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CAUCHY PROBLEM TO THE HOMOGENEOUS BOLTZMANN
EQUATION WITH DEBYE-YUKAWA POTENTIAL FOR
MEASURE INITIAL DATUM*
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Abstract. In this work, we prove the existence, uniqueness and smoothing properties of the
solution to the Cauchy problem for the spatially homogeneous Boltzmann equation with Debye—Yukawa
potential for probability measure initial datum.
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1. Introduction
In this work, we consider the Cauchy problem for the spatially homogeneous Boltz-
mann equation,
of
a - (fa f)a
f(O,v) :fO(v)v

where f= f(t,v) is the density distribution function depending only on two variables
t>0 and v € R3. The Boltzmann bilinear collision operator is given by

QoN0)= [ [ Blo=0.0) o5 (0) = g(0.) 1)) dv.d

(1.1)

where for o €S?, the symbols v/, and v’ are abbreviations for the expressions,
U,_v—&—m |v—v*\0 U,_v—i—v* |v—v*|a
2 2 o 2 2 ’

which are obtained in such a way that collision preserves momentum and kinetic en-
ergy, namely

o =vtve, [P0 = [ o

For monatomic gas, the collision cross section B(v—uv,,0) is a non-negative function
which depends only on |v—wv,| and cosf which is defined through the scalar product in
R3 by

V— Uy
cosf =

o—v.]

Without loss of generality, we may assume that B(v—uv.,0) is supported on the set
cosf >0, i.e. where 0<0< 5 See for example [19] for more explanations about the
support of 6. For physical models, the collision cross section usually takes the form

B(v—v4,0) =P(|v—v.|)b(cosh).
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1142 BOLTZMANN EQUATION WITH DEBYE-YUKAWA POTENTIAL

In this paper, we consider only the Maxwellian molecules case with ®=1. Except the
hard sphere model, the function b(cosf) depends closely on the inter-molecule potentials.
For instance, in the important model case of the inverse-power potentials,

1

where p denotes the distance between two interacting particles, then

1
b(cosf)sinf~ KO 12" asf— 0", where 0<v= 1< 1.

If the inter-molecule potential satisfies the Debye—Yukawa type potential, where the
potential function is given by

s

1

the collision cross section has a singularity in the following form:

21

—1\ 5
b(cosh) ~ 02 (1og(0/2) ) , when 607", with 5> 0. (1.2)

This explicit formula was first appeared in the Appendix in [12]. In some sense, the
Debye—Yukawa type potentials is a model between the Coulomb potential corresponding
to s =0 and the inverse-power potential. For further details on the physics background
and the derivation of the Boltzmann equation, we refer to the references [5,19].

In the study of the Cauchy problem of the homogeneous Boltzmann equation in
Maxwellian molecules case, Tanaka in [16] proved the existence and the uniqueness of
the solution under the assumption of the initial data fy >0,

fo(v)dv=1, / vjfo(v)dv=0, j=1,2,3,
R3 R3
and
/|v|2f0(v)dv:3. (1.3)
RB

The proof of this result was simplified and generalized in [17] and [18].

For the inverse-power potential, Cannone-Karch in [4] extended this result for the
initial data of the probability measure without Equation (1.3); this means that the
initial data could have infinite energy. Recently, Morimoto [11] and Morimoto—Yang [15]
extended this result more profoundly and prove the smoothing effect of the solution to
the Cauchy problem (1.1) without cutoff assumption in the strong singular case under
the measure initial data. However, the Cauchy problem to the homogeneous Boltzmann
equation with Debye—Yukawa potential (1.2) has been studied only in [12]. It has been
shown in [12] that weak solutions to the Cauchy problem (1.1) with Debye—Yukawa type
interactions on 0 < s <2 enjoy the H* smoothing property, i.e. starting with arbitrary
initial datum fo >0,

[ Aoe) (110 +log(1+ o)) <+,
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one has f(t,-) € H>(R3) for any positive time ¢ >0. The logarithmic regularity theory
was first introduced in [10] on the hypoellipticity of the infinitely degenerate elliptic
operator and was developed in [13,14] on the logarithmic Sobolev estimates.

In the present work, assuming the angular function b satisfies the Debye—Yukawa
potential (1.2) for s> 0, based upon [11] and our recent results of [6,7] for the Cauchy
problem to the linearized homogeneous Boltzmann equation with Debye—Yukawa po-
tential, we intend to prove the result in [12] for the probability measure initial datum.

Now we introduce the probability measure.
DEFINITION 1.1. A function 1:R?* = C is called a characteristic function if there is a

probability measure ¥ (i.e., a positive Borel measure with [p,d¥(v)=1) such that the

identity w:fRae_i”'fd\I/(v) holds. We denote the set of all characteristic functions by
K.

Inspired by [17], we introduce a subspace K for a>0 that was defined in [4] as
follows:

K*={pe;|l¢—1]|o <+o0},

where
o —1]
p—1||o = sup .
Io=1 cers €]
The space K% endowed with the distance
lp—|
[ —t[la = sup
| e cers  [€]*

is a complete metric space (see Proposition 3.10 in [4]).
It follows that %=1 for a>2 and the embeddings (Lemma 3.12 of [4])

1cK¥cKPcK=K, for all 2>a>p3>0.

In this paper, we consider the Cauchy problem (1.1) for the initial datum of the
probability measure Wo(v). If we set 1g(£) = [pse " ¢d¥o(v) and denote the Fourier
transform of the probability measure solution by 1 (t,£), then it follows from the Bobylev
formula in [3] that the Cauchy problem (1.1) is reduced to

Db (t,6) = /S b (ﬁ;) (G(LE V(™) —p(t,€)(£.0)) dor,

$(0,8) =v0(8),

(1.4)

where ¢+ = % + %a.

THEOREM 1.1. The Mazwellian collision cross-section b(-) satisfies the assump-
tion (1.2) with s>0. Then for any a>0 and every ¥y €K, there exists a unique
classical solution ¥ € C([0,400),K) of the Cauchy problem (1.4). Furthermore, let
W(t,8), p(t,£) € C(|0,+00),K%) be two solutions to the Cauchy problem (1.4) with the
initial datum g, 0 € K. Then for any t >0, we have

() = (t)lla < € [[0 = ol (1.5)



1144 BOLTZMANN EQUATION WITH DEBYE-YUKAWA POTENTIAL

where

/\()¢:27r/2 ﬁ(@)(cosag—l—sinag—l)de (1.6)
0

REMARK 1.1.  Comparing with the restriction stated in [4] and [11] that: for some
ap >0, a € [ag,2] satisfies

™

sin®° gb(cose) sinfd e L([0, 5])7

we study the Cauchy problem (1.4) without this condition and instead allow for any
a>0. This is because the collision kernel b(-) in (1.2) satisfies

/2 sin® Qb(cos@) sinfd6
0 2

1 “+oo
5/ uo‘*l(logufl)%*ldu:/ af”‘fl(logx)%*ld:c
0 1
+oo
2
:/ e_a“u%_ldu:a_gl‘(f) (1.7)
0 S

where I'(2) = O+°Ox%_1e_‘”dx is the standard Gamma function.

The regularity of the Boltzmann equation has been studied in many works. Under
the assumption of the singularity of the collision kernel b(-), we have that the smooth-
ing effect of solutions to the Cauchy problem for the spatially homogenous Boltzmann

equation for the initial data fy >0 satisfies

[ o)+ leP)o <o, [ fo(1+log foydu <+,
R3 R3

see [1,12,19] and the references therein. However, we cannot always expect the smooth-
ing effect for solutions to the Cauchy problem for the spatially homogeneous Boltzmann
equation in the probability measures whose Fourier transforms are in K¢, since, for ex-
ample, 1 € L%, is the Fourier transform of the Dirac mass on 0. Besides, we present an
example of the smoothing property for the Cauchy problem of the spatially homogeneous
Boltzmann equation with measure initial datum:

ExaMPLE 1.1. Put e;=(1,0,0),e2=(0,1,0),e3=(0,0,1). Then the set of wvectors
{er}r=123 forms an orthonormal basis of R3. Let

3

11 w2 1

=———e 2 +— > (6(v— 1 :

Jo Wl +12;( (v—er)+d(v+er))

If b(-) satisfies the condition (1.2) with 0<s<2 and f(t,v) is the unique solution with
initial data fy, then f(t,v) € H®(R3) for t€(0,T] for some T >0.

To interpret this example, we need to prove the following result of the H°° smooth-
ing effect given in [12] (see also [2]).

PROPOSITION 1.1.  Assume that b(-) is given in the condition (1.2) with 0<s<2.
Then 1 € C([0,400),K%) for any a> 0 is a unique solution of the Cauchy problem (1.4),
if for any T >0, there exists a constant Dy >0 such that the solution ¥(t,€) satisfies

nf (1= [(t.))) > Dy min(L[¢[*). (18)
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then the inverse Fourier transform of 1 (t,€) belongs to H>(R3) for any t € (0,T].

REMARK 1.2.  The inequality is a key for the coercive estimate for the smoothing
effect of the Cauchy problem for the non-cutoff homogeneous Boltzmann equation; see
(2.2) of [12], we also refer the readers to [8] and the references therein. In fact, if the
initial data f(t) >0 satisfies

/f(t)(1+|v|2)dv<+oo,/f(t)(1+logf(t))dv<+oo,
R3 RS

then the Fourier transform of f satisfies the inequality (1.8) (see Lemma 3 of [1]).

The rest of the paper is arranged as follows. The proof of Theorem 1.1 will be
presented in Section 2. In Section 3, we will prove Proposition 1.1 and show the H°
smoothing effect for the Example 1.1.

2. The proof of Theorem 1.1

The construction of the solution to the Cauchy problem for the homogeneous Boltz-
mann equation with cutoff assumption has been done in Section 4 of [4]. Our idea is:
Constructing a sequence of solutions under the cutoff assumption, limiting the sequence
of solutions in a suitable space, then proving the limit solution is the solution under the
non-cutoff assumption. So the difficult part of the proof is to show the uniqueness part
of Theorem 1.1.

The following lemmas are used for the proof of the uniqueness of Theorem 1.1.

LEMMA 2.1.  For any characteristic function ¢ € K, we have

o(©)p(n) —(E+m)]* < (L=]0(E)*) (1)) (2.1)
for all £,m€R3, and moreover if ¢ €K%, then
|0(€) —p(E+m) < o —1la (41€] % 0| +[n]*)- (2.2)

Proof.  For the proof of the inequality (2.1), we can refer to (18) in Lemma 2.1
of [11], (3.5) of [4] and also Lemma 3.5.10 of [9]. For the proof of the inequality (2.2),
we refer to (19) in Lemma 2.1 of [11]. O

By a proof similar to that of Lemma 2.2 in [11], we obtain the following lemma.

LEMMA 2.2.  Assume that b(-) is given in (1.2) with s>0, for p€K* and for any
a >0, we have
§-o

[ o) —ol©) do| o FTC) =™, @3)

Proof.  Put (= (£7- %)é—l Then we set £+ =2¢ —&T, which is symmetric to &+
with respect to €. We can divide the integral on the left hand side into three parts,

[ E (e )0t~ o(e)) do
=

1 Eo ~ ¢o
=5 [0S (6 +0(E0) - 2610)) do+ [ WD) (010~ o(€)) o
{0 _
+ [ HEDeleN (e ) -1)do
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=L+ I+

In part I,
(PN +olE) =20(01=| [ e e T e 2w 0)

g/ (2—e ™ fem YA (v)
R3

<2|1-¢llalé]*(sind/2)*.
For I, by using the formula (2.2), we have

PO =) <IN = plla(4l]F lE =% +16 =)
<51 =pllalE|* (sinb/2)%,
and for I3, using the elementary inequality |o(£7)] <¢(0)=1 in Lemma 3.11 in [4],

(€M) (p(€7) =D < [T —pllal€|*(sin/2)".
Therefore, we have

S7) (o(EH)p(e) - pl€)) do
el

: 0
<167 </ sina2b(cose)sinad9> 11— @llalé]*.

0

The formula (2.3) follows from the above inequality and the estimate (1.7). d
In fact, the proof of Lemma 2.2 leads to an intuitive understanding.

LEMMA 2.3.  Let b(-) be the function given in the condition (1.2) with s>0. For
peKY, a>0 and for any € >0, set

_ _ 4 S €\?
QE_QE(g)_{UESQ,l—|£|-a§2(7r) }

and

- £-0, (p(E)e(E7) —w(8)) ,
Rg’v(g)_/s%ssz( €] ) €] o

+oo
1—¢lla / ui e tdu | =0 as e—0%.
10g<%)

Now we are prepared to prove Theorem 1.1. The proof of this theorem is mostly
the same as in [11].

Proof. (Uniqueness) For a>0, let 1(t,£), o(t,£) € C([0,400),K) be two solutions
to the Cauchy problem (1.4) with the initial datum 1g,po € £*. Set

¢(t,§) B @(tag)
€l '

Then we obtain

[Rep(§)Sa™

h(tvf) =
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It follows that

_ £-0 ¢(t7§+)¢(t75_)—<P(t7f+)¢(t»§_) &
amw@—é%mmg|> e !

—(LMQ<§|@mﬁ (1)

+/ b(g i )Ql)(tafﬂl/}(tf_)—w(t’ﬁ)da
$2NQ

e’ gl
_/ b(£~0’)<p(t’€+)<p(t’£_)_W(t’g)dd
S2NQ. |£‘ ‘€|a

:Ie (t7£) - ash(tag) + RE,?JJ (taf) - Re,tp(taf)7

where

aez/ b )do = 27r/2 b(0) sin 0o
S2NQe ‘5' 2arcsin £

™

~/2 0~ (log6~ ")~ 1do),
2arcsin £

which diverges as ¢ —07. Let R>0. For any £ with |(|< R,

w(t7§+)w(tagi)7¢(t7§+)¢(t7£7)
€l
_ w(t7§+)(w(tv£)_<ﬂ(ta£))+@(tv£)(¢(ta£+)_¢(t7§+>)‘
€] 4

_ + N - HlEre

=|(t,§7)h(t,E7) BE +o(t,E)h(t,ET) g |’
Applying the elementary inequality [i(t,&1)] < (t,0)=1,]p(t,7)| <¢(t,0)=1 in
Lemma 3.11 of [4] again and the fact that for 0<0<Z, [¢F|=|¢|cos S, 67| =¢|sin g <

|€|, we obtain,

¢(ta£+)w(t7§7) — C)O(t7§+)90(t7§7) ’
gl

where Hpg(t) =supj¢j<g|h(t,§)|- In fact, we have

0 0
< Hg(t) (cosa 3 +sin® 2> )

|I€(t,f)| < )‘e.,aHR(t),

where

[ME]

0 0
Ae a:271'/ b(0)sind (cosa+Sin“> de.
7 2arcsin < 2 2

Notice that, as e — 0,

Ao — Qe — 2T A, :/
0

[NE]

b(0)sind <c0sa g +sin® g - 1> de,
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where )\, was given in Equation (1.6). Since ¥(¢,£), p(t,£) € C([0,+00),K%), it follows
from Lemma 2.3 that for any fixed T >0,

sup (| Re,y(t,6)[+|Re,o(t,€)]) =1 =0, as e =07
te(0,T]

Therefore, we obtain that, for || <R,
|ath(t7§) +aeh(t7§)| S )‘G,QHR<t) +r€'

Integrating from 0 to ¢,

e nit) 0.0 =| | 7" Thireen

t t
S/ 0 dT:/ ereT
0 0

—(ea‘Th(T,é'))
< /0 0T (e Ha () )

Orh(7,8) + ach(7,§)|dr

o,

Then it follows that,

t
e Hyp(t) < Hr(0) +/ e’ " Ne.a Hr(T)+7e)dT
0

t act _
:)\e7a/ eaéTHR(T>dT+ T‘e—f—HR(O). (24)
0 €
Let n(t) :fot €T Hp(7)dr. Then
, et 1
' (t) < Ae,an(t) + e+ Hg(0).

According to the Gronwall’s inequality,

t acT _ 1
W(t)ée)‘““t/ e~ AeaT [6 re+Hp(0) | dr

0 €

eaét_e)‘éwat e)\gwat_l ekeﬂat—l
= r r Hr(0
(ae - )\e,a)as ‘ )\e,aae ‘ >\e,a R( )
Substituting into the inequality (2.4), we have
eagt_e)\gwat 26)\6’0‘t—2
e Hp(t) < — re+ , re+ereet Hp(0).
€ €,x €

We conclude that

(Ae,a—ac)t _ —aet( pAe,at _
HR(t) Se(}\gafae)tHR(O)_'_ |:(6 1) + 26 (6 1):| TE

>\e,a — Qe Qe

(Ae.a—ac)t _q 2e(Ae,a—ac)t

)\e,a — Q¢ Qe

Because A¢ o —ae — Aoy ac — +00 and re — 0 as e — 0. Taking the limit e— 0T, we can
deduce that

HR(f) < ekatHR(O).



H.-G. LI 1149

Taking the limit R — +o00, we have

WJ(tag) 7@(157&)‘

[4(8) = (t) la = sup === == < ety — o s
¢er? [3
Therefore, we obtain the inequality (1.5). This ends the proof of uniqueness. ]

Proof. (Existence) Firstly, constructing a sequence of solutions under the cutoff
assumption

by, (cosf) =min(b(cosh),n) <b(cosh), for neN,

then by the result in Section 4 of [4], there exists a solution 1, (¢,£) € C([0,+00),K%)
to the Cauchy problem (1.4). By a proof similar to that in [11], we have {¢,(,£) fnen
is equicontinuous and uniformly bounded in [0,7] x R?. By the Ascoli-Arzela theorem,
there exists a convergent sequence {u,, (t,£) }ren, such that limy_, oo ¥, (£,€) =1(t,€)
is the solution of the problem (1.4). We end the proof of existence.

3. The proof of the Proposition 1.1

In this section, we prove the regularity of the solution to the Cauchy problem (1.4).
Notice that, to prove the regularity, we only assume 0<s<2. For s>2, we can’t get
any smoothing effect of the solution to the Cauchy problem (1.4).

Before the proof of the regularity of the solution to Cauchy problem (1.4), we present
the coercive estimate for the kernel. The proof is similar in spirit to Lemma 4 of [1].

LeEMMA 3.1.  The collision kernel b(-) satisfies the assumption (1.2) with 0<s<2,
namely,

b(cosf)sinf~0~ 1 (9)_1 -
cosf))sin og(5
Then for £ €R3,

b(m o)min(1, [¢7|?)do > (log{J€])*.

Proof.  Since b(-) satisfies the assumption (1.2), for |£|>2,

i min -2
b(|£| o)min(1,[7[")do

>/49 L(logh~ 1)~ min(1,|¢[262)d6

€] s o du
/ 0~ (logh™*)s Tldp= / (logu)=—t—
u

[€]

log(l€) . s )
= [t du= [ (loglé])  (log(
log(2)

2 2
s s

| Z (log(l&1))=-

)

CRES

On the other hand, for [£|<2,

/4 61 (log~")>~min(1,|¢|26%)d6
0
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> ( / 9<1ogel>?—1d9> €2 > (log(|€])) .
0
We conclude that, for £ € R3,

- 2
b<@ o)min(1, [€7[*)do 2 (log(€])) =
This ends the proof of Lemma 3.1. ]
Now we are prepared to prove Proposition 1.1.

Proof.  As in [11,12] and the references therein, set the time dependent weight
function

M;(t,) = (€)' 7H(a€) 7N, with (€)* =1+]¢[%,

where Ny= % +2, NeN and §>0 is a small positive constant. Multiplying
Ms(t,€)*(t,7)) by Equation (1.4) and integrating over R?, we define

wi :w(tafi); M+:M5(t7£+)'

Then

2 [ Re(owdrT)de=2 [ b Re((t T —0M R drdg =0, (1)

R3xS2

Consider the second term

2Re{(UH ™ — ) MDY = (IMf2+ | M+ —2Re (v M TG
+ (|My]? = |MFY*?) 4 2Re{y™ (M — M)yt My}
=J1i+Jo+J3.

For the term Jp, by using the Cauchy—-Schwarz inequality
|2Re{y™ MY MP} >~ |(IMy* + M Ty ]?),
we obtain from the definition (1.8) of Dy that
J1 > Drmin(1, €7 )| My[?.

Then if b(-) satisfies the assumption (1.2),

L. (|5| 7)Idade

2 — .0)min 2 2
2 [ ([t omin(ule Pyo ) ropas

> 7 -1 —1\2-1_ s 2,2 2
N/]RS </0 07" (logf~")s " min(1,|¢|"0 )dG) | M| dé.

We deduce from Lemma 3.1 that

[ ey hdode [ tosel)?
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Using the change of variable £ — ¢ for the term MTT in Jy, in the spirit of the
cancellation lemma (see Lemma 1 of [1]), we have

f i —1y2-1 2
(= 0)Jododé| < O(logh s df Map|=d
e U)Qaé‘w/o (tog0~) a0 [ |arofae
< Map|PdE.
S ML

For the last term .J3, we observe that |[M — M+ | <sin? M+, cf. (3.4) in [12]. Then

¢ :
b(—= - dodf| < d€.
[ M ododel < [ pruas

Finally, substituting these estimations of Ji,Js,J3 back to Equation (3.1), we have for
a constant ¢y >0, that

d 2
— [ |M 2d 1 5 —2N1 MyPPde< | | My|de.
& o opdss [ (cotios(eh)? ~2Vios(eh) propass [ arofas
Since for 0 < s <2,

(log(J€[)) ™1 — 400 as [¢] = +oo,

we have
d
G [ preoras [ o

It follows from the Gronwall inequality that, for any ¢ € [0,77],

/ (EN (14 821¢[2)Nous(1,6) 2de < / (€Yo %€ < [0 |-
R3 R3

Let 6 -0 and N be arbitrarily large, we end the proof of regularity. ]

Now we prove the H > smoothing effect of the solution in Example 1.1 and remark
that fy in our example satisfies some basic equalities:

fo(v)dv= 1,/ vjfo(v)dv=0,j=1,2,3.
R3 R3

Proof. (Example 1.1.) Let ¢y and ¢(t) be the Fourier transforms of fo and f(¢).
Indeed, by using the Fourier transform, we have

|\ 13 3

o= + 12
k:l k=1

Set £ = (&1,62,€3). Then

1 g 1
|1—¢0|:§(1—e 2 )—i—EZ(l—cosfk)
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This shows that
Yo €K%, and then ¥ (t) € C([0,+00);K?). (3.2)

Now we want to prove the key coercive estimate (1.8). Indeed, for |{| <1, then we have
|€k] <|€] <1 for k=1,2,3; therefore,

cosl <cos&p <1.

It follows that

3
_W)O‘23(1_6_7)+é2(1—|COS&@|)

k=1
3 2
21

=o(l—e )4 <sin€k>

3 2

k=1
LA L (33)
3m2éa g 3r2T '

Besides, since 19, (t) € K? in the condition (3.2), we can deduce from the inequalities
(2.3) and (1.5) that
&0

o(t) — o] < / W) (e el ) — () do r

< ( / ||1—<P(T)|2d7> P <Hlef (3.4

Therefore, for || <1 and some T >0, there exists a positive constant C' dependent on
Ty such that, for 0 <t < Ty,

1
L= [ (O] = 1= o] = [$() = ol = 5 € = CHl¢ %,
Choosing the constant 77 >0 small enough, then for 0 <t <7; and || <1, we have

G

On the other hand, we consider the case |{|>1. By a proof similar to that in the
inequality (3.3), one can verify that

tli_f)f(l)\ﬁi(t)—wdza
Since [1(t)| < [vho|+ (1 (t) — o], then
1 1
1l (0] 1= o] —la [0) — ol > 51— )
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We choose a Ty small, such that 1—|i(¢)| > Cr, >0. In conclusion, set T =min(7},7T?).
Then for any 0 <t <T, the key estimate (1.8) holds true. By using Proposition 1.1 with
the key estimate (1.8), we end the proof of Example 1.1. d
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