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MIXED BOUNDARY CONDITIONS FOR
A SIMPLIFIED QUANTUM ENERGY-TRANSPORT MODEL IN
MULTI-DIMENSIONAL DOMAINS*

XIANGSHENG XUfT

Abstract. In this paper we obtain a weak solution to a quantum energy-transport model for
semiconductors. The model is formally derived from the quantum hydrodynamic model in the large-
time and small-velocity regime by Jiingel and Milisi¢ [Nonlinear Anal.: Real World Appl., 12:1033-1046,
2011]. It consists of a fourth-order nonlinear parabolic equation for the electron density, an elliptic
equation for the electron temperature, and the Poisson equation for the electric potential. Our solution
is global in the time variable, while the N space variables lie in a bounded Lipschitz domain with a
mixed boundary condition. The existence proof is based upon a carefully-constructed approximation
scheme which generates a sequence of positive approximate solutions. These solutions are so regular
that they can be used to form a variety of test functions to produce a priori estimates. Then these
estimates are shown to be enough to justify passing to the limit in the approximate problems.
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1. Introduction
In this paper we are concerned with the existence of a weak solution to the initial
boundary-value problem

2 A
Ogn = —div [ZnV( g)—V(nT)—FnVV in Qp, (1.1)
—div(nVT):dﬁ(Tl(x)—T) in Qr, (1.2)

1

NAV=n—C(z) in Qf, (1.3)
n=np, A\/ﬁ:O, T:TD7 V:VD on ED, (14)
nV(A\/\%ﬁ> v=Vn-v=nVT-v=VV.r=0 on Xy, (1.5)
n(x,0)=np(x) on Q. (1.6)

Here T >0, § is a bounded domain in RY with Lipschitz boundary 99, Q7= x (0,7),
I'p an open subset of 9Q, Iy =0Q\T'p, Xp=Lp x (0,7), Exy =T'xn x (0,7), and v the
unit outward normal to the boundary 9. The div (divergence), V (gradient), and A
(Laplacian) are all taken with respect to the space variables z. The system (1.1)—(1.3)
can be formally derived from the quantum hydrodynamic equations [8]. In this case, n=
n(x,t) is the electron density, V =V (x,t) the electrostatic potential, and T" the electron
temperature. The three physical parameters ¢, A, d; are the scaled Planck constant, the
scaled Debye length, and the energy relaxation time, respectively. The doping profile
C(z), the lattice temperature T;(z), the boundary data np =np(x), Vp=Vp(x), Tp =
Tp(z), and the initial function ng(x) are known functions of their arguments whose
precise assumptions will be made at a later time.
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636 A QUANTUM ENERGY-TRANSPORT MODEL

The system (1.1)—(1.3) is first studied in [8], where the domain  is assumed to
be an N-dimensional torus with IV <3, which implies that only the periodic boundary
conditions are considered. Its mathematical approach relies on the identity

div[znv(A\/\/;ﬂ: ZN: [n(lnn)mj]mj. (1.7)

i=1,j=1

Obviously, our boundary conditions here are physically more realistic. Unfortunately,
they also render identity (1.7) useless to us. Thus we must develop a new approach.
A well-known difficulty in the study of fourth-order parabolic equations is that the
maximum principle is no longer valid. In fact, the heat kernel for the biharmonic heat
equation changes signs. Therefore, we have to rely on the nonlinear structure of our
equations to obtain a non-negative n. It turns out that the term ﬁ in Equation (1.1)
plays a significant role in this. In terms of a priori estimates, we set

+V.

Write Equation (1.1) in the form
On+div(nVFE)=div(nVT+TVn). (1.8)

Then use F'— Fp as a test function in the above equation, where Fp=F'|r,. Even
though the boundary conditions (1.4) imply that Fp =Vp, this condition cannot be pre-
served in our approximate problems in Section 2. Consequently, the resulting inequality
from the preceding test function is not closed in the sense that the upper bound still
depends on n. To circumvent this problem, we couple this inequality with another one
derived by using ﬁ - \/%T) as a test function in Equation (1.8). The combination of
the two yields our key estimates. By doing so, we have substantially generalized the
results in both [8] and [14]. In particular, if we apply the method here to the problem
considered in [14], the restriction N <4 in [14] becomes totally unnecessary.

The key to our development is to construct a sequence of approximate problems

whose solutions are positive and so regular that F'—Fp and % — 71”) can be used

as legitimate test functions. This effort is complicated by the fact that our boundary
conditions are mixed and the fourth-order equation in the system involves the temper-
ature gradient. In spite of this, we have managed to find a way to accomplish our goal.
This is done in Sections 2 and 3, while in Section 4 we show the estimates obtained
in the previous two sections are enough for us to pass to the limit in the approximate
problems.

Recently, the optimal transport theory has been employed to treat a variety of
fourth-order nonlinear parabolic equations. See, e.g., [4] and the references therein.
The idea is to formulate these equations as gradient flows of various entropy function-
als for various transportation metrics. The most famous example is the Fokker—Planck
equation viewed by Jordan, Kinderlehrer and Otto [6] as the gradient flow of the Boltz-
mann entropy for the quadratic Monge-Kantorovich MK2 (frequently named Wasser-
stein metric). However, this theory does not seem to be capable of handling problems
with mixed boundary conditions.

We are ready to introduce the notion of a weak solution.



XIANGSHENG XU 637

DEFINITION 1.1. We say that a set of siz measurable functions n,V,T.G,K,H is a weak
solution of Problem (1.1)-(1.6) if:

(1) n>0, /n,VeL>0,T;W'2(Q)), ni € L2(0,T;W12(Q)), ne C([0,T]; L (Q)),
Ayne LY0,T;Whi(Q)), Ge L*(Qr), and K,H € (L*(Qr))V;

(2) V=Vp, n=np, Ay/n=0 on Xp, and Vy/n-v=0 on Xy;

(3) K:div(\/ﬁT)fTV\/ﬁ, T\/EZTD\/TLD on ED,

G= A\{ﬁ on the set So={(z,t) € Qr:n(x,t) >0}, and (1.9)
ni
2

H:56<VA\/5—2MW1)+VV¢E on  So; (1.10)

1
ni

(4) for each £ € O (RN x (—00,00)) such that £=0 on Xp, we have
- ftndajdt—l—/§(x,T)n(x,T)da:—/§(x,0)n0(a?)dx
Qr Q Q
+/ (—VnHVE+nKVE+TVRVE)) dadt =0,
Qr

VK Vedudt = / dﬁ(Tl(x)—T)gdxdt,

Qr Qr l

and
—\? / VVVédrdt= / (n—C(z))édxdt.
Qr Qr

Let us make some remarks about the definition. Since n may not be bounded below
away from 0, no a priori bounds for VT can be expected. As a result, VI may not be
a function, and the traces of T' on I'p may not make sense. Thus the introduction of
the function K is necessary, and the boundary condition in part (3) of the definition is
a reasonable substitute for T=Tp on Y. Note that K =/nVT if VT exists as an LP
function with p>1, and T'=Tp on X p whenever it can be defined. Similarly, Equation

1.10) implies that the term /nV AV ) has been replaced with
vn

VAVn—2GVni =VAYn— Avnvyn
vn
We can only determine G and H on the set Sy, however their values on Q7 \ Sy do not

matter because there we always have /nH =GVni =0. It does not seem possible to
prove that |Q7\ Sp|=0. We do have

1So| >0, (1.11)

provided that the function np in condition (2) of the definition is positive a.e. on Xp.
Recall that we only assume that 0 is Lipschitz. As a result, the membership of Ay/n
in LP () for some p > 1 does not necessarily mean that V2y/n, the Hessian of \/n, lies
in the same space. Thus the boundary condition

Vyn-v=0on Xy
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is understood in the sense that

— V/nVédzdt = Av/nédzdt
QT QT
for all £€ C*°(RN x R) with £=0 on Xp.
The main result of this paper is that, under suitable assumptions on the given data,
there is a weak solution to the initial boundary-value problem (1.1)-(1.6).

2. The approximation problems
The main result of this section is:

THEOREM 2.1. Assume:
(H1) Q is a bounded domain in RN with Lipschitz boundary 0Q and T'p is a non-
empty open subset of ;

(H2) N <6;

(H3) e,\,d; € (0,00); Ti(x),C(x)€L>(Q); pp,Fp,Tp,VpeWL>®(Q) with
minpp >0; (2.1)
Q

(H4) 7>0 and p>4;

(H5) feL™%(Q).

Then there exists a quadruplet (p, F,T,V') in the space (W1’2(Q))4 with V,T,pe L>(Q)),
p >0, satisfying

2_r2

P Tf +div[(p+7)*VF] =div[(p+7)°VT+2pTVp] in Q, (2.2)

2
—div[(p+r)2vﬂ:%(ﬂ(x)_:r) in (2.3)

1

2

—%Ap—l—Tpp_l:(V—F)p—‘rT m £, (2.4)
NAV =p2—C(x) in Q, (2.5)
P=PD, T:TD, F:FD, V:VD on FD, (26)
Vpv=VF.v=VT-v=VV.v=0 on Iy (2.7)

in the weak sense.

REMARK 2.1. Assumption (H1) implies that the Sobolev inequality

[ullg- <cl[Vullq

holds for all ue Wlqu(Q) ={veWh4(Q),v=0on I'p}, where 1<qg<N,q* = NN—_qq, 1114
is the norm in L9(Q) and ¢ is a positive number determined by N,q,I'p and . In
Equations (2.2)—(2.7), we have simply transformed a fourth-order equation into a system
of two second-order equations, discretized the time derivative, and then regularized
the resulting system by adding a positive number to the possibly degenerate elliptic
coefficients. However, this approximation has worked mainly because we have added the
two terms 7,7pP~! in Equation (2.4). As we shall see, the latter term has a regularizing
effect, while the former term leads us to the conclusion that p is bounded below away
from 0. This enables us to solve Equation (2.4) for F' and to obtain regularity properties

for %. The idea was first employed by the author in [13]. Note that this 7 term is
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not needed in [14] because the solution there is classical, and as a result the strong
maximum principle is applicable. Finally, Assumption (H2) is due to the presence of
the temperature gradient in Equation (2.2).

Before we prove Theorem 2.1, we state a few preparatory lemmas. The first one
collects some results that are useful to us.
LEMMA 2.1. The following statements hold true:

i) Let {v;} be a sequence in a Banach space. If every subsequence of {v;} has
J j
a further subsequence converging to the same limit v, the whole sequence {v;}
also converges to v.

(ii) Let {u;} be a sequence in a Hilbert space with the property u; —u weakly. If
lim; o0 [lui]|? = |Jul|?, then u; —u strongly.

(iii) If 6(s) is an increasing (decreasing) function on R, then
(s—1)0(s)> (g)/ O(r)dr  for all s,teR.
¢

(iv) Let {u;} be a bounded sequence in W2(Q) satisfying
—divia(z)Vu;l=f; in Q,

uj=up on Ip,

Vuj-v=0 on Iy,

where {f;} is a sequence in L*() with || f;|1 <c, Q, T'p, I'n are given as in
Theorem 2.1, up € W12(Q), and a(x) satisfies

O<co<a(x)<ey a.e. onQ for some co<cy in (0,00). (2.8)

Then {u;} is precompact in WH4(Q) for each q € [1,2). If, in addition, || f;||, <c
for some r> ]\2,—_1;[2, then {u;} is precompact in W12(Q).
Items (i)-(iii) are well-known. The first part of (iv) can also be found in many

places. See, e.g., [15]. The second part of (iv) can be seen from the simple estimate

/|Vui—VUj|2d$=/(fi—fj)(ui—uj)dl“
Q Q
< fi = fillellws — gl = (2.9)

—1

If r> 1\2,—12, then -5 < S =2* and {u;} is precompact in L?(€) for each g < 2*.

LEMMA 2.2. Leta(x), Q, I'p, Iy be given as in the preceding lemma and u€ W2(Q)
a solution of the problem

—div[a(z)Vu]=h(z) in Q,
u=up on ['p,

Vu-r=0 on I'y.
Assume that up € WH(Q)NL>®(Q) and h € LI(Q) for some q>% . Then
[ullsc < c(llunllec +1IRllq), (2.10)

where the constant ¢ depends only on €,q, and N.
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This lemma is well-known.
We are ready to prove the main result.

Proof. (Proof of Theorem 2.1.) We only need to focus our attention on the
case where N >2. The case where N =2 is easier to handle, and therefore it will be left
untreated. A solution will be constructed via the Leray—Schauder Fixed Point Theorem
([5], Theorem 11.3). For this purpose, we set

A=W2(Q)NL®(Q).

Define an operator B from A into A as follows: Given p € A, we solve the problem

NAV=p>-C(z) in Q, (2.11)
V:VD on FD, (212)
VV.v=0 on Ty (2.13)

for V. The classical theory for linear elliptic equations asserts that this problem has a
unique solution V' in the space A. Then we proceed to consider the problem

2
—div[(p++7)2v:r]:%(Tl(x)—T) in Q (2.14)
l
T=Tp on Tp, (2.15)
VT-v=0 on Iy, (2.16)

where p* =p if p>0 and 0 otherwise.
CLAIM 2.1.  There is a unique function T in WY2(Q) satisfying Equations (2.14)-
(2.16) in the weak sense. Furthermore, we have:

(C1) m<T <M, where

M =max{ess supaT; (J:),mSXTD},

m=min{ ess infgﬂ(m),msj!nTD};

(C2) [(pt+7)2|VT|Pdx <c [,(|p|+7)*dx. Here and in what follows ¢ denotes a
positive number that depends on Q0 and the given data except T and f.

The existence and uniqueness of a weak solution to Problem (2.14)-(2.16) are well-
known. To see that T'< M, we write Equation (2.14) in the form

P

2
—div (ot +7)2 P ap) =
div[(pT +7)*VT] + 0 (T—M) a

(Ty(z)— M) (2.17)

and then use (T'— M)™ as a test function in the equation. The other inequality in (C1)
can be established in a similar manner. To obtain (C2), we write Equation (2.14) in
the form

—div[(pT +7)*VT] +§(T—TD):’:;(Tl(x)—TD). (2.18)

Using T'—Tp as a test function in the above equation yields

/(p++r)2|VT|2dx§c/(p++7)2|VTD|2dsU+C/ P*|Ty(x) = Tp|*dz
Q Q ¢
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Sc/ﬂ(\pH—T)zdx. (2.19)
Having the functions V, T in hand, we form the problem
2 g2
—div[(pT+7)?VF]| = L Tf —div((p+7)?VT+2pTVp) in Q, (2.20)
FZFD, on FD, (221)
VF-v=0 on Iy. (2.22)

This problem also has a unique solution F' in W2(Q2). The image of p under B is
defined to be the unique solution of the following problem
2
S A= P (V =Pyt 4 i 0, (2.23)

Y=pp on I'p, 2.24)
Vip-v=0 on Iy. (2.25)

—

To see that B is well-defined, first observe from the Sobolev inequality that '€ L% Q).
By Assumption (H2), we have % > % Thus we can conclude, with the aid of Lemma
2.2, that Problem (2.23)—(2.25) has a unique solution 1) in the space A.

We still need to prove the following assertions:

(F1) B is continuous;
(F2) B maps bounded sets into precompact ones;

(F3) there is a positive number ¢ such that ||p||4 <c for each p € A and each o € [0,1]
satisfying

oB(p)=p. (2.26)
To claim Assertions (F1) and (F2), it is enough to show that
p;—p in Aimplies B(p;)—B(p) in A (2.27)

To this end, we infer from the weak convergence of {p;} in W1?(Q) that there is a
subsequence of {p;}, still denoted by {p;}, such that

pj—p ae. in . (2.28)
Consequently,
p;j—p strongly in L"(Q) for each r>1. (2.29)

Denote by v;, Fj, T;, V; the respective solutions of Problems (2.23)-(2.25), (2.20)—
(2.22), (2.14)—(2.16), and (2.11)—(2.13) with p; in place of p. We claim that F};,T},V;,¢;
are all bounded in W'2(2). To see this, substitute p; for p and V; for V in Equation
(2.11) and use V; —Vp as a test function in the resulting equation to derive

19V; = Vi)l < (I9Volla +llps Pas, + 1011 2, )
+2

N+2

§c||ijio+c. (2.30)

The boundedness of {7}} in A can easily be seen from Claim 2.1. This together
with Equation (2.20) and a calculation similar to Equation (2.30) implies that {F}} is
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bounded in W12(Q). As for {1}, first note that {(V; — F;)p;} is bounded in L%(Q)

and % > % due to Assumption (H2). We can easily infer from Lemma 2.2 that {¢;}

is bounded in L>(€2). On account of (iv) of Lemma 2.1, {V;}, {T;} and ; are also
precompact in W12(Q). Thus we may assume that

V;—V  strongly in W3(Q),
T;—T strongly in Wh2(Q),
F;—~F weakly in W'2(Q),

Yj—1  strongly in WH2(Q).

It is fairly easy to see that the limits VT, F1 are the respective solutions of prob-
lems (2.11)—(2.13), (2.14)—(2.16), (2.20)—(2.22), and (2.23)—(2.25). By virtue of the
uniqueness of a solution to these problems, the above convergences hold for the entire
sequences. This is a consequence of (i) of Lemma 2.1. Remember that the sequence
{(V; —F})p;} is bounded in L%(Q) We pick a number r from the interval (§,255).
It immediately follows that

(V;—F;)p; = (V—F)p strongly in L"(Q). (2.31)

From the boundary value problems satisfied by {¢;} and v, we calculate, with the aid
of Lemma 2.2, that

145 =lloe <cllm(1051" =205 = 1o 2p) + (Vi = F)p; = (V = F)pl|:- (2.32)

Thus {¢;} is precompact in L>(2).
It remains to show Assertion (F3). Without loss of generality, assume o >0. Then
Equation (2.26) is equivalent to

2_ g2
r—f +div [(pt +7)2VF] =div[(p+7)?VT+2pTVp] in ©Q, (2.33)
2
—div[(p++r)2VT]:Z—(Tl(a:)—T) i Q (2.34)
1
e P -2 + ;
—EA——H'\p\p p=(V-—-F)pT+7 in Q, (2.35)
o
NAV =p?—-C(x) in Q, (2.36)
P=0pPD, ,I':T‘D7 F:FD, V:VD on FD, (237)
Vpv=VF.-v=VT-v=VV.r=0 on Iy. (2.38)
Use p~ as a test function in Equation (2.35) to obtain
e’ —2 —\P
— [ |Vp |Pda+71 | (p7) dz<0. (2.39)
ez Q Q
This implies
p>0 a.e. on . (2.40)

Thus we can rewrite Equation (2.35) as

2

—%quLTpp*l:(VfF)erT in Q. (2.41)
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Using F'— Fp as a test function in Equation (2.33) and keeping in mind (C1) and (C2)
in Claim 2.1, we arrive at

/(p+7’)2|VF—VFD|2dx
Q

S—/(p+7)2VFD(VF—VFD)d:c+/ e (F —Fp)dx
Q

0 T

+/(p+7)2VT(VF—VFD)da:+/2pTVp(VF—VFD)d:c
Q Q

sa/<p+7>2\VF—VFD|2dx+ch2—f2||ﬂ||F—FDH%
j s

() /Q (p-+7)2|VT|2dz +c(6) /Q 2|V pPda +c(5) /Q (p+7)2dz

<26 | (p+7)|VF =V Fpdz+c(@)(I flllgx, +llrlle,)

Q N+2

+o(6) / Vpl2dz+c(5), 650, (2.42)
Q

from whence follows
/ |VF|2dz <c|p||*sn +c/ |V p|2dz+c. (2.43)
Q N2 Q
Here ¢ also depends on 7 and f. By a similar argument, we can deduce
/ (VV Pde <c|lp| . +e. (2.44)
9] N+2

Our next step is to select p—opp as a test function in Equation (2.41). This gives rise
to the equation

= [1voarer [ 2 o-opn)is
2562/{leVdea:—l—/Q(V—F)p(p—UpD)da:—H'/Q(p—opD)da:. (2.45)
Note from (iii) of Lemma 2.1 that
PPt p—opp)> % [0" = (opp)P] a.e. on Q. (2.46)
The fourth integral in Equation (2.45) can be estimated as follows:

| V=Fhoto=opp)dn < |V =Fl s, (I6lsy, +clol 2,

N-—-2 N+2

<5 [ [VpPdatelplly, +e (247
o) N+2
where § > 0. Collecting the preceding two estimates in Equation (2.45), we derive

1 2 4
> [l [ o<l e
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< / 4d
<c | pdr+c
Q
§5/ pPdx+c(d), 6>0. (2.48)
Q

The last step is due to the fact that p>4. Thus we obtain

/ |Vp|?dz <c, /ppdmgc. (2.49)
Q Q
This, in turns, implies that
[VVl2, [[VF]2<e. (2.50)
It remains to show
ol <ec. (2.51)

Owing to conditions (2.37), (2.38), and Equation (2.41), p satisfies

2

—%Ap—FTcrpp*l:U(V—F)p—FaT in €, (2.52)
p=opp onlp, (2.53)
Vp-v=0 onIy. (2.54)

Observe that results in ([2, 9], and [11]) are local. Hence they are not directly applicable
here. To prove estimate (2.51), we define, for uw e L9(2) with ¢ >1, that

lu(y)|xa(y)
n(r;uxa)= Sup/ —dy,
zeRN J|z—y|<r ‘x_y|N 2

where xq is the characteristic function of 2. If ¢ > %, a simple application of Holder’s
inequality yields
2q—N

n(riuxe) <cllullyr T, e=c(N.q). (2.55)

That is, L?(€2) C Kn(9Q) if ¢> &, where Ky () is the so-called Kato class of functions
[2]. A result in [16] asserts

1
|u|w?dx < en(r;uxa) </ |Vw|2dac+2/w2) (2.56)
Q Q ™ Ja

for each 7>0 and each we W2(Q), where ¢ depends only on N and the Lipschitz
boundary of Q. If Q is a ball with radius r, then result (2.56) first appeared in [3].

Now we are ready to employ the classical Moser iteration technique. For this pur-
pose, we let

M:m@XPD7 (257)
Q

N
K=|MV=Fl+tly 5 <4< 57— (259)

v=(p—M)T+K. (2.59)
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t2N

The existence of such a ¢ is due to the fact tha > 5, which also indicates that we

can apply result (2.56) to obtain
/\v Flu?<er o /\Vw\zder— w?dr  for each we WH2(Q).  (2.60)

For each >0, the function v” — K# is non-negative and satisfies v” — K |r,=0. Upon
using it as a test function in Equation (2.52), we obtain

e A

&2
= E/ BV pVuda
Q

§/Q[0(V7F)p+07](vaK5)dx

§/Q(|V7F|p+7)(vﬂ—Kﬁ)dx

§/Q(|V—F|(p—M)+M|V—F|+T)v'8dx

S/Q|V—F|(p—M)+dex+/Q(M|V—F|+T)v’8dx. (2.61)
Notice that (p— M) <v. We can deduce from estimate (2.60) that

/Q|V7F|(pr)+v’8dx§/|V7F|v’8+1dx
<erT /|vv‘3 2r+ -5 /Qvf”ldx, r>0.  (2.62)
ra

The second integral on the right-hand side of Equation (2.61) can be estimated as
follows:

/Q(M|V Fl+r)oPda < | M|V — F|+T||q</ﬂ )

-(fymrea) ™

< </ U(ﬁ;ll)qdz) . (2.63)
Q
We choose r so that the coefficient of the third integral in Equation (2.62) satisfies

-8 2 48
cr-d =— )
2(p+1)?

Then plugging Inequalities (2.62) and (2.63) into (2.61) yields

B+1
/ ‘VU 2
Q

2dm§c<(ﬁ+ﬂl)2)w/§zv5+ldm+c(ﬁ+ﬂl)2 (/vadm>q
§C<<B_;1)2)2{1_N </Qv(ﬂq+—ll)qd(£>q. (2.64)
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Here we have used the fact that w > 1. Note that KA1 < ﬁ fQ v8+1dz. We calcu-
late, with the aid of the Sobolev inequality, that

N-—2

( ) N
([o5 ) T = i,
Q N-—-2

<20 - K

Sc/ ‘Vv%
Q

1 2 2q2—qN 1)q %
Sc((ﬂ_; ) ) (/vafjl) dx) . (2.65)

B+1 B+
%H?m '

T 2K |y
) N—2

2
dx +cKPH!

Set

Our assumption on ¢ implies that x> 1. For 8>k —1, we can write Equation (2.65) in
the form

4q

L
loll oo < (e(B+1)7% ) 7 o] i (2.66)

Let us take S+1=k™, m=1,2,---, so that by Equation (2.66)

Jj—1 . o
.
ol ey < TT (ex®5)" ol
N—-2 1 N—-2
=

j—1 —m Jj—1 _4gm —m
K
<elme1h T 1 9 0] _~
N—2

<clloll_x_. (2.67)

Letting j — 0o, we therefore obtain

olloe <cllol s (2.68)
whence by the interpolation inequality ([5], p. 146) we have
[vlloe < ecllvfs- (2.69)
This implies that
olloe < M + K +clplh. (2.70)
This completes the proof of Theorem 2.1. 0

REMARK 2.2.  Let us remark that the above proof of estimate (2.51) can easily be
modified to show Lemma 2.2. We can also infer that an easy way to obtain estimate
(2.51) is by making a further assumption

2N
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Then this combined with estimates (2.49) and (2.50) implies that |V — F|pe L"(§) for
some 7 > %, and thus Lemma 2.2 becomes applicable. Under Assumption (H4), condi-
tion (2.71) already holds true for N <4. We pursue the generality here mainly because
later we will have to employ the same proof to show that % is also bounded. The classi-

cal regularity for linear elliptic equations [5] asserts that p is locally Hélder continuous.

In fact, we even have p € W1 ’ g ?(92). The mixed boundary condition prevents us from
obtaining good estimates over the whole domain. However, if we further assume that
OT'p is a Lipschitz hyper surface in 9 then pe C*(Q) for some o€ (0,1).

3. Properties of solutions
In this section we turn our attention to the properties of the solution obtained in
Theorem 2.1.

LEMMA 3.1.  Let Assumptions (H1)-(H5) hold and (V,F,T,p) be the solution obtained
in Theorem 2.1. Then p is bounded below away from 0.

Proof. We begin by showing

—xm € Wh(Q). (3.1)

To this end, we use (p+d) " °*—(pp+0)*, where §>0, s>1, as a test function in
Equation (2.4) to derive

1 e2s 1
T dx—l——/ ————|Vp|Pdz
e+ 5 v
2
VPVPDd$+T/(p+§)p_1_de

€”s
<

1
*?/QW
1

Obviously, we only need to worry about the second and fourth integrals on the right-
hand side of the preceding inequality. We take

2N

S:m.

Subsequently,

N+2

[v-rigtrs ([v-resa) ([ o)

1 2N
ga/ e drte(o )/|V—F|mdx, 5>0. (3.3)
Q(p+0)™ Q

Next we consider the second integral on the right-hand side of Equation (3.2). Owing
to the fact that pe L>®(€), we only need to deal with the case where p—s—1<0.

Obviously, 1+s—p<s= ]3]:’ 5. Consequently, we have

1

(p—|—5)p_s_1: <o 3N
(pH0)1 =P = (pq )72

+e(o). (3.4)
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Using this and estimate (3.3) in Equation (3.2), choosing o so small in the resulting
inequality that the term

1
a/ —dw
Q(p+o)v-2

can be absorbed into the first term on the left-hand side of Equation (3.2), and then
taking 6 — 0, we yield condition (3.1).
Set

1

=——) 0>0.
u PR

Recall the regularity properties of p in Remark 2.2. We compute Ap to obtain
1 2
Ap= —ﬁAu—&— $|Vu|2.

Substituting this into Equation (2.4), we arrive at

g2 €22 pP1 p
NIt ST S —(W-F) - 3.5
G u—|—6u| ul”+Tu Tp+5 ( )p+(5 u (3.5)
from whence follows
g2
- EAUS [Tp" 2+ |V = F|]u. (3.6)

Since p € L>(£2), the coefficient function of u in the above inequality lies in L% (Q).
As a result, the proof of estimate (2.51) is totally applicable here. We thereby obtain

[ufloo <c+lull <e. (3.7)

The last step is due to condition (3.1). The proof is complete. o

We remark that the last term 7 in Equation (2.4) has played a critical role in
the establishment of condition (3.1). The introduction of this term is the second key
ingredient in our method, with the first one being the 7p?~! term in Equation (2.4).
It is not difficult to see that condition (3.1) implies |V — F|u€ L"(2) for some r> %,
provided that N <4. This means that Lemma 2.2 is enough for our method and our
proof of estimate (2.51) is not needed under the assumption N <4.

For other properties of the solution, we need to replace Assumption (H5) with the
following stronger assumption.

(H6) fEAa f207 f‘FD:PD-

LEMMA 3.2. Let Assumptions (H1)-(H4) and (H6) hold and (V,F,T,p) be the solution
obtained in Theorem 2.1. Then we have

o o Ap 2 2\
—/Q<p ™= z/ﬂ(w VFP) da (3.8)

A more general version of this inequality is established in [12] for more regular p.
Proof. By Lemma 3.1, we can divide Equation (2.4) through by p to arrive at
2

A
:%l_TpP*Q-H—p*l—i—V a.e. on ), (3.9)
p
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from whence follows

Ap

p

eL¥3(Q). (3.10)
This together with Assumption (H6) implies that
2 2\ Qp 2 2 2
(p*—f )TELN*(Q) and p?(z)— f#(x)=0 on I'p. (3.11)

Since fe L*>(2), we have

2 2
I ey ),
p
We calculate
A 2
- [ === [ vov (p—f)d:v
Q P Q P
2 2f 2o
= [ [IVp]"===VpVf+=5|Vp|* |dzx
Q P P
f 2
z/(Vp|2—|Vf|2)dm+/’Vf—Vp dx
Q Q P
> [ (9= V1P e (3.12)
Q
This completes the proof. 0
LEMMA 3.3.  Let U be the solution of the problem
NAU=f2-C(z) in Q, (3.13)
U=Vp on I'p, (3.14)
VU -v=0 on I'y. (3.15)

Then we have

g2 5 5 2
= [P =10+ [ (= )i

)\2
b [ (9= Vo) P [V = Vo)) dat [ (o7 Vs
Q Q

1
gc/ (p+7)2dx+c/ |Vp|2dﬁc+2/(p—f)d:r—i—f/(p2—f2)(VD—FD)dx+c,
Q Q Q TJa
where ¢ depends on the given data except T and f.
Proof.  Subtracting Equation (3.13) from Equation (2.11) yields
NAV-U)=p*—f? in Q. (3.16)

Using V —Vp as a test function in this equation, we derive

- [y
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:—/(p2—f2)VDd:c+)\2/[\V(V—VD)|2—V(U—VD)V(V—VD)]dx
Q Q
1
z—/(pQ—fQ)VDdx+§A2/ (IV(V=Vp)|?— V(U -Vp)?)dz.
Q Q

Observe from (iii) of Lemma 2.1 that

p—2( 2 _ £2 p%”:gp_p

P2 [ 8 =), (3.17)
P

p -2 [ s ds=200- ). (3.18)
f2

We are ready to estimate
ZA
Jw=rpae= [ () (52202 Ty o
Q Q 6 p P
g2 2T
<5 [ (9o =1viP) =2 [ (7= s
Q b Ja
—|—27‘/(p—f)d1:—|—/(p2—f2)VDdx
Q Q
1
32 [V Vo) [V - Vo)) dr. (319
Q
Use F — Fp as a test function in Equation (2.20) to obtain
/(p+7’)2|VF|2dx§c/(p+T)2|VFD|2dx+C/(p+T)2|VT|2dx
Q Q Q
1
+c/ T2|Vp\2dz+f/(p27f2)(F—FD)dx
Q TJa
1
§c/(p+7)2dac+c/ |Vp|2dx+;/(pszz)(FfFD)dx. (3.20)
Q Q Q

The last step is due to Claim 2.1. Combining the last two inequalities yields the desired
result. The proof is complete. 1]

LEMMA 3.4. Let Assumptions (H1)-(H4) and (H6) hold and assume
—2 T
Fp=—1p " +—+Vp. (3.21)
PD

Then we have

2 Ap)2 2_ 2 4
6—/ @d:c—k(p—Q)T/pp’3|Vp\2dx+T/ p’2|Vp|2dm+/ =1 dx
6 Jo p Q Q o T pp+T

gc/(p+7)2|VF|dx+c/ |VV\d:r+c/ |V p|dx
Q Q Q

IR
—i—c/prdac—l—f/ dsdx+c/ p+7)%dz+c. 3.22
[ovois [ [ [(p+7) (322)
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Proof. We begin by first showing

/VpVTd:c §c/ (p+7)%dx+c. (3.23)
Q Q
To this end, we use p_%r = le_H, as a test function in Equation (2.14) to obtain
/(+T)2VT<— Lover—L v )dw
0" (v " (op 2 1P
’ 1 1
:/ p(T;(x)—T)( _ )dm. (3.24)
o di p+7T  pp+T

We deduce from Claim 2.1 that

1
‘/ p+7)2 ———5 Vppdz +c/ p2dx+c/ pdx
PD+ 7)? Q Q

Sc/(p—H’) VT da:—|—c/ (p+7)%dz+c
Q Q

/ VpVTdx| <

SC/Q(/)—FT) dx +ec. (3.25)

Note that |Vp|2 IV/p|?. Thus \/pe WH2(Q). Obviously, p+T pD1+T is a le-
gitimate test functlon for Equation (2.20). Upon using it, we derive

1 1
+7)2VFE (- Yo+ \V dx
Je+) ( o2 Pt o) ”D>
2 2
e e e Loy A A st )
— - dr+ [ (p+7)2VT (- Vp+ Vop ) d
/Q T <p+T PEEE Al AU (p+7)2 P o2 PP )
1 1
+ [ 201Vp( - Vp+ Vop | dz
/Qp p< (p+T7)? g (pp+7)2 pD)

o 2
S/p ! ( LI >dm—/VTVpdm
o T p+7 pp+T Q

ve [PVt [ (o ride el Tl [ [VyaPde el Tl [ piVplds
Q Q Q Q

2 2
p°—f 1 1 ) / 2 / 2 /
< — dr+c +7)°dx+c \Y% dr+c Vpldx+c.
< [E2E (- Yavee [(pmtose [ [9yatds e [ v
(3.26)

The last step is due to Claim 2.1. In view of Equation (3.9), we have % eWt2(Q). By
Assumption (3.21), there holds

Ap

p

=0.
I'p

Keeping these in mind, we calculate

A
—/VFVpd:cz—/V(EG p” TP 2 rp” —l—V)Vpdm
Q

—/ dx+ (p—2)T /pp_3|Vp|2dm
)
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+T/p*2\vp|2d;c—/vpvvczx. (3.27)
Q Q

Use p—pp as a test function in Equation (2.11) to obtain

1 1
/VVVpdx:/VVVdex—ﬁ p2(p—pp)d:v+ﬁ/C(:L‘)(,o—pD)dac
Q Q Q Q
Sc/ |VV|dx—|—c/ p*dx+c. (3.28)
Q Q
Set
Ap
—=_. 3.29
NG (3.29)
Then we have G € L¥ "> (Q) and
Ap=/pG. (3.30)

By Lemma 3.1, we have that In,/p€ W'2(Q). Thus we can use In,/p—In,/pp as a test
function in the above equation to obtain

—/QVp (\}ﬁVﬁ—\;ﬁV@) dx:/Q\/ﬁG(ln\/ﬁ—ln\/E)dx, (3.31)

from which we can derive

/|V\/ﬁ|2dx§5/ G2dx+c/ |Vp\dx+c/ pPdx+c
Q Q Q Q
A 2
gé/ @dx—i-c/ |Vp|dm+c/ p*dr+ec, §>0. (3.32)
Q P Q Q

Here we have used the fact that | pln2 VolI< cp? +c for some ¢>0. Plugging this result,
Equation (3.28), and Equation (3.27) into Equation (3.26) and selecting § suitably small
give the desired result. a0

We remark that in [8] it is assumed that the number m in Claim (C1) is positive.
We have been able to remove this restriction due to the estimate (3.32).

4. Existence theorem
The main result of this section is:

THEOREM 4.1.  Assume that Assumptions (H1)-(H3) in the preceding section hold

with pp=+/mp. If \/no(z) € A with \/no(x)=pp on T'p, then there is a weak solution
to Problem (1.1)-(1.6).

Assumption (H3) implies that the boundary data are time-independent. This is
done largely for technical convenience. But there is also a physical explanation for this.
See [7] for details.

We introduce the new variable p=+/n. Let T'>0 be given. We divide the time
interval [0,T] into j equal subintervals, j€{1,2,---}. Set T:§. Fix some p>4. We
approximate the problem (1.1)-(1.6) as follows. For k=1,---,j solve recursively the

systems

PPt 4 div [(pr +7)2V ] =div [(ox +7)>V T, + 2Tk Vo] in Q,  (4.1)
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—div [(pr +7)*VT}]| = dz (Tl( )—Ty) in €, (4.2)
—%Apk—i—Tpkp_l:(Vk—Fk)pk—kT in €, (4.3)
NAV,=p?—C(z) in Q, (4.4)

pk=pp, Tpx=Tp, Fr=Fp, Vpy=Vp on I'p, (4.5)
Vo v=VF, - v=VT,-v=VV,-v=0 on Iy, (4.6)
po(x)=+/no(z), (4.7)

where Fp is given as in Assumption (3.21). Introduce the functions

pr? (@) — Py (2)

fij(z,t) = (t—tp—1) - - +pi (z), z€Q, te(tp_1,thl,
nj(z,t)=pi(z), x€Q, t€ (tp_1.txl,
Ti(x,t)=T(z), z€Q, t€ (tp_1,tx],
Fj(z,t)=Fy(x), x€Q, te(tp—1,t],
Vi, t)=Vi(z) z€Q, t€(tph_1,ts],

where t;, = k7. We can rewrite the system (4.1)—(4.7) as

%+div[(ﬁ+7)2vfj]=div[ (/7 +7)°VT;] +div (2T,\/7;V\/A;) in Qr,(4.8)

ot
fdiv[(\/ﬁijJrT)QVTj]:dl (Ty(x)=T;) in Qr, (4.9)

A\/>+T\/ Pl V F )\ +T in Qp, ( )
NAVj=n;-C(x) in Qr, (4.11)

Vii=pp, Tj=Tp, Fj=Fp, V;=Vp on Sp, (4.12)
Vnj v=VF; v=VT;-.v=VV;-v=0 on Xy, (4.13)
nj(x,0)=no(x) on Q. (4.14)

LEMMA 4.1. Let the assumptions of Theorem 4.1 hold. Then we have:

—2 —p 712
oréltang</Q|v‘/n]| dx—&—T/Q,/nj dm—l—/Q|VVJ| dx)

_ v/m;|?
+r/ S a5
Qr Qr n;
_ A /m;)?
+/ (./ﬁj+7)2|VFj|2dxdt+/ ﬂdxdtgc, (4.15)
QT QT V n]
mSTj <M a.e onQp, (4.16)
oy VT 2de < )
OrSntanT/Q(w/n]JrT) VT ;|“dz <c, (4.17)

where ¢ depends only on the given data in Problem (1.1)—(1.6).
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Proof.  The Inequalities (4.16) and (4.17) are an easy consequence of Claim 2.1
and Equation (4.15). We claim that we can derive Equation (4.15) from Lemmas 3.3
and 3.4. First we can conclude from Lemma 3.4 that

A
€/< pk)d-l—p 2) /pp |V,0k|2d33
Q

Pk

— P 1
+7'/ PEQ|Vﬂk|2d$+/ S dx
Q Q T PD+T

2
1 |
§c/(pk+T)Q|VFk\dx+f// dsd;v—i—c/ |V Vi |dz
Q TJadp  VSHT Q

+c/ (pk—|—7')2dx+c/ \Vpk\dx—t—c/ Pk|V pr|dx +c. (4.18)
Q Q Q

Multiply through the above inequality by 7, then sum up over k, and thereby derive
Ay /mj)? _
(7 J)dscdt+(p—2)r/ NG B\V,/ﬁj\zdxdt
QS nj QS
V72 1
+T/ |;|d:cdt—|—/(nj—n0) dz
Qs /T Q pp+T
_ o
Sc/ (w/ﬁj—|—7')2|VFj|dxdt—|—/ dsdx+c/ (\/7; +7)*dzdt
Q. aJng VST Q.
+c/ |VVj|dxdt+c/ |V1/ﬁj|dxdt+c/ V|V /Tl dedt ¢, (4.19)
Q. Q. Q,

where Q, =Q % (0,5),s€ (0,T]. Observe that

n; 1 n; 1 _
/n \/E-H'dSS/nO ﬁdSZZ(\/nijf\/nio). (4.20)

0

Utilizing this in Equation (4.19), we obtain

/ﬁjdzp<c/ ﬁjdxdtJrc/ /T +7)?|VF;|dadt
Q Q. Q,
/|VV |dxdt+c/ V7 \da:dtJrc/ /71| Vy/Tjldedt+c. (4.21)

In view of Lemma 3.3, we have

e? 2
= [P =1VpaPyto = [ (ke
PJa

)\2
+2T (|V(Vk—VD)\ —|V(Vk,1—VD)|2)dx+/(pk+7)2|VFk|2da;
Q

Sc/ |Vpk|2dx+c/(pk+7)2d;v
Q )

1
+2/(Pk—pk—l)d$+;/(Pk2—Pi71)(VD—FD)d$+C- (4.22)
Q Q
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Multiply through this inequality by 7 and sum up over k£ to obtain
/|V\/ﬁj|2d1‘+r/ ,/ﬁjpdac—i-/ |V7j|2dx+/ (/7 +7)?|VF;*dzdt
Q Q Q Q.
Sc/ \V,/ﬁj|2dacdt+c/ (/7 +7)*dzdt
Qs Qs
+27’/(\/ﬁj—w/n0)d$+/(ﬁj—n0)<VD—FD)d$+C
Q Q
Sc/ \V,/ﬁj|2dacdt+c/ ﬁjdxdt—i—c/ njdr+c
Qs Qs Q
gc/ \v,ﬁﬁmdmdwc/ ﬁjdxdt—i-c/ (,ﬁﬁjw)zwfjmxdwc/ YV, |ddt
Q. Q. Q. Qs
+c/ﬂ |V‘ﬁﬁj|dmdt+c/ﬂ SV | dedt +c. (4.23)

The last step is due to Equation (4.21). By the Sobolev inequality, we have

/ﬁjdxdtgc/ |V \/7;2dxdt+c. (4.24)
Q Qs

s

This combined with Equation (4.23) implies

/|V1/ﬁj|2dx+/\vvj\2dx§c/ \VVj|2dxdt+c/ |V\/;|?dedt+c.  (4.25)
Q Q Q. Q

This puts us in a position to apply Gronwall’s inequality, from whence follows

/ |V, /ﬁj|2dx+/ |VV;[2dz <c. (4.26)
Q Q
Using this in Equation (4.23) and then Equation (4.19) yields the desired result. 0O

LEMMA 4.2.  Both {\/7;} and {ﬁﬁ} are precompact in L*(0,T;W12((Q)).

Proof.  We first show that {7} is precompact in L?((0,7"); LP(12)) for each 1 <p<
%. By the Sobolev inequality and Lemma 4.1, we have

v/l 2x. < Il\/75 —poll 2n, + ool 2x, <IV(y/75 —pp)l2+c<c (4.27)

Subsequently, there hold the inequalities

/\vm%dx
Q

— [ 12y | Fde
Q

N N-—2
TN-D) oy \ TNED
g(/ |v,ﬁnj|2dx> (/|w/;nj|f\’2da?> <e, (4.28)
Q Q

N

LI+ 09T, o
:/Qy<\/ﬁj+7)v7j(ﬁ+7)yfv'fldx
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N—-2

(/ (V7 +7) |Vde> - (/I\FMIN 2dw>2(mﬁcv (4.29)

SN+

Q

zlﬂhﬁi+ﬂvfﬂvﬁ}HﬂN“dx

<([mrrwEa) " ([ 1marta) T
Q Q

N
I(N=T)

C(A(ﬁ+r)2|VFj|2dx> : (4.30)

Thus we can conclude that {Vm;} and {(/m;+7°)VT;} are bounded in
L>(0,T; L% (), while {(/7; +7)2VF;} is bounded in L*(0,T;L¥-1(%)). This
together with estimate (4.8) asserts that {émj } is bounded in the space
L? (O,T; (W;DN(Q)Y) In view of the definitions of 7;,7;, we have that

max / |7;| %% dz <2 max / ;|72 da (4.31)
0<t<T Jq 0<t<T J
2N
<2 ni|V-2dr< 4.32
<2max [ |mI#de<e (432)
max/|Vﬁj|NAlldx§2 max/|Vﬁj|qudx§c. (4.33)
0<t<T Jg 0<t<T Jg

Hence {7} is bounded in L>(0,T;W*" Nt (©2)). We infer from the Sobolev inequality
that for each 1< p < 25 the embedding Whv (Q) — LP(Q) is compact and LP(§2) —

(WEDN(Q)) is continuous if p is also bigger than 1. Thus we are in a position to
invoke the results in [10] to conclude that {n;} is precompact in both C([0,7;LP(£2))

and L2 (0 T; (Wl N(Q)) ) For t_1 <t <ty, we calculate from the definitions of 7;,7;
that

2 _
iy~ = (L ty) i

= (t—t)div [—(pr +7)°V e + (o +7) VT 4 2T pi Vi) »
from which it follows

7 — TLJ”( 1N(Q)> Sc(t—tk)n—(pk—I—T)QVFk—‘r(pk—FT)zVTk%-QTkkapkH%.

We estimate from Inequalities (4.28)-(4.30) that

T
0 g
—E;Alhw )
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k=j

SCZTBH —(pe+7)VEL+ (p +T)2VTk+2Tkkapk||2N%
k=1
:CTQ/ [(‘/ﬁj+7')2 (|ij\2+|VTj|2)+\V1/ﬁj\2] dxdt§(:72. (434)
Qr

Thus {7;} is also precompact in L? (O,T; (W;DN (Q)) ) This, again, puts us in position

to conclude from the results in [10] that {7;} is precompact in L?(0,T;LP(£2)) for each
p< % Hence there exists a subsequence of {7;} converging a.e. on Qp, from whence
follows

{\/n;} is precompact in LP(€7) for each p< 2. (4.35)
Set
AL/,
Gj=—Y". (4.36)
n;4

Then we have from Lemma 4.1 that {G;} is bounded in L?(Qr). Write Equation (4.36)

in the form
—A\/ﬁjZ—Gjﬁj%. (437)

We compute that

. 3]‘{[71\12 #1\12 N 31\7122
/ (Gmit) dmdt<( G?dxdt) ( / n;”dxdt> <c.  (4.38)
Qr Qr Qr

Observe from Assumption (H2) that 3;‘\‘[—{2 > 1\2,—]_:2 This combined with Equation (4.35)

enables us to use a calculation almost identical to estimate (2.9) to conclude that {,/7;}
is precompact in L?(0,T;WH2(Q)).

To show that {7} is precompact in L2(0,T;W2(Q)), we first extract a subse-
quence of {j}, still denoted by {j}, such that

n;—n  ae. on Qp and strongly in L2(0,T;LP(Q)) for p< -, (4.39)

/Ty —=+/n strongly in L*(0,7;W2(12)), (4.40)
G;—G weakly in L*(Qr). (4.41)

We can take j — oo in Equation (4.37) to obtain
—An=—Gni. (4.42)

By virtue of (ii) in Lemma 2.1, it is enough for us to show that

/ \Vn; T Pdedt— | |Vni [dadt. (4.43)
QT QT

To this end, we use lnﬁji —1In,/pp as a test function in Equation (4.37) to derive

1
/ -V /7, Vi, dadt
Q

TﬁjZ
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1
:/ 7V1/ﬁjvw/7ppdxdt—/ G;(m; TInm; T —7; 7 Iny/pp)dadt
QT QT

— —VfV«ﬁdea:dt— G(nInn’ —niIn\/pp)dxdt. (4.44)
Qr \/ Qr
Here we have used the fact that slns is a continuous function on [0,00) and |slns|<
cs?+c on [0,00) for some ¢>0. The left-hand side of Equation (4.44) is equal to
2 Jo, |V7; % [2dadt. Thus we may assume

U]

Bl

—ni  weakly in L2(0,T;W12(Q)). (4.45)

Now use In(n7 +68) —In(y/pp +6) as a test function in Equation (4.42) to obtain

1

: 1
2/ ne |vn4\ da:dt—/ — V/nVaidzdt
Qrni—+4 Qr N +5

——VynV dxdt

/QT oY VnV/ppdx

- G(niIn(ni +6)—nin(\/pp +0))dadt. (4.46)
Qr

In view of the Lebesgue Dominated Convergence Theorem, we can take d — 0 in the
above equation to obtain

) 1
2/ Vna 2dxdt:/ ——V/nV./ppdxzdt
QT| \ \/5 PD

T

- G(nilnnT —niln,/pp)dzdt. (4.47)
Qr

This together with Equation (4.44) gives Equation (4.43). The proof is complete. 0O
Without loss of generality, we assume that

T,—T weak" in L*>(Qrp), (4.48)

(VA +7)VT; =K  weakly in (L2(Q7))", (4.49)
(V;+7)VE;—~H  weakly in (L2(Qr))", (4.50)
m;T—ni  strongly in L2(0,T;W'2(Q)) , (4.51)

V;—=V weak* in L>®(0,T;WH%(Q)). (4.52)

By virtue of estimate (4.34), we also have
fi;—n  strongly in C([0,T7;L%(9)) for each ¢ < 5. (4.53)
On account of Equation (4.28) and Lemma 4.2, there holds

m;—n  strongly in L2(0,7;W14()) for each g < 2. (4.54)

LEMMA 4.3. We have:

(C3) K =div(y/nT)—TV/n;
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(C4) Av/meLN0,T;Wh(Q)) and

g2 A\/nV/n
2 (o AT

where So={(z,t) € Qr:n(x,t) >0} as defined in (1.9).

) +/nVV  on So,

Proof. We claim that the sequence {V [(y/7;+7)T;]} is bounded in (L? (QT))
To see this, we compute

V(7 +7)T;] =(/7;+7)VT; +T;V /0.
We can easily conclude from Inequalities (4.17), (4.16), and (4.15) that the last two

terms in the above equation are both bounded in (LQ(QT))N. In view of the limits
(4.40) and (4.48), we have that

(VA +7)VT; =V [(\/7;+7)T;] =T;V\/7;
—V (V/nT)-TVy/n=K weakly in (LQ(QT))N. (4.55)
This gives Claim (C3).
To establish Claim (C4), we observe from Lemma 4.1 that

/ITFde.’EdtSZ/ |TF; —TFp|*dxdt+c
Qr

Qr

< c/ \V(7F; —7Fp)*dzdt+c
Qr

gc/ (/472 |IVE, Pdedt +c < c. (4.56)
Qr
By (Equation 3.9), we have that
e2 A/,
—F V +7/T0 4.57
6 A /nj ’I’L ’ ( )

Multiply through this equation by f and then integrate the resulting equation over
nj

Qp to derive

4 2273 AT
/ T dwdt+ =T / 2V dedt
Q 6 Qr

1 nj

:/QT< \F V. \;%)dxdt

<4 ;dxdt—l—c/ (|7F; 1 +|7V;[?) dzdt +c
Qr 1y Qr

4
<5 Zdwdt+e, s5>0. (4.58)

Qr 1y
We calculate, with the aid of Equation (4.37) and Equation (4.38), that

Ay,
njda:dt—/ Af( D)d:cdH/Q A\/j—dxdt

QT QT
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-2 2
> —/ v.\/7; <3V. /75 + p3va) ddt —c
SZT n; D

NG

2
2/ |V \/7;|2dadt —c.
Qr

Vi

Plugging this into Equation (4.58), we arrive at

4
1
/ ;dxdt+73/ |V Pdzdt < c.
QT n] QT qlﬁj

We estimate

4 4 4
3 3 3

TA/T; ANV
/ V7| dedt= / _ _| dadt
Qr \ 1 Qr| N1 n;4

1

ol

2
V1
< / - dxdt
Qr n;*

Consequently, we may assume

2

— 1T weakly in L?(Q7),

1

A .
T2V L7 weakly in L# Q).

n;j

4 3
/ 7'1 dxdt <e.
Qr \ ;%

(4.59)

(4.60)

(4.61)

(4.62)

(4.63)

Recall that So={(x,t) € Qr:n(x,t)>0}. It immediately follows from Equation (4.39)

that

a.e. on Sy.

1 . 1
NI
This together with Equation (4.60) asserts that

7.2

——=—0 a.e. on Sy and strongly in L"(Sp) for each 1 <r<2.

N

Hence by Equation (4.41), we have

A/my Amg
T @: . Tl =G, Tl —0 weakly in L*(Sp).
AL IR n;t

That is,

I=J=0 a.e. on Sy.

(4.64)

(4.65)

(4.66)

(4.67)

Recall from Equation (4.38) that {A,/m;} is bounded in LV (Q7). Thus we may

assume

A/l —Ay/n weakly in L3V2 (Qp).

(4.68)
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Note from Lemma 4.1 that for each § >0 there holds

p—s
7'/\/@-i T <ert (T/ \/n>jpdx> " <ert 0.
Q Q
We can conclude that
_ 2A _
(g rFs =S ff ST 1 i )
+——= (/T +7)+ V(7 +7)
\/n»j (V7 v

2 2
A%A\/ﬁ+ %J+I+V\/ﬁ at least weakly in L'(Qr).

On the other hand, we can compute

661

(4.69)

(4.70)

— 2A\/n,; 1 _ _
FjV\/ﬁj:% - anQVﬁjZ—T,/ﬁjp 2vw/ﬁj+%v\/ﬁj+‘/jv\/ﬁj. (471)
j* j

In view of Lemma 4.2, Equations (4.41), and (4.52), we can pass to the limit in the first
and last terms on the right-hand side of the above equation. As for the remaining two

terms there, we estimate from Lemma 4.1 that

'/ T\/Tij—2v\/rTjdxdt‘ < (T/ \/@P—3|V\/7Tj’2dxdt) : (7/ \/n*jp—ldxdt> 2
Qrp Qr Qr

1
2

C(T ,/njp_ldxdt> —0,
Qr
1
V. /7;? 2
<c7'2</ |]2|da:dt> SCT%.

/ TV
Qr \/E

Thus we have

2
FiV.\ /i, — %Gvn% +VVVn weakly in L'(Qg).

In view of Equation (4.42), there holds

T on Sp.
na

Observe from Equations (4.70) and (4.72) that

(VA +1)VE; =V (/7 +1)F;] = F;V/a;

(4.72)

(4.73)

2 2 2
Vv (ZA\/ﬁJr 56J+I+V\/ﬁ> - %Gw% —VVn=H (4.74)

in the sense of distributions. To see that Ay/ne LY(0,T;W11(Q)), we estimate

dxdt

2

bt



662 A QUANTUM ENERGY-TRANSPORT MODEL

(/ Vi 3V\F|2dxdt) 7 <T/ fmu)’gs

2p+3

<cr?2-3 <c. (475)

Note that from Equation (4.57)

57’A\/7
MG

The right-hand side of the above equation is bounded in L%(O,T;L%(Q)). This
implies that

=7VF; —7VV,;+7%(p—2) \F V\F (4.76)

2
%JHeLzﬁfs (0,T;Whz23 (Q)). (4.77)

By Equation (4.74), we have
2
—VAf H-V ( J—l—[) —/nVV+ %GVn% e LY (Qr). (4.78)

On the set Sy, we have
2
= & (VA\/E W) Jr\/ﬁVV
6 Vn

This completes the proof. 1]
Now we can conclude the proof of Theorem 4.1. Observe that

(/7 +7)2VE,; = (/i +71)-(y/7; +T)VF; —~/nH weakly in L'(Qr),
(V/;+7)*VT;j=(/7;+7) (/A; +7)VT; = /nK weakly in L'(Qr).

Here we have used Equations (4.67) and (4.73). We can take j— oo in system (4.8)—
(4.14) to obtain the desired result.
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