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ON THE CONTROLLABILITY OF
THE 2-D VLASOV-STOKES SYSTEM*
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Abstract. In this paper we prove an exact controllability result for the Vlasov—Stokes system in
the two-dimensional torus with small data by means of an internal control. We show that one can
steer, in arbitrarily small time, any initial datum of class ¢! satisfying a smallness condition in certain
weighted spaces to any final state satisfying the same conditions. The proof of the main result is
achieved thanks to the return method and a Leray-Schauder fixed-point argument.
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1. Introduction
We consider the Vlasov-Stokes system in the 2-dimensional torus T?:=R?/Z2,
which writes, for T>0 and w C T?,

O f+v-Vuf+Mdiv, [(U—v)f]=1,(2)G, (t,z,v) € (0,T) x T? x R,
—AU+Vap=js, (t,z) € (0,T)x T?,
div,U(t,x) =0, (t,z)€(0,T) x T2, (1.1)
Jp2 U(t,z)dz =0, te(0,7),
F(0,2,0) = fo(x,v), (z,v) € T? x R?,
where A >0 is a friction coefficient and
jf(t,:v)::/ vf(t,x,v)dv. (1.2)
Rz

This is a control system in which the state is the distribution function f(¢,z,v) and the
control is the source term 1,,(2)G(t,x,v), located in [0,7] x w x R2. Let us note that U
and p can be deduced from the distribution function f.

The Vlasov—Stokes system studied in this paper is an adaptation to the case of
the 2-dimensional torus of the system obtained by P.E. Jabin and B. Perthame in [17].
System (1.1) is a kinetic-fluid model describing the behaviour of a large cloud of particles,
represented by the distribution function f(¢,z,v), interacting with an incompressible
fluid, whose velocity field is given by U(¢,z), under the hypothesis that the effects of
convection are negligible. The quantity f(¢,z,v)dzdv can be interpreted as the number
of particles at time ¢ whose position is close to x and whose velocity is close to v. This
model is especially convenient when describing sprays and aerosols, bubbly flows or
suspension and sedimentation phenomena. This system is also important in biological
applications, such as the transport in the respiratory tract (see Section 1.2.2 for more
details).
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712 ON THE CONTROLLABILITY OF THE 2-D VLASOV-STOKES SYSTEM

1.1. Main result. = We are interested in the controllability properties of system
(1.1), by means of an internal control. The controllability problem that we want to
solve is the following. Given fy and f; in a suitable function space and given T >0, is it
possible to find a control G steering the solution of system (1.1) from fy to f1, in time
T? In other words, we want to find GG such that

f(T,z,0)= fi(z,v), VY(z,v)eT?xR2 (1.3)

Let us observe that a natural constraint regarding the control G is in order. Indeed,
since the Vlasov—Stokes system preserves the total mass when G=0, i.e.,

/ f(t,x,v)dxdv:/ fo(z,v)dedv, Vte[0,T], (1.4)
T2 JR2

T2 JR2

we shall prescribe the condition
/ G(t,x,v)dedv=0, Vte[0,T]. (1.5)
T2 JR?

More precisely, we obtain the following controllability result.

THEOREM 1.1. Let T>0, v>2, A=1 and let w be an arbitrary non-emptly open
subset of T2. There exists € >0 such that for every fo, f1 € €*(T? x R)NWH°(T? x R?)
satisfying condition (1.4), that

vfo(z,v)dxdv = vfi(z,v)dedv =0, (1.6)
). L.

and that, for 1=0,1,

1£ill62 (r2xre) + 11+ [0]) 2 fillgo (2 xrey <e, (1.7)

K
EKJ>O, (|wal|+|vvfl|)(x,v)§W,V(m,v)e’]ﬁ><R2, (18)

there exists a control G €€°([0,T] x T? x R?), verifying condition (1.5), such that the
solution of system (1.1) with fl,—o= fo exists, is unique and satisfies Equation (1.8).

REMARK 1.1.  Condition (1.6) in the previous statement can be seen as a natural
compatibility condition needed for the well-posedness of the Stokes system with sources

Jfo and Jfr-

REMARK 1.2. Due to the physical model under consideration, the distribution function
f is frequently supposed to be non-negative. Furthermore, when G=0 and fy >0, the
corresponding solution of system (1.1) preserves the non-negativity for any time.

However, the control strategy developed in this article consists in finding a suitable
absorption-emission function G, which accounts for the possibility of trapping particles
inside the control region w. Consequently, due to the absorption process, the solution
of the controlled system (1.1) found in Theorem 1.1 is in general non-negative outside
w but possibly negative inside w.

On the other hand, the preservation of total mass (1.4) is guaranteed by the con-
straint (1.5).
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1.2. Previous work.

1.2.1. The controllability of kinetic equations. There exist some results on
the controllability of nonlinear kinetic equations. The first one was obtained by O. Glass
for the Vlasov—Poisson system on the torus (see [9]). The strategy of this work consists
on the construction of a reference solution, in the spirit of the return method introduced
by J.-M. Coron (see Section 1.3.2 below). This allows to conclude the existence and
uniqueness of a controlled solution by means of the Leray—Schauder theorem.

The strategy of [9] permits to obtain two types of results:

e In dimension 2, with arbitrary control region, one can obtain a local controlla-
bility result, i.e., a small-data result.

e In any dimension and with a geometric assumption, precisely that the control
region w CT" contains a hyperplane of R™ by the canonical surjection, one
can obtain a global exact controllability result, i.e., an arbitrary-data result.
However, the use of the invariant scaling of the Vlasov—Poisson system is crucial
in this case.

This strategy was later extended in [11] by O. Glass and D. Han-Kwan to the
Vlasov—Poisson system under external and Lorentz forces. The authors obtain both
local and global exact controllability results in the case of bounded external forces,
which requires some new ideas to construct the reference trajectories. Precisely, the
authors exploit the fact that the dynamics under the external force and without it are
similar in small time. In the case of Lorentz forces, a precise knowledge of the magnetic
field and a geometric control condition in the spirit of [3] allow to obtain a local exact
controllability result. The functional framework of [9, 11] is the one given by the classical
solution of the Vlasov—Poisson system, that is, some appropriate Holder spaces.

A remarkably different strategy has been developed by [12] in the context of the
Vlasov—Maxwell system. In this case, the authors combine the classical strategy de-
scribed previously with some controllability results for the Maxwell system, under the
geometric control condition of [3]. They also obtain a local result for w containing a
hyperplane, using the convergence towards the Vlasov-Poisson system under a certain
regime.

1.2.2. A short review on the Vlasov—Stokes system. The Vlasov-Stokes
system has been rigorously derived from the dynamics of a system of particles in a fluid
by P. E Jabin and B. Perthame in [17]. The system derived in this result, using the
method of reflections and the dipole approximation, is set in the whole phase space
R3 xR3. In this setting, some regularity results can be found in [7]. The limit when
A — 00 has been studied in [14, 15]. Moreover, a major feature emphasised in these works
is that friction plays a very important role in the dynamics of the Vlasov—Stokes system.
More precisely, friction entails the dissipation of the kinetic energy. Consequently, as it
has been proven by P. E. Jabin in [16], when ¢ — 0o, we recover a macroscopic limit of
the form p(z)d,—g. On the other hand, very little information concerning the density p
is known.

The non-stationary Vlasov-Stokes system on a domain with boundary has been
considered by K. Hamdache in [13]. The author gives a well-posedness result in Sobolev
spaces in the case of Dirichlet boundary condition for the velocity field and specular
reflexion boundary conditions for the distribution function.

A derivation of a model considering also the effects of convection has been obtained
by L. Desvillettes, F. Golse and V. Ricci in [6].

For more concrete biological models, let us cite [4] and the references therein.
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1.3. Strategy of the proof.

1.3.1. Obstructions to controllability.  Since Theorem 1.1 is of local nature
around the steady state (f,U,p)=(0,0,0), a first step to achieve its proof could be the
use of the linear test (see [5]). Following the classical scheme, the controllability of the
linearised system around the trivial trajectory and the classical inverse mapping theorem
between proper functional spaces would imply the controllability of the nonlinear system
(1.1).

Indeed, the formal linearised equation around the trajectory (f,U,p)=(0,0,0) is

tF4+v-VoF—v-V,F—2F=1,(x)G,
{. +v-V v-V (x) (19)

F(vavv):f()(xvv)a

which is a transport equation with friction. By the method of characteristics, we can
give an explicit solution of (1.9), which writes

t
F(t,z,v)=e* fo(z+ (1 —e')v,etv) —|—/ 2= (1,G) (s, z+ (1—e'%)v,e'*v) ds.

0
(1.10)
As pointed out in [9], there exist two obstructions for controllability, which are

Small velocities. A certain (x,v) € T? x R? can have a “good direction” with respect
to the control region w, in the sense that z+ (1 —e~!)v meets w at some time.
However, if |v| is not sufficiently large, the trajectory of the characteristic be-
ginning at this point would possibly not reach w before a fixed time. In our
case, the effects of friction could enhance this difficulty.

Large velocities. The obstruction concerning large velocities is of geometrical nature.
There exist some “bad directions” with respect to w, in the sense that a charac-
teristic curve parting from (z,v) € T? x R? would never reach w, no matter how
large |v] is.

As a result of this, and considering again Equation (1.10), we deduce that the
linearised system is not controllable in general.

1.3.2. The return method. In order to circumvent these difficulties, we use
the return method, due to J.-M. Coron.

The idea of this method, in the case under study, is to construct a reference tra-
jectory (f,U,p) starting from (0,0,0) and coming back to (0,0,0) at some fixed time in
such a way the linearised system around it is controllable. This method allows to avoid
the problems discussed in the previous section.

We refer to [5, 10] for presentations and examples on the return method.

1.3.3. Strategy of the proof of Theorem 1.1. The strategy of this work
follows very closely the scheme of [9, 11]. More precisely, it relies on two ingredients.
Step 1. We build a reference solution (f,U,p) of system (1.1) with a control G, located

in w, starting from (0,0,0) and arriving at (0,0,0) outside w at time 7'>0 and
such that the characteristics associated to the field —v+ U meet w before T'> 0.
Step 2. We build a solution (f,U,p) close to (f,U,p) parting from (fo,Up,po) and
arriving at (0,0,0) outside w at time 7'>0. This can be done by means of a
fixed-point argument involving an absorption operator in the control region.

Furthermore, let us note that in the proof of Theorem 1.1 we can assume that

fi(z,0)=0, Y(z,v)€(T?\w)xR2 (1.11)
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To justify this assumption, we observe that, if f is solution of system (1.1), then the
functions

f(t,:z:,v) = f(T—t,z,—v), G(t,x,0):=G(T —t,z,—v),
Ul(t,z):=U(T—t,x), p(t,x)=p(T—t,x),

O f +v-Vuf+\div, {(04—1;)]?} =1,(2)G, (t,2,v) €(0,T) x T2 x R?,
—AU+Vap=—jp, (t,x) € (0,T) x T2,

div,U(t,z) =0, (t,z) € (0,T) x T2, (1.12)
S U(t,z)dz =0, te0,7],

f(T,2,0) = fo(x,v), (z,v) € T? x R%,

Consequently, given fo, f1 as in Theorem 1.1, it is sufficient to consider
e fo as initial datum and f; satisfying Equation (1.11) as a final state,

e fi(z,—v) as initial datum and again fi satisfying Equation (1.11) as a final
state.
If we are able to solve these problems, a simple composition of them gives a solution with
initial datum fp and final state f1, We observe, as it will be clear from the proofs, that
system (1.12) can be treated like the forward problem without significant modifications.
As a consequence, we shall only treat specifically the forward problem with final state
satisfying Equation (1.11).
A possible different strategy to prove Theorem 1.1 is discussed in Remark 5.1.
1.3.4. Notation. Let 7'>0. We denote Q7 :=[0,7] x T? x R? and Qr:=10,T] x

T2. If Q is a domain, for any o € (0,1), €7 (Q) denotes the space of bounded o—Holder
functions, equipped with the norm

t,x,v)— f(t' 2’ v
Wllgooiyi=flom@+  sup  HE@OZSEO] 0y g

(t,x,v)#(t 2’ v") |(t,:1:,v)—(t’,:1:’,v’)|" '

We shall also use the Sobolev spaces W™P(Q2), with meN* and pe[l,00] (see the
Appendix B for more details). If X is a Banach space, we will sometimes use, for
simplicity, the notations LY X, or € X, to refer to L?(0,T;X) or €°([0,T]; X).

For  €T? and r >0, we denote by B(z,r) the open ball in T? with centre z and
radius r. Analogously, S(z,r) =90B(z,r). If y € S(x,r), we denote by Bg:i (y;d), for d> 0,
the ball in S* with the metric inherited by the Euclidean metric, i.e., Bg1 (y;d) = S(z,7)N
B(y:;d). We will also admit that [}, dz =1 without specifying the normalisation.

In dimension two, given a vector field V € 1(R%;R?), with V(x)=(V4,Va)(x) we
recall the usual operator

curlV (z) :=1Va(z) — 2V1 ().

Given a function ¢ € 1 (R?%;R), we recall

v =( T4
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1.3.5. Structure of the article. In Section 2 we set some features of the
characteristic equations. In Section 3 we construct the reference trajectory, treating
separately the large velocities and the low ones. In Section 4 we define the fixed-point
operator and we show that it has a fixed point. We prove next that this fixed point
is the unique solution of system (1.1) within a certain class. In Section 5 we show
that this solution satisfies the controllability property (1.3), which ends the proof of
Theorem 1.1. In Section 6 we give some conclusions and comments. Finally, we gather
in the Appendices A and B some auxiliary results about harmonic approximation and
the Stokes system.

2. Some remarks on the characteristic equations

Let be given a fixed U € 6°([0,T];¢*(T?;R?)). Let s,t€[0,T], (z,v) €T x R". We
denote by (X (¢,s,z,v),V(t,s,z,v)) the characteristics associated with the field —v+
U(t,z), i.e., the solution of the system

ar (é) - (—V(t)‘j—(t[}(t,X)) ’

¥)..=0)

We observe that system (2.1) has a unique solution, thanks to the Cauchy—Lipschitz
theorem. Moreover, one has the explicit formulae

(2.1)

{ X(t,s,m,0) =2+ (1— eft“)v—i—f; f;/ eT*t,U(T,X(T,s,x,v))det’, (2.2)

V(t,s,x,v)=e v+ f; e" U (1, X (1,8,2,v))dT.

Using the method of characteristics, given an initial datum fy€ €°(T? x R?), the
solution of the transport equation with friction

tf+v-Vef+div,[(U—0v)f]=0, (t,z,0) € (0,T) x T? x R?, 53
F(0.2.0) = fol@.). (@.0) €T x B2, 2

has the explicit solution
fta,0)=e* fo((X,V)(0,t,2,v)), (2.4)

where (X,V) are given by (2.2).
The following result is an adaptation of [9, Lemma 1, p. 337] to the case with
friction. It will be used to obtain some Holder estimates in Section 4.

LEMMA 2.1. Let Ue€%€°([0,T];¢*(T?R?)) Then, the characteristics associated to the
field —v+U satisfy that for some C=C(T, HUH%S,I) >0,
|(X,V)(t,$,$,1)) - (Xav)(t/aslvxlvvlﬂ
<O+t s,2,0) = (¢, ,2",0)],
whenever (t,s,x,v),(t',s' 2’ ,v") €[0,T] x T2 x R?, with |[v—v'| <1.
Proof. We shall divide the proof in four cases.

Step 1. Assume s=s",x=a',v=1". We can suppose that ¢’ <t¢. Then, using Equation
(2.2), we write

V(t,s,x,0) =V (t',s,z,v)
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) ¢
=(et—et )esv—i—/ e U (T, X (,5,2,v))dT
t’ ,
—/ e U(T, X (1,8,2,0))dT
) ’ t ’
=(et—et )esv—|—/ e (et —e U(1, X (1,8,x,v))dT
t )
—/ et U(T, X (1,8,2,v))dr.
t/

This yields,
[V (t,s,z,0) =V (t' s,z,0)|
<le~t = e | (Mol + Te U lyps ) + 1t =17 [Ullgp.1)
SO(T) A+ o)A+ [Ullgo) [ =11,
The same argument gives, through Equation (2.2),
X (t,5,2,0) = X (t,5,2,0)| < O(T) 1+ [o) (14Ul o |~
Step 2. Assume t=t', s=s'. Then, again by Equation (2.2), we have
X(t,s,z,0)— X (t,s,2",v)
=(@—a)+(1—e")(v=1)
+/t/0 e T (U(r, X (7,8,2,0)) = U(1,X(1,8,2',v")) dr do,
which gives, since U is Lipschitz in z,
| X (t,s,2,0)— X (t,s,2",0")]|

t
< (eT—|—1) (|Jz—2'|+ |v—v’|)+TeTHUH<gto,1/ | X (7,8,2,0) — X (7,8,2",v")| dT.

Then, by Gronwall’s lemma, we obtain

|X(t,S,I,’U)—X(t,S,II,UI”

T2eT||U|| 0.1
Il H%}:z

< (" +1)(je— 2| + o~/ |) (14+ Te"||U]| o )T

72T U 0.1
101 g0,

<OM) (fz—a'|+ o —o/) (14 | U] o1 )e
This allows to obtain an analogue estimate for V.
Step 3. Assume that t=t',2=2a',v=1". We observe that
(X, V)(t,8",z,0)=(X,V)(t,5,X (5,8, 2,0),V (5,8 ,2,0)).
Thus, Step 2 allows to write
(X, V)(t,s,2,0)— (X, V)(t,s,z,0)|

72T U 0.1
Vg0,

<C(T)(lz =X (s,8",2,0)|+|v=V(s,8",2,0)]) (1+[|U]| 0. )e
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On the other hand, putting (x,v) = (X,V)(s',s',z,v), Step 1 allows to write

o= X (5,8 ,2,0)| + o=V (5,8 ,2,0)|
< |s = '|C(T) A+ o)) (L +[|T ]l go2),

which together with the previous inequality gives

(X, V)(t,s,2,0)— (X, V)(t,s,2,0)]
<O+ o))+ U] o) 2™ 15— o
Step 4. In the general case, we write
(X, V)(t,s,z,0)— (X
=(X,V)(t,s,z,v) — (X, V)(t,s ,z,v)
)_

+ (X V(s 2,0) = (X, V(L 2",0)
+ (X,V)(t,s/,x’,v’)— (va)(t/aslaxlvv/)v

- ) )(tlas/wf/uvl)

Vv
Vv

which allows to use the previous estimates to conclude.

[

3. Construction of a reference trajectory

3.1. Large velocities. The key result for the treatment of large velocities is
the following one, which is an adaptation of [9, Proposition 1, p. 340] to the friction
case. We will need some results on harmonic approximation, gathered in the Appendix

A.

PROPOSITION 3.1. Let 7>0. Given xo€T? and 7o >0 a sufficiently small number,
there exist U € €°°(]0,7] x T%;R?) and m >0 such that

curl,U(t,z) =0, V(t,z)€[0,7]x (T*\ B(z0,70/10)), (3.1)

suppU C (0,7) x T2, (3.2)

divU (t,x) =0, Y(t,z)€[0,T]xT?,

/ Ult,z)de =0, vte[o,7]. (3.3)
']1‘2

Moreover, the characteristics (X,V') associated to the field —v+U satisfy that, for every
mzm,

T
4’
X(t,O,x,v)eB(xo,%o) and |V(t,0,x,v)|2%. (3.4)

Y(z,v) € T? x R? with |v|>m,3te < EZ-) such that

Following O. Glass (see [9]), we characterise the bad directions in the following
sense.

DEFINITION 3.1 (Bad directions.). Given xo € T? and ro >0 a small number, e €S* is
a bad direction if

{(z+te);teRT } N B(wo,r0/4) =0,

in the sense of T2.
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REMARK 3.1. It can be shown, thanks to Bézout’s theorem, that for any zg € T? and
ro >0 small, there exists only a finite number of such bad directions, namely {e;,...ex}
(see 9, Appendix A, p. 373)).

Proof. (Proof of Proposition 3.1.) Given 7>0 and N € N*, the number of bad
directions, let us define

T T . k.
ti=m=—+—>——, V —:4=0,....,N,k=0,1,2,3 5. 3.5
J 4+2(N+1)7 ]€{Z+477’ ) (RS 777} ( )
‘We consider
1
n€€:>°(0,1) such that 0<n<1, and/n(t)dt:l. (3.6)
0

Let A,v >0 so that

v< T A> s
8(N+1)’

+2+

12(N+1) T

Let €>0 to be chosen later on and set, according to Proposition A.2, the following
vector field

A (el ol 2
U(t,x) 777(114 V=6 (x), (@) €[ty 1t 1] x T7, (3.8)
Ul(t,z)=0, otherwise.

With this definition, we readily have Equations (3.1) and (3.2), using Equations (A.2)
and (3.6). Condition (3.3) follows from the definition of U above. We have to show that
Equation (3.4) is satisfied with this construction.

To prove the second point of Equations (3.4), (2.2) yields

V(£,0,2,0)| Z e |v] = 7||Ull4p,

>e Tm—r|Ullgy, 2e77 7,

provided that m is large enough.
To show the first part of Equation(3.4), we distinguish several cases, according to
(x,v) € T? x R2. More precisely, if e= o € S!, we shall show that
(1) if z€T? and e€S'\{e1,...,en}, with |v| large enough, then Equation (3.4)
follows by comparison with the free transport without friction,
(2) if x€ B(wo, ) +Re; and e € Bgi(e5¢€1), for some i€ {1,...,N} and € >0, then
Equation (3.4) still holds if |v| is large enough,
(3) if z€T?, e € Bgi(es;€2) for some i€ {1,...,N} and €3 >0 small enough, then for
|v| large enough, we shall deduce that (X,V)(0,0,2,v), with some o € [ti,ti+%],
satisfies the hypotheses of the case (2).
Let us now treat in detail the three cases below.

First case. Let e€S'\ {e1,...,en}. Since e is not a bad direction, from Definition 3.1,
there exists m >0 such that if |v| >m, then,

z+tlvlee B (Io,%) ,



720 ON THE CONTROLLABILITY OF THE 2-D VLASOV-STOKES SYSTEM
for a certain ¢ € [to,t1]. In particular, Jt;rqns € [to,t1] such that

r

:C—l—ttmns(l—l—m)eeB(xo,Zo). (3.9)
We shall prove next that, by augmenting the minimal speed required, we can
conclude in the friction case. Indeed, consider

MO e

and for any v” € R? with [v°| >my, set the function
tes fo(t) = (1—e ")|’),

which is continuous from R to RT. Since f,(0)=0 and f,(t1)>t1(1+m),
by the intermediate value theorem, 3¢t* € (0,¢1) such that f,(t*) =tians(1+m).
Whence, by condition (3.9),

x+(1 —eft*)|vb|e:x—|—fb(t*)e::zr—l—ttmns(l—l—m)eEB (170, %0) . (3.10)

This shows Equation (3.4) in this case, since U(¢,2) =0 for t € [to,1], and thus,
X(t*,0,z,v) =24+ (1—e " )v.

Second case. Let us suppose that x € B(z,%2)+Re; for some i€ {1,...,N}. Let e€
Vi(e;):=Bgi(ej;er). If €1>0 is small enough and |v| >m, is large enough,
then there exists 0 <s<t< %, for some constant C' > 0, independent of (z,e) €
T2 x St, such that

97‘0

_ e tts -
z+(l—e )|U|6€B(:vo, 40).

To justify this, we point out that this holds for the free transport (see [9,
p.375]), which implies, by a similar argument as before, that this also holds in
the friction case. Whence, from Equation (2.2) and for any s’,s” € [0, 7],

’ " 1
|X(S//,S/,ZE,1}) —T— (1_675 e )1)| < C(Tv ||U||(€Pt)|5/_5//| =0 (m_l) .

Then, if m; is large enough, this entails in particular
T
X(s,t;,z,v)€B (xo,zo) , for some s € [t;,t;11].

Third case. Let € T?, |v| >ma, large enough. Let e € Va(e;) := Bgi(e;;¢€2), for some
i€{l,...,N} and €3 >0 small enough. We have to show that 3t € [t;,t;, 2] such

that
X(t,ti,x,v)eB(xo,%)+Rei, (3.11)
V(t,ti,iE,’U) .
VBT B (egier), with [Vt z,0)] > my. 3.12
|V(t,ti,:1:,v)|€ si(eis€1), with |V (¢,t;,2,0)| >my (3.12)

Then, we can use the analysis of the second case to conclude.
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We prove first (3.11) by means of the orthogonal projection on the direction
1
e; . Let

P.:R? >R
v = Poi(v):=(v,ei).
We distinguish two cases.
Firstly, let v €R? such that |P,. (v)| > SVHD | Then, for a large enough speed

=
|v| >mg, Equation (3.11) is satisfied, as follows by comparison with the free
transport case.

Secondly, if |P.. (v)|< M, let us suppose that X (¢,¢;,2,v) does not meet

B(zo,r0/5)+Re; during [t;; 1,¢;; 1]. Then, by Equation (3.8) and Proposition
A.2, we have

t—t;,11
HU(t,X(t,ti,I,’U))— %77 (VJFZ;) eiL

0
Cyn

A ; Ae
< Dlmlep 1946 —ellgy < 2. (3.13)

We choose € >0 small enough so that % < 1. Then, by Equation (2.2),

|P L (V(ti-i-%vtivxav)” = |<V(ti+%atiaxvv) €L>|

tipl
2= [Per (v)|(tiyy —t:)+ </ e ti+§U(S,X(s,ti,x,v)ds,ef> . (3.14)
¢

For the first term, by Equation (3.5) and the hypothesis on P,1 (v),

_|Pe§-(v)|(ti+%_ti):_|Peg-(U)|mZ—%. (3.15)

For the second term, we write

tipl s—
</ = e t“éU(S,X(s,ti,x,v))ds,ef>
t

it

=[(Ti+Taei )| > =T e) |+ [(Ta.ei )], (3.16)

with

tiyl o A [/S—tip1
7'1::/ T2ty (U(S,X(S,ti,!E,’U))——?’]( +4)ef‘) ds,
. v

it v
A (Yt i, [(S—liga
To:=— e itip —L )etds.
v v
o1
it

Then, using Equations (3.13) and (3.5),

< T (3.17)

L <2(t. —t. i :
(T0 ) <20ty —tiss) e AN+

A
’U——neiL
v
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For the second term, using Equations (3.5) and (3.6), we get
(To.e)] 2 507511 A

Combining last inequality with Equations (3.17), (3.16), (3.15) and (3.14), the
choice of A and v in Equation (3.7), this yields

6(N+1
P Vit g ) = D
‘ T
Whence, by the previous point, 3t € [ti+%,ti+%] such that
o

X(t,t;,z,v)€B (:vo, €> +Re;,
which shows Equation (3.11). We have to show next Equation (3.12). Indeed,
from Equation (2.2), we deduce

|V (t,t;,2,0) —e iy

<[t—tl[ U,

which implies, by (3.5), that

s 37Ul
e o] = [V (8, tiy,0)]| <

Then, choosing ms large enough, we get the second point of Equation (3.12).
On the other hand, we observe that

Vit,t;,x,v Vit,t;,x,v v v
R S (o il R it AR
By definition of Va(e;), ﬁ —ei| <ea. With the other term, using Equation
(2.2), we find
V(t,t;,x,v) v
|V (t,t;,2,0)] _m
ettt v|—|—f:i e =sU (s, X (s,t;,z,0))ds o
- \V (tti,2,0)] ‘|U||
- ety v N e |U|l«p,
||V (t,ti,z0)|  |v|| [V (¢t ,0)|
e~ o] — |V (t,t5,2,0)| | T€ U llep,
- \V (t,t5,3,0)] IV (t,ts,2,0))]
27e"||U |0,
< —m——
V(L t,x,0)]

This shows, by Equation (3.19), that

V(t,t;,x,v) <0 1 n
s . N G > /1 2 . N1 )
|V (t,t;,2,v)] |V (t,t;,2,0)] €

which entails, by Equation (3.18), that Equation (3.12) holds choosing ms large
enough and e > 0 small enough.
a
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3.2. Low velocities. The goal of this section is to prove the following result,
which is the key ingredient for the treatment of low velocities. The main difficulty is to
adapt the construction made in [9, Proposition 2] to the case with friction.

PROPOSITION 3.2. LetT>0, M >0. Given xo € T? andro >0 a small positive number,
there exists U € €°°([0,7] x T%;R?) satisfying

curl,U(t,z)=0, (t,z)€[0,7]x (T*\ B(zo,70)), (3.20)
suppU C (0,7) x T?, (3.21)
divU(t,x) =0, Y(t,z)€[0,T]xT?,

/ U(t,z)dz=0, ¥Yte|0,7], (3.22)
T2

and such that, for some M >0, the characteristics associated to —v+U satisfy that, for
every (z,v) €T? x Bgz(0,M), there exists t € (0,7) such that

V(t,0,2,v) € Bga (0, M)\ By (0,M +1). (3.23)

Proof.  Let 6 be as in Proposition A.3. Since Indg(y,,»,)(V#) =0, possibly after a
continuous extension, we may define

m:= inf |VO(x)|>0. (3.24)
z€T?

Let a,b € R, to be chosen later on, and such that c:= ¢ is fixed. Let 1 be as in Equation
(3.6). Then, we define the field

Ul(t,z):=an(bt)V>0(x), Y(t,z)e0,7]x T2

Conditions (3.20)—(3.22) follow from the definition of U and the properties of 8, given
by Proposition A.3. We have to show Equation (3.23). Indeed, from Equation (2.2), we
find that, for every (z,v) € T? x Bg2(0,M),

t
V(t,0,2,v) :e_tv—l—a/ e” " n(bo) V(X (0,0,2,v))do. (3.25)
0
This gives, changing variables and using (3.6),
a o,
IV (£,0,2,0) — '] < EHVLeH@/ ei=tn(s)ds
0

<c[[VOllo,

whenever t < %. Consequently,
t t
|X(t,0,x,v)—x|§/ |V(s,0,x,v)—efsv|ds—|—/ le™%v|ds
0 0

c M
< 0]l +

i (3.26)

for every t <. Thus, from Equation (3.25),

1

‘V(E,O,x,v)—e_iv—cvj‘ﬁ(:r)
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% s—1 L €L
e’ on(bs)V—0(X (s,0,2,v))ds —cV—0(x)
0

— S11+I27
with
% 1 n 1 o—1 1 g
Bimfa [7 e b VH0CX (0.0 0)ds —c | €7 (o) VO (57 0.0,0) dof
0 0
1 o—1 ag
L= C/ T (o) V(X (57,0,2,0)) do— eV 6(a)|
0

We note that the introduction of the term X (g,0,2,v) is intended to take into account
the exponential in the first integral.
For the first term, we write, changing variables,

I =

a/oi es_%n(bs) (VLH(X(S,O,,T,’U)) —VLH(X(E,O,,T,’U))> ds

X(S,O,I,’U)—X(E,O,I,’U) ds

1
b1
<altlle; [ e bntbs) -
0

c M 1
<2c)|0ll¢: | £MOller +== ) =01+ |,
b b b

as a consequence of Equation (3.26). For the second term, by Equation (3.6), we have

I, < c/oleabln(a) (VLQ(X(%,O,I,’U))—VLQ(I)) do

+ c/ol (egTil - 1) n(o)V+o(x)do

1
<cllbllex | € n(o)|[X(5.0.0.0) ~ o] ds-+clcalet 1]
0

c M 1 1
<clole; (1ol + 5 ) +0 () =0(5):

using again Equation (3.26). This allows to choose b large enough so that

<1
5"

‘V(%,O,x,v) —e by —cVo(x)

Whence, by Equation (3.24),

1 1
§>‘V(gvoaxuv)_e_év_ch—e(w)
N 1
> (| V40(x)| = |V (5.,0,2,0)| ~[o]
1
Zcm—‘V(g,O,x,v) - M,
which gives, choosing ¢:= Q(Afnﬂ)v
1 3
‘V(bvovxav) >M+§

This concludes the proof. a
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3.3. Description of the reference trajectory. Since w is a nonempty open
set in T?, there exist o €w and rg >0 such that

B(z0,2r9) Cw.

We can define a suitable vector field U using the constructions made in the previous
sections. Firstly, we apply Proposition 3.1 with 7:= %, which gives a vector field Uy
and m; > 0 such that Equation (3.4) is verified.

For reasons that will be clear in Section 5, we set the following parameters. Let

5 Coo [T [l g0
Jol s 7 (3.27)

a:_maX{THUlH%R,;—Fg, 1

where C,,, 7> 0 is a constant chosen large enough so that

9T0 T
log[1+-———=F— | < ——. (3.28)
< cm,Twln%g,;) 200

We set
T —
M1::max{ml,Za}—FgHUlH%’?,l. (3.29)
With this choice of parameters, we apply Proposition 3.2 with 7= % and M = M;, which

gives Us and M.
This allows to set

2T % T2, (3.30)

By construction,

curl,U(t,x) =0, (t,z)€[0,T]x (T?\w), (3.31)
suppU C (0,T) x w, (3.32)
div,U(t,z) =0, (3.33)
/ U(t,x)de=0, Vt€l0,T). (3.34)
T2
We set
W (t,z):=curl,U(t,x). (3.35)
Let us consider the functions
v 2 v 2
Z1(v):= —klvge_%, Z5(v):= kgvle_%, Yo = (v1,v2) ER?,

where k1,ks >0 are normalisation constants. These functions satisfy that

21,2y € .7 (R?), (3.36)
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where .7 (R?) stands for the space of real-valued Schwartz functions in R?. Moreover,
choosing k1,ks adequately, we have

/Rz v Za(v)dv= /R v2Za(v)dv=0, (3.37)
/RQvQZl(v)dv:—/szlzg(v)dv:—l, (3.38)
/RQ Zl(”)dU:/RZZQ(v)dv:O. (3.39)

We thus define, for any (¢,z,v) € [0,T] x T2 x R?,
ftz,v):=Z1(v)z1 W (t,x)+ Z2(v) 2 W (t, ). (3.40)
From Equations (3.32) and (3.35), we have
fli=o=0, fli=r=0. (3.41)
Thanks to Equation (3.39),
p7(t,x)=0, V(t,z)€Qr. (3.42)

Furthermore, by construction and using Equations (3.37) and (3.38) we find

—AJCW:curlm/ vfdv.
R2

Moreover, thanks to Equation (3.40),

/ J(t,z)dz=0. (3.43)
T2
Hence, thanks to Equation (3.35), there exists pe 4>°([0,7] x T%R) such that
—AU(t,z)=V,p(t,z) —I—/ vfdo. (3.44)
R2

Furthermore, from (3.40), (3.31) and (3.35), we deduce that

tf+v-Vof+div, [(U—v)f] =0Y(t,x,0) €[0,T] x (T*\w) x R?,
ft,x,0)=0¥(t,z,v) €0,T] x (T*\w) x R%, (3.45)

To sum up, we have constructed a reference solution (f,U,p) of system (1.1) with (3.41)
and such that the characteristics associated to —v+U satisfy Equation (3.4).

4. Fixed point argument

Let €€ (0,¢0) be fixed, with €y to be chosen later on. We shall define an operator
V. acting on a domain .7, C 6°([0,T] x T? x R?) to be precised below. The goal of this
section is to show that V. has a fixed point.
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4.1. Definition of the operator. We describe the set ... Let € € (0,¢p), to be
precised later on, and > 2. Then, set

gl 7+2
01:= , O0gi=——. 4.1
FT(v 43 P 443 (4.1)

According to the notation of Section 1.3.4, we define

Fo={9€€)" (Qr);

(a)

< C3€,
Cg:’él (QT)

) 1A+ )2 (f = 9)ll L= (@r) <1 (I follor a2 xrzy + (14 [0]) 742 follgo(r2 xr2))
(o | (T—Q)H%Ov&z@ﬂ < ca (I foller (r2 xr2) + [1(1410)72 follgo 2 xr2) ) »

(d)/ / (t,z,v)dedv=0, Vte[0,T]
T2 JIR2

(e) /W/Wg(t,:lc,v)dgcdvz/T2 R2fo(:c,v)d;vdv, Vte[O,T]},

where ¢1,c2,c3 are constants depending only on T,w,~,d1 and dy (see Equations (4.32),
(4.35) and (4.36) for details). We observe that, for ci,cq,c3 large enough and fj€
€*(T? x R?), with high moments in v, satisfying

we trivially have that f+ fo€.7.. Thus, .7, #0.
In order to describe the operator V. we have to introduce some definitions. Let (see
[9, p. 342])

(f—g)dv
RQ

fo(z,v)dv < cse,

€1 (Qr)

R2

{@moeﬂmm@xR2M>l<uu@»§—ﬁ%,
= {
{

= {(z,v) € S(z0,70) X R?; (v,v(z)) <0},

x,v) € 8(x9,m0) X R?; [u| > 1, (v, 1/(3:)>§—},

vaS%J@XR|MEZ@J@»§—M},

where v(z) denotes the outward unit normal at S(xg,79) at 2. By construction,
dist ([S(zo,r0) x R*]\7v*737%7) >0. (4.2)

Consequently, we may choose an absorption function A€ %> NW1>°(S(xq,ro) ¥
R2;R*) such that

0<A(z,v) <1¥(z,v) € S(xo,70) x R?, (4.3)
A(z,v) =1Y(z,v) €[S(20,70) x RZ\+*~,
A(z,v)=0Y(z,v) €v3~
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We also choose a truncation function Y € €°°(R*;R") such that

s=ostefo 2] o[ L] »
Y(t)=1Vvte [2T4,2§4T} . (4.5)

We describe the operator V. in three steps.

(1) Stokes system. Let g €.7.. We associate to g the pair (U9(t),p9(t)), for every
t €[0,71], solution of

—AUI(t)+Vap?(t)=74(t), z€T?,
div,U9(t,x) =0, zeT?, (4.6)
fTQUg(t,:zr)d:r:O, tel0,71],

where
Jg(t,x):= / vg(t,z,v)dv.
R2

We shall prove that this association is well defined, thanks to point (d) and the following
result.

LEMMA 4.1. Let €>0. Then, there exists a constant K1=K1(y) >0 such that, for
every g € . and every t €[0,T],

179 (0]l 2(r2)2 < K1 \/@

Proof. We write, by the triangular inequality,
list)2scomge= [ | [ vattiov)ao
'JI‘2 Rz
:/ / v(g—f+[)(tzv)dv
T2 | JR2
B B 2
< [ ([ plto=Fiaw+ [ piifiar) oz
T2 R2 R2
_ 2 B 2
<2 [ ([ eto-Tia) awea [ ([ i) @ @
T2 R2 T2 R2

Let us note that, from Equations (3.40), (3.36) and the properties of Schwartz functions,

we have that
- 2
Ilzz/ (/ |U||f|dv> dz < oo, (4.8)
T2 R2

is a positive constant, independent from g.
We have to treat the first part of Equation (4.7). Indeed, by point (b),

/TQ (/ |v||<g—7><t,x,v>|dv)2dx

2
dx

2
dx
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|v|dv 2
< ([, ) Ul +1a+oD ™Rl
<Thcie?, (4.9)

where we have used Equation (1.7) and

I / |v|dv 2 -
= —_ 00.
’ re (14 v[)7+2

Finally, putting together Equations (4.9), (4.8) and (4.7), we obtain the result by choos-
ing

K1 =/ 2maX{Il,IQ}.

a

We observe that the previous lemma shows that j,(t) € L?(T?)?, for every ¢ € [0,7].

Then, using point (d), we get from Proposition B.1 (see Appendix B for notation) the
solution of system (4.6),

(U9(t),p9(t)) € (HZ(T*)*NV) x L*(T?), Vte[0,T].

Consequently, the association given by (4.6) is well defined.
Let us show some consequences that will be important in next sections. We will
assume from now on that the choice of € is made according to

eogmin{l,l}. (4.10)

C1

LEMMA 4.2. There exists a constant Ko = Ko(T,v) >0 such that for any g€ % and U9
given by system (4.6), we have

U] Lo (@r) < K2(T', ). (4.11)
Moreover,

U9 €°([0,T];€* (T R?)). (4.12)

Proof. Let g €.7.. Then, by Equation (B.2), the Sobolev embedding theorem and
Equation (4.10),
10| e (2r) S CsllU || e (22
§0501|Ugl|L§O(L§)2Scscl\/iKla (4.13)

which gives inequality (4.11) for a constant Ko :=+/2CsC1K; >0, independent from g.

Let us show inequality (4.12). Indeed, by similar arguments as those in Lemma 4.1,
we deduce that j,(t) € L>°(T?)?, for every ¢ € [0,T]. Then, by interpolation between the
LP spaces, we deduce that

Jg(t) € LP(T?)?, Vte[0,T),p€[2,00].
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Consequently, using Proposition B.2 with source term j,(t) € LP(T?)?, we deduce that
U9(t) e WP(T?)?, Vt€[0,T], p€ [2,00).

Finally, choosing 2 < p < oo, the Sobolev embedding theorem in this case (see [18, Corol-
laire 9.1, p.52]) implies that

UI(t)e €' (T?)?, Vtel0,T].

We have to show the continuity w.r.t. the time variable. Let t,s €[0,7]. Then, W (t,s):=
U9()~US(s), plt, ) =p9(t) — p(s), satisfy

— AW (t,8)+Vap(t,s)=j,(t) —jy(s), 2 €T,
div, W (t,s) =0, zeT?,
Jp2 W (t,s)dz=0.

On the one hand, we have

ng(t) _jg(s) ||I£p(11*2)2

<C(p) sup / w(g(t,z,v) — g(s,2,0)) dv
z€T? | JR2
+2 Y41
<C(p) Sup lg(t,z)—g(s, w)IILoo” (/ Ivllg(t,w,v)—g(s,:v,v)l7*2dv)- (4.14)
xreT?2 R2

Furthermore, let us write, for any x € T2,
[ ellatt.:0) = g(s..0) 7 v 41+ s,
RQ

with

41

Aq —/ lv]|g(t,z,v) — f(t,z,v)] V+2dv—|—/ [v]| f(s,2,v) — g(s,2,v)|7+2 dv,
Ay —/ [v|| f(t,z,v) — (sxv)|v$2dv.

Using point (b), we have

A <2l 1+ [u])7+2 S [v]dv
1<2(e7 ™ (Il follgr (2 xme) + (1 [01) 72 foll oo (2 xr2) ) ™ oo (L4 o[+

For the other term, using Equations (3.40) and (3.36), we readily have
A2 <C(f ),

which allows to deduce that
[ elltt.a.0) =gl 3 dv <C T
]RZ

This yields, from inequality (4.14) and using the fact that g € %% (Qr),

y+1

17(t) = Gg ()| Lo (r2)2 <C(p, 1, fo,7. F) sup, lg(t,2) —g(5,2) [ 1~ e
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_ 1,% 1
Sc(pvcl7f0777f)”g||3§0,52 (QT) |t_ S| T
Then, combining this with (B.2), we deduce
|W (¢,8) |l w2 (z2y2 < Clt — 5|75, Wt,s€[0,T).
This implies, again by the Sobolev embedding,

im (U9(t) = U9 (s)l¢1(12)2 =0,

[t—s|—0
which gives Equation (4.12). O

We also deduce the following property for the backwards characteristics associated
to —v+UY.

LEMMA 4.3.  Let g€.% and let (X9,V9) be the characteristics associated to the field
—v+UY, according to system (4.6). Then, there exists a constant Ks=Ks(T,v)>0,
independent of g, such that

’€t|’l}|—|V‘q(O7t,(E,U>H§K3, (415)
for any (t,7,v) €[0,T] x T? x R2.
Proof. By Equation (2.2), we have

le' o] = [VI(0,t,2,0)|| < [VI(0,t,2,0) —e'v|

t
/ e U9(5,X9(0,5,2,v))ds
0

<CMU g,
S O(T)KQ(TaFY)a

using Equation (4.11). This allows to conclude, choosing K3 :=C(T)K2(T,7). O

(2) Absorption. To give a sense to the procedure of absorption we need first the
following result, which asserts that the number of times the characteristics associated
to the Stokes velocity field of the previous part meet v~ is finite.

LEMMA 4.4. Let g€.7. and let UY be given by system (4.6) accordingly. Let (X9,V9)
be the characteristics associated to the field —v+U9. Then, for any (v,v)€T? x R?,
there exists n(x,v) €N such that there exist 0 <ty <---<ty(z.) <T such that

{(X9,V9)(1,0,2,0); t € [0, T} Ny~ = {t;} 75, (4.16)
Is>0 s.t. (ti—s,ti+s)N(tj—s,t;+s)=0,Vi,j=1,....n(z,v), (4.17)

with the convention that n(z,v) =0 and {t;}""") =0 if {(X9,V9)}ny~ =0.

For more details on this result, see [9, p.348] and [11, p.5468]. In the friction case,
this holds true without further modification, thanks to Lemma 4.2 and Lemma 4.3.

The previous lemma allows to define the following quantities. Let fo€%*(T? x
R?) and let (z,v) € T? x R2. Then, for every t;, with i=1,---,n(x,v), we have (Z,7)=
(X9,V9)(t;,0,2,v) €y~. Moreover, let

f&,2,0)=lim fo((X9,V9)(0,t,z,v)), (4.18)

t—t,
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fth,2,0)= 1im+f0((Xg,Vg)(O,t,:1:,v)). (4.19)

t—t]
We define f:=V,[g] to be the solution of

tf+v-Vo f+UI-V, f—div,(vf) =0, (t,z,v) €[0,T] x [T? x R?]\ v*~

F(0,z,v) = fo(x,v), (z,v) €T? x R?,

F(th 3,0) = (1= YO) (- 2,0) + V() A(,0) (- 3,0),(6,,0) € [0,T] X7,

(4.20)

where ) is given by Equations (4.4) and (4.5). Let us explain how the absorption proce-
dure works. From (4.12), the characteristics associated to the field —v+U¥Y are regular.
Thus, outside w, the system above defines a function VY, [g] of class €. Moreover, the
exact value of V[g] is given by these characteristics through Equations (2.4) and (2.2).
When the characteristics (X9,V9) meet v~ at time ¢, f(¢,-,-) is fixed according to the
last equation in (4.20). We can see the function Y(¢).A(x,v) as an opacity factor depend-
ing on time and on the incidence of the characteristics on S(xg,r0). Indeed, f(tT,-,-)
can take values varying from f(¢7,-,-), in the case of no absorption, to 0, according to
the angle of incidence, the modulus of the velocity and time.

(3) Extension. The function V,[g] is not necessarily continuous around [0,77] x
v~ C[0,T]x S(x0,2r9). To avoid this problem we shall use some extension operators
preserving regularity.

Let us first consider a linear extension operator

7:6°(T?\ B(z0,2r0)) = €°(T?),

such that for any o € (0,1), a €% function is mapped onto a €% function. This allows
to define another linear extension operator by

7:6°([0,T] x [T?\ B(z0,2r0)] xR?) —  €9(]0,T] x T? x R?)
f '_>ﬁf(tvxvv):ﬁ[f(tv'av)](I)'

We modify 7 in the following way. Let 1, s € €°°(T? x R?) such that

//uldxdv:O, //vuldxdvzl,

T2 JR?2 T2 JR2
//ugdxdvzl, //vugdxdvzo.
T2 JR?2 T2 JR?2

Then, set

w(=7(0)- [ [ or(rdsaon+ [ [ tto=#(p)dsdo) s

Thus, 7 is an affine extension satisfying the following properties: for every f € ¢°([0,77] x
(T?\ B(x0,2r0)) x R?)), we have

//wf(t,x,v)d:vdv:/ fo(z,v)dzdv, Vte€]0,T], (4.21)
T2 JR2 T2 JR2

/ / v f(t,x,v)dedv=0, Vte[0,T], (4.22)
T2 JR2
3C% > 0 such that (4.23)
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I+ 27 ()l oo @ry < Call M+ [0)7*2 Fll oo (0,71 % (T2\w) xR2)
Vo €(0,1),3C% » >0 such that (4.24)

7 (f)ll50.0(@r) < Crol (L [0D) T2 fllg0.0 ((0,7)x (T2\w) xB2) -

We introduce another truncation in time. Let J € > (RT;[0,1]) such that

Y(t)=0,te [0, 5],
V(t)y=1,te 4181%9] (4.25)

Finally, we set

I1: €°([0,T] x (T2\ B(x0,2r0)) x R2) =  €°([0,T] x T2 x R?),

~ ~ 4.26
f = ILf =(1=Y() f+ V() f. (426)

This allows to define the fixed point operator by
Velg]:=F+1I (1}5 [fh([o,T]xmr?\B(m,zm))xR2>U<[0-,Z—g1xT?xR?)) ; (4.27)

for every (t,z,v) €[0,T] x T? x R?.

4.2. Existence of a fixed point. We shall apply the Leray—Schauder fixed
point theorem (see [8, Theorem 1.11, p. 279]). To do this, we have to verify that

(1) The set .7, is convex and compact in €°(Qr),

(2) Ve: 7. C€(Qr)—€°(Qr) is continuous,

(3) V() C S

The first point is straightforward, since the convexity of .7 is clear and the com-
pactness is a consequence of Ascoli’s theorem (see, for instance, [20, Theorem 11.28,
p. 245]). The second point is similar to [9, Section 3.3] and holds without further
modification, thanks to Lemma 4.4, Lemma 4.3 and Lemma 2.1.

We need to show that point (3) holds. Let g €.7.. We have to prove that V.[g] € 7,

i.e, points (a)—(c), since points (d) and (e) follow by the construction of V., using
Equations (4.22) and (4.21).

4.2.1. Proof of point (b). By construction of V., we have

1+ o) (Velf1 = F) L= (@)

= H (1+ w211 (Vé[g]|([O,T]><('J1‘2\B(acg,2rg))><R2U[O,£]><'J1‘2><]R2)) HLw(QT)

<C, (4.28)

1+ |v])" 2V, H ;
A+l 20l

where we have used Equation (4.23). Moreover, by Equations (4.20) and (4.3),
[f(t 2 0) <[, 2,0)],
which implies, through (2.4),
Velg(tz,0)] < [ fo (X9, V)(0,t,2,0))|.
On the other hand,

1+|V9(0,t,2,v)]

y+2
1+|Vq(0t£vv)|) | fo (X9,V9)(0,t,2,0))|

| fo (X9,V9)(0,t,z,v))| = (
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<||(1+|U|)7+2f0||L°°(QT)
o (1+|V9(0,t,:v,v)|)V+2
_ [(X+10)"*2 foll Lo (@)
(1+[et|v] = (et]v] = [V9(0,t,2,0)])])
+2
<(1+|€t|v|—|Vg(071t7£m))||)7 [(L+10))"2 foll Lo (@r)
= (Lt etfo])+2
<(1+K3(T77))”+2H(1+|U|)7+2f0|\L°°(QT>
N (1+etfv])r+2 ’

(4.29)

where we have used Equation (4.15) and the inequality (see [9, Eq. (3.33), p. 347].

11+

Ve, 2’ e R2. 4.30
-]~ 14 7€ (4:30)

Furthermore, since
(L+[) 2 Pelgl(tz,0) | < (L' o) P2 Velg] (8, 0),
for every (t,z,v) €[0,T] x T? x R?, we have
1L+ o)) 2 Velg]ll oo (@r)
<e®" (14 K3(T.7) " (|| follsgr + 11 (14 0]) 2 fo| ) - (4.31)
This gives that Ve[g] satisfies point (b), thanks to Equation (4.28) and choosing
c1> Cre® (14 K3(T,7))" 2. (4.32)

4.2.2. Proof of point (c).  We need the following technical result, which can
be adapted from [9, Lemma 2, p. 347], thanks to Lemma 2.1 and (4.12).

LEMMA 4.5.  For any g€.%., one has V.[g] € € (Qr \X7), with Yr:=[0,T]x~".

Moreover, there exists a constant Kq= K4(v,w) >0 such that
f)e[g](t,x,v)—f)g[g](t’,x’,v’)
A+ DI (E,z,0) = (t,2",0")]

< Ka(|l follr r2xze) + 11+ [0)7*2 foll L= (o)),

for any (t,x,v),(t',a",v") €[0,T] x (T?\w) x R? with |v—v'| <1. Furthermore, if fo sat-
isfies Equation (1.8), we also have

I+ o) Voo Velglll
<Ks (|14 o)™ Ve wfoll L ry + 11+ [0) 72 foll ) (4.33)
for some constant K5 = Ks(k,g) > 0.

Let 02 be given by Equation (4.1). Again, by construction of V. and Equation
(4.24), we deduce

IVelg] = Fllg0.52 (@) < Crr 5 | Velg]ll0.5 (j0 1) x (72\ B (0 2r0 ) xE2)- (4.34)
Then, interpolating Equation (4.31) and Lemma 4.5, we have

|f)€ [g](t,;v,v) — f}e[g] (tlvxlvvlﬂ
[(t,2,0) — (V2 ,v")|02
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Y42

— |]>E[g](t;$,1)) ]}[ ]( )| Y+3
(L+[wDI(tz,0) = (# 2’ U)|

()2l 0) = Velgl(t o/ )

_at2

42 g a2
<K Kg "7 ([ foller 2 xrzy + 111+ 101) "2 foll L (@r)) »

Ke=eT (1+ K3(T,7))" .

Whence, by Equation (4.34), this gives that V,[g] satisfies point (c), choosing
+3 (4.35)

are

Y+3 |

a+2 _
co > Cr 5, K5(7,w) 75 Ko(T, )"
4.2.3. Proof of point (a). We show first the L> estimate. Using Equation
(3.42) and point (b), we find

[oda-naf =] v
k2 L) /R Le(Qr)
< sup [Velg](t,2,v)| dv

t,xeQr JR2
< Er([[ follgr + (141072 foll =),

with
dv
K7:= —_—.
v [
To show the Holder estimate, we interpolate Equation (4.31) and (c). Indeed, if d; is

given by Equation (4.1) and 7:=2+ 3, we have

5 [Velg](t,,v) = Ve[g](t', 2", v)|
(1+|v|) |(t,x,v)—(f',$l U)|‘51

M\»—A

= (1 + o) 2Vt 2,0) = Velgl (2" o))+
X(IV[ g)(t,2,0) = Vg (t' 2’ v>|)5 g&

(t.2,0)— (2 0

)72 foll Lo (@) -

bh -k
<ei e; 7 ([ foller e xre) 11+ ||
Consequently, choosing
besh 3-7h
cg:=Kr+cf ¢ , (4.36)

and thanks to Equation (1.7), we have that V.[g] satisfies point (a)

Let us choose ¢ sufficiently small and satisfying Equation (4.10). Then, the small-
ness assumption (1.7) and the properties of V. and II allow to conclude. Thus, if € < e,
el9]=9-

thanks to Leray—Schauder theorem, there exists g € .7, such that V,[g]
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4.3. Uniqueness. The goal of this section is to show that the solution of system
(1.1) obtained in the previous section is unique within a certain class.

Indeed, let € <ep and g=V[g]. Then. if fo € ¢! (T? x R?) satisfies Equation (1.8),
Lemma 4.5 gives (4.33). By the construction of f and V., and since II preserves regu-
larity, we deduce that

9€¢ (Qr), (4.37)

K/I

3 >0, (I9]+ [Vawg)) (t,2,0) < A

V(t,z,v)€Qr. (4.38)

Next result, inspired from [22, Section 8], shows that the solution in this class is unique.

PROPOSITION 4.1.  Let fo € €1 (T? x R?) satisfying Equation (1.8) and let G € €°(Qr).
Then, the solution of system (1.1) satisfying conditions (4.37) and (4.38) is unique.

Proof.  Let fi=V.[f1], for e<ep. Let us suppose that (f2,U?p?) is a solution
of system (1.1) with initial datum f; and control G such that (4.37) and (4.38) are
satisfied.

Let W:=U'-U? g:=f'— f2, 7w:=p' —p?. Then, (g,W,) satisfies

0rg+v-Vaog+div, (Ut —v)g]= =W -V, f?, (t,z,v) € Qr,

AW +Vm=7jg4, (t,z) €Qr,

div, W =0, (t,x) € Qrp, (4.39)
Jp2 W (t,2)dz =0, tel0,77,

gpi=0=0, (z,v) € T? x R%.

Using Proposition B.1 and point (a), with Equation (4.10), we get, for every ¢ € [0,T7,
W) (m2)2 < Cllig®)ll(r2)2
Moreover, the Sobolev embedding theorem gives, for every ¢ €[0,T7,
W ()l (zsey2 <C'lldg ()l (222 (4.40)
On the other hand, we observe that condition (4.38) gives

ROt Ol
VIO b, o)~ (14 fe])7”

(L4 o) Ve f2(E, (X1, V) (0,8,2,0))] <
proceeding in the same fashion as in Equation (4.29). As a result,

sup / (Lt o)) [V £2(8, (X V1) (0,8,2,0) | do < G (s’ ), (4.41)
(t,x)eQr JR2

for some constant C(x’,7)>0. Consequently, from the Vlasov equation in (4.39), by
the method of characteristics, we have

t
lg(t,z,v)| <e?T / W (s, X(0,8,2,0))-V,f2(s,(X1,V1(0,8,2,0)ds
0

t
<t / W (s.)

(s,(X",V1)(0,5,2,v)| ds.
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Thus,
t
(1+Ivl)lg(t,:c,v)|§/0 W (s,) | 2= (L+[0]) [V 2 (5, (X1, V)(0,5,2,0) | ds,

which implies, thanks to Equations (4.41) and (4.40),

sup|]gta:|<C/ [W(s,)||Leds

c’ / 16()lz2y2 ds

t
<c” / sup [jg(s)| ds, Vte[0,T),
0 xz€eT?

which, by Gronwall’s lemma entails, since j,(0) =0, that
Jg(t,x)=0, V(t,x)€Qr.

Moreover, using again system (4.39) we deduce from this that the difference W (t)=
(UL —U?)(t) satisfies, for every t € [0,T7,

AW () +Van(t) =0, z T2,
divmW(t):O, reT?,
Jp2 W (t)dz =0,

which, according to Proposition B.1 must imply that U' =U? in Q. In particular, the
characteristics associated to —v+U?! and to —v+U? coincide and thus, f!= f2 in Q7.
O

5. End of the proof

In order to conclude the proof of Theorem 1.1 we have to show that if we choose
€€ (0,e1) with ¢; small enough, then the fixed point g found in the previous section
satisfies Equation (1.3). To do this, we show that V[g](T) =0 in (T?\w) x R? (see the
strategy of proof in Section 1.3.3). The key result is the following.

PROPOSITION 5.1.  There exists €1 >0 such that the characteristics (X?,V9) associated
to the field —v+UY meet v3~ for some time in [l ﬂ]

247 24
Proof. Let us define

|v]

yi={ o e xR oz 5 o) <=1},

We proceed in two steps. In a first time, we show the result for the characteristics
associated to —v+U, given by Equation (3.30). In a second time, we show that, thanks
to the first step, the result for (X9,V9) follows by choosing €; >0 small enough.

Step 1. Let us consider the characteristics (X,V) associated to the field —v+U. We
claim that

15| L 3T |97 UT
75112712 127 12

] such that X (0,0,2,v) €y*. (5.1)
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To show this claim, we need to prove the following

ave[Z ][0 1T
12712 127 12

} s.t Y(t,O,x,v)eB(xo, ) [V (t,0,2,0)| > a,

(5.2)
where « is given by Equation (3.27). Indeed, let M; be given by Equation
(3.29) and let us consider two cases.

Case 1. If [V(£,0,2,v)| > My, then using Equation (2.2), one obtains that

T
3

—.T
[v|>e V(g,O,x,v) -

Then, by the choice (3.29), this implies
|’U|2€% max{m,,2a}. (5.3)

Hence, in particular, we get |v|>m,. This allows to apply Proposition
3.1, which gives that 3t € [%,%] such that X (t,0,2,v) € B(xo, ).
Morover, we deduce from Equation (5.3) that

|v| > 27 o,

which entails, thanks to Equation (3.4), that |V (¢,0,2,v)| > «. Thus, (5.2)
is satisfied in this case.

Case 2. If [V(%,0,2,v)| < My, then Proposition 3.2 implies that

— 2T
’ >14 M.

V(?,O,x,v)

Proceeding as in the previous case, this yields (5.2) with some ¢ € [—g 1—2T} .
This shows (5.2).

Let us prove (5.1). We choose s> 0 with

97‘0 T
log (14200 ) « =
o< Og( +4a)<200’

thanks to Equations (3.27) and (3.28), and such that

X (t,0,z,v)+ (1 —e*)V(t,0,2,v) € S(x0,2r0), (5.4)

V3
2

w

(V(t,0,2,0),v(x)) < ——|V(t,0,2,v)|. (5.5)

The last point follows from the fact that any straight line arising from B(xo, )
cuts S(zo,ro) forming an angle with v(z) of value at most §. To see Equation
(5.4), we observe that, choosing s :zlog(l + %ﬂ’) one has

| X (t,0,2,0) + (1 —e*°)V (t,0,2,v) — 0|
> (e —1)a |X(t0 ,U0) — Zo]
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97‘0 To0
>20 99
=7 4 To-

Hence, by the intermediate value theorem, there exists s with 0 <s<sg such

that Equation (5.4) holds.
Moreover, we deduce from Equations (2.2) and (5.2) that

(t—s,O,x,v)|

X (t,0,7,v)+ (1—e*)V (t,0,2,v) —
X (t—s,t,(X,V)(t,0,2,0))|

(t,0,2,0)+ (1 —e*)V(t,0,2,v) —

/tS /Uegfzﬁl(Z,Y(Z,Y(t,(),x,v)))dzda
t t

<Te"s||U1lgp,

<o (1452 Ty,

CT,TQ
)77 gp, < 70,
’I"[),T

X
X

97‘0

<)~

using Equation (3.27) and the fact that log(1+z) <z, for > —1. We may
choose C,, 1 large enough, together with Equation (3.28), so that

|Y(t,0,x,v) +(1—e*)V(t,0,2,v) — X (t— S,O,x,v)| < %0,
which allows to deduce, thanks to (5.4), that
X(t—s5,0,2,v) € B(xg,70)-
Hence, by the intermediate value theorem, there exists o € [t — s,t] such that
X (0,0,2,v) € S(xg,70).
Moreover, by Equations (2.2) and (5.2), we have

[V (0,0,2,0)| = |V (0,t,(X,V)(t,0,2,0)|
= [T(1,0,2,0)] ~ Te!=2 [T g0

Y

= et_g(a — THUl ||3)pr0t1)

Then, the choice of « in Equation (3.27) yields

ot

|V (0,0,2,v)] > =.

[\]

Thus, Equation (5.1) follows.
Step 2. Let us denote by (X9,V9) the characteristics associated to —v+U9. We have

sup ’((Xg,Ug)—(7,7))(1%,0,90,1})’ §C|\U‘7—U|\cgto . (5.6)
(t,z,v)EQT o

Observe that, thanks to (4.6), (3.44) and (3.43), (U9 —U)(t) satisfy

6),
—A, (U7 - )(f) Vo (p? =D)(t) =4, 5(t), z€T?,
divg (U9 —U)(t) = xcT?,
Jp2 (U2 =T)(t)da= o, te[0,77.
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Using the Sobolev embedding theorem and Proposition B.1, we deduce

< Olljg—gllegmrara < Ce,

using point (b). Hence, choosing €; small enough, from Equations (5.1) and
(5.6), the conclusion follows.
a

Proof. (Proof of Theorem 1.1.) By Section 4.2, choosing e <min{eg, €1}, where €
satisfies Equation (4.10) and €; is given by Proposition 5.1, there exists g € .7 such that
Vc[g] = ¢ and such that Proposition 5.1 applies.

The fact that g satisfies system (1.1) follows from the construction of V. and Equa-
tion (4.20). Since g€ €*([0,T] x T? x R?), thanks to Lemma 4.5, Equation (3.45) and
the fact that II preserves regularity, we deduce that

tg+v-Vyg—div, [(UY —v)g]=1,(z)G,

for some G € €°([0,T] x T? x R?).
To show Equation (1.3), we observe that from the construction of V. and Equation
(3.41), we have

Velg)(T,z,v):=11 (f)e[fh([O,T]><(TQ\B(m0,2r0))XRQ)U([O,%]><'JI‘2><R2)> (T,z,v). (5.7)
In particular, for any (z,v) € (T? \w) x R?, it comes from the definition of II that
Velg)(T,2,0) = Velg)(T, ).
Moreover, by (4.20) and (2.4),
Velgl(T,z,v) =" fo((X9,V9)(0,T,x,0)).

Hence, the absorption procedure described by Equations (4.20) and (4.3) and Proposi-
tion 5.1 allow to conclude that V.[g](T,z,v) =0 in (T?\w) x R%. 0

REMARK 5.1.  According to the strategy discussed in Section 1.3.3, our approach to
prove Theorem 1.1 consists in finding a fixed point of V, for € >0 small enough, say g*,
such that ¢g*|t—r is zero outside w. Then. it is possible to reach the configuration f;
using the backward problem and a similar fixed-point operator.

On the other hand, a slightly different strategy to reach f; from fj has been proposed
in [12, Section 5.3, p.728], allowing both processes to be performed simultaneously. Let
us explain briefly the main idea.

Let us introduce a function f satisfying

O f +v-Vo f+ Mdiv, [(U—l—v)f} =0, t,w,v) €[0,T] x [T? x R\ v?~,

f(vavv):fl(Iav)v x,U)GT2XR2,
ftt,m0)=1=Y)f(t,z,0)+ V() Alz,0) ft~,z,0),(tz,0)€[0,T]x 7,

o~ o~

with the notations of Section 4 and

A4V p=—jp div,0(t3) =0, / 0 (t,2)dz =0.
T
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Then, one can replace the fixed-point operator defined previously by the following one.
Let g€.7, let f the reference solution constructed in Section 3 and define

Vigl=Ff+I(f+f(T—t,z,—v))| ([0,T]x (T2\ B(20,2r0)) xR2)U([0, L] x T2 X R2) )
48

for f solving Equation (4.20) and II defined by Equation (4.26). One can treat this
fixed-point operator by the same techniques developed in the previous sections.

Despite the fact that this second approach seems to be more direct, we have pre-
ferred to develop the first strategy for the sake of simplicity and concision.

6. Conclusion and open questions

We have proved in Theorem 1.1 a local controllability result for the Vlasov equation
coupled with the stationary Stokes system. Some possible extensions are possible.

We could consider the Vlasov—Stokes system on a bounded domain with boundary,
as in [13], with Dirichlet boundary conditions for the vector field and specular boundary
conditions for the distribution function. In this case, with an internal control, the
construction of a reference trajectory given in Section 3 is no longer effective, because
of the specular reflection on the boundary of the characteristic flow. In particular, the
distinction between good and bad directions should be refined. A geometric control
condition could be very useful in this context. The boundary control problem may
necessitate a very technical approach.

Other fluid-kinetic models could possibly be studied with similar techniques, such
as the Vlasov—Navier—Stokes system, in which the steady Stokes system is replaced by
the unsteady Navier—Stokes system. This has been done by the author in [19].

Appendix A. Auxiliary results on harmonic approximation. We gather
some results needed for the construction of the reference trajectory in Section 3.

As it has been done in by O. Glass in [9], the treatment of large velocities relies on
a result on harmonic approximation due to T. Bagby and P. Blanchet (see [2]).

ProposITION A.1 ([2]). Let F be a closed subset of an orientable compact Rie-
mannian manifold Q, and % an open subset of Q\ F. Suppose that U meets every
connected component of Q\.%. For f harmonic in a neighborhood of F and € >0, there
is a Newtonian® function v on , whose poles lie in % , and such that

sup|u— f| <e. (A1)
P

This result allows to show the following, which is a minor variation of [9, Lemma
A1, p. 374]. Let {e1,...,en} be given by Definition 3.1.

PROPOSITION A.2.  For any i€{1,...,N} and any € >0, there exists 0' € €>°(T%;R)
such that

i) 2 To
NG (z)=0, ze€T \B(:EO, 10), (A.2)
V0" —eill¢r(12\[B(zo,r0/10)+ Res]) S €- (A.3)

1The function u:Q — C is said to be Newtonian if
Au=0, in Q\{poles of u}

and for any p € {poles of u} there exist c€R and a regular neighbourhood of p, say Rp, such that if
GR,, is the Green function in Rp, then u—cGpg, is harmonic in Rj.
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For the treatment of low velocities, we need the following result, proved by O. Glass
in [9, Lemma 3, p. 356].

PROPOSITION A.3 (O. Glass [9]).  For any nonempty open set @) C T2, there exists
0 € ¢>°(T%R) such that

Ab(z) =0z eT?\ O, (A.4)
|VO(z)| >0z € T?\ Q. (A.5)

Appendix B. The Stokes system. The well-posedness theory for the Stokes
system is classical, especially in the case of L? with possibly Dirichlet boundary con-
ditions. However, we shall need to precise an energy estimate needed in Section 4 and
and a regularity result in L” spaces.

Following [21, Ch.2], we set the appropriate functional setting. We shall work with
the usual Sobolev spaces W™P(T?), with meN and 1 <p<oco. When p=2, we can
write, thanks to the Fourier series,

Hm(’H‘Q):{fELQ;f: Z Cne™T T =c_p, Z (1—|—|7”L|)2m|cn|2<oo}7

nez? nez2
HY (1) = {feHm<T2>; f<:c>d:c=o},
T2

which allows to equip these spaces, respectively, with the norms

|f|Hmi—<Z(1+lnl)2mlcnlz> , llegw—<Zln|2mlcnl2> :

nez? nez?

[N

with equivalence of norms in the case of Hj" as a subspace of H™.
In the case of vector fields, we shall use (W™?(T?))?, with the product norm. Let
us introduce, as usual,

V:={FeH"(T*)? div, F =0 in R*},

where the operator div, is taken in the distributional sense. This setting allows to treat
the system (see [21, Section 2.2])

—AU+V.p=f x2€T?,
div,U =0, zeT?, (B.1)
f,ﬂ,z Udx=0.

PROPOSITION B.1 ([21]). Let fe L*(T?)? such that [, f(x)dz=0. Then, the Stokes

system (B.1) has a unique solution (U,p)€ (HZ(T?)*NV) x H'(T?). Moreover, there
exists a constant Cy >0 such that

1U 2+ lIpll e < Coll f1 2o (B.2)
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The following regularity result in LP spaces is an adaptation of [1, Theorem 4, p.
173] to the case of the flat torus T2,

PROPOSITION B.2 ([1]).  Let r€(1,00) and meN. For each feW™"(T?) satis-
fying [, f(x)dz=0, the Stokes system (B.1) has a unique solution U € W™ (T?),
p € W™HLT(T?). Moreover,

|Ullwrm 2. azys + Ipllwmss.orzy < Coll fllwmorraye, (B.3)

for a constant Cy > 0.
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