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STABILITY OF TRAVELING WAVE SOLUTIONS OF NONLINEAR
CONSERVATION LAWS FOR IMAGE PROCESSING∗
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Abstract. This paper studies the stability of smooth traveling wave solutions to a nonlinear
PDE problem in reducing image noise. Specifically, we prove that the solution to the Cauchy problem
approaches to the traveling wave solution if the initial data is a small perturbation of the traveling
wave. We use a weighted energy method to show that if the initial perturbation decays algebraically
or exponentially as |x|→∞, then the Cauchy problem solution approaches to the traveling wave at
corresponding rates as t→∞.
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1. Introduction
In image processing and computer vision, PDE-based techniques have led to a large

variety of research areas. Especially, nonlinear PDEs have been applied to denoising
images, edge detection and image inpainting; see, eg., Perona and Malik [27], Rudin,
Osher and Fatemi [28], Tumblin and Turk [29], and You and Kaveh [33].

Before the development of nonlinear PDE methods, a linear-filtering technique was
introduced by Marr and Hildreth [20] to address the problem of noise reduction in
images. The idea of the linear-filtering is that the image intensity function is convolved
with a Gaussian as the optimal smoothing filter. It was further refined by a Gaussian
scale-space filtering method. Here, a scale-space is a necessary concept when one deals
with images. For instance, scale-spaces have been used in image segmentation and
edge detection (see [9, 30]). As a typical type of scale-spaces, the Gaussian scale-space
method was initiated by Witkin [31], and subsequently developed by Koenderink [8]
and Canny [2]. Those main ideas are based on solving the heat equation with initial
data given by a noisy image intensity function.

However, the above linear diffusion filtering for reducing noise in the image has
a major drawback; the resulting images become badly blurred, and it is difficult to
determine the edges of the objects in the original image. Also the idea that a process
depends on local properties of the image should be applied. To deal with the issues,
Perona and Malik [27] proposed the idea of anisotropic diffusion, which is a technique
to reduce image noise without losing important image contents such as edges or lines of
the image. This method is one of the most well-known and is a relatively simple case
of nonlinear scale-spaces. Interestingly, due to the novelty in that diffusion and edge
detection interact in one single process, this model is related to the neural dynamics of
brightness perception (see [3]).

In Perona and Malik [27], I(·,t) :Ω→R, where Ω⊂R
2 denotes a picture domain

and I a family of gray scale images. Anisotropic diffusion, or Perona-Malik diffusion, is
defined as

It=div(c(x,y,t)∇I),
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where c(x,y,t) is the diffusion coefficient given by

c(x,y,t)=g(|∇I(x,y,t)|),
and the edges are preserved and sharpened, provided that the function g is chosen
properly. The thresholding function g is small in regions of sharp gradients. A typical
thresholding function g is

g(s)=
1

1+
( s

K

)2 ,

where the constant K controls the sensitivity to edges.
In this paper, we study the Perona-Malik (PM) equation which combines a Burgers-

type convection term and the anisotropic diffusion, introduced by Kurganov et al. [10]:
for any x∈R and t>0

ut+uux=(g(ux)ux)x, (1.1)

where g satisfies

g(s)=
1

1+s2
. (1.2)

The initial data is given by

u(x,0)=u0(x) for x∈R, where u0(x)→
⎧⎨
⎩
ul as x→−∞,

ur as x→+∞,
(1.3)

where ul and ur are far left and far right states.
Previously, Kurganov et al. [10] investigated shock or jump-type behavior which is

typical of edges in images. Specifically, Kurganov et al. [10] addressed well-posedness
of classical solutions to the Cauchy problem. Goodman et al. [4] proved that solutions
with a certain large initial data blow up in a finite time.

Kurganov et al. [10] also showed that there exist smooth traveling waves for 0<
|ul−ur|<2 and a critical threshold of discontinuity occurs at |ul−ur|=2. Wu [32]
proved the existence of the smooth traveling wave solutions as well. Moreover, in Greer
and Bertozzi [5], the existence and smoothness of traveling waves were shown for a
more general thresholding function g(s) which satisfies the physical properties required
in Perona and Malik [27].

Kurganov et al. [10] demonstrated numerically that both the smooth and discontin-
uous forms of traveling wave solutions are strong attractors. Also Greer and Bertozzi [5]
showed through numerical results that the traveling wave solutions in [10] are stable. A
rigorous proof of the stability of the smooth traveling waves in an exponential weighted
space was obtained by Wu [32] by spectral analysis. To achieve the spectral gap needed
in the spectral stability, this exponential weight is essential in [32].

In the current paper, we study nonlinear stability in a non-weighted space H2 by
energy estimate arguments. We show that the solution to the Cauchy problem (1.1)-
(1.3) converges to a traveling wave if the initial perturbation is small. Furthermore, we
investigate algebraic and exponential rates of convergence by weighted energy estimate
methods, where the exponential decay result in Theorem 2.3 in the current paper is
qualitatively similar to that of the Main Theorem in [32]. Regarding literature on
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the energy estimate arguments, we refer the readers to [6,13–15,17,18] for details. The
weighted energy estimate methods were initiated by Kawashima and Matsumura [6] and
by Matsumura and Nishihara [21] with further developments in [12,18,19,22,23,25,26].

This paper is organized as follows. After listing some notation, we introduce the
main theorems in Section 2. In Section 3, we briefly describe properties of the traveling
wave solutions. We also reformulate our problem and state theorems for the reformu-
lated problem. The proofs will be given in Section 4. When it comes to algebraic decay
rates, after establishing a priori estimates, we complete the proof of the theorems in
Section 5. We state and prove theorems of exponential decay rates in Section 6.

Notation 1.1. We denote C>0 as a generic constant so each C can be a differ-
ent number at different context. We write f(x)∼g(x) as x→a if C−1g<f <Cg in a
neighborhood of a for some C>0. Let ‖f‖ be the L2 norm of a function f ∈L2 which is

‖f‖=
(∫

|f(x)|2dx
) 1

2

.

We denote Hk the usual Sobolev space W k,2 with the norm ‖f‖k for any function f ∈Hk,
k≥1,

‖f‖k=
(∫ k∑

i=0

∣∣∣dif(x)
dxi

∣∣∣2dx
) 1

2

.

We also denote L2
w the space of measurable functions on R which satisfy

√
w(x)f ∈L2,

where w(x)>0 is a weight function. Here, the space is endowed with the norm

‖f‖w=
(∫

w(x)|f(x)|2dx
) 1

2

.

Similarly, Hk
w denotes the weighted Sobolev space of L2

w-functions f whose derivatives
∂i
xf , i=1, ...,k, are also L2

w-functions, with the norm

‖f‖k,w=
( k∑

i=0

‖∂i
xf‖2w

) 1
2

.

We also define

〈x〉=
√
1+x2. (1.4)

Particularly, in Section 5, a weight function is of the form w(x)∼〈x〉α for α≥0 and
we denote L2

w=L2
α. In Section 6, a weight function is defined as w(x)∼ ea〈z〉 for some

a>0.

2. The main results
In this section, we are going to state our main theorems about the asymptotic

stability of smooth traveling wave solutions of the problem (1.1)-(1.3) under small per-
turbations.

Traveling wave solutions are of the form u(x,t)=U(x−ct)=U(z), where c is the
traveling wave speed and z=x−ct the traveling wave variable. From the entropy con-
dition, ul>ur. Without loss of generality, we assume that ur=0 in the rest of the paper
Then 0<ul<2.
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Assume that the initial data u0−U is a small perturbation of the smooth traveling
wave and that is integrable over R. As in [7,11,16,17], there exists a unique x0 satisfying
the conservation of mass principle

∫ ∞

−∞
(u0(x)−U(x))dx=x0(ur−ul).

Since the translated U(x−ct+x0) is also a traveling wave solution of (1.1), (1.2) con-
necting ul and ur, we obtain

d

dt

∫ ∞

−∞
(u(x,t)−U(x−ct+x0))dx

=− 1

2

∫ ∞

−∞

∂

∂x

(
u2(x,t)−U2(x−ct+x0)

)
dx

+

∫ ∞

−∞

∂

∂x

(
g(u(x,t))u(x,t)−g(U(x−ct+x0))U(x−ct+x0)

)
dx

=0.

Thus we have
∫ ∞

−∞
(u(x,t)−U(x−ct+x0))dx=

∫ ∞

−∞
(u0(x)−U(x+x0))dx

=

∫ ∞

−∞
(u0(x)−U(x))dx+

∫ ∞

−∞
(U(x)−U(x+x0))dx

=

∫ ∞

−∞
(u0(x)−U(x))dx−x0(ur−ul)=0. (2.1)

Before we mention the main results of this paper, we will decompose the solution u
of the problem (1.1)-(1.3) into the traveling wave and its perturbation as

u(x,t)=U(x−ct+x0)+φx(x,t) (2.2)

for any x∈R and t≥0, where the antiderivative of φx satisfies

φ(x,t)=

∫ x

−∞
(u(y,t)−U(y−ct+x0))dy. (2.3)

Then it follows from (2.1) that for any t≥0

φ(±∞,t)=

∫ ∞

−∞
(u(x,t)−U(x−ct+x0))dx=0.

For simplicity of presentation, let x0=0. Now we have

φ(±∞,t)=

∫ ∞

−∞
(u0(x,t)−U(x−ct))dx=0. (2.4)

Also the initial data φ0 of φ(x,t) is given by

φ0(x)=φ(x,0)=

∫ x

−∞
(u0(y)−U(y))dy. (2.5)
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Based on the above construction in Equations (2.2) and (2.3), the main theorems
of this paper are stated as follows.

Theorem 2.1. Let 0<ul≤1.8. There exists a constant δ0>0 such that if ‖u0−U‖1+
‖φ0‖≤ δ0, then the problem (1.1)-(1.3) has a unique global solution u(x,t) satisfying

u−U ∈C([0,∞);H1)∩L2([0,∞);H1)

and there exist some ν >0 and C>0 such that

‖φ(·,t)‖22+
∫ t

0

‖
√
|U ′|φ(·,τ)‖2dτ+ν

∫ t

0

‖φz(·,τ)‖22dτ ≤C‖φ0‖22,

for any t>0. Furthermore, the solution satisfies

sup
x∈R

|u(x,t)−U(x−ct)|→0 as t→+∞. (2.6)

The following theorems show that if the initial perturbation decays algebraically or
exponentially as |x|→∞, then the perturbation decays at corresponding rates in time.

In the following theorem, a weight function is defined as

w(z)= 〈z−z∗〉α

for α≥0, where z∗ is defined in (5.1).

Theorem 2.2 (Algebraic rates). Let 0<ul≤1.8. Suppose φ0∈L2
α∩H2 for some

α≥0. Then there is a constant δα>0 such that if ‖u0−U‖1+‖φ0‖0,α≤ δα, then the
problem (1.1)-(1.3) has a unique global solution u(x,t) satisfying

u−U ∈C([0,∞);H1)∩L2([0,∞);H1),

and there are some να>0 and C>0 such that for all t>0

(1+ t)γ‖φ(·,t)‖22+να

∫ t

0

(1+τ)γ‖φz(·,τ)‖22dτ ≤C(‖φ0‖20,α+‖φz,0‖21),

where 0≤γ≤α when α is an integer and 0≤γ <α when α is a non-integer.
Moreover, if α is an integer, there is a constant C>0 such that for any t>0

sup
R

|u(x,t)−U(x−ct)|≤C(1+ t)−
α
2 (‖φ0‖0,α+‖φz,0‖1). (2.7)

On the other hand, if α is a non-integer, it holds

sup
R

|u(x,t)−U(x−ct)|≤Cε(1+ t)−
α
2 +ε(‖φ0‖0,α+‖φz,0‖1) (2.8)

for all t>0, where Cε→∞ if ε→0.

For the next theorem, we employ a weight function

w(z)=ea〈z−z∗〉,

where z∗ is given in (5.1) and a>0 is determined in Lemma 6.1.
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Theorem 2.3 (Exponential rates). Let 0<ul≤1.8. Suppose φ0∈H2
w. There exists a

constant δw>0 such that if ‖u−U‖1,w+‖φ0‖0,w≤ δw, then the problem (1.1)-(1.3) has
a unique global solution u(x,t) satisfying

u−U ∈C([0,∞);H1
w)∩L2([0,∞);H1

w)

and there are positive constants νw, θ and C such that for any t>0

‖φ(·,t)‖22,w+θ

∫ t

0

‖φ(·,τ)‖22,w+νw

∫ t

0

‖φz(·,τ)‖22,wdτ ≤C‖φ0‖22,w.

Consequently, there is some C>0 such that for any t>0

sup
z∈R

|u(x,t)−U(x−ct)|≤Ce−
θ
2 t‖φ0‖2,w. (2.9)

3. Reformulation of the problem
Theorem 2.1 is proved by showing the global existence of φ, which is the antideriva-

tive of a perturbation defined in Equation (2.3). Thus, in this section, after reformulat-
ing the problem (1.1)-(1.3) in terms of φ, we introduce Theorem 3.1 regarding the global
existence of φ. Theorem 2.1 is a consequence of Theorem 3.1. The proof of Theorem
3.1 is followed from the local existence and a priori estimates.

To begin with, we shall list some properties of traveling wave solutions of the prob-
lem (1.1)-(1.3). These properties are going to be used to establish the desired a priori
estimates for the energy/weighted energy estimates in Sections 4, 5 and 6.

Let U be the traveling wave solutions. Substituting the traveling wave U into
Equation (1.1), it satisfies the ordinary differential equation

−cU ′+UU ′=
( U ′

1+U ′2
)′
, (3.1)

and the Rankine-Hugoniot condition gives us

c=
ul

2
. (3.2)

Moreover, integrating Equation (3.1) with respect to z over (z,+∞), we have

−cU+
1

2
U2=−ul

2
U+

1

2
U2=

U ′

1+U ′2 . (3.3)

Based on Equations (3.2) and (3.3), the following proposition is derived.

Proposition 3.1. Let 0< |ul−ur|<2. The traveling wave solution U(z) satisfies as
follows:

(1) In Wu [32], it is proved that U is monotonically decreasing over (−∞,∞) and
ur=0<U <ul.

(2) For z∈R,

−1<−u2
l

4
<− u2

l

4+
√

16−u4
l

≤U ′<0. (3.4)

From inequality (3.4), there exists a constant m0>0 such that

min
z∈R

{ 1−U ′2

(1+U ′2)2
}
≥m0>0. (3.5)
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(3) The traveling wave solution U decays exponentially to its end states as z→±∞,
and ⎧⎨

⎩
C1e

−ulz ≤U ≤C2e
−ul

2 z if z→+∞,

C3e
ul
2 z ≤ul−U ≤C4e

ulz if z→−∞,
(3.6)

for some positive constants C1,C2,C3,C4.

Proof.
(2) From Equation (3.3), one can get

U ′=
1−√

1−U2(U−ul)2

U(U−ul)
. (3.7)

With Equation (3.7), direct calculation from Equation (3.3) gives us

U ′′=
(U−ul/2)U

′(1+U ′2)2

1−U ′2 =
(U−c)U ′(1+U ′2)2

1−U ′2 . (3.8)

Observing the minimum of U ′, one can obtain (3.4) and (3.5).

(3) From Equation (3.7), it is easy to show

1

2
|U(U−ul)|< |U ′|< |U(U−ul)|.

By the comparison principle, one has

⎧⎪⎪⎨
⎪⎪⎩

ul

1+c1eulz
≤U ≤ ul

1+c2e
ul
2 z

if z→+∞,

ul

1+c3e−
ul
2 z

≤ul−U ≤ ul

1+c4e−ulz
if z→−∞,

for some constants c1,c2,c3,c4 .

Now we shall reformulate the problem (1.1)-(1.3). In view of Equation (2.2), the
solution u of the problem (1.1)-(1.3) can be written as

u(x,t)=U(x−ct)+φx(x,t)=U(z)+ φ̄z(z,t), (3.9)

where z=x−ct is the traveling wave variable. For simplicity of notation, we will omit
a bar in φ̄z. Substituting Equation (3.9) into Equation (1.1), using Equation (3.1), and
changing variable (x,t) to (z,t), we have

(−c)φzz+φzt+
(
Uφz

)
z
+
(1
2
φ2
z

)
z
=
(
g(U ′+φzz)(U

′+φzz)−g(U ′)U ′
)
z
. (3.10)

Integrating Equation (3.10) with respect to z, we obtain

φt+(U−c)φz =−1

2
φ2
z+g(U ′+φzz)(U

′+φzz)−g(U ′)U ′. (3.11)

On the right hand side of Equation (3.11), one can derive

g(U ′+φzz)(U
′+φzz)−g(U ′)U ′=

U ′+φzz

1+(U ′+φzz)2
− U ′

1+U ′2
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=
1−U ′2

(1+U ′2)2
φzz+F (U ′,φzz), (3.12)

where

F (U ′,φzz)=− 3U ′−U ′3+(1−U ′2)φzz

(1+U ′2)2(1+(U ′+φzz)2)
φ2
zz, (3.13)

and F =O(φ2
zz) when |φzz| is small.

In conclusion, φ(z,t) satisfies

φt+(U−c)φz− 1−U ′2

(1+U ′2)2
φzz =−1

2
φ2
z+F (3.14)

with the initial data given by

φ(z,0)=φ0(z)=

∫ z

−∞
(u0(y)−U(y))dy (3.15)

for any z∈R from Equation (2.5).
Define the solution space of the problem (3.14), (3.15) as

X(0,T )={φ(z,t) :φ∈C([0,T );H2), φz ∈L2((0,T );H2)} (3.16)

with 0<T <∞. Recall the Sobolev embedding theorem: if f ∈H1(R),

sup
z∈R

|f(z)|2≤2‖f‖‖fz‖, (3.17)

since

f2(z)=2

∫ z

−∞
f(z)fz(z)dz≤2

∫
R

|f ||fz|dz≤2‖f‖‖fz‖

for all z∈R. Then if we let

N(t)= sup
0≤τ≤t

{‖φ(·,τ)‖2} (3.18)

for all t≥0, the Sobolev inequality (3.17) implies

sup
z∈R

|φ|2≤2‖φ‖‖φz‖ and sup
z∈R

|φz|2≤2‖φz‖‖φzz‖,

and hence, for any t≥0, there is C>0 such that

sup
z∈R

{|φ|, |φz|}≤CN(t). (3.19)

Then the global existence of the solution of the problem (1.1)-(1.3) in Theorem 2.1 is a
consequence of the following theorem.

Theorem 3.1. Suppose that the assumptions of Theorem 2.1 hold. Then there are
constants δ1>0 and C>0 such that if

N(0)<δ1, (3.20)
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where N(t) is defined in Equation (3.18), then the problem (3.14), (3.15) has a unique
global solution φ∈X(0,+∞) satisfying that for all t>0,

‖φ(·,t)‖22+
∫ t

0

‖
√
|U ′|φ(·,τ)‖2dτ+ν

∫ t

0

‖φz(·,τ)‖22dτ ≤CN2(0) (3.21)

for some ν=ν(m0)>0, where m0 is defined in inequality (3.5). Consequently, it follows

sup
z∈R

|φz(z,t)|→0 as t→+∞. (3.22)

The proof of Theorem 3.1 is based on the following local existence and a priori estimates.

Proposition 3.2 (Local existence). For any δ>0, there exists a constant T >0
depending on δ such that if φ0∈H2(R) and 2N(0)<δ, the problem (3.14), (3.15) has a
unique solution φ∈X(0,T ) satisfying

N(t)<2N(0) (3.23)

for any 0≤ t≤T.

Proposition 3.3 (A priori estimates). Assume that φ∈X(0,T ) is a solution obtained
from Proposition 3.2 for a constant T >0. Then there exist constants δ2>0 and C>0,
which are independent of T , such that for any 0≤ t≤T if

N(t)<δ2 (3.24)

then the solution φ of the problem (3.14), (3.15) satisfies

‖φ(·,t)‖22+
∫ t

0

‖
√
|U ′|φ(·,τ)‖2dτ+ν

∫ t

0

‖φz(·,τ)‖22dτ ≤CN2(0) (3.25)

for some ν=ν(m0)>0, where m0 is given in (3.5).

The proof of Theorem 3.1 is a consequence of the local existence in Proposition 3.2
and the a priori estimates in Proposition 3.3. Since the local existence can be shown in
a standard way [24], we will establish only the a priori estimates.

4. Basic energy estimates and proofs of stability theorems
In this section, we need to establish the desired a priori energy estimates for the

solution of the problem (3.14), (3.15) to prove Theorem 3.1.

Lemma 4.1 (L2-estimates). Under the conditions of Theorem 2.1, if 0<ul≤1.8, it
satisfies for all t>0,

‖φ(·,t)‖2+ 1

2

∫ t

0

‖
√
|U ′|φ(·,τ)‖2dτ+m0

2

∫ t

0

‖φz(·,τ)‖2dτ

≤‖φ0‖2+C

∫ t

0

∫
R

G1(φ,φz,φzz)dzdτ (4.1)

for some C>0, where m0>0, which is defined in (3.5), and

G1(φ,φz,φzz) := |φ|(φ2
z+φ2

zz) (4.2)

is a collection of cubic terms in inequality (4.1).
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Proof. Multiplying Equation (3.14) by 2φ, we have

2φφt+2(U−c)φφz−2
1−U ′2

(1+U ′2)2
φφzz =(−φ2

z+2F )φ. (4.3)

The left hand side of Equation (4.3) can be expressed as

2φφt+2(U−c)φφz−2
1−U ′2

(1+U ′2)2
φφzz

=(φ2)t+
(
(U−c)φ2−2

1−U ′2

(1+U ′2)2
φφz

)
z
+(−U ′)φ2

+2
( 1−U ′2

(1+U ′2)2
)′
φφz+2

1−U ′2

(1+U ′2)2
φ2
z.

Substituting the above result into (4.3), we deduce, after integrating the resulting
equation with respect to z over R, that

d

dt

∫
R

φ2dz+

∫
R

(−U ′)φ2dz+2

∫
R

1−U ′2

(1+U ′2)2
φ2
zdz

=−2

∫
R

( 1−U ′2

(1+U ′2)2
)′
φφzdz+

∫
R

(−φ2
z+2F )φdz. (4.4)

Here, since −1<U ′<0 for all z∈R by inequality (3.4), the coefficients of φ2 and φ2
z

on the left had side of Equation (4.4) are positive for all z∈R. From Equation (3.13),
denote

F (U ′,φzz)=K1(U
′,φzz)φ

2
zz, (4.5)

where K1 is a continuous function of its variables. Since U ′ is bounded for all z∈R by
(3.4), there is a constant M1>0 such that

M1=max
z∈R

|K1(U
′,φzz)|. (4.6)

Hence, it follows

d

dt

∫
R

φ2dz+

∫
R

|U ′|φ2dz+2

∫
R

1−U ′2

(1+U ′2)2
φ2
zdz

≤
∫
R

∣∣∣2
( 1−U ′2

(1+U ′2)2
)′
φφz

∣∣∣dz+
∫
R

|φφ2
z|dz+2M1

∫
R

|φφ2
zz|dz. (4.7)

Next we estimate the first term on the right hand side of inequality (4.7). Using
Equation (3.8), one can directly calculate as

( 1−U ′2

(1+U ′2)2
)′

=
−2U ′(3−U ′2)
(1+U ′2)3

U ′′=
−2U ′2(U−c)(3−U ′2)

1−U ′4 , (4.8)

and employ the Cauchy-Schwarz inequality to estimate as

∣∣∣2
( 1−U ′2

(1+U ′2)2
)′
φφz

∣∣∣=
∣∣∣4U ′2(U−c)(3−U ′2)

1−U ′4 φφz

∣∣∣
≤ε1|U ′|φ2+

1

ε1

4|U ′|3(U−c)2(3−U ′2)2

(1−U ′4)2
φ2
z
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=:I1+I2, (4.9)

where 0<ε1<1 to be determined. Further, we have (U−c)2=
u2
l

4 + 2U ′
1+U ′2 from Equa-

tion (3.3). Hence, for

0<ul≤1.8, (4.10)

we can find 0<ε2<2 such that

I2=
4

ε1

(u2
l

4
+

2U ′

1+U ′2
) |U ′|3(3−U ′2)2

(1−U ′4)2
φ2
z

≤ε2
1−U ′2

(1+U ′2)2
φ2
z. (4.11)

For simplicity for notation, we adopt

ε1=
1

2
and ε2=

3

2
(4.12)

in the rest of the paper. By inequalities (4.9) and (4.11), we have

∣∣∣2
( 1−U ′2

(1+U ′2)2
)′
φφz

∣∣∣≤ 1

2
|U ′|φ2+

3

2

1−U ′2

(1+U ′2)2
φ2
z (4.13)

for all z∈R. Plugging inequality (4.13) into inequality (4.7), we can deduce

d

dt

∫
R

φ2dz+
1

2

∫
R

|U ′|φ2dz+
1

2

∫
R

1−U ′2

(1+U ′2)2
φ2
zdz≤

∫
R

|φφ2
z|dz+2M1

∫
R

|φφ2
zz|dz. (4.14)

From inequality (3.5), we derive

d

dt

∫
R

φ2dz+
1

2

∫
R

|U ′|φ2dz+
m0

2

∫
R

φ2
zdz≤

∫
R

|φφ2
z|dz+2M1

∫
R

|φφ2
zz|dz. (4.15)

Inequality (3.5) is a key element in order to carry out the energy estimates. Conse-
quently, inequality (4.1) is proved by integrating inequality (4.15) with respect to t.

Remark 4.1. Among the smooth traveling waves with 0< |ul−ur|<2, we are able
to prove the stability of large amplitude waves 0< |ul−ur|≤1.8. This is due to our
technique. With a proper choice of ε1 and ε2, the upper bound of ul in Lemma 4.1 can
be improved to be beyond 1.8. For simplicity of presentation, we adopt an upper bound
of ul as 1.8.

Next the estimates for the first derivative of φ are shown.

Lemma 4.2 (H1-estimates). Under the same assumptions in Lemma 4.1, there is
some C>0 such that

‖φz(·,t)‖2+2m0

∫ t

0

‖φzz(·,τ)‖2dτ

≤C‖φ0‖21+C

∫ t

0

∫
R

(G1(φ,φz,φzz)+G2(φz,φzz,φzzz))dzdτ (4.16)
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for all t>0, where m0>0, which is given in inequality (3.5), and G1(φ,φz,φzz) is
defined in Equation (4.2), and we denote

G2(φz,φzz,φzzz)= |φzφ
2
zz|+ |φzφzzφzzz|. (4.17)

Proof. Differentiating Equation (3.14) with respect to z and multiplying the result
by 2φz, we obtain

2φtzφz+2((U−c)φz)zφz−2
( 1−U ′2

(1+U ′2)2
φzz

)
z
φz =(−φ2

z)zφz+2Fzφz. (4.18)

Integrating Equation (4.18) with respect to z over R and using integration by parts give
us

d

dt

∫
R

φ2
zdz+2

∫
R

1−U ′2

(1+U ′2)2
φ2
zzdz=

∫
R

(−U ′)φ2
z+2

∫
R

Fzφzdz, (4.19)

where we have used that
∫
R
−(φz)

2
zφzdz=0 since both (−φ2

z)zφz =(−φ2
zφz)z+φ2

zφzz

and (−φ2
z)zφz =−2φ2

zφzz hold.
Next, let us estimate the right hand side of Equation (4.19). By direct calculation,

one obtains

Fz =K1zφ
2
zz+2K1φzzφzzz

=:K2(U
′,U ′′,φzz)φ

2
zz+K3(U

′,φzz)φzzφzzz, (4.20)

where K1 is given in Equation (4.5). Then one can easily check that K2 and K3 are
continuous functions of its variables and its variables are bounded. Let

M2=max
z∈R

|K2(U
′,U ′′,φzz)| and M3=max

z∈R

|K3(U
′,φzz)|, (4.21)

where M2 and M3 are positive. By inequality (3.5) and bounds(4.21), we deduce

d

dt

∫
R

φ2
zdz+2m0

∫
R

φ2
zzdz≤

∫
R

|U ′|φ2
zdz+2M2

∫
R

|φzφ
2
zz|dz+2M3

∫
R

|φzφzzφzzz|dz

from Equation (4.19).
Since U ′ is bounded for z∈R, if we integrate the above result with respect to t,

there is some C>0 such that

‖φz(·,t)‖2+2m0

∫ t

0

‖φzz(·,τ)‖2dτ

≤C‖φz,0‖2+C

∫ t

0

‖φz(·,τ)‖2dτ+C

∫ t

0

∫
R

G2(φz,φzz,φzzz)dzdτ

≤C‖φ0‖21+C

∫ t

0

∫
R

(G1(φ,φz,φzz)+G2(φz,φzz,φzzz))dzdτ (4.22)

for any t>0, where
∫ t

0
‖φz(·,τ)‖2dτ is estimated by the L2-estimates (4.1), and

G1(φ,φz,φzz) and G2(φz,φzz,φzzz) are defined in Equations (4.2) and (4.17), respec-
tively. Therefore, we get the desired H1-estimates (4.16).

Finally, we derive the estimates for the second derivative of φ.
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Lemma 4.3 (H2-estimates). Under the same assumptions of Lemma 4.1, there exists
some C>0 such that for any t>0

‖φzz(·,t)‖2+2m0

∫ t

0

‖φzzz(·,τ)‖2dτ

≤C‖φ0‖22+C

∫ t

0

∫
R

(G1(φ,φz,φzz)+G2(φz,φzz,φzzz)+G3(φz,φzz,φzzz))dzdτ, (4.23)

where m0>0, which is defined in (3.5), and G1(φ,φz,φzz) and G2(φz,φzz,φzzz) are
given in Equations (4.2) and (4.17), respectively, and we denote

G3(φz,φzz,φzzz)= |φzφzzφzzz|+ |φ2
zzφzzz|+ |φzzφ

2
zzz|. (4.24)

Proof. Differentiating Equation (3.14) with respect to z twice and multiplying the
result by 2φzz, we have

2φtzzφzz+2((U−c)φz)zzφzz−2
( 1−U ′2

(1+U ′2)2
φzz

)
zz
φzz =(−φ2

z)zzφzz+2Fzzφzz. (4.25)

Integrate Equation (4.25) with respect to z over R and use integration by parts. Then
it holds

d

dt

∫
R

φ2
zzdz+2

∫
R

1−U ′2

(1+U ′2)2
φ2
zzzdz

=

∫
R

U ′′′φ2
zdz+

∫
R

(
−3U ′+

( 1−U ′2

(1+U ′2)2
)′′)

φ2
zzdz

+2

∫
R

(φzφzzφzzz−K2φ
2
zzφzzz−K3φzzφ

2
zzz)dz, (4.26)

where K2 and K3 are given in Equation (4.20).
Indeed, integrating Equation (4.26) with respect to t, we deduce, by using (3.5),

(4.21), and the boundedness of U ′, U ′′′ and
(

1−U ′2
(1+U ′2)2

)′′
, that there exists some C>0

such that for any t>0

‖φzz(·,t)‖2+2m0

∫ t

0

‖φzzz(·,τ)‖2dτ

≤‖φzz,0‖2+C

∫ t

0

‖φz(·,τ)‖21dτ+C

∫ t

0

∫
R

G3(φz,φzz,φzzz)dzdτ

≤C‖φ0‖22+C

∫ t

0

∫
R

(G1(φ,φz,φzz)+G2(φz,φzz,φzzz)+G3(φz,φzz,φzzz))dzdτ, (4.27)

where
∫ t

0
‖φz(·,τ)‖21dτ is estimated by the L2-estimates (4.1) and the H1-estimates

(4.16), and G1(φ,φz,φzz), G2(φz,φzz,φzzz) and G3(φz,φzz,φzzz) are given in Equa-
tions (4.2), (4.17), and (4.24), respectively. Therefore the proof of (4.23) is completed.

Now combining the results from the L2-estimates (4.1), the H1-estimates (4.16) and
the H2-estimates (4.23), we conclude that there is some C>0 such that

‖φ(·,t)‖22+
1

2

∫ t

0

‖
√
|U ′|φ(·,τ)‖2dτ+m0

2

∫ t

0

‖φz(·,τ)‖22dτ
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≤C‖φ0‖22+C

∫ t

0

∫
R

(G1(φ,φz,φzz)+G2(φz,φzz,φzzz)+G3(φz,φzz,φzzz))dzdτ (4.28)

for all t>0, where m0>0 is defined in (3.5), and G1(φ,φz,φzz),G2(φz,φzz,φzzz) and
G3(φz,φzz,φzzz) are collections of cubic terms in Equations (4.2), (4.17), and (4.24),
respectively.

By using the Cauchy-Schwarz inequality and and (3.19), the cubic terms are majored

by CN(t)
∫ t

0
‖φz(·,τ)‖22dτ for some C>0. For instance, one obtains for 0≤ t<T,

∫ t

0

∫
R

|φzφzzφzzz|dzdτ

≤1

2

(∫ t

0

∫
R

|φz|φ2
zzdzdτ+

∫ t

0

∫
R

|φz|φ2
zzzdzdτ

)

≤CN(t)

∫ t

0

‖φzz(·,τ)‖21dτ (4.29)

for some C>0. The other cubic terms can be estimated in a similar manner. Therefore
inequality (4.28) is estimated by

‖φ(·,t)‖22+
1

2

∫ t

0

‖
√
|U ′|φ(·,τ)‖2dτ+m0

2

∫ t

0

‖φz(·,τ)‖22dτ

≤C‖φ0‖22+CN(t)

∫ t

0

‖φz(·,τ)‖22dτ (4.30)

for any 0≤ t≤T and for some C>0.
Now take a small δ2>0 in Proposition 3.3 so that 4Cδ2<m0. Then, for any 0≤

t≤T, we finally have

‖φ(·,t)‖22+
∫ t

0

‖
√
|U ′|φ(·,τ)‖2dτ+ν

∫ t

0

‖φz(·,τ)‖22dτ ≤CN2(0)

for some ν=ν(m0)>0 and C>0, which is the desired result of (3.25) in Proposition
3.3.

By the local existence in Proposition 3.2, the a priori estimates in Proposition
3.3 and the continuation arguments, the proof of Theorem 3.1 is finally completed.
Therefore Theorem 2.1 is proved.

5. Rate of convergence: algebraic decay
In this section, we prove Theorem 2.2. To be specific, we are going to prove that

the perturbation decays algebraically in time if the initial perturbation converges al-
gebraically in space by a weighted energy method. This way of showing the rate of
asymptotic convergence was introduced by Kawashima and Matsumura in [6] and Mat-
sumura and Nishihara in [21]. We also refer to other papers [12, 18,19,22,23,25,26].

To define a weight function w(z), we choose a constant z∗∈R such that

U(z∗)=
ul

2
= c. (5.1)

Indeed, since U ′<0 and 0<U <ul for any z∈R by inequality (3.4), z∗ is uniquely
determined and satisfies

(U−c)(z−z∗)≤0 for any z∈R, (5.2)
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which plays an essential role in the following estimates (see Lemmas 5.1, 5.2, 5.3, 5.4).
Let α≥0. Define a weight function

w(z)= 〈z−z∗〉α, (5.3)

the weighted solution space of the problem (3.14), (3.15)

Xα={φ(z,t) :φ∈C([0,T );H2
α), φz ∈L2((0,T );H2

α)} (5.4)

with 0<T <∞, and set

Nα(t)= sup
0≤τ≤t

{‖φ(·,τ)‖0,α+‖φz(·,τ)‖1} (5.5)

for all t≥0. Theorem 2.2 is a result of the following theorem.

Theorem 5.1. Suppose that the assumptions of Theorem 2.2 hold. Let γ be any
number such that 0≤γ≤α if α is an integer and that 0≤γ <α if α is a non-integer.
Then there are positive constants δ3 and C such that if

Nα(0)<δ3,

then the problem (3.14), (3.15) has a unique global solution φ∈Xα(0,+∞) satisfying
that for all t>0,

(1+ t)γ‖φ(·,t)‖22+να

∫ t

0

(1+τ)γ‖φz(·,τ)‖22dτ ≤CN2
α(0) (5.6)

for some να=να(m0)>0, where m0 is given in (3.5).

Proposition 5.1 (Local existence). For any δ>0, there exists a constant T >0
depending on δ such that if φ0∈H2

α(R) and 2Nα(0)<δ, the problem (3.14), (3.15) has
a unique solution φ∈Xα(0,T ) such that for any 0≤ t≤T

Nα(t)<2Nα(0).

Proposition 5.2 (A priori estimates). Assume that φ∈Xα(0,T ) is a solution ob-
tained from Proposition 5.1 for a constant T >0. Then there are positive constants δ4
and C independent of T such that for any 0≤ t≤T if

Nα(t)<δ4,

then the solution φ of the problem (3.14), (3.15) satisfies

(1+ t)γ‖φ(·,t)‖22+να

∫ t

0

(1+τ)γ‖φz(·,τ)‖22dτ ≤CN2
α(0) (5.7)

for some να=να(m0)>0, where m0 is defined in (3.5).

Now we are going to prove the above a priori estimates (5.7) in the following sub-
sections. In Subsection 5.1, we establish weighted energy estimates. With a result from
Subsection 5.1, we continue to establish the desired a priori estimates (5.7) in Subsection
5.2.
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5.1. Weighted a priori estimates. To proceed to weighted a priori estimates
of the solution φ of the problem (3.14), (3.15), let us fist establish the weighted L2-
estimates.

Multiplying Equation (3.14) by a time dependent weight 2(1+ t)γ〈z−z∗〉βφ for some
0≤γ,β≤α, where z∗ is defined in (5.1), we have

2(1+ t)γ〈z−z∗〉βφφt+2(1+ t)γ〈z−z∗〉β(U−c)φφz−2(1+ t)γ〈z−z∗〉β 1−U ′2

(1+U ′2)2
φφzz

=−(1+ t)γ〈z−z∗〉βφφ2
z+2(1+ t)γ〈z−z∗〉βFφ. (5.8)

The left hand side of Equation (5.8) can be expressed as

2(1+ t)γ〈z−z∗〉βφφt+2(1+ t)γ〈z−z∗〉β(U−c)φφz−2(1+ t)γ〈z−z∗〉β 1−U ′2

(1+U ′2)2
φφzz

=((1+ t)γ〈z−z∗〉βφ2)t

+
(
(1+ t)γ〈z−z∗〉β(U−c)φ2−2(1+ t)γ〈z−z∗〉β 1−U ′2

(1+U ′2)2
φφz

)
z

−γ(1+ t)γ−1〈z−z∗〉βφ2−β(1+ t)γ〈z−z∗〉β−2(z−z∗)(U−c)φ2

−(1+ t)γ〈z−z∗〉βU ′φ2+2β(1+ t)γ〈z−z∗〉β−2(z−z∗)
1−U ′2

(1+U ′2)2
φφz

+2(1+ t)γ〈z−z∗〉β
( 1−U ′2

(1+U ′2)2
)′
φφz+2(1+ t)γ〈z−z∗〉β 1−U ′2

(1+U ′2)2
φ2
z.

Substituting the above result into Equation (5.8) and integrating the resulting equa-
tion with respect to z over R give us

d

dt

∫
R

(1+ t)γ〈z−z∗〉βφ2dz−β

∫
R

(1+ t)γ〈z−z∗〉β−2(z−z∗)(U−c)φ2dz

+

∫
R

(1+ t)γ〈z−z∗〉β(−U ′)φ2dz+2

∫
R

(1+ t)γ〈z−z∗〉β 1−U ′2

(1+U ′2)2
φ2
zdz

=γ

∫
R

(1+ t)γ−1〈z−z∗〉βφ2dz−2

∫
R

(1+ t)γ〈z−z∗〉β
( 1−U ′2

(1+U ′2)2
)′
φφzdz

−2β

∫
R

(1+ t)γ〈z−z∗〉β−2(z−z∗)
1−U ′2

(1+U ′2)2
φφzdz

+

∫
R

(1+ t)γ〈z−z∗〉β(−φφ2
z+2Fφ)dz. (5.9)

Now we shall further estimate the right hand side of Equation (5.9). For 0<ul≤1.8,
the second term on the right hand side of Equation (5.9) is estimated by using

2

∫
R

〈z−z∗〉β
∣∣∣
( 1−U ′2

(1+U ′2)2
)′∣∣∣|φφz|dz

≤1

2

∫
R

〈z−z∗〉β(−U ′)φ2dz+
3

2

∫
R

〈z−z∗〉β 1−U ′2

(1+U ′2)2
φ2
zdz

from inequality (4.13). Plugging the above result into Equation (5.9), we arrive at

d

dt

∫
R

(1+ t)γ〈z−z∗〉βφ2dz+

∫
R

(1+ t)γ〈z−z∗〉β−1Aβ(z)φ
2dz
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+
1

2

∫
R

(1+ t)γ〈z−z∗〉β 1−U ′2

(1+U ′2)2
φ2
zdz

≤γ

∫
R

(1+ t)γ−1〈z−z∗〉βφ2dz+2β

∫
R

(1+ t)γ〈z−z∗〉β−1 1−U ′2

(1+U ′2)2
|φφz|dz

+

∫
R

(1+ t)γ〈z−z∗〉β(|φφ2
z|+2|Fφ|)dz, (5.10)

where

Aβ(z) :=−β
(z−z∗)(U−c)

〈z−z∗〉 +
1

2
〈z−z∗〉(−U ′). (5.11)

Lemma 5.1. For α≥0, let β∈ [0,α]. Then there is c0>0, which is independent of β,
such that for any z∈R

Aβ(z)≥ c0β (5.12)

where Aβ(z) is defined in (5.11).

Proof. By inequalities (3.4) and (5.2), we have −β (z−z∗)(U−c)
〈z−z∗〉 ≥0 and 1

2 〈z−
z∗〉(−U ′)>0 for any z∈R. Particularly, it holds that − (z−z∗)(U−c)

〈z−z∗〉 =0 if and only if

z= z∗. Hence, for any η>0 there exists some c(η)>0 such that

− (z−z∗)(U−c)

〈z−z∗〉 ≥ c(η)>0 for |z−z∗|≥η. (5.13)

On the other hand, since −U ′ has a maximum at z= z∗ by inequality (3.4), we can pick
positive constants η0 and m1 satisfying

1

2
〈z−z∗〉(−U ′)≥m1≥ β

α
m1>0 for |z−z∗|≤η0. (5.14)

Letting

c0=min
{
c(η0),

m1

α

}
>0, (5.15)

we conclude that

Aβ(z)=−β
(z−z∗)(U−c)

〈z−z∗〉 +
1

2
〈z−z∗〉(−U ′)≥ c0β

for all z∈R.

Now we integrate inequality (5.10) with respect to t. Using (4.6), (3.5), (5.12) and
the boundedness of U ′ and estimating F by (4.6) yield

(1+ t)γ‖φ(·,t)‖20,β+c0β

∫ t

0

(1+τ)γ‖φ(·,τ)‖20,β−1dτ+
m0

2

∫ t

0

(1+τ)γ‖φz(·,τ)‖20,βdτ

≤‖φ0‖20,β+γ

∫ t

0

(1+τ)γ−1‖φ(·,τ)‖20,βdτ+Cβ

∫ t

0

∫
R

(1+τ)γ〈z−z∗〉β−1|φφz|dzdτ

+C

∫ t

0

∫
R

(1+τ)γ〈z−z∗〉βG1(φ,φz,φzz)dzdτ (5.16)
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for all t>0 and for some C>0, where G1(φ,φz,φzz) is defined in Equation (4.2).
Let us estimate the third term on the right hand side of inequality (5.16). By the

Cauchy-Schwarz inequality, we have

Cβ

∫
R

〈z−z∗〉β−1|φφz|dz≤ c0β

2

∫
R

〈z−z∗〉β−1φ2dz+
C2β

2c0

∫
R

〈z−z∗〉β−1φ2
zdz. (5.17)

In particular, the second term on the right hand side of inequality (5.17) can be further
estimated as

C2β

2c0

∫
R

〈z−z∗〉β−1φ2
zdz

=
C2β

2c0

∫
|z−z∗|>r

1

〈z−z∗〉 〈z−z∗〉βφ2
zdz+

C2β

2c0

∫
|z−z∗|≤r

〈z−z∗〉β−1φ2
zdz

≤m0

4
‖φz(·,t)‖20,β+βCr‖φz(·,t)‖2 (5.18)

for a suitable r>0 and some Cr>0. That is, the third term on the right side of (5.16)
is estimated by

c0β

2

∫ t

0

(1+τ)γ‖φ(·,τ)‖20,β−1dτ

+
m0

4

∫ t

0

(1+τ)γ‖φz(·,τ)‖20,βdτ+βCr

∫ t

0

(1+τ)γ‖φz(·,τ)‖2dτ (5.19)

for all t>0. Insert (5.19) into (5.16) and estimate the first and second terms in (5.19)
by the left hand side of (5.16). Then we finally obtain the following lemma.

Lemma 5.2 (Weighted L2-estimates). Let α≥0 and β and γ be any numbers in [0,α].
Under the same conditions in Theorem 5.1, there is some C>0, which is independent
of β and γ,

(1+ t)γ‖φ(·,t)‖20,β+
c0β

2

∫ t

0

(1+τ)γ‖φ(·,τ)‖20,β−1dτ+
m0

4

∫ t

0

(1+τ)γ‖φz(·,τ)‖20,βdτ

≤‖φ0‖20,β+γ

∫ t

0

(1+τ)γ−1‖φ(·,τ)‖20,βdτ+Cβ

∫ t

0

(1+τ)γ‖φz(·,τ)‖2dτ

+C

∫ t

0

∫
R

(1+τ)γ〈z−z∗〉βG1(φ,φz,φzz)dzdτ (5.20)

for any t>0, where positive constants c0 and m0 are defined in (5.15) and (3.5), re-
spectively, and G1(φ,φz,φzz) is given in (4.2).

Next we derive the weighted H1- and H2-estimates.

Lemma 5.3 (Weighted H1-estimates). Under the same assumptions in Lemma 5.2,
it satisfies that for all t>0

(1+ t)γ‖φz(·,t)‖20,β+
c0β

2

∫ t

0

(1+τ)γ‖φz(·,τ)‖20,β−1dτ+m0

∫ t

0

(1+τ)γ‖φzz(·,τ)‖20,βdτ

≤C
(
‖φ0‖21,β+γ

∫ t

0

(1+τ)γ−1‖φ(·,τ)‖21,βdτ+β

∫ t

0

(1+τ)γ‖φz(·,τ)‖21dτ
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+

∫ t

0

∫
R

(1+τ)γ〈z−z∗〉β(G1(φ,φz,φzz)+G4(φz,φzz,φzzz))dzdτ
)
, (5.21)

where a positive constant C is independent of β and γ, c0>0 and m0>0, which are
given in (5.15) and (3.5), respectively, G1(φ,φz,φzz) is defined in (4.2), and we denote

G4(φz,φzz,φzzz)= |φ2
zφzz|+ |φzφ

2
zz|+ |φzφzzφzzz|. (5.22)

Proof. Differentiating Equation (3.14) with respect to z and multiplying the
resulting equation by 2(1+ t)γ〈z−z∗〉βφz, we have

2(1+ t)γ〈z−z∗〉βφtzφz

+2(1+ t)γ〈z−z∗〉β((U−c)φz)zφz−2(1+ t)γ〈z−z∗〉β
( 1−U ′2

(1+U ′2)2
φzz

)
z
φz

=−2(1+ t)γ〈z−z∗〉βφ2
zφzz+2(1+ t)γ〈z−z∗〉βFzφz. (5.23)

Integrate Equation (5.23) with respect to z over R and use integration by parts. It then
follows

d

dt

∫
R

(1+ t)γ〈z−z∗〉βφ2
zdz

+

∫
R

(1+ t)γ〈z−z∗〉β−1Aβ(z)φ
2
zdz+2

∫
R

(1+ t)γ〈z−z∗〉β 1−U ′2

(1+U ′2)2
φ2
zzdz

=γ

∫
R

(1+ t)γ−1〈z−z∗〉βφ2
zdz+

3

2

∫
R

(1+ t)γ〈z−z∗〉β(−U ′)φ2
zdz

−2β

∫
R

(1+ t)γ〈z−z∗〉β−2(z−z∗)
1−U ′2

(1+U ′2)2
φzφzzdz

+2

∫
R

(1+ t)γ〈z−z∗〉β(−φ2
zφzz+Fzφz)dz, (5.24)

where Aβ is given in Equation (5.11).
Next, let us integrate Equation (5.24) with respect to t. Then, using (3.5), (4.21),

(5.12), and the boundedness of U ′ gives us

(1+ t)γ‖φ·,t‖20,β+c0β

∫ t

0

(1+τ)γ‖φz(·,τ)‖20,β−1dτ+2m0

∫ t

0

(1+τ)γ‖φzz(·,τ)‖20,βdτ

≤‖φz,0‖20,β+γ

∫ t

0

(1+τ)γ−1‖φz(·,τ)‖20,βdτ+C

∫ t

0

(1+τ)γ‖φz(·,τ)‖20,βdτ

+Cβ

∫ t

0

∫
R

(1+τ)γ〈z−z∗〉β−1|φzφzz|dzdτ

+C

∫ t

0

∫
R

(1+τ)γ〈z−z∗〉βG4(φz,φzz,φzzz)dzdτ (5.25)

for all t>0 and for some C>0, where G4(φz,φzz,φzzz) is given in Equation (5.22). By
a similar argument used in (5.17) and (5.18), the fourth term on the right hand side of
(5.25) is estimated as

Cβ

∫ t

0

∫
R

(1+τ)γ〈z−z∗〉β−1|φzφzz|dzdτ
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≤c0β

2

∫ t

0

(1+τ)γ‖φz(·,τ)‖20,β−1dτ+m0

∫ t

0

(1+τ)γ‖φzz(·,τ)‖20,βdτ

+βCr̃

∫ t

0

(1+τ)γ‖φzz(·,τ)‖2dτ (5.26)

for some Cr̃>0. Substituting inequality (5.26) into inequality (5.25), the first and second
terms on the right hand side of inequality (5.26) are absorbed in the second and third
terms on the left hand side of inequality (5.25). Then there is some C>0, independent
of β and γ, such that for any t>0

(1+ t)γ‖φz(·,t)‖20,β+
c0β

2

∫ t

0

(1+τ)γ‖φz(·,τ)‖20,β−1dτ+m0

∫ t

0

(1+τ)γ‖φzz(·,τ)‖20,βdτ

≤‖φz,0‖20,β+γ

∫ t

0

(1+τ)γ−1‖φz(·,τ)‖20,βdτ+C

∫ t

0

(1+τ)γ‖φz(·,τ)‖20,βdτ

+Cβ

∫ t

0

(1+τ)γ‖φzz(·,τ)‖2dτ+C

∫ t

0

∫
R

(1+τ)γ〈z−z∗〉βG4(φz,φzz,φzzz)dzdτ

≤C
(
‖φ0‖21,β+γ

∫ t

0

(1+τ)γ−1‖φ(·,τ)‖21,βdτ+β

∫ t

0

(1+τ)γ‖φz(·,τ)‖21dτ

+

∫ t

0

∫
R

(1+τ)γ〈z−z∗〉β(G1(φ,φz,φzz)+G4(φz,φzz,φzzz))dzdτ
)
, (5.27)

where
∫ t

0
(1+τ)γ‖φz(·,τ)‖20,βdτ is estimated by the weighted L2-estimates (5.20), and

G1(φ,φz,φzz) is defined in (4.2). Therefore, the proof of inequality (5.21) is completed.

Lemma 5.4 (Weighted H2-estimates). Under the same assumptions in Lemma 5.2,
we have that for any t>0

(1+ t)γ‖φzz(·,t)‖20,β+ c0β

4

∫ t

0

(1+τ)γ‖φzz(·,τ)‖20,β−1dτ+
m0

2

∫ t

0

(1+τ)γ‖φzzz(·,τ)‖20,βdτ

≤C
(
‖φ0‖22,β+γ

∫ t

0

(1+τ)γ−1‖φ(·,τ)‖22,βdτ+β

∫ t

0

(1+τ)γ‖φz(·,τ)‖22dτ

+β

∫ t

0

∫
R

(1+τ)γ〈z−z∗〉β−1G5(φz,φzz,φzzz)dzdτ

+

∫ t

0

∫
R

(1+τ)γ〈z−z∗〉β(G1(φ,φz,φzz)+G4(φz,φzz,φzzz)+G6(φz,φzz,φzzz))dzdτ
)

(5.28)

for some C>0 which is independent of β and γ, where positive constants c0 and m0

are given in (5.15) and (3.5), respectively. In Equations (4.2) and (5.22), G1(φ,φz,φzz)
and G4(φz,φzz,φzzz) are defined respectively. We denote

G5(φz,φzz,φzzz)= |φzφ
2
zz|+ |φ3

zz|+ |φ2
zzφzzz| (5.29)

and

G6(φz,φzz,φzzz)= |φzφzzφzzz|+ |φ2
zzφzzz|+ |φzzφ

2
zzz|. (5.30)

Proof. Differentiating Equation (3.14) with respect to z twice and multiplying the
resulting equation by 2(1+ t)γ〈z−z∗〉βφzz, we obtain

2(1+ t)γ〈z−z∗〉φtzzφzz+2(1+ t)γ〈z−z∗〉β((U−c)φz)zzφzz
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−2(1+ t)γ〈z−z∗〉β
( 1−U ′2

(1+U ′2)2
φzz

)
zz
φzz

=(1+ t)γ〈z−z∗〉β(−φ2
z)zzφzz+2(1+ t)γ〈z−z∗〉βFzzφzz. (5.31)

Integrating Equation (5.31) with respect to z over R and using integration by parts,
one can show

d

dt

∫
R

(1+ t)γ〈z−z∗〉βφ2
zzdz

+

∫
R

(1+ t)γ〈z−z∗〉β−1Aβ(z)φ
2
zzdz+2

∫
R

(1+ t)γ〈z−z∗〉β 1−U ′2

(1+U ′2)2
φ2
zzzdz

=γ

∫
R

(1+ t)γ−1〈z−z∗〉βφ2
zzdz−2β

∫
R

(1+ t)γ〈z−z∗〉β−2(z−z∗)
( 1−U ′2

(1+U ′2)2
)′
φ2
zzdz

+
3

2

∫
R

(1+ t)γ〈z−z∗〉β(−U ′)φ2
zzdz

−2β

∫
R

(1+ t)γ〈z−z∗〉β−2(z−z∗)
1−U ′2

(1+U ′2)2
φzzφzzzdz

+2β

∫
R

(1+ t)γ〈z−z∗〉β−2(z−z∗)(φzφ
2
zz−Fzφzz)dz

+2

∫
R

(1+ t)γ〈z−z∗〉β(φzφzzφzzz−Fzφzzz)dz+J1+J2+J3, (5.32)

where Aβ is given in Equation (5.11), and we denote

J1=2β

∫
R

(1+ t)γ〈z−z∗〉β−2(z−z∗)U ′φzφzzdz,

J2=2

∫
R

(1+ t)γ〈z−z∗〉βU ′φzφzzzdz,

J3=−2

∫
R

(1+ t)γ〈z−z∗〉β
( 1−U ′2

(1+U ′2)2
)′
φzzφzzzdz.

Now we shall estimate the right hand side of Equation (5.32). Firstly, by the
Cauchy-Schwarz inequality, J1,J2 and J3 are estimated as follows:

|J1|≤ 2β

c0

∫
R

〈z−z∗〉β−1U ′2φ2
zdz+

c0β

2

∫
R

〈z−z∗〉β−1φ2
zzdz,

|J2|≤ 2

m0

∫
R

〈z−z∗〉βU ′2φ2
zdz+

m0

2

∫
R

〈z−z∗〉βφ2
zzzdz,

|J3|≤ 2

m0

∫
R

〈z−z∗〉β
∣∣∣
( 1−U ′2

(1+U ′2)2
)′∣∣∣2φ2

zzdz+
m0

2

∫
R

〈z−z∗〉βφ2
zzzdz,

(5.33)

where positive numbers c0 and m0 are defined in (5.15) and (3.5), respectively. After
further estimating Equation (5.32) with (3.5), (4.21), (5.12) and the boundedness of U ′

and
(

1−U ′2
(1+U ′2)2

)′
, insert (5.33) into (5.32). Integrating the result with respect to t, one

deduces that there exists some C>0, independent of β and γ, such that for any t>0

(1+ t)γ‖φzz(·,t)‖20,β
+

c0β

2

∫ t

0

(1+τ)γ‖φzz(·,τ)‖20,β−1dτ+m0

∫ t

0

(1+τ)γ‖φzzz(·,τ)‖20,βdτ
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≤‖φzz,0‖20,β+γ

∫ t

0

(1+τ)γ−1‖φzz(·,τ)‖20,βdτ+Cβ

∫ t

0

(1+τ)γ‖φz(·,τ)‖20,β−1dτ

+C

∫ t

0

(1+τ)γ‖φz(·,τ)‖21,βdτ+Cβ

∫ t

0

∫
R

(1+τ)γ〈z−z∗〉β−1|φzzφzzz|dzdτ

+Cβ

∫ t

0

∫
R

(1+τ)γ〈z−z∗〉β−1G5(φz,φzz,φzzz)dzdτ

+C

∫ t

0

∫
R

(1+τ)γ〈z−z∗〉βG6(φz,φzz,φzzz)dzdτ, (5.34)

where G5(φz,φzz,φzzz) and G6(φz,φzz,φzzz) are given in Equations (5.29) and (5.30),
respectively.

We can further estimate the right hand side of inequality (5.34). Using a simi-
lar argument from inequalities (5.17) and (5.18), the fifth term of inequality (5.34) is
estimated as

Cβ

∫ t

0

∫
R

(1+τ)γ〈z−z∗〉β−1|φzzφzzz|dz

≤c0β

4

∫ t

0

(1+τ)γ‖φzz(·,τ)‖20,β−1dτ+
m0

2

∫ t

0

(1+τ)γ‖φzzz(·,τ)‖20,βdτ

+βC˜̃r

∫ t

0

(1+τ)γ‖φzzz(·,τ)‖2dτ

for some C˜̃r>0 and for any t>0. Plugging the above result into inequality (5.34) and
estimating it by the second and third terms on the left hand side of inequality (5.34),
it leads to

(1+ t)γ‖φzz(·,t)‖20,β
+

c0β

4

∫ t

0

(1+τ)γ‖φzz(·,τ)‖20,β−1dτ+
m0

2

∫ t

0

(1+τ)γ‖φzzz(·,τ)‖20,βdτ

≤‖φzz,0‖20,β+γ

∫ t

0

(1+τ)γ−1‖φzz(·,τ)‖20,βdτ+Cβ

∫ t

0

(1+τ)γ‖φz(·,τ)‖20,β−1dτ

+C

∫ t

0

(1+τ)γ‖φz(·,τ)‖21,βdτ+Cβ

∫ t

0

(1+τ)γ‖φzzz(·,τ)‖2dτ

+Cβ

∫ t

0

∫
R

(1+τ)γ〈z−z∗〉β−1G5(φz,φzz,φzzz)dzdτ

+C

∫ t

0

∫
R

(1+τ)γ〈z−z∗〉βG6(φz,φzz,φzzz)dzdτ

≤C
(
‖φ0‖22,β+γ

∫ t

0

(1+τ)γ−1‖φ(·,τ)‖22,βdτ+β

∫ t

0

(1+τ)γ‖φz(·,τ)‖22dτ

+β

∫ t

0

∫
R

(1+τ)γ〈z−z∗〉β−1G5(φz,φzz,φzzz)dzdτ

+

∫ t

0

∫
R

(1+τ)γ〈z−z∗〉β(G1(φ,φz,φzz)+G4(φz,φzz,φzzz)+G6(φz,φzz,φzzz))dzdτ
)

for some C>0 and for any t>0, where β
∫ t

0
(1+τ)γ‖φz(·,τ)‖20,β−1dτ+

∫ t

0
(1+

τ)γ‖φz(·,τ)‖21,βdτ is estimated by the weighted L2-estimates (5.20) and H1-estimates
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(5.21), and G1(φ,φz,φzz) and G4(φz,φzz,φzzz) are given in (4.2) and (5.22), respectively.
Therefore we finally get the desired result (5.28).

Let us combine all results from the weighted L2-estimates (5.20), H1-estimates
(5.21), and H2-estimates (5.28). Then we conclude that there exists some C>0 such
that for any t>0

(1+ t)γ‖φ(·,t)‖22,β+
c0β

4

∫ t

0

(1+τ)γ‖φ(·,τ)‖22,β−1dτ+
m0

4

∫ t

0

(1+τ)γ‖φz(·,τ)‖22,βdτ

≤C
(
‖φ0‖22,β+γ

∫ t

0

(1+τ)γ−1‖φ(·,τ)‖22,βdτ+β

∫ t

0

(1+τ)γ‖φz(·,τ)‖22dτ

+β

∫ t

0

∫
R

(1+τ)γ〈z−z∗〉β−1G5(φz,φzz,φzzz)dzdτ

+

∫ t

0

∫
R

(1+τ)γ〈z−z∗〉β(G1(φ,φz,φzz)+G4(φz,φzz,φzzz)+G6(φz,φzz,φzzz))dzdτ
)
,

(5.35)

where positive constants c0 and m0 are introduced in (5.15) and (3.5), respectively.
Also G1(φ,φz,φzz), G4(φz,φzz,φzzz), G5(φz,φzz,φzzz) and G6(φz,φzz,φzzz) are defined
in (4.2), (5.22), (5.29) and (5.30), respectively, and are collections of cubic terms.

5.2. Rate of convergence. In this subsection, we aim to prove Theorem 5.1.
Similar to proof of Theorem 3.1, we only need to establish the a priori estimates (5.7).
With (5.35), we continue to establish the desired a priori estimates (5.7) through the
following lemmas.

Lemma 5.5. For any γ≤α when α is an integer, or γ <α when α is a non-integer,
there are positive constants δ4 and C independent of T such that if N(t)<δ4 in Propo-
sition 5.2, it holds for 0≤ t≤T ,

(1+ t)γ‖φ(·,t)‖22,β+β

∫ t

0

(1+τ)γ‖φ(·,τ)‖22,β−1dτ+να

∫ t

0

(1+τ)γ‖φz(·,τ)‖22,βdτ

≤C
(
‖φ0‖22,β+γ

∫ t

0

(1+τ)γ−1‖φ(·,τ)‖22,βdτ+β

∫ t

0

(1+τ)γ‖φz(·,τ)‖22dτ
)
, (5.36)

for some να=να(m0)>0, where m0 is given in (3.5).

Proof. To prove this lemma, we need to further estimate (5.35) to obtain inequal-
ity (5.36). Since the fourth and fifth terms on the right hand side of estimate (5.35)
contain cubic terms, it remains to estimate the cubic terms to show inequality (5.36).
Indeed, by the Cauchy-Schwarz inequality, (3.18) and (3.19), the fourth and fifth terms
containing the cubic terms are bounded by

CN(t)
(
β

∫ t

0

(1+τ)γ‖φzz(·,τ)‖20,β−1dτ+

∫ t

0

(1+τ)γ‖φz(·,τ)‖22,βdτ
)

(5.37)

for some C>0. Take a sufficiently small δ4>0 in Proposition 5.2 so that 8CN(t)<
8Cδ4<min{c0,m0}, where positive constants c0 and m0 are defined in (5.15) and (3.5),
respectively. Then, we complete the proof of inequality (5.36).

Based on Lemma 5.5, we are going to prove the desired a priori estimates in Propo-
sition 5.2. Dividing into two cases 0≤γ≤ [α] and [α]<γ<α, we will complete the proof
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of Proposition 5.2. In the following lemma in the case 0≤γ≤ [α], we use the principle
of induction from Pan and Liu [26].

Lemma 5.6. Let γ∈ [0,α]∩Z. Then there exists a constant C>0 such that for any
0≤ t≤T

(1+ t)γ‖φ(·,t)‖22,α−γ

+(α−γ)

∫ t

0

(1+τ)γ‖φ(·,τ)‖22,α−γ−1dτ+να

∫ t

0

(1+τ)γ‖φz(·,τ)‖22,α−γdτ

≤CN2
α(0), (5.38)

where να=να(m0)>0 is from Lemma 5.5, and m0 is given in (3.5). Consequently, we
have for any 0≤γ≤ [α] and for any 0≤ t≤T,

(1+ t)γ‖φ(·,t)‖22+να

∫ t

0

(1+τ)γ‖φz(·,τ)‖22dτ ≤CN2
α(0). (5.39)

Proof. First, we will show the induction on γ=0,1,2, ..., [α] in

(1+ t)γ‖φ(·,t)‖22,α−γ

+(α−γ)

∫ t

0

(1+τ)γ‖φ(·,τ)‖22,α−γ−1dτ+να

∫ t

0

(1+τ)γ‖φz(·,τ)‖22,α−γdτ

≤C‖φ0‖22,α (5.40)

for some C>0 and for any 0≤ t≤T, where να=να(m0)>0 from Lemma 5.5.

Step 1. From inequality (5.36), letting γ=0 and β=0, we have

‖φ(·,t)‖22+να

∫ t

0

‖φz(·,τ)‖22dτ ≤C‖φ0‖22. (5.41)

Now put γ=0 and β=α in inequality (5.36). By inequality (5.41), one obtains

‖φ(·,t)‖22,α+α

∫ t

0

‖φ(·,τ)‖22,α−1dτ+να

∫ t

0

‖φz(·,τ)‖22,αdτ

≤C
(
‖φ0‖22,α+α

∫ t

0

‖φz(·,τ)‖22dτ
)

≤C‖φ0‖22,α, (5.42)

so the case γ=0 is true.

Step 2. Assume that inequality (5.40) holds with γ=k−1, where k≤α. That is,

(1+ t)k−1‖φ(·,t)‖22,α−k+1

+(α−k+1)

∫ t

0

(1+τ)k−1‖φ(·,τ)‖22,α−kdτ+να

∫ t

0

(1+τ)k−1‖φz(·,τ)‖22,α−k+1dτ

≤C‖φ0‖22,α. (5.43)

Now letting β=0 and γ=k in inequality (5.36), and using inequality (5.43), it holds

(1+ t)k‖φ(·,τ)‖22+να

∫ t

0

(1+τ)k‖φz(·,τ)‖22dτ
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≤C
(
‖φ0‖22+k

∫ t

0

(1+τ)k−1‖φ(·,τ)‖22,α−kdτ
)

≤C‖φ0‖22,α. (5.44)

Moreover, putting β=α−k in inequality (5.36), it ends up with

(1+ t)k‖φ(·,t)‖22,α−k

+(α−k)

∫ t

0

(1+τ)k‖φ(·,τ)‖22,α−k−1dτ+να

∫ t

0

(1+τ)k‖φz(·,τ)‖22,α−kdτ

≤C
(
‖φ0‖22,α−k+k

∫ t

0

(1+τ)k−1‖φ(·,τ)‖22,α−kdτ+(α−k)

∫ t

0

(1+τ)k‖φz(·,τ)‖22dτ
)

≤C‖φ0‖22,α (5.45)

for any 0≤ t≤T and for some C>0, where the last inequality holds by inequalities (5.43)
and (5.44). Thus estimate (5.40) is true when γ=k. By the principle of induction, (5.40)
holds for any γ=0,1, ..., [α].

Furthermore, if φ0∈L2
α, then φz,0∈L2

α. Thus we have ‖φ0‖22,α≤CN2
α(0) for some

C>0. Therefore we complete the proof of (5.38), which implies (5.39).

It remains to show inequality (5.39) in the case [α]<γ<α when α is a non-integer.
We will use a technique, introduced by Matsumura and Nishihara in [21].

Lemma 5.7. If α is a non-integer, there exists some Cε>0 such that for any γ <α
and for any 0≤ t≤T,

(1+ t)γ‖φ(·,t)‖22+να

∫ t

0

(1+τ)γ‖φz(·,τ)‖22dτ ≤CεN
2
α(0), (5.46)

where να=να(m0)>0 is from Lemma 5.5 and m0 is given in (3.5), and Cε→∞ as
ε→0.

Proof. Considering β=0 in (5.36), we have

(1+ t)γ‖φ(·,t)‖22+να

∫ t

0

(1+τ)γ‖φz(·,τ)‖22dτ

≤C
(
‖φ0‖22+γ

∫ t

0

(1+τ)γ−1‖φ(·,τ)‖22dτ
)
. (5.47)

We only need to estimate the last term in inequality (5.47). To estimate this term, we
will use (5.38) with γ=[α],

(1+ t)[α]‖φ(·,t)‖22,α−[α]

+(α− [α])

∫ t

0

(1+τ)[α]‖φ(·,τ)‖22,α−[α]−1dτ+να

∫ t

0

(1+τ)[α]‖φz(·,τ)‖22,α−[α]dτ

≤CN2
α(0), (5.48)

and Hölder’s inequality,

∫
|fg|≤‖f‖Lp‖g‖Lq , where p=

1

α− [α]
, q=

1

[α]+1−α
.
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Then for i=0,1,2, we have, for any [α]≤γ <α and for any 0≤ t≤T ,∫ t

0

(1+τ)γ−1‖∂i
zφ(·,τ)‖2dτ

=

∫ t

0

(1+τ)γ−1
(∫

R

(
〈z−z∗〉(α−[α])([α]+1−α)(∂i

zφ)
2([α]+1−α)

)
(
〈z−z∗〉−(α−[α])([α]+1−α)(∂i

zφ)
2(α−[α])

)
dz

)
dτ

≤
∫ t

0

(1+τ)γ−1
((∫

R

〈z−z∗〉(α−[α])(∂i
zφ)

2dz
)[α]+1−α

(∫
R

〈z−z∗〉−([α]+1−α)(∂i
zφ)

2dz
)α−[α])

dτ

≤
∫ t

0

(1+τ)γ−1−[α]
(
(1+τ)[α]

(
‖φ(·,τ)‖22,α−[α]

)[α]+1−α

(∫
R

(1+τ)[α]〈z−z∗〉−([α]+1−α)(∂i
zφ)

2dz
)α−[α])

dτ

≤CN2([α]+1−α)
α (0)

∫ t

0

(1+τ)γ−1−[α]
(
(1+τ)[α]‖φ(·,τ)‖22,α−[α]−1

)α−[α]

dτ

≤CN2([α]+1−α)
α (0)

(∫ t

0

(1+τ)−
[α]+1−γ
[α]+1−α dτ

)[α]+1−α

(∫ t

0

(1+τ)[α]‖φ(·,τ)‖22,α−[α]−1dτ
)α−[α]

≤CN2
α(0)

( [α]+1−α

γ−α
(1+ t)

γ−α
[α]+1−α − [α]+1−α

γ−α

)[α]+1−α

≤CεN
2
α(0),

where ε= α−γ
2 , and Cε→∞ as ε→0.

Plugging the above result into inequality (5.47), the proof of estimate (5.46) is
completed.

From Lemmas 5.6 and 5.7, the a priori estimates (5.7) have been derived. Using
the local existence in Proposition 5.1, the a priori estimates in Proposition 5.2 and
the continuation arguments, the proof of Theorem 5.1 is finally completed. Therefore,
Theorem 2.2 is proved.

6. Rate of convergence: exponential decay
In this section, we prove Theorem 6.1 when the initial perturbation decays expo-

nentially in space, it will be shown that the perturbation does in time as well.
The exponential time decay in the problem (1.1)-(1.3) was proved by Wu [32],

using spectral analysis in some weighted spaces. In the current paper, we prove the
rate of convergence by using weighted energy estimates. For the previous works using
the weighted energy estimates with different exponential weights, we refer to Li [12],
Mei [22], and Mei and Yang [23].

In the following lemma, we determine the decay rate of a weight function w(z)
which will be used in this section.

Lemma 6.1. Let

Ba(z)=−a
(z−z∗)(U−c)

〈z−z∗〉 − 1

2
U ′−4a2

1−U ′2

(1+U ′2)2
(z−z∗)2

〈z−z∗〉2 , (6.1)
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where z∗ is defined in Equation (5.1). Then we can find positive constants a=a(m0,U
′)

and θ=θ(a,m0,U
′), where m0 is defined in (3.5), so that

Ba(z)≥θ>0 (6.2)

for any z∈R.

Proof. Similar to the derivation of inequalities (5.13) and (5.14), we can pick
positive constants η1 and m2 such that⎧⎪⎪⎨

⎪⎪⎩
−a

(z−z∗)(U−c)

〈z−z∗〉 ≥ac(η1)>0 for |z−z∗|≥η1,

− 1
2U

′≥m2>0 for |z−z∗|≤η1,

(6.3)

where c(η1)>0 is determined by (5.14). From inequalities (6.3), we can find suitable
a=a(m0,U

′)>0 and θ=θ(a,m0,U
′)>0, where m0 is defined in (3.5), such that

0<θ≤

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ac(η1)−4a2
1−U ′2

(1+U ′2)2
(z−z∗)2

〈z−z∗〉2 for |z−z∗|≥η1,

m2−4a2
1−U ′2

(1+U ′2)2
(z−z∗)2

〈z−z∗〉2 for |z−z∗|≤η1.

(6.4)

By Equation (6.1) and inequality (6.4), we obtain inequality (6.2).

Now define a weight function

w(z)=ea〈z−z∗〉, (6.5)

where z∗ is given in Equation (5.1) and a>0 is determined in Lemma 6.1, and the
weighted solution space of the problem (3.14), (3.15)

Xw(0,T )={φ(z,t) :φ∈C([0,T );H2
w), φz ∈L2((0,T );H2

w)},
where 0<T <∞. Let

Nw(t)= sup
0≤τ≤t

{‖φ(·,τ)‖2,w} (6.6)

for all t≥0. Theorem 2.3 is a consequence of the following theorem.

Theorem 6.1. Suppose that the assumptions of Theorem 2.3 hold. Then there exist
positive constants δ5 and C such that if

Nw(0)<δ5,

then the problem (3.14), (3.15) has a unique global solution φ∈Xw(0,+∞) satisfying
for all t>0,

‖φ(·,t)‖22,w+θ

∫ t

0

‖φ(·,τ)‖22,wdτ+νw

∫ t

0

‖φz(·,τ)‖22,wdτ ≤CN2
w(0) (6.7)

for some νw=νw(m0)>0, where m0 is given in (3.5) and θ>0 is determined in (6.4).
Consequently, there is some C>0 such that for any t>0

sup
z∈R

|φz(z,t)|≤C‖φ0‖2,we− θ
2 t. (6.8)
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The local existence and the a priori estimates are stated as follows.

Proposition 6.1 (Local existence). For any δ>0, there exists a constant T >0
depending on δ such that if φ0∈H2

w(R) and 2Nw(0)<δ, the problem (3.14), (3.15) has
a unique solution φ∈Xw(0,T ) satisfying

Nw(t)<2Nw(0)

for any 0≤ t≤T.

Proposition 6.2 (A priori estimates). Assume that φ∈Xw(0,T ) is a solution ob-
tained from Proposition 6.1 for a constant T >0. Then there are positive constants δ6
and C, which are independent of T , such that if

Nw(t)<δ6

for any 0≤ t≤T, then the solution φ of (3.14), (3.15) satisfies

‖φ(·,t)‖22,w+θ

∫ t

0

‖φ(·,τ)‖22,wdτ+νw

∫ t

0

‖φz(·,τ)‖22,wdτ ≤CN2
w(0) (6.9)

for some νw=νw(m0)>0, where m0 is given in (3.5) and θ>0 is determined in (6.4).

Theorem 6.1 can be proved by the local existence in Proposition 6.1 and the a priori
estimates in Proposition 6.2.

Lemma 6.2 (Weighted L2-estimates). Under the conditions of Theorem 6.1, there is
some C>0 such that for any t>0

‖φ(·,t)‖2w+θ

∫ t

0

‖φ(·,τ)‖2wdτ+
m0

4

∫ t

0

‖φz(·,τ)‖2wdτ

≤‖φ0‖2w+C

∫ t

0

∫
R

ea〈z−z∗〉G1(φ,φz,φzz)dzdτ, (6.10)

where positive constants θ and m0 are given in (6.4) and (3.5), respectively, and
G1(φ,φz,φzz) is defined in (4.2).

Proof. Multiplying Equation (3.14) by 2ea〈z−z∗〉φ, we have

2ea〈z−z∗〉φφt+2(U−c)ea〈z−z∗〉φφz−2
1−U ′2

(1+U ′2)2
ea〈z−z∗〉φφzz

=−ea〈z−z∗〉φφ2
z+2ea〈z−z∗〉Fφ. (6.11)

The left hand side of Equation (6.11) can be expressed as

2ea〈z−z∗〉φφt+2(U−c)ea〈z−z∗〉φφz−2
1−U ′2

(1+U ′2)2
ea〈z−z∗〉φφzz

=(ea〈z−z∗〉φ2)t+
(
(U−c)ea〈z−z∗〉φ2−2

1−U ′2

(1+U ′2)2
ea〈z−z∗〉φφz

)
z

−U ′ea〈z−z∗〉φ2−a(U−c)
z−z∗
〈z−z∗〉e

a〈z−z∗〉φ2+2
( 1−U ′2

(1+U ′2)2
)′
ea〈z−z∗〉φφz

+2
1−U ′2

(1+U ′2)2
ea〈z−z∗〉φ2

z+2a
1−U ′2

(1+U ′2)2
z−z∗
〈z−z∗〉e

a〈z−z∗〉φφz.
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Substituting the above result into Equation (6.11) and integrating the resulting equation
with respect to z over R give us

d

dt

∫
R

ea〈z−z∗〉φ2dz+

∫
R

|U ′|ea〈z−z∗〉φ2dz

−a

∫
R

(U−c)
z−z∗
〈z−z∗〉e

a〈z−z∗〉φ2dz+2

∫
R

1−U ′2

(1+U ′2)2
ea〈z−z∗〉φ2

zdz

=−2

∫
R

( 1−U ′2

(1+U ′2)2
)
z
ea〈z−z∗〉φφzdz−2a

∫
R

1−U ′2

(1+U ′2)2
z−z∗
〈z−z∗〉e

a〈z−z∗〉φφzdz

+

∫
R

ea〈z−z∗〉(−φφ2
z+2Fφ)dz. (6.12)

For 0<ul≤1.8, similar to the derivation of inequality (4.13), the first term on the right
hand side of Equation (6.12) is estimated as

∣∣∣2
∫
R

( 1−U ′2

(1+U ′2)2
)′
ea〈z−z∗〉φφzdz

∣∣∣
≤1

2

∫
R

|U ′|ea〈z−z∗〉φ2dz+
3

2

∫
R

1−U ′2

(1+U ′2)2
ea〈z−z∗〉φ2

zdz. (6.13)

Also, by the Cauchy-Schwarz inequality, the second term on the right hand side of
Equation (6.12) is estimated as

∣∣∣2a
∫
R

1−U ′2

(1+U ′2)2
(z−z∗)
〈z−z∗〉e

a〈z−z∗〉φφzdz
∣∣∣

≤4a2
∫
R

1−U ′2

(1+U ′2)2
(z−z∗)2

〈z−z∗〉2 e
a〈z−z∗〉φ2dz+

1

4

∫
R

1−U ′2

(1+U ′2)2
ea〈z−z∗〉φ2

zdz. (6.14)

Substituting estimates (6.13) and (6.14) into Equation (6.12), it ends up with

d

dt

∫
R

ea〈z−z∗〉φ2dz+

∫
R

Ba(z)e
a〈z−z∗〉φ2dz+

1

4

∫
R

1−U ′2

(1+U ′2)2
ea〈z−z∗〉φ2

zdz

≤
∫
R

ea〈z−z∗〉(|φφ2
z|+2|Fφ|)dz, (6.15)

where Ba is defined in Equation (6.1).
Now, after integrating inequality (6.15) with respect to t and using (4.6), (3.5) and

(6.2), we arrive at

‖φ(·,t)‖2w+θ

∫ t

0

‖φ(·,τ)‖2wdτ+
m0

4

∫ t

0

‖φz(·,τ)‖2wdτ

≤‖φ0‖2w+C

∫ t

0

∫
R

ea〈z−z∗〉G1(φ,φz,φzz)dzdτ

for some C>0 and for all t>0, where G1(φ,φz,φzz) is given (4.2), which is the desired
result (6.10).

Now we show the weighted H1- and H2-estimates.

Lemma 6.3 (Weighted H1-estimates). Under the same assumptions in Lemma 6.2,
there is some C>0 satisfying

‖φz(·,t)‖2w+θ

∫ t

0

‖φz(·,τ)‖2wdτ+
7m0

4

∫ t

0

‖φzz(·,τ)‖2wdτ
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≤C‖φ0‖21,w+C

∫ t

0

∫
R

ea〈z−z∗〉(G1(φ,φz,φzz)+G4(φz,φzz,φzzz))dzdτ (6.16)

for any t>0, where positive constants θ and m0 are defined in (6.4) and (3.5), respec-
tively. In (4.2) and (5.22), G1(φ,φz,φzz) and G4(φz,φzz,φzzz) are defined respectively.

Proof. Differentiating Equation (3.14) with respect to z and multiplying the
resulting equation by 2ea〈z−z∗〉φz, we have

2ea〈z−z∗〉φzφzt+2U ′ea〈z−z∗〉φ2
z+2(U−c)ea〈z−z∗〉φzφzz−2

( 1−U ′2

(1+U ′2)2
φzz

)
z
ea〈z−z∗〉φz

=−2ea〈z−z∗〉φ2
zφzz+2Fze

a〈z−z∗〉φz. (6.17)

If we integrate Equation (6.17) with respect to z over R and use integration by parts,
then we have

d

dt

∫
R

ea〈z−z∗〉φ2
zdz+

1

2

∫
R

(−U ′)|ea〈z−z∗〉φ2
zdz

−a

∫
R

(U−c)
z−z∗
〈z−z∗〉e

a〈z−z∗〉φ2
zdz+2

∫
R

1−U ′2

(1+U ′2)2
ea〈z−z∗〉φ2

zzdz

=
3

2

∫
R

(−U ′)ea〈z−z∗〉φ2
zdz−2a

∫
R

1−U ′2

(1+U ′2)2
z−z∗
〈z−z∗〉e

a〈z−z∗〉φzφzzdz

+2

∫
R

ea〈z−z∗〉(−φ2φzz+Fzφz)dz. (6.18)

Similar to the derivation of inequality (6.14), estimate the second term on the right
hand side of Equation (6.18) and plug the estimated result into Equation (6.18). It ends
up with

d

dt

∫
R

ea〈z−z∗〉φ2
zdz+

∫
R

Ba(z)e
a〈z−z∗〉φ2

zdz+
7

4

∫
R

1−U ′2

(1+U ′2)2
ea〈z−z∗〉φ2

zzdz

≤3

2

∫
R

ea〈z−z∗〉|U ′|φ2
zdz+2

∫
R

ea〈z−z∗〉(|φ2φzz|+ |Fzφz|)dz, (6.19)

where Ba is introduced in (6.1).
To finish this lemma, using (3.5), (4.21), (6.2) and the boundedness of U ′, integrate

(6.19) with respect to t. Then we obtain

‖φz(·,t)‖2w+θ

∫ t

0

‖φz(·,τ)‖2wdτ+
7m0

4

∫ t

0

‖φzz(·,τ)‖2wdτ

≤‖φz,0‖2w+C

∫ t

0

‖φz(·,τ)‖2wdτ+C

∫ t

0

∫
R

ea〈z−z∗〉G4(φz,φzz,φzzz)dzdτ

≤C‖φ0‖21,w+C

∫ t

0

∫
R

ea〈z−z∗〉(G1(φ,φz,φzz)+G4(φz,φzz,φzzz))dzdτ (6.20)

for some C>0 and for any t>0, where
∫ t

0
‖φz(·,τ)‖2wdτ is estimated by the weighted

L2-estimates (6.10), and G1(φ,φz,φzz) and G4(φz,φzz,φzzz) are introduced in Equa-
tions (4.2) and (5.22), respectively. Therefore, we complete the proof of (6.16).

Lemma 6.4 (Weighted H2-estimates). Under the same conditions in Lemma 6.2, we
have for any t>0

‖φzz(·,t)‖2w+θ

∫ t

0

‖φzz(·,τ)‖2wdτ+
3m0

4

∫ t

0

‖φzzz(·,τ)‖2wdτ
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≤C‖φ0‖22,w
+C

∫ t

0

∫
R

ea〈z−z∗〉(G1(φ,φz,φzz)+G4(φz,φzz,φzzz)+G7(φz,φzz,φzzz))dzdτ (6.21)

for some C>0, where positive constants θ and m0 are defined in (6.4) and (3.5), re-
spectively. Also G1(φ,φz,φzz) and G4(φz,φzz,φzzz) are defined in (4.2) and (5.22),
respectively, and we denote

G7(φz,φzz,φzzz)= |φzφzzφzzz|+ |φzz|(φ2
zz+φ2

zzz)+ |φ2
zzφzzz|. (6.22)

Proof. Differentiating Equation (3.14) with respect to z twice and multiplying the
resulting equation by 2ea〈z−z∗〉φzz, we have

2ea〈z−z∗〉φzzφzzt+2U ′′ea〈z−z∗〉φzφzz+4U ′ea〈z−z∗〉φ2
zz

+2(U−c)ea〈z−z∗〉φzzφzzz−2
( 1−U ′2

(1+U ′2)2
)′′

ea〈z−z∗〉φzz

=−2ea〈z−z∗〉φ3
zz−2ea〈z−z∗〉φzφzzφzzz+2ea〈z−z∗〉Fzzφzz. (6.23)

Integrate Equation (6.23) with respect to z over R and use integration by parts. Then
it follows

d

dt

∫
R

ea〈z−z∗〉φ2
zzdz−a

∫
R

(U−c)
(z−z∗)
〈z−z∗〉e

a〈z−z∗〉φ2
zzdz

+
1

2

∫
R

(−U ′)ea〈z−z∗〉φ2
zzdz+2

∫
R

1−U ′2

(1+U ′2)2
ea〈z−z∗〉φ2

zzzdz

=−2

∫
R

U ′′ea〈z−z∗〉φzφzzdz+

∫
R

(
− 7

4
U ′+2

( 1−U ′2

(1+U ′2)2
)′′)

ea〈z−z∗〉φ2
zzdz

+2

∫
R

( 1−U ′2

(1+U ′2)2
)
z
ea〈z−z∗〉φzzφzzzdz−2a

∫
R

(1−U ′2)
(1+U ′2)2

z−z∗
〈z−z∗〉e

a〈z−z∗〉φzzφzzzdz

−2

∫
R

ea〈z−z∗〉(φ3
zz+φzφzzφzzz+Fzφzzz)dz−2a

∫
R

(z−z∗)
〈z−z∗〉e

a〈z−z∗〉Fzφzzdz.

(6.24)

We shall further estimate the right hand side of Equation (6.24). By the Cauchy-
Schwarz inequality, the first and third terms are estimated as

2

∫
R

|U ′′|ea〈z−z∗〉|φzφzz|dz≤
∫
R

|U ′′|ea〈z−z∗〉φ2
zdz+

∫
R

|U ′′|ea〈z−z∗〉φ2
zzdz

and

2

∫
R

∣∣∣
( 1−U ′2

(1+U ′2)2
)′∣∣∣ea〈z−z∗〉|φzzφzzz|dz

≤ 1

m0

∫
R

(( 1−U ′2

(1+U ′2)2
)′)2

ea〈z−z∗〉φ2
zzdz+m0

∫
R

ea〈z−z∗〉φ2
zzzdz,

where m0 is defined in (3.5). Similar to the derivation of inequality (6.14), we also
estimate the fourth term on the right hand side of Equation (6.24). Inserting the above
results into Equation (6.24) gives us

d

dt

∫
R

ea〈z−z∗〉φ2
zzdz+

∫
R

Ba(z)e
a〈z−z∗〉φ2

zzdz+

∫
R

(7
4

1−U ′2

(1+U ′2)2
−m0

)
ea〈z−z∗〉φ2

zzzdz
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≤
∫
R

|U ′′|ea〈z−z∗〉φ2
zdz

+

∫
R

(7
4
|U ′|+ |U ′′|+2

∣∣∣
( 1−U ′2

(1+U ′2)2
)′′∣∣∣+ 1

m0

(( 1−U ′2

(1+U ′2)2
)′)2)

ea〈z−z∗〉φ2
zzdz

+2

∫
R

ea〈z−z∗〉(|φzz|3+ |φzφzzφzzz|+ |Fzφzzz|)dz+2a

∫
R

|z−z∗|
〈z−z∗〉e

a〈z−z∗〉|Fzφzz|dz,
(6.25)

where Ba is defined in Equation (6.1).

Using (3.5), (4.20), (6.2) and the boundedness of U ′, U ′′,
(

1−U ′2
(1+U ′2)2

)′
and(

1−U ′2
(1+U ′2)2

)′′
, integrate inequality (6.25) with respect to t. Then there exists some C>0

such that for any t>0

‖φzz(·,t)‖2w+θ

∫ t

0

‖φ(·,τ)‖2wdτ+
3m0

4

∫ t

0

‖φzzz(·,τ)‖2wdτ

≤‖φzz,0‖2w+C

∫ t

0

‖φz(·,τ)‖21,wdτ+C

∫ t

0

∫
R

ea〈z−z∗〉G7(φz,φzz,φzzz)dz

≤C‖φ0‖22,w
+C

∫ t

0

∫
R

ea〈z−z∗〉(G1(φ,φz,φzz)+G4(φz,φzz,φzzz)+G7(φz,φzz,φzzz))dzdτ, (6.26)

where
∫ t

0
‖φz(·,τ)‖21,wdτ is estimated by the weighted H1-estimates (6.16), and

G1(φ,φz,φzz), G4(φz,φzz,φzzz) and G7(φz,φzz,φzzz) are defined in (4.2), (5.22) and
(6.22), respectively. Thus, the proof of inequality (6.21) is completed.

To finish proving inequality (6.9), we combine the results from the weighted L2-
estimates (6.10), H1-estimates (6.16) and H2-estimates (6.21) to conclude that there is
some C>0 such that for any t>0

‖φ(·,t)‖22,w+θ

∫ t

0

‖φ(·,τ)‖2wdτ+
m0

4

∫ t

0

‖φz(·,τ)‖22,wdτ

≤C‖φ0‖22,w
+C

∫ t

0

∫
R

ea〈z−z∗〉(G1(φ,φz,φzz)+G4(φz,φzz,φzzz)+G7(φz,φzz,φzzz))dzdτ, (6.27)

where positive constants θ andm0 are defined in (6.4) and (3.5) respectively. Collections
of cubic terms G1(φ,φz,φzz), G4(φz,φzz,φzzz) and G7(φz,φzz,φzzz) are defined in (4.2),
(5.22) and (6.22), respectively.

Notice that the second term on the right hand side of (6.27) contains only cubic
terms. By the Cauchy-Schwarz inequality and (3.19), this second term is majored by

CN(t)
∫ t

0
‖φz(·,τ)‖22,wdτ for some C>0. Take a small δ6>0 in Proposition 6.2 so that

8Cδ6<m0. That is, 8CN(t)≤8CNw(t)<8Cδ6<m0. From (6.27), we conclude that
there are νw=νw(m0)>0 and C>0 such that for any 0≤ t≤T in (4.2) and (5.22)

‖φ(·,t)‖22,w+θ

∫ t

0

‖φ(·,τ)‖22,wdτ+νw

∫ t

0

‖φz(·,τ)‖22,wdτ ≤C‖φ0‖22,w, (6.28)

which is the desired result (6.9).
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It only remains to prove estimate (6.8). To this end, we employ Gronwall’s inequality
to inequality (6.7). That proves Theorem 6.1. Therefore Theorem 2.3 is proved.
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