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TIME PERIODIC SOLUTIONS TO THE COMPRESSIBLE
NAVIER-STOKES-POISSON SYSTEM WITH DAMPING*

HONG CAIT AND ZHONG TAN#

Abstract. In this paper, we establish the existence of time periodic solutions to the two and three
dimensional compressible Navier—Stokes—Poisson equations with the linear damping, under some small-
ness and symmetry assumptions on the time periodic external force. Based on the uniform estimates
and the topological degree theory, we prove the existence of a time periodic solution in a bounded
domain. Finally, the existence result in the whole space is obtained by a limiting process.
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1. Introduction

For a given constant density p of positively charged ions, the time evolution of
the electron density p=p(x,t) and the electron velocity u=u(z,t) governed by the
compressible Navier—Stokes—Poisson equations with the linear damping reads as

pe+div(pu) =0,
plug + (u-V)u]+VP(p) = pAu+ (p+A)Vdivu+pVE —dpu+pf, (1.1)
Ad=p—p.

Here ®(z,t) represents the electric potential of the electrons at time ¢ >0 and position
z€RYN for N=2,3. The pressure function P= P(p) is assumed to be a smooth func-
tion in a neighborhood of p satisfying P’(p) >0. The constants p,\ are the viscosity
coeflicients with the usual physical conditions

2
>0, A+—u>0;
[ +hZ

0> 0 represents a friction coefficient. Moreover, f(z,t) is a given external force, which
is assumed to be periodic in time with period T'.

Our main purpose of this paper is to investigate the existence of a time periodic
solution in RV, N =2,3 for the problem (1.1), which has the same period as f. First, we
combine the uniform estimates and the topological degree theory to show the problem
admits a time periodic solution in a sequence of bounded domains. Then by several
uniform bounds and the limiting process on the approximate solutions, we show the
existence in the whole space immediately.

Our main result in this paper is stated as follows.
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790 TIME PERIODIC SOLUTIONS TO NSP

THEOREM 1.1. Assume the time periodic external force f(z,t)e Wy ((0,T) x
RN),N =23, with f(—x,t)=—f(x,t). If

IO <,

for some small constant h >0, then the problem (1.1) admits a time periodic solution
(p,u, V®) with the same period as the external force f(x,t), satisfying (p—p,u,V®) €
Xay, where X,, is defined later.

The Equations (1.1) with 6 =0 indeed calls the compressible Navier-Stokes—Poisson
system is used to model and simulate the charge transport in semiconductor devices
[11]. Recently, many interesting researchers have been devoted to many topics of this
system, cf.[?, 4, 9, ?, 7, 16, 17, 18, 19, 20] and references therein. Here we recall
some previous works related to our topic. The local and global existence of the multi-
dimension renormalized solution was obtained in [3, 19]. Hao and Li [4] established
the global strong solutions of the initial value problem for the multi-dimensional in
the Besov space. Later, Tan and Wu [?] extended these results to the non-isentropic
case in hybrid Besov space. The global existence and the asymptotics of the global
solution near a constant equilibrium state for the isentropic and non-isentropic cases in
R3 were achieved by Li and his collaborators in [9, 18]. Zheng [20] proved the global
well-posedness in the LP framework with initial data close to a stable equilibrium for
the multi-dimension. However, at our best knowledge, it seems that there is no work
on the periodic solutions whether §=0 or ¢ > 0.

When there is no electric field and § =0, system (1.1) reduces to the compressible
Navier—Stokes equations, cf. [1, 2, ?, 6, 7, 8, 10, 12, 15] and references therein. Here we
only mention some of them related to our paper. In [10], Ma, Ukai and Yang combined
the linear decay analysis and the contraction mapping theorem to obtain the existence
and stability of time periodic solutions when the space dimension N >5. For recent
works, in [7], Jin and Yang considered the existence of time periodic solutions to the
whole space R? through the topological degree theory, provided

T
| U@ g+ 1) de 17O

is small enough and the pressure is given as P(p)=p7,7>1. Also, by the spectral
properties, the author in [8] obtained a time periodic solution for sufficiently small
and symmetry condition on the time periodic external force when the space dimension
is greater than or equal to 3. Thus, the case when N =2 is still unknown. Based
on the idea in [7], in this paper we will consider the existence of a periodic solution
under a smallness condition on ||f(t)||€V211 of system (1.1) in RV, N =23, where the

T
smallness assumption on / (I1£ () Hig + | £(#)||3) dt may be redundant by employing
0

some different energy estimates.

The rest of the paper is organized as follows. In Section 2, we will reformulate
the problem, then introduce the function space of solutions and some preliminaries
lemmas for later use. In Section 3, we will obtain the existence of periodic solutions for
system (2.2) by uniform estimates and topological degree theory in a bounded domain.
And the proof of the main result will be given in the last section.

Notations: Throughout this paper, for simplicity, we will omit the variables ¢,z of
functions if it does not cause any confusion. C' denotes a generic positive constant which
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may vary in different estimates. Moreover, we use H® to denote the usual L?-Sobolev
spaces with normal || ||gs and LP,1 <p<oo to denote the usual LP spaces with norm
I llz». Finally, denote the t-anisotropic Sobolev spaces as

Wk ((0,T) x QF) = {u: D, D] we LP((0,T) x QF), for any |o| <m,|B| <k},

with the norm

lellymr = > I1D%ullo+ Y D7 ullzo.

lo|<m 1Bl<k

And for 0<a<1, denote C%%((0,7)xQF) be the set of all functions u such that
U] o, e <00, where

(t]a,g = [u]a,g +[lu]Le,

here [-], o is the semi-norm defined by

u(x,t) —u(y,s
gz sp i@ =uwo)
(@) ([T—yP+[t—s])

o -
2

2. Preliminaries

Without loss of generality, we take the constant ¢ in system (1.1) to be 1. We
rewrite problem (1.1) in a new form, by the change of variables p=p—p,v=u,¢ =,
then we can obtain

ot + pdive = —div(pv),

(p+0)ve —pAv—(p+A)Vdive+P'(p+0)Vo+(p+o)v—(p+0)Ve
=—(p+o)(v-V)v+(p+o)f,

Ap=op.

(2.1)

Problems (1.1) and (2.1) are obviously equivalent. Thus, we will concentrate on system
(2.1) in the following. Firstly, we concern the following regularized problem in a bounded
domain

ot +pdive —eAp=—div(pv),

(p+0)ve — pAv— (p+ N Vdivo+ P'(p+0)Vo+ (p+o)v—(p+0)V

=—(p+0)(v-V)v+(p+o)fr, (2.2)
Ap=o,
Jor 0dz=0,

where QF = (—L,L)N cRY,N=2,3, fl(z,t) is a time periodic function and an odd
function on the space variable x with periodic boundary, satisfying

fE— fin Wyl ((0,7) xRY),

and

L2 2
”f ||W21>1((07T)><QL) §2||fHW21‘1((07T)><]RN)'
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Precisely, denote the solution space in bounded domain Q¥ and the whole space
RN, N=2.3 by
X ={(p,u, V) (x,t): (p,u, V®) € L®(0,T; H*(Q")); (pr,ur, VO:) € L%(0,T; L*(Q5));
pe L*(0,T;H*(Q")); (u,V®)e L*(0,T; H*(Q"));
(pe,ue, VO,) € L2(0,T; HY (QF)); and (p,u, V®) satisfies (a),(b),(c)},
and
X ={(p,u,V®)(x,t): (p,u, V®) € L0, T; H*(RN)); (ps,us, V) € L=(0,T;L*(RY));
p€ L*(0,T; H*(RY)); (u,V®)€ L*(0,T; H*(RY));
(pe,us, V) € L2(0,T; HY(RY)); and (p,u, V®) satisfies (c)},
with
(a) (p,u,V®) is time periodic functions with periodic boundary condition;
) [ ple.tydo=o;
Q
(C) p(I?t) = p(—I,t)ﬂL(I,t) = —U(—l‘,t%V‘D(I,t) = —V(I)(—I,t).
Set
Xo={(p,u,V®) € X" |[[(p,u, V)| <a},

for some positive constant a and with the norm [||-||| defined as

I(pu, VO = sup ([I(p,u, VO)(t)|[ 2 + [ (psu, V)£ ()] 72)
0<t<T

T
+/0 (172 + 11, VR ()75 + 1| (s, V) (1) |51 ) dt.

Now, we have the following result for problem (2.2), the proof of this proposition
will be given in the end of next section.

PROPOSITION 2.1. Assume that fE(z,t) is a smooth function and fL(z,t)e
W2171((07T)XQL)7 with fL(—l‘,t):—fL(]),t). If

1200 <he,

for some small constant h* >0, then the problem (2.2) admits a solution (o*,v*, Vo) €
XaLU, here ag is a small constant independent of L and €.

Several elementary inequalities are needed later, cf. [7], here the coefficients inde-
pendent of the domain play an important role in passing the limit of the approximate
solutions in the last section.

LEMMA 2.1.  Assume that QCRY is a bounded domain, and O is locally Lipschitz

continuous. If u|apg =0 (or/udxzo), then for any 1§p<N,1§q§p*:NN—i},
Q

(/ |u|qu)1/qSC(N,p,q)|mesQﬁ_Pi*(/ |Vu|”dm)1/p.
Q )



HONG CAI AND ZHONG TAN 793

In particular, if q=p* = NN—_’;, then

([ 1o <cvpa( [ (9updn).

LEMMA 2.2.  Assume that QCRY is a bounded domain, and O is locally Lipschitz
continuous. If ulpqo =0 (or / udr=0), then
Q

1/2 1/2
ull s < Cllul )22 Vull )2, for N=3,

1/4 3/4
ull s < Cllul 2 IVull35!, ulli= <C|[Vullg,  for N=3,

1/2 1/2 1/2 1/2
lullps < Clluli 2 IVullls,  Nullpe <Clull B2 IV2ull}s,  for N=2,

where C' is independent of Q. Moreover, the above inequalities also hold if u(x)—0 as
|| = oo.

3. Existence in bounded domain

The task of this section is to give the proof of Proposition 2.1. The proof is based
on some uniform estimates and the topological degree theory. For the sake of clarity,
we divide this section into three subsections. To begin with, we introduce a completely
continuous operator F to the problem (3.1).

3.1. Introduction of an operator F. For any 7€ [0,1], we define an operator

F:XEx0,1]— X%,

((pu, V®),7) = (0,0, V),

with a being suitably small, here (g,v,V¢) is the solution of the following system with
periodic boundary

Ot +ﬁdiVU—EAQ:Q1(p,'LL,T),
(p+7p)ve — pAv— (u+A)Vdiveo+ @(ﬁ—&-rp)Vg—F (p+1p)v—(p+7p)Vo

=Qa2(p,u,m) +7(p+7p) ", (3.1)
Ap=o,
/ odzr =0,
QL
where
Ql(P,U,T) = 7TdiV(p’UJ),
(P&, - i
Q2(p,u,7)= T(p—i—Tp)—P (p+71p) | Vp—1(p+7p)(u-V)u.
REMARK 3.1.  To guarantee the uniqueness of solutions , we impose the condition
d
/ odx=0 here. Since — odx=0 implies that when (p,v,V¢) is a solution of
QL dt QL

system (3.1), then (o+c,v,V¢) is also a solution for any constant c.
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In what follows, we will concentrate on the properties of the operator F. To show
F is well defined, we shall establish the following lemma first.

LEMMA 3.1.  Assume that a is sufficiently small, then for any (p,u,V®)€ XL 7€[0,1],
the problem (3.1) admits a unique time periodic solution (o,v,V$) € XT.

Proof. By Lemma 2.2, we have
ol <Cllpll a2 < Ca. (3.2)

By the smallness of a, one can get

L<p+Tp<2p, (3.3)
that is,
1 1 2
—<= <= (3.4)
20" ptTp T P
Define
eA — pdiv
A=l P 1 p p+A ’
— V+VA~™ A+ Vdiv—1

ptTp”  ptTe

and set U = (o,v), W= (p,u), QW)= (Q1,Q2), F=(0,7fL), then the system (3.1) takes
the form

U =AU+Q(W)+F.
Now, we begin with the following initial value problem of (3.1) in QF, that is

ot +pdive —eAp=0,

P'(p)

A

T p+Tp
A¢:Q,

(0,v)(2,0) = (00,v0) (),

with periodic boundary condition and the initial data gg(z) is an even function with

Ut

/ 00dz =0, vg is an odd function. Obviously, the solution (¢,v) has the same proper-
QL

ties as the initial data (go,vo).
Multiplying (3.5), by v and the integration over QF yields

1d A P'(p
f—/ dex—i—/ (_ a |Vv|2+fL—F|divv|2> d;v—i—iEp)/ vVodx
2dt Jor QL \p+T1p p+Tp P Jar
—|—/ v2da:—/ vVodr
Qr Qr
T(p+A)

T
= %Vvavdac—i—/ —
/QL (p+7p)? o (p+7p)?

=:J.

divoVpvdz
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For the last term at left-hand side of the above equality, we have from (3.5); and (3.5),
that

7/ vVodr= odivudz
QL QL

== d(—ot+eAp)dx
pPJaor

:%/§2L¢(—A¢t+eAA¢)dz:

1d

€
=_—— V¢2dx+j/ A|?de.

To estimate J, we have if N =3,

T2+ )
WHVPHLSHVUHHHUHLG

T(2pu+A)
(p—llpllLe=)?

J<C

IV pll a2 | V017
And if N=2,

T2+ N)
WHVPHMHVUHL?HUHM

T(2u+A) 3 1
(ﬁ_THpHLoo)Q ”vp”H1 ||V’U||22||U||22
20+ A
<o TN
(p=7llpllL=)

J<C

7
IVl llolz. + S*ﬁIIWII%Q-

In view of inequality (3.2), then for some suitably small constant a, we see that
1d 1 P (p
( 2+j|v¢|2)dx+/ \v I+ |dm|2 dx+ (p )/ vVodz
2 dt P QL QL

p
1 2 € 2

+— vidr 4+ — |Ad|”dx <0.
2 QL pPJorL

Multiplying Equation (3.5); by ¢ and integrating it to obtain

1d

- — g2d:17+e/ |Vg|2dx+ﬁ/ odivodr =0.
2dt Jor QL QL

Summing up the above two inequalities, we derive

/
Ld (Pp( )g +v 4= v¢2) dx+/ <|v 1%+ er |d1vv|2) x

2dt
1 P'(p
+7/ v%zx+e¥/ |VQ|2dx+j/ AGPdz <0, (3.6)
2 Jor P Qr pJar

On the other hand, multiplying Equation (3.5), by pAv+ (u+A)Vdive, we deduce that

1d

1
—— (1| Vo4 (p+A)|divol?) d:c—l—/ — (pAv+ (p+N)Vdive)® dx
2 dt OL QL

p+Tp
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P'(p)
P

+2u+N) [ VeVdiveds=0. (3.7)
QL

+u/ |Vv\2dx+(u+>\)/ |divol?dz — 2+ \) /Vngivvdx
QL QL QL

The last term at left-hand side of Equation (3.7) can be estimated by Equations (3.5),
and (3.5), that

VoVdivudr = — A¢divvdr
QL QL

1
=_ A¢(or —eAp)dx

P Jar
1d

- A¢2dx+§/ VAS|? da. 3.8
25 di QLI | > QL| | (3-8)

Applying V to Equation (3.5); and multiplying the resultant identity by Vo, we have

1d
—— |V,Q|2dx+e/ |Ag|2da:+ﬁ/ VoVdivudr =0. (3.9)
th QL QL QL

From the estimates Equations (3.7)—(3.9), we arrive at

P'(p)

1d 204 A
((2u—|—)\) 52 |Vg2—|—u|Vv|2—|—(,u—|—/\)|divv|2—|—u;r|A¢|2> dx

2dt Jou

1

+/ _—(MAH(MM)Vdm)Qdﬁ/ (1| Vo [+ (p+X)|divo]?) do
QL p+Tp Qr

P'(p) 2 € 2_
+6(2M+)\)7ﬁ2 [Ag| dx+(2,u—|—/\)ﬁ [VAg|*=0. (3.10)
or or

This together with inequality (3.6) and the Poincaré inequality imply

(0, 0) (. t) || a1 < || (00, v0)|| e €,

that is,
e Uoll < [|Uo|l e "

Then by Duhamel’s principle, the solution to the system (3.1) can be written in a mild
form as

t
U(t) = / A (QW)(s) + F(s)) ds,
and it satisfies that

t

U] < / |94 (Q(IW) () + F(5)) 1z ds

— 00

< [ e QU () + F(5)m s

— 00

0 nt—iT
= Z/ e QW) (5) + F(s) rr ds
o t—GHNT
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N

1
2

0o LT
:Z/ e~ CLHDT =) | QW) (54 1) + F(s+1)|| s ds
1=0 0
T
( / Q(W)(S)+F(8)II%1dS>

o0 T
SZ (/ 6206((i+1)Ts)d8>
i=0 \Y0
2

sc( / IIQ(W)(8)+F(S)?{1dS> ,

1

where we have used the time periodic property of W and F, also we have

Ut+T)= /H_Te(tJFT_S)A (QW)(s)+F(s))ds

— 00

= /H_Te(t_(s_T))A (QW)(s—=T)+F(s—T))ds

— 00

_ /_ =R (QW)(5) + F(s)) ds = U (t).

That is, U(t) € L*(0,T; H' (2F)) is a time periodic solution of problem (3.1) with time
period T.

Moreover, by the classical theory of parabolic and elliptic equations, we have
that for any (p,u,V®)e XL 7€[0,1], the problem (3.1) admits a time periodic solu-
tion (p,v,V¢)€ XL, To prove the uniqueness, assume that there exist two solutions
Uy =(01,v1,V¢1),Uz = (02,2, Vg) for some (p,u,V®) € XL 7€[0,1], then we have

(Ul—UQ)t:A(Ul —UQ).

Similar to the first half of this proof, Let o=01 — 02, v=v1 — 12,V =V — Vo, we

have
T "(p) [T
A P
/ / <N|Vv|2+'u+|divv|2> drdt+e 7(2p)/ / Vol*dzdt
o Jar \8p 2p P 0 Jaort

1 [T 9 e (T 9
+ = vodadt+ — |Ad|“dxdt <0.
2Jo Jar pJo Jar

By Poincaré inequality, (o,v,V¢)=(0,0,0) which implies the uniqueness.  Fi-
nally, if(o(x,t), v(x,t),Vé(x,t)) is the periodic solution of problem (3.1), then
(o(—x,t),—v(—x,t),—Vp(—x,t)) is also the solution of problem (3.1), by the unique-
ness, we easily obtain (o(z,t),v(x,t),Vo(z,t)) = (o(—z,t), —v(—x,t),—V¢(—x,t)). This
completes the proof of this Lemma. ]

Now, in the following lemma, we see that the operator F is completely continuous.
The proof is similar to Lemma 2.2 and Lemma 2.3 in [6].

LEMMA 3.2. Assume that a is sufficiently small, then the operator F is compact and
continuous.

3.2. Uniform estimates. In this subsection, we focus on giving several uniform
estimates for (p,v,V¢) of the following system, which play a crucial role in the proof of
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Proposition 2.1 and the main theorem.
ot +pdive —eAp=—7div(pv),

(p+70)ve — pAv—(u+N\)Vdivo+ P (p+70)Vo+ (p+10)v— (p+70) V)
=—7(p+70)(v-V)v+7(p+70)f, (3.11)

Ap=y,

/ odzr =0,
QL

where 7€ (0,1]. Since when 7=0, similar to the proof given in the section 3 of [7], it is
easy to obtain that F((p,u,V®),0)=0.

By elaborate calculation, the uniform estimates for (p,v,V¢) independent of L and
€ are derived as follows.

LeEMMA 3.3.  Let T€(0,1], if |o| < g, then the solution (0,v,V¢)€ X to the system
(3.11) satisfies
1d P(p 1
- 7§p)92+(ﬁ+Tg)v2+|V¢|2 d;v+f/ (p+To)v*dx
2 dt OL 14 2 OrL

A P'(p
+/ W Vol + P52 div o2 dx+f@/ |VQ|2dm+e/ 1A d
QL 2 2 P QL QL

<Crllellin IVelf +Crellvlin Vol +Crll f7112:, (3.12)

where C' is a constant independent of L and e.

Proof. Multiplying Equation (3.11), by v and integrating it over OF by parts, we
have

1d
f—/ (ﬁ+TQ)U2d$+/ (1| VP + (p+ )| divol?) dx—l—P’(ﬁ)/ vVodz
2dt QL QL QL
+ / (p+To)v*dr— / (p+7p)oVodr
QL QL

:/ (P/(ﬁ)—Pl(ﬁ—‘rTQ))Uvgdl'—‘rE A,szdx—&—r/ (p+71o)frvde,  (3.13)
QL 2 Jor QL

where we have used the Equation (3.11), and the periodic boundary conditions. While

for the last term at left-hand side of Equation (3.13), by Equation (3.11),, the Poisson
Equation (3.11), and the integration by parts, we get

~ [ (orronvodo= [ odivl(p+rplds
QL QL
— QLd)(—‘Qt—i—EAQ)dl'

= / O(—A¢dr+eAAP)dx
QL

1d
=== \Vd%h+g/lAM%h- (3.14)
2dt Jor QL
Similarly, by multiplying Equation (3.11), with p and integrating it over Q by parts,
one can get that

d
— QQdSE-i-E/ |Vg|2dx+ﬁ/ gdivvdx:—T/ div(ov)edz. (3.15)
dt Jor QL QL 0L
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This estimate Equation (3.15) together with Equations (3.13) and (3.14) imply that
1d P'(p) ,
2 dt QL p
+/ (1| Vo> + (p+ )| dive]?) de+e E )/ |Vg|2dﬂc+e/ |A¢|? dx
Qr P Jar QL
P'(p+

Pl(p
—T&/ div(gv)gdx+/ (P'(p)— ))vngﬂc—E VoVvidzr
14 QL QL 2 QL

o[ s
QL

<Crllelzalldivoll 2+ Crllel 24 [V oll7a + Crellvl pa [ Voll L4 [ Vel 2

1 _
+CT||fLH%2+§/ (p+To)v*dx
QL

0 +(p+7’g)v +|V¢|2> d:c—i—/ (ﬁ+Tg)v2da?

P (p
(p’)) IVollZ

<Crllelin [IVellz +Crelollin [ Vollzn +CTl f 217 +e— =

+A 1 _
+L||dlvv||%2+*/ (p+To)v*dr,
2 2 Jor

where we have used Lemma 2.2, Holder, Young inequalities and the fact that (P’(p)—
P'(p+710)) ~7o. Hence, the estimate (3.12) follows from the above inequality immedi-
ately. This completes the proof of this lemma. ]

LEMMA 3.4.  Under the same conditions in Lemma 3.3, we have

1d P’
f—/ ( )\VQ|2+p|Vv| +]A¢|? ) do+ = / |Vv|2d:c+ﬁ/ |Av|? da
2 di 2 Jor 2 Jor

A P'(p
b \Vdivv|2dx+eﬂ/ |Ag|2d:c+e/ IVAG|? dz
2 QL 14 QL QL

<CrllollIVellzn +Crllelz lvellZ: + Crllelln [vllEn + Crllvlze [ VollZ:
+C7llelz: Vel +Crllf oL +&lvllzs, (3.16)

where C.&1 are constants independent of L and €. Moreover, & can be chosen to be
arbitrarily small.

Proof.  Multiplying Equation (3.11), by Av and then integrating it over QF by
parts to obtain

1d
ff/ ﬁ|w2dx+/ (| AV2 + (4 2) | Vdivo]? + p|Vol?) da
2dt Jor QL
:P’(ﬁ)/ VgAvdx—i-T/ gvtAvdcc—H'/ QvAvdx—/ (p+710)VoAvdx
QL QL QL QL
+/ (P (p+70)—P'(p )))VQAUCZI+T/ (p+710)(v-V)vAvdz
QL QL
77/ (p+T10)fFAvda. (3.17)
QL

For the Poisson term, by Equations (3.11); and (3.11),, we find

/(ﬁ+7p)v¢AUdgg:—ﬁ Aqbdivvdx—i—T/ oVoAuvdzr
QL QL QL
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:/ A¢(gt—eAg+Tdiv(gv))dx+T/ oVoAvdx
QL QL

1d

=== |A¢|2dx—|—e/ |VA¢\2dx+T/ A¢div(gv)dw+7‘/ oVoAvdzr. (3.18)
2dt Jor QL QL QL

While for the first term at right-hand side of Equation (3.17), it follows from the fact
Adivy=divAuv that

VQAvdx:—/ oAdivudr = VoVdivudz.

QL QL QL

Then applying the operator V to Equation (3.11),, and multiplying the resultant equa-
tion by Vo yield

1
Ld |VQ|2dx—|—ﬁ/ Vdiva@dm—I—e/ |AQ\2dx:—7'/ Vdiv(pv)Vodz
2dt Jor QL QL QL
1
:77/ (2|Vg|2divv+VQVvVQ+QVQVdivv) dz. (3.19)
QL

In light of Equations (3.17)—(3.19), we see that

1d P’ P(p
f—/ ( )|Vg|2+p\Vv|2+|A¢|2 dr+e (p)/ \Ag|2da:+u/ |Av|? dx
2dt Jor p L QL

+(u+)\)/ |Vdivv|2dx+ﬁ/ \Vu|2dx+e/ |VA¢|? dx

QL QL QL
P'(p 1

:—77@/ (VQ|2divv—|—VQVvVg+ngVdiVU) dm—l—r/ oviAvdx
P Jar \2 oL

—|—/ (P/(ﬁ-I-TQ)—P/(ﬁ))VQA’Udl'-i-T/ gvAvdm—i—T/ (p+T70)(v-V)vAvdz
or or or

—T/QL(ﬁ—i—Tg)fLAvdx—T/QL Agzﬁdiv(gv)dx—T/QL oVoAvdx

<OVl 190l 2 +Crllol o[ Vel a9 divol o + Crlel el | Ao
+C7llol el Vel LallAvllLz + Crllel Lallvl all Avl L2 + CT vl 2 [[ Vol 2 || Av]| L2
+C7llolallVoll L2 |AG) s+ CTIVell Lallvl L2 [ Adl s + C7lloll La | Av]| 2] V| La
+O7(|f || 2| Av|l 2

<CtllolH=lIVeltn +Crlloll lvelZ2 + Crllolin [vllz + CrllvlF: Vol Z.
+O7| ol 3 [1A¢] 7 +CT||VQH§11||A¢II?11 +€1||”U||2Lz +C7|oll 3 IVl 7
FOTIFH R+ 2Nl + 5 0l + 52 W dival .

This gives the estimate (3.16) and completes the proof of this lemma. O

LEMMA 3.5. Under the same conditions in Lemma 3.3, we have

1d Pl(p P
5@/ (Do ,‘() )Qt +DO(P+TQ)Ut+7()|AQ|2+p|Vd1VU|2+D0‘V¢t| >
QL

1d Dope +X)D .
+5% |VA¢|2dx+ 1 / |V t|2dx+7(u 2) O/QL|d1vvt|2d:v
D A
—|——O/ (/S—i—Tg)thdx—i—(M—'— )/ |Adivv|2dm+g/ |curlAv|? dz
2 QL 2 QL 2 QL
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—|—[)/QL\Vdivv|2dx+eD0/QL|A¢t|2dx+e/QL |AAG?
+emD0/ |Vgt|2dx+e@/ \VAQFdx
P Qr P Jar
<Crllecllinllelz +Crllec i llvellZe + CrllocZa vl + CrllvellEn vl Ze
+Cl ez IV éllz +CTllec 22 IV olze + Crlledllin lol72 Vol 2
+C7l ol ll A0l T2 + Crllelzellvel|F + Crlloll | AvlEe + Crllelzn lvl7
+OTVollip 0] 3211V oll3 + Cr ol Vol 3 + CTlIVellz V2ol 2
+C7lledllz> + Ol Vel +&llvlize + ClIVullZ: + Crll £ NIZ2 + Ol £ 17 (3.20)

where C,Dy,&s are constants independent of L and €. Moreover, Dy can be chosen to
be suitably large, and & can be chosen to be arbitrarily small.

Proof.  Applying 0; to Equation (3.11),, we have

04+ pdivey —eAgy = —1opdive — Todive, — Tv; Vo —1oVy,. (3.21)
Multiplying the above equation by p;, integrating it by parts over QF to conclude that
1d
f—/ gfd:r—i—e/ |Vgt\2dx+ﬁ/ ordiveydx
2 dt QL QL QL
:—Z/ Q?diV’Ud{E—T/ Vggtvtdx—T/ oo divus dx. (3.22)
2 Jor QL 0L

Applying 0, to Equation (3.11),, and multiplying the resultant equation by v, then
integrating it by parts over Q% it holds that

1d . _
2% (ﬁ—l—rg)vfdx—i—/ (Vv P+ (p+A) | divee ) dx—i—/ (p+To)v?dx
Qr Qr Qr
—/ ([)—!—TQ)VqStvtdx—P’(ﬁ)/ ordivuy dx
Qr Qr

:/ (P'(ﬁ+7’g)fP'(ﬁ))gtdivvtdo:fz/ gtvfdasz/ ooy da
QL 2 Jar QL
+T/ gthSvtdszz/ Qt(wa)vmtd:va/ (p+70)(vr-V)v-vpde
QL QL QL

77'/ (ﬁ+7@)(v.V)vt~vtdx+7/ (ﬁ+Tg)ftLvtdx+T2/ ocffvgdr.  (3.23)
QL QL QL

In view of Equation (3.21), we may bound the Poisson term at left-hand side of Equa-
tion (3.23) as

~ [ orroVomde= [ oudiv((p+rou)do
QL QL

:/L O (—on +eAp—T1div(ow)) de
Q

1d

T 2dt Jg
Combing Equations (3.22)-(3.24), we obtain

1d P'(p
-2 Ep) 02+ (p+T70)v? + |V, |? dac+e/ \A¢t|2dfﬂ+ﬂ/ (Vo |* dae
2dt Jor \ P or or

[VaPdete [ 80Pdorr [ owvods. (32
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P'(p
+(/L+)\)/ |divvt|2dx+/ (ﬁJrTg)thd:rJre&/ |V o¢|? da
QL Qr P Jar

P(p 1
=—7 Ep)/ f,Q?divv—l—Vggtvt—l—ggtdivvt dx—z/ Qtvfda?—T/ o0tvvrdx
14 QL 2 2 QL QL

+/ (P’([)Jrrg)—P’(ﬁ))gtdivvtdme/ (p+T70)(vr-V)v-vpde
QL QL

77'2/ gt(v~V)v~vtdxfT/ (ﬁ+Tg)(U'V)Ut~UtdI*T/ 0oV o dx
QL QL QL

+T/ gtv¢vtdx+7'2/ gthvtderT/ (ﬁ+7’g)ftLUtdlL'
QL QL QL

<C7lleellZz | divoll 2+ Clleel|Za I Vel Ls + CTlleel 2ol rr2 || dive | 2

Crlledclvilfe  (fN=2) }
+ : +CT 2 |V 2 ||U 2
{CTQt||L3||vt|L2|vt||L6(1fN:3) ol 22 vl 2 [lve 2

+CO7|[oll L2 Vol alloel| s + C7ll ozl Lol a2 [ Vol alve]| L2 + CTl|vl| La [ Vot | L2 v o

+C7llotllzallvllL2 IV el s + Crlloe L2 IV @l 2 vl 2 + Crll oell pa £ | s lve 2

1
f/ (p+T10)v?dx
4 Jor

<C7llelz: Idivol gz +Crllolin el + Crllelzn llvellZs + CrlloclZallvl7
+CTlvell i loliFe + Cllocll i 10ll3= IV ollE +Ceutlloclin [V del 7

(ntA)
2

+CT| 1172+

| divog||2.

L
+C7ll 0211Vl F2 + Ol 515+ Crl| 71172 Jr§||V'Uzt||2L2 +
1
_|_,/ (p+T1o)vidr+E3)|v|)3z,
2 Jor

where &3,C¢, are constants independent of L and ¢, and &3 can be chosen to be arbitrarily
small. Thus the above estimate implies that

1d P'(p
-4 f”)g§+(ﬁ+w>v§+\v¢t|2 d:che/ |A¢t\2dx+ﬁ/ V| dae
th QL p QL 2 QL
A
LA
2 QL
2 . 2 2 2 2 2 2
<C7locllzelldivol gz + Crllocl ol 72 + CTlloe g lvell 72 + Clloc|| T2 |0l 77
+C7|vel3p [oll32 + CTllodl 3 10132 (V0|31 4+ Cey Tl o3 1V el 3
+C7 0|72Vl F2 +OT 23 + Crl| FEN 2 + &30 72 (3.25)

On the other hand, applying the operator A to Equation (3.11),, then multiplying
it by Ap, we can arrive at

1 Pp
|divvt|2dm—|—f/ (p+To)vidr+e Ep)/ |Voi|*dx
2 Jor P Jar

1
Ld |Ag|2dx+e/ \VAQ|2dx+ﬁ/ AdivoApdr=—7 [ Adiv(ev)Aodz
2dt Jor QL QL 0L
1
:—7-/ (2AQ|2divv—|—VQAUAQ+2V2QVUAQ+QAdiVUAQ—!—QVQVdiVUAQ) dx.
QL

(3.26)

Then by multiplying Equation (3.11), with VAdivv and integrating it over OF yields
pd

57 |Vdivv|2d:z:+(2u+)\)/ |Adivv|2dx+ﬁ/ |Vdivoe|*dz
QL QL QL
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—P'(ﬁ)/ ApAdivvdz+p | ApAdiveds
QL QL

:7-/ QdiVUtAdiVUdI+T/ ngtAdivvdx+T/ P"(p+710)|Vol|*Adivuda
QL QL QL

+/ (Pl(ﬁ+7'g)7P,(ﬁ))AQAdiV”Ud£E+T/ div(ov)Adivvdx
or Q

L

+7'ALdiV((ﬁ+TQ)(U'V)”U)AdiV’Udf*T/QL VoVeAdivude
—T/QL gAd)Adivvdm—T/QLdiv((ﬁ—i—Tg)fL)Adivvdx. (3.27)
The Poisson term at left-hand side of Equation (3.27) may be estimated as
ﬁ/QL AgbAdivvdx:[)/QL AA¢divodr

= AAG(—pr+eAo—Tdiv(ov))dx
QL

= AAD(—A¢pr+ eAAP—Tdiv(pv))dx
QL
1d

=—— \VA¢|2d:17+e/ |AA¢‘2dJC7T/ Aopdiv(ov)dx. (3.28)
2dt Jor QL QL

Summing up the estimates (3.26)—(3.28) to deduce

/
;jt (P()IAQ|2+dewv|2+|m¢|2)dw+e/ AL dx

P(p
+(2,u—|—/\)/ \Adivv|2da:—|—[)/ |Vdivv\2dx+eﬁ/ |VAp|?dx
QL QL P Jaor

o
_ TP (P)/ <;AQ|2diVU+VQAvAQ+2V29VvAQ+gAdiVUAQ) dx
QL

p
7P'(p)

—2——= VQleVUAQdJ:—!—T/ (odivoAdive+ Vv, Adive) da
QL

P QL

/ "(p+710)|Vo Adlvvder/ (P’(ﬁJrTQ)—P’(p))AgAdivvdx

+T/ div(gv)AdivvderT/ div((p+710)(v-V)v) Adivode
QL Q

L

77/ VngbAdivvd:va/ gAqudivvdachT/ Aopdiv(ov)dx
Qr Qr Q

L

—T/ div ((p+70) f") Adivvdz
QL

<Ot| Aoz VoVl gz + O Vol m Vol a2 Ael 2 +Clloll 2 | Adivol| 12 | Aol 2
+C7lloll g2 (| dive| 2| Adivol| g2 + CTl[Vel| s vl L+ [|Adive] 2
+C7lloll s [ divol L[| Adivel L2 + CT([ Vel al[v] 2| Vol L[| Adivo] 2
+C7[|Vollfa|Adivol 2+ CT||Vol| 2 ||v] 2| Adivol o2 + C7[[ Vo] 24 [ Adivol| 2
+CO7(|Av| 2 [[v]| a2 [|Adivo] 2 + CT[|Vel| s | Adivol| 2| Ve s
+CO7llellm2l|Adivo| 2| Agll L2 + CT([ Vel s [[v] s [ Al 2
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+C7llol g2 [l divol 2 l| Aol 2 +CT(IVoll pall £ o + | div £ 22 ) | Adivol| 2
<C7|Voll3 IVl a2 +Crllelf: [ Aellz: + Crllelz: [V vdlliz + CTIVelli vl 7

+C7 ol vl + CrlIVel i vl [V ollE + Crllvlle | Av] .

+C7llelz= | Volin +CrlIVelin | AdivolZ. + Ol f 2 N5 +&llvlizn +pl Adivol|Z.,

where &4 is a constant independent of L and e and can be chosen to be arbitrarily small.
Hence, the above inequality implies

1d <P@>

— | Ap]? +p|Vdive|? +|VAg|? derﬁ/ |V divo|*de
2dt QL 14 QL

P(p
—|—(,u—|—/\)/ \Adivv|2da¢—|—e&/ |VAQ|2da:—|—e/ |AAG|? dx
QL P Jar QL

<Cr|Velfn Vol g +CrllelfellAdlliz + Crllelf: Vel Lz + CrlI Vel 3 llvrl 7
+C7llellinlloliFe + CTlIVellzn vliZ: 1 Vollin + CrllvlFe | Av]Z,
+Cllel3= 1 Volin +CrlI Vel | Adivol L. + Crllf2 13 +&llvlzn (3.29)

Notice carefully that
[VAv|7: <O(||divAv||3s + [|curlAv||2.),
so we may apply the operator curl to Equation (3.11), to obtain

curl ((p+70)v:) — peurlAv +reurl ((p+70) (v-V)v) +curl ((p+70)v)
—curl((p+70)V¢) =reurl ((o+70) f*).

Multiplying the above equation by curlAv, and integrating it over Q¥ by parts to get

u/ leurlAv|?da < C|[Ve |72 + Vol + OV ollin vl 7 + Crllvll 7 | Av][
QL

+O7|Volli [0l F= Vol + O Voll72 vl 7
+C7(| Vol #n Vel +Crl £ 13 + CT[| Vo7 lcurl A 7.
(3.30)

Finally, multiplying inequality (3.25) by a suitably large constant Dy, adding the result-
ing inequality with inequalities (3.29), (3.30) yield inequality (3.20) immediately. This
completes the proof of this lemma. 0

LEMMA 3.6. Under the same conditions in Lemma 3.3, we have

d
| ddoreq [ VoPdo<Cldivelie+Crllolulols, (330
QL dt QL
d
/QL|VQt|2d:C+e$/QL\AQ|2dx§C||Vdivv||2L2 +O7l|ol3: 1132, (3.32)

1 1d
5| PorolVedais [ |AoPdnre [ VoPdnts G [ ddr<clul:
2 QL QL QL th QL

+C|AUI%Z+CIVdiV’Ui2+CTIIQ§pIIV¢>II?p+CTvll?plIWII?p+CT||fL||(2Lz, |
3.33
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1 1d
f/ P’(ﬁ+T,Q)|AQ|2dm+ﬁ/ |VA¢|2dx+e/ |Ao)Pdz+ = —
2 OL QL QL 2dt (9]

<Clldiver|[Z. +CllAdivol|Z. + CTl[ Vel lvellzn + Crllel3= IV el
+Crlvllde [Av]Z: +CTlVell3 ol | VollE + Ol Vel +Crllf (I3, (3.34)

|Vol?dx
L

1 1d
7/ (ﬁ+Tg)|V¢|2dJ;+P’(ﬁ)/ |A¢\2dx+e/ AP dr+ = —
2 QL QL QL 2dt [9)

<oz +CllAv|Z +ClIVdivo[Z: + Crllell [V ellF + Crlloll [ Vol
+CIf 122, (3.35)

[Vo2de

d
/ Vrl2dr+ el / A2 da < Cllv]2s +Crllol o] 2 (3.36)
QL dt Jor

where C' is a constants independent of L and e.

Proof.  Firstly, we multiply Equation (3.11); by ¢: and Ap; respectively, then the
integration over QL yields inequalities (3.31) and (3.32) immediately.

On the other hand, multiply Equation (3.11), by Vo, then integrate it over Q. By
the Poisson equation (3.11),, we obtain

| PotrolNePdn s | 86Pdet [ (p+ropoVeds
QL QL QL

:7'/ quSngzf/ (/3+Tg)vthd:c+,u/ AvVodr+ (u+ ) VdivoVdz
Qr Qr Qr Qr

—T/ (;3+Tg)(v~V)vngx+T/ (p+T70)fEVodz. (3.37)
Qr Qr

While for the last term at left-hand side of Equation (3.37), we have from Equa-
tion (3.11), that

/(ﬁﬂg)vV@dw:*/ div((p+7o)v) odz
QL QL

=/ (01 —€Ap)odx
QL

1d

=—— 2d / Vo|?dz. 3.38
57 QLQ T+e QLI o*dx (3.38)

Plugging estimate (3.38) into Equation (3.37) gives

1d
/P’(ﬁ+Tg)|Vg|2dm+ﬁ/ |A¢|2dx+f—/ QQd{,C-i-E/ Vol da
QL QL 2dt QL QL
<CTllellin IVelIE +CllolZe +CllAv|Z. +ClIVdivol 7,

1 _
+Crloll3 [IVolFn +CTll £ +§/QL P'(p+70)|Vo|* d,

which implies inequality (3.33).
In addition, applying the operator div to Equation (3.11), and multiplying it by
Ap yields

/P’(ﬁ+7@)|AQ\2dx+,5/ |VA¢\2dx+/ div((p+7o)v)Aodx
QL QL QL
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:T/ Agdiv(ngf))dz—!—T/ P”(ﬁ+TQ)|Vg|2Ade—T/ Vov;Aodx
QL Qr Qr

*/ (,5+Tg)divvtAgd:r+(2u+)\)/ divAvApdz
or or

77/ div((ﬁ+7’g)(v~V)v)Agd$+7/ div ((p+70) f") Apda

Qr Qr

<Crllel=lIVelin +CrlIVelinlAelz: +CTlVollin lvell7n + Cll divey||7
+C|Adivol[i2 +CTVellinllvlFe: Vol F + CrllvlG | Avllie + Ol f# |13

1
+1 / P(p+70)| Aol dr,
2 Jor

where we have used the fact that A¢ =0 and the periodic boundary condition. And
the last term at left-hand side of the above estimate can be estimated similar as Equa-
tion (3.38), that is,

1d
diV((ﬁ+T@)v)AQde=/ (—ot+eAo)Apdr =~ — |VQ|2d$+€/ |Ao|? da.
QL L QL

QL 2dt Jq

Thus, inequality (3.34) follows from the above two estimates immediately.
Now we turn to estimate V¢, by multiplying Equation (3.11), with V¢, we have

| rrolveparP() [ (8ofdn- [ (ptronTods

QL QL QL

:/ (ﬁ+79)vtv¢dx+/ (P'(ﬁJrTg)fP'(ﬁ))Vng)d:vfu/ AvVodx
QL QL QL

—(p+A) Vdivvv¢dx+7'/ (ﬁ+7g)(v-V)vV¢dm—7/ (p+T10)fEVodr
Qr Qr QL
<CllvellZs +ClAv|L. +CIVdivol|7e + Crllell i I Vellzn + Crllvll 3 IVl 7

1
O F It | (+ro)lVoR e

In a similar way, by Equation (3.11); and the Poisson equation (3.11),, the last term
at left-hand side of the above estimate is bounded as

—/ (p+T10)vVopdr= div ((p+T70)v) pdx
QL QL

= / (At +eAAP)pdx
o

_1d 9 9
—th/QL\V(M dm—i—e/ﬂL|A¢| dx.

Thus the above two estimates gives inequality (3.35) immediately.
Finally, multiplying Equation (3.11); by ¢, notice that A¢ = p, we see that

/ |v¢t\2dx+fi/ |A¢|2dx:ﬁ/ divv¢tdx+7/ div(ov) ¢ dx
QL 2.dt OrL QL QL

:—ﬁ/ qu{)tdﬂc—T/ ovVo,dx
QL QL

1
<ol +Crllelipllolip +3 | V6P de.
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Then it follows from the above inequality that the estimate (3.36) holds. This completes
the proof of this lemma. 1]
LEMMA 3.7. Under the same conditions in Lemma 3.3, we have
1d D1P'(p
§£/ (M|Av|2 +(u+N)|Vdive* + p|Vo|* + 1p(p) |Apl? +D1ﬁ|Vdivv|2) dx
QL

1d d
+7f/ (D1|VAQ|* +2P'(p)Apdivo) dm—i—eDl—/ |Vo|?dx
2dt Jor dt Jor

0 D D
+B/ |Vvt|2dx+f1/ Q?dx—‘rM/ |Adivo|? dx
QL 2 Jor QL

2 2
+D ey : 2 P’(ﬁ) 2 2
10 |Vdive|“dx + Die— |VAp|“dx+ D¢ |[AAQ|” dx
QL P Jar 0L

<Clvllin +ClIAGIIL: + CrllvdllznllAelZe + Crlleli vz +CrllelZ: Vol 7
+CTVellinllvlF: Vol +CrlIVelE [ Voll gz + Cr| Adivel 72 Vel 7
+CO7[[vlF: [ Av]Z +CrllelFe | Aellis + Crllvell el e + Ol £ 15, (3.39)

where Dy and C are constants independent of L and €, and Dy can be chosen to be
suitably large.

Proof.  Multiplying Equation (3.11), by Av; and integrating it by parts over QF
to have

ld
24t Jor

+/ (p+70)| Vv |*dx
QL

(1| Av?+ (p+X)|Vdivo]® + p| Vo ? + 2P (p) Apdivo) da

:%/ vade—/ (Pl(ﬁ—l—TQ)—P,(ﬁ))AQdiV’Utdl‘—FP/(ﬁ)/ ot Adivudz
QL Qr QL

—7'/ P"(p+710)|Vo|*divv,de —T V(Q'U)Vvtd:ls—l—/ V({(p+70)VP)Vurdx
QL QL

QL

-7 V((ﬁ+rg)(v-V)v)Vvtd:c+7/ V((p+710) ) Vurda
QL QL

P .
SZHWtIIiz +O7||vel[7 | Aoll72 +Crllollfr= | Aoll7 + Clloel 2 | Adivol| 2
+C7lloll7n [Ivll72 + OV ol [0l 72 Vol 1 + Crl[o] 2| Av] .2

+OT| Vol F: IVl F +CllAGI 2 + Cl[ Vo1 Vel Fr + Ol f 5 72

This together with inequalities (3.29) and (3.31), by choosing D; suitably large, yields
the desired estimate (3.39). This completes the proof of this lemma. 0

3.3. Proof of Proposition 2.1.  We are now in a position to prove the existence
of time periodic solutions of Proposition 2.1. The proof is a combination of the uniform
estimates obtained in the above subsection and the topological degree theory.

Proof. (Proof of Proposition 2.1.) To prove the existence of a solution
(0,v,Vo) € XaL0 of system (2.2) is equivalent to solving the equation

U—-F(U1)=0, U=(0,v,Vo)eXE.
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That is, by the topological degree theory, to show
deg (I—Jf(-,l),éao (0),0) £0, (3.40)

where Bg, (0) is a ball of radius ag centered at the origin in X”. To do this, we may
show that there exits ag >0 such that

(I—F(-,7)) (8B4, (0)) #0, for any 7€[0,1] (3.41)

by the topological degree theory.

By the fact that ||o||Le <C|o| g2 gg, if ap is small enough. We can choose

Dy, D3 suitably large, then consider DsD3x (3.12)4 D2D3 x (3.16) 4+ Do x (3.20) 4+
(3.31)+(3.32) +(3.33) +(3.34) + x(3.35) 4 (3.36), the integration from 0 to T yields

D2Dy (T
%// (Vo + (4 2| divol® + 5o + (u+ N) |V dive|?) dedt
0 Jar

T _
Dy D Dy D A
+/ / <M|Av2+23pvv|2+(’u+)D2|Adivv2> dxdt
o Jar 4 2 4
Dop [T DoDy [T
+ﬂ/ / \curlAv|2dxdt+M/ / (1| Vel + (p+N)|divey [*) dzdt
2 Jo Jar 4 Jo Jar

pDo Do T 2 r 2 2, 2 2 2
+— v2 dadt + (07 +|Var|* + 0>+ |Vo|* +|Aol*) dudt
0 QL 0 QL

T 2 2 P'p) [T 2
+/ / (IVo[* +|Vy|?) dedt+eDy Dy — / / |Voi|* dedt
0 JQr P 0o Jar

P/ — T T
+eD,y Ep)/ / |VAQ\2dxdt+eDoD2/ / | Ay |2 dadt
P 0 QL 0 OL

T
<C7 s Jolfe [ (Ielf + el + 190+ ) e
0<t<T 0
T
+0r sup olfe [ (170l + lelfre + oulrs -+ eul)
0<t<T 0
T T
+Cr sup ol [ (IVolFp +lel3e) di+Cr sup Vol [ V%0lsde
0<t<T 0 0<t<T 0
T T
+Cr sup (1ol +llorle) [ llrlis i Or [ 117 s
0<t<T 0 0

T T
+0r sup ol [ (leuls +1Veln) de+Cr [ 52130t
0<t<T 0 0
<Cyrag+Corag+Cst|| f)12,1.1. (3.42)
2
Consequently, there exists a time t’ € (0,7 such that
/ (0 + |V oe|* +vf + |V P+ |dive 2 + [V |2 +0° + [ Vo ? + |dive]?) (z,t) da
QL

—|—/ (|Av> +|Vdivo]* + |Adive|® + [curl Av]* + 0° + [V o> +|Ao|?) (z,t') da
QL
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—|—/ \V(b\Q(:c,t')dx—Fe/ (|Vgt|2+|VAQ|2+|A¢t|2)(z,t')das
QL QL

<Cirag+ChraS+Chr|| fE (3.43)

2,00
2
On the other hand, it follows from the fact
] DP'(p
2P'(p) Agdivvd:rgg/ |Vv|2dx+177(p)/ |Ao|?da,
QL 2 QL 2p QL
and inequalities (3.12), (3.16), (3.20), (3.39) that

d P'(p P'(p
g/ (/g’))g?+(p+rg)v2+|v¢|2+pfp)v9|2+p|w|2+|A¢2> da
QL

d P'(p P'(p

+£/ <D0 (p)Q%+D0(ﬁ+79)vf+Do|V¢tl2+[()p)|Ag|2+ﬁ|Vdivv|2> dx
QL

a

dt Jor

d
* &/ (D1p|Vdivo|* + D1 |[VA|* +2P' (p) Aodive +2¢D; |Vo|?) da
QL

DyP'(p
+ <|VA¢|2+M|A’U2+(,LL+)\)|Vdivv|2+ﬁ|Vv|2+1p(p)|Ag|2> da

<Cl7e +CllA| 72+ CTIV ol 3 [Vl a2 + C7llve [ F [ Aell 72 + Crl ol 3 |07
+C7)|Vollin v 31V ol 3 +CrllvlFn llolli: + CTllelF: I VolI3e + OTllot 22
+OT|0el7p el F2 +Crlloe| B vl 2= V0l 72 +Cr el [0l B2 + Ol 021 Nl ol
+C7ll el IVoellF +Crlleel 22 (Vo132 + OV oll3 VP22 + Crlleel| 72 0172
+O7| ol 72 Vel F +Crllol B2 IVollF + CTll FE 17+ Ol f [ 7 (3.44)

Hence, By inequality (3.43), we integrate inequality (3.44) from t' to t for t € [¢/,t' +T)

to obtain

sup/ (6 + 0>+ [V + Vol + Vol + | Av]? +|Vdivol + |Aof?) da
QL

0<t<T
+ sup/ (0F +vi +|Vy|?) da
o<t<TJOL

S/ (Q2+v2+|V¢|2—|—|VQ|2+|V11\2+|Av|2—|—|Vdivv|2+|Ag|2)(x,t’)dm
QL
T T
+/ (0 +v7 +|Vr?) (x,t’)dm+C/ Hv||ipdt+c/ |AB||%2 dt
QL 0 0
T T
407 [ IVulfpder 07 sup (190l +lule) [ lodde
0 0<t<T 0
T
+C71 sup IIQII%w/ (IVollFn + oz + 1V Bl 32 + llvell7) dt
0<t<T 0
T
+C7 sup IIUH?qz/ IVl + llollFrn + llvell 3 +leel =) dt
0<t<T 0

T T
+CT1 sup IIUH?LI:»/ (lloellzs +1IVell7: ) dt+Cr sup IIVQII%n/ V30|72 dt
0<t<T 0 0<t<T 0

T T
L Cr sup [ledle / (IV6]%2 + loc|22) dt+Cr / (20 + 175 20 )t
0<t<T 0 0
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§C47'a§—|—057'a8—|—067'||fLH (3.45)

2
wyt

This together with inequality (3.42) yields

sup / (02 + 0%+ [V + Vol + Vo[> + |Avf + [V dive[> + [Agf?) de
0<t<TJaL

T
+ sup/ (gt2+vf+\v¢t|2)d:¢+/ / (07 + Vo * +v7) dadt
o<t<TJoL o Jar

T
—|—/ / (|Vvt\2+|divvt\2+ |Voi|? + 0% +|Vol|* + |Ag|2—|—|V¢|2—H}2) dxdt
o Jar

T
—|—/ / (Vo> +|dive]® + |Av|* +[Vdive]? 4+ |Adive|? + [curl Av|?) dadt
o Jor
T
—I—e/ / (IVoil* + VAP +]A¢: ) dudt
0o Jor
§C7Ta§+CsTag+CgTHfL||a,21,1. (3.46)
Thus, when ag and ||fLH12/V1‘1 are suitably small, it holds that
2

T
|||<@,v7ws)\|\2+e/ /Q (IVorl2 + 1V Aol> + A6, ?) dedt
O L

<Cirag+Coral+Car| f£ ||€V21,1

IA

1

That is, condition (3.41) holds. Since F(-,0)=0, then
deg (I—}"(-,l),B’aO (o),o) — deg (I—]—"(~,0),Bao(0),0> — deg (I,Bao (o),o) ~1.
Therefore, we have proved condition (3.40), which implies the problem (2.2) admits a

solution (g,v,V¢) € XaLO. This completes the proof of Proposition 2.1. a

4. Existence in the whole space
Now, we are devoted to showing the existence of time periodic solutions stated in
Theorem 1.1.

Proof. (Proof of Theorem 1.1.) First, we denote (o”,v,V¢*) be the solu-
tion of the regularized problem (2.2). By Sobolev imbedding theorem, we see that
(", 0", Voh) € C*% ((0,T) x ), and

[QvaLavd)L]a <Cay.

f=4
’2

Now, let € —0, and then let L — 400, for any fixed £>0, there exists a subsequence
{(0n,vn, Vo)t and (0,v,V¢) € X! , such that

(0nsVn, Vo) = (0,0,V$) uniformly in QF;

(QntvvnhV(bnt) —F (Qtﬂ/t,v@) in Lm((OaT)éLQ(QZ)%

(0ns0n, V) =" (0,0,V¢) in L=((0,T); H*(Q));
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(OntsVnts Vne) = (01,01, V) in L2((0,7); HH(QF));
on—0 in L*((0,7);H*(Q));
(00, V) — (v,V¢) in L2((0,T); H3(QY)).

On the other hand, integrating inequality (3.44) from ¢ to t + ¢ and then integrating the
resulting inequality from 0 to T" over ¢ to obtain

T
//(92+v2+|V¢\2+g§+v§+\V¢t|2+|Vg|2)(x,t+<)dxdt
0 QL
T
+// (Vo> +|Ao]* +|Av|* +|Vdive[?) (z,t+ () ddt
0 QL
T
- / / (2 + 02 + |V + 02 +v2 +[Vy 2+ [Vol2) (w,t) dudt
0 QL

T
—// (Vo> +|Ao]* +|Av|* + [V dive|?) (z,t) drdt
o Jar
<C(¢,

where ( is a suitably small constant and C' is a constant independent of L. Thus, we
have

(0nt,Vnt, Vi) = (01,v¢, V)  strongly in LQ((O,T);LQ(QZ))§
on—0 strongly in L*((0,T); H'(Q));
(vn, Vo) — (v,V@) strongly in LQ((O,T);HQ(QZ)).

Now, choosing a sequence L, with L,, — +oc as n— oo, let {(oF,v¥, VéF)} be the con-
vergent sequence in Q"* given in the above sense. Then, denoted {(oF*1 v+ Vehtl)}

be a subsequence of {(o 0¥ V¢¥)}, which convergence in QFs+1, (k=1,2,--- n,---).
Repeating the argument as follows:

(Q%,U%,V(Zﬁ) (Q%aU%aV(Z%) (971wv71L7v¢'}L) converges in QLl
(03,02, V$?) (03,v3,V3) -+ (0%,v2,V¢2) converges in Q2

(01,07, VoY) (05,v5,Ve3) -+ (o, vy, V) converges in Q5

Hence, we get a Cantor diagonal subsequence {(gp,v;,V¢,)} which converges to
(0,v,V ) in QF for any L>0. By the arbitrariness of L >0, we see that (0,v,Ve) € X,,
is the time periodic solution of system (2.1) in R, N =2,3. This completes the proof
of Theorem 1.1. 1]
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