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STABILITY ANALYSIS OF A CLASS OF GLOBALLY HYPERBOLIC
MOMENT SYSTEM∗

WEIFENG ZHAO† , WEN-AN YONG‡ , AND LI-SHI LUO§

Abstract. This work studies the stability of a class of the globally hyperbolic moment system
(GHMS) with the single relaxation-time collision model in the sense of hyperbolic relaxation systems.
We prove the equilibrium stability of the GHMS in both one- and multi-dimensional space. For a
five-moment system in one dimension, we prove its linear instability for some quiescent nonequilibrium
states and demonstrate numerically the nonlinear instability of the nonequilibrium states.
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1. Introduction

We are interested in the moment systems derived from the Boltzmann equation and
its model equations. The Boltzmann equation in phase space Γ := (x, ξ) and time t can
be written as

∂tf+ξ ·∇f =
1

ε
Q(f, f), (1.1)

where f :=f(x, ξ, t) is the mass density distribution function, x∈Rd and ξ∈Rd are
spatial position and particle velocity, respectively, d is the dimensions of space, Q(f, f)
denotes the bi-linear collision term, and ε is a parameter, i.e., the Knudsen number
Kn. There are several approaches to approximate the Boltzmann equation (1.1). One
is the Chapman–Enskog procedure to obtain the normal solutions of the Boltzmann
equation. For flows at equilibrium or near equilibrium, the proper closures are the
Euler equations or the Navier–Stokes–Fourier (NSF) equations, respectively. With the
Chapman–Enskog analysis, one can also derive Burnett or super-Burnett equations
[6, 7, 12], both of which suffer from instabilities and are ill-posed [2]. There has been
a continuous endeavor to construct well-posed generalized hydrodynamic models by
various regularizations [3, 4, 15, 5]. The Chapman–Enskog approach to construct gen-
eralized hydrodynamic equations beyond the NSF system proves to be difficult.

Another approach is the moment method for non-normal solutions of the Boltz-
mann equation. The Boltzmann equation (1.1) can be recast as a hierarchy of partial
differential equations for the velocity moments of the distribution function in space x
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610 INSTABILITY OF 1D GLOBALLY HYPERBOLIC MOMENT SYSTEM

and time t:

∂tM
(n)+∇ ·M(n+1)=

1

ε
〈ξnQ〉, n∈N0 :={0, 1, 2, . . .}, (1.2a)

M(n)(x, t) := 〈ξnf〉 :=
∫

Rd

ξnf(x, ξ, t)dξ, ξn :=ξξ · · ·ξ︸ ︷︷ ︸
n

, (1.2b)

〈ξnQ〉(x, t) :=
∫

Rd

ξnQdξ, (1.2c)

where M(n) denotes the nth order velocity moment of the distribution function f , and
〈ξnQ〉 denotes the production term, or the change of moment, due to the collision Q. In

addition to the termM(n+1), the production term 〈ξnQ〉may have to be expressed by an
infinite number of moments in general, depending on the nature of molecular interaction.
Thus the moment equation (1.2a) forms a hierarchy of an infinite number of equations
in general, and the moment closure problem remains as one of the most interesting
and challenging problem to be solved [35, 36, 37, 25, 32]. There are two essential
requirements for a proper moment closure. First, the system must be hyperbolic so
it is well-posed [24]. And second, as an approximation to the Boltzmann equation,
the system must preserve the dissipation characterized by the H-theorem. The latter
requirement is far more difficult to achieve than the former [25]; and an immediate
question is how to characterize the dissipation.

In Maxwell’s moment method [28, 29, 20, 34, 30, 43], which leads to the r−5 force
law for the celebrated model of Maxwell molecule, the production term 〈ξnQ〉 does not
lead to any moments of the order higher than M(n). Nevertheless, the moment M(n+1)

generated by the advection term ∇ ·(ξf) remains as a higher order moment to be closed.
In Grad’s moment method [16, 17, 20, 32], the distribution function is expanded in terms

of multi-dimensional Hermite polynomials H(n)(c̄) of the normalized peculiar velocity

c̄ := (ξ−u)/
√
θ [18], and the system of moments {〈H(n)(c̄)f〉|n=0, 1, 2, . . .} is indeed

not closed. In Grad’s approach to close the system, 〈H(m)f〉 is set to be zero for m>n

with n≥2, and the equations of ∂t〈H(m)f〉 with m>n are neglected. The system so
obtained is the so-called Grad’s nth order moment system.

Within the hierarchy of Grad’s closures beyond the NSF equations, the most cel-
ebrated one is the thirteen moment system [16, 17]. Unfortunately, Grad’s moment
closure system is not endowed with global hyperbolicity, as explicitly shown by Müller
and Ruggeri [30] for one dimensional cases and by Cai, Fan, and Li [10] for three dimen-
sional cases. It is particularly worth mentioning that Grad’s thirteen moment system
is not hyperbolic even in the vicinity of the equilibrium f =f (0), that is, the system is
ill-posed even when arbitrary close to the equilibrium. There has been a persistent effort
to impose hyperbolicity on Grad’s moment closures by various regularizations [25, 31],
but with rather limited success [22]. It is only very recently that Grad’s moment clo-
sures were systematically formulated as a globally hyperbolic moment system (GHMS)
[8, 9, 11, 13].

The aim of this work is to analyze the stability of the globally hyperbolic moment
system proposed by Cai, Fan, and Li [8, 11]. Specifically, we show that at the equilibrium
the GHMS satisfy the second structural stability condition proposed by Yong [41] for
hyperbolic relaxation systems. Further, we prove the linear instability and show the
nonlinear instability numerically for a five-moment system in one dimension (1D) at
certain nonequilibrium states. Our results show that, while the global hyperbolicity is
a necessary condition to ensure well-posedness of the moment closure system, it alone
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cannot guarantee the system to be physical; in fact, it is far from it.

The remainder of the paper is organized as follows. Section 2 briefly discusses
the Boltzmann equation with the single-relaxation-time collision model [1, 39] and the
hydrodynamic equations derived from it. Section 3 discusses Grad’s moment system
in one dimension (1D). Section 4 describes a class of the globally hyperbolic moment
system in 1D, and the stability of the GHMS in 1D is the subject of interest in this work.
Sections 5, 6 and 7 present the main results of this work. Section 5 proves the equilibrium
stability of the GHMS in general. Section 6 proves the existence of some nonequilibrium
states which are linearly unstable for a five-moment system in 1D, and Section 7 shows
numerically the nonlinear instability of the nonequilibrium states. Finally, Section 8
concludes the paper. The paper also includes three appendices. Appendix A succinctly
describes the second structural stability condition and the relaxation criterion proposed
by Yong [41, 42] for hyperbolic relaxation systems, which are the theoretical basis of our
stability analysis. Appendix B extends the proof of equilibrium stability of the GHMS
in 1D in Sec. 6 to the GHMS in multi-dimensional space. And Appendix C provides
a validation for the first-order upwind scheme which is used to carry out the nonlinear
stability analysis in Section 7.

2. The Boltzmann–BGKW equation

We will study the Boltzmann equation with the single-relaxation-time approxima-
tion for the collision term due to Bhatnagar, Gross, and Krook (BGK) [1] and Welander
[39]:

∂tf+ξ·∇f =−1

τ

[
f−f (0)

]
, (2.1)

where τ is the relaxation time, and f (0) is the local Maxwellian distribution function
defined as

f (0)(ρ,u, T ;x, t)=
ρ

(2πθ)d/2
exp

(
− c2

2θ

)
:=ρω(c̄), (2.2)

where ρ(x, t), u(x, t), and T (x, t) are local flow mass density, the macroscopic flow
velocity, and the temperature, respectively, θ=RT , R is the gas constant, c :=ξ−u is
the peculiar velocity, c̄ :=c/

√
θ, and c2 :=c ·c.

The macroscopic quantities ρ, u, and T are obtained through the lowest order
moments of f and f (0):

ρ=

∫
Rd

fdξ=

∫
Rd

f (0)dξ, (2.3a)

ρu=

∫
Rd

ξfdξ=

∫
Rd

ξf (0)dξ, (2.3b)

1

2
ρ
(
u2+dθ

)
=

1

2

∫
Rd

ξ2fdξ=
1

2

∫
Rd

ξ2f (0)dξ, (2.3c)

where u2 :=u ·u and ξ2 :=ξ ·ξ.
The first three moments of the Boltzmann equation yield the following equations
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for ρ, u, and T :

dρ

dt
+ρ∇ ·u=0, (2.4a)

ρ
du

dt
+∇p+∇ ·S=0, (2.4b)

d

2
ρ
dθ

dt
+∇ ·q+P :∇u=0, (2.4c)

where d/dt :=∂t+u ·∇, and the pressure tensor P, the deviatoric pressure p, the stress
tensor S and the heat flux q are given by:

P :=

∫
Rd

ccfdξ, (2.5a)

p :=ρθ=ρRT, (2.5b)

S :=P−pI, (2.5c)

q :=
1

2

∫
Rd

c2cfdξ, (2.5d)

where I is the d×d identity matrix.
A challenging closure problem in kinetic theory is how to approximate the pressure

tensor P and the heat flux q beyond the Navier–Stokes–Fourier closure. When f ≈f (0),
Equations (2.4) become the Euler equations, i.e., P=pI and q=0. When f ≈f (0)+f (1),
where f (1) is the first order deviation from the equilibrium in terms of the small Knudsen
number in Chapman–Enskog expansion, Equations (2.4) become the Navier–Stokes–
Fourier equations, i.e.,

P=pI−μ

[
(∇u)+(∇u)†− 2

d
(∇·u)I

]
, (2.6a)

q=−κ∇T, (2.6b)

where μ and κ are the coefficients of viscosity and heat diffusivity, respectively.
As mentioned in the introduction, higher order closures are far more challenging

and less successful. One of higher-order approximation of the moment closures is Grad’s
moment method [16, 17], which will be discussed briefly next.

3. Grad’s moment method
In Grad’s moment method [16, 17], the distribution function f(x, ξ, t) is expanded

in terms of multi-dimensional Hermite tensor polynomials [18]. In this work, we will
restrict ourselves to the one dimensional case, in which the distribution function is
expanded in terms of the Hermite polynomials as the following:

f(x, ξ, t)=
1√
2πθ

exp

(
− c̄2

2

) ∞∑
n=0

fnθ
−n/2H(n)(c̄) :=ω(c̄)

∞∑
n=0

fnθ
−n/2H(n)(c̄), (3.1)

where c̄ := (ξ−u)/
√
θ is the dimensionless peculiar velocity, H(n) is the nth-order Her-

mite polynomial which can be obtained by its generating function:

H(n)(x)=(−1)n exp

(
x2

2

)
dn

dxn
exp

(
−x2

2

)
, (3.2)
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and fn, n=0, 1, · · · , ∞, are the expansion coefficients which are state variables. In
particular, the first few fn’s are:

f0=ρ, f1=f2=0, f3=
1

3
q, (3.3)

where q is the heat flux.
For the Boltzmann–BGKW equation in 1D, the equations of fn are:

n=0 :
∂ρ

∂t
+

∂(ρu)

∂x
=0, (3.4a)

n=1 :
∂(ρu)

∂t
+

∂(ρθ+ρuu)

∂x
=0, (3.4b)

n=2 :
1

2

∂(ρθ)

∂t
+

1

2

∂(ρuθ)

∂x
+

∂(3f3)

∂x
+ρθ

∂u

∂x
=0, (3.4c)

n≥3 :
∂fn
∂t

+(n+1)
∂fn+1

∂x
+u

∂fn
∂x

+(n+1)fn
∂u

∂x
−fn−1

θ

ρ

∂ρ

∂x
+θ

∂fn−1

∂x

+
1

2
[(n−1)fn−1+θfn−3]

∂θ

∂x
− 3

ρ
fn−2

∂f3
∂x

=−1

τ
fn. (3.4d)

It is obvious that a truncated system of the first n moments is not closed because of
the terms of fn+1 in the above equation of fn. In Grad’s approach to close the system,
fn is set to be zero for n>m with m≥3, and the equations of ∂tfn with n>m are
truncated.

4. A class of the globally hyperbolic moment system in 1D
Grad’s moment system in 1D can be written in a concise vector form by using the

following vector notation to denote the state of moments up to nth order:

W := (ρ, u, θ, f3, . . . , fn)
†∈Rn+1, (4.1)

where † denotes the transpose, and n∈N0 and n≥3. For the collisionless Boltzmann
equation with the closure that fm=0, ∀m≥n+1, Grad’s moment system in 1D is

∂W

∂t
+A

∂W

∂x
=0, (4.2)

where A is the following (n+1)×(n+1) matrix:

A=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

u ρ 0 0 · · · · · · · · 0
θ/ρ u 1 0 · · · · · · · · 0
0 2θ u 6/ρ 0 · · · · · · · 0
0 4f3 ρθ/2 u 4 0 · · · · · · 0

−θf3/ρ 5f4 3f3/2 θ u 5 0 · · · 0 0 0
...

...
...

...
...
...
...
. . .

...
...
...

−θfn−2/ρ nfn−1 [(n−2)fn−2+θfn−4]/2 −3fn−3/ρ 0 0 0 · · · θ u n
−θfn−1/ρ (n+1)fn [(n−1)fn−1+θfn−3]/2 −3fn−2/ρ 0 0 0 · · · 0 θ u

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (4.3)

The characteristic polynomial associated with A is [8]:

|λI−A|=θ
n+1
2 H(n+1)(λ̄)− (n+1)!

2ρ

[
θ(λ̄2−1)fn−1+2

√
θλ̄fn

]
, (4.4)
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where λ̄ := (λ−u)/
√
θ. Clearly, it is not straightforward to solve the above eigenvalue

problem for large n, because of the terms including both fn−1 and fn. Therefore it is
not clear at all if the above system is hyperbolic.

To circumvent the difficulty of solving the eigenvalue problem (4.4) and to ensure
the hyperbolicity of the moment system, Cai, Fan, and Li [8] propose a modified system
in which the term including both fn−1 and fn is eliminated in the characteristic equation
(4.4), so the eigenvalue problem can be easily solved. This means that the matrix A in
system (4.2) is replaced by the following one:

Â=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

u ρ 0 0 · · · · · 0
θ/ρ u 1 0 · · · · · 0
0 2θ u 6/ρ 0 · · · · 0
0 4f3 ρθ/2 u 4 0 · · · 0

−θf3/ρ 5f4 3f3/2 θ u 5 0 · · 0
...

...
...

...
...
...
...
...
...
...

−θfn−2/ρ nfn−1 [(n−2)fn−2+θfn−4]/2 −3fn−3/ρ 0 · 0 θ u n
−θfn−1/ρ 0 [−2fn−1+θfn−3]/2 −3fn−2/ρ 0 · · 0 θ u

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (4.5)

that is, Â differs from A only in the second and third entries of the last row. Then the
characteristic polynomial associated with Â is [8]:

|λI− Â|=θ(n+1)/2H(n+1)(λ̄), (4.6)

of which the eigenvalues are

λi=
√
θλ̄i+u, (4.7)

where λ̄i, i=1, 2, . . . , (n+1), are the distinctive roots of the (n+1)st order Hermite

polynomial H(n+1). This ensures the hyperbolicity of the modified system with Â
(instead of A), and the modified system is the so-called globally hyperbolic moment
system [8].

The moment system with the modified coefficient matrix Â of (4.5) can be written
in the following concise form [11, 13]:

D
∂W

∂t
+MD

∂W

∂x
=

1

τ
BW, (4.8)

where B is the following diagonal matrix for the BGKW model:

B=diag(0, 0, 0,−1, . . . ,−1), (4.9)

M is a tridiagonal matrix with all diagonal entries equal to u, all subdiagonal entries
equal to θ, and the superdiagonal entries equal to 1, 2, 3, . . . , n:

M=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

u 1 0 · · · · · · · · · · · · 0
θ u 2 0 · · · · · · · · · 0
0 θ u 3 0 · · · · · · 0
0 0 θ u 4 · · · · · · 0
0 · · · 0

. . .
. . .

. . . · · · 0
0 · · · · · · 0 0 θ u n
0 · · · · · · · · · 0 0 θ u

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (4.10)
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and D is block-structured matrix in the following form:

D :=D(W)=

(
D11 0
D21 In−3

)
, (4.11)

with D11=diag(1,ρ,ρ/2,1), In−3 the (n−3)×(n−3) identity matrix, and

D21=

⎛
⎜⎜⎜⎜⎜⎝

0 f3 0 0
0 f4

1
2f3 0

0 f5
1
2f4 0

...
...

...
...

0 fn−1
1
2fn−2 0

⎞
⎟⎟⎟⎟⎟⎠ . (4.12)

Therefore, matrix Â can be decomposed as Â=D−1MD, which can is used in the
stability analysis of next Section.

5. Equilibrium stability of GHMS
The moment closure systems in kinetic theories are of the form of hyperbolic relax-

ation systems [41, 42], which are systems of first-order partial differential equations with
a small parameter ε in the denominator of the source term. Although hyperbolicity of
the system is required to ensure the existence of its solution, the stability of solution in
the limit of vanishingly small parameter is even more important [42]. To this end, the
second structural stability condition proposed by Yong [41] for hyperbolic relaxation
systems can be directly applied to analyze the moment system. The structural stability
condition has been shown to be satisfied by numerous well-known models in physics [45]
as well as various numerical schemes for conservation laws [42], indicating the univer-
sality of the stability condition [41, 42]. For example, the moment closure proposed by
Levermore [25] has been shown to satisfy the condition [42]. The precise statement of
the second structural stability condition is provided in Appendix A. In what follows,
we will prove that the globally hyperbolic moment system (4.8) satisfies the structural
stability condition.

We note that the matrix M can be symmetrized by the following diagonal matrix:

G=diag

(
1,

1

θ
,
2

θ2
, . . . ,

(i−1)!

θi−1
, . . . ,

n!

θn

)
, (5.1)

that is,

GM=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

u 1 0 0 0 · · · 0 0 0
1 u/θ 2/θ 0 0 · · · 0 0 0
0 2/θ 2u/θ2 6/θ2 0 · · · 0 0 0
0 0 6/θ2 6u/θ3 24/θ3 · · · 0 0 0
...

...
...

...
...

. . .
...

...
...

0 0 0 0 0 · · · (n−1)!/θn−2 (n−1)!u/θn−1 n!/θn−1

0 0 0 0 0 . . . 0 n!/θn−1 n!u/θn

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(5.2)

is a symmetric matrix. Define matrix P :=
√
2G and A0 :=D†GD, then we can proceed

to verify the second structural stability condition due to Yong [41, 42], which is also
given in Appendix A.

For the BGKW model, the linearized collision term in (4.8), τ−1D−1B= τ−1B, is
diagonal and is obviously stable. Thus the first requirement of the stability condition
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is easily met with S=−I3 in (A.4) (cf. (A.4) in Appendix A). The second requirement
of the stability condition of for the flux term is satisfied because

A0Â=D†GDD−1MD=D†GMD (5.3)

is indeed symmetric (cf. (A.5) in Appendix A).
To verify the third requirement in the stability condition, we note that, for any

equilibrium state W,

fi=0, ∀i≥3. (5.4)

Consequently D becomes a diagonal matrix:

D=diag(1, ρ, ρ/2, 1, 1, . . . , 1) , (5.5)

thus D, G, and B are diagonal, too, and for matrix P :=
√
2G, we have

A0D
−1B=D†GB=−diag

(
0, 0, 0,

6

θ3
, . . . ,

(i−1)!

θi−1
, . . . ,

n!

θn

)
=

1

2
P †diag(0, 0, 0,−1,−1, . . . ,−1)P,

(5.6)

which means the third requirement in the stability condition is satisfied (cf. (A.6) in
Appendix A).

Thus we prove that the globally hyperbolic moment system (4.8) satisfies the sec-
ond structural stability condition for hyperbolic relaxation systems. With the stability
condition satisfied, the solution of the moment system will go to the solution of the
corresponding equilibrium system, the Euler equations, as ε goes to 0. The above proof
for the system in 1D can be extended to its multi-dimensional counterparts and the
result is presented in Appendix B.

6. Linear instability of a 5-moment system at nonequilibrium states
In this section we will analyze the linear stability of the GHMS at an arbitrary state

W. Specifically, we will consider the following system with n=4 in 1D:

∂W

∂t
+ Â

∂W

∂x
=

1

τ
BW, (6.1)

were W=(ρ, u, θ, f3, f4)
†∈R5 and B=diag(0, 0, 0,−1,−1). For this system, we have

B=D−1B and Â=D−1MD with M and D given by

M=

⎛
⎜⎜⎜⎜⎝

u 1 0 0 0
θ u 2 0 0
0 θ u 3 0
0 0 θ u 4
0 0 0 θ u

⎞
⎟⎟⎟⎟⎠ , D=

⎛
⎜⎜⎜⎜⎝

1 0 0 0 0
0 ρ 0 0 0
0 0 ρ

2 0 0
0 0 0 1 0
0 f3 0 0 1

⎞
⎟⎟⎟⎟⎠ . (6.2)

We will identify some states at which system (6.1) is linearly unstable.
The linear stability of (6.1) is determined by the eigenvalues of the following matrix

derived from the linearized system (6.1) (cf. Appendix A and [42]):

H̃r(η, ζ)=ηDBD−1+ ıζM, H̃r :=DHrD
−1, (6.3)
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where ı :=
√−1, and η=1/τ and ζ are the relaxation rate and the wave-vector, respec-

tively. Note that the characteristic polynomials of H̃r and Hr are identical, and H̃r is
easier to be dealt with (cf. Appendix A and [42] for the definition of Hr), so we will use
H̃r instead of Hr in what follows. However, we will not solve the eigenvalue problem of
H̃r. Instead, we will find some special solution of the eigenvalue problem analytically
to demonstrate the linear instability of the system.

First, we choose η=1 and u=0 so H̃r(η, ζ) becomes

H̃r(η=1,ζ)=

⎛
⎜⎜⎜⎜⎝

0 ıζ 0 0 0
ıθζ 0 2ıζ 0 0
0 ıθζ 0 3ıζ 0
0 0 ıθζ −1 4ıζ
0 f3/ρ 0 ıθζ −1

⎞
⎟⎟⎟⎟⎠ , (6.4)

and the corresponding characteristic polynomial is:∣∣∣λI−H̃r(η=1, ζ)
∣∣∣=λ5+2λ4+(1+10a)λ3+9aλ2+(3a+15a2+ ıb)λ+3a2, (6.5)

where a :=θζ2 and b :=24f3ζ
3/ρ. The above equation for λ cannot be solved analytically

in general. To simplify the problem, we solve the equation of a and b, equivalently ζ
and f3, with a given complex-valued λ, such that 
(λ)>0.

Substitute λ=1+ ı into the characteristic equation (6.5), which becomes the fol-
lowing equation for a and b:(

18a2−17a−b−14
)
+ ı
(
15a2+41a+b−2

)
=0, (6.6)

the real and imaginary parts of the above equation are:{
18a2−17a−b−14=0,

15a2+41a+b−2=0,

which leads to the following equation for a alone:

33a2−24a−16=0.

Because a :=θζ2≥0, therefore, the admissible solutions for (a, b) are:

a=
4(
√
42−3)

33
, b=18a2−17a−14=

2(1029−662
√
42)

363
. (6.7)

In summary, with the parameter η=1/τ =1, the linearized system (6.1) of the
GHMS in 1D with n=4 is unstable with the initial quiescent state u=0, ρ>0, and
θ>0 at mode ζ and the third-order moment f3 given below:

ζ=

√
a

θ
, a=

4(
√
42−3)

33
, (6.8a)

f3=
(1029−662

√
42)ρ

4356ζ3
=

(749−29
√
42)
√
3+

√
42

1056
ρθ3/2≈1.635ρθ3/2. (6.8b)

In other words, we have found the state W=(ρ, u, θ, f3, f4)
† with which the linearized

GHMS (6.1) is linearly unstable at the wave-length 2π
√
θ/a (a is a constant given by

Equations (6.7)) — the growth rate of the unstable mode is 1. This unstable state is
nonequilibrium because the heat flux q=3f3 �=0.
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7. Nonlinear Instability — Numerical Results

We now investigate the nonlinear stability of the moment system with the BGKW
collision term given by Equation (6.1). Specifically, we numerically solve the following
system with spatial periodic boundary condition:

∂W

∂t
+ Â

∂W

∂x
=

1

τ
BW, x ∈ [0, 1), t>0, (7.1)

with the initial data W=(W0,W1, . . . ,W4)
† and

W0(x, 0)=ρ0, (7.2a)

W1(x, 0)=u0, (7.2b)

W2(x, 0)=θ0 [2+sin(2πx)] , (7.2c)

W3(x, 0)=
(749−29

√
42)(

√
42+3)1/2

1056
ρ0 [W2(x, 0)]

3/2
, (7.2d)

W4(x, 0)=1, (7.2e)

where ρ0=1, u0=0, and θ0>0 is an arbitrary constant which has no effect on the
stability analysis and can be scaled out. The above initial conditions are constructed
based on the unstable states given by Equations (6.8).

There are two choices of τ in system (7.1). One is τ =1, which is consistent with
choice η=1/τ =1 in our analysis. The other is τ =Kn/ρ for which our linear stability
analysis remains valid. With τ =Kn/ρ, system (7.1) can be written as

1

ρ

∂W

∂t
+

1

ρ
Â
∂W

∂x
=

1

Kn
BW. (7.3)

If the above system is linearized about ρ=1, the resulting system is identical to what is
analyzed previously. Also, with τ =Kn/ρ, we can set Kn=1 hence τ =1/ρ≈1, and the
linear stability analysis remains valid, so system (7.1) remains linearly unstable with
the initial conditions given by (7.2). Most importantly, τ can be scaled out by t→ t/τ
and x→x/τ in system (7.1), thus the choice of τ is inconsequential.

We use a validated first-order upwind scheme to solve the initial value problem of
system (7.1). The validation of the numerics is given in Appendix C. The solution of
system (7.1) always blows up with the initial conditions (7.2), regardless of the value of
θ0, the time step size Δt, or the choice of τ . The temperature θ(x, t) always becomes
negative some where at some finite time. Figure 7.1 shows the density ρ(x, t), the
velocity u(x, t), and the temperature θ(x, t), and nonequilibrium variables f3(x, t) and
f4(x, t) right before they blow up. The parameters used in the simulation are: τ =1,
θ0=20000, Δx=2.5×10−4, and Δt/Δx=10−4. Clearly, the density ρ(x, t) becomes
highly oscillatory at the location where the temperature θ(x, t) approaches to zero.

To understand the cause of the blow-up of the solution, a qualitative analysis of
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θ 02

Fig. 7.1. The numerical solution of (7.1) with the initial conditions (7.2) just before blow up.
Top row, from left to right: the density ρ(x), the velocity u(x), and the temperature θ(x)/θ0. Bottom
row, from left to right: the third-order moment f3(x)/f3(t=0) and the fourth-order moment f4(x)/θ2.
τ =1, θ0=20000, Δx=2.5×10−4, Δt/Δx=10−4.

system (7.1) would help. The system (7.1) in long-form is:

∂tρ+u∂xρ+ρ∂xu=0, (7.4a)

∂tu+
θ

ρ
∂xρ+u∂xu+∂xθ=0, (7.4b)

∂tθ+2θ∂xu+u∂xθ+
6

ρ
∂xf3=0, (7.4c)

∂tf3+4f3∂xu+
ρθ

2
∂xθ+u∂xf3+4∂xf4=−1

τ
f3, (7.4d)

∂tf4− θf3
ρ

∂xθ−f3∂xρ+θ∂xf3+u∂xf4=−1

τ
f4. (7.4e)

The first two equations above are the mass and momentum equations in the Euler
equations in 1D. However, the third equation has the terms θ∂xu+(6/ρ)∂xf3 in addition
to the energy equation in the Euler equations. With the quiescent initial state (7.2),
the temperature θ has a sinusoidal component. Initially, the gradient of θ, ∂xθ, derives
the velocity u, θ, f3, and f4, then the gradient of u, ∂xu, derives the density ρ, and
the gradient of f3, ∂xf3, derives θ and f4, so on and so forth. This is a nonlinearly
coupled system. Without sufficient dissipation, the system cannot be stable, and that
is what observed in the data shown in Fig. 7.1. In Fig. 7.1, θ is normalized by θ0, f3
by f3(0) :=f3(t=0) :=(2θ0)

3/2(749−29
√
42)(3+

√
42)/1056, and f4 by θ20. The data
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shown in Fig. 7.1 indicate that, just before the solution blows up,

|ρ|=O(1)< |u|=O(1)
|θ|=O(104)
|f3|=O(108)≈|f4|=O(108),

|∂xρ|=O(10−3)
|∂xu|=O(1)
|∂xθ|=O(104)
|∂xf3|=O(108)≈|∂xf4|=O(108).

Clearly, both f3 and f4, and especially f3, play the dominant role in the system. The
dissipation in the system, i.e., the terms of 1/τ in the equations of f3 and f4 is insufficient
to keep the system in check — the magnitudes of the oscillatory component in both θ
and f4 grow rapidly. Note that τ can be scaled out by t→ t/τ and x→x/τ . Therefore,
the solution will blow up independent of the value of τ .

To see how system (7.4) evolves, Fig. 7.2 shows the evolution of the system at x=x∗,
where, just before the blow-up, θ attains its minimum, i.e., θ�0 and

∂xθ|x=x∗ =0. (7.5)

Figure 7.2 shows that f3(x∗, t)/f3(0), and in turn, ∂tθ(x∗, t)/θ20, are slow varying in
time, and both are negative; and both θ(x∗, t) and f4(x∗, t) decrease monotonically in
time. The temperature θ at x=x∗ appears to decay linearly in time, i.e.,

θ(x∗, t)
θ0

≈1− t

t∞
, 0<t<t∞, (7.6)

where t∞ is the critical time when the temperature θ reaches zero, before it becomes
negative and the system blows up. We have also observed that the system with the

initial conditions (7.2) so long as W3(x, 0)≥0.1ρ0 [W2(x, 0)]
3/2

.
To ensure that the numerical solutions are not affected by the time step size Δt,

we conduct a convergence study of Δt. The spatial grid size is fixed at Δx=2.5×10−4.
For a given value of θ0, we vary the ratio Δt/Δx and to compute the critical time t∞
when the solution blows up. Table 7.1 summarizes the results of the critical time t∞
depending on both θ0 and Δt/Δx.

Table 7.1. The dependence of the critical time t∞ when the solution blows up on Δt/Δx and
θ0. τ =1 (or τ =Kn/ρ) and Δx=2.5×10−4. The symbols “—” and “×” indicate, respectively, that
either the computation is not carried for it takes too long and it cannot be done because of numerical
instability due to the fact that Δt is not small enough. The asymptotic values of the critical time, t∞,
in the last row are obtained by the least-square fitting of the cubic polynomial given by (7.7).

Δt/Δx θ0=0.02 θ0=0.2 θ0=20 θ0=200 θ0=20000
1 ·10−2 0.649475 0.20085000 0.01995000 0.006325000 ×
5 ·10−3 0.649475 0.20083750 0.01992500 0.006312500 ×
1 ·10−3 0.649470 0.20082750 0.01990500 0.006295000 0.000632500
5 ·10−4 0.649470 0.20082625 0.01990250 0.006291250 0.000630000
1 ·10−4 0.649469 0.20082475 0.01990100 0.006289250 0.000629000
1 ·10−5 — — 0.01990005 0.006288875 0.000628775
1 ·10−6 — — — 0.006288835 0.000628710
t∞ 0.6494688 0.2008245 0.0199002 0.0062888 0.0006287

The results in Table 7.1 show that the critical time t∞ depends very weakly on
the value of time step size Δt, indicating that the values of Δt we use are sufficiently
small. The results also show that the dependence of t∞ on θ0. By using the least-square
method, we fit with the critical time in Table 7.1 with the following cubic polynomial:

t(Δt)= t∞+c1Δt+c2Δt2+c3Δt3, (7.7)
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Fig. 7.2. The numerical solution of (7.1) with the initial conditions (7.2) at x=x∗ where
∂xθ(x∗)=0 and θ is very small before the solution blow up. Top row, from left to right: the ve-
locity u(x∗, t), and the temperature θ(x∗, t)/θ0, and ∂θ(x∗, t)/θ2. Bottom row, from left to right: the
third-order moment f3(x∗, t)/f3(0), f3(0) and the fourth-order moment f4(x∗, t)/θ2. The time t is

rescaled to t
√
θ.

where t∞ is the asymptotic value of the critical time in the limit Δt→0. It should
be noted that, due to the low fluctuation in the density ρ, as seen in Fig. 7.1, the
critical times obtained with τ =1 and τ =Kn/ρ are nearly identical to that obtained
with Kn=1. With θ0=0.2, 20, 200, and 20 000, we observe that the critical time t∞
scales with θ0 as the following:

t∞∝θ
−1/2
0 , (7.8)

which can be easily derived from the linear dispersion relationship ηt= ζλ, where η,
ζ, and λ are the frequency, wave-number, and wave-length, respectively, and the fact
that a :=θζ2>0 is an arbitrary constant. The scaling (7.8) is a consequence of the

fact that system (3.4) can be normalized by θ
(n+1)/2
0 so t→ t

√
θ0, so θ0 is scaled out

of the system. The scaling of t∞ indicates that the system is unstable so long as
θ0>0, i.e., with any finite initial temperature θ0>0, the system always blows up in a

finite time t∞∝θ
−1/2
0 <∞. Therefore our numerical results indicate that the nonlinear

system (7.1) is unstable with the initial conditions (6.8).

8. Conclusions and Discussion
In this work, we study the stability of a class of the globally hyperbolic moment

system [8, 9] in the sense of hyperbolic relaxation systems [41, 42]. First, we prove
that the GHMS derived from the Boltzmann equation with the single-relaxation-time
collision model is stable at equilibrium [41] in both 1D and multi-dimensions. The
equilibrium stability ensures that, in the limit of relaxation time, the GHMS goes to its
proper limit — the Euler equations.
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Second, we prove the linear instability of a five-moment system at some nonequi-
librium states, and show numerically the nonlinear instability of the system. While the
global hyperbolicity is an important feature for a moment system to retain, it alone is
insufficient for the system to be physical, for without stability, the system cannot be
physical. We may speculate the cause of the instability in the five-moment system. The
first two equations in system (7.4) are the mass and momentum equations in the Euler
equations in 1D, which are attained only when the system at the equilibrium, i.e., with
no heat flux. The initial state includes a non-zero heat flux, which provides a deriving
source in the system. We note the fact that the relaxation time τ can be scaled out.
We observe numerically that the system is unstable so long as the magnitude of the
oscillatory component in the initial heat flux is larger than some critical value. This
observation indicates that the system does not have a proper conservation-dissipation
mechanism to ensure its stability.

Third, the moment system is derived from the Boltzmann equation, of which the
H-theorem is an essential characteristics — the H-theorem ensures the solution of the
Boltzmann equation always approaches to the equilibrium. It is, therefore, appropriate
to ask the question if and to what extend the H-theorem of the Boltzmann equation
is retained in a truncated moment system. When the moment system is cast as a
hyperbolic relaxation system, the stability theory developed for hyperbolic relaxation
systems [41, 42] can be directly applied to analyze the moment system. It should also be
emphasized that the stability theory for hyperbolic relaxation systems [41, 42] has been
verified for numerous well-known systems of PDEs in physics [41, 42], and it can also
be used to check numerical schemes for conservation laws. The present work further
demonstrates the universality and the significance of the stability theory for hyperbolic
relaxation systems [41, 42].

Finally, we would like to point out the connection between the second structural
stability condition [41, 42] and the H-theorem: to the moment closure systems, the
stability condition characterizes the same dissipative or irreversible effect as the H-
theorem to the Boltzmann equation. The conservation-dissipation criteria for hyperbolic
relaxation systems due to Yong [44, 45] and the H-theorem have the same mathematical
formalism, i.e., the entropy inequality. In fact, the conservation-dissipation criteria can
be viewed as the counterpart of the H-theorem in hyperbolic relaxation systems. The
criteria are stronger than the structural stability condition [44, 45], and they have led
to a nonlinear extension of extended irreversible thermodynamics [47, 33]. We are
convinced that a physical moment closure should pass the test of the conservation-
dissipation criteria, as observed in this and other previous studies [45, 40, 46, 19, 26].

While we have demonstrated the non-equilibrium instabilities in a specific GHMS
in this work, we have yet to show how to overcome the instabilities observed in this
work, which shall be the subject of our future work. In addition, we are also interested
in the stability analysis of other moment systems [8, 9, 23, 11, 13].

Appendix A. Stability criteria for hyperbolic relaxation systems.

The moment system (4.2) is a special case of the hyperbolic relaxation system
[41, 42], which is a system of first-order partial differential equations (PDEs) with a
small parameter ε>0 defined as the following:

∂tW+∇ ·F†=
1

ε
Q, (A.1)
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or more generally,

∂tW+

d∑
α=1

Rα
∂W

∂xα
=

1

ε
Q, (A.2)

where W is an unknown n-vector valued function of (x, t) :=(x1, x2, . . . , xd, t)∈Rd×R+;
F := (F1,F2, . . . ,Fd)∈Rn×d and Fj :=Fj(W) is an n-vector; Rα :=Rα(W)∈Rn×n is a
second-order tensor whose components are smooth functions of W∈G, and G is the
state space which is an open subset in Rn; and Q :=Q(W) is an n-vector associated
with the equilibrium manifold E defined as the following:

E :={W∈G|Q(W)=0} �=∅. (A.3)

The sufficient stability condition for the nonlinear system (A.2) consists of the
following three parts [41]:

1. There exist an invertible n×n matrix P :=P (W) and a stable r×r, 0<r≤n,
matrix S(W) defined on the equilibrium manifold E, such that

P [∇wQ]=

(
0 0
0 S

)
P, ∀W∈E. (A.4)

Note that P :=P (W) is not the pressure tensor defined in equation (2.5b).
2. As a system of first-order PDEs, (A.2) is symmetrizable, that is, there exists a

positive definite Hermitian matrix A0(W)∈Rn×n such that

A0Rα=R†
αA0, ∀W∈G and Rα∈Rn×n, α=1, . . . , d; (A.5)

3. The hyperbolic part and the source term are coupled in the sense that

A0[∇wQ]+[∇wQ]†A0≤−P †
(
0 0
0 Ir

)
P, ∀W∈E. (A.6)

the system (A.2) is stable at the equilibrium if (A.4), (A.5), and (A.6) are satisfied
simultaneously. Variants of the above stability condition can be found in [41, 42]. The
condition consisting of (A.4), (A.5), and (A.6) is the so-called the second structural
stability condition due to Yong [41, 42].

The first requirement (A.4) for the collision or source term is the essential condition
of the Tikhonov theorem (cf., e.g., [38]) for the system of ordinary differential equations
(i.e., (A.1) or (A.2) without the spatial derivatives) to have a well-behaved limit ε→0+.
The second requirement (A.5) states that the system of first-order partial differential
equations is symmetrizable hyperbolic in the sense of Friedrichs [27]. And the third
requirement (A.6) specifies a proper coupling of the ODE and hyperbolic parts.

The linearized counterpart of the full nonlinear system (A.2) is:

∂tW+
d∑

α=1

Rα
∂W

∂xα
=

1

ε
BW, (A.7)

where Rα∈Rn×n and B∈Rn×n are constant second-order tensors. Fourier transform in
space of Equation (A.7) with constant Rα leads to:

∂tW̃=Hr(η, ζ)W̃, (A.8)
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where W̃ is the Fourier transform of W,

Hr(η, ζ)=ηB+ ı

d∑
α=1

ζαRα, (A.9)

η=1/ε∈R+ is the frequency, and (ζ1, . . . , ζd) :=ζ ∈Rd is the wave-vector. Clearly, a
necessary stability condition [42] for the linearized system (A.7) is that Hr(η, ζ) has no
eigenvalues with positive real part for any η≥0 and ζ ∈Rd, that is, for any eigenvalue
λi of Hr(η, ζ), the stability requires that:


(λi)≤0, 1≤ i≤n, ∀ζ ∈Rd, η≥0. (A.10)

The above condition (A.10) is a direct corollary of the so-called relaxation criterion due
to Yong [42].

Appendix B. The equilibrium stability of the multi-dimensional GHMS.

In this section we prove the equilibrium stability of the multi-dimensional GHMS
derived from the Boltzmann–BGKW equation (??).

B.1. Derivation of the hierarchy of moment equations

Suppose x=(x1, . . . , xd)∈Rd and t are fixed, the distribution function f is expended
with the basis functions of multi-dimensional Hermite tensor polynomials Hn(c̄) [18]:

f(ξ)=
∑
n∈Nd

0

fnHn(c̄) := 〈H, f〉∞ , (B.1)

where 〈·, ·〉∞ denotes the inner product of two vectors in infinite dimensional space,
and c̄ := (ξ−u)/

√
θ, n := (n1, · · · ,nd) is the d-dimensional index. To make the ordering

of coefficients fn unique, we follow the convention given by Fan et al. [13], i.e., fn is
ordered in the ascending order n first, n := |n| :=∑αnα, and second, in the ordering of
n1�n2�···�nd:

f =(f0,

fn̂1
, fn̂2

, . . . ,fn̂d
,

f2n̂1
, fn̂1+n̂2

, fn̂1+n̂3
, . . . , fn̂1+n̂d

, f2n̂2
, fn̂2+n̂3

, . . . , fn̂2+n̂d
, . . . , f2n̂d

,

f3n̂1
, f2n̂1+n̂2

, f2n̂1+n̂3
, . . . , f2n̂1+n̂d

, fn̂1+2n̂2
, fn̂1+n̂2+n̂3

, . . . , f3n̂d
,

f4n̂1
, . . .),

(B.2)

where n̂α is the unit vector in the αth direction. The vector H := (Hn(c̄))n∈Nd
0
consists

of functions Hn, which are the multi-dimensional Hermite tensor polynomials [18]:

Hn(c̄)=(2πθ)−d/2
d∏

α=1

θ−
nα
2 H(nα)(c̄α)exp

(
− c̄2α

2

)
, (B.3)

where H(nα)(c̄α) is the Hermite tensor polynomial defined by Equation (3.1) and Hn is
zero if any component of n, nα, is negative.
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The following properties of the Hermite polynomials Hn will be used later:

〈Hn,Hm〉= n!

θn
δn,m, (B.4)

∂Hn(c̄)

∂s
=

d∑
α=1

∂uα

∂s
Hn+n̂α

(c̄)+
1

2

∂θ

∂s

d∑
α=1

Hn+2n̂α
(c̄), (B.5)

ξβHn(c̄)=θHn+n̂β
(c̄)+uβHn(c̄)+nβHn−n̂β

(c̄), (B.6)

where s= t or xα, α=1, 2, . . . , d, and the inner product here, 〈·, ·〉, is defined as the
following:

〈f, g〉 :=
∫

Rd

1

ω(c̄)
f(c̄)g(c̄)dc̄, ω(c̄) :=

1

(2πθ)d/2
exp

(
− c̄2

2

)
. (B.7)

The properties of Hn and the definition of macroscopic quantities immediately yield
the following:

f0=ρ, fn̂α
=0,

∑d
β=1f2n̂β

=0, α=1, · · · , d, (B.8)

and the stress tensor σσσ and heat flux q are given in the following simple form:

σαβ =fn̂α+n̂β
, σαα=2f2n̂α

, α, β=1, · · · , d, α �=β, (B.9a)

qα=2f3n̂α
+

d∑
β=1

f2n̂β+n̂α
, α=1, · · · , d. (B.9b)

With the expansion (B.1) for the distribution f , the derivative of f can be written
as

∂f

∂s
=
∑
n∈Nd

0

[
∂fn
∂s

+

d∑
α=1

∂uα

∂s
fn−n̂α

+
1

2

∂θ

∂s

d∑
α=1

fn−2n̂α

]
Hn, (B.10)

where s= t or xα, α=1, 2, . . . , d, which can be concisely written as the following:

∂f

∂s
=

〈
H,D

∂W

∂s

〉
∞
, (B.11)

where W is the same as f except that fn̂α
is replaced by uα and f2n̂1

by θ/2, i.e.,

W=(f0,

u1, u2, . . . , ud,

θ/2, fn̂1+n̂2
, fn̂1+n̂3

, . . . , fn̂1+n̂α
, f2n̂2

, fn̂2+n̂3
, . . . , fn̂2+n̂α

, . . . , f2n̂d
,

f3n̂1
, f2n̂1+n̂2

, f2n̂1+n̂3
, . . . , f2n̂1+n̂α

, fn̂1+2n̂2
, fn̂1+n̂2+n̂3

, . . . , f3n̂d
,

f4n̂1
, . . .),

(B.12)

where the matrix D∈R∞×∞ is determined by Equation (B.10) with its non-zero entries
given below:

Dii=1, Dij =fn−n̂α
, i=K(n), j=K(n̂α), |n|>1, n �=2n̂1, (B.13a)

Dij =
∑d

α=1fn−2n̂α
, i=K(n), j=K(2n̂1), |n|>1, n �=2n̂1, (B.13b)

Dii=ρ, i=K(n̂α) or K(2n̂1), (B.13c)

Dij =−1, i=K(2n̂1) �= j=K(2n̂β), (B.13d)
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where K(n)∈N0 is the index of fn in f defined in Equation (B.2). The above results
are obtained through the following calculations.

First, Equation (B.13b) is directly obtained from Equation (B.10). Then we set
n= n̂α to calculate

∂fn̂α

∂s
+

d∑
β=1

∂uβ

∂s
fn̂α−n̂β

+
1

2

∂θ

∂s

d∑
β=1

fn̂α−2n̂β
=f0

∂uα

∂s
=ρ

∂uα

∂s
, (B.14)

which means the only nonzero entry in the row i=K(n̂α) of D is Dii=ρ. We further
set n=2n̂1 and use Equation (B.8) to obtain

∂f2n̂1

∂s
+

d∑
α=1

∂uα

∂s
f2n̂1−n̂α

+
1

2

∂θ

∂s

d∑
α=1

f2n̂1−2n̂α
=

1

2

∂θ

∂s
ρ−

d∑
α=2

∂f2n̂α

∂s
.

Next we compute the convection term as

ξβ
∂f

∂s
=
∑
n∈Nd

0

[
∂fn
∂s

+
d∑

α=1

∂uα

∂s
fn−n̂α

+
1

2

∂θ

∂s

d∑
α=1

fn−2n̂α

]
ξβHn

=
∑
n∈Nd

0

[
∂fn
∂s

+
d∑

α=1

∂uα

∂s
fn−n̂α

+
1

2

∂θ

∂s

d∑
α=1

fn−2n̂α

]

·(θHn+n̂β
+uβHn+nβHn−n̂β

)
=
∑
n∈Nd

0

[
∂fn
∂s

+
d∑

α=1

∂uα

∂s
fn−n̂α

+
1

2

∂θ

∂s

d∑
α=1

fn−2n̂α

]
θHn+n̂β

︸ ︷︷ ︸〈
NθH,D

∂W

∂s

〉
∞

+
∑
n∈Nd

0

[
∂fn
∂s

+

d∑
α=1

∂uα

∂s
fn−n̂α

+
1

2

∂θ

∂s

d∑
α=1

fn−2n̂α

]
uβHn

︸ ︷︷ ︸〈
Nuβ

H,D
∂W

∂s

〉
∞

+
∑
n∈Nd

0

[
∂fn
∂s

+
d∑

α=1

∂uα

∂s
fn−n̂α

+
1

2

∂θ

∂s

d∑
α=1

fn−2n̂α

]
nβHn−n̂β

︸ ︷︷ ︸〈
Nnβ

H,D
∂W

∂s

〉
∞

,

(B.15)

where Nθ, Nuβ
, Nnβ

∈R∞×∞, and their nonzero entries are

Nθij =θ, Nuβ ii=uβ , Nnβ ik=nβ , i=K(n), j=K(n+ n̂β), k=K(n− n̂β). (B.16)

Thus ξβ∂f/∂s in Equation (B.15) can be expressed as

ξβ
∂f

∂s
=

〈
H,MβD

∂W

∂s

〉
∞
, Mβ :=N†

θ+N†
uβ

+N†
nβ

, (B.17)
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where the nonzero entries of Mβ are

Mβij =

⎧⎨
⎩

θ, i=K(n+ n̂β), j=K(n),
uβ , i= j=K(n),
nβ , i=K(n− n̂β), j=K(n).

(B.18)

It can be seen that Mβ is a tridiagonal-like matrix with positive off-diagonal entries.
Similarly, the collision term can be written as the following:

− 1

τ

[
f−f (0)

]
=−1

τ

∑
|n|≥2

fnHn(c̄)=
1

τ
〈H,BW〉∞ , (B.19)

where f (0)=f0H0(c̄), and the non-zero elements of the matrix B∈R∞×∞ are:

Bij =

{
1, i=K(2n̂1) �= j=K(2n̂β),

−1, i=K(n)= j, |n|>1, n �=2n̂1.
(B.20)

Thus, with Equations (B.11), (B.17) and (B.19), the Boltzmann–BGKW equation can
be written as 〈

H,D
∂W

∂t

〉
∞
+

d∑
β=1

〈
H,MβD

∂W

∂xβ

〉
∞
=

1

τ
〈H,BW〉∞ . (B.21)

With the orthogonality of the Hermite tensor polynomials in H, the above equation
becomes the following infinite hierarchy of moment equations:

D
∂W

∂t
+

d∑
β=1

MβD
∂W

∂xβ
=

1

τ
BW, (B.22)

where D, Mβ and B are defined in Equation (B.13), (B.18) and (B.20), respectively.

B.2. The multi-dimensional GHMS
To derive the multi-dimensional GHMS from the Boltzmann–BGKW equation (??)

[13], we first introduce a projection operator P that truncates the expansion of g to a
finite order M , i.e.,

Pg=gM , g=
∑
n∈Nd

0

gnHn(c̄), gM :=
∑

|n|≤M

gnHn(c̄). (B.23)

The representation of P, T∈RN×∞, is given by T := (IN , 0), IN is the Nth order identity
matrix, and N denotes the number of entries in gM , thus

Tg=gM , g := (g0, . . . , gn, . . .)
†
n∈Nd

0
, gM := (g0, . . . , gn)

†
|n|≤M . (B.24)

The procedure to derive the GHMS consists of the following steps:
Step 1. Expand the distribution function f in terms of {Hn(c̄)} with the ordering of

{fn} specified by Equation (B.2);
Step 2. Construct the unknown W in the form of Equation (B.12);
Step 3. Truncate the expansion of f with a given order M ≥2:

Pf =
∑

|n|≤M

fnHn(c̄)= 〈TH,Tf〉N . (B.25)
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Step 4. Carry out spatial and temporal derivatives:

∂(Pf)

∂s
=

〈
H,DT† ∂TW

∂s

〉
∞
, s= t, xα. (B.26)

Step 5. Truncate spatial and temporal derivatives of f :

P ∂(Pf)

∂xβ
=

〈
TH,TDT† ∂TW

∂xβ

〉
N

. (B.27)

Step 6. Multiplication with velocity:

ξβP ∂(Pf)

∂xβ
=

〈
H,MβT

†TDT† ∂TW
∂xβ

〉
∞
. (B.28)

Step 7. Expand the collision term:

Q(Pf)=
1

τ

〈
H,BT†TW

〉
∞
, Q(f) :=−1

τ

[
f−f (0)

]
. (B.29)

Step 8. Truncate Equation (B.26), (B.28) and (B.29), and match the coefficients of
the basis functions to obtain the following regularized moment system:

TDT† ∂TW
∂t

+

d∑
β=1

TMβT
†TDT† ∂TW

∂xβ
=

1

τ
TBT†TW. (B.30)

Since T=(IN , 0) is a cut-off, hence TDT† is the Nth order principal minor determi-
nant of D. For the sake of conciseness, in what follows we will replace TDT†, TMβT

†,
TBT†, and TW by D, Mβ , B, and W, respectively, so the regularized moment sys-
tem (B.30) can be concisely written as the following:

D
∂W

∂t
+

d∑
β=1

MβD
∂W

∂xβ
=

1

τ
BW, (B.31)

where the elements of D, Mβ and B are defined in Equation (B.13), (B.18), and (B.20),
respectively. The above equation will be used in the stability analyses in the next
section.

B.3. Stability of the multi-dimensional GHMS
To prove the stability of the GHMS (B.31), we first show that D is invertible.

Introduce an upper triangular matrix V with the following nonzero elements:

Vij =1, i=K(n)= j, or i=K(2n̂1) �= j=K(2n̂β), (B.32)

Since the diagonal entries are positive, V is invertible. It is easy to see that VD differs
from D with only

VDii=dρ, VDij =0, i=K(2n̂1) �= j=K(2n̂β), (B.33)

and all the rest entries are equal to those of D. This means VD is a lower triangular
matrix with all diagonal entries positive. Thus D is an invertible matrix.
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B.3.1. Verification of the first condition satisfied by the collision term
When W is in the equilibrium space, we have

fn=0, |n|≥1. (B.34)

Therefore we can show that D−1B is the following diagonal matrix:

D−1B=diag(0, 0, . . . , 0︸ ︷︷ ︸
d+2

,−1,−1, . . . ,−1). (B.35)

From Equation (B.34), we have the elements of D at the equilibria as the following:

Dii=1, i=K(n), |n|>1, n �=2n̂1, (B.36a)

Dij =ρ, i=K(n̂α)= j; i=K(2n̂α), j=K(2n̂1), (B.36b)

Dij =−1, i=K(2n̂1) �= j=K(2n̂β), (B.36c)

from which we can obtain the nonzero elements of D−1:

D−1
ii =1, i=K(n), |n| �=1, n �=2n̂α, (B.37a)

D−1
ii =

1

ρ
, i=K(n̂α), (B.37b)

D−1
ij =

1

dρ
, i=K(2n̂1), j=K(2n̂α), (B.37c)

D−1
ij =−1

d
+δαβ , i=K(2n̂β), j=K(2n̂α), β �=1. (B.37d)

With D−1 known, it is straightforward to verify Equation (B.35). Thus the first
condition is satisfied with any diagonal matrix P which is positive definite; and P will
be given later in Section B.3.3.

B.3.2. Verification of the second condition satisfied by the convective
term

We introduce an M×M diagonal matrix U with the following diagonal elements:

Uii=

√
θn

n!
, i=K(n), |n|≤M. (B.38)

We can prove the following two propositions:
1. The following matrices are symmetric:

M̃α :=U−1MαU, α=1, 2, . . . , d. (B.39)

2. The GHMS (B.31) can be recast as a symmetric hyperbolic system:

D̃
†
D̃
∂W

∂t
+

d∑
α=1

D̃
†
M̃αD̃

∂W

∂s
=

1

τ
D̃

†
U−1BW, D̃ :=U−1D. (B.40)

The proof of Equations (B.39) and (B.40) is given as the following. Define Gβ :=
U−1Mβ and we have:

Gβij =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

θ

√
n!

θn
nβ+1

θ
, i=K(n+ n̂β), j=K(n),

uβ

√
n!

θn
, i= j=K(n),

nβ

√
n!

θn
θ

nβ
, i=K(n− n̂β), j=K(n).

(B.41)
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We can then compute M̃β :=GβU:

M̃βij =

⎧⎪⎨
⎪⎩
√

(nβ+1)θ, i=K(n+ n̂β), j=K(n),

uβ , i= j=K(n),√
nβθ, i=K(n− n̂β), j=K(n),

(B.42)

which means

M̃βij =
√

(nβ+1)θ=M̃βji, i=K(n+ n̂β), j=K(n). (B.43)

Thus M̃β , β=1, 2, . . . , d, is symmetric. Multiplying Equation (B.31) with D̃
†
U−1 from

the left, D̃ :=U−1D, we immediately obtain the symmetric hyperbolic equation (B.40).

Thus the second condition is satisfied by choosing the symmetric matrix A0= D̃
†
D̃.

B.3.3. Verification of the third condition
With A0= D̃

†
D̃ and the collision term D−1B, we directly compute L=A0D

−1B at
the equilibria. First we compute

L=A0D
−1B= D̃

†
D̃D−1B=D†U−†U−1B, U−† := (U†)−1. (B.44)

Note that U is a diagonal matrix, thus for |n|≤M we have

U−†U−1=U−2=diag

(
1

U2
1

,
1

U2
2

, . . . ,
1

U2
N

)
, Ui=Uii=

√
θn

n!
, i=K(n). (B.45)

Then the nonzero elements of C :=U−†U−1B are

Cij =

⎧⎪⎨
⎪⎩

2

θ2
, i=K(2n̂1) �= j=K(2n̂β),

−n!

θn
, |n|>1, n �=2n̂1.

(B.46)

With C given, the nonzero elements of L :=A0D
−1B=D†C can be easily computed:

Lii=

⎧⎪⎨
⎪⎩

− 4

θ2
, i=K(2n̂α), α �=1,

−n!

θn
, i=K(n), |n|≥2, n �=2n̂α, ∀α.

(B.47)

With the following P :

P =
√−2L+diag(1, 1, . . . , 1︸ ︷︷ ︸

d+2

, 0, 0, . . . , 0), (B.48)

the third condition is satisfied. Thus we proved that the multi-dimensional globally
hyperbolic moment system (B.31) admits the stability conditions in Appendix A.

Appendix C. An upwind scheme.
The following first-order upwind scheme is used to solve system (7.1):

Wn+1
j −Wn

j

Δt
+ Â

n+

j

Wn
j −Wn

j−1

Δx
+ Â

n−
j

Wn
j+1−Wn

j

Δx
=

1

τ
BWn+1

j , (C.1)
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where Wn
j :=W(xj , tn), and Â

n+

j and Â
n−
j include only the non-negative and non-

positive eigenvalues of Â
n

j , respectively; specifically, they are obtained as follows:

Â=UΛΛΛU∗, ΛΛΛ± :=
1

2
(ΛΛΛ±|ΛΛΛ|) , Â

±
:=UΛΛΛ±U∗, (C.2)

where U is the unitary matrix which diagonalizes Â and U∗ is the complex conjugate
of U, ΛΛΛ is eigen-matrix of Â, i.e., the elements of ΛΛΛ are the eigenvalues of Â, {λβ}, and
|ΛΛΛ| denotes the diagonal matrix with the elements {|λβ |}. In the above equations, both
the subscript “j” and the superscript “n” are omitted.

The source term in system (7.1), τ−1BW, can be stiff due to small τ , thus it should
be treated implicitly in order to allow Δt� τ . Because B is a constant diagonal matrix,
thus the scheme (C.1) can indeed be implemented explicitly. In addition, the upwind
scheme of (C.1) can be shown to be asymptotically preserving [21, 14].

The upwind scheme is validated with the following shock tube problem:

∂W

∂t
+ Â

∂W

∂x
=

1

τ
BW, W∈R5, x ∈R, t ∈R+, (C.3)

where W := (ρ, u, θ, f3, f4)
†, with the initial data given below:

W(x, 0)=

{
(7, 0, 1, 0, 0)†, x<0,

(1, 0, 1, 0, 0)†, x>0.
(C.4)

The relaxation time is chosen to be τ =Kn/ρ in this case [8]. With a fixed spatial
grid size Δx=10−3 and a time step size Δt=2 ·10−4, the results for cases of Kn=0.05
and 0.5 are compared with the results obtained with the discontinuous Galerkin finite
element method (DG-FEM) [8]. As shown in Fig. C.1, our results agree very well with
the existing ones [8]. This test validates the upwind scheme (C.1).

x

ρ

-1 0 10

5

DG-FEM
Upwind

K

x

ρ

-1 0 10

5

DG-FEM
Upwind

Fig. C.1. The density profile ρ(x, t) for the shock tube problem given by (C.3) and (C.4) at time
t=0.3. Left: Kn=0.05, right: Kn=0.5. The results obtained with the upwind scheme (C.1) and
DG-FEM [8] are denoted by solid lines and symbols (◦), respectively.
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