4(D4) 'O} —Op(Dp) " '0g))
d
=Y (04) [(Da)ii — (Ds);;) (D i — (D )15)] - (A.6)
i,j=1

By comparing the right-hand sides of the inequality (A.5) and the identity (A.6), we
deduce that

tr((0a(logDy)OF — Op(logDp)0g ) (04 (logDy )0} — O (logDp)0g )
<—tr ((0aD40} —OpDy0O; ) (04 (Da) 'Oy — Op(Ds) ' 0F));
equivalently,
tr((logA —logB)(logA —logB)) < —tr (A—B) (A~ =B ")). (A7)

Substitution of the inequality (A.7) into the penultimate line of the inequality (A.2)
then implies that, for any two symmetric positive definite matrices A, B€R?*¢, the
following inequality holds:

tr(logA) —tr(logB)|* < —dtr (A—B) (A~ =B~ 1)). (A.8)

Let e; denote the unit vector pointing in the positive Ox; direction, j=1,...,d.
Then, for each z €2 and each j € {1,...,d}, there exists a bounded closed interval I, ; C
R, with O contained in the interior of I, ;, such that x +he; €€ for all he I, ;. As, by
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hypothesis, P is symmetric and positive definite, uniformly on €, there exists a ¢y € R<q
such that P(z)>col for all z€Q. Thus, A=P(z+he;) and B=P(z) are legitimate
choices in the inequality (A.8) for all hel, ; and je{1,...,d}. Dividing the resulting
inequality by h?d, and passing to the limit h—0, thanks to the assumed regularity
P e CHQ;R¥?), we deduce that

%\&cjtr(logﬂ"(x)ﬂz§—tr((aijP’(x))(8wj(P_1(a:)))) VeeQ, Vje{l,...d}. (A9)

Here, to obtain the expression on the left-hand side of the last inequality, we have
made use of the fact that by Jacobi’s identity, tr(logP(z))=1logdetP(z), and 2 €Q—
logdetP(z) €R is a C' function, whereby the same is true of z € Q+— tr(logP(z)) € R.

As PP~! =L, it follows from the product rule that 9,, (P~')=—P~(9,,P)P~!, and
therefore the inequality (A.9) yields

%|8xjtr(logﬁ”(x))\2 <tr (0, P()P~(2))?)  Vae®, Vje{l,..d}.

Because P e C*(Q;R?*?), the expression x € Q— tr (((8,,P(x))P~*(2))?) appearing on
the right-hand side of this inequality is a bounded continuous function on €. Also,
thanks to the discussion in the previous paragraph, the expression appearing on the left-
hand side of this inequality is a continuous (and therefore, thanks to the upper bound
furnished by the inequality, a bounded continuous) function on 2. By integrating the
inequality over {2 and summing over j=1,....d we thereby deduce that

Cll/gthr(IOg[P)degi/gtr(((aij)P—l)Q) dz,

thus completing the proof of the inequality stated in the lemma.

It remains to prove the equality stated in Lemma 3.1. By partial integration (cf.
Corollary 2.6 in Ch.1 of [24]), recalling that, by hypothesis, the symmetric and uni-
formly positive definite matrix function P& W22(Q;R4*4)NCL(Q;R?*4) satisfies a ho-
mogeneous Neumann boundary condition on d€2, and noting that P~ € C1(Q;R%*?) ¢
Wh2(Q;R?*9) we have that

AP ]P’_lda:——Z/(?zJIP 9, (P 1) da
Q me
d d
= [ (@B, ) do=Y [ er((@n, 2 )" da
j=1"9 j=179
where we have, once again, made use of the identity d,,(P~!) =—P~1(d,,P)P~ . d

Appendix B. Proof of Lemma 6.1.
Proof. (Proof of Lemma 6.1.) According to (2.15) in [2], for any concave function
g€ CY(R), and any pair of symmetric matrices A,B€R?*? one has that

(A—B):g'(B) > tr(g(A) — g(B)) = (A—B) /(). (B.1)
For a convex function g€ C'(R), the inequalities (B.1) are reversed, yielding

(A-B):¢'(B) <tr(g(A) —g(B)) < (A—B):g'(A) (B.2)
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for any pair of symmetric matrices A,B € R4,

Let us suppose that g€ C17(R), with 0 < <1, is concave. As the univariate sym-
metric matrix function P€W12((0,7);R?*9) is absolutely continuous on [0,77], it is
differentiable a.e. on (0,7"). Let ¢, € (0,7") be such that P is differentiable at t.. Hence,
by choosing A=P(t.+ h) and B=P(¢,) in (B.1), where 0 < |h| <min(¢.,T —t.), we have
that

tr(g(P(t.+h)) —g(P(t.)))
h
- P(t.+h) —P(t.)
- h
for h >0, and with the > signs replaced by < for h <0.
Now, the function ¢ € [0,T] ~ ¢/ (P(¢)) is continuous on [0,T]. Indeed, as g’ € C*7(R),
the matrix function Q> ¢/(Q), defined on the space of symmetric matrices Q € R?*¢,
is also Holder continuous, with the same Hélder exponent « (cf. Theorem 1.1 in [49]),
and

:g' (P(t.+h)), (B.3)

19/ (P(te+ 1)) — g/ (Pt Ilg ooy d 7 [P(ta +h) = P(t)].

Thanks to the (absolute) continuity of t€[0,7]+P(t) € R¥*?  the right-hand side of
this inequality converges to 0 as h — 0; therefore the same is true of the left-hand side
of the inequality. Hence,

lim g/ (P(t, +h)) = g/ (P(1.).

h—0

Since P is differentiable at t, € (0,7), we can now pass to the limit h— 04 in the in-
equality (B.3) to deduce that

h—0., h > 0P(t.) g’ (P(ts)),

for h >0, with the > signs replaced by < and limj,_,o, replaced by limy,_,o_ for h <0.
Hence, and thanks to the linearity of the trace operator tr,

i (OB (E 1)~ tr(g(P(£)))
h—0 h

=0P(t): g (P(ts)).
Consequently, for a concave function g€ C*7(R), 0 <y <1,

Ortr(g(P(t.))) =g (P(t.)) : (0P (L)) =tr (g' (P(L.)) (0P (L))

at each point ¢, € (0,7) at which P is differentiable. In the case when ge C'7(R),
0<y<1, is a convex function the same pair of equalities is arrived at by an analogous
argument, but now starting from the inequalities (B.2).

Thus we have shown that, for any symmetric matrix P W12(0,T;R4*?),

At (g(B(t))) = ¢ (P(1)): (OP®)) =tr(¢'(B(t)) (O P(®)))  for ae. t€(0,T), (B.4)

under the assumption that g€ C*7(R), with 0 <+ <1, is concave or convex. ]

Appendix C. Proof of Lemma 7.1.
Proof. (Proof of Lemma 7.1). By hypothesis, the symmetric matrix function
PeC([0,T,,];Wh2(Q;R?*9)) and A,Pe L?(0,T,,;L*(Q;R*?)). We shall first show
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that this implies that Y, ()~ € L>(0,T,,; W12 (;R4*4)). To this end, we first note
that, as P€ C([0,T,,]; Wh2(Q;R?*4)) it follows that, for any ' € 2 and any h# 0 such
that dist(€,09Q) > |h|, we have a bounded difference quotient

I,

On the other hand, as s € R x4, (s) € R is globally Lipschitz continuous with Lips-
chitz constant equal to 1, by Theorem 1.1 in [49], P € R¥*?— y,. (P) € R¥*4 is globally
Lipschitz with Lipschitz constant equal to 1; hence,

P(t,z+he;) —P(t,z) |’
h

dxg/\amjp(t,x)ﬁdx, j=1,....d, Vte(0,T,,].
Q

Xos (P(,2+hej)) = Xog (P(4,2))| < [P(¢,2+ he;) =P(t,z)],

which then implies that

J,

for any €' € and any h#0 such that dist(£2,0Q) > |h|. Hence x € Q— x4, (P(t,2)) €
R4 is weakly differentiable on €2 for all ¢ € (0,T,,], with 8, X0, (P(t,")) € L*(Q;R9*9)
for all je{1,...,d} and all t€(0,7,,]; furthermore,

Xo (Bt + he;)) = X (B(t,2)) |
h

dx§/|8IjP(t,x)|2dm, J=1,d, Ve (0,T],
Q

ess (o) | 100, (s (Pl Pile S sssupicqor, [ 100, BB (C.1)

Now,

_ Q|d
eSS-SUPte(o,ng]/ﬂ|X03(P(t,x)) 1‘2dx:ess.supte(0,T63]/Q|G;3( (t,2))[*dz <| l

and, similarly, for any j€{1,...,d},

essaubic(o,,) | 10, (s (B(t) )P
=es8.SUP¢ (0,7, /| Xog (P(,2)) 1) (O, (Xorg (P(t,2)))) (Xors (P(t,2)) 1) [ d

<esS.SUD;e (0,7, /Ixag (t,2)) 7?10z, (Xas (P(t,2)) | Xy (P(t,2)) 7' dav
d2

< essisupico,1,, | 10n, e (B(t2))
o Q

whereby, thanks to the inequality (C.1),

_ d?
ess.supte(oyTﬁg]/Q\83:],()(03(111’(@:0)) 2 d;v<—ess SUDyse (0,1, ]/ |0z, P(t,x)|* da.
o5

Thus we have shown that y,, (P)~! € L°(0,T,,; W2(Q;R?*4)), as has been asserted
above.

As PeC([0,T,,;WH2(Q;R*)), with A P e L?(0,T,,;L*(Q;R?*?)), satisfies a ho-
mogeneous Neumann boundary condition on 92, and, as was shown above, Y., (P)~! €
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L>(0,T,,; WH2(Q;R?*4))| we can apply Corollary 2.6 in Ch.1 of [24] to integrate by
parts:

d
/AIP;XQ(P)*ldm:—Z/amjpzazj(xgs(m*)dx:—/vmpzzvx(xgg(zp)*l)dx,
Q =Ye Q

a.e. on (0,7,,], thus proving the equality stated in Lemma 7.1.

Next we will show that, for any j € {1,...,d}, the following inequality holds for a.e.
t€(0,7,,]:

_/8ijP>(t,x):8xj (XUs(P(t,x))_l)de%/ |8m].tr(logxg3(]P’(t7x)))|2dm. (C.2)
Q Q

As X, is nondecreasing and globally Lipschitz continuous with Lipschitz constant equal
to 1, it follows that

0 (G m) 20 e () (Ve

In conjunction with the inequality (A.1), with a and b there replaced by xe,(a) and
Xos (D), respectively, this then yields that

1 1
—(a—b)(X (a)_X (b)> 2(logxg3(a)—logxg3(b))2 Va,beR, VozeRso. (C.3)

By an identical argument to the one above that resulted in the inequality (A.8), we
then have, for all symmetric A, B € R%*? that

[tr(log Xoy (A)) — tr(log Xa, (B))|* < —dtr (A=B) (xou (A) ™ — X (B) 1)) . (C4)

Let, again, e; denote the unit vector pointing in the positive Ox; direction, j=1,...,d.
Thus, for any ' € Q and any h# 0 such that 0 <|h| <dist(Q2',0Q), and any j € {1,...,d},
we deduce from the inequality (C.4) that, for all ¢t € (0,Ty.,],

1 [ |tr(logxo, (P(t,z + he;))) — tr(log Xo, (P(t,2))) |°
ﬁ/, ) dx
— //tr<P<t7x+he}i>—P<t,x> x@(wt,whej)); ~ Xou (P(t,2))” )dx. (©5)

By the Cauchy—Schwarz inequality, the right-hand side of the inequality (C.5) can be
bounded, for each t € (0,7,,], as follows:

oS_/ tr(ﬂ”(t,x—l—hej)—ll”(t,x) XUS(}P’(t,x_;_hej))—l_XUS(P(t’x))_1>dx

h h
P(t, -+ he;) —P(t,-)
SGSS-SUPte(o,TGS] }JL o
Xos (P(t, +he;)) ™! = xo,y (P(E,) !

X €88.5UDe (0,7,,,]

h L2(@)

< ©€8S.SUPy¢ (0,1, [0z, P(t, )| 2(02) €8S.SUPyc(0,1,,] [0, (Xors (P(2, N 22
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Thus we deduce from the inequality (C.5) that 8,,tr(logxe, (P(t,-)) € L*(Q;R4*4), for
all je{1,...,d} and all t€(0,Ty,], and by letting h — 0,

1
10, tx(log X (B(2, 1) 20

2
1 lim/ tr(log Xo, (P(t,z+he;))) —tr(log xo, (P(t,2))) de
dh—>0 Qh,j h
Ny -1 —1
A (5 G R RN R P
h=0Jq, h h

for all t€(0,T5,], where Qp, j:={xecQ:ax+he; €Q}, j=1,....,d. The limit of the se-
quence of integrals appearing in the second line of the inequality (C.6) exists, possibly
upon extraction of a subsequence, thanks to the boundedness of the sequence. Hence,
for all t€(0,7,,], we have

1
71102, tr(log X, (P(t, )17z )

) )1 -1
S _ hm XQ)LJ (ZC) P(t’m+hzj) ]P(il') . XO'S (]P)(t’x—i_hej))h XUB (P(t7$)) d(E, (07)
Q

for j=1,...,d. Here xq,, denotes the characteristic function of the set 2 ; (not
to be confused with the cut-off function x,,). As PeC([0,1,,];W12(;R4*4)) and
Xos (P) 1€ L>2(0,T,,; WH2(Q;R4*4)), it follows that, as h — 0,
P(t,-+he;) —P(t,-)
h
for j=1,...,d, and for a.e. t€(0,7,,], and

Xos (P(t,-+hej)) ™" —Xoy (P(E,)) 1
h
for j=1,...,d, and for a.e. t€(0,7T,,].
Furthermore, since A,P(t,-) € L2(Q;R¥*4) for a.e. t€(0,7,,], P satisfies a homoge-
neous Neumann boundary condition on 99, and Q is a C*# domain, with 8 € (0,1), it
follows by elliptic regularity theory (cf. Lemma 4.27 in [43]) that P(¢,-) € W22(Q;R4* %)
for a.e. t€(0,7,,]. Hence,

Oz, P(t,-+hej) — 05, P(¢,-)
h

for i,j=1,...,d, and for a.e. t€(0,T,,]. Consequently,
P(t,-+ he;) —P(t,-)

h
for j=1,...,d, and for a.e. t€(0,T,,], and therefore
P(t, -+ hej) — P(t, )

h

for j=1,...,d, and for a.e. t€(0,7,,], where r€[1,00) when d=2 and r € [1,6) when
d=3; also, xq, , —1, strongly in L*(Q2), as h—0, for all s€[l,00). Thus we deduce,
with r=s=4, that

P(t,-+he;) —P(t,-
X, 5 Gy eé) ) — 0y, P(t,-)  strongly in L?(Q;R%*4),

— 0y, P(t,-) weakly in L?(Q;R*?),

_>8$j Xos (P(t,'))_l weakly in L2(Q;Rd><d)7

— 02,0, P(t,") weakly in L2(Q;RI*4),

— 0y, P(t,") weakly in W12 (Q;RI*4),

— 0z, P(1,") strongly in L"(Q;R?¥9),
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for j=1,...,d, and for a.e. t€(0,T,,], as h— 0. Hence, as h— 0,

. P(ta'+h€j)7p(ta') ) Xﬂs(]}h(ta"i’hej))il*Xffs(]P(ta'))il
XQh,j( ) h . h

= (92,P) 1 (0, Xoy (P(t,-)) 1) weakly in L1(Q), j=1,...,d, fora.e. t€(0,T,,].

Hence, by passing to the limit in the inequality (C.5), we have that

10,108 X (B ) ) <= [ (01, P.2)): 01, o (BL12) )

for j=1,...,d, and for a.e. t€(0,T,,]. Finally, by summing over j=1,...,d, we deduce
that

1 _
G908 e (D) sy < = | VoP(ta) Vo (Plt.0)) " da

for a.e. t€(0,T,,]. That completes the proof of Lemma 7.1. O
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