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A TIME INTEGRATION METHOD OF APPROXIMATE
FUNDAMENTAL SOLUTIONS FOR NONLINEAR POISSON-TYPE
BOUNDARY VALUE PROBLEMS*
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Abstract. A time-dependent method is coupled with the method of approximate particular so-
lutions (MAPS) and the method of approximate fundamental solutions (MAFS) of Delta-shaped basis
functions to solve a nonlinear Poisson-type boundary value problem on an irregular shaped domain.
The problem is first converted into a sequence of time-dependent nonhomogeneous modified Helmholtz
boundary value problems through a fictitious time integration method. Then the superposition princi-
ple is applied to split the numerical solution at each time step into an approximate particular solution
and a homogeneous solution. A Delta-shaped basis function is used to provide an approximation of
the source function at each time step. This allows for an easy derivation of an approximate particular
solution. The corresponding homogeneous boundary value problem is solved using MAFS, and also
with the method of fundamental solutions (MFS) for comparison purposes. Numerical results support
the accuracy and validity of this computational method.
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Helmholtz equation; approximate particular solutions; approximate fundamental solutions

AMS subject classifications. 65N35; 65N80.

1. Introduction

There has been increased research and study over the last several decades in de-
veloping computational methods for finding numerical solutions of partial differential
equations (PDEs) in general. These methods are either mesh-based methods or mesh-
free methods. Traditional methods such as the finite-element methods (FEM), finite-
difference methods (FDM), and finite-volume methods (FVM) are mesh-based methods.
They require a mesh to connect nodes inside the computational domain or on the bound-
ary. Alternatively, meshfree methods such as the radial basis functions (RBFs) method
[2, 3], the method of fundamental solutions (MFS) [6], and a boundary method of trefftz
type using approximate trial functions [15] to name a few, do not require discretization
of the computational domain or boundary.

Numerical techniques of meshfree methods have also been developed over the last
decade in the field of solving nonlinear PDEs. As a few examples, Wordelman, Aluru and
Ravaioli [22] implemented the finite point method with a weighted least squares fit of the
unknown solution using a set of monomial base interpolating functions to solve the 2D
and 3D nonlinear semiconductor Poisson equation. Liu [8, 10] solved quasilinear elliptic
boundary value problems by a fictitious time integration method (FTIM). Later Tsai,
Liu and Yeih [21] used FTIM when incorporating the MFS and Chebyshev polynomials
to solve nonlinear Poisson-type PDEs. Reutskiy [18] utilized the method of approximate
particular solutions (MAPS) of RBFs and the dual reciprocity method (DRM) together
with the MFS to solve nonlinear Poisson-type equations.

Poisson equation is a partial differential equation of elliptic type typically used
to model diffusion and it has applications in electrostatics, mechanical engineering,
theoretical physics, mesh editing in computer graphics, surface reconstruction, etc. In
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694 NONLINEAR POISSON-TYPE EQUATIONS

this paper we consider the general nonlinear Poisson-type boundary value problem

—V2u(aj,y):H(x,y,u,ux,uy), for (x,y) € Q, (1.1)
U({L‘7y):f($7y), for (xvy) € 8QD7 (12)
W:g(m7y)7 for (Z‘,y) € aQNv (13)

where V2=0?/0x?+0?/0y? is the Laplacian operator, () is a computational domain
with boundary 092, 0Qp and 0Qy denote respectively the Dirichlet and Neumann
boundary partitions with 9Qp U0y =0 and 9QpNINN =, 7 is the unit outward
normal with respect to 02, and H, f, and g are known functions.

Through the FTIM, the problem (1.1)—(1.3) is first transformed into a time-
dependent quasilinear problem via a fictitious time, and by numerical integration it
is then converted to a sequence of time-dependent linear nonhomogeneous modified
Helmholtz boundary value problems. The principle of superposition is then applied to
split the numerical solution at each time step into an approximate particular solution
and a homogeneous solution. A Delta-shaped basis function, which can handle scattered
data in various domains, is used to provide an approximation of the source function at
each time step. This allows for an easy derivation of an approximate particular solution
of the nonhomogeneous modified Helmholtz equation using the MAPS. The correspond-
ing homogeneous boundary value problem is solved using the MAFS at each time-step.
The MAFS does not require a closed form of the fundamental solutions of an elliptic
differential operator. So this method can be extended to solving a more geneal type of
nonlinear elliptic partial differential equations.

This paper is organized as follows. In Section 2, using FTIM the nonlinear Poisson-
type boundary value problem (1.1)—(1.3) is converted into a sequence of time-dependent
linear nonhomogeneous modified Helmholtz equations. In Section 3, the MAPS by
Delta-shaped basis functions for an approximate particular solution at each time step
is provided. In Section 4, the MAFS for solving the associated homogeneous problem
at each time step is presented followed by the MFS in Section 5 for comparison with
the MAFS. Numerical results for nonlinear Poisson-type problems on various shaped
domains are presented in Section 6. The conclusions drawn from the work and numerical
results are given in Section 7.

2. Conversion using fictious time integration method

The fictitious time integration method was first developed by Liu and Atluri [11] for
solving a large system of nonlinear algebraic equations, and since then it has been used
for solving various boundary value problems [8, 9, 10, 12, 21]. We apply this method
in our solution process. First, a fictitious time is introduced to convert the nonlinear
Poisson-type problem (1.1)—(1.3) into a time-dependent quasilinear problem. Second,
numerical integration is performed on the time-dependent quasilinear problem to obtain
a sequence of linear nonhomogeneous modified Helmholtz boundary value problems.

A time-dependent function w(z,y,t) is defined as

w(mvyat):u(x’y)Q(t)a (2.1)

or equivalently as

u(xa:%t): Wv (2.2)
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FIiG. 2.1. Plot of the time function q(t) = (1+1t)? with various 3

where ¢ is a fictitious time and ¢(t) is a time function
q(t)=(1+1)", (2.3)

with 0 < 3<1, a parameter for the convergence of the time integration method.
Figure 2.1 displays the plot of ¢(t) for different values of 3. It is noted that the
time function is differentiable, ¢(0) =1, and tlim q(t)=o00. The time function ¢(t) was
—00

formulated in [7] and [13] as a new time function as opposed to the time function with
B =1. This new time function was implemented by Tsai, et al [21]. Differentiating (2.1)
with respect to ¢ and utilizing Equations (1.1) and (2.2), it can be shown that

ow w w dq W Wy W
_v2(>: H("E, 77zvy>7
ot q q dt Y9y

1
——7V2u=§H(1‘,y,u,u$,uy), (2.4)

which results in

a time-dependent quasilinear equation of w.
Next a forward Euler integration technique is implemented to integrate Equation
(2.4) with du/dt being approximated as follows:

@ ~ ul+1 _uI _ u(xayatl+1)_u(x7yvt1)
ot At At '

Hence, Equation (2.4) becomes

I+1 I

— 1 1
%*5V2UI+1:gH(ffay,UI»ugImUé)a (2.5)

which is approximated by

I+1, I+1 1,1
u u
q q V2u1+1 H

At At

(x,y,uf,ui,ué).
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This leads to

I+1 I
v2ul (o)~ D1 gy = - Lt gy - (gl o), n 0
At At
(2.6)
uIH(m y,t)=f(z,y), on OQp, (2.7)
I+1
W =g(z,y), on 0y, (2.8)

for I=0,1,2,..., where u! (z,y,t) = u(z,y,t1), ¢ (t) =q(IAt), t! = [At, and At is the step
size for each time step. With Equations (2.6)—(2.8) now a recursive formulation of (1.1)—
(1.3), we need to solve a sequence of nonhomogeneous modified Helmholtz boundary
value problems.

The numerical procedure for solving Equations (2.6)-(2.8) begins with a chosen
initial value of u°(z,y,t). During the solution process, Equation (2.6) is integrated from
t=0 to some final time " =nAt. The inequality

Hu1+1(x,y,t)—ul(x,y,t) ”OO <e (29)

is used as the criterion to stop the iteration where || ® ||« is the maximum norm and &
is a small positive number.

We note that 0< <1 in (2.3) is a parameter for the convergence of the FTIM
using a similar scheme as was done in [7, 11], on a system of algebraic equations. Using
(2.5), we have

At
uw -l = . — [V + H(z,y,u ui,ué)] (2.10)

Now, when the criterion (2.9) is satisfied, u/*! is accepted as the approximate solution
to Equations (1.1)—(1.3). To reach the criterion, two possible cases exist for Equation
(2.10).

CASE 1: The convergence of V2u! ™!+ H(z,y,u’ ,ul,u )—)0 is relatively fast as [ — oo,
and the approximate solution u/*! is obtained.

CASE 2: If the convergence of V2u!™! + H(z,y,u 7ur,uy) —0 as I — oo is slow, a long
fictitious time ¢ may be needed to approach the acceptable approximate solution uw/*!.
Thus, a large IAt may cause ¢ to become a very large value, and as such 1/¢—0 as
I — o0 before V2u!*!' + H (x,y,u’ ,ul,ul)—0.

Hence, the parameter 3 is to ensure that V2u!™!'+ H(z,y,u ,uﬁ,uy)%0 faster than
1/¢—0.

3. An approximate particular solution for the nonlinear equation
In order to solve the modified Helmholtz problems in Equations (2.6)-(2.8), the
principle of superposition is applied separating the solution u/*!(z,y,t) for each I as

I+1

u1+1( z,y, )+uh

I+1(

z,y,t) = (z,y,1),

where an approximate particular solution ! ‘H(x,y,t) satisfies

T2yl 1 o BRON . _ 4@ O_H 1,1 31
up @y t) = iy @yt == () — H (2w fulul), (3.1

LS}
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and the homogeneous solution uj "' (z,y,t) satisfies

V2l (2, ) g —0 inQ 39

7y7 ) At U’h (l‘,y,t)— , 1 ’ ( . )

uy P (@,y,t) = f(2,y) —u) T (2,y,1), on 9Qp, (3.3)
Ouy ! (x,y,t) oul T (z,y,t)

T = g(ay) - T on 09, (34)

for I=0,1,2,....

In the formulation (3.2)—(3.4), the influence of the right hand side of Equation (2.6)
on the solution u/*!(x,y,t) has in essence been transferred to the boundary for each I.
In order to derive an accurate approximation to the particular solution ! *1(:13 y,t) in
Equation (3.1) for each time step I, it is necessary to find an accurate approxnnatlon
of the source function

I
q (t
R (z,y,t) = — A(t)ul(x,y,t)—H(ac y,ul ul ui) (3.5)

It is also important that a closed form approximate particular solution ! ‘H(a:,y,t) can
be easily derived after the source function approximation is obtained. Two—dlmensional
Delta-shaped basis functions Ins, (z,y;€,n) are used for this purpose because of their
specific characteristics [16, 19, 20]. A 2D Delta-shaped basis function is given as

IJVIXZ'yfn chnm6n¢n )m<) (36)

n=1m=1

where

Cnm (1) =710 (M, X)Tm (M, X)on(€)Pm(n)- (3.7)

The ¢,, are the eigenfunctions of the following Sturm—Liouville problem on the interval
[_17 1]7

- =Xp, (3.8)
p(—1)=(1)=0. (3.9)

The eigenfunctions and eigenvalues of the problem (3.8)—(3.9) are
1 2
©n(x)=sin (mr(a;—i—)) and A\, = (%) ,n=1,23,....

The regularizing coefficients r,, (M, x) are determined by the Riesz regularization tech-
nique [15, 19] with

(o) (st

where the parameters M and x are positive integers with M playing the role of scaling
and y playing the role of regularization. The coupled parameters are taken as:

X

)

y=4,6,9,14,22,
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M =10,20,30,50, 100.

Now to approximate Equation (3.5), for each time step I, which will be sampled at
the scattered data points {(zz,yz)}f\il in R2, a linear combination of the 2D Delta-shaped
basis functions is used. To improve the accuracy of the approximation of Equation (3.5),
translates of Delta-shaped basis functions of two different shapes are used. Thus, the
approximate source function takes the form

K, Ki+Ks

B (x,y,t) ZZijMl,xl (z,y35,m5) + Z Pidnt, xo (%,9365.75) (3.10)
j=1 j=Ki1+1
where
K1
(a1 :ijIMl,Xl(xa?-ﬁfjanj) (3.11)
j=1

is the contribution of the type-one basis functions, and

Ki1+Ka3

> Pl (@,0:65,m)) (3.12)
j=Ki+1

is the contribution of type-two basis functions. Let K = K + K», then {pj}jK:1 are the

unknown coefficients to be determined, and {(éj,nj)}j,{:l are the center points randomly
chosen from the interior of the domain.

We now derive an approximate particular solution ./ +1(x,y,t) for each I satisfying
Equation (3.1). Under the framework of the dual reciprocity method (DRM) [14], after
approximating the source function, an approximate particular solution associated with
the Delta-shaped basis functions Ins, (z,y;€,n) is required. That is, for each I a function
Wit (g y,t;:€ ) is desired satisfying

. M M
VQ\I,I+1_Tt\I,I+1 D@ y:&m =Y enm(&n)en(z)em(y).
n=1m=1

The function W/ (z,y,t:€,m) can be found to be

I+1 Tn M X Tm M X)Wn(f)@m(ﬁ)@n(@@m(y)
Ve = lel A+ A + LD '

Since the source function (3.5) is approximated by (3.10) as a linear combination of two
types of Delta-shaped basis functions, an approximate particular solution ué“(x,y,t)
can be represented as

I (z,y,t) =—[®1 ! (2,y,t) + 4T (z,1.1)]

where
K, My M
‘I)I+1 (z,y,t zl:zl:zl: PjiTn (My,x1 Tm(MlaXl)ﬁan(gj)@m(nj)@n( )om ()
1 I 9
j=ln=1m=1 An+Am +ql+l(t)
K1+Ky M.
S (3 1 lz ’ i i P70 (Ma, X2)Tm (Ma, X2) 0 (&) Pm (1) @n () m ()
2 ’ 1 )
j=Ki+1n=1m=1 An +>\m+q+1(t)

corresponding to Equations (3.11) and (3.12), respectively.
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4. Approximate fundamental solutions for the homogeneous problem

The method of fundamental solutions has been widely used for solving elliptic
boundary value problems such as Equations (3.2)-(3.4). The MFS is a flexible and
efficient meshless boundary method [1, 4, 5, 6]. However, it requires a closed form
fundamental solution of the differential operator be known in order to construct an
approximate solution of the problem. The method of approximate fundamental solu-
tions [15, 17, 19] can circumvent this limitation by not requiring a known closed form
fundamental solution. The Delta-shaped basis functions (3.6) are used to obtain the
approximate fundamental solutions of the differential operator in Equation (3.2).

An approximate fundamental solution of an elliptic differential operator £ is a
function R(z,y;&,n) satisfying

LR(z,y;:6m) =—Inx(2,5:8m)-
The homogeneous solution uffl(:c,y,t) at each time step is expressed as a linear com-

bination of approximate fundamental solutions

K

up M @y, t) =Y e R @y t:€5,m), for (z,y) € QUOQ,
J=1

where R'*! is the approximate fundamental solution for Equation (3.2) at that time
step and it is represented as

RI+1 (2,5, 1:6,1m) = Z Z T (@) Tm () on (§) om (0)on (@ )g&m(y)'

I+1
= /\ +/\m+q (0)

Now the homogeneous solution u,IlH(m,y,t) satisfies the boundary conditions at the

boundary collocation points resulting in the following system of equations

K
ZCjRI+1(xi7yiat;§j’nj):f(xhyi) —U£+1($i7yiat)7 for 7;:1,...,N1,
j=1
K I+1
ORI (x4, ,t Oul T (z;,y;,t ‘
ch i yz g]anj) g(x“yl) %’ for i=Ny+1,....N; + Ny,
n

where N; points {(gcz,yl)}f\]:l1 are chosen on 9Qp and another set of N, points
{(xl,yz)}ivzlﬁfvjl chosen on 9. The Abel regularization technique is utilized here for

the regularizing coefficients r,, in Equation (3.7) which are set as 7, (o) =e~** with a

being the time moment. More detailed discussion on the regularization factors can be
found in [15, 19]. The values of a and M are coupled parameters which are chosen as
follows in the calculation,

@e[0.005,0.01], for M <30,
e[0.001,0.005], for 30 < M < 50,
e[0.0012,0.0015], for 50 < M < 100.

The derivative in the outward normal direction of 9 is

o _gp.7,
on
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where J is a unit outward normal vector at a given point (x(t),y(t)) on 0%, and
<y ,—z' >
@)+ @)
5. Fundamental solutions for the homogeneous problem
For comparisons with MAFS, we present the method of fundamental solutions to

solve the time-dependent boundary value problem (3.2)—(3.4). A fundamental solution
of a differential operator L is a function G(z,y;&,n) satisfying

EG(%ZJ,&U) :_5(35’9%5777),

where 6(x,y;€,m) denotes the Dirac delta function. The homogeneous solution
+1(z,y,t) at each time step is expressed as a linear combination of fundamental solu-
tions

K
up T (z,y,t :ijGI+1(:c,y,t;§j,nj), for (x,y) € QU
j=1

where G!*1 is the fundamental solution for Equation (3.2) at that time step and is
represented as

Gf“(x,y,t;f,n)—ffo( 0 ) >|).

Ky is the modified Bessel function of the second kind of order zero.
Now the homogeneous solution u£+1(x,y,t) satisfies the boundary conditions at the
boundary collocation points resulting in the following system of equations

K

ijGI—i_l(xiayivt;gjanj):f(mivyi)_u£+l(xiayiat)v for i:17~'~3N13
j—l

Zb 6G1+1 xmylat?é-j?n]) auéJrl(xiayi,t)

=9(wi,yi) — — 5 for i=N;+1,..., N1+ No,
m

where N; points {(x,,yl)}f\gl are chosen on 0Q0p and another set of N points
{(ml,yz)}iv;;fvfl chosen on O y.

6. Numerical results

In order to measure the accuracy and validity of the proposed method for solving
the nonlinear Poisson-type differential equations, we provide numerical examples in this
section. To measure the accuracy of the approximate solution at each time step, we use
the mean square root error M SE defined as follows,

Ny

1 -
MSE = FZ[u(gcbyk?t)—u(xk,yk)]z
b =1

where u, the numerical solution at each time step, is compared with the exact analytical
solution u. The test points {(xk,yk)}fj;l are the points used for collocation inside the
domain.
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ExampPLE 6.1. Consider the Poisson-type nonlinear problem
_vzu(x7y> :_4U3(.’I,‘,y), for (xay) € Qv (61)

w(w,y) = | for (z,y) € 00, (6.2)

d4z+y

where the computational domain is a square given as Q= {(z,y) | |z|<iAly|<1}. The
exact analytical solution is u(z,y)=1/(4+x+y). For this example, we choose 100 of
the type 1 basis centers and 125 of the type 2 basis centers randomly inside the domain
as shown in Figure 6.1. The number of interior collocation points is 450, twice the total
number of basis centers. There are 32 points collocated on the square boundary with
8 points on each side of the square. The number of source points is 28, chosen on 0
which is a circle centered at the origin with a radius of 0.9 for MAFS and 3 for MFS.
The arbitrarily chosen initial solution for I =0 is the constant function u’=1. There
are 500 time steps recorded. Figures 6.2-6.5 display the error status of the approximate
solution for different At with 3=10"2 and 8=10"%. The iteration corresponding to a
larger At tends to converge faster. The numerical results are more accurate for smaller
values of 3.

00000000,

0.81 o° (o7 092,

° ) <& Basis 1 Centers
0.6r OOO OOO +# Basis 2 Centers
04} OO Q?é%ﬁo > ﬁ@‘ §§ Oo O Source Pts

o ot [}
0.2P Y ﬁ?‘\*’w % o
D e * [s}
(@}
o 2= FETE S
D (@]
-0.2% . & ‘ﬁg *‘% % S
R 0 S
—04} s
OOO fron OOO
-0.61 OO OO
OOO OOO
-0.8} o0 500
-0.5 0 0.5

Fia. 6.1. (Ezample 6.1) Square Domain, Boundary, Basis Centers, and Source Points

Mean Square Root Error

s
o 100

200 300 400 500
Number of Time Steps

FiG. 6.2. (Ezample 6.1) Time function: f=10"2, Basis 1: M =10 and x =4, Basis 2: M =30
and x=9, MAFS: «=0.0012 and M =100.

EXAMPLE 6.2. To demonstrate the flexibility of the method, we now consider a
nonlinear Poisson-type problem in [18] which includes the spatial variables z, y in the
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Mean Square Root Error

200 300
Number of Time Steps

FIG. 6.3. (Ezample 6.1) Time function: f=10"%*, Basis 1: M =10 and x =4, Basis 2: M =30
and x=9, MAFS: a«=0.0012 and M =100.

Mean Square Root Error

400 500

200 300
Number of Time Steps

F1G. 6.4. (Example 6.1) Time function: $=10"2, Basis 1: M =10 and x =4, Basis 2: M =30
and x=9, MFS
source function given as

—V2u(z,y) = —(u® + 62 — 2° — da’ty — 422y?), for (z,y) € Q, (6.3)
u(z,y) =2 +2xy, for (z,y) € ON.

The computational domain €2 is ameba shaped, which is bounded by the curve
x(t) = p(t)cost, y(t)=p(t)sint,
with
p(t) = exp(sinf)sin?(26) + exp(cosf) cos?(26), 0 <t < 2.

The exact analytical solution is u(x,y) = 2> +2xy. To ensure that the domain lies within
[—0.5,0.5] x [-0.5,0.5] for the Delta-shaped basis functions, the problem (6.3)—(6.4) is
transformed into a problem on a new domain Q = {(2/,y/)|2’ = p/ cost, y' = p'sint} where
',y €[-0.5,0.5] and

/ _ _i / / _ _i / .
2 (t)= 10 +p'(t)cost, y'(t)= TR (t)sint, (6.5)
p(t)= % [exp(sind)sin®(20) +exp(cosf) cos® (20)], 0<t < 2. (6.6)

There are 25 of the type 1 basis centers and 75 of the type 2 basis centers randomly
chosen inside the domain as displayed in Figure 6.6. The number of inner collocation
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Mean Square Root Error

400 500

200 300
Number of Time Steps

FIG. 6.5. (Ezample 6.1) Time function: f=10"%, Basis 1: M =10 and x =4, Basis 2: M =30
and x=9, MFS

0.5 2Q

D

Basis 1 Centers
Basis 2 Centers
Source Points

Fic. 6.6. (Ezample 6.2) Ameba Domain, Boundary, Basis Centers, and Source Points

points used is 200, twice the total number of basis centers. There are 200 points col-
located on the boundary and 100 source points on the fictitious boundary 9Q which
is defined according to (6.5)—(6.6) with p'(¢) multiplied by 1.65. The arbitrarily cho-
sen initial solution for =0 is the constant function u®=1. With 3=10"2 and 10~
as the value of the parameter in the time-like function. Figures 6.7-6.10 display the
error profiles for the approximate solution with different At. It is again noticed that the
iteration corresponding to a larger At tends to converge faster and the numerical results
are more accurate for smaller 3. After 500 time steps, the M SE reaches 3.0406 x 10~°
with At=2"% and f=10"2 using MAFS. Alternatively using MFS, the M SE reaches
1.7885 x 10~° with the same choices of 3 and At. The MSE errors for 500 iterations
using MAFS and MFS for different parameter values 8 and At are recorded in Table
6.1.

ExAMPLE 6.3. To further demonstrate the applicability of the method, we consider the
nonlinear Poisson-type problem that includes in the source function partial derivatives
as well as the spacial variables = and v,

—V2u(z,y) = —4u® + u 2—|— u 2—# for (z,y)€Q
7?! - ax ay (4+x+y)47 7y )

1
U(I’7y) = m, for (I,y) Eaﬂ
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Mean Square Root Ertor

FiG. 6.7. (Ezample 6.2) Time function: f=10"2, Basis 1: M =10 and x =4, Basis 2: M =30
and x=9, MAFS: «=0.0012 and M =100.

o
Ay

—m—At=27"
—€—at=2"°
—o—at=2"°
——at=2"7

at=278

%

o

Mean Square Root Error
5

)

OO OOODODOOOO

o 100 400 500

200 300
Number of Time Steps

FiG. 6.8. (Ezample 6.2) Time function: f=10"%, Basis 1: M =10 and x =4, Basis 2: M =30
and x=9, MAFS: «=0.0015 and M =100.

10

Mean Square Root Error

FIG. 6.9. (Ezample 6.2) Time function: f=10"2, Basis 1: M =10 and x =4, Basis 2: M =30
and x =9, MFS

Mean Square Root Error

o 100

200 300 400 500
Number of Time Steps

FIG. 6.10. (Ezample 6.2) Time function: B=10"%, Basis 1: M =10 and x =4, Basis 2: M =30
and x =9, MFS



COREY JONES AND HAIYAN TIAN 705

B At | MAFS_MSE | MFS_MSE
1072 [ 2=% ] 3.0406-10~° | 1.7885-10~°
1072 [ 275 | 1.5503-107° | 1.1946-107°
1072 | 276 | 4.4710-107° | 3.0844-10~°
1072 [ 277 | 5.4849-10~° | 3.9772-10°°
1072 [ 278 [ 9.5819-107° | 1.0094-10~ 7
10-* [ 27% ] 3.9870-107° | 2.8045-10~°
1074 | 272 | 1.2975-10~° | 8.7097-10~
107% ] 2761 1.9453-107° | 1.7369-10~°
10=% | 277 | 3.8461-10~° | 7.2623-10~°
10T 12781 9.4051-107° | 4.6944-10~1

TABLE 6.1. (Ezample 6.2) MAFS and MFS Errors for different parameter values after 500 iterations

Boundary

<& Basis 1 Centers
o Basis 2 Centers
e} Source Points

Fic. 6.11. (Example 6.8) Ellipse Domain, Boundary, Basis Centers, and Source Points

The computational domain €2 is elliptical with a major axis of 1 and a minor axis
of 0.5. Its boundary is defined parametrically as Q= {(x,y)|x=0.5cos6, y=0.25sin6}.
The exact analytical solution is w(z,y)=1/(4+x+y). There are 100 of the type 1
basis centers and 225 of the type 2 basis centers randomly chosen inside the domain
as displayed in Figure 6.11. The number of inner collocation points used is 650, twice
the total number of basis centers. There are 50 points collocated on the boundary and
25 source points chosen from the fictitious boundary 9 which is a circle centered at
the origin with a radius of 0.9 for MAFS and 1 for MFS. The arbitrarily chosen initial
solution for I =0 is again the constant function v =1. With 3=10"2 and 10~ as the
parameter value for the time-like function, Figures 6.12-6.15 detail the error status
with different time step sizes. As the value of 8 gets smaller, the time discretizations
with different At produce negligible differences in the error results. The M SFE reaches
3.1296 x 107 and 1.11184 x 108 using MAFS and MFS, respectively, after 500 time
steps with At=2"% and 3=10"%.

EXAMPLE 6.4. Finally, to demonstrate the flexibility of the method to problems with
mixed boundary conditions, we consider the problem (6.1)—(6.2) redefined with both
Dirichlet and Neumann data given on portions of the boundary as

_VQU(m7y) = —4U3($,y), for ({L'7y) € Qa
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Mean Square Root Error

FiG. 6.12. (Ezample 6.3) Time Function: 8=10"2, Basis 1: M =10 and x=4, Basis 2: M =20
and x =6, MAFS: «=0.005 and M =50.

—m—at=27"
—€—at=2"°
—e—at=2"°
——at=27
5 i
g at=2
&
4
]
3
3
=
200 500

FiG. 6.13. (Ezample 6.3) Time Function: f=10"%, Basis 1: M =10 and x=4, Basis 2: M =20
and x =6, MAFS: a=0.005 and M =50.

Mean Square Root Error

o 100 400 500

200 300
Number of Time Steps

FIG. 6.14. (Ezample 6.3) Time Function: f=10"2, Basis 1: M =10 and x=4, Basis 2: M =20
and x =6, MFS

Mean Square Root Error

o 100

200 300
Number of Time Steps

FiG. 6.15. (Ezample 6.3) Time Function: f=10"%, Basis 1: M =10 and x =4, Basis 2: M =20
and x =6, MFS
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Basis 1 Centers
Basis 2 Centers
Source Points

(O3]

Fic. 6.16. (Ezample 6.4) Star Domain, Boundary, Basis Centers, and Source Points

u(x,y): ) for (w7y)€3QD,

dtz+y
6uéf7’y) =— (45;:—3;;)27 for (z,y) € 00,
on a star shaped domain 2. The boundary of the domain is parameterized by
x(t) = p(t)cost, y(t) = p(t)sint, (6.7)
where
p(t) =0.25(14cos?(4t)), 0<t <27 (6.8)

The exact analytical solution is u(z,y)=1/(4+x+vy). There are 100 of the type 1
basis centers and 225 of the type 2 basis centers randomly chosen inside the domain
as displayed in Figure 6.16. The number of inner collocation points used is 650, twice
the total number of basis centers. There are 200 points collocated on the boundary
with 100 points on the upper half of the star curve and 199 points on the lower half,
and 100 source points chosen from the fictitious boundary 92 which is a circle centered
at the origin with a radius of 0.95 for MAFS and 3 for MFS. The arbitrarily chosen
initial solution for 7 =0 is again the constant function u"=1. Figures 6.17-6.20 detail
the error status using different time discretizations. The time-like function has 3=10"3
and B=10"". We again notice that a smaller 3 value for the time-like function leads
to better results, and for the same value of 8 a larger At produces better results. The
iteration reaches a remarkable MSE of 4.6924 x 10~ with MAFS and 1.2257 x 10~? with
MFS when 3=10"° and At =274

The boundary value problem (1.1)-(1.3) is a time-independent problem, and Equa-
tions (2.6)—(2.8) is a time-dependent reformulation of the problem (1.1)-(1.3). Our
numerical examples reach the steady state solution faster with larger values of At
within our range of 107°<3<1072 and 278 <At<27% Smaller values of S causes

the time function ¢ to increase slower, and thus, causes % —0 slower than V2u!/*! 4+

H(x,y,uﬂu&ué) —0 as I —o00. Since u/T! is accepted as the approximate solution

at each time step when Equation (2.9) is satisfied, and hence Equation (2.10) holds, the
parameter values for 3 and At are chosen to ensure that V2u/*! —l—H(x,y,uI,ui,u{!) -0
before % —0as [ —o0.
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Mean Square Root Error

FIG. 6.17. (Ezample 6.4) Time Function: 8=10"2, Basis 1: M =10 and x=4, Basis 2: M =20
and x =6, MAFS: «=0.0012 and M =100.

Mean Square Root Error

o 100 400 500

200 300
Number of Time Steps

FiG. 6.18. (Ezample 6.4) Time Function: f=10"°, Basis 1: M =10 and x =4, Basis 2: M =20
and x =6, MAFS: «=0.0012 and M =100.

Mean Square Root Error

o 100 400 500

200 300
Number of Time Steps

FIG. 6.19. (Ezample 6.4) Time Function: f=10"2, Basis 1: M =10 and x=4, Basis 2: M =20
and x =6, MFS

Mean Square Root Error

o 100 400 500

200 300
Number of Time Steps

FiG. 6.20. (Ezample 6.4) Time Function: $=10"°, Basis 1: M =10 and x =4, Basis 2: M =20
and x =6, MFS
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7. Conclusion

A general nonlinear Poisson-type boundary value problem is solved with different
nonlinear terms on various shaped domains. The fictitious time integration method
is performed to transform the nonlinear PDE into a sequence of time-dependent lin-
ear nonhomogeneous modified Helmholtz boundary value problems. Delta-shaped basis
functions are used to approximate the source function at each time step since the Delta-
shaped basis can effectively handle scattered data. An approximate particular solution
by Delta-shaped basis functions is obtained at each time level, and the homogeneous
boundary value problem at each level is solved using the method of approximate fun-
damental solutions. For comparison purposes, the MF'S was additionally used to solve
the homogeneous boundary value problem at each level.

The validity and accuracy of the method are supported with numerical examples
with different kinds of source functions and on various domains. The numerical re-
sults indicate the computational method is accurate and effective for solving nonlinear
Poisson-type PDEs. The errors associated with the approximate solution settle rapidly
to a very good accuracy. As such, a reasonable number of time steps can give desired
accuracy of the approximate solution. This method circumvents the need for a funda-
mental solution of the differential operator and hence it is applicable for more general
class of partial differential equations.
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