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THE QUASINEUTRAL LIMIT OF THE VLASOV-POISSON
EQUATION IN WASSERSTEIN METRIC*
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Abstract. In this work, we study the quasineutral limit of the one-dimensional Vlasov—Poisson
equation for ions with massless thermalized electrons. We prove new weak-strong stability estimates
in the Wasserstein metric that allow us to extend and improve previously known convergence results.
In particular, we show that given a possibly unstable analytic initial profile, the formal limit holds for
sequences of measure initial data converging sufficiently fast in the Wasserstein metric to this profile.
This is achieved without assuming uniform analytic regularity.
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1. Introduction

In this paper we study a Vlasov—Poisson system, which is a model describing the
dynamics of ions in a plasma, in the presence of massless thermalized electrons. We shall
focus on the one-dimensional case and consider that the equations are set on the phase
space T xR (we will sometimes identify T to [—1/2,1/2) with periodic boundary condi-
tions). The system, which we shall refer to as the Vlasov—Poisson system with massless
electrons, encodes the fact that electrons move very fast and quasi-instantaneously reach
their local thermodynamic equilibrium. It reads as follows:

Of+v-0yf+E-0,f=0,
E=-U',

U =eV — [, fdv=ieV —p,
fle=o=f0>0, foRfodmdvzl.

(VPME):= (1.1)

Here, as usual, f(t,z,v) stands for the distribution function of the ions in the phase
space T x R at time ¢t € RT, while U (t,x) and E(t,z) represent the electric potential and
field respectively, and U’ (resp. U”) denotes the first (resp. second) spatial derivative of
U. In the Poisson equation, the semi-linear term eV stands for the density of electrons,
which therefore are assumed to follow a Maxwell-Boltzmann law. We refer for instance
to [14] for a physical discussion on this system.

We are interested in the behavior of solutions to the (VPME) system in the so-
called quasineutral limit, i.e., when the Debye length of the plasma vanishes. Loosely
speaking, the Debye length can be interpreted as the typical scale of variations of the
electric potential. It turns out that it is always very small compared to the typical
observation length, so that the quasineutral limit is relevant from the physical point of
view. As a result, the approximation which consists in considering a Debye length equal
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to zero is widely used in plasma physics, see for instance [6]. This leads to the study of
the limit as € — 0 of the scaled system:

Opfe+v-0pfot+ L0, fe =0,
E.=-U.,

20! =eVe —fRfEdvzzeUE — Pes
feli=o=foe >0, [ pfocdrdv=1.

(VPME). == (1.2)

The formal limit is obtained in a straightforward way by taking ¢ =0 (which corresponds
to a Debye length equal to 0):

Oif+v-0,f+E-0,f =0,
E=-U,

(KIE):= U —logs (1.3)

fO >0, fTXRdemdU:L

a system we shall call the kinetic isothermal Euler system.

We point out that there are variants of the (VPME) system which are also worth
studying, such as the linearized (VPME), in which the semi-linear term in the Poisson
equation is linearized (this turns out to be a standard approximation in plasma physics,
see also [13-16]),

U'=U+1-p,

and the Vlasov—Poisson system for electrons with fixed ions (the most studied model in
the mathematical literature), in which the Poisson equation reads as follows

Ullzl_p,

which we shall refer to as the classical Vlasov—Poisson system. As a matter of fact,
our results concerning the (VPME) system have analogous statements for the linearized
(VPME) or the classical Vlasov—Poisson system. We have made the choice to study the
(VPME) system since the semi-linear term in the Poisson equation creates additional
interesting difficulties. As we shall mention in Remark 1.1, our analysis applies as well,
mutatis mutandis, to these models, and actually provides a stronger result in terms of
the class of data that we are allowed to consider.

The justification of the limit ¢ —0 from the system (1.2) to the system (1.3) is
far from trivial. Indeed, this is known to be true only in few cases (see also [4,10,16]
for further insights): when the sequence of initial data fy. enjoys uniform analytic
regularity with respect to the space variable (as we shall describe later in Section 4.1, this
is just an adaptation of a work of Grenier [11] on the classical Vlasov—Poisson system);
when fo . converge to a Dirac measure in velocity fo(z,v)= po(2)dy—u, () (see [14] and
[5,9,19]); and, following [16], when fy. converge to a homogeneous initial condition
w(v) which is symmetric with respect to some T €R and which is first increasing then
decreasing. Also, it is conjectured (see [12]) that this result should hold when the
sequence of initial data fy . converges to some fy such that, for all €T, v fo(z,v)
satisfies a stability condition a la Penrose [20] (typically when v— fo(z,v) is increasing
then decreasing). On the other hand, the limit is known to be false in general, as we
will explain later.
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For what concerns the limit model (KIE), there have been some studies on a
close system, the so-called Vlasov-Dirac-Benney equations, that displays similar fea-
tures (this system at least formally appears from the linearized (VPME) system in the
quasineutral limit). It was shown in [3] and [2] that this system is ill-posed in unstable
situations, and well-posed in the class of “one-bump” functions.

In this work, we shall study this convergence issue in a Wasserstein metric. More
precisely, we consider the distance between finite (possibly signed) measures given by

Wi(u,v):= sup (/wdu—/wdl/),
lellLip<t

where ||-||Lip stand for the usual Lipschitz semi-norm and which is referred to as the
1-Wasserstein distance (see for instance [21]). We recall that W; induces the weak
topology on the space of Borel probability measures with finite first moment, which we
denote by P;(T xR). Notice that, since T is compact, this corresponds to measures p
with finite first moment in velocity.

As it will also be clear from our arguments, W is particularly suited to estimate the
distance between solutions to kinetic equations. Indeed, for Vlasov—Poisson equations,
it is very natural to consider atomic solutions (that it, measures concentrated on finitely
many points) and W is able to control the distance between the supports, while other
classical distances (as for instance the total-variation) are too rough for this (recall that
the total-variation distance between two Dirac masses is always 2 unless they coincide).

Before stating our convergence results, we first deal with the existence of global
weak solutions in P; (T x R).

THEOREM 1.1.  Let fo be a probability measure in P1(T xR), that is,

/|v\df0(x,v)<oo. (1.4)

Then there exists a global weak solution to the system (1.2) with initial datum fo.

The analogous result for the classical Vlasov—Poisson equation was proved by Zheng
and Majda [23], and more recently by Hauray [17] with a new proof.

We shall prove Theorem 1.1 by combining the method introduced by Hauray (see
[17]) with new stability estimates for the massless electron system.

Roughly speaking, the main results of this paper are the following: if we consider
initial data for the system (1.2) of the form fy . = go . +ho with go . analytic (or equal
to a finite sum of Dirac masses in velocity, with analytic moments) and hg . converging
very fast to 0 in the W) distance, then the solution starting from f; . converges to the
solution of the system (1.3) with initial condition go:=lim.0go. This means that
small perturbations in the W7 distance do not affect the quasineutral limit. Notice that
the fact that the size of the perturbation has to be small only in W; means that hg.
could be arbitrarily large in any LP norm.

To state our main results, we first introduce some notation. The following analytic
norm has been used by Grenier [11] to show convergence results for the quasineutral
limit in the context of the classical Vlasov—Poisson system.

Such a norm is useful to study the quasineutral limit since the formal limit is false
in general in Sobolev regularity (see Proposition 1.1 and the discussion below); one can
also see that the formal limit equation exhibits a loss of derivative (in the force term),
which can be overcome with analytic regularity.
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DEFINITION 1.1.  Given 6 >0 and a function g: T —R, we define
gl zs =Y lg(k)[s1"],
keZ

where g(k) is the k-th Fourier coefficient of g. We also define Bs as the space of
functions g such that ||g|| B, < +o0.

THEOREM 1.2.  Consider a sequence of non-negative initial data in P1(T xR) for the
system (1.2) of the form
fO,e =90,e +h0,a,

where (go.e) is a sequence of continuous functions satisfying

sup sup(1+v%)[|go.c(-,v)|l 55, <C,
c€(0,1)vER

/goﬁs(yv)dv—l
R

for some §p,C,n>0, with n small enough, and admitting a limit gy in the sense of
distributions.

There exists a function p:RT — R with lim._,o+ p(e) =0, such that the following
holds.

Assume that (ho.c) is a sequence of measures with finite first moment, satisfying

sup
e€(0,1)

<1,
350

Ve>0, Wi(hoe,0)<ep(e).

Then there exist T >0 and g(t) a weak solution on [0,T] of the system (1.3) with
initial condition go=1lim._,0g0,, such that, for any global weak solution fc(t) of the
system (1.2) with initial condition fo .,

sup Wy (fs (t),g(t)) —e_00.
te[0,T]

We can explicitly take p(e) = %exp (E% exp %) for some A <0.

We now state an analogous result for initial data consisting of a finite sum of Dirac
masses in velocity:

THEOREM 1.3. Let N>1 and consider a sequence of non-negative initial data in
P1(T xR) for the system (1.2) of the form

fO,e =90, + h0,57

N
go,g(x,v) = Zpé,s (f)é'u:véﬁg(wﬁ
=1

where the (péys,vé,s) 18 a sequence of analytic functions satisfying

sup  sup ||pp.cllBs, +1106.c Nl Bs, <€
ce(0,1)i€{1 N}

N .
sz),s -1

i=1

sup
e€(0,1)

<n

Bs,
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for some 89,C,n>0, with n small enough, and admitting limits (p},vd) in the sense of
distributions.

There exists a function p:RT — R with lim._,g+ p(e) =0, such that the following
holds.

Assume that (ho.e) is a sequence of measures with finite first moment, satisfying
Ve>0, Wilhoe,0) <e(e).

Then there exist T >0, such that, for any global weak solution f.(t) of the system
(1.2) with initial condition fo .,

sup Wi (fs (t),g(t)) —e—-00,
te[0,T)

where

N
g(t,x,v) :Zpi(tax)av:vi(t,z)7
i=1
and (p',v*) satisfy the multi fluid isothermal system on [0,T]

Oep' +0:(p'0") =0,

Ot + 0ot =,

E=-U, (1.5)
U= IOg (Zf\il pZ) ’

Pi|t:0 ZPf)ath:O = Uf)-
We can explicitly take ()= Lexp (E% expy>) for some A<0.

REMARK 1.1. It is worth mentioning that the previous convergence results can be
slightly improved when dealing with the classical Vlasov—Poisson equation. Indeed,
thanks to Remark 2.1, the analogue of Theorems 1.2 and 1.3 holds for a larger class of
initial data. In fact, it is possible to take

p(e)= éeXp <;\>

In the following, we shall say that a function ¢ is admissible if it can be chosen in
the statements of Theorems 1.2 and 1.3.

The interest of these results is the following: they prove that it is possible to justify
the quasineutral limit without making analytic regularity or stability assumptions. The
price to pay is that the constants involved in the explicit functions ¢ above are extremely
small, so that we are very close to the analytic regime.

On the other hand one should have in mind the following negative result, which
roughly means that the functions ¢(g) =¢*, for any s> 0 are not admissible (this there-
fore yields a lower bound on admissible functions); this is the consequence of instability
mechanisms described in [12] and [16].

for some A\ <0.

ProrosiTioN 1.1. There exist smooth homogeneous equilibria u(v) such that the

following holds. For any N >0 and s> 0, there exists a sequence of non-negative initial
data (fo.e) such that

I feo = pllwss <&V,
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and denoting by (f-) the sequence of solutions to the system (1.2) with initial data (fo ),
for «€10,1), the following holds:

liminf sup Wi(fe(t),n)>0.
=0 4e[0,e9]

We can make the following observations.

e In Proposition 1.1, one can take some equilibrium p satisfying the same regular-
ity as in Theorem 1.2. However, there is no contradiction with our convergence
results since in Theorem 1.2 we assume that g . approximates in an analytic
way go and that hg . converges faster than any polynomial in . Therefore, the
quantification of the “fast” convergence in Theorem 1.2 is important.

e Note that we can have Wi (ho ,0) =0--0 (éexp (E%exp%)), but
lho.ellLe ~1 for any p€[1,00],

as fast convergence to 0 in the W; distance can be achieved for sequences
exhibiting fast oscillations.

Theorem 1.3 can also be compared to the following result in the stable case, that
corresponds to initial data consisting of one single Dirac mass (see [14]). In this case,
the analogue of Theorem 1.3 can be proved with weak assumptions on the initial data.

ProrOSITION 1.2. Consider

90 (iC,’U) = pO(x)év:uo(m)

where po>0 and po,uo € H*(T), for s>2. Consider a sequence (fo ) of non-negative
initial data in L*NL> for (1.2) such that, for all € >0,

3 [ o

for some C' >0, and Uy is the solution to the Poisson equation

2
v|2dvd$+/(eU07510geU°’E—eU°*5—|—1) d$+%/|U67E|2dx§C

52U6:6:6U0’5 —/foysdv.

Also, assume that

1
B /g0,8|v —up|*dvdz

2
+/(eU°15 log (€Y< /po) — eV +py) dx—l—g/\Ué’&\zdac —e00.

Then there exists T >0 such that for any global weak solution f-(t) of the system (1.2)
with initial condition fo c,

sup Wi (f=(t),g(t)) =00,
te[0,7T)

where

g(t,l‘,’l}) = p(t,x)év:u(t,m)7
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and (p,u) satisfy the isothermal Euler system on [0,T)

Iep+ 0z (pu) =0,

diutud,u=FE,

E=-U, (1.6)
U =logp,

P|t:0 ZPO,U|t:0 =Ug-

REMARK 1.2.  We could also have stated another similar result using the estimates
around stable symmetric homogeneous equilibria of [16], but will not do so for the sake
of conciseness.

In what follows, we study the quasineutral limit by using Wasserstein stability esti-
mates for the Vlasov—Poisson system. Such stability estimates were proved for the clas-
sical Vlasov—Poisson system by Loeper [18], in dimension three. In the one-dimensional
case, they can be improved, as recently shown by Hauray in the note [17].

The key estimate is a weak-strong stability result for the (VPME), system, which
basically consists in an adaptation of Hauray’s proof, and which we believe is of inde-
pendent interest.

THEOREM 1.4. Let T>0. Let f1, f2 be two measure solutions of the system (1.2) on
[0,T], and assume that pL(t,x):= [ f2(t,z,v)dv is bounded in L on [0,T]x T. Then,
for all e €(0,1], for all t€[0,T],

1 1 &2 i615/(2£2) oL (1) || oo dr
W0 20 < et L Oy 1) 200

The proofs of Theorems 1.2 and 1.3 rely on this stability estimate and on a method
introduced by Grenier [11] to justify the quasineutral limit for initial data with uniform
analytic regularity.

This paper is organized as follows. In Section 2, we start by proving Theorem 1.4.
We then turn to the global weak existence theory in P1(T x R): in Section 3, we prove
Theorem 1.1, using some estimates exhibited in the previous section. Section 4 is then
dedicated to the proof of the main Theorems 1.2 and 1.3. We conclude the paper with
the study of auxiliary results: in Section 5 we prove Proposition 1.1, while in Section 6
we prove Proposition 1.2.

2. Weak-strong stability for the VP system with massless electrons:
proof of Theorem 1.4

In this section we prove Theorem 1.4, i.e., the weak-strong stability estimate for so-
lutions of the (VPME). system. Notice that our weak-strong stability estimate encloses
in particular the case (1.1) by taking e =1.

Let us introduce the setup of the problem. We follow the same notations as in [17].
In particular, we will use a Lagrangian formulation of the problem.

As a preliminary step, it will be convenient to split the electric field in a singular
part behaving as the electric field in Vlasov-Poisson and a regular term. More precisely,
let us decompose E. as E. + E. where

E.=-U!,  E.=-U
and U. and (75 solve respectively

U =1-p., 2y =eletle 1,
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Notice that in this way U, :=U. +ﬁg solves
e2U! =eV —p..
Then we can rewrite the system (1.2) as

Opfetv-0p fo+ (B4 E.) -0, fo =0,
E_‘EZ_U;I7 E\E:_fjg/7
(VPME).:=< 2U"=1-p,,
52178” — eUetUe _ 1,
fe(2,0,0)>0, [ fe(z,v,0)dzdv=1.
To prove Theorem 1.4, we shall first show a weak-strong stability estimate for a

rescaled system (see (VPME), 5 below), and then obtain our result by a further scaling
argument.

2.1. A scaling argument. Let us define

1
Fe(t,x,v):=—f. <€t,x, U).
€ €
Then a direct computation gives

O F+v-0pFet (E-+E2)- 0, F- =0,
E=-U, E=-U,
(VPME):2:=4 U!'=1-¢.,

U = eUerUo)/e*

Fe(2,0,0)>0, [Fo(z,v,0)dzdv=1,

where
0:(t, ) ::/.Fg(t,m,v)dv.

We remark that 2. is just the classical Vlasov—Poisson potential so, as in [17],

Ee(t,x) = f/TW’(x —y)o:(t,y)dy,

where

_|z[=2?

W(x): 5

(recall that we are identifying T with [-1/2,1/2) with periodic boundary conditions).
In addition, since W is 1-Lipschitz and |W| <1, recalling that

0e(t2) = /T W (2 —y)ox (t.y) dy (2.1)

we see that U is 1-Lipschitz and || < 1.
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2.2. Weak-strong estimate for the rescaled system. The goal of this
section is to prove a quantitative weak-strong convergence for the rescaled system
(VPME), 2. In order to simplify the notation, we omit the subscript €. In the sequel
we will need the following elementary result:

LEMMA 2.1.  Let h:[-1/2,1/2] >R be a continuous function such that f1/2

~1/2
Then
1/2
Iz [ .
—1/2

Proof.  Since fEﬁQh:O there exists a point Z such that h(Z)=0. Then, by the
Fundamental Theorem of Calculus,

)= [ w

The proof of the lemma is complete. 1]

h=0.

1/2
g/ In'|  Vzel-1/2,1/2).
—1/2

We can now prove existence of solutions to the equation for u.

LEMMA 2.2.  There exists a unique solution of
U’ =eU+h/e _q on T, (2.2)

and this solution satisfies

3

el <3, IUlloc <2, U]l < -

Proof. We prove existence of U by finding a minimizer for

hHE[h]::/

(;(h’)Q 2@/ _ h) dx
T

among all periodic functions h:[—1/2,1/2] = R. Indeed, as we shall see later, the Poisson
equation we intend to solve is nothing but the Euler-Lagrange equation of the above
functional.

Notice that since E[h] is a strictly convex functional, solutions of the Euler—Lagrange
equation are minimizers and the minimizer is unique. Let us now prove the existence
of such a minimizer.

Take hj a minimizing sequence, that is

Elhg] —>ir}1fE[h] =:a.
Notice that by choosing h=—U we get (recall that |U|,|U’| <1, see Equation (2.1))

aSE[—U]:A<;(u’)2+L{) dr<2,

hence

E[h;] <3 for k large enough.
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We first want to prove that hy is uniformly bounded in H'.
We observe that, since U > —1, for any s€R

2,U(x)+s)/e* _ g 2826(571)/52 s
Now, for s >2 (and € € (0,1]) we have
e2e(s=D/* _g >es Tt —s>5—2log2>5—3,
while for s <2 we have
20D/ _g> 5> |s| —4,
thus
e/ _g> |s| —4 VseR.

Therefore
1
32 Bl > [ 5000 +1he] =4, (23)

which gives

1

—(hp)?*<8.

JRLAE
In particular, by the Cauchy-Schwarz inequality this implies
[ v <VE=E [ rora
z T

<4\/|z—2]. (2.4)

| () = hie(2)] <

Up to now we have proved that hj, are uniformly bounded in L?. We now want to
control hy in L°°.

Let M, denote the maximum of |hy| over T. Then by the inequality (2.4) we deduce
that

hk(l’)ZMkfll VreT,

hence, recalling the inequality (2.3),
32 Bl 2 [ (o) ~ ) do= My -5,
T

which implies My, <11. Thus, we proved that |hg| <11 for all k& large enough, which
implies in particular that hj are uniformly bounded in L2.

In conclusion, we have proved that hy, are uniformly bounded in H* (both hy and R},
are uniformly bounded in L?) and in addition they are uniformly bounded and uniformly
continuous (as a consequence of the inequality (2.4)). Hence, up to a subsequence, they
converge weakly in H!' (by weak compactness of balls in H') and uniformly (by the
Ascoli-Arzela theorem) to a function U. We claim that I/ is a minimizer. Indeed, by
the lower semicontinuity of the L? norm under weak convergence,

/|Z]’(:v)|2dxgliminf/|h§€(a:)|2dm.
T ko Jr
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On the other hand, by uniform convergence,

/ <€2e<a(w>+hk<x>>/e2_hk(m dr— / (52€<mm>+ﬁ<w>>/e2_g(x)) .
T T

In conclusion

~.

EU) < lin}cinfE[hk] =a,

which proves that U is a minimizer.
By the minimality,

d
0:7
dn

E[L7+nh]:/ (ﬁ’h’ﬂmf’)/ﬁmh) dz:/[—LAI"Jre(a*g)/Ezfl}hdx,
n=0 T T

which proves that U solves Equation (2.2) by the arbitrariness of h.

We now prove the desired estimates on U/. Since U’ is a periodic continuous function

we have
Oz/ﬁ”dx:/ (e(g+l’7)/52—1> dzx.
T T

Thus we get

/Iﬁ”ldxé/‘(e(gm)/52*1)‘dxé/e<”+ﬁ>/52dx+1:2,
T T T

and so, by Lemma 2.1, we deduce

1| g/|ﬁ"|dxgz.
T

Since [|U]|oo <2, |[U|loe <1, and fTe(g+a)/E2 dr=1 we claim that |[i{|oc <3. Indeed,
suppose that there exists Z such that {(Z)> M. Then, recalling that [|[if'[.. <2, we
have U (z) > M —2 for all z. Using that ||~ <1 we get U(x)+U(z) > M —3. Then,

1:/6(12“7)/52 de/e(M*B)/62 dx:e(Mfg)/€2:>M§3.
T T

On the other hand, if there exists Z such that #/(z) < —M, then an analogous argument
gives

1= / SO/ g / e~ (M=3)/2 gy _ ~OI=3)/* 13,
T T
Hence we have that |||« < 3. Finally, to estimate I we differentiate the equation
' — (6(a+z/?)/s2 _ 1)

and recall that ||U/]|e <1, U oo < 2, and cUA) /e — 1, to obtain
T

/|Z:{\///|:/‘e(lft+l7)/52 <L{/+Z/{’>‘S u’||oo"2|U'||oo/€(u+Z;)/g2§32’
T T T

g2 € €
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so, by Lemma 2.1 again, we get
3
?a

@ < [ 1<
T

as desired. O

To prove the weak-strong stability result for (VPME). s, following the strategy used
in [17] for the classical Vlasov—Poisson system, we will represent solutions in Lagrangian
variables instead of using the Eulerian formulation. In this setting, the phase space is
T x R and particles in the phase-space are represented by Z = (X,V'), where the random
variables X : [0,1] — T and V' :]0,1] — R are maps from the probability space ([0,1],ds) to
the physical space. The idea is that elements in [0,1] do not have any physical meaning
but they just label the particles {(X(s),V(s))}sejo,1) CT xR.

We mention that this “probabilistic” point of view was already introduced for ODEs
by Ambrosio in his study of linear transport equations [1] and generalized later by Figalli
to the case of SDEs [7].

To any random variable as above, one associates the mass distribution of particles
in the phase space as follows:!

F(z,v)dedv=(X,V)uds,

that is, F is the law of (X,V'). So, instead of looking for the evolution of F, we rather
let Z;:=(X:,V;) evolve according to the following Lagrangian system (recall that, to
simplify the notation, we are omitting the subscript ¢):

Xt:V;H
Vi=E(X0)+E(Xy),
E=u. E=-00
(VPME)LQZ: Z;{”:l_p’ (25)
U = U+t _ 1,
p(t) = (X;) pds.

(Such a formulation is rather intuitive if one thinks of the evolution of finitely many
particles.) Notice that the fact that p(¢) is the law of X; is a consequence of the fact
that F is the law of Z;.

As initial conditions we impose that at time zero Z; is distributed according to Fo,
that is

(Zo)gds=Fo(z,v)dxdv.

We recall the following characterization of the 1-Wasserstein distance, used also by
Hauray in [17]:

1
W)= omin X6 -Y(olds

Hence, if F,F» are two solutions of (VPME). o, in order to control Wy (Fi(t),Fa(t)), it
is sufficient to do the following: choose Z§ and Z2 such that

(Z{)gds= f'(0,z,v), i=1,2

INote that the law of (X, V') may not be absolutely continuous; we just wrote the formula to explain
the heuristic.
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Wi (! / 1Z(s)— Z3(s)] ds,

and prove a bound on fol |Z}(s)—Z2(s)|ds for t >0. In this way we automatically get
a control on

and

1
Wi(F 0.7 0) < [ 1216) - 22(5)|ds.
0
So, our goal is to estimate fol |Z}(s)— Z2(s)|ds. For this, as in [17] we consider

dt/ 121 (s) - Z2(s)] ds.

Using the system (2.5), this is bounded by

1

/\v;&( V(s |ds+/ 1 (X7) — E2(X2)| ds

0
1 1

s/ \Z}<s>—z,?<s>|ds+/ |€3<X§>—€3<X§>|ds+/ B (X)) — E2(x7)| ds

0
/\Z ~ Z2(s)|ds+8] Mt ||oo/ |Z}(s) — Z3(s)|ds

+/0 \é}<X3>—5E<X3>|ds+/O E2(X}) — E2(X2)|ds,

where we split £ and €7 as a sum of &} +<5A't1 and &7 +<5A't2, and we applied the estimate
in [17, Proof of Theorem 1.8] to control

/ EL(X1) — £2(X2)|ds

8llo! (¢ ||oo/ |2} (s) — Z2(s)|ds.

To estimate the last two terms, we argue as follows: for the second one we recall that
&% is (3/e2)-Lipschitz (see Lemma 2.2), hence

1 1 1
3 3
| e -gadas< [ ixi-xplas< [12i-z8as

For the first term, we first observe the following fact: recalling Equation (2.1) and that
W is 1-Lipschitz, we have

U} —U?|(x ‘/Wx XH—W(x—X?)ds

1
g/ \XQ—XEMSS/ |z} — 7Z2|ds (2.6)
0 0
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for all 2. Now we want to estimate & —E2 in L2: for this we start from the equation
(UL — (U2 = UHUD/E _ (UZHUY
Multiplying by Z/A{t1 —Z/Alf and integrating by parts, we get
o:/((ﬁg)’— (ﬁf)’)zdx—i-/ [ (i E* (W2 ) 072 de
T T
:/((z]tl)’— (L?f)')zdac—i—/ R R I R T
T T
n /T [em:mf)/s? _e<af+ﬁf>/sz} 00} — 2 da.
For the second term we observe that, by the Fundamental Theorem of Calculus,

AT sl L (
13

1
/ TN+ (1-N)2) /2 dA) -2
0

Hence,
[ [etme - eI g -2\ da
T
1
:/ % (/ NI+ (1= 02 /< d)\) G —72)2dx
TE 0
1 o~
> e ¥ (G-
€ T
where we used that 7/ and U are bounded by 1 and 4, respectively.
For the third term, we simply estimate
71 772 62 72 1772 62 1 82 — —
|€(ut +uUz)/ 76(1’& +uz)/ | < ?65/ |Z/{t1 7ut2|7
hence, combining all together,
~ ~ 2 ~ ~
J(@y-@y) dore @G- ya
T T
1 _ o~ ~
<5 | W~ do

1 &2 ~ PN 1 65/62 _ _
§E—265/ 5/T|ut1fuf\2dx+€—2 7 /T|ugfuf|2dx.

Thus, choosing 5::52@*10/’527

N N2 1 R
[(@y-@) e e [ -t
T £ T
Observing now that ({4/)' = —&} and recalling the inequality (2.6), we obtain

N2 1 !
[(E-8) aes e [12:-221as (27)
T € 0
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Thanks to this estimate, we conclude that

/01|52(X3> x}lds = [ 8@)~E@)le! () da

<|l¢! <t>||oo/T\a 82 da

<Jlg" (H)oc / &) - E22de

< 12 10/(252)“ 1 / |Z1 Z?|ds
I

Hence, combining all together we proved that

d

3.1 > !
o 12210 < (L8l O+ 54 50N 01c) [ 172 - 2210,
0

so that, by Gronwall’s inequality,
/(2e%)y rt !
/ |Z} — 72| ds < e H3/7) B+ 5 et/ fo*\lal(r)\loodf/ |Z5 — Z§| ds,
0
which implies (recalling the discussion at the beginning of this computation
g g g

Wi (F(6), F2(8)) < 03/ S+ e O [l Ml dryy 710y, 72(0)). (2.8)

This proves the desired weak-strong stability for the rescaled system.

2.3. Back to the original system and conclusion of the proof. To obtain
the weak-strong stability estimate for our original system, we simply use the inequality
(2.8) together with the definition of W;. More precisely, given two densities fi(x,v) and
fa(x,v), consider

1
fi(xav)::gf’i(xvv/g)v Z:172
Then

Wi(F1,F2)= sup /w(x,v)[]:l(x,v)—}"2(:E,v)]d:17dv

llellip<1

= swp_ [ o) filev/e) - falov/2) dudo

llellip<1

= sup /@(m,aw)[fl(x,w)—fg(x,w)]dacdw.

llellnip<1
We now observe that if ¢ is 1-Lipschitz so is ¢(x,ew) for e <1, hence

sup /cp(x,aw)[fl(x,w)—fg(x,w)]da:dw

llelleip<1

< sup /1/J(x,w)[f1(ac,w)—fg(x,w)]dxdw:Wl(fl,fg).

e llip <t
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Reciprocally, given any 1-Lipschitz function 1 (z,w), the function p(z,w):=cy(x,w/e)
is still 1-Lipschitz, hence

Wi(fi,f) = sup / W)y (w) — o)) decdw
[ ]lLip <1

< sup /lgp(x,ew)[fl(x,w)—fg(x,w)}dxdwz1W1(]:1,]-"2).
lelp<tJ € €

Hence, in conclusion, we have
eWi(f1, f2) SWi(Fr, Fo) <Wi(fi1, fa).
In particular, when applied to solutions of (VPME), we deduce that
eWi(fi(et), fa(et)) Wi (Fu(t), Fa(t)) < Wi(fi(et), f2(et)). (2.9)
Observing that

t L t L 1 et L
/Ong <T>||ood7:/0 lo <sv>nood7:f/0 104 (7)o dr,

e

the inequality (2.9) together with the inequality (2.8) gives
1 1 ,15/(26)y rt - -
Wl(fl(t),f2(t)) < gei {(1+3/82)t+(8+62 15/ )f(; P ()00 d ]Wl(fl(o)ny(O));

which concludes the proof of Theorem 1.4.

REMARK 2.1. Notice that, if we were working with the classical Vlasov—Poisson
system, the stability estimate would have simply been

Wi (FL(t), F2 (1)) < et 8ol Dll=dryy, (F1(0), F2(0)),

(compare with [17]), so in terms of f

WL (FL(1), F2(1)) < e8I 10 Ol dr] i (£1(0y, £2(0)).

M | =

3. Proof of Theorem 1.1

In this section, we prove the existence of global weak solutions in P; (T x R) for the
(VPME) system. Without loss of generality we prove the existence of solutions when
e=1 (that is, for the system (1.1)).

To prove existence of weak solutions we follow [17, Proposition 1.2 and Theorem
1.7]. For this, we take a random variable (Xo,Vp):[0,1] — T x R whose law is fo, that is
(Xo0,Vo)#ds= fo, and we solve

Xt:v;h
Vi =E(X)+E(Xy),
E=-U, E=-U,
(VPME)p o:= 1y (3.1)
[;{\// :e(Z;l+l7) —1,
p(t) = (X¢)pds.
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Indeed, once we have (X;,V;), fi:=(X:,V})uds will be a solution to the system (1.1).
We split the argument in several steps.

Step 1: Solution of the N particle system (compare with [17, Proof of Proposition
1.2]). We start from the N particle systems of ODEs, i=1,..., N,

Vi =E(X])+E(X}),
PR

U/,:%Z,fil(sxifl,
U =eU+0 _1q,

Because the electric field E(X)=—+ Dt W'(X%— X7) is singular when X®= X7 for
some i j, to prove existence we want to rewrite the above system as a differential
inclusion

ZN(t)eBN(2Y (1),
where BY is a multivalued map from R?" into the set of parts of R%V. For this, we
write

N
. i |
N N N T/t 7
Z¥ () eBY (Z2Y () & X'=V' V E—N]E:lFij

where

Fij=—Fji=-W'(X' = X7)+ E(X") when X'# X7,

Fyj=—F;; €[E(X")=1/2,E(X")+1/2] when X'=X7.

As in [17], this equation is solved by Filippov’s Theorem (see [8]) which provides exis-
tence of a solution, and as shown in [17, Step 2 of proof of Proposition 1.2] the solution
of the differential inclusion is a solution to the IV particle problem.

Step 2: Approzimation argument. To solve (VPME)y o we approximate fo with a
family of empirical measures

1 N
N._ E o
fO . Ni:1 6(361,1)7'))

that we can assume to satisfy (thanks to the condition (1.4))
[eldi @ <c . (3:2)

and we apply Step 1 to solve the ODE system and find solutions (X}Y,V;") €T xR of
(VPME)[ 2 starting from an initial condition (X{¥,Vy") whose law is f§¥.

Next, we notice that in [17, Step 2, Proof of Theorem 1.7] the only property on the
vector field used in the proof is the fact that Fj; are bounded by 1/2, and it is used to
show that

w12V ) =2V ()

u,s€[0,t] |S—’LL|

1
< VON|+§(1+t),
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which, combined with the inequality (3.2), is enough to ensure tightness (see [17, Step
2, Proof of Theorem 1.7] for more details). Since in our case the F;; are also bounded
(as we are simply adding a bounded term E), we deduce that for some C >0,
ZN o ZN
1280 =2%w)

u,s€[0,t] |S—U|

<V +C(1+1),

so the sequence ZV := (XN V) is still tight and (up to a subsequence) converges to a
process Z = (X,V): 1t holds that

1
/ sup |Z} (s)— Zy(s)|ds —0 as N — oo (3.3)
0 telo,T]

for any 7> 0.

Step 3: Characterization of the limit process. We now want to prove that the limit
process Z; = (X, V;) is a solution of (VPME)y, o.

Let us denote by EV and EN the electric fields associated to the solution (XN VN,
Recall that (X, V) solve

or equivalently
t t
XN = [VNar VY= [EYO) BN (r
0 0
In [17, Step 3, Proof of Theorem 1.7], using the convergence (3.3), it is proved that
¢ t
[ B [ B i (o.as),
0 0
s0, to ensure that (X, V') solves
t t R
X= [Vedr, Vie [ B4+ Bo(X)
0 0
it suffices to show that, for any 7 >0,
1
/ |EN (XN (5))— E;(X,(5))|ds—0 as N — occ.
0

To show this we see that

/0|E5<Xiv<s ) B (X (5))] ds

1
o .
g/o |EN (XN (s))— \ds+/ |E (X — B (X (s))|ds
2511—|—IQ.

For I, we use that E, is M-Lipschitz (recall Lemma 2.2) to estimate

1
B [ XY ()~ X 0)lds,
0
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which goes to 0 thanks to the limit (3.3).
For I, we notice that the Cauchy—Schwarz inequality, the inequality (2.7), and the
convergence (3.3) imply that, as N — oo,

/Eﬁw—ﬂmwms¢/mmm—iumm
T T

1
<C | 1ZN(s)—Z.(s)|ds—0.
0

T

Hence, we know that Eﬁv converge to E, in LY(T). We now recall that {EiV}Nzl are
M-Lipschitz, which implies by Ascoli-Arzela that, up to subsequences, they converge
uniformly to some limit, but by uniqueness of the limit they have to converge uniformly
to E,. Thanks to this fact we finally obtain

I <sup|EN (z) — E,(2)| =0,
zeT

which concludes the proof.

4. Proofs of Theorems 1.2 and 1.3

Our aim is now to prove Theorems 1.2 and 1.3. The principle is first to adapt some
results from [11] for the (VPME) system in terms of the W; distance, which allows us
to settle the case where h.o=0. In a second time, we apply the stability estimate of
Theorem 1.4.

4.1. The fluid point of view and convergence for uniformly analytic initial
data. We describe in this section the approach introduced by Grenier in [11] for the
study of the quasineutral limit for the classical Vlasov—Poisson system. As we shall see,
this can be adapted without difficulty to (VPME)..

We assume that, for all e€(0,1), go.(x,v) is a continuous function; following Gre-
nier [11], we write each initial condition as a “superposition of Dirac masses in velocity”
(see also [22]):

iele.0)= [ @)y o d00)

do

with M:=R, du(f) == TTe7
pg,e :ﬂ-(l +02)90,E(x79)’ Ug,e =0.

This leads to the study of the behavior as € —0 for solutions to the multi-fluid pres-
sureless Euler—Poisson system
Dupl + 0, (%) =0,
o +0909,0% = E.,
E.=-U., (4.1)
g2U! =eVe — fM pldu(),
pg|t:0 = pg,a’vg|t:0 = vg,s'

One then checks that defining

9e (t,!EﬂJ) = //\/[ Pg (tax)év:vg(t,z) d,u(@)
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gives a weak solution to the system (1.2) (as an application of Theorem 1.4 and of the
subsequent estimates, this is actually the unique weak solution to the system (1.2) with
initial datum go ¢ ).

The formal limit system, which is associated to the kinetic isothermal Euler system,
is the following multi fluid isothermal Euler system:

0ip° +0:(p"0?) =0,

Ov? + 029,07 = E,

E=-U, (4.2)
U=log ([, p’ dp(0)),

P9|t:0 =p8,v9\t:o = U87

where the pf are defined as the limits of p&s (which are thus supposed to exist) and

0_
vy =10.

As before, one checks that defining

g(t,x,v) = //\/l p6’ (tal')év:ve (t,z) dﬂ(e)

gives a weak solution to the kinetic Euler isothermal system.

Recalling the analytic norms used by Grenier in [11] (see Definition 1.1), we can
adapt the results of [11, Theorems 1.1.2, 1.1.3 and Remark 1 p. 369] to get the following
proposition.

PRrROPOSITION 4.1.  Assume that there exist §o,C,n >0, with nn small enough, such that

sup sup(1+v?)||go.c ()|l B,, <C,
£€(0,1) veR

and that

sup
e€(0,1)

<.
By,

/go,g(-,v)dv— 1
R

Denote for all 0 €R,
p&e =7(1 +92)g076(1770), 1)876 —? =0
Assume that for all 0 €R, pg’6 has a limit in the sense of distributions and denote
0_ 1 0
=ty

Then there exist 61 >0 and T >0 such that:

o for all e €(0,1), there is a unique solution (p?,v?)ecr of the system (4.1) with
initial data (p§ .,v§ . )oer, such that pf,vf € C([0,T);Bs,) for all HER and ¢ €
(0,1), with bounds that are uniform in &;

e there is a unique solution (p’ v%)ger of the system (4.2) with initial data
(p§,v8)oer, such that p? v? € C([0,T]; Bs,) for all  €R;

e for all se N, we have

sup sup [||pg _p0||HS(’]I‘) + ||vg _'UOHHS(’H‘)} —e00. (4.3)
0ER t€[0,T)
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Remark that analyticity is actually needed only in the position variable, and not
in the velocity variable. This allows us, for instance, to consider initial data which are
compactly supported in velocity.

We shall not give a complete proof of this result (which is of Cauchy—Kovalevski
type), since it is very close to the one given by Grenier in [11] for the classical Vlasov—
Poisson system, but we just emphasize the main differences.

First of all we begin by noticing that one difficulty in the classical case comes from
the fact the one can not directly use the Poisson equation

—2U! =p.—1

if one wants some useful uniform analytic estimates for the electric field. Because of
this issue, a combination of the Vlasov and Poisson equation is used in [11], which
allows one to get a kind of wave equation solved by U.. This shows in particular that
the electric field has a highly oscillatory behavior in time (the fast oscillations in time
correspond to the so-called plasma waves) which have to be filtered in order to obtain
convergence. For this reason, Grenier needs to introduce some correctors in order to
get convergence of the velocity fields (these oscillations and correctors vanish only if the
initial conditions are well-prepared, i.e. verify some compatibility conditions).

For the (VPME) system, that is when one adds the exponential term in the Poisson
equation, such a problem does not occur. To explain this, consider first the linearized
Poisson equation

—e2U! + U, :/ Pl du(6) —1
M

and observe that this equation is appropriate to get uniform analytic estimates. Indeed,
writing

U.=(Id—e%0,,) " (/M p? dp(0) — 1) ,

this shows that if p. is analytic then also U, (and so E.) is analytic, which implies that
there are no fast oscillations in time, contrary to the classical case. In particular, our
convergence result holds without the need of adding any correctors.

A second difference concerns the existence of analytic solutions on an interval of
time [0,77] independent of e: the construction of Grenier of analytic solutions is based
on a Cauchy—Kovalevski type proof based on an iteration procedure in a scale of Banach
spaces (see [11, Section 2.1]). Most of the estimates used to prove that such iteration
converge use the Fourier transform, which is unavailable in our case since the Poisson
equation

—?U! e :/ p2 dp(6)
M

is nonlinear. However, since we deal with analytic functions, we can express everything
in power series to use the Fourier transform and obtain some a priori estimates in the
analytic norm. Furthermore, one can write the Poisson equation as

—2U" 4 U. :/ pldp(0) —1— (Vs —U.—1)
M
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and rely on the fact that the “error term” (eVs —U.—1) is quadratic in U. (which is
expected to be small in the regime where sup.¢ (g 1) Hf/vt pldu(0) — 1||Ba < 1), and thus
’ 0

can be handled in the approximation scheme used in [11].

We deduce the next corollary.

COROLLARY 4.1.  With the same assumptions and notation as in Proposition 4.1, we
have

sup Wi(ge(t),9(t)) —=-00, (4.4)
t€[0,7)

where

gE(t7x7v):/Mpg(t,x)év_vg(t’x) du(0), g(tx,v):/Mpa(t@)év_ve(m@ du(6). (4.5)

Proof.  The convergence (4.4) follows from the convergence (4.3), and the Sobolev
embedding theorem. We have indeed for all ¢ € [0,7:

Wi(g:(t),9(t))= sup (g:—g,»)

llelleip<1

|sa|mp<1{// (P2 (@) p(a,ve(t, ))—Pe(t,fﬂ)@(x,ve(tyx)))du(e)dx}
|¢|L.p<1{// pe(t)( ”g(tvx))—@(x»ve(tvx))duw)dw}

|¢|Sllf<1{// (pe(t,2) =", ))sp(x’vg(t»w))dﬂ(@)dx}.

Thus, we deduce the estimate

Wila:0.9()< s s [pflelielhip [ [02002) =0 (0) oo dut0)
H‘P”Llp<1€€(0 1) M

+ o [ ||pz—pe||oodu<e>|soLip(1/2+9su5||v9<t,w>||w)
€

lellrip<tJM

|w|L,p<1{/TXR/ pL(t) —p' (¢ vx))¢(070)du(9)dx}.

We notice that the last term is equal to 0 since for all ¢ >0,

/T/Mpf(t,z)du(@)dz=/T/Mp§(t,x)du(0)dx:1,

by conservation of the total mass. After taking the supremum in time, we also see that
the other two terms converge to 0, using the L°° convergence of (pg,vs) (p8,v8). This
concludes the proof. ]

This approach is also relevant for singular initial data such as the sum of Dirac
masses in velocity:

gOEx’U ZpOE vvoiw)
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and we have a similar theorem assuming that (pf _,vf .) is uniformly analytic.
In this case M ={1,---,N} and du is the counting measure. This leads to the study
of the behavior as € — 0 of the system (for i€ {1,---,N})

Orpk + s (pLvl) =0,
Ol +vi0 vl =E
E.=-U (4.6)
U= — (L),
PElt=0= Pl VElt=0 =10f ¢
and the formal limit is the following multi fluid isothermal system
D" 40 (p'v") =0,
O +0v' 0,0 =F
E=-U, (4.7)
U=log (sz\;1 PZ) s
p'le=0=pfv"le=0 = v}
As before, adapting the arguments in [11], we obtain the following proposition and
its corollary.

PROPOSITION 4.2.  Assume that there exist §o,C,n >0, with n small enough, such that

sup  sup ||pf .|l sy, + 100 ]|, <€
c€(0,1)ie{1,,N}

and that
sup Zpo . <.
€€(0,1) B
%0
Assume that for alli=1,--- N, p§ _,vf . admit a limit in the sense of distributions and
denote

pz):g%pé,sﬂ UO_II_I}%)UOE
Then there exist 61 >0 and T >0 such that:
e for all £€(0,1), there is a unique solution (pL,vt);cq1,... Ny of the system (4.6)
with initial data (ph .,v0 . )icq1,- N}, such that pt,vl e C([0,T];Bs,) for all ie
{1,---,N} and £ €(0,1), with bounds that are uniform in ¢;

o there is a unique solution (p v )16{1 .,Ny} of the system (4.7) with initial data
(ph,v6)ief1,... N}» such that p',v* € C([0,T);Bs,) for allie{1,---,N};

o for all seN, we have

sup  sup [|[pl—p'll s (m) + vl =0l zo )] =200
ie{l,--,N}t€[0,T]

COROLLARY 4.2. With the same assumptions and notation as in the Proposition 4.2,
for all t€[0,7T] we have

Wi(ge(t),9(t)) =00, (4.8)

where

Ye (t,xav) = Z pé(tvm)év:vg(t,m)a g(t,x,’u) - Z pi (t7x)5v:vi(t,z)' (49)
ie{l,---,N} ie{l,--,N}
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4.2. End of the proof of Theorem 1.2 and Theorem 1.3. We are now
in position to conclude. Let (f.) be a sequence of global weak solutions to (1.2) with
initial conditions (fo ) (obtained thanks to Theorem 1.1).

We denote by (g-) the sequence of weak solutions to the system (1.2) with initial
conditions (go ), defined by Equations (4.5) for the case of Theorem 1.2 and Equations
(4.9) for the case of Theorem 1.3. Using the triangle inequality, we have

Wl(fa(t)7g(t)) SWl(fs(t)vgs(t))+Wl (ga(t)ag(t))v

where ¢ is defined by (4.5) for the case of Theorem 1.2 and (4.9) for the case of Theo-
rem 1.3.
For the first term, we use Theorem 1.4 to get

1 1 2 1 ,15/(2¢2)y rt oo dr
WA(fo(6),9: () < Walgo.e + ho.c,g0.c) =¢ [((+3/e%)t+(3+ % ) J§ pe ()l dr]|

15/ (262 t
W 0) 2 [/ O ]

)

where p. is here the local density associated to g.. By Proposition 4.1 (for the case
of Theorem 1.2) and Proposition 4.2 (for the case of Theorem 1.3), there exists Cp>0
such that for all €€ (0,1),

sup || pe (7)o < Co.
T€[0,T]

Consequently, we observe that taking

O Lo (Lo L5
806_5 Xp 53 Xp252 ’

with A <0, we have, by assumption on hg . (take a smaller T if necessary) that

sup Wi(fe(t),9:(t)) —c—00.
te[0,7)
We also get that Wi(g:(t),g(t)) converges to 0, applying Corollary 4.1 for the case of
Theorem 1.2, and Corollary 4.2 for the case of Theorem 1.3.
This concludes the proofs of Theorems 1.2 and 1.3.

5. Proof of Proposition 1.1

We now discuss a non-derivation result which was first stated by Grenier in the
note [12] and then studied in more detail by the first author and Hauray in [16] (the
latter was stated for a general class of homogeneous data, i.e., independent of the
position). In [16] such results are given either for the classical Vlasov—Poisson system
or for the linearized (VPME) system, but the proofs can be adapted to (VPME).

We first recall two definitions from [16].

DEFINITION 5.1.  We say that a homogeneous profile pu(v) with fydvzl satisfies the
Penrose instability criterion if there exists a local minimum point U of p such that the
following inequality holds:

/del. (5.1)
r (v—10)2

If the local minimum is flat, i.e., is reached on an interval [U1,03], then the inequality
(5.1) has to be satisfied for all v € [v1,Ds].

DEFINITION 5.2.  We say that a positive and C' profile u(v) satisfies the 6-condition®

2The appellation is taken from [16].
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sup ( ()] < 400. (5.2)

E (L+]v])p(v)

Typical examples of such unstable homogeneous equilibria are given by “double-
bump” functions. We can now state the theorem taken from [16].

THEOREM 5.1.  Let u(v) be a smooth profile satisfying the Penrose instability criterion.
Assume that p is positive and satisfies the §-condition®. For any N >0 and s>0, there
exists a sequence of non-negative initial data (fo ) such that

I feo = pllwss <&V,

and denoting by (f.) the sequence of solutions to the system (1.2) with initial data (fo.),
the following holds:

(1) L' instability for the macroscopic observables: consider the density p. :=
ffe dv and the electric field E. =—0,U.. For all «€[0,1), we have

liminf sup |pe(t)—1|;. >0, hmlnf sup €|[Eel|;, >0. (5.3)
=0 te[0,e2] - 0 tef0,e]

(2) Full instability for the distribution function: for any r €Z, we have

liminf sup || f. 4] y5r1 > 0. 5.4
gt sup, (10—l (5.4

We deduce a proof of Proposition 1.1 from this result. Indeed, take a smooth p sat-
isfying the assumptions of Theorem 5.1, and consider the sequence of initial conditions
(fo,e) given by this theorem.

By the Sobolev imbedding theorem in dimension 1, the space W2 (T x R) is contin-
uously imbedded in the space W >°(T x R) (i.e., bounded Lipschitz functions), hence
there exists a constant C'> 0 such that, for all e € (0,1),

Wi(fe,u)= sup <f€_,u790>

llellLip<1
> sup  (fe—p, )
llelly2,1<C
=C||fe = pllw—21.
Therefore, by the inequality (5.4) with r=—2, we deduce that

liminf sup Wi(fe,u)>0,

€20 tef0,ee]

which proves the claimed result.

31t is also possible to consider a non-negative u but the relevant condition is rather involved, we
refer to [16] for details.
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6. Proof of Proposition 1.2

As we already mentioned in the introduction, in the case of one single Dirac mass
in velocity, the situation is much more favorable. This was first shown by Brenier in [5]
for the quasineutral limit of the classical Vlasov—Poisson system, using the so-called
relative entropy (or modulated energy) method. It was then adapted by the first author
in [14] for the quasineutral limit of (VPME).

In this case, the expected limit is the Dirac mass in velocity

f(t7.’E,’l)) = p(taxvv)év:u(t,m)

which is a weak solution of the system (1.3) whenever (p,u) is a strong solution to the
isothermal Euler system

Iep+ 0z (pu) =0,

O+ udyu+ 2L =0, (6.1)

P|t:0:p07v‘t20 =Uo-

This is a hyperbolic and symmetric system, that admits local smooth solutions for
smooth initial data (in this section, smooth means H*® with s larger than 2). From [14]
we deduce the following stability result?.

THEOREM 6.1.  Let pg>0,ug be some smooth initial conditions for the system (6.1),
and p,u the associated strong solutions of the system (6.1) defined on some interval of
time [0,T], where T >0. Let f. be a non-negative global weak solution of the system (1.2)
such that f.c L'NL>, [ fedzdv=1, and with uniformly bounded energy, i.e., there
exists A>0, such that for all €€ (0,1),

1 2
Ee(t)::i/fs\fu\deder/(eUalogeUferE+1) dx+%/|Ué|2dx§A.

For all e €(0,1), define the relative entropy

1 2
'Hs(t)ii§/f5|v*u|2dvdz+/(eU€ log (V= /p) — e +p) dx+%/|U;|2dx.

Then there exists C >0 and a function G.(t) satisfying |G| (jo,r)) < Ce such that,
for all t€[0,T],

Ho(1) §HE(O)+GE(t)+C/Ot||8xu|Loc’}-l8(s)ds.

In particular, if H-(0) =00, then

sup H(t) —c—00.
te[0,T

In addition, if there is Cp>0 such that H.(0) <Coe, then there is Cp >0 such that
He(t) <Cre for all t€[0,T] and €€ (0,1).
Notice that, by a convexity argument, one also deduces that p. = [ f.dv—p (and

Ue —~p as well) and j. = [ fovdv— pu in a weak-x sense (see [14]).

€

4In [14], computations are done for the model posed on R3, but the same holds for the model set
on T.
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We can actually deduce the following corollary, which is a precise version of Propo-
sition 1.2.

COROLLARY 6.1.  With the same assumptions and notation as in the previous theorem,
the following convergence results hold:

(1) If H.(0) —=.00, then

sup Wl (feup(sv:u) —7e—0 0.
t€[0,T]

(2) If H.(0) <Cye, then there is Cl. >0 such that, for all e €(0,1),

sup Wl(fsvp(sv:u) < Cé“\@

t€[0,T)
Proof. Recall that we denote p. = [ f-dv. Let ¢ such that ||¢[|Li, <1 and compute

<f€ *P&z:uy 30> = <fs — Pe Ov=u, 90> + <(ps *P) Ov=u, 50>
:IA1 —|—A2

Using the bound ||¢||rip <1, the Cauchy-Schwarz inequality, the fact that f. is non-
negative and of total mass 1, and the definition of H.(t), we have

|Aq] = fe(t,x,v)(p(t,x,0) —p(t,z,u(t,x))) dvde

TxR

< fe(t,z,0)lp(t,z,v) — o(t,2,u(t,x))| dvde
TxR

< fg(t,iE7’l})|U—U(t,iE)|dde
TxR
1/2 1/2
([ rtaolo-utapads) ([ piao)de)
TxR

<V2VH(1).

Considering As, we first have

TxR

Ar= [ pult) = plt.a))pla ) da
- / (9o (t,2) — plt,)) (o, u(t,2)) — 9(0,0)) dx

since the total mass is preserved (and equal to 1). Furthermore, we use the Poisson
equation

U, 277
pe=e"—¢e"U;
to rewrite A, as

Azz/T(eUf—p(tvx))(¢($,U(t7x))—<ﬁ(070))dx—€2/Ué’(<P(fc7u(t7$))—w(o’o))dx

= AL+ A2
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Let us start with A2. By integration by parts, the Cauchy—Schwarz inequality, and the
bound ||¢||Lip <1, we have

A2 =<2 / UL 00l u(t,2)) + Dgu(t, 2) 0o, ult,2))] da

1/2
<el1+4]|But]nc] (52/|U€’|2dx>
T

<e[l+[|0zull o] v/ 26 (1)
<V2A[1 4 |0z ul| oo e

For A}, we shall use the classical inequality

(Vy—Vz)* <zlog(z/y) —z+y,

for x,y >0, and proceed as follows:

| 43| =

/T (e = p(t,2)) (p(,u(t,z)) = (0,0)) da
/T<6%Ue p(t,x ) (62Us+m> (z,u(t,x)) —(0,0)) dx
< (/T (e%UE - W)Z lo(x,u(t,z)) —(0,0)] dx>1/2

x ( G p(tw))z|¢<m,u<t,x>>—w<o,o>|dx)

(/T (e%Ua _ P(t,x))2\@(Iv,u(t,x))—gp((),oﬂ dm)

<(1+ ||u||oo)/(eU5 log (€< /p) — e +p) dx
<1+ [lufloo) He (1),

and likewise we obtain the rough bound

(/(erw\/W) (2, u(t,z)) — (0,0)|dx>
<2 [ (4% -1) lplautt) ~p(0.0) da
+2 [ (Volta)+1) Te(ea(ta) - ¢(0.0)| do
<2(1+ullo) (£:0)+ [ (Voo +1) as )
<o+ full) (a+ [ (Voliar+1) ae).

As a consequence, we get

AL < V(L + [l o) <A+ / ( p(t,x>1)2dx>1/2 HoA).

1/2

‘We have
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Gathering all pieces together, we have shown

(fe = POo=u, @)

1/2
<V2 (14 (14l o) <A+/T(\/M+1)2dx> VH () +V2A[L+[|0zul| o e,

which allows us to conclude the proof applying Theorem 6.1. 0
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