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HIGH-ORDER QUASI-COMPACT DIFFERENCE SCHEMES FOR
FRACTIONAL DIFFUSION EQUATIONS*

YANYAN YU, WEIHUA DENG!, AND YUJIANG WU$

Abstract. The continuous time random walk (CTRW) underlies many fundamental processes in
non-equilibrium statistical physics. When the jump length of CTRW obeys a power-law distribution,
its corresponding Fokker—Planck equation has a space fractional derivative, which characterizes Lévy
flights. Sometimes the infinite variance of Lévy flight discourages it as a physical approach; exponen-
tially tempering the power-law jump length of CTRW makes it more ‘physical’ and the tempered space
fractional diffusion equation appears. This paper provides the basic strategy of deriving the high-order
quasi-compact discretizations for the space fractional derivative and the tempered space fractional
derivative. The fourth-order quasi-compact discretization for the space fractional derivative is applied
to solve a space fractional diffusion equation, and the unconditional stability and convergence of the
scheme are theoretically proved and numerically verified. Furthermore, the tempered space fractional
diffusion equation is effectively solved by its counterpart, the fourth-order quasi-compact scheme, and
the convergence orders are verified numerically.

Key words. space fractional derivative; tempered space fractional derivative; WSGD discretiza-
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1. Introduction

In recent years, more and more scientific and engineering problems are involved
in fractional calculus. They range from relaxation oscillation phenomena [14] to vis-
coelasticity [2] and from control theory [24] to transport problem [18]. The fractional
diffusion equation has been put forward as a more suitable model for describing ion
channel gating dynamics [10] and subdiffusive anomalous transport in an external field
[3], which are the results of the continuous time random walk (CTRW) in the scaling
limit. The CTRW is a mathematical formalization of a path that consists of a succes-
sion of random steps including the elements of random waiting time and jump length,
and it underlies many fundamental stochastic processes in statistical physics. When
the first moment of the distribution of waiting time and the second moment of jump
length are finite, the probability density function (PDF) of the particle’s location and
time satisfy the classical diffusion equation. However, if the jump length obeys the
power-law distribution, the PDF of the particle’s location and time is the solution of
the space fractional diffusion equation, and the corresponding dynamics is called Lévy
flight. Sometimes the jumps of the particles are limited by the finite size of the physical
system and the infinite variance of Lévy flight discourages it as a physical approach.
So the power-law distribution of the jump length is expected to be truncated [15] or
exponentially tempered [5]. For the CTRW with the distribution of the tempered jump
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1184 HIGH-ORDER QUASI-COMPACT DIFFERENCE SCHEMES

length ||~ (1) =22l [6], the corresponding PDF of the particles satisfies the tempered
space fractional diffusion equation [5].

It seems that there are fewer works on the numerical solutions of tempered
space fractional diffusion equation [12]. However, for the space fractional diffusion
or advection-diffusion equation, much progress has been made for its numerical meth-
ods, e.g., [13, 17, 21, 22, 19, 23, 27, 9]. Transforming the Riemann-Liouville frac-
tional derivative to the Caputo fractional derivative, the space fractional Fokker—Planck
equation is solved by the method of lines in [13]. Using the superconvergence of
Griinwald discretization at a particular point, a second-order finite difference scheme
is proposed in [19]. Based on the difference discretization and spline approximation to
the Riemann-Liouville fractional derivative, a second-order scheme is presented for the
three-dimensional space fractional partial differential equations in [9]. Currently, the
most popular discretization scheme for the space Riemann-Liouville fractional deriva-
tive seems to be the weighted and shifted Griinwald (WSGD) operator. The first-order
WSGD operator is first presented and discussed in detail in [17], and the second-order
convergence is obtained by using the extrapolation method [21, 22]. The second-order
WSGD operator is given in [23], and the third-order compact WSGD (CWSGD) is
presented in [27]. The positivity and boundedness-preserving WSGD schemes for the
space-time fractional reaction-diffusion equation appear in [25], and the related schemes
for the time fractional equation can be found in [26]. Following the idea of the weight-
ing and shifting Grinwald operator, this paper provides the basic strategy of deriving
the quasi-compact scheme with any desired convergence orders for the space fractional
diffusion equation, and it can also be extended to solve the tempered space fractional
diffusion equation. The fourth-order quasi-compact scheme is discussed in detail when
solving the space fractional diffusion equation, including stability and convergence anal-
ysis and numerical verification of convergence orders. The fourth-order quasi-compact
scheme for the tempered space fractional diffusion equation is also proposed and effec-
tively used to solve the equation, and the convergence orders are numerically verified.

The outline of this paper is as follows. In Section 2, the high-order quasi-compact
discretizations are presented to approximate the space Riemann-Liouville fractional
derivative. In Section 3, following the obtained quasi-compact discretizations, the high-
order quasi-compact scheme for the one-dimensional space fractional diffusion equation
is designed, and its stability and convergence analysis are performed. Section 4 focuses
on the quasi-compact scheme and the corresponding stability and convergence analysis
in two-dimensional case. The high-order quasi-compact discretizations is extended to
the tempered space fractional derivative in Section 5, and the corresponding scheme is
derived to solve the tempered space fractional diffusion equation. In Section 6, numerical
experiments are performed to test the efficiency and verify the convergence orders of
the schemes. We conclude the paper with some discussion in the last section.

2. Quasi-compact discretizations for the Riemann—Liouville space frac-
tional derivatives

We first introduce some definitions and lemmas, including the Riemann-Liouville
fractional derivatives and the shifted Griinwald—Letnikov formulations.

DEFINITION 2.1 ([20]). If the function u(x) is defined in the interval (a,b) and suffi-
ciently reqular, then the a-th-order left and right Riemann—Liouville fractional deriva-
tives are, respectively, defined as

1 T
D — _g\yn—a—1 —1 2.1
oD u(x) Tn—a) dx”/a (x—s) u(s)ds, n—l<a<n (2.1)
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and
()

ng‘u(az)Mw/ﬁ: (s—x)" " lu(s)ds, n—1l<a<n, (2.2)

where a can be —oo and b can be +oo.

And the standard left and right Griinwald-Letnikov formulations, which can be
potentially used to approximate the left and right Riemann-Liouville fractional deriva-
tives, are, respectively, given as

oDSu(z)=lim — 2.
Lim Z g u(x—Fkh) (2.3)
and
()
Dpu(z)= hrr})h—a Z g, u(x+kh), (2.4)
where the Griinwald weights g(a) % are the coefficients of the power series
expansion of (1—2z)®*. To get the stable scheme, a shifted Griinwald-Letnikov operator

is proposed to approximate the left Riemann—Liouville fractional derivative with first-
order accuracy [21].

LeEMMA 2.2 ([21]). Let 1<a <2, u€ C"*3(R), and D*u(x) € L*(R), k=0,1,---,n+3.
For any integer p, define the left shifted Grinwald—Letnikov operator by

Aju(a): thg“’) ~(k=p)h). (25)
Then we have
n—1
Aju(w) = oo Dgu(a) + Y _ag ;oo Dy Hu(x)h! +O(h"), (2.6)

=1
uniformly in x € R, where the weights a,;, are the coefficients of the power series expan-

sion of the function (g) eP? and the first four terms of the coefficients are ay (=1,
ay 1—p @/2, af,=(a+30® —12ap+12p®) /24, and af 3= (8p° +2pa—12p°a—a® +
6pa? —a?)/48.

To approximate the right Riemann—Liouville fractional derivative, +D%u(x), the
right shifted Griinwald-Letnikov operator is given by Af f(z):= = Z g(a)f(m—i—(k‘—

p)h). In the finite interval [a,b], the left and right shifted Griinwald— Letmkov fractional
derivatives are, respectively,

B 1 [“5*]+p
Au(z) == 9 u(z — (k—p)h) (2.7)
k=0
and
) 1 [25=]+p
Rpu(@)=72 D g ula+ (k—p)h). (2:8)
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In the remaining analysis of the paper, for a function defined in the bounded interval,
we suppose that it has been zero extended to R whenever the value of u(z) outside of
the bounded interval is used.

2.1. Fourth-order quasi-compact approximation to the Riemann—
Liouville fractional derivative. According to the definitions of the shifted
Griinwald—Letnikov fractional derivatives, we know that p can be any integer. In order
to ensure that the nodes in Equations (2.7) or (2.8) are within the bounded interval, we
need to choose the integer p € {1,0,—1} when approximating the non-periodic fractional
differential equation in the bounded interval. Inspired by the shifted Griinwald—Letnikov
operator and the Taylor expansion, we derive the following fourth-order combined quasi-
compact approximations.

THEOREM 2.3.  Let u(x) € C"(R) and suppose all the derivatives of u(x) up to order
7 belong to L*(R). Then the following quasi-compact approzimation has fourth-order
accuracy; t.e.,

Py o D2u(z) = i ALu(e) + poA§u(e) + u_i A% u(e) + O(hY),  (29)

where P, =1+ h2b$62, called the CWSGD operator, 52 is the centered difference opera-
tor; and the coefficients b, 1, po, and p—y are functions of o and
p1=14+a)2+a)/12,
po=—(=2+a)(2+a)/6,
po1=(—24a)(-1+a)/12,
b =(4+a—a?)/24.

(2.10)

Proof. Taking n=4 in Equation (2.6) of Lemma 2.2, we require that the following
conditions are satisfied: u€ C"(R) and assume all the derivatives of u(x) up to order 7
belong to L*(R). For a different parameter p € {1,0,—1}, there exists

3
AZu(@) = o DSu(e)+ > 0%, D2 u(@)h +O(h), p=1,0,—1.
=1

Next we choose three suitable variables, p;, g, and p—q, to eliminate two lower-order
terms in the above equations corresponding to h! (I=1,3); i.e.,

i AT u() oA u() o1 A% () = oo Diu(w) b5 o DS u(@)h? +O(h?),

where b = p1af 5+ poag o +p—1a%; 5, which can be obtained by solving the following
algebraic equation:

pr+po+p—1=1,
paty+poagy +p—1ay ; =0,

(0% (0% «
paay 3+ poag s +p—10Z, 3=0.

Let 62u(z) = (u(z —h) —2u(x) +u(z+h))/h?. Then we have
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i A u() oA u() 1 A% () = oo D u(@) +b5 o DI 2u(2)h? +O(h?)

_ (1+h2 o O ) o Du(z)+O(hY)

? Oa?
=(1+h?b562) _oD2u(x)+O(h*)
=P, oo D%u(x)+0O(hb), (2.11)
where P, =1+ h?b$52. The proof is complete. d

REMARK 2.4. The assumption of requiring u € C7(R) in Theorem 2.3 can be weakened
by using recently introduced techniques; see Equation (3.14) of [8].

Since 62u(x)= 627;(;6) +0O(h?), for any function u we have

2

e

In a similar way, we can derive the fourth-order quasi-compact approximation for the
right Riemann—Liouville fractional derivative:

Py 2D ou(z) = AT u(w) + poAgu(z) + po1 A% u(z) + O(hY). (2.12)

For u(z) defined in a bounded interval, supposing its zero extension to R satisfies the
assumptions of Theorem 2.3, the following approximations hold:

Py o Du(w) = mAfu(z) + poAgu(@) + p-1 A% yu(z) + O(h?) (2.13)
and
Py o Diu(x) = i ASu(z) + poAgu(z) + 1 A% ju(z) + O(hY). (2.14)

Now using the CWSGD operator, we solve a two-point boundary value problem to
numerically verify the above statements.

EXAMPLE 2.5. Consider the steady state fractional diffusion problem

72026~
D¢ = 1
oDgu(x) T(7—a)’ z€(0,1),

with 1 <a <2 and the boundary conditions uw(0) =0, u(1)=1. Its ezact solution is u(z) =
6
xP.

Using the quasi-compact scheme (2.13) to solve Example 2.5 leads to the desired

convergence orders; see Table 2.1.

2.2. Fifth-order quasi-compact approximation to the Riemann—Liouville
fractional derivative. In this subsection, we present a fifth-order quasi-compact
approximation given as follows.

THEOREM 2.6.  Let u(z) € C®(R) and assume all the derivatives of u(x) up to order
8 belong to L'(R). Then the following quasi-compact approximation has fifth-order
accuracy; i.e.,

P?_ oo DSule) = ju AT f(@) + poAg f (@) + ur A% f(2) + O(RP),  (2.15)
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! By lu—T||2 rate lu—Ul| rate
1.1 1/8 6.0879e — 04 1.0551e—03
1/16  2.7715e—05 4.4572 5.1569e—05 4.3548
1/32  1.5024e¢—06 4.2054 2.8244¢—06 4.1905
1/64  9.0430e—08 4.0543 1.6385¢—07 4.1075
1/128 5.5808¢—09 4.0183 9.5651e—09 4.0984
1.5 1/8 2.9459¢ — 04 3.9380e — 04
1/16  1.8470e—05 3.9955 2.4150e—05 4.0274
1/32  1.1590e—06 3.9942 1.5252¢—06 3.9850
1/64  7.2639¢—08 3.9960 9.5671e—08 3.9948
1/128 4.5471e—09 3.9977 5.9911e—09 3.9972
1.9 1/8 1.1926e — 04 1.6198e — 04
1/16  7.4913e—06 3.9927 1.0174e—05 3.9928
1/32  4.6919e—07 3.9970 6.3722e—07 3.9970
1/64  2.9352e—08 3.9986 3.9899¢—08 3.9974
1/128 1.8352¢—09 3.9994 2.4947¢—09 3.9994

TABLE 2.1. Numerical errors and convergence rates in the Loo-norm and the La-norm by using
Equation (2.13) to solve Example 2.5, where U denotes the numerical solution and hg is the space
step stize.

where P2 _ o D2u(z) =71 —oo D2u(x —h) + _ oo DSu(x) +v2 0o D2u(z +h),
called 5-CWSGD operator, and

~ 350+33la— 1502 — 7502 — 15a*
T 1724~ 20— 57002 — 3003 + 3004
5663290 — 13502 4 10503 — 150*
727 17924 20— 57002 — 30a® + 3004
566+ 329 — 13502 — 10502 — 15a*
1= , (2.16)
1724 —2a— 5702 — 303 + 3004
862+ —28502+ 1505+ 150
H0= 362 —a— 28502 — 1503 + 15al’
o, B0=33la— 1502 + 7503 — 1504

1724 —2a— 57002 — 303 + 30t

The method for deriving Equation (2.15) is similar to the derivation of the fourth-
order quasi-compact approximation. On one hand, from Equation (2.6), we know for a
different parameter p € {1,0,—1} there exists

4
ASu(z)=_Dou(x)+ Za;k oo DOty (z)RF +O(R%), p=1,0,—1. (2.17)
k=1

On the other hand, in view of the Taylor expansion, we have

4
1

o D%u(x —h) = _ o D%u( ZE o DO Fu(z)F 4O (h®),

. (2.18)

_Ongu(ac—i—h):_ooD‘;‘u(x)—l—Z—_OODgHCu(x)hk—I—O(hE’).
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So in order to get the fifth-order quasi-compact approximation, combining Equations
(2.17) and (2.18), we need to eliminate the lower-order terms corresponding to h* (k=
1,2,3,4) which can be done by solving the algebraic equation

p1+po+ o1 —y1— Y2 =1,

paty +poagy +p—1a2y 1 +71—72=0,

paaf o+ poaf o+ p—10%y 5 —71/2—72/2=0, (2.19)
p1af 3+ poag 3 +p-1a%y 3 +71/3!=72/3!=0,

paf g+ poag s+ p-1aty 4 —y1 /4 —72/41=0.

Equation (2.16) is the solution of Equation (2.19). Then we get Theorem 2.6. Next
we utilize the 5-CWSGD operator to solve Example 2.7, and the numerical results are
presented in Table 2.2, from which the accuracy of the 5-CWSGD operator is verified.

EXAMPLE 2.7. We again consider the steady state fractional diffusion problem simu-
lated in Example 2.5; i.e.,

72025
Dou(x)= —— 0,1
oDy u(x) T(7—a)’ z€(0,1),

with 1 <a <2 and the boundary conditions «(0)=0, u(1)=1, and the exact solution

u(x) =15.

« hey lu—T||2 rate lu—Ul|l rate
1.1 1/8 2.3456e — 05 5.2058e — 05
1/16  6.8783e—07 5.0918 1.6758¢—06 4.9572
1/32 2.0903e—08 5.0403 5.3410e—08 4.9716
1/64  6.4355¢—10 5.0215 1.6852¢—09 4.9861
1/128 1.9956e—11 5.0112 5.2916e—11 4.9931
1.5 1/8 9.0595¢ — 06 1.9904e — 05
1/16  2.8200e—07 5.0057 6.7018¢—07 4.8924
1/32  8.9299¢—09 4.9809 2.2033¢—08 4.9268
1/64  2.8313¢e—10 4.9791 7.1095¢—10 4.9538
1/128 8.9603e—12 4.9818 2.266le—11 4.9714

TABLE 2.2. Numerical errors and convergence rates in the Loo-norm and the La-norm of the
scheme (2.15) to solve Example 2.7, where U denotes the numerical solution and hy is space step size.

REMARK 2.8. Since the fifth-order quasi-compact scheme is not stable in solving the
time-dependent space fractional differential equation, we discuss in detail the fourth-
order quasi-compact schemes in sections 3 and 4.

3. Quasi-compact scheme for the one-dimensional space fractional diffu-
sion equation

Based on the fourth-order quasi-compact discretization to the Riemann-Liouville
space fractional derivative, we develop the Crank—Nicolson (C-N) quasi-compact scheme
of the two-sided space fractional diffusion equations. Here, we consider the initial bound-
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ary value problem of the space fractional diffusion equation

8”(6?” = K1 o D%u(2,t) + Ko o D2 u(,t) + f(a,1), (2,t) € (a,b) x (0,T],
u(x,0) =wuo(x), z € [a,b], (3.1)
U(CL?t) :¢a(t)> u(b7t) = (bb(t)v te [OaT]’

where 1<« <2. The diffusion coefficients K; and K5 are nonnegative constants and
they satisfy K7+ K3 #0. If K;#0, then ¢,(t)=0 and K3#0, then ¢;,(¢)=0. In the
following analysis of the numerical method, we suppose that the problem (3.1) has a
unique and sufficiently smooth solution.

3.1. CN-CWSGD scheme. The time interval [0,77] is partitioned into a
uniform mesh with step size 7=T/N and the space interval [a,b] is partioned into
another uniform mesh with step size h=(b—a)/M, where N and M are two positive
integers. Then the set of grid points can be denoted by z; =a+jh (0<j< M) and t,, =

T (0<n<N). Let u? =u(xj,tn), thy1/2= (tn+tnt1)/2, and fnJrl/2 J(xj,ty41/2) for
0<n<N —1. The maximum norm and the discrete Lo-norm are defined as

M—1
lulloo= _max |ujl, [ull’=h} ;. (3.2)

1<j<M-1

We use the C-N technique for the time discretization of the problem (3.1) and get

u - ul 1

L (K (aDS )} + K (D) K (o Df ) + Ko (D) )

+ 210, (3.3)

In space, the fourth-order quasi-compact discretizations are used to approximate the
Riemann—Liouville fractional derivatives. This implies that

n+1 n
e s Kot K7 KyT
J g 1 o, n 2 « n « n+1 2 [e% n—i—l
P, - == LDpu; —|——2 rDjuj + > Dy rDpu
+ B 2RI, (3.4)

where

Jj+1
LD,?u;?::,ulA uj -I-M()AOU +u_1A® quy = ho’Zwk (e

M—j+1
a, no__. Ao, n Ao, n Ao .n
rDpu} =i AT uf + poAguy +p—1 A% uj = E wk uJJrk s

the coefficients w(()a) = ,ulg(()a), wﬁ“) = H()g(()a) +u1g§°‘), and

w,(co‘) zulg,(ca)+uog,(fi)1—|—u_1g,(€(i)2, k=2,---,M and R;LH/Q <C(T2+h).

Then the above equation can be rewritten as
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K17’
2

K LK .
=Pu + == | Ditu ;TRD uB P fi R e R, (3.5)

D()/ n+1 K2T

n+l o, n+l

Denoting by U}" the numerical approximation of u}, we obtain the C-N quasi-compact
scheme for the problem (3.1)

KlT

P U’(LJrl S1l DhUnJrl KQT
=g

DaUn+1
Kt Kot n
:PZUJTL+TLD§U;L+TRD2U}’ TP 12, (3.6)

For convenience, the approximation scheme (3.6) can be written in matrix form

(Po— Bo) U™ =(Py+ By ) U+ TP, F™" + H", (3.7)
where U" = (U17U2, . UM 1)T> Fn:(flrLJrl/Z’ 2n+1/27.“, ]7\1/;:11/2):,17
B 2hf’ (KlA +K2AT) with
wéa) wga) w(()oz)
Aa=| 1wl wl® : (3.8)
e
Wpr—q Wpp—o -+ Wy = Wy
1—2b5 by
b (1—2b%) bg
P, = ,
by 1—2b5  bg
by 1—2b%
and
Kiw' )+K w(a)
bs o
S K1w3 )
H" = U ~Ug™") + o= : Ug+U5™)
0 KleVI)—1
K1w§v1
(3.9)
0 Ko
ng]\?,‘ 1
+ o U"+1)+# : U, +U™.
be sz(a)
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3.2. Stability and convergence analysis. In this subsection, we prove that
the CN quasi-compact scheme has fourth-order accuracy in space and is unconditionally
stable. Now we give some important lemmas to be used in the analyses.

LemMA 3.1 ([7]). Let H be a Toeplitz matriz with generating function f &€ Ca,. Let
Amin(H) and Apax(H) denote the smallest and largest eigenvalues of H, respectively.
Then we have

fmin S )\min(H) S )\max(H) S fmax»

where fmin and fmax denote the minimum and mazimum values of f(x), respectively.
In particular, if fmax <0 and fuin 7# fmax, then H is negative definite.

LEMMA 3.2 ([4]). Let A be a positive semi-definite matriz. Then there exists a unique
n-square positive semi-definite matmaz B such that B>=A. Such a matriz B is called
the square root of A, denoted by Az,

THEOREM 3.3.  The matriz A, + AL is negative deﬁm’te and B+ BY is also negative

definite, where A, is given by Equation (3.8) and B, = 57+ (K1 Aq +K2AT)

In fact, the generating function [7] of A+ AT satisfies
fla,)

=fa,(x )+fAT <Zw(a) —i(k— I)IJFZw(O‘) i(k—1)a )

00 . |
= (Zgl(;x —i(k—1)x +Zg(a i(k—1)x > + 1o (Zg —'ka Zgl(qa)e”m>
h=0 k=0

k=0

1 (Zgl(ca)e_i(k+l)$+Zg](€a)ei(k+1)x>
k=0 k=0
(=) (L) (1) (1))
(- e e (1))
as

- (3)) e

%) emi(F = F ) | (CF ) 4 o~ F )

=

ax

Fp_y (T —F ) e UF Ty

(251 (g)) (ulcos( T— x)—i—x)—l—mwos(%(ﬂ—x))—&—,u,lcos(%(ﬂ—x)—x))
<2sm(§))a(;¢1+,uocos )—&—,u,lcos(2x))cos(%(w—x)—i—x)

+(posin(z) + p—1sin(2z))sin (%(w— x) +x)> ) (3.10)

where fa,(v) and fyr(z) denote the generating functions of the matrices A, and AT
respectively. Next we check that f(a;2) <0 for 1<« <2. Denote

flasz) = fi(a;2) - (fo(a;2) + fa(as2)),

where fi(a;2)=2(2sin(%))", fala;x) = (u1 + pocos(z) + p_1 cos(2x)) cos(S (1 — ) + ),
and f3(a;x) = (uosin(z)+p_1sin(2z))sin(§ (r —x) +x). Since f(a;x) is a real-valued
and even function, it’s reasonable to consider its principal value on [0,7]. For fi(«a;z),
there exists

fi(a;z) >0.
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When a€[l1,2], §(m—x)+ze[r/2,7]. It’s easy to verify that —cos(§ (7 —z)+x) and
(11 + po cos(x )Jru 1cos(2z)) increase with respect to a and are positive and sin(§ (m —
x)+x) and (posin(z)+ p_1sin(2z)) decrease with respect to « and are positive. And
they imply that — fo(a; ) increases with respect to o and f3(a;a) decreases with respect
to a. So

—falasz) 2 = fo(Liz),  f3(asx) < fs(L;).
Then we get
falasz) + fa(asz) < fo(Liz) + f3(1;2) =0,
which implies f(o;2) = fi (@) - (f2(a;2) + f3(a;x)) <0 for 1 < a <2 on [0,7]. Therefore,
flasz) <0 (3.11)

for 1 <a <2 on [~m,7]. Then from Lemma 3.1, we know the matrix A, + AL is negative
definite. Rewriting Bq +BE as (57 (K1(Aq +AT)+K2(AT+A ))), it can be clearly
seen that B, + BY is negative definite.

THEOREM 3.4.  The difference scheme (3.6) with o€ (1,2) is unconditionally stable.

Proof.  Define the round-off error as €] =U}" — UJ", where (~]]" is the exact solution of
the discretized Equation (3.6) and U} the numerical solution of the discretized Equation
(3.6) obtained in finite precision arithmetic. Since UJ” satisfies the discretized equation
exactly, round-off error €7 must also satisfy the discretized equation [1]. Thus we obtain
the following error equation

K K K K
Poett = 21 Dt - S Dt = P+ S L DR + 22 pDR. (312)
Since the boundary conditions of the error equation (3.12) are e =%, =gt =€t =0,

we zero extend the solution of the problem (3.12) to the whole real line R. So it’s
reasonable to replace the symbols j+1 and M —j+1 in error equation (3.12) with oo.
Now we have

ba n+ (1 2ba) n+1+ba n+1 KlTZwlia)efH-l _ KQTZw(a)en-H

2 JJrl 2he j—k+1 2ho k “j+k—1
k=0 k=0
o n « K2T @) n
:b2€j_1+( 2b )6 +b2 6_]+1+ 2]’2,0‘ Zw ] k+1+ Qho‘ Zw’(c ) ]-‘rk 1- (313)
k=0

Let €7 =v"e”7 be the solution of Equation (3.13), where i=+/—1, v is the amplitude
at time level n, and o(=2nh/k) is the phase angle with wavelength k. We just need to
prove that the amplification factor v(o,a) satisfies the relation |v(o,«)| <1 for all ¢ in
[~m,7]. In fact, by substituting the expressions of €}'(=v"€"”) and e;”rl( " tletio)
into Equation (3.13), we obtain the amplification factor of the CN quasi-compact scheme

1—4b8 sin’ g 1T E w —i(k—l)a KzT Z w z(k 1o
v(o,a)=
1—4bgsin® g — K17 Zw(o‘e i(k=1)o _ Ko7 Zw ) ilk—1)o
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:Ql(aaa) +Q2(J,OZ)
Ql (07 Oé) - QQ (O-a O[) ’
where Q1 (0,o) =1—4b$'sin® g and

Q2(0,a) = % kzowéa)e—i(k—l)a + % k;)wl(fa)ei(k—na.

A straightforward calculation yields

QQ(Jaa)
_KlT S (@) —i(k—1)o K27' (@) i(k—1)o
- kzzowk e +o ;)wk e

T () —z(k 1o (o) 1(k 1)0 /-LOT () —z(k)o
oha 1;:09 kaog el Zg

= o) i(k)o T —1 o @) g o
+ K, Y gl el 4 BT K1Zg (k1) +K2291(< )eilk+1)o)

k=0 2h04 k=0
;‘;LZ <K1<1 €T + Ky (1= )T - T (K (L= T ) 4 K (1—e7)")
+£ 2h“ (Kl( e e T L Kp(1—e'7)%e?)
~one (251n(%))a(ul(Klei(%{_%_‘—a)+K2€_i(%_%+g))+M0(K1€i(%_%)
+ Koe U5 =F)) oy (K (T =% 79) L Kpe /(T =59, (3.14)

Since Q1 (o, ) is real-valued,

v(o,a)=

@+ Qal _ \/(Q1+R6(Q2))2+(Im(622))2
Qu=Q2]  { (Q1— Re(Q2))* + (Im(Q2))*

where Re(Q2) and Im(Q2) are the real part and the imaginary part of Q9, respectively.
In order to prove that |v(o,«)| <1, we need to check

Q1-Re(Q2) <0.

Note that b$ = (4+a—a?)/24<1/6 for any a €[1,2]. So Q1 =1—4b3sin*(g) >0. From
Equation (3 14), we know

(Kh+Ko)T . . 0 ar  «ao at  ao

Re(Qz) = 2ha (25111(5))&(#1%8(7—74-0')4—#0008(7—7)
T [e%e)
“r,uflCOS(?—?—a'))
(K + Ko
- Tf(aag)v

where f(a;0) is defined by Equation (3.10). Together with K; + K3 >0 and Equation
(3.11), we obtain Re(Q2)<0. Thus Q;-Re(Q2)<0. Then |v(o,a)|<1. So the CN
quasi-compact difference scheme is unconditionally stable. ]

THEOREM 3.5.  Let u(w;,t,) be the exact solution of the problem (3.1), and U} the
solution of the given finite difference scheme (3.6). Then we have

() tn) = U} | <C (7 +h%),
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for all1<n <N, where C is a constant independent of n, 7, and h.

Proof. Denote e =u(z;,t,) — U and e = (e} 5, &}, ;)" According to Equa-
tions (3.5)-(3.7), we obtaln
(Py—Bga)e" = (Py+ B, )e™ +TR"1/2, (3.15)

where R"H1/2 = (R;LH/Q,R;H/Q,W ,Rx;r,ll/z)T. The eigenvalues of P, are given by
MPy); =1—4bSsin®(jn /M) >0, j=1,---, M —1.
Since b§ €(1/12,1/6), we have \(P,); 6(1/3,1). So the matrix P, is invertible and
positive definite, which means that P, ! exists and is also positive definite. Accord-
ing to Lemma 3.2, we know that (P} 1) z uniquely exists and is positive semi-definite.
Multiplying (P, )% and taking the dlscrete Lo-norm on both sides of Equation (3.15)
imply
1((Po)® = (P Ba)e™ | [I((Pa)? + (B ') Ba)e|| + 7| (P ) ZR™2)).
In view of Theorem 3.3, we know that B, + B is a negative definite matrix. Further-

more,
1 1

(Pa)? = (Py1)? Ba)T ((Pa)? = (Py )2 Ba)
=P,-B,—-BY+B'P;'B,>P,+B.P;'B, (3.16)
and 1 1 1 1
((Pa)? +(Py1)2 Ba)" ((Pa)? +(Py )2 Ba)
=P,+B,+BY+BP;'B,<P,+B.P;'B,, (3.17)

where the matrix A> B means that A— B is positive semi-definite. Denote

\/h T (P, +BIPy'B,)en (3.18)
Since BI P;1B, is positive definite, we know

E"> /(=) T Pacm > /Ain (Ba) |71, (3.19)

where Apin(Py) is the minimum eigenvalue of matrix P,. Together with Equations
(3.16) and (3.17), we have

En-i—l _E™ <T||(P_1)%Rn+1/2 | :T\/h Rn+1/2)T(P*1)Rn+1/2
<y e (P | RP1/2 = B2 (3.20)
\/m

Summing up Equation (3.20) from 0 to n—1 leads to

En<TZ|| D pFH/2| < X ( ZHR’M/?H (3.21)

Combining Equations (3.19) and (3.21) and noticing that |Rk+1/2| <c(r?+h?) for 1<
71 <M —1, we obtain

T
e < —

2, a4y < 2, 14
77>\min(Pa)(T +h%) <C(T*+h%).
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4. Quasi-compact scheme for the two-dimensional space fractional diffu-
sion equation

To discuss the quasi-compact scheme in the two-dimensional case, we consider the
following space fractional diffusion equation:

a“(éf;’t) — K¥ o D%u(z,t) + K2 o Diu(e,t)
+KY Diu(w,t)+ K§ yDiu(z,t) + f(,t), (z,y,t) €2 x (0,T], (4.1)
u(z,y,0) =uo(z,y), (z,y)€Q,
u(z,y,t) = ¢(z,y,t), (2,y,t) €00 x (0,71,

where Q= (a,b) x (¢,d) and the fractional orders 1 <a,3 <2. The diffusion coefficients
K7 and K} (j=1,2) are non-negative and satisfy (K7)>+(K3)*#0 (j==,y). The
boundary function ¢ satisfies the following conditions: if K¥ #£0, then ¢(a,y,t)=0, if
KY{ #0, then ¢(z,c,t) =0, if K #0, then ¢(b,y,t)=0, and if K3 #0, then ¢(x,d,t)=0.
We assume that Equation (4.1) has a unique and sufficiently smooth solution.

4.1. CN-CWSGD scheme. Let us denote x;=a+ jhy, ys=c+sh,, and
tn=n7 for 0<j<M,, 0<s<M,, and 0<n <N, where the space step size hy=(b—
a)/Myg, hy=(d——c)/M, and time step size 7=T/N. Here we take u} ,=u(z;,ys,tsn)
and f”+1/2 J(5,Ys,tns1/2). The maximum norm and the discrete Lo-norm are defined
as

M,—1M,—1
lulloo=,_max  fugl, Jul®=hohy > 3wl (4.2)
1<s<My—1 j=1 s=1

We still use the C-N technique for the time discretization of Equation (4.1) and get

un—i_l —uh

s s 1 ]
= =5 (KT (D) + KT (o DS u Wit + K5 (o Djw)}  + K5 (o D)t
T s

+RY (D) + K (Dfu)i + KY(,Dju)y + Ky Djw)t)
+ 12 o). (4.3)

In space, the fourth-order quasi-compact discretizations are used to approximate the
Riemann—Liouville fractional derivatives. This implies that

K{T K3t Kt Kir

i it )5
K T K T Ky K T

4rP,P fn+1/2+ Rn+1/2 (4.4)

where

RITP <O+ i+ nd).

18

For convenience, we introduce the following discrete operator which works for two vari-
ables x,y,

(6% T « T «
Ogujs =K LDjy ujs+ K5 rRDj ujs.
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Then Equation (4.4) can be rewritten as

T « T n
(PoPy = 5 Py07 = 5 Pt u
T o, T n n-+1/2 n-+1/2
=(PoPy+ 5 P03+ S Pod) W+ 7P Py PyrRITY, (4.5)
Adding the splitting term
7—2 asB(, n+1l n
Z5m6y (ul s —uj,), (4.6)
: : T3 x a T « Yy B Yy B nt1/2 3 2 4
which is equal to % ((K¥ o D3 + K3, D) (KY D+ KY D) +750(r + b+
72,8

hy), to Equation (4.5), we obtain

T sa T n T sa T n n+1/2 n+1/2
(Po = 500 (Py = 50 ui ! = (Pat 5.05)(Py + 50, +7Pa Py £} ] PyrRITY2,
(4.7)
Thus the quasi-compact finite difference scheme for Equation (4.1) is given by

T T T T n
(Po =50 (Py = 50 UF = (Pot 560 (Py+ 58 UL +7 PPy f02 (48)

As an efficient way to implement, we give the following equivalent schemes:

e quasi-compact Douglas—ADI scheme:

(Pe— 20)US = (PP, + 5 P08 + P00 US4 7P, £,

4.9)
Tshyntl—p+ _TsB (
(P, — 26y)Uj’S =Uj,— 2(5y Uj'ss
e quasi-compact D’yakonov—ADI scheme:
(o= 500005 = (ot 500) Pyt 50U+ PPy £,
2 J, 2 9y /Y3, J, (4.10)
T B n+l _ rrx ’
(P, — §5y Wi =Uj,.
4.2. Stability and convergence analysis. The following stability analysis

and accuracy analysis indicate that the two-dimensional CN quasi-compact scheme has
fourth-order accuracy in space and is unconditionally stable.

LeEMMA 4.1 ([4]). Let A, B be two positive semi-definite matrices, symbolized A>0,
B>0. Then A B>0.

LEMMA 4.2 ([11]). Let A€ R™*™ have eigenvalues {p;}}_, and B € R™*™ have eigen-
values {p;}7.,. Then the mn eigenvalues of A® B are

ﬁlpla"' aﬁIPMaﬁQPIa"' 7ﬁ2pm7"' aﬁnpla"' 7ﬁnpm

LEMMA 4.3 ([11]). Let A€ R™*", BE R"™**, C € R"*?, and D € R***. Then
(A% B)(C® D)= AC® BD,

where ® denotes the Kronecker product. Moreover, if A,B € R"™"™ and I is a unit matrix
of order n, then the matrices I® A and B® I commudte.
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LEMMA 4.4 ([11]). Let A be a mxn matriz and B a px q matriz. We have that the
transposition is distributive over the Kronecker product:

(Ao B)T =AT e B”.

THEOREM 4.5.  For any 1 < a, <2, the finite different scheme (4.8) is unconditionally
stable.

Proof. Define the round-off error as € s=Uj's UJ”S The error equation is given
by

(P, 5“)( 55) M= (Pt - 5‘1)(P += 65) (4.11)

Since the boundary conditions of the above error equation are homogeneous, we zero
extend the solution of the problem (4.11) to the whole real plane R x R. It’s reasonable
to replace the symbols j+1 and M —j+1 in the error equation (4.11) with co. Now
we have
T ol T N on o T N on
(Po= 263 )(Py = 260 Vet = (Pt 63 )(Py + 267 el (4.12)

where

y K
6.’1) €j,s =

E wk 6] k+1s+ha g wk €]+k 1,8y

k=0 k=0

which works for two variables x,y. Let €l s=0 nei(io1+502) where 4=+/—1, v™ is the
amplitude at time level n, and o1 =27h,/k,, o9 =2mh, /k, k, are the phase angles with
wavelength k, and k,, respectively. Next we just need to prove that the amplification
factor G(o1,02) =v"™ "1 /u™ satisfies the relation |G(o1,02)| <1 for all o1 and o5 in [—7,7].
In fact, substituting the expressions of €7 and e"“ into Equation (4.12), we get the
amphﬁcatlon factor

(1 4b2 sin® ﬂ —|— 2]7,"‘ Z w e~ ik—1)a1 + % Z w}ga)ei(k—l)o1)
G(O-lao'Q): ' k?O:OO
(1—4bg sin? = 2ha Z w e—i(k—1)o1 _ &J S w(a)ei(kfl)ol)
k=0
(1—4b§sln2 T2 —|— 2hB Z w(ﬁ) —i(k— 1)02+K T Z w (B) ilk— 1)02)
(1— 4b% sin> 22 _ 2hﬁ Z w(ﬁ) —i(k—1)o2 _ #;kz w}iﬂ)ei(kq)ag)
=0
_ Q1(017a)+Q2(017a) . Q1(0-27ﬁ)+@2(0—276)
Qi(01,a) = Q2(01,) Q1(02,8) —Q2(02,)
:U(Ulva)’v(UQ,B)a
where
Q1(01,0) =1 —4b% sin® %
and
K= 0 o Ke [e%e] o
Qa(01,0) = 2;;210( ) gmilk—1)o1 | 2552“”2 )gilh=D)or

k=0 k=0
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which work for two pairs of variables (o1,«) and (02,83). According to the analysis
of Theorem 3.4, we know that |v(o1,a)| <1 and |v(o2,8)| <1 hold for any «,f € (1,2).
Then

|G(01,02)| =|v(o1,0)|- [v(o2,B)| < 1.

So the CN quasi-compact scheme is unconditionally stable. ]

THEOREM 4.6.  Let u(x;,ys,tn) be the evact solution of Equation (4.1), and let U,
be the solution of the given finite difference scheme (4.8). Then we have

||u(xj7ysvtn) *UJT?SH S 0(7-2 +hi +h§)’
for all 1<n <N, where C is a constant independent of 7, hy, and hy.

Proof.  Denote €7 | =u(xj,ys,tn) — U, and

n
7,87

Play=Is®Fa, Pg=Lp®Ia,

Nl

1 1 1
(Po))2 =1p®(Pa)?, (P))?=(Pp)? ®1a,
K*r K%t KYr KYr
Biyy=—"2-I30A, 2 1,0AT, By =—"2-Asxl,+—2-AT®I, 4.13
)= gpg IO Aat G lo®dar By = g As@lat, 7450l (4.13)

where A, and Ag are defined in Equation (3.8) corresponding to o and 5. In view of
Equations (4.7)-(4.8), we obtain

(Pla) = Ba)) (Psy = B(g) )" = (Pay + By (Prg) + Bigy )" +TR2, - (4.14)
where
E=(E1,1,82,1," " \EMy—1,1,61,2:E2,2," " 1 EMu—1,2:E1,M, —1,E2, M, —1" " sEMa—1,My—1) -

Multiplying (P(:s)%(P(g;)% and taking the discrete Lo-norm on both sides of Equation
(4.14) imply

1\ L 1.1 n
1(Pe))? (P(3))2 (Pia) = Ba))(Ps) = By )e" |
1,1 _ 1 n _ 1 1 lon
<P 2 (P))2 (Pay + Biay) (Psy + Bis))e" |+ 7II(P ) 2 (Pg) ) 2 RV2. - (4.15)

Using lemmas 4.3 and 4.4, it is easy to check that the matrix (P@;)% can commute with
(Po))? and Py +BE ;i ie.,

[N

(P2 (P2 = (PR (Pt = (g )2 @ (P )3

—1\1 T T —1\1 —1\1 Kit o Kj7
(PG} (Pay £ BL) = (Pay £ BL) (PG = (P )2®<Pai i AL 5 Aa>.
After some similar calculations, we also get that P — Bg) commutes with P,)—
By, (P(;j)%, and Py —B(T(;), and P+ B(g) commutes with Pyt Ba)s (P(?y%)%,
and P(a)—l—B(Ta). In view of Theorem 3.3, we know that B,+ BL and B5+Bg are
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negative definite matrixes. Together with Lemma 4.2, it yields that B(a)+B(Ta) and

B —|—B(7;3) are also negative definite matrixes. Using Lemma 4.1, there exist

((Pa})? (P(3))* (Pa) = Bay) (Ps) = Bi)) " (P(0})* (P(3)) 2 (Pl = Biay) (Ps) — Bs))
>(P(g) + B{s) Py B)) (Pl + Bloy Py Blay) + (Bis) + Bs)) (Bay + By (4.16)
and

_ 1 _ 1 _ 1 1
(P))2 (P))2 (Piay + By (Ps) + Bia) " (P2})? (P3)) ? (Pay + Bl (P(s) + B(s))
<(Bs) +B(s) P B() (Pla) Bl Play Bie)) + (Bis) + By ) (Biay + By, (4.17)

where the matrix A> B means that A— B is positive semi-definite. Denoting
E"=

1
\/h( ")T((Pg) + By Py Bis)) (Pay + By Pioy Blay) + (B(s) + By ) (Blay + B{,,))e™,

we have

En>\/h En P(a) En>\/)\mm a Amin PB)HE Hv (418)

where Amin(Pa) and Amin (Ps) are the minimum eigenvalues of the matrices P, and Pg,
respectively. Together with Equations (4.16) and (4.17), we have

mn - — 1 n n
BN <EC+7 Y (PR (PR +1/2||<T§ : max (P} P} | R
k=0

T n
- \/)\min(Pa))\mln Pﬁ ZHR +1/2||

Using Equation (4.18) and noticing that |R§:1/2| <ce(r?+hy+hy) for 1<j <M, —1
and 1<s< M, —1, we obtain

n T 2, 14 4 2, 14 4
< hi+h)<C hi+h).
”E H_ Amin(Pa)Amin(Pﬁ)(T That y)— (T That y)
0

5. Extending quasi-compact discretizations and schemes to the tempered
space fractional derivative and equation

This section focuses on developing the high-order quasi-compact schemes of the
tempered fractional differential equation with Dirichlet boundary condition. We begin
with the definitions of a-th-order left and right Riemann—Liouville tempered fractional
derivatives.

DEFINITION 5.1 ([12]). If the function u(x) is defined in a finite interval [a,b] and
sufficiently reqular, then for any X\>0 the a-th-order left and right Riemann—Liouville
tempered fractional derivatives are, respectively, defined as

a,\ —Az af AT e—)\x d"
GD17 u(x):e aDa:(e U(.’L‘)):F(

/m(x—s)"_a_le’\su(s)ds (5.1)

n—a)dz" J,
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and
(71)%6)\I dn

A Az af . —Ax o
oDy ulw) =L Dif(e M ul) = Fe

b
/ (s—z)" ey (s)ds, (5.2)
where n—1<a<n. Moreover, if \=0, then the derivatives ,D3*u(x) and $D§")‘u(x)
reduce to the derivatives ,D%u(x) and ,Dgu(x) defined in Definition 2.1.

To get the stable scheme, we introduce a shifted Grinwald-Letnikov operator to
approximate the left tempered Riemann—Liouville fractional derivative with first-order
accuracy.

LEmMMA 5.2 ([12]). Let 1<a<2, w€C"3(R) such that D*u(x)€L'(R), k=
0,1,---,n+3. For any integer p and \>0, define the left shifted tempered Grinwald—
Letnikov operator by

Lo (o)~ (ke
Ag”\u(av)::h—aZg,(C )=k Py (2 — (k—p)h). (5.3)
k=0
Then we have
n—1
Ag”\u(az) = _oD%Mu(x)+ Z ap oo DAy (2R O(R™) (5.4)

=1
uniformly in x € R, where the weights a,, are the same as in Lemma 2.2.

To approximate the right Riemann—Liouville tempered fractional derivative
wDi;u(m), the right shifted tempered Griinwald-Letnikov operator is defined as

ASA f(z) == kzog,(f)e_(k_p)’\hu(x—&— (k—p)h). If the function u(z) is defined on the

bounded interval [a,b], then the shifted tempered Griinwald-Letnikov formulae approx-
imating the tempered fractional derivative at the point x are written as

) 1 [(*7*]+p

Aptu(e)=g2 D0 oMM u(a— (k—p)h),

) 1 [b;m:]g-p (5:5)
Aru =5 2 g Mt (k—p)h).

Next we establish some suitable high-order finite difference discretizations to approxi-
mate the tempered fractional derivative.

5.1. Quasi-compact discretizations to the tempered Riemann—Liouville
space fractional derivative. Now from the Taylor’s expansions of the shifted
tempered Grinwald-Letnikov operator, similar to get the CWSGD operator given in
Section 2, we derive the fourth and fifth-order quasi-compact difference operators for
Riemann-Liouville tempered fractional derivative.

5.1.1. Fourth-order quasi-compact approximation to the tempered
Riemann—Liouville fractional derivative.
THEOREM 5.3.  Let u(z) € C7(R) and all the derivatives of u(x) up to order 7 belong
to Li(R). Then the following quasi-compact approximation has fourth-order accuracy,
i.e.,

P} o D3 u(e) = AT ul@) 4+ po Ay ue) + oy A% u(x) +O(hY),  (5.6)
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where P u(x) =u(z)+h2bge 262 (e*u(z)) and the coefficients bS, u1, o and i1 are
given by Equation (2.10).

Note that, by Lemma 5.2, the following equation holds:
AT () + po AT Mu(z) + p A% u(x)
e DEMu(x) 4 1S oo DETEAu(z)h? +O(hY)
=(14 15 —oD2?) —oc D u(z) + O(h*)

32

_ 2700, —Ax Az a, A 4
=(1+h%b5e 922¢ ) —co DY u(x) + O(h™)
=P} D& u(z)+0(hb). (5.7)

Then we get Equation (5.6). Since §2u= %;u—i—O(hQ), we know that for any function
U,

Plu=(1+h%b5 _ oo D2 u+O(h*).

In a similar way, we obtain a quasi-compact approximation of the right Riemann-—
Liouville tempered fractional derivative:

P, DEu(a) = AT () + po G u(as) + o A% u(a;) +O(hY). (5.8)

For u(x) defined on a bounded interval, supposing its zero extension to R satisfies the
assumptions of Theorem 5.3, the following approximations hold:

P, o DOMu(x) = iy A Mu() + oA M u() + iy A% u() + O(hY) (5.9)
and
P oDy u(a) = i A u(a) 4 poAg (@) + p A% Mu(z) +O(h?). (5.10)
Next we give an example to verify the efficiency and convergence order of the above
statement.

ExaMpPLE 5.4. Consider the steady state tempered fractional diffusion problem

720 ATy
D Au(z) = ——————

z€(0,1),
with the boundary conditions u(0)=0 and u(1)=e~*, and a € (1,2). The exact solution
is given by u(r)=e 25,

Let us denote by u and U the exact solution and approximate value, respectively. In
Table 5.1, we show that the proposed approximation in this subsection has fourth-order
accuracy in the L,.,-norm and the Ls-norm.

5.1.2. Fifth-order quasi-compact approximation to the tempered
Riemann—Liouville fractional derivative.
THEOREM 5.5. Let u(x) € C®(R). Then the quasi-compact approzimations correspond-
ing to the left Riemann—Liouville tempered fractional derivative have fifth-order accu-
racy,

P} DgPu(@) = pn AT () + o A5 u(@) + po1 A% u(z) +O(h%),  (5.11)
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a ha llu—Ull2 rate lu—Ul o rate
1.1 1/8  3.8735¢—04 8.7474e — 04
1/16  1.8576e—05 4.3821 4.6954e¢—05 4.2195
1/32  1.0159¢—06 4.1926 2.6950e—06 4.1229
1/64 6.0438¢—08 4.0712 1.6005e—07 4.0737
1/128 3.6901e—09 4.0337 9.4537¢—09 4.0815
1.9 1/8  6.2019¢—05 8.8032e — 05
1/16  3.8991e—06 3.9915 5.6382e—06 3.9647
1/32  2.4425e—07 3.9967 3.5328¢—07 3.9964
1/64  1.5281e—08 3.9985 2.2104e¢—08 3.9984
1/128 9.5548¢—10 3.9994 1.3822¢—09 3.9993

TABLE 5.1. Numerical errors and convergence rates in the Loo-norm and the Lo-norm of the
scheme (5.6) to solve Example 5.4, where U denotes the numerical solution, hy is space step size, and
A=1.5.

where  the  operator  P)u(x) =me  Mu(z—h) +u(x) +neMu(z+h) and  the
coefficientsm, n, pi1, po and p—q satisfy Equation (2.16).
Similar to the discussions in Subsection 2.2, we show three equalities
4
ASMu(z) = oo D () + D ad; —a DS u(@)hl +O0(h), p=1,0,-1.  (5.12)
1=1

In view of the Taylor expansion, we know
1
oo DEAE My (g —h) = _ DM u(x) + (—1)! Z i o DOy (2) R+ O (R,
1=1"
1
oo DEANTE M (4 h) = _ D u(x) + Z il o DoAY ()R O(RP).  (5.13)
I=1"

Since e’ _ D@ M u(x) = _o DZe u(z), multiplying by e~*? in the equations of (5.13)
we obtain

4
1
e_)‘h,ochE‘”\u(x—h)zfong‘”\u(x)—f—(—l)lZZT,OODg'”'l’)‘u(:E)hl—i—O(hE’),
=1
‘1
eAh_OOD;")‘u(:Z:—Fh):_ong”\u(x)—I—Zﬁ_ong‘H’)‘u(:c)hl—l-O(hE’). (5.14)
=1

So in order to get the fifth-order approximation, combining Equations (5.12) and (5.14),
we just need to eliminate the lower-order terms corresponding to h!(1=1,2,3,4). Then
we get Equation (5.11).

To show the efficiency of the proposed approximation in this subsection, we nu-
merically solve Example 5.6 and present the numerical results in Table 5.2, where u
and U denote the exact solution and approximate value, respectively. Obviously, the
approximations have fifth-order accuracy which verify the theoretical analysis.
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EXAMPLE 5.6. Here we also consider the steady state tempered fractional diffusion
problem

720e A g6

T7—a €01

oDy Mu(z) =

with the boundary conditions «(0) =0 and u(1) =e~*, and « € (1,2). The exact solution

is u(r) =e 0.
! hy llu—Ull2 rate lu—Ulloo rate
1.1 1/8  8.2144e—06 1.4011e—05

1/16  2.4016e—07 5.0961 4.1068¢—07 5.0924
1/32  7.3703e—09 5.0261 1.2489¢—08 5.0392
1/64 2.285le—10 5.0114 3.8494e—10 5.0199
1/128 7.1140e—12 5.0054 1.1945e—11 5.0101
1.5 1/8  3.1463e—06 5.3572e—06
1/16  9.7972¢—08 5.0051 1.6423e—07 5.0276
1/32  3.1300e—09 4.9681 5.1523e—09 4.9944
1/64  9.9944e—11 4.9689 1.6239e—10 4.9876
1/128 3.1783e—12 4.9748 5.1120e—12 4.9895

TABLE 5.2. Numerical errors and convergence rates in the Loo-norm and the Lo-norm of the
scheme (5.11) to solve Example 5.6, where U denotes the numerical solution, hy is space step size,
and A=1.5.

5.2. Quasi-compact scheme for tempered space fractional diffusion equa-
tion. In this subsection, we present the numerical scheme of the variant of the space
fractional diffusion equation whose space fractional derivatives are replaced by the tem-
pered fractional derivatives

QD) kDI 1) K D () 4 12 1), (1) € (0,6) % 0.7],
u(z,0) =ug(x), z € [a,b], (5.15)
u(a’vt):(ba(t)v u(bat):¢b(t)’ te [O?T]’

where A > 0. Utilizing the C-N technique for the time discretization of (5.15) and fourth-
order quasi-compact discretization in space direction, we get

n+1
U, —u? KlT KQT

Kyt
by _ a, A n a, A\ n 1 s\ +1 A\ +1
P.’,E J . -7_ 2 LD +TRD +TLDh ’LL;L +T Dh U;L
+P f(l'j, n+1/2)+Rn+1/2 (516)
where

J+l1
aX n . XN n X\ n X\ n (a,\) ™
LDy ui =1 AT Ul + po Ayl +po 1 AT el = h" E wy U s

M—j+1
a\ n . TN n TN n TN n (a,N) u
rDy " uf = A UG+ po Ay u +p AT = e wy g,

k=0
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the coefficients are w(() ' )*,u g(a) AR (a V= #1g(a)+uog( ) and

wl(cay)\) :(:u’lg](c )+IU/()g](g )1 +I'L 19(04) )e (k 1)/\h7 k_2a 7M7 and R?+1/2§C(72+h4)'

Denoting by U}" the numerical approximation of u}, we obtain the C-N quasi-compact
scheme for (5.15)

K&T
2 2
K. n

—P)UT, +TLDO‘ AU”+TQTRDO‘ \up g rp) 2, (5.17)

Da A UnJrl

For convenience, the approximation scheme (5.17) may be written in matrix form
(P)—BMU" T =(P)+ BNU" +7P)F" + H?, (5.18)

whete (P20 = (Pa).se@ 0, BN = o2 (K3 AN+ Ka(AX)T), (A2) = (Aa)jccls= M,
n nygr n n n+1/2 pn4+1/2 nt+1/2
U :(U17U2a"'7UM,1)T,andF = 1+/7 2+/,...7 Mtl/ )7

REMARK 5.7. Note that when taking A =0, the tempered fractional diffusion equation
(5.15) reduces to the fractional diffusion equation (3.1) and its scheme (5.17) reduces
to the scheme (3.6).

6. Numerical experiments

For the numerical schemes of the fractional diffusion equation, we present some
numerical results in the one- and two-dimensional cases to verify the theoretical re-
sults including the convergence orders and unconditional stability. For the tempered
fractional diffusion equation, numerical simulations are also performed which show the
effectiveness of the proposed scheme, and the desired fourth-order convergence is also
obtained.

ExAMPLE 6.1. Consider the following tempered space fractional diffusion equation:

du
ot

x67a
— o DEMy(z) — 1A <x6+ %) C @He)x(01],  (6.1)

with the boundary conditions u(0,¢) =0 and u(1,t) =e~*~* and the initial value u(z,0) =

e 26 2€10,1]. The exact solution is u(x)=e =20,

In Table 6.1, we show that the quasi-compact scheme (5.17) is fourth-order conver-
gent in space.
ExAMPLE 6.2. Consider the following space fractional diffusion equation:

O oDgu@) + D) + 1 1), (1) €(0,1)x (0,1]. (6.2)
Then the source term is
flat)=—e " (2®(1—2)° =T(11)(z 10_O‘Jr(l—%)m_a)/r(ll— a)

+10F()x7 4 (1—2)7")/T(8 —a) — 5T(7) (2%~ + (1 —2)5=*) /T (7 — )

(

+5F(10)(x9 Y (1-2)27%) /T (10 —a) —100(9) (2372 4+ (1 —2)¥ ) /T(9— @)
( 6—
T4 (1—2)°")/T(6—a).

+I(6)(x

The exact solution is given by u(z)=e~z°(1 —z). In the domain ¢ € [0,1], the bound-

ary conditions are u(0,t)=0 and u(1,t)=0. The initial value is u(z,0)=2°(1—x)5,
z€0,1].
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A=0 A=1.5
a My lu—Ull2 rate [lu—"Ul|2 rate
1.1 8 2.4321e—04 1.6011e—04
16 1.3090e—05 4.2156 9.1799¢—06 4.1245
32 7.4456e—07 4.1360 5.3102¢—07 4.1117
64  4.4692e—08 4.0583 3.1555e—08 4.0728
128 2.7455e—09 4.0249 1.9171e—09 4.0408
15 8  1.2806e—04 7.5690e — 05
16 8.0137e—06 3.9982 4.7019¢—06 4.0088
32 5.0273e—07 3.9946 2.9387e—07 4.0000
64  3.1507e—08 3.9960 1.8396e—08 3.9978
128 1.9724e—09 3.9976 1.1512e—09 3.9981
1.9 8 4.4604e — 05 2.3601e — 05
16  2.8032e—06 3.9920 1.4844e—06 3.9909
32 1.7561e—07 3.9967 9.2998¢—08  3.9965
64  1.0987e—08 3.9985 5.8188¢—09 3.9984
128  6.8700e—10 3.9993 3.6385e—10 3.9993

TABLE 6.1. Numerical errors and convergence rates in the La-norm to Equation (6.1), approzi-

mated by the quasi-compact difference scheme (5.17) at t=1 with T=h2.

a M, |lu—"Tl|2 rate lu—Ul| o rate
1.1 8 9.4394e — 07 1.4488e — 06
16 7.7153e—08 3.6129 1.2492¢—-07 3.5358
32 5.6349e—09 3.7753 9.1789e—09 3.7665
64 3.8217e—10 3.8821 6.2304e—10 3.8809
128  2.4920e—11 3.9389 4.0617e—11 3.9392
1.5 8 1.4931e —06 2.5326e — 06
16 1.0619e—07 3.8135 1.7066e—07 3.8915
32 7.2530e—09 3.8720 1.1354e—08 3.9098
64 4.7498¢—10 3.9326 7.2882¢—10 3.9615
128  3.0416e—11 3.9650 4.7293e—11 3.9459
1.9 8 1.5101e—06 2.6288¢ — 06
16 8.5433e—08 4.1437 1.3980e—07 4.2329
32 5.3511le—09 3.9969 8.3686e—09 4.0622
64 3.3620e—10 3.9925 5.1288e—10 4.0283
128  2.1078e—11 3.9955 3.2590e—11 3.9761

TABLE 6.2. Numerical errors and convergence rates in the Loo-norm and the La-norm to Equation
(6.2), approzimated by the quasi-compact difference scheme (3.6) at t=1 with T="h?.

Table 6.2 shows that the quasi-compact scheme (3.6) to solve the one-dimensional
two sided fractional diffusion equation is also fourth-order convergent.
ExXAMPLE 6.3. The following two-dimensional two-sided fractional diffusion problem

Ou(w,y,t)

5 = oDru(z.yt)+.Diu(e,y,t)+ oDJu(@,y,t)+ , Diu(z,y.t)+ f(,y.t),

(6.3)
is considered in the domain Q= (0,1)? and ¢ € (0,1]. The source term is

f(z,t)=—10%e"" [xf’(l —2)%°(1—y)°
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- (m(xw—ua—x)m-a) +m<x9—a+(1—x)9-a)

PO (a4 (1)) 4 L (a4 (=) )

- F5(£(_731)(x6—a +(1-2)57) +F(F6<E)a)(x5—“ +(1 —x)‘”)) v (1-y)°
- (F(Flgli)ﬁ)(ywh(ly)mﬂ) +F?1Fé%(y”+<1 —y)*)
_Flg_(gg)<y8ﬁ+<1—y>8ﬁ>+;(‘§_(85))<m7ﬁ+<1—x>”>
_%(y6ﬂ+(1—y)66) +F(2(E)ﬁ)(y55+(1—y)5ﬁ)) w5(1_5”)5} :

The exact solution is given by u(z)=10%"t2%(1—2z)%y°(1—y)°. The boundary
condition is u(x,y,t)=0 with (x,y) €9Q and ¢t€[0,1]. The initial value is u(z,y,0)=
10%25(1 —z)%y> (1 —y)® with (z,y) €[0,1]%

In Table 6.3, we present the numerical errors ||u— Ul|2 and the corresponding conver-
gence orders with space step size h, = h,,, where U is the solution of the quasi-compact
difference scheme (4.9) or (4.10). It can be noted that the schemes are fourth-order
convergent, which is in agreement with the theoretical convergence analysis.

(o, 5)=(1.1,1.5) (o, 5)=(1.4,1.9)
M, lu—Ull2 rate [lu—"Ul|2 rate
D’yakonov 8  7.2903e—04 8.4729¢ — 04
16 5.3915e—05 3.7572 5.7210e—05 3.8885
32  3.7385e—06 3.8502 3.8200e—06 3.9046
64  2.4685e—07 3.9207 2.4748e—07 3.9482
128 1.5880e—08 3.9584 1.5763e—08 3.9727
Douglas 8  7.2903e—04 8.4729e — 04
16 5.3915e—05 3.7572 5.7210e—05 3.8885
32 3.7385e—06 3.8502 3.8200e—06 3.9046
64  2.4685e—07 3.9207 2.4748e—07 3.9482
128 1.5880e—08 3.9584 1.5763e—08 3.9727

TABLE 6.3. Numerical errors and convergence rates in the La-norm to Equation (6.3), approzi-
mated by the quasi-compact difference schemes (4.9) and (4.10), respectively, at t=1 with T=h2 :hi.

7. Conclusions

The continuous time random walk (CTRW) model is the basic stochastic process
in statistical physics. The CTRW model characterizes Lévy flight if the first moment
of the distribution of the waiting time is finite and the jump length obeys the power
law distribution and its second moment is infinite. The corresponding Fokker—Planck
equation of the process is the space fractional diffusion equation. Sometimes because
of the limit of space size, the power law distribution of the jump length has to be
tempered. The Fokker—Planck equation of the new stochastic process is the tempered
space fractional diffusion equation. This paper provides the basic strategy for deriving
the quasi-compact high-order discretizations of the space fractional derivative and the
tempered space fractional derivative. As concrete examples, fourth-order discretizations
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are discussed in detail and applied to solve the (tempered) space fractional diffusion
equation, and extensive numerical simulations confirm the effectiveness of the provided
schemes. In fact, strict numerical stability and convergence analysis are also performed
for the one- and two-dimensional space fractional diffusion equations.

Acknowledgements. We thank the anonymous reviewers for their valuable com-
ments which improved the presentation of this paper.
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