COMMUN. MATH. SCI. (© 2017 International Press
Vol. 15, No. 3, pp. 745-763

ON THE HOMOGENIZATION OF
A TWO-CONDUCTIVITY PROBLEM WITH FLUX JUMP*

RENATA BUNOIUT AND CLAUDIA TIMOFTE?

Abstract. In this paper, we study the homogenization of a thermal diffusion problem in a highly
heterogeneous medium formed by two constituents. The main characteristics of the medium are the
discontinuity of the thermal conductivity over the domain as we go from one constituent to another
and the presence of an imperfect interface between the two constituents, where both the temperature
and the flux exhibit jumps. The limit problem, obtained via the periodic unfolding method, captures
the influence of the jumps in the limit temperature field, in an additional source term, and in the
correctors, as well.
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1. Introduction

Our goal in this paper is to analyze the effective thermal transfer in a periodic
composite material formed by two constituents occupying a domain Q in RV (N >2),
divided in two open subdomains, denoted by 27 and €5, and separated by an imperfect
interface I'*.  We assume that the phase 2 is connected and reaches the external
fixed boundary 092 and that €25 is disconnected, being the union of domains of size ¢,
periodically distributed in €2 with period of order e, where ¢ is a positive real number less
than one. Nevertheless, if N >3, our results still hold true if the domain €5 is connected.
The order of magnitude of the thermal conductivity of the material occupying the
domain Qf is €2, while the conductivity of the material occupying the domain Qf is
supposed to be of order one. Our problem presents various sources of singularities: the
geometric one related to the interspersed periodic distribution of the components, the
material one related to the conductivities and the ones generated by the presence of an
imperfect interface between the two materials. All these singularities are described in
terms of e.

More precisely, we study the asymptotic behavior, as the small parameter ¢ tends
to zero, of the solution u® = (u§,u§) of the following problem:

—div (A°Vui)=f 1in QF,

—div (24°Vug)=f in Q5
ASVu§ -nf =eh® (uf —u3)—G®  on I'%
e2A°Vu§-n®=¢eh® (uj —uj) on I

uf=0 on 0.

The case G* =0, which corresponds to a continuous flux, proportional to the jump
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of the temperature field across the imperfect interface, has attracted, in the last two
decades, the interest of a broad category of researchers. In the pioneering work [8], using
the asymptotic expansion method, the authors study the homogenization of a thermal
problem in a two-component composite with interfacial barrier in the particular case in
which the conductivities of the two components are both of order one. For this problem,
the convergence results were rigorously justified later by using various mathematical
methods: the energy method in [21] and [33], the two-scale convergence method in [23]
and the unfolding method for periodic homogenization in [20,39,40] and [32], to quote
just a few of them. Also, for problems involving jumps in the solution in other contexts,
such as heat transfer in polycrystals with interfacial resistance, linear elasticity problems
or problems modeling the electrical conduction in biological tissues, see [4,5,24-26, 30]
and [41]. The case corresponding to the scaling of the conductivities considered in this
paper is addressed, among others, in [1,2,6,22,28,34-36]. After passing to the limit with
respect to the small parameter £, a regularised model of diffusion is obtained, which in
fact is a special case of the double-porosity model, introduced in [37] in the frame of
the heat transfer and in [9] in the context of the flow in porous media. For a review
of such models in various types of fissured porous media, see, for instance, [38] and the
references therein.

In this paper, we consider the case G¢=#0, which corresponds to a discontinous
flux as well. We study here two representative cases for the jump function G¢, stated
explicitly in Section 2, relations (2.2) and (2.3), which both lead to different modified re-
guralized models of diffusion. More precisely, in the first case, a new global source term,
macroscopically distributed over the entire equivalent domain, appears in the right-hand
side of the homogenized Equation (3.8). In the second case, the novelty brought by the
presence of the flux jump is the emergence of the new non homogeneous Neumann cell
problem (3.25) and the presence of its solution in the corrector (3.24). We notice that
this jump plays no role in the homogenized problem (3.23). Nevertheless, in Remark 3.6
we mention a case in which the homogenized problem depends on this jump, too. This
last result is to be compared with the Neumann problem in perforated domains (see [14]
and [18]), where the same cases of G¢ are considered on the boundary of the holes and
a similar phenomenon occurs. More recently, this type of functions G¢ is encountered
in [12] for the study of a thermal problem with flux jump, involving conductivities of
order one and a scaling of the jump in the temperature field of order e~'. We also
point out here the effect of the jump of the solution, which is recovered in the corrector
(3.10) and in the weak limit (3.15), via the solution of the local Robin problem (3.13).
This phenomenon was already noticed in the case in which G¢=0. For transmission
problems involving jump in the flux in other contexts, such as linear elasticity, theory of
semiconductors, the study of photovoltaic systems, combustion theory or heat transfer
problems, see [7,10,11,27,29,31].

Let us notice that if in the microscopic problem the temperature and the flux are
continuous across I'* and if moreover the thermal conductivities of the two materials
are both of order one, we have a standard transmission problem, and, then, the limit
process leads to a single-diffusion equation. However, if we assume that the thermal
conductivities of the two materials are both of order one, but we keep our jump condi-
tions at the interface, then the limit problem is a system of two coupled equations. The
case G° =0 is studied in [23] and the limit process leads to the celebrated Barenblatt
system, introduced in [9]. The case G° # 0, which leads to a modified Barenblatt model,
is addressed in [13].

The rest of the paper is organized as follows: in Section 2, we introduce the mi-
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croscopic problem and we fix the notation. In Section 3, we state and prove the main
homogenization results of this paper. Corrector results are given, too. We end our pa-
per with a few concluding remarks, an appendix in which we review the definition and
the basic properties of the unfolding operators and their adjoints, and some references.

2. Setting of the problem

Let Q be a bounded open set in RY (N >2), with a Lipschitz continuous boundary
9Q and let Y =(0,1)" be the reference cell in RY. We suppose that Y7 and Ys are two
non-empty disjoint connected open subsets of Y such that Yo CY and Y =Y; UY 5. We
also assume that I'=0Y5 is Lipschitz continuous and that Y5 is connected.

Throughout the paper, the small parameter € takes values in a positive real sequence
tending to zero and C' is a positive constant independent of £, whose value can change
from line to line.

For each k€ Z", we denote Y*=k+Y and Y} =k +Y,, for a=1,2. We also define

foreach e, Ze = {k’ ezZN: E?I; C Q} and we set Q5 =, (eY¥) and Qf = Q\Q,. The
boundary of €25 is denoted by I'* and n° is the unit outward normal to €25.

Our goal in this paper is to analyze the asymptotic behavior, as € — 0, of the solution
u® = (u,us) of the following problem:

—div (A*Vui)=f in QF,
—div (2A°Vu§)=f in Q5,

AV -nf=eh® (uf —u3)—G° on I'%, (2.1)
e2A°Vu§-n® =¢eh® (uj —u3) on I,
uf=0 on 0.

REMARK 2.1. We remark that the flux of the solution is discontinuous across I'¢.

Indeed, we have

ASVU§ -nf —e? ATV -nf = —GF.

The function f € L?(Q) is given. Let g be a Y-periodic function that belongs to
L3(T'). We define

ga(x):g(f) a.e. on I'°.
5

For the given function G° in problem (2.1), we consider the following two relevant
situations (see also [12,14] and [18]):

Case 1:G€(:17):59(§), it Mp(g)+#0, (2.2)
Case Z:Gs(m)zg(g), if Mr(g)=0. (2.3)

1
Here, Mr(g)= T /g(y)dy denotes the mean value of the function g on T
r

Moreover, we make the following assumptions on the data:

(H1) his a Y-periodic function such that h € L>°(T') and there exists ho € R with
0<hp<h(y) a.e. on T. We set

he(:c):h<g> a.e. on I'°.
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(H2) For \peR, with 0<A<p, let M(\,u,Y) be the set of all the matrices
A€ (Le(Y))N*N such that for any £ € RN A[€]2 < (A(y)&, €) < pl€|?, almost everywhere
in Y. For a Y-periodic symmetric matrix A€ M(A\,u,Y), we set

As(x):A(g) a.e. in (.

In order to write the variational formulation of problem (2.1), we introduce, for
every positive € <1, the Hilbert space

H =V x H(Q3).

The space Ve ={ve H* (), v=0 on 9Q} is endowed with the norm|jv||v- = [VollL2@s),
for any v € V¢, and the space H'(Q5) is equipped with the standard norm. On the space
H¢, we consider the scalar product

(u,v) e :/ Vuy Vo dz +e2 VuQvadm—i—e/ (u1 —uz2)(v1 —v2)doy, (2.4)
Q

£ € &
1 QZ

where u=(u1,u2) and v=(v1,v2) belong to H¢. The norm generated by the scalar
product (2.4) is given by

[vllzre =1VvilZaas) + €2 Vv2llEa(ag) +ellvr —vallfare)- (2.5)

The variational formulation of problem (2.1) is the following one: find u® € H® such
that

a(u®,w)=I(v), YveH°*, (2.6)

where the bilinear form a: H* x H* — R and the linear form [: H* — R are given by

a(u,v) :/Q

and

A*Vu Vg dx—|—€2/ A*VusVosdr+e [ h¥(ug —uz2)(vy —vz)doy

i s re

l(“):/ fvldx—|—/ fvada+ Gvidoy,
QF Qs Tre

respectively.

We recall in the next lemma a result from [22], which is a key argument allowing
us to prove an existence and uniqueness result and a priori estimates for the solution
of the variational problem (2.6). In the sequel, unless otherwise mentioned, by C' we
denote a positive constant which is independent of € and whose value can change from
line to line.

LEMMA 2.1.  For every v given in the space HE, the following inequalities hold true:
[v1llz2 sy < Cllvllm-
and

lv2ll2(qs) < Cllv]|ae.
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Proof. The first inequality is a direct consequence of the Definition (2.5), together
with the Poincaré inequality applied to functions from the space V¢, namely

[villz2(0s) < ClVuil L2 as)- (2.7)
In order to prove the second inequality, we need the following inequalities (see [22]):
1
[vallL2(as) < C (el Vol L2(ag) +€2 [|[val L2 (1)) (2.8)
and
1
ez|lvrl|2rey S C (el Vil 2 (s) + o1l 2 a2))- (2.9)
The triangular inequality applied in inequality (2.8), together with inequalities (2.9)
and (2.7), implies
vzl 22(5) SC(el Yozl r2(ag) +€2 vz = v [[12(re) +€2 [0 ]| 2(re))
1
<C(e||VuillL2(as) +ellVoallLz(ag) +€2 [[vr = v2l|2(re) + 01l L2(05))
1
<C(IVvilL2(as) +ell Vel L2 as) +e2[lv1 — vz L2(re)),
and the second inequality then follows, by using the Definition (2.5). o

THEOREM 2.1.  For any € € (0,1), the variational problem (2.6) has a unique solution
u® € He. Moreover, there exists a constant C' >0, independent of €, such that

[uillzzes) <C, (usllL2(ag) <C (2.10)

and
IVuillo@n <€, el Vuslliog <C, e2fus —usllpare) < C. (2.11)
Proof. In order to prove the existence and the uniqueness of the solution for

problem (2.6), we apply the Lax—Milgram theorem for the space H¢ endowed with the
norm (2.5). Due to the hypotheses (H1) and (H2), we easily get that the bilinear form
a is coercive and continuous. Indeed, we have

a(v,0)>C|v||%., YveHE,
and
a(u,v) <C|lul|ge ||Vl ey Vu,v € HE.
Let us prove now that the linear form [ is continuous, i.e.
l(v) <Clv|ge, YveHE.

One obviously has

|Z(U)§|f||L2(Q§)|Ul||L2(Q§)+||f”L2(Q§)|U2||L2(Q§)+’/F G*(z)vi(z)doy|. (2.12)

According to Proposition 3.8 in [18], we obtain the estimate of the last term in (2.12)
as follows:
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(i) if G° satisfies Equation (2.2), then

G* (z)vy (z)do,
l—‘E

[ co(2)n@ao,

C
e (Mr(g)l+e)lIVuillzzis < ClIVLllz2s);

(ii) if G© satisfies Equation (2.3), then

G (z)vy(z)do,

[ (2o

C
< . (IMr(g)|+e)[[VoillL2(s) < ClI Vvl L2(qs),

Te

since Mr(g)=0.
Coming back to inequality (2.12), we obtain:

L)< C([lvill L2y + v2ll L2 @5) + Vil L2 os))-

By using Lemma 2.1 and the Definition (2.5), we get the continuity of . Thus, the
Lax—Milgram theorem applies.

In order to obtain the a priori estimates (2.10) and (2.11), we take v=wu® in the
variational formulation (2.6). By using the coerciveness of a and the continuity of I, we
obtain

[uf||e <C,

which obviously imply inequality (2.11). Estimates inequality (2.10) are then obtained
by applying Lemma 2.1. a

3. Homogenization results

Our goal in this section is to pass to the limit, with € — 0, in the variational formu-
lation (2.6) of the problem (2.1). To this end, we make use of the periodic unfolding
method and the general compactness results given in the appendix of this paper.

More precisely, using the a priori estimates inequalities (2.10)—(2.11) and the general
compactness results from Proposition A.2, it follows that there exist u; € Hg (), Uy €
L*(Q,H]..(Y1)), Uz € L*(2, H' (Y3)) such that Mp(@;) =0 and up to a subsequence, for
e—0, we get:

(u§)—uy  strongly in L2(Q2, H(Y7)),

(Vu§) —=Vu; +V,u; weakly in L2(Q xY7),

(u5) =Ty weakly in L2(Q, H'(Y3)),

eT5 (Vus) =V, s weakly in L?(Q2x Y2), (3.1)
a5 —|Y1|u;  weakly in L2(92),

u5— [ Ua(z,y)dy weakly in L*(Q),
Y>

where the space H}. (Y1) is defined by

H! (Y1)={ve H'(Y})|v is Y-periodic}.

per
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REMARK 3.1.  'We notice that in convergences (3.1) we omitted to write |Y|. Indeed,
since Y is the unit cube, we have |Y|=1 and, in order to simplify the presentation, in
the sequel we shall not write it.

Let Wyer(Y1) ={v € H}, (Y1) | Mp(v) =0}. We introduce the space
V= HJ () x L (9 Wy (V1)) x L2 (2 ' (V2),
equipped with the norm
||V||$/:||V“+Vy51||2m(9xy1)+Hvyﬁzuiz(ﬂxyz)+||”—§2||iz(szxr)a

for all V= (v,v1,02) € V.
In order to pass to the limit in Equation (2.6), we need to distinguish between two
cases, depending on the form of the function G*.
Case 1: G*=¢g (E), if Mr(g)#0.
€
THEOREM 3.1. The unique solution u® = (uj,us) of the variational problem (2.6) con-

verges, in the sense of convergences (3.1), to the unique solution (ui,uy,uz) €V of the
following unfolded limit problem:

/ A(y)(Vuy +Vyﬁ1)(Vga+Vy<I>1)dxdy+/ A(y)V, 12 VyPodady
QXYl QXYZ

+ /Q (o)~ )~ B2)dndr,
- / f(@)p(x)dzdy + / £(2)®s(2,y) ddy + [T M (g) / p(x)dr,  (32)
QxY; QxYs Q
for all p€ HY(Q), ®1€ L*(Q,HL,,.(Y1)) and ®y€ L*(Q,H(Y2)).

per

Proof. Inorder to get the limit problem (3.2), we unfold the variational formulation
(2.6). Then, by using Proposition A.1 and Lemma A.1, we obtain

lim < T (AT (Vui) Ty (Vo) da + T3 (A5)T5 (eVu3) Ty (eVug) da
E—> Qx Y1 Qx Y2

+/M h(y)(Ty (u) = T3 (u3)) (75 (01) = Es(vz))dffz>

hm( TE(F)TE (v1)do + 7';(f)7';(vg)dx+1
QxYy €

e—0

7?(G5>7;€(v1>daz) .

QAxYs QxT

In this unfolded problem, we choose the admissible test functions

x
9

v=p(@)+en@ (2), v=w@i (), (3.3)

with ¢,wy,ws € D(Q), Y1 € H) (Y1), 1o € H' (Y2). It is not difficult to see that we have
the following convergences:

T (v1) = p(z)  strongly in L*(Qx Yy), (3.4)

TE(Vor) = Ve(z) +V, @1 strongly in L*(Qx Y;), (3.5)



752 HOMOGENIZATION OF A TWO-CONDUCTIVITY PROBLEM WITH FLUX JUMP

T5 (v2) = ®o(2,y)  strongly in L*(Q x Ys), (3.6)
and

T5 (eVvg) = V, o strongly in L*(Qx Ya), (3.7)
where @1 (z,y) =wi(z)y1(y) and Po(z,y) =wa(x)h2(y).

The passage to the limit with € —0 is standard, by using convergences (3.1) and
(3.4)—(3.7). The only term which needs more attention is the one involving the function
G¢. For this term, we get:

é QanE(GE)ﬁE(Ul)dGm :/prﬁ’s (g (g)) Ty (@(I)+sw1(x)¢1 (g)) do,
:/ 9Ty (o) (z, y)dwday—i—e/ 9T (w) (@, 9) T (1) () dardo,
Qxr QxT
_>|F\Mr(g)/ﬂgo(x)dx.

By the density of D(Q)®@ H',,
in L2(Q, H*(Y3)), we obtain (3.2).

We notice that our limit problem (3.2) is similar with the one obtained in [34], the
only difference being the right-hand side, in which an extra constant term involving the

function ¢ arises. Indeed, our right-hand side actually writes

(Y1) in L2(Q,H}..(Y7)) and of D() ® H(Y3)

per

/ F(z)p(z)da+ / F(2)®s () dady,
Q

QXYQ

with
F(z)=Y1[f(2)+||Mr(g).

The existence and the uniqueness for the solution of problem (3.2) is a consequence
of the Lax-Milgram theorem. Due to the uniqueness of (uj,u1,us) €V, all the above
convergences hold true for the whole sequence. 1]

THEOREM 3.2. The unique solution u®=(u5,u§) of the variational problem (2.6)
converges, in the sense of convergences (3.1), to (uy,uy,us) €V, where uy is the unique
solution of the homogenized problem

~div(A"" Vs (2)) = fx) + [T Mr(g) in S s
up=0 on 00 :
and
aul i .
Z 3% 1(y) in Qx Y, (3.9)
s (z,y) =u1(x) + f(x)x2(y) in Q2xYa. (3.10)
Here, A™™ s the constant homogenized matriz whose entries are defined, for i,j=

N by

hom al ale
A= . aij_zaikTyk dy. (3.11)
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per(Y1) (j=1,...,N) and the scalar function x> € H'(Y3)
are the weak solutions of the following cell problems:

The vectorial function x{ cH!

—divy(A(y)(Vyx]—e;))=0 in Y1,
0

(AW (Vyx] —¢j)-n= onT, (3.12)
Mr(x1)=0
and
—divy(A(y)Vyx2)=1 in Ya, (3.13)
A(y)Vyx2-n+hx2=0 onT, '
where n denotes the unit outward normal to Ys.
Moreover, the weak solution (u$,u§) of problem (2.6) verifies:
a5 —|Yi|uy  weakly in L*(2) (3.14)
and
us — |Yalug + (/ Xg(y)dy> f weakly in L*(Q). (3.15)
Y2

Proof. By choosing ¢ =0 in the unfolded limit problem Equation (3.2), we obtain:

/ A()(Vuy +V, i)V, & dady + / Ay)(Vyia)V, @z dardy
QxY; QAxYs

—/ hy) (w1 —2)Podadoy,
QxIr
:/ fPodxdy. (3.16)
QxXYs
Then, taking ®» =0 in Equation (3.16), we get:
A(y)(Vur +Vyu1)Vy @ daedy =0,

QxY;

which implies
—div, (A(y) V1) =div, (A(y)Vur) in QxY;

and

A(y)(Vur +Vytu1) - n=0 on QxT.

Classical results from the theory of homogenization then imply Equations (3.9) and
(3.12).
By choosing now ®; =0 in Equation (3.16), we get:

hMy)(u1 —2)Podadoy, :/ fPodady,

/ A(y)(Vyt2)V, Py dxdy—/
QxYs QxYs

QxT
which implies

—divy (A(y)Vyu2)=f in QxYs
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and

A(y)Vyus-n="h(y)(u1 —u2) on QxT.
This suggests us to search the function uy of the form

Uz (z,y) =ui(z)+ f(2)x2(y) in QxYa.

By replacing this form of 5 in the two previous equations, we obtain

—divy (A(y)(f(2)Vyx2)) =f(z) in QxY2,

and

Ay) (f(@)Vyxa)-n=—h(y) f(z)x2(y) on QxT,

which imply that the scalar function y» is the solution of the Robin cell problem (3.13).
By choosing now ®; = ®5 =0 in Equation (3.2), we obtain:

A(y)(Vur + V1) Vodrdy + hy) (w1 —t2)pdxdoy,

QxY; QxI
—vi| /Qf(x)w(x)dxﬂrlf\/lr(g) /Q«J(a:)dx. (3.17)

We have the equality
/ h(y)(ur —u2)pdado,
QxI

=— h(y)f(z)x2(y)e(x)dzdoy,
QxT

=(— h(ym(y)doy) poree:

r

:(/FA(y)Vyxg(y)-nday) /Qf(w%o(w)dw
— (/Y2divy(A(y)VyX2(y))dy> /Qf(iv)SO(x)dx
-/ 1)y | r@e@ae=—-pal [ 1@ea)ds,

and then relation (3.17) becomes:

/ Aly)(Vur +V,0) Vipdady = / F(@)p(@) dz+ [T Mr(g) / o(z)da.
QxYy Q Q

We integrate this last equality by parts with respect to « and, by using Equations (3.9)
and (3.12), we are led to the homogenized problem (3.8). d

REMARK 3.2. Due to the right scaling € in front of the function ¢g° given at the
interface I'®, we obtain at the limit a new source term distributed all over the domain
Q. Our initial problem (2.1) can be also studied for a nonzero function g with mean-value
Mr(g) equal to zero. In this situation, there is no contribution of ¢ in the right-hand
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side of the homogenized equation and, thus, the limit problem is the same as in the case
with no ¢ at all in the microscopic problem.

REMARK 3.3. The solution u;(x) of problem (3.8) represents the contribution coming
from the first material distributed in Q5 and the solution uy(z,y), verifying relation
(3.10), is an additional contribution coming from the second material distributed in
Q5. This shows that the diffusion within the domain 2 x Y5 has more than a local
character. The limit problems keep information from the two different materials, but
on two different scales, and this is an important particularity of such models.(see e.g. [3])
We remark that the homogenized matrix A"™ and, so, the solution u;, are independent
of the function h, while the limit @y depends on h, via the function y-».

REMARK 3.4. All the above results remain true for the case in which the set Y5 is not
connected, but consists on a finite number of connected components, as in [20].

We can also state the convergence of the energy and corrector results for the solution
u® = (u§,uj) of problem (2.1). They are obtained in a classical way, by adapting to our
case the proof of Proposition 4.7 in [20]. We have the following result:

THEOREM 3.3.  Under the assumptions of Theorem 3.1, if u® = (u§,u$) is the unique
solution of problem (2.1), then

lim (/
e—0 Q

= A(y)(Vur + V1) (Vg +Vya1)dxdy—|—/ A(y)V,yuaVyuadedy, (3.18)

AVuiVui de —|—/

2 A*VusVusda
Q5

€
1

QxY; QxYs
g% (/A§|Vu§|2dx+/A§|Vu§|2dx> =0, (3.19)
TE(Vu§) = Vuy +V,ay  strongly in L*(Qx Y7) (3.20)
and
Tx (eVug) — V, iy strongly in L*(Q x Ya). (3.21)

Moreover, the following corrector result holds true:

N
b .
Vui - Vi + > U (a?) us (V) —0
3=t ’ L2(95)
and
1945 — Vs — £ (@) U5 (V2| 25— 0-
Let us now analyze the second relevant situation for the jump function G*¢.
Case 2: G*(x)=g (g), if Mr(g)=0.
THEOREM 3.4. The unique solution u®=(uj,us) of the variational problem (2.6)

converges, in the sense of convergences (3.1), to the unique solution (u1,uy,uz) €V of
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the following unfolded limit problem:

/ A(y)(V’ul+Vyﬂ1)(Vgo+Vy<I>1)da:dy+/ A(y)V, 4V, Podady
QXYl Q><1/2

+ /Q (o)~ )~ B2)dndr,

- / F(@)p () dody+ / F(2) () dzdy + / 9@ (z,y)dzdo,,  (3.22)
QxYy QxYs QxT

for all pe HY(Q), @1 € L*(Q,HY,, (Y1)), P2 € L?(Q,H(Y3)).

per

Proof.  To obtain the problem (3.22), we pass to the limit in the unfolded form
of the variational formulation (2.6) with the test functions (3.3), which satisfy conver-
gences (3.4)—(3.7). The only difference with respect to the proof of Theorem 3.1 is the
passage to the limit in the term involving the function G°. More precisely, we have now:

| mEmedn = [ T (9(2)) T () +en @ () do

€ Jaxr €

— [ s T @ wndedo,+ [ o) T ) @) T W) w0) deds,
QxT Q

€ xT'

~2riaMr(o) [ e(adet [ gl (o)) dodo,

QxT

Then, from the fact that Mr(g) =0, by using the density of D(Q)® H}, (Y1) in

L*(Q,H].(Y1)) and of D(Q)® H' (Yz) in L*(Q, H'(Y2)), we are led to the unfolded limit
problem (3.22).

Due to the uniqueness of (u1,u1,us) €V, which can be proven by the Lax—Milgram
theorem, all the above convergences hold true for the whole sequence and our theorem

is proven. 0

REMARK 3.5. Let us notice that the term 9(y)®1(x,y)drdoy in Equation (3.22)
QxT
constitutes the main difference with respect to the unfolded Equation (3.2), where the

term involving ¢ is a nonzero constant, appearing explicitly in the right-hand side of
the homogenized equation (3.8). This is not the case here, since this term involves now
explicitly both variables x and y. Our task now is to understand the contribution in
the homogenized problem of this non standard term generated by the discontinuity of
the flux in the microscopic problem. As we shall see in Theorem 3.5, apart from the
cell problems (3.12) and (3.13), an additional non homogeneous Neumann cell problem
needs to be introduced.

THEOREM 3.5. The unique solution u®=(u$,us) of the variational problem (2.6)
converges, in the sense of convergences (3.1), to (uy,uy,Us) €V, where uy is the unique
solution of the homogenized problem

{ —div(A""Vuy (z)) = f(x) in Q, (3.23)

u1 =0 on 0N

and

. N uy j
() == 5= ()] () +n(v), (3.24)
j=1""
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Uz (x,y) = w1 () + f(2)x2(y)-

Here, A"™ is the homogenized matriz whose entries are given by Equation (3.11) and
the functions x} and x2 are defined by problems (3.12) and (3.13). The Y -periodic func-
tion n is the unique solution of the following non homogeneous Neumann cell problem:

—divy(A(y)Vyn) =0 in Y7,
A(y)Vyn-n=—g(y) onl, (3.25)
Mr(n)=0.

Convergences (3.14) and (3.15) still hold true, with uy solution of (3.23).
Proof. By taking ¢ =0 in the unfolded limit problem (3.22), we obtain:

A(y)(Vur + V1)V, 1 dxdy—i—/ A(y)V, 42V, Podzdy

QXYl QXY2

—/ h(y)(u1 —2)Podzdoy,
QxT

:/ f(w)Qg(x,y)dxdy—ﬁ—/ g(y) P41 (z,y)drdoy. (3.26)
QAxXYs QxT

By choosing ®; =0 in Equation (3.26), we have

h(y)(u1 —u2)®odzdoy, :/ f(z)®Podady.
QXYQ

/ A(y)Vyagvyégdxdy—/
QXY2

aQxIr

By taking suitable test functions @5, we obtain
—div, (A(y)Vyu2)=f in QxY
and
A(y)Vyua-n=h(y)(uy —u2) on QxTI. (3.27)

We then find the functions uy and yo exactly like in the proof of Theorem 3.2.
Now, let us take ®2 =0 in Equation (3.26). We obtain

/ A(y)(Vuy +Vyﬁ1)Vy<I>1dxdy:/ g(y)®1 dadoy.
QxYy QxT

By taking suitable test functions @1, we obtain

—divy (A(y)Vyur) =divy (A(y)Vur)  in Qx Y7, (3.28)

A(y)(Vaur +Vyur) - n=—g(y) on QxI. (3.29)

We remark that Equations (3.27) and (3.29) imply that we also have a discontinuity
type condition:

A(y)(Vaur +Vytur) -n—A(y)Vyte -n=—h(y)(u1 —u2) —g(y) on QxT.
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The presence of the function ¢ in relation (3.29) suggests us to search u; in the
following non standard form:

6U1

(’9:6] y)+n(y), (3.30)

where the functions X{ are defined by problem (3.12) and the function n remains to be
found. To this end, we replace @; given by Equation (3.30) in Equations (3.28)—(3.29).
We obtain:

—divy (A(y)(=Veu1 Vyx1+Vyn(y)) =divy (A(y)Veur)  in Qx Y7,
A(y) (Vaur —Vaur Vyxa +Vyn) -n=—g(y) on QxT, (3.31)
Mr(n)=0

By using problem (3.12), we deduce that the scalar function 7 is the unique Y-periodic
solution of the cell problem

—divy (A(y)V,n)=0 1in Y7,
A(y)Vyn'n=—g(y) onT, (3.32)
Mr(n)=0

We observe that problem (3.32) is a non homogeneous Neumann problem. The com-

patibility condition
/ n(y)dy=0.
r

is satisfied, thanks to the hypothesis (2.3) imposed on the function g.
By choosing now ®; =®5 =0 in (3.22), we get:

/ A(y)(Vul—i—Vyﬁl)Vgodxdy—i—/ My) (w1 —u2)pdadoy,
QxY; QxI

= / f(@)p(x)dzdy. (3.33)
QxY;
Also, since

uy(x) —Us(z,y) = — fa(z)x2(y)  in QxYa,

we have, as in the proof of Theorem 3.2, the equality
| hwu = Ta)pdedo, =[] [ f@)ela)da
QxI Q
and relation (3.33) then becomes:
/ A(y)(Vuy +Vyﬂ1)V<pdxdy:/f(x)cp(x)dx.
QXYI Q

We integrate this last equality by parts with respect to x and, using Equation (3.30)
and the definition (3.11) of the matrix A"™ we obtain

—divy (AP V) = f +div, (/ A(y)Vn(y)dy) in ,
Y1
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which leads immediately to the homogenized problem (3.23). We notice that this prob-
lem does not involve the function g. Nevertheless, the influence of the flux jump g
appears in the corrector function @y, via the cell problem (3.25). O

REMARK 3.6. The above results can be generalized to the case in which A° is a
sequence of matrices in M (A, u,€2) such that

TE(A%) — A strongly in L' (QxY),

for some matrix A=A(z,y) in M(A\u,Q2xY). The heterogeneity of the medium de-
scribed by such a matrix generates different effects in our limit problems (3.2) and
(3.22), respectively. In both situations, due to the fact that the correctors x4 depend
also on the variable z, the new homogenized matrix A°™ is no longer constant, but it
depends on x. A more interesting effect occurs in the second case. As proven in Theo-
rem 3.5, if the matrix A depends only on the variable y, the function n is independent
of x and there is no contribution of the term containing g in the decoupled form of
the limit problem. So, the limit equation is the same as that corresponding to the case
with no jump of the flux in the microscopic problem. Now, the dependence of A on
x prevents this phenomenon to occur, and, as a consequence, the function g gives an
explicit contribution in the homogenized problem, which becomes

—div, (A" V) = f +div, (/ A(z,y)Vn(z,y) dy) in Q.
Y1

A similar effect was observed in the homogenization of the Neumann problem in perfo-
rated domains (see [14]).

In this second case too, a corrector result similar to the one stated in Theorem 3.3
holds true. The main difference now is that the function 7, solution of the cell problem
(3.25), appears in the correctors of the solution u® = (u§,u§) of problem (2.1), as well.

THEOREM 3.6.  Under the assumptions of Theorem 3.4, if u® = (u,u$) is the unique
solution of problem (2.1), then convergences (3.18)—(5.21) hold true. Moreover, we have
the following corrector result:

N
8 .
Vus —Vuy+ > U <azl- ) us (Vyxi) —Ui (Vyn) —0
i=1 ’ L2(95)

and

IVus = V= f(@)Us (Vyxz)l 2 q5) — 0.

REMARK 3.7. Let us point out that similar corrector results can be stated in the case
in which the matrix A depends both on x and y, as in Remark 3.6.

4. Conclusions

Using the periodic unfolding method, the effective thermal transfer in a periodic
composite material formed by two constituents, with different thermal properties, was
analyzed. The main features of the considered composite material were the discontinuity
of the thermal conductivity over the domain as we go from one constituent to another
and the presence of an imperfect interface between the two constituents, where both
the temperature and the flux exhibit jumps. The limit problem captures the influence
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of the jumps in the limit temperature field, in an additional source term, and in the
correctors, as well.

Appendix A. We briefly recall here the definitions and the main properties of the
unfolding operators 77 and 75, introduced, for a two-component domain, by P. Donato
et al. in [20] (see, also, [14-16] and [19]) and of the boundary unfolding operator 77,
introduced in [16] and [17]. The main particularity of these operators is that they map
functions defined on the oscillating domains €2, €25 and, respectively, I'*, into functions
defined on the fixed domains Q x Y7, 2 x Y5 and Q x I, respectively.

For x e RY, we denote by [z],- its integer part k € Z", such that z — [z],, €Y and we
set {x}y =z —[2]y for z€RN. So, for every z€RY, we have z=¢([£], +{Z}, ). For
defining the above mentioned periodic unfolding operators, we consider the following
sets (see [20]):

Ze={kez" |eY*cQ}, @ =int|] (g?’“), AF=0\ O,
I{?EZE

[0

Q= (), AL=0:\05, T°=00;5.
kE/Z\E

DEFINITION A.l. For any Lebesque measurable function ¢ on Qf,, a € {1,2}, we define
the periodic unfolding operators by the formula

<p(€ {g}y—l—ay) for a.e. (x,y)e(AZEXYa,
0 for a.e. (z,y)€A®XY,.

Ta (o) (2,y) =

If ¢ is a function defined in Q, for simplicity, we write T; (¢) instead of T; (¢las ).
For any function ¢ which is Lebesgue-measurable on I'¢, the periodic boundary un-
folding operator T7 is defined by

<,0(E [g}y—f—ay) for a.e. (z,y) Qe x T,

for a.e. (z,y)eA®xT.

Ty () (x,y) =

REMARK A.1.  We notice that if o€ H'(QF), then T, (¢) =TZ(#)|ge -
We give now a few useful properties of these operators (see, e.g., [14,19] and [20]).

PROPOSITION A.1.  For pe[l,00) and a€{1,2}, the operators TE are linear and
continuous from LP(QS) to LP(2xY,) and

(i) if ¢ and ¥ are two Lebesgue measurable functions on )

Ta () =75 (9)T5 (¥);

(ii) for every ¢ € L*(95,), one has

15

¢, one has

L N = x)de=
W|mgmwwmmw—ﬁ@Ud A

Q5

plo)de— [ (o)

(i) if {p°}. CLP(Q) is a sequence such that p° — ¢ strongly in LP(Q), then

Ti(p%) — ¢ strongly in LP(Qx Y,);
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(iv) if p€ LP(Y,) is Y -periodic and ¢°(x)=p(x/e), then
TE () —> @ strongly in LP(Q xY,);

(v) if peWLP(QS), then V, (TE(p))=cTE(Vp) and TE(p) belongs to
L2 (WP (Y,)).
Moreover, for every ¢ € L*(I'¢), one has

1
r)do, = —— Ty xz,y)dzdoy,.
[ewar=— [ T(o)@aards,

The following result was proven, for our geometry, in [20].

LEmMMA A.1.  If u®=(u§,u§) is a sequence in H® and @ € D(RY), then, for ¢ small
enough and o € {1,2} we have

S/EhE(Ui—US)wd%:/Q Fh(y) (T (ui) = T3 (u3)) T3 () dadoy,.

We remind some general compactness results obtained in [22] for bounded sequences
in He.

LEMMA A.2.  Let u®=(uj,u§) be a bounded sequence in H®. Then, there exists a
constant C' >0, independent of €, such that

75 (ui)l L2 axvi) < C,

175 (us) L2 (axva) < Cs

175 (Vug) |l 2 axvi) <O,

ellTs (Vus) | L2 axys) <C,

175 (ug) = 77 (u3)] L2 (axr) < C

PROPOSITION A.2.  Let u®=(u§,u5) be a bounded sequence in HE. Then, up to a
subsequence, still denoted by e, there exist uy € Hj(Q), Uy € L? (Q, H,,(Y1)) and Uy €
L2 (Q,Hl(Yz)) such that

T (uf) —> uy strongly in L? (Q,H*(Y1)),
TE(Vug) = Vuy + Vi1 weakly in L?(2x Y1),
T (u§) — U weakly in L*(Q, H(Y2)),

eT5 (Vu§) — Vi weakly in L? (2 x Yz),

Y]
ULy weakly in L2(S),

— [ Uy(z,y)dy  weakly in L*(Q),
Y1y,

where Mp(a1) =0 for almost every x € and ~ denotes the extension by zero of a func-
tion to the whole of the domain €.

Finally, we give for aw€{1,2} the definition of the adjoints U, of the unfolding
operators and we state some useful properties for them (see [14] and [20]).
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DEFINITION A.2.  For pe[l,00), the averaging operators UZ : LP (2 x Y, ) — LP(§25),
are given by

U (P)(x) = %/}/(Jﬁ(e EL“Z’{QQ dz for a.e. xeﬁgv
0

fora.e. € AZ,.

It is not difficult to see that these averaging operators are almost left-inverses of the
corresponding unfolding operators T2, i.e., for any ¢ € LP(Q5,), we have

(z) for a.e. xeﬁ@
UE(TE () @) =] *

0 for a.e. z€AL,.

PROPOSITION A.3.  For p€[l,00), the operators US are linear and continuous from
LP(QxY,) to LP(Q5) and

(1) U() =&l Lo(qe) — 0 for every ¢ € LP(Q);

(ii) if . € LP(QX,), then the following statements are equivalent:

o T2(p:)— @ strongly in LP(QxY,) and/ lpe|Pde—0;
AL

o e ~U@ o) 0.
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