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HOMOGENIZATION FOR
CHEMICAL VAPOR INFILTRATION PROCESS∗

CHANGJUAN ZHANG† , YUN BAI‡ , SHIXIN XU§ , AND XINGYE YUE¶

Abstract. Multi-scale modeling and numerical simulations of the isothermal chemical vapor infil-
tration (CVI) process for the fabrication of carbon fiber reinforced silicon carbide (C/SiC) composites
were presented in [Bai, Yue and Zeng, Commun. Comput. Phys., 7(3):597–612, 2010]. The homogeniza-
tion theory, which played a fundamental role in the multi-scale algorithm, will be rigorously established
in this paper. The governing system, which is a multi-scale reaction-diffusion equation, is different in
the two stages of CVI process, so we will consider the homogenization for the two stages respectively.
One of the main features is that the reaction only occurs on the surface of fiber, so it behaves as a
singular surface source. The other feature is that in the second stage of the process when the micro
pores inside the fiber bundles are all closed, the diffusion only occurs in the macro pores between fiber
bundles and we face up with a problem in a locally periodic perforated domain.

Keywords. CVI process; multi-scale model; homogenization; surface reaction; locally periodic
perforation.

AMS subject classifications. 35B27; 35J25.

1. Introduction
CVI process is used to produce carbon fiber reinforced silicon carbide (C/SiC)

composites. Before the process, a desired preform is woven from fiber bundles. Each
bundle consists of thousands of carbon fibers; see Figure 1.1 for a sample ( [26]). During
the process, the preform is put into a high temperature reactor. Let the reactant gasses
pass through the reactor and infiltrate into the preform. Surface reaction happens and
SiC solid is generated along the fiber interface. The composite material of C/SiC is
produced when almost all the pores in the preform are occluded. As in Figure 1.1,
there are two kinds of pores in the preform: macro pores among bundles (Figure 1.1
a) and micro pores among fibers (Figure 1.1 b) inside the bundles. During the initial
stage of CVI process, the deposition mainly happens in the micro pores. After the
micro pores are closed as in Figure 1.2, the second stage begins and the deposition
turns to happen on the surface of macro pores. Two types of diffusion equations appear
in different stages. In the first stage, diffusion occurs in both macro pores and micro
pores, so the diffusion region is the whole domain. In the second stage, the diffusion
only occurs in the macro pores, the diffusion region is a perforated domain. During
both stages, reaction always happens on the surface of fiber, so it behaves as a singular
surface source, or equivalently it can be treated as an extra Robin boundary condition at
the inner boundary. Modeling and simulations for CVI process have been investigated
by several authors, see [15,16,24,26]. Y. Bai et al. have developed a multi-scale model
to simulate CVI process. The multiscale algorithm and numerical results can be found
in [2]; however, the homogenization theory is not rigorously established yet for this
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Fig. 1.1. (a) Cross section perpendicular to randomly positioned bundles; (b) Cross section per-
pendicular to randomly positioned fibers inside a fiber bundle.

Fig. 1.2. The pore structure of the second stage.

model, which is the foundation of the numerical algorithm therein. In this paper we
will present the homogenization theory for both stages of CVI process respectively. We
assume that the media has a locally periodic structure, since even if the preform is
periodically woven at the beginning, it cannot hold the periodic structure forever. The
chemical reaction and deposition, which makes the micro structure change, depend on
the concentration of reactant gas, which varies among the media.

General theory on homogenization can be found in books [3, 10, 14, 25]. Works on
periodically perforated problems were presented in [9, 11, 19, 21]. For locally periodic
perforation (the considered domain consist of periodic cells with smoothly changing
perforations), the situation is more complex since the microstructure is not fixed. The
asymptotic expansion technique [6,13], two-scale convergence method [8,22,27] and un-
folding approach [1] were applied to derive the macroscopic systems. Only in [6], the
estimates were given on the convergence rate for locally periodic perforated problems
with inner Robin boundary conditions. In this paper, we use a simpler and straightfor-
ward approach to handle the inner boundary condition and, furthermore, to derive the
same estimate on convergence rate as in [6] under weaker assumptions on the regularity
of the solutions to the homogenized systems.

The remainder of this paper is organized as follows: The multi-scale model for CVI
process in [2] and the main theorems of this paper are introduced in Section 2. Section
3 is devoted to the homogenization theory for the first stage, and the results for the



C. ZHANG, Y. BAI, S. XU, AND X. YUE 1023

second stage are presented in Section 4. In both sections, we first prove the convergence
results under a lower regularity assumption, then give the error estimates on the first
order expansion with higher regularity. In the last section we draw conclusions and
discuss certain extensions.

Throughout this paper, A (with or without subscripts) denotes a generic positive
constant with possibly different values in different contexts. Also we use the convention
of summation on repeated indices.

2. Multi-scale models
In this section, we introduce the multi-scale models in [2] and present our results

on the homogenization for both stages of CVI process respectively.
Even though the initial structure of the preform may be purely periodic, the struc-

ture will change as the reaction happens and solid deposits. So we assume that the media
is locally periodic. In order to characterize the structure of the media, we follow some
notations from Chechkin and Piatnitski [6]. Let Ω⊂R

n, n≥2, be the domain occupied
by the media. A locally periodic function F (x,x/ε) is introduced to distinguish the
different regions in Ω. ‘Locally periodic’ means, for fixed macro variable x0, F (x0,x/ε)
is a ε-period function. Here ε�1 is the characteristic size of the macro pores. The
media consist of two phases: one is all the macro pores among fiber bundles, denoted
by Ωε, where we have F (x,x/ε)>0; the other phase is all the fiber bundles, denoted
by Ω\Ω̄ε, where we have F (x,x/ε)<0. Denote by Sε=∂Ωε={x∈Ω:F (x,x/ε)=0} the
interface between the macro pores and fiber bundles.

Let Y =(− 1
2 ,

1
2 )

n be the reference cell. Assume the interface is smooth and that, in
each cell, the interface doesn’t touch the cell boundary. Then we need further assump-
tions on F (x,y). For all x∈Ω and y∈Y , F (x,y) is sufficiently smooth and 1-periodic
in y such that F (x,y)|y∈∂Y >0, F (x,0)<0 and ∇yF �=0 as y∈Y \{0}.

We also need the characteristic function of macro pores. Set

χ(x,y)=

{
1, F (x,y)>0,

0, otherwise.

Then χ(x, xε )=1 in the macro pore region Ωε and χ(x, xε )=0 in the regions of fiber
bundles. Let Ωi=εi+εY , i∈Zn, be the small cells in Ω. For each i, Si is the interface
between the macro pore and the fiber bundle inside Ωi. Ω̂ is the largest union of Ωi

cells included in Ω, Ωε
∂ =Ω\ Ω̂ is the thin boundary layer in Ω consist of cells just lying

on the boundary ∂Ω and Sε
∂ is the union of surface of macro pores inside Ωε

∂ .
Let Y ∗(x) :={y∈Y |χ(x,y)=1}={y∈Y |F (x,y)>0} be the reference macro pore

area and Γ∗(x) :=∂Y ∗(x)\∂Y ={y∈Y |F (x,y)=0} the surface of macro pores inside a
reference cell for each x∈Ω.

2.1. Multi-scale model for the first stage. In the first stage, the diffusion
happens everywhere, but with different diffusion coefficients in the bundles and in the
macro pores. In micro-scale the steady reaction diffusion problem ( [2]) is{

−∇·(Dε∇Cε)=−KCεδε(x)−KCεSvs(1−χ(x, xε )) in Ω,

Cε=C∂ on ∂Ω,
(2.1)

where

• Cε is the concentration in Ω.

• C∂ ∈H1/2(∂Ω) is the given positive concentration on ∂Ω.
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• δε(x) is the surface Dirac delta function satisfying

〈KCεδε(x),v(x)〉 :=
∫
Sε

KCεvds, ∀ v(x)∈H1(Ω).

• Dε :=D(x, xε ) is the diffusion coefficient such thatD(x, ·) is periodic in Y , D(·,y)
is Lipschitz continuous in Ω and there exist two positive constants λ, Λ such
that

λ|ξ|2≤ ξTDε(x)ξ≤Λ|ξ|2, ∀x∈Ω, ξ∈Rn. (2.2)

In fact, in our model D(x, ·) is different constant in Y ∗ and Y \Y ∗ respectively,
i.e.,

Dε=χ
(
x,

x

ε

)
D1+

(
1−χ

(
x,

x

ε

))
D2, (2.3)

where D1 and D2 are the constant diffusion coefficients in macro pores and
micro pores respectively.

• Svs is the effective reaction and deposition surface area of micro pores per unit
volume of the fiber bundle with an order of O(ε−1

1 ), where ε1 is the characteristic
size of the micro pores and ε1=γε with γ <1 is a very small positive constant.

• K is the first-order surface reaction rate with a unit of m/s and with an order
of O(ε), see Remark 2.1 below.

Lemma 2.1. Problem (2.1)-(2.2) has a solution Cε, which is unique and satisfies the
estimate ‖Cε‖H1(Ω)≤A, where A is a constant independent of ε.

Theorem 2.1. Let Cε be the solution of the problem (2.1)-(2.2). Then as ε→0,

Cε⇀C0 weakly in H1(Ω), Dε∇Cε⇀D0∇C0 weakly in (L2(Ω))n, (2.4)

where C0 is the unique solution in H1(Ω) of the homogenized problem{
−∇·(D0(x)∇C0)=−KSvlC

0(x)−KSvs(1−φl)C
0(x) in Ω,

C0=C∂ on ∂Ω.
(2.5)

D0 is defined as follows:

D0(x)=
1

|Y |
∫
Y

D(x,y)(I+∇yN(x,y))dy, (2.6)

with N(x,y) a vector periodic function about y, which satisfies the following cell problem,
for k=1, · · · ,n, {

−∇y ·(D(x,y)∇y(yk+Nk))=0 in Y,

Nk is Y periodic about y and
∫
Y
Nkdy=0.

(2.7)

φl=
|Y ∗(x)|

|Y | is the porosity of macro pores among fiber bundles and Svl=
|Γ∗(x)|
ε|Y | is the

effective reaction and deposition surface area of macro pores per unit volume.
Further more, if we denote by Cε

1 the first order expansion of Cε as

Cε
1(x)=C0(x)+εNk

(
x,

x

ε

) ∂C0(x)

∂xk
, ∀x∈Ω,
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and assume that C0∈H2(Ω), then there exists a positive constant A independent of ε
such that

‖Cε−Cε
1‖H1(Ω)≤Aε

1
2 . (2.8)

Remark 2.1. Note that Svl with a unit of 1/m is of order O(ε−1). The unit of the
quantityKSvl is 1/s, which is independent of the characteristic length scale ε. Therefore
we must have

K=kε where k is a constant independent of ε. (2.9)

Similar discussion was contained on p. 177 of [25].

Remark 2.2. KSvl is of order O(1) while KSvs(1−φl) is of order O(ε/ε1), which
means KSvlC

0(x) is much less than KSvs(1−φl)C
0(x) since ε1 is much less than ε,

i.e., the reaction mainly occurs in the micro pores at first stage. This is consistent with
the real experiment since the surface of macro pores is only a small part of the surface
of all fibers.

2.2. Multi-scale model for the second stage. In the second stage, the micro
pores inside the fiber bundles are all closed. Diffusion only occurs in the macro pores
between fiber bundles, and there is no diffusion occurring inside the bundles. So we need
to deal with a degenerated reaction diffusion equation in a perforated domain which is
assumed to be locally periodic and with the singular surface source. In micro-scale, the
steady reaction diffusion equation is{

−∇·(Dε∇Cε)=−KCεδε(x) in Ω,

Cε=C∂ on ∂Ω.
(2.10)

The value of Dε has been changed. It no longer satisfies the previous condition (2.2),
but still meets the following condition: there exist two positive constants λ, Λ such that

Dε(x)=0, ∀x∈Ω\Ωε; λ|ξ|2≤ ξTDε(x)ξ≤Λ|ξ|2, ∀x∈Ωε,ξ∈Rn. (2.11)

Actually, in our model it holds that

Dε=χ
(
x,

x

ε

)
D1. (2.12)

Lemma 2.2 ( [14]). Let B1 be the closure of a smooth domain, and let B be a
smooth bounded domain such that B1⊂B and B2=B \B1 is a connected set. Then
every u∈H1(B2) can be extended to B as a function ũ∈H1(B) such that∫

B

|∇ũ|2dx≤A

∫
B2

|∇u|2dx,∫
B

ũ2dx≤A

∫
B2

u2dx,

where the constant A does not depend on u∈H1(B2).

As a corollary of Lemma 2.2 we have the following lemma.

Lemma 2.3. For any given ϕ∈H1(Ωε) there is a function ϕ̃∈H1(Ω) such that ϕ̃=ϕ
in Ωε, and

‖ϕ̃‖H1(Ω)≤A‖ϕ‖H1(Ωε),
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where the constant A does not depend on ϕ and ε.

Lemma 2.4. Problem (2.10)-(2.12) has a solution Cε such that Cε |Ωε is unique in
H1(Ωε) and Cε is uniformly bounded in H1(Ω).

Proof. (Proof sketch). The problem (2.10) is equivalent to⎧⎪⎨⎪⎩
−∇·(D1∇Cε)=0 in Ωε,

−D1
∂Cε

∂n =KCε on Sε,

Cε=C∂ on ∂Ω,

and has a weak form as: Find Cε∈V ={v∈H1(Ωε) : v=C∂ on ∂Ω} such that∫
Ωε

D1∇Cε∇vdx+

∫
Sε

KCεvds=0, ∀v∈V0={v∈H1(Ωε) : v=0 on ∂Ω}. (2.13)

Problem (2.13) has a solution Cε, which is unique and uniformly bounded inH1(Ωε). By
Lemma 2.3, it can be extended from Ωε to Ω still denoted by Cε such that ‖Cε‖H1(Ω)≤
A, where A is a constant independent of ε.

Theorem 2.2. Let Cε∈H1(Ω) be the solution of the problem (2.10)-(2.11). Then as
ε→0,

Cε⇀C0 weakly in H1(Ω), Dε∇Cε⇀D0∇C0 weakly in (L2(Ω))n, (2.14)

where C0 is the unique solution in H1(Ω) of the homogenized problem{
−∇·(D0(x)∇C0)=−KSvlC

0(x) in Ω,

C0=C∂ on ∂Ω,
(2.15)

where D0 is defined as follows:

D0(x)=
1

|Y |
∫
Y ∗

D1(I+∇yM(x,y))dy, (2.16)

with M(x,y) a vector periodic function about y satisfying the following cell problem, for
k=1, · · · ,n, ⎧⎪⎨⎪⎩

−∇y ·(D1∇y(yk+Mk(x,y)))=0 in Y ∗(x),
−D1

∂(yk+Mk(x,y))
∂ny

=0 on Γ∗(x),

Mk(x,y) is periodic in y∈Y ∗(x) and
∫
Y ∗Mkdy=0.

(2.17)

Furthermore, if we denote by Cε
1 the first order expansion of Cε as

Cε
1(x)=C0(x)+εMk

(
x,

x

ε

) ∂C0(x)

∂xk
, ∀x∈Ωε, (2.18)

and assume that C0∈H2(Ω), then there exists a positive constant A independent of ε
such that

‖Cε−Cε
1‖H1(Ωε)≤Aε

1
2 . (2.19)

Remark 2.3. In this paper the derivation of the error estimates (2.8) and (2.19) relies
on the assumption C0∈H2(Ω), while Chechkin and Piatnitski ( [6]) used a stronger
assumption C0∈H3(Ω) to derive the same result (2.19) for locally periodic perforated
media.
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3. Homogenization for the first stage
In this section, we consider the homogenization of the first stage of CVI process

and prove one of the main results, Theorem 2.1. In the beginning, we introduce the
following notations:

Lε(Cε)=−∇·(Dε∇Cε)+KCεδε(x)+KSvsC
ε
(
1−χ

(
x,

x

ε

))
,

L0(C0)=−∇·(D0(x)∇C0)+KSvlC
0(x)+KSvsC

0(1−φl).

The following lemma is a result of the trace theorem( [5]).

Lemma 3.1. For any cell Ωi=ε(i+Y ), i∈Zn, there exists a positive constant Ã=
Ã(Ωi) such that for v∈W 1,p(Ωi), p∈ [1,+∞], the following inequality holds

‖v‖Lp(Si)≤ Ã(Ωi)‖v‖1−
1
p

Lp(Ωi)
‖v‖

1
p

H1,p(Ωi)
,

where Si is the interface of macro pores and fibre bundles inside Ωi.
Furthermore, by a standard argument of scaling, we have that there exists a positive

constant A independent of ε such that∫
Si

|v|pds≤Aε−1

(∫
Ωi

|v|pdx
)1− 1

p
(∫

Ωi

(|v|p+εp|∇v|p)dx
) 1

p

. (3.1)

Lemma 3.2 ( [21]). Let Ω ba a bounded domain with a smooth boundary and Uδ ={x∈
Ω,dist(x,∂Ω)<δ}, δ >0. Then there exists δ0>0 such that for every δ∈ (0,δ0) and every
v∈H1(Ω) we have

‖v‖L2(Uδ)≤Aδ
1
2 ‖v‖H1(Ω),

where A is a constant independent of δ and v.

Lemma 3.3. Let Dε satisfy the conditions (2.2)-(2.3), and let Nk be the solution to
the cell problem (2.7). Then Nk(x, ·)∈H1(Y ), Nk(·,y) is Lipschitz continuous in Ω and
Nk(x,y)∈L∞(Ω×Y ). Moreover, there exists a constant A depending only on n,λ,Λ
such that

‖∇yNk(x,y)‖L∞(Ω×Y )≤A‖Nk(x,y)‖L∞(Ω×Y ). (3.2)

Inequality (3.2) is a direct corollary of Theorem 4.1 in [17] by Li and Vogelius. They
derived an interior W 1,∞ estimates for solutions to elliptic problems with piecewise
constant coefficients. Noting that Nk(x,y) is periodic with respect to y, the result (3.2)
is actually an interior estimate, since the cell problem (2.7) is valid on the whole space
R

n. This is an extremely important result in the following estimates.

Remark 3.1. Lemma 3.3 will be used later to bound terms like∫
Ω
|∇yNk(x,

x
ε )v(x)|2dx≤A

∫
Ω
|v(x)|2dx for all v(x)∈L2(Ω). In fact, some efforts have

been done to reduce such W 1,∞ regularity requirements. In [28], for a periodic
media, regarding ∇yNk(y)∈L2(Y ) (not L∞(Y )) as a multiplier, Zhikov proved that∫
Ω
|∇yNk(

x
ε )v(x)|2dx≤A

∫
Ω
(|v(x)|2+ε2|∇v(x)|2)dx for all v(x)∈H1(Ω). Such idea ap-

peared earlier in [23]. However, it can hardly extend to problems for locally periodic
media here.
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Du and Ming [12] considered the heterogeneous multiscale finite element method for
problems with non-smooth micro-structures, where the regularity assumption Nk(x, ·)∈
W 1,∞ could be avoided by some subtle arguments. However, they treated a special
case in which the test functions v(x) in above inequalities belong to some finite element
spaces, e.g., some piecewise polynomials.

The following lemma concerns on the inner boundary condition, i.e., the surface
reaction term. Similar results can be found in Lemma 2 of [6].

Lemma 3.4. There exists a constant A>0 independent of ε such that∣∣∣∣∫
Ω

KSvlu(x)v(x)dx−
∫
Sε

Ku(x)v(x)ds

∣∣∣∣≤Aε‖u‖H1(Ω)‖v‖H1(Ω) (3.3)

holds for any u,v∈H1(Ω).

Proof. In the rest of this paper, unless otherwise stated, we use
∑
i

to express the

summation for all i such that Ωi⊂ Ω̂, i.e., all inside cells.

In each cell Ωi, we first approximate KSvl(x) by a constant K|Si|
|Ωi| , where |Si| denote

the area of the surface Si={x=ε(i+y)∈Ωi|F (x,x/ε)=0}, whose counterpart in the
reference cell is the surface S∗

i ={y∈Y |F (ε(i+y),y)=0} and |Si|=εn−1|S∗
i |. For each

x∈Ωi, let |Γi(x)| denote the area of the surface Γi(x)={ε(i+y)∈Ωi|F (x,y)=0}, whose
counterpart in the reference cell is the surface Γ∗(x)={y∈Y |F (ε(i+z),y)=0} for some
z∈Y such that x=ε(i+z) and |Γi(x)|=εn−1|Γ∗(x)|. From Equation (2.9),

KSvl=
K|Γi(x)|
|Ωi| =k

|Γ∗(x)|
|Y | and

K|Si|
|Ωi| =k

|S∗
i |
|Y | .

Since F (x,y) is sufficiently smooth with respect to both x and y, we have the approxi-
mation result in the reference cell that (refer to 5 for the detailed proof)

|(|S∗
i |−|Γ∗(x)|) |≤Aε. (3.4)

Hence, we have∫
Ωi

∣∣∣∣K(
Svl− |Si|

|Ωi|
)
u(x)v(x)

∣∣∣∣dx≤Aε‖u‖L2(Ωi)‖v‖L2(Ωi). (3.5)

By inequality (3.5), Hölder’s inequality, Equation (2.9) and Lemma 3.2,∣∣∣∣∫
Ω

KSvluvdx−
∫
Sε

Kuvds

∣∣∣∣
=

∣∣∣∣∣∑
i

(∫
Ωi

KSvluvdx−
∫
Si

Kuvds

)
+

∫
Ωε

∂

KSvluvdx−
∫
Sε
∂

Kuvds

∣∣∣∣∣
≤
∣∣∣∣∣∑

i

(∫
Ωi

K
|Si|
|Ωi|uvdx−

∫
Si

Kuvds

)∣∣∣∣∣+
∣∣∣∣∣
∫
Sε
∂

Kuvds

∣∣∣∣∣+Aε‖u‖H1(Ω)‖v‖H1(Ω)

=

∣∣∣∣∣∑
i

K
|Si|
|Ωi|

∫
Ωi

(uv−〈uv〉Si
)dx

∣∣∣∣∣+
∣∣∣∣∣
∫
Sε
∂

Kuvds

∣∣∣∣∣+Aε‖u‖H1(Ω)‖v‖H1(Ω)

=T1+T2+Aε‖u‖H1(Ω)‖v‖H1(Ω), (3.6)
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where 〈·〉Si is the mean on Si. By Lemma 3.1 with p=1, Equation (2.9) and Lemma
3.2, we get, for the surfaces in the boundary layer, that

T2=

∣∣∣∣∣∣
∑

Si∈Sε
1

∫
Si

Kuvds

∣∣∣∣∣∣≤AKε−1

∫
Ωε

∂

(|uv|+ε|∇(uv)|)dx

≤A‖u‖L2(Ωε
∂)
‖v‖L2(Ωε

∂)
+Aε‖u‖H1(Ω)‖v‖H1(Ω)

≤Aε‖u‖H1(Ω)‖v‖H1(Ω). (3.7)

To estimate T1, we first introduce a functional Gi(·) on W 1,1(Ωi) as

Gi(w)=

∫
Ωi

(w−〈w〉Si)dx.

From Lemma 3.1, it is easy to check that |Gi(w)|≤A
∫
Ωi
(|w|+ |∇w|)dx, where A is

independent of ε and Gi(w)=Gi(w+a), ∀a∈R1. Then by Bramble-Hilbert’s lemma
( [4]) and the scaling argument, we have

|Gi(w)|≤A inf
a∈R1

‖w+a‖W 1,1(Ωi)≤ Ã(Ωi)‖∇w‖L1(Ωi)=Aε‖∇w‖L1(Ωi). (3.8)

Now we get that

T1≤
∑
i

K
|Si|
|Ωi| |Gi(uv)|≤Aε

∑
i

‖∇(uv)‖L1(Ωi)≤Aε‖u‖H1(Ω)‖v‖H1(Ω). (3.9)

The lemma is now proved.

Remark 3.2. Similar results of Lemma 3.4 were given in Lemma 2 of [6]. The main
ingredient in their approach is to construct the following auxiliary problem in the macro
pore region {

Δyψ(x,y)=εSvl in Y ∗(x),
∂ψ
∂n = |Y ∗(x)| on Γ∗(x).

(3.10)

For our problem here, to follow their path, we need to construct two auxiliary problems{
Δyψ1(x,y)=εSvl in Y ∗(x),
∂ψ1

∂n = |Y ∗| on Γ∗(x),
and

{
Δyψ2=εSvl in Y \Y ∗(x),
−∂ψ2

∂n = |Y \Y ∗| on Γ∗(x).

In the proof of Lemma 3.4, we choose a more intuitive way.

Remark 3.3. For purely periodic media, the approximation results (3.4) and (3.5)

are not needed. We would have |Γ∗(x)|≡ const.= |S∗
i | and Svl(x)≡ const.= |Si|

|Ωi| .

With the help of the preceding lemmas we can now prove Theorem 2.1.

Proof. (Proof of Theorem 2.1). First we prove the convergence result (2.4)
by the two-scale convergence method (see [18] and references therein). The variational
formulation of the problem (2.1) is{

Find Cε∈V ={v|v∈H1(Ω),v(x)=C∂ on ∂Ω} such that∫
Ω
Dε∇Cε∇vdx=

∫
Sε−KCεvds+

∫
Ω
−KCεSvs(1−χ(x, xε ))vdx, ∀v∈H1

0 (Ω).

(3.11)
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It follows from Lemma 2.1 and Theorem 5.1 that there exists a subsequence, still denoted
by ε, such that Cε two scale converges to C0. Moreover, there exists C1=C1(x,y) in
L2(Ω,Hper(Y )/R) such that, up to a subsequence, ∇Cε two scale converges to ∇xC

0+
∇yC1 by Theorem 5.2. Let v0(x)∈D(Ω) and v1(x,

x
ε )∈D(Ω,C∞per(Y )), where D(Ω)

is the space of all indefinitely differentiable functions with compact support in Ω, and
D(Ω,C∞per(Y )) is the space of all measurable functions v(x,y) on Ω×Y such that v(x, ·)∈
C∞(Y ) is Y -periodic for any x∈Ω, and v(·,y)∈D(Ω) for any y∈Y . Using v0(x)+
εv1(x,

x
ε ) as a test function in the problem (3.11), we obtain that∫

Ω

Dε∇Cε
(
∇v0(x)+ε∇xv1

(
x,

x

ε

)
+∇yv1

(
x,

x

ε

))
dx

=−
∫
Sε

KCε(v0+εv1)ds−
∫
Ω

KCεSvs

(
1−χ

(
x,

x

ε

))
(v0+εv1)dx.

We can take the limit of the left-hand side and the second term of the right-hand side
by using the same arguments on P183 of [10], detailed in 5. It follows from Lemmas 3.4
and 2.1 that

lim
ε→0

∫
Sε

KCε(x)(v0+εv1)ds

= lim
ε→0

[(∫
Sε

KCεv0ds−
∫
Ω

KSvlC
εv0dx

)
+

∫
Ω

KSvlC
εv0dx+

∫
Sε

KCεεv1

]
=

∫
Ω

KSvlC
0v0dx. (3.12)

Thus we obtain

1

|Y |
∫
Ω

∫
Y

D(x,y)(∇C0+∇yC1(x,y))(∇v0+∇yv1(x,y))dydx

=−
∫
Ω

KSvlC
0v0dx−

∫
Ω

KSvsC
0(1−φl)v0dx. (3.13)

Choosing first v0≡0 and then v1≡0, we obtain⎧⎪⎪⎪⎨⎪⎪⎪⎩
−∇y ·(D(x,y)∇yC1(x,y))=∇y(D(x,y))∇C0(x) in Ω×Y,

−∇·[∫
Y
D(x,y)(∇C0(x)+∇yC1(x,y))dy

]
=−KSvlC

0−KSvsC
0(1−φl) in Ω,

C0=C∂ on ∂Ω,

C1(x, ·) Y −periodic.

(3.14)

Thus C1 has the form C1(x,y)=Nk(x,y)
∂C0(x)
∂xk

with Nk(x,y) satisfying cell problem

(2.7). Replace C1(x,y) by Nk(x,y)
∂C0(x)
∂xk

in the second line of the expression (3.14), we

get C0 satisfies the problem (2.5). Consequently, the whole sequence converges to C0

due to the uniqueness of the solution to (2.5). So far we have proved the convergence
result (2.4).

Now we will prove the error estimate (2.8) under the assumption that C0∈H2(Ω).
First we will prove

‖Lε(Cε−Cε
1)‖H−1(Ω)≤Aε, (3.15)

where A is a constant independent of ε. From the problems (2.1) and (2.5),

‖Lε(Cε)−Lε(Cε
1)‖H−1(Ω)=‖L0(C0)−Lε(Cε

1)‖H−1(Ω)
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=‖−∇·(D0∇C0)+KSvlC
0+KSvs(1−φl)C

0

+∇·(Dε∇Cε
1)−Kδε(x)Cε

1−KSvs(1−χ)Cε
1‖H−1(Ω)

≤‖∇·(D0∇C0)−∇·(Dε∇Cε
1)‖H−1(Ω)+‖KSvlC

0−Kδε(x)Cε
1‖H−1(Ω)

+‖KSvs(1−φl)C
0−KSvs(1−χ)Cε

1‖H−1(Ω)

= I1+I2+I3. (3.16)

For the first term, we have the estimate

I1 :=‖∇·(D0∇C0)−∇·(Dε∇Cε
1)‖H−1(Ω)≤Aε, (3.17)

which can be derived by the standard argument as employed on p. 26-27 in [14], see 5.
The only difference here is that one has to treat some locally periodic functions rather
than purely periodic ones, see also [7].

For all g(x)∈H1
0 (Ω),∣∣∣∣∫

Ω

KSvlC
0gdx−

∫
Sε

KCε
1gds

∣∣∣∣≤K

∣∣∣∣∫
Ω

SvlC
0gdx−

∫
Sε

C0gds

∣∣∣∣+ ∣∣∣∣∫
Sε

εKNk
∂C0

∂xk
gds

∣∣∣∣ .
The first term on the right hand side can be estimated by the inequality (3.3). By
Equation (2.9) and Lemmas 3.1 and 3.3, we have∣∣∣∣∫

Sε

εKNk
∂C0

∂xk
gds

∣∣∣∣≤Aε‖C0‖H2(Ω)‖g‖H1(Ω).

Hence from Lemma 3.4, we have

I2 :=‖KSvlC
0−Kδε(x)Cε

1‖H−1(Ω)≤Aε. (3.18)

Then we turn to estimate the term I3. For any g(x)∈H1
0 (Ω),∫

Ω

(
KSvs(1−φl)C

0−KSvs(1−χ)Cε
1

)
g(x)dx

=
∑
i

∫
Ωi

(
KSvs(1−φl)C

0−KSvs(1−χ)Cε
1

)
g(x)dx

+

∫
Ωε

∂

(
KSvs(1−φl)C

0−KSvs(1−χ)Cε
1

)
g(x)dx.

For the inner part, we have after direct computation that∣∣∣∣∣∑
i

∫
Ωi

(
KSvs(1−φl)C

0−KSvs(1−χ)Cε
1

)
g(x)dx

∣∣∣∣∣
≤
∣∣∣∣∣∑

i

∫
Ωi

KSvs

(
(1−φl)C

0g−(1−χ)C0g
)
dx

∣∣∣∣∣+
∣∣∣∣∣∑

i

∫
Ωi

KSvs(1−χ)εNk
∂C0

∂xk
gdx

∣∣∣∣∣
≤KSvs

(∣∣∣∣∣∑
i

∫
Ωi

(1−φl)(C
0−〈C0〉Ωi)gdx

∣∣∣∣∣+
∣∣∣∣∣∑

i

∫
Ωi

(1−φl)〈C0〉Ωi(g−〈g〉Ωi)dx

∣∣∣∣∣
+

∣∣∣∣∣∑
i

∫
Ωi

(1−χ)(C0−〈C0〉Ωi
)gdx

∣∣∣∣∣+
∣∣∣∣∣∑

i

∫
Ωi

(1−χ)(g−〈g〉Ωi
)〈C0〉Ωi

dx

∣∣∣∣∣
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+

∣∣∣∣∣∑
i

∫
Ωi

(1−χ)εNk
∂C0

∂xk
gdx

∣∣∣∣∣
)

≤Aε
(|C0|H1(Ω)‖g‖L2(Ω)+‖C0‖L2(Ω)|g|H1(Ω)

)
.

For the boundary part, we have from Lemma 3.2∣∣∣∣∣
∫
Ωε

∂

(
KSvs(1−φl)C

0−KSvs(1−χ)Cε
1

)
g(x)dx

∣∣∣∣∣
≤
∣∣∣∣∣
∫
Ωε

∂

KSvs

(
(1−φl)C

0g−(1−χ)C0g
)
dx

∣∣∣∣∣+
∣∣∣∣∣
∫
Ωε

∂

KSvs(1−χ)εNk
∂C0

∂xk
gdx

∣∣∣∣∣
≤A

(
‖C0‖L2(Ωε

∂)
‖g‖L2(Ωε

∂)
+ε‖C0‖H1(Ωε

∂)
‖g‖L2(Ωε

∂)

)
≤Aε‖C0‖H1(Ω)‖g‖H1(Ω).

So putting the above two estimates together, we get

I3 :=‖KSvs(1−φl)C
0−KSvs(1−χ)Cε

1‖H−1(Ω)≤Aε.

Therefore we have proved the estimate (3.15).
If Cε−Cε

1 ∈H1
0 (Ω), then the estimate (3.15) implies the estimate (2.8) by the elliptic

regularity. To treat the fact that Cε−Cε
1 �∈H1

0 (Ω), we follow the argument on p. 28, [14].
First we introduce a cut-off function τ ε(x)∈C∞(Ω), such that

(1) 0≤ τ ε(x)≤1, τ ε(x)≡1 on ∂Ω, τ ε(x)≡0 in Ω\Uε, where Uε={x∈Ω|dist(x,∂Ω)<ε};
(2) ε|∇τ ε|≤A in Ω , A is a constant independent of ε.

To meet the zero Dirichlet boundary condition, let

Ĉε
1 =Cε

1−ετ ε(x)Nk

(
x,

x

ε

) ∂C0

∂xk
=C0(x)+ε(1−τ ε(x))Nk

(
x,

x

ε

) ∂C0

∂xk
.

Then we have Cε− Ĉε
1 ∈H1

0 (Ω) and Cε
1− Ĉε

1 =ετ ε(x)Nk(x,
x
ε )

∂C0

∂xk
. By simple calcula-

tions we have

∂

∂xj
(Cε

1− Ĉε
1)=

(
ε
∂τε

∂xj
Nk+ετ ε

∂Nk(x,y)

∂xj

∣∣∣
y= x

ε

+τ ε
∂Nk(x,y)

∂yj

∣∣∣
y= x

ε

)
∂C0

∂xk

+ετ εNk
∂2C0

∂xj∂xk
. (3.19)

Noting that supp{τε}⊂Uε and thanks to Lemmas 3.2 and 3.3, we get

‖Cε
1− Ĉε

1‖H1(Ω)≤Aε
1
2 . (3.20)

What’s left is to estimate ‖Cε− Ĉε
1‖H1(Ω). For all g(x)∈H1

0 (Ω), we have, by Lemma
3.1, ∫

Ω

Lε(Cε
1− Ĉε

1)gdx

=

∫
Ω

Dε∇(Cε
1− Ĉε

1)∇gdx+

∫
Sε

K(Cε
1− Ĉε

1)gds+

∫
Ω

KSvs(C
ε
1− Ĉε

1)(1−χ)gds

≤A‖Cε
1− Ĉε

1‖H1(Ω)‖g‖H1(Ω). (3.21)
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Then from the estimates (3.15) and (3.20),

‖Lε(Cε− Ĉε
1)‖H−1(Ω)≤‖Lε(Cε−Cε

1)‖H−1(Ω)+‖Lε(Cε
1− Ĉε

1)‖H−1(Ω)≤Aε
1
2 . (3.22)

Thanks to Cε− Ĉε
1 ∈H1

0 (Ω) and the elliptic regularity of the operator Lε, we have

‖Cε− Ĉε
1‖H1(Ω)≤Aε

1
2 .

Then we finally get

‖Cε−Cε
1‖H1(Ω)≤Aε

1
2 , (3.23)

where A is a constant independent of ε. So we complete the proof.

4. Homogenization for the second stage
This section is devoted to the homogenization theory for the second stage of the

CVI process. In this stage, the micro pores inside the bundles are closed, so we face a
perforated problem. Chechkin and Piatnitski ( [6]) gave the estimates on the rate of
convergence for this kind of problem. We will prove the same results in a more straight-
forward way and under a lower regularity assumption on the homogenized concentration
C0.

From Equation (2.12), D(x,y)=D1 is a constant in Y ∗(x). Since the interface Γ∗

is sufficiently smooth, we have for the cell problem (2.17), Mk(x, ·)∈H1(Y ∗), and

Mk(·,y) is Lipschitz continuous in Ω and Mk(x, ·)∈W 1,∞(Y ∗). (4.1)

Now we give the proof of Theorem 2.2.

Proof. (Proof of Theorem 2.2). First we prove the convergence result (2.14)
by the two-scale convergence method. Recall that the problem (2.10) has a variational
formulation as: Find Cε∈V ={v∈H1(Ωε) : v=C∂ on ∂Ω} such that∫

Ωε

D1∇Cε∇vdx+

∫
Sε

KCεvds=0, ∀v∈V0={v∈H1(Ωε) : v=0 on ∂Ω}. (4.2)

It follows from Lemma 2.4, Theorem 5.1 and Theorem 5.2 that there exists a subse-
quence, still denoted by ε, such that Cε∈H1(Ω) two scale converges to C0. Moreover,
there exists C1=C1(x,y) in L2(Ω,Hper(Y )/R) such that, up to a subsequence, ∇Cε two
scale converges to ∇xC

0+∇yC1. Let v0(x)∈D(Ω) and v1(x,
x
ε )∈D(Ω,C∞per(Y )). Using

v0(x)+εv1(x,
x
ε ) as a test function in Equation (4.2) we obtain that∫

Ωε

Dε∇Cε
(
∇v0(x)+ε∇xv1

(
x,

x

ε

)
+∇yv1

(
x,

x

ε

))
dx=−

∫
Sε

KCε(v0+εv1)ds.

Hence, passing to the limit in the above equation as ε→0, we finally get

1

|Y |
∫
Ω

∫
Y ∗

D(x,y)
(∇C0+∇yC1(x,y)

)
(∇v0+∇yv1(x,y))dydx=−

∫
Ω

KSvlC
0v0dx.

Choosing first v0≡0 and then v1≡0, we obtain⎧⎪⎪⎪⎨⎪⎪⎪⎩
−∇y ·(D(x,y)∇yC1(x,y))=∇y(D(x,y))∇C0(x), in Ω×Y ∗,
−∇x ·

(∫
Y ∗D(x,y)(∇C0(x)+∇yC1(x,y))dy

)
=−KSvlC

0, in Ω,

C0=C∂ on ∂Ω,

C1(x, ·) Y −periodic.

(4.3)
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Thus C1 has the form C1(x,y)=Mk(x,y)
∂C0(x)
∂xk

in Ω×Y ∗ with Mk(x,y) satisfying the

cell problem (2.17). Plug Mk(x,y)
∂C0(x)
∂xk

in the second line of the expression (4.3), we

get C0 satisfies the problem (2.15). Consequently, the whole sequence converges to C0

thanks to the uniqueness of the solution to the problem (2.15). So far we have proved
the convergence result.

We now turn to bound the error for the first order expansion Cε−Cε
1 . To meet the

boundary condition, we introduce

C̃ε
1 =Cε

1−ετ ε(x)Mk
∂C0

∂xk
=C0+ε(1−τ ε(x))Mk

∂C0

∂xk
, (4.4)

where the cut-off functions τ ε(x) have been introduced on the top of Equation (3.19).
Then we have

Cε−Cε
1 =Cε− C̃ε

1+ C̃ε
1−Cε

1 , and (Cε− C̃ε
1)|∂Ω=0. (4.5)

Similarly to Equation (3.19) and the inequality (3.20), we get from Lemma 3.2 and
the condition (4.1) that

‖Cε
1− C̃ε

1‖H1(Ωε)≤Aε
1
2 . (4.6)

What’s left is to bound wε=Cε− C̃ε
1 . By Lemma 2.3, we can extend wε from Ωε

to Ω such that

wε∈H1
0 (Ω), ‖wε‖H1(Ω)≤A‖wε‖H1(Ωε). (4.7)

By direct computation, we have∫
Ωε

Dε∇wε∇wεdx

=

∫
Ωε

(Dε∇Cε−D0∇C0)∇wεdx+

∫
Ωε

Gij

(
x,

x

ε

) ∂C0

∂xj

∂wε

∂xi
dx

−
∫
Ωε

εdij

(
∂Mk

∂xj

∂C0

∂xk
+Mk

∂2C0

∂xj∂xk

)
∂wε

∂xi
dx+

∫
Ωε

Dε∇
(
ετ εMk

∂C0

∂xk

)
∇wεdx,

where Gij =d0ij−dij−dik
∂Mj

∂yk
, Dε(x)=(dij)n×n=

{
D1In, for x∈Ωε,
0, for x∈Ω\Ωε and D0=(d0ij)

is given by Equation (2.16). Since Gij =d0ij in Ω\Ωε, we have the following identity
which plays a key role in the following estimates, with which we can avoid facing some
difficulties induced by the perforated domain.

−
∫
Ωε

D0∇C0∇wεdx+

∫
Ωε

Gij
∂C0

∂xj

∂wε

∂xi
dx

=−
∫
Ω

∇·(D0∇C0)wεdx+

∫
Ω

Gij
∂C0

∂xj

∂wε

∂xi
dx. (4.8)

By the problems (2.10) and (2.15) and the identity (4.8), we have∫
Ωε

Dε∇wε∇wεdx

=−
∫
Sε

KCεwεds+

∫
Ω

KSvlC
0wεdx+

∫
Ω

Gij
∂C0

∂xj

∂wε

∂xi
dx

−
∫
Ωε

εdij

(
∂Mk

∂xj

∂C0

∂xk
+Mk

∂2C0

∂xj∂xk

)
∂wε

∂xi
dx+

∫
Ωε

Dε∇
(
ετ εMk

∂C0

∂xk

)
∇wεdx.
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Then there exists a constant A1>0 independent of ε, such that

A1‖wε‖2H1(Ωε)≤
∫
Ωε

Dε∇wε∇wεdx+K

∫
Sε

wεwεds

≤
∣∣∣∣−∫

Sε

KCε
1w

εds+

∫
Ω

KSvlC
0wεdx

∣∣∣∣+ ∣∣∣∣∫
Sε

K

(
ετ εMk

∂C0

∂xk

)
wεds

∣∣∣∣
+

∣∣∣∣∫
Ω

Gij
∂C0

∂xj

∂wε

∂xi
dx

∣∣∣∣+ ∣∣∣∣∫
Ωε

εdij

(
∂Mk

∂xj

∂C0

∂xk
+Mk

∂2C0

∂xj∂xk

)
∂wε

∂xi
dx

∣∣∣∣
+

∣∣∣∣∫
Ωε

Dε∇
(
ετ εMk

∂C0

∂xk

)
∇wεdx

∣∣∣∣
:=J1+J2+J3+J4+J5.

Similarly to the estimate (3.18), we get from the estimate (4.7) that

|J1|≤Aε‖wε‖H1(Ω)≤Aε‖wε‖H1(Ωε).

From Lemma 3.1, Equation (2.9) and the condition (4.1), we get

|J2|≤Aε‖wε‖H1(Ω)≤Aε
1
2 ‖wε‖H1(Ωε).

After carefully checking, though Mk(x,y) is now a extension of the solutions of the
problem (2.17), we still have∫

Y

Gij(x,y)dy=0 and
∂Gij

∂yi
=0 in Y.

With these properties, we can treat the third term by introducing skew-symmetric
matrixes αj =(αik,j) such that Gij =

∂
∂yk

(αki,j), j=1, · · · ,n; refer to p. 6 in [14] or 5.

By the same argument as in (5.10), we have

|J3|≤Aε‖wε‖H1(Ω)≤Aε‖wε‖H1(Ωε).

From the condition (4.1), we get

|J4|≤Aε‖wε‖H1(Ωε).

For the last term, noting that supp{τ ε}⊂Uε and ‖∇(ετ εM)‖L∞(Ω)≤A, we have by
Lemma 3.2,

|J5|≤Aε
1
2 ‖C0‖H2(Ω)‖wε‖H1(Ωε).

Then we obtain

‖Cε− C̃ε
1‖H1(Ωε)=‖wε‖H1(Ωε)≤Aε

1
2 . (4.9)

Combining the estimates (4.6) and (4.9), we obtain the estimate (2.19) and complete
the proof.

Remark 4.1. The key point to derive the result (2.19) under the weaker assumption
C0∈H2(Ω) is that the identity (4.8) is constructed, with which we avoid some difficulties
on perforated problems and we can treat the term J3 with the help of skew-symmetric
matrices α. This skew-symmetry leads to some error cancel on the fine scale; see the
treatment for the first term on the right hand side of (5.10).
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5. Conclusions and discussions
We established the homogenization theory for the two stages of CVI process, which

is the foundation of the multi-scale model developed by Y. Bai et al. in [2]. In both
stages, we proved the convergence results by the two-scale convergence method and then
derived the estimates on the rate of convergence with the assumption C0∈H2(Ω). The
keys to the proofs were to handle the singular surface reaction term in both stages and
to extend parts of terms in the perforated domain to the whole domain Ω in the second
stage.

In this paper we have considered the homogenization for the steady state problems.
The real CVI process is dynamic, i.e., the parameters are dependent on the structure of
the media and the structure changes with time. So we have a nonlinear coupling system
on the concentration and local porosity. The homogenization theory for the nonlinear
system will be investigated in a future paper. We also expect 3-dimensional multiscale
numerical simulation for the CVI process.

Acknowledgement. The authors would like to thank Prof. Qingfeng Zeng for
useful discussions. We are grateful to the anonymous referees for their valuable sugges-
tions and comments which improve the paper. This work is supported by NSF of China
under the Grant 11271281.

Appendix.

A.1. Here we present two important theorems in [10] and prove Equation (3.13) in
detail.

Theorem 5.1. Let {vε} be a bounded sequence in L2(Ω). Then, there exists a
subsequence still denoted by {vε} and a function v0∈L2(Ω×Y ) such that {vε} two-
scale converges to v0, i.e.,

lim
ε→0

∫
Ω

vε(x)ψ
(
x,

x

ε

)
dx=

1

|Y |
∫
Ω

∫
Y

v0(x,y)ψ(x,y)dydx, (5.1)

for any function ψ=ψ(x, xε )∈D(Ω,C∞per(Y ).

Theorem 5.2. Let {vε} be a sequence of functions in H1(Ω) such that vε⇀v0 weakly
in H1(Ω). Then {vε} two-scale converges to v0 and there exists a subsequence, still
denoted by {vε}, and v1=v1(x,y) in L2(Ω;Wper(Y )) such that ∇vε two-scale converges
to ∇xv0+∇yv1.

Proof. (Proof of (3.13)). Since Dε is in L∞(Y ) and ∇v0(x)+∇yv1(x,y) is in
D(Ω,C∞per(Y ), Dε(∇v0(x)+∇yv1(x,y)) can be used as test function in the two-scale
convergence of ∇Cε. Consequently,

lim
ε→0

∫
Ω

Dε∇Cε
[
∇v0(x)+∇yv1

(
x,

x

ε

)]
dx

=
1

|Y |
∫
Ω

∫
Y

D(x,y)(∇C0(x)+∇yC1(x,y))(∇v0(x)+∇yv1(x,y))dydx. (5.2)

Similarly, ∇xv1(x,y) can be used as test function, whence

lim
ε→0

∫
Ω

Dε∇Cε
[
ε∇xv1

(
x,

x

ε

)]
dx=0. (5.3)

Since KSvs∼O( ε
ε1
)=O(1),

lim
ε→0

∫
Ω

KCεSvs

[
1−χ

(
x,

x

ε

)][
v0(x)+εv1

(
x,

x

ε

)]
dx
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= lim
ε→0

1

|Y |
∫
Ω

∫
Y

KSvsC
0(1−χ(x,y))(v0(x)+εv1(x,y))dydx

=

∫
Ω

KSvsC
0(1−φl)v0(x)dx. (5.4)

Combine the results (5.2)-(5.4) and Equation (3.12), the proof of (3.13) is complete.

A.2. Now we present some definitions and results in [14], and then prove the esti-
mate (3.17). Define the space of solenoidal periodic vector fields, setting

L2
sol(Y )={p(y)∈L2(Y ), div p=0 in R

n}. (5.5)

Then any solenoidal vector field p∈L2
sol(Y ) can be represented in the form

pj = 〈pj〉+ ∂

∂yi
αij , (5.6)

where 〈pj〉= 1
|Y |

∫
Y
pj(y)dy, α is a skew-symmetrical matrix such that αij ∈H1(Y ),

〈αij〉=0; see p. 7, [14] for an explicit formula of α.
We now give the proof of the estimate (3.17). The difference from arguments on

p. 27 in [14] is that some functions here are locally periodic.

(Dε∇Cε
1)i=dij

(
x,

x

ε

) ∂Cε
1

∂xj

=

{
dij+dik

∂Nj(x,y)

∂yk

∣∣∣
y= x

ε

}
∂C0

∂xj
+εdik

∂Nj(x,y)

∂xk

∣∣∣
y= x

ε

∂C0

∂xj
+εdijNk

(
x,

x

ε

) ∂2C0

∂xj∂xk

=d0ij
∂C0

∂xj
+gij

∂C0

∂xj
+εdik

∂Nj(x,y)

∂xk

∣∣∣
y= x

ε

∂C0

∂xj
+εdijNk

(
x,

x

ε

) ∂2C0

∂xj∂xk
, (5.7)

where gij =dij+dik
∂Nj(x,y)

∂yk

∣∣∣
y= x

ε

−d0ij , dij =(Dε)ij , d
0
ij =(D0)ij . Due to Equations (2.6)

and (2.7), we can get 〈gij〉=0 and
∂gij
∂yi

=0 in Y . Then for each j=1, · · · ,n, we can

introduce a skew-symmetrical matrix Bj =(bik,j(x,y)) such that gij =
∂

∂yk
(bki,j). Then

(Dε∇Cε
1−D0∇C0)i=gij

∂C0

∂xj
+εdik

∂Nj(x,y)

∂xk

∣∣∣
y= x

ε

∂C0

∂xj
+εdijNk

(
x,

x

ε

) ∂2C0

∂xj∂xk
.

(5.8)
For v(x)∈H1

0 (Ω),∫
Ω

(Dε∇Cε
1−D0∇C0)∇vdx

=

∫
Ω

gij
∂C0

∂xj

∂v

∂xi
dx+

∫
Ω

[
εdik

∂Nj(x,y)

∂xk

∣∣∣
y= x

ε

∂C0

∂xj
+εdijNk

(
x,

x

ε

) ∂2C0

∂xj∂xk

]
∂v

∂xi
dx,

(5.9)

where∫
Ω

gij
∂C0

∂xj

∂v

∂xi
dx=

∫
Ω

∂

∂yk
(bki,j)

∂C0

∂xj

∂v

∂xi
dx

=

∫
Ω

ε
∂

∂xk

(
bki,j

(
x,

x

ε

) ∂C0

∂xj

)
∂v

∂xi
dx
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−ε

∫
Ω

∂bki,j(x,y)

∂xk

∣∣∣
y= x

ε

∂C0

∂xj

∂v

∂xi
dx−ε

∫
Ω

bki,j

(
x,

x

ε

) ∂2C0

∂xj∂xk

∂v

∂xi
dx.

(5.10)

Since ∂
∂xk

(
bki,j(x,

x
ε )

∂C0

∂xj

)
is a solenoidal vector field, the first term in the right-hand

side of Equation (5.10) is 0. The second term and the third term on the right-hand side
of Equation (5.10) are both of order ε. Then the first term on the right-hand side of
Equation (5.9) can be bounded by Aε, and the other terms on the right-hand side of
Equation (5.9) are all of order ε. So we have∫

Ω

(Dε∇Cε
1−D0∇C0)∇vdx≤Aε‖∇v‖L2(Ω).

Thus the estimate (3.17) is proved.

A.3. Here we give a detailed proof of the approximation result (3.4):

|(|S∗
i |−|Γ∗(x)|) |≤Aε.

We denote by n(y) the unit normal vector to S∗
i ={y∈Y |F (ε(i+y),y)=0} and ñ(x,y)=

ñ(ε(i+z),y) the unit normal vector to Γ∗(x)={y∈Y |F (ε(i+z),y)=0}.

|Γ∗(x)|=
∫
Γ∗(x)

ñ(x,y) · ñ(x,y)ds=
∫
Y \Y ∗(x)

∇y · ñ(x,y)dy

=

∫
Y

(1−χ(x,y))∇y · ñ(x,y)dy=
∫
Y

(1−χ(x,y))∇y · ∇yF (x,y)

|∇yF (x,y)|dy.

|S∗
i |=

∫
s∗i

n(y) ·n(y)ds=
∫
Y

(1−χ(ε(i+y),y))∇·n(y)dy

=

∫
Y

(1−χ(ε(i+y),y))∇· ∇F (ε(i+y),y)

|∇F (ε(i+y),y)|dy

=

∫
Y

(1−χ(ε(i+y),y))

(
∇y · ∇yF (x,y)

|∇yF (x,y)|
∣∣∣
x=ε(i+y)

+O(ε)

)
dy,

since F (x,y) is sufficiently smooth.
Let

Q(x,y)=∇y · ∇yF (x,y)

|∇yF (x,y)| .

Then for all x=ε(i+z)∈Ωi, we have

|S∗
i |−|Γ∗(x)|=

∫
Y

(1−χ(ε(i+y),y)) ·Q(ε(i+y),y)−(1−χ(x,y)) ·Q(x,y)dy+O(ε)

=

∫
{y∈Y |F (ε(i+y),y)<0 and F (ε(i+z),y)<0}

(Q(ε(i+y),y)−Q(ε(i+z),y))dy

+

∫
{y∈Y |F (ε(i+y),y)<0 and F (ε(i+z),y)>0}

Q(ε(i+y),y)dy

+

∫
{y∈Y |F (ε(i+y),y)>0 and F (ε(i+z),y)<0}

Q(ε(i+z),y)dy+O(ε).
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The first term of the right-hand side is of order ε since Q(ε(i+z),y)−Q(ε(i+y),y)=
O(ε), and the second term and third term are of order ε due to both the area of the
region {y∈Y |F (ε(i+y),y)<0 and F (ε(i+z),y)>0} and the area of the region {y∈
Y |F (ε(i+y),y)>0 and F (ε(i+z),y)<0} being O(ε|Y |), since Q and F are smooth.
Therefore we have proved |(|S∗

i |−|Γ∗(x)|) |≤Aε.
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