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Abstract. Motivated by some models arising in quantum plasma dynamics, in this paper we study
the Maxwell-Schrodinger system with a power-type nonlinearity. We show the local well-posedness in
H2(R3) x H3/2(R3) and the global existence of finite energy weak solutions, these results are then
applied to the analysis of finite energy weak solutions for Quantum Magnetohydrodynamic systems.
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1. Introduction
In this paper we investigate the existence of local and global in time solutions to
the following 3-D nonlinear Maxwell-Schrodinger system

i0u=—2Asu+du+|ul0"Yy (1)
OA=PJ(u, A) :

with the initial data
U(O) =Uuo, A(O) = Ao, tA(O) == Al.

Here all the physical constants are normalized to 1, A4 = (V —iA)? denotes the magnetic
Laplacian, ¢ = ¢(p) = (—A)"1p, with p:=|u|?, represents the Hartree-type electrostatic
potential, while the power nonlinearity describes the self-consistent interaction potential.
J(u, A) =Im(a(V —iA)u) is the electric current density and P=1—VdivA~! denotes
the Leray-Helmholtz projection operator onto divergence free vector fields.

The Maxwell-Schrodinger system

itu= —%AAu—i—(bu
—Ag—tdivA=p (1.2)
OA+V(tg+divA)=J,

is used in the literature to describe the dynamics of a charged non-relativistic quantum
particle, subject to its self-generated (classical) electro-magnetic field, see for instance
[8,32]. In particular the Maxwell-Schrodinger system (1.2) can be seen as a classical
approximation to the quantum field equations for an electro-dynamical non-relativistic
many body system. It is well known to be invariant under the gauge transformation

(u,A4,0) = (u', A, ¢') = (P u, A+ VA, 6~ ), (1.3)
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452 NONLINEAR MAXWELL-SCHRODINGER AND QMHD

therefore for our convenience we can decide to work in the Coulomb gauge, namely by
assuming divA=0. Consequently under this gauge the system (1.2) takes the form

itu= —%AAu—i—(bu
OA=PJ(u,A).

It is straightforward to verify that also power-type nonlinearities of the previous form
are gauge invariant.

The Maxwell-Schrédinger system (1.2) has been widely studied in the mathematical
literature for various choices of gauges; for instance, among the first mathematical
treatments we mention [26,40], where the authors studied the local and global well-
posedness in high regularity spaces by means of the Lorentz gauge. The global existence
of finite energy weak solutions has been investigated in [15], by using the method of
vanishing viscosity. However, the uniqueness and the global well-posedness of the finite
energy weak solutions is not easily achievable with this approach. In [27,28], by using
the semigroup associated to the magnetic Laplacian following Kato’s theory [19,20] and
hence by means of a fixed point argument, the authors obtained global well-posedness
with higher order Sobolev regularity.

More recently a global well-posedness result in the energy space has been proven

in [6] by using the analysis of a short time wave packet parametrix for the magnetic
Schrédinger equation and the related linear, bilinear, and trilinear estimates. Therefore,
strong H' solutions to the system (1.2) are obtained as the unique strong limit of H?
solutions. Moreover in the same paper the authors obtained a continuous dependence
on initial data in the energy space. The asymptotic behavior and the long-range scat-
tering of solutions to the system (1.2) has been studied for instance in [11,12,33] (see
also the references therein). The global well-posedness in the space of energy for the
2-D Maxwell-Schrodinger system in Lorentz gauge has been investigated by [41] .
In the present paper we focus on the Cauchy problem for the Maxwell-Schrodinger sys-
tem with a power-type nonlinearity; our interest in this problem is motivated by the
possibility to develop a general theory for quantum fluids in presence of self-induced elec-
tromagnetic interacting fields. The related Quantum Magneto-Hydrodynamic (QMHD)
systems, with a nontrivial pressure tensor, arise in the description of quantum plasmas,
such as in astrophysics, where magnetic fields and quantum effects are non negligible,
see [16,17,34,35] and the references therein. The hydrodynamic equations describing
a bipolar gas of ions and electrons can be recovered from the Maxwell-Schrodinger
system (1.1) by applying the Madelung transforms as done in [1], where the authors
studied a general class of quantum fluids in the non-magnetic case. We refer to Section
5 for a more detailed discussion concerning the connection between QMHD and the
Maxwell-Schrodinger system (1.1).

We state in the sequel the two main results of this paper. The first one regards the
local well-posedness theory for the system (1.1) in H2(R3)x H2 (R3). More precisely
let us denote

X = {(UO,Ao,Al) € H2(R?) x H3/2(R3) x HY2(R%)s.t. div Ay = div A; = 0}.

TuEOREM 1.1 (Local well-posedness). Let v>3. For all (ug, Ao, A1) € X there exists
a (mazimal) time 0 < Tyaqr <00 and a unique (mazimal) solution (u,A) to the system
(1.1) such that

e UE C([O,Tmam);Hz(Rg))7
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o AcC([0,Thmaz); H2 (R3)NCY([0, Tynas); Hz (R?)), divA=0

o if I'(uo, Ao, A1) = (u(-),A(),0:A(+)), then
reC(X;C([0,7);X)), for any 0<T < Traz-

The following blowup alternative holds: either Tyap =00 01 Tipgr <00 and

lim [u(t) maqes) =00, i [AD] 3 g =00, Lim [2AQ)] .

1 f
T max HZ(R3)

Our proof plays on the the construction of the evolution operator associated to the
magnetic Laplacian, based on Kato’s approach [19, 20], and then we perform a fixed
point argument to approximate the solutions to the Maxwell-Schrodinger system by
the classical Picard iteration. Differently from [28], in our case the solutions obtained
by this method cannot be extended globally in time, indeed the power-type nonlinearity
does not lead to a Gronwall type inequality capable to bound the higher order norms
of the solution at any time; see also [30] for a similar problem.

To circumvent this difficulty we regularize the system (1.1) by making use of the
so-called Yosida approximations of the identity; hence we are able to get the global well-
posedness for the approximating system in H?(R?) x H3/2(R?). Moreover, by using the
uniform bounds provided by the higher order energy, defined by the norm of X, we
prove the existence of a finite energy weak solution to the system (1.1), in the sense
defined in [15]. This is established by the following theorem.

THEOREM 1.2 (Global Weak Solutions).  Let 1 <y<3, (ug,A0,A1) € X. Then there
exists, globally in time, a finite energy weak solution (u,A) to (1.1), such that u€
L®(Ry; HY(R?)), A€ L®(Ry; H'(R?))NW (R4 L*(R?)).

REMARK 1.1. The same results can be obtained in a straightforward way, by using
the previous results on the Coulomb gauge, in any other admissible gauge.

REMARK 1.2. Tt is possible to include a Hartree (nonlocal) nonlinear potential of
the form (|-[~%x|u|?)u, with 0<a < 3. It can be dealt with in the same fashion as for
power nonlinearities.

The final goal of this paper is to develop a suitable theory for the QMHD system
(5.1). The major obstacle in this direction, which is also the major difference with
respect to the usual usual QHD theory, regards the possibility to give sense to the
nonlinear term related to the Lorenz force. For sake of simplicity we will consider the
case without the nonlinear potential. Let us recall the definition of the macroscopic
hydrodynamic variables via the so-called Madelung transformations, namely

pi=|ul? J:=Re(u(—iV — A)u).
From the Maxwell equations we have
E=—tA-V¢, B=VAA, Fr:=pE+JAB,

where E, B, F1,,¢ denote the electric field, the magnetic field, the Lorenz force and the
(scalar) electrostatic potential, respectively. The fields equations are supplemented by
the involution of the magnetic field, and in the Coulomb gauge by the Poisson equation
(here all the physical constants are normalized to one), namely

divB=0, divE=—A¢p=np.
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The usual energy estimates on the Maxwell-Schrédinger system (1.1), as we will see

in the Section 5, lead to % €LL2, V\/peLi*L2, JeL®LY? BeL®IL2, and

VAJELPLLNLY®W, L3/2 Unfortunately these bounds are not sufficient to apply
the compensated compactness of Tartar [24,25,37] and in particular the argument in
the Lecture 40 of [38]; indeed J¢ L2 and B¢ L3 (the boundedness in at least one of
these norms would be sufficient). Therefore the analysis of the Lorenz force for finite
energy solutions needs still to be better understood. In [4], the authors investigate the
weak stability of the Lorentz force by a detailed frequency analysis, in the case of in-
compressible dynamics (where J € L?). In [6], the authors obtain a global well-posedness
result, in the sense that finite energy strong solutions are the unique limit of H? regular
solutions; however, these solutions do not allow to treat the Lorenz force term. The re-
sults of [27,28], obtained without the nonlinear potential, include global well-posedness
in higher order Sobolev spaces which combined with the methods of [1,2] allows one
instead to analyze the pressureless QMHD case.

The additional difficulty introduced by the power nonlinearity in the Maxwell-
Schrodinger system (1.1) in 3-D, namely a nonlinear pressure term in the QMHD system,
can’t be easily managed. Usually the proof of higher order well-posedness for the NLS
combines higher order energy estimates with the use of sharp Strichartz estimates.
However Strichartz estimates of the same type are not, to our knowledge, available for
the system (1.1), while a brute force higher order energy estimate would end up in a
superlinear Gronwall inequality and hence in an upper bound which blows up in finite
time.

Our theory deals with the presence of a hydrodynamic pressure and it will provide
a local well-posedness of QMHD in the higher regularity framework.

The paper is organized as follows. In Section 2 we collect some estimates which will
be used afterwards and we study the evolution operator associated to the linear magnetic
Schrédinger equation. In Section 3 we prove Theorem 1.1. In Section 4 we introduce an
approximating system to the system (1.1) for which we show global existence of solutions
and then pass to the limit, proving Theorem 1.2. Finally, in Section 5 we discuss the
application of our main results to the existence theory for the QMHD system.

2. Notation and preliminaries

In this section we introduce the notation and we review some preliminary results
we are going to use throughout the paper.

Let A, B be two quantities, we say A< B if A<CB for some constant C'>0. We
denote by LP(R?®) the usual Lebesgue spaces, and H*P(R3) are the Sobolev spaces
defined through the norms ||f||ge»:=|/(1—A)*/?f|1». For a given reflexive Banach
space X we let C([0,T];X) (resp. C1([0,T];X))) denote the space of continuous (resp.
differentiable) maps [0,7] — X’. Analogously, L?(0,T;X) is the space of functions whose

. T Vp .
Bochner integral || f|| r(o,7;x) := (fo ||f(t)Hth) is finite.

LEMMA 2.1 (Generalized Kato-Ponce inequality). Suppose 1 <p<oo, s>0, a>0,
8>0 and %:pii—i—% with i=1,2, 1<q; <00, 1<py<oco. Setting A*=(I—A)3 we
have
IAS(frf2)ll e sy SIAF(f)ll Lo @y IAT (f2)ll Lo (moy
AP ()| o2 @2y A TP (f2) || Loz (m2)-
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Proof. Those estimates are generalization of Kato-Ponce commutator estimates,
for a proof of this Lemma see for example Theorem 1.4 in [22]. O

LEMMA 2.2.  Let p,q be such that 1 <g< % <p<oo. Then

I(=2)"" flloe= SIAIZe I F Il 72" (2.1)

where 8 € (0,1) is given by 0= gz;i’;ﬁ’;. Furthermore, the following estimates hold
1(=2) 7 (fufe) fslleere) S Il e | f2ll o oyl £l o roy (2.2)
(=) f Pl oo gy SUFIZ2@ey + 1 1200 oy (2.3)

Proof. Let R>0. Then we have

dm((—A) 7)) = / ﬁf(w—y)dw= /| I<Ri (x—y)dz+ / L iy,

|y ly|>R |y

whence by Holder’s inequality we have

1/p’ 1/4'
[(=A)"" fllo~ < (/ e dy) I fllze + (/ it dy) [ flla-
ly|<R ly|>R

The two integrals on the right hand side are finite by the assumptions on p,q. By
optimizing the above inequality in R we then get inequality (2.1). To prove estimate
(2.2) we apply the Holder and Hardy-Littlewood-Sobolev inequalities to get

I(=2)" (frf2) fsllpe < I(=2) 7 (fuf)l

ollfslles S f1f2llpess| f3ll s
Using again Hélder’s inequality for Hflf?”L% @3) Ve get (2.2).
Inequality (2.3) follows from inequality (2.1) by choosing p=o00,¢=1 and by apply-
ing Young’s inequality. d

The next lemma will be useful to estimate the Hartree term in the fixed point
argument in Section 3.

LEMMA 2.3. Let u€ H*(R3). Then
I(=2) 7 (ul ull a2 < lwllFsallll - (2.4)
Proof. We have
I(=2) " (ul)ul gz SH=2)7H A= A)(Julull gz + [ (=2) 7 (ul?) (1= A)ull 2
SN2 A= A) [l ol s + 11 (=2) " a2 |(1 = Al 2.
By the Hardy-Littlewood-Sobolev inequality we have

I(=2)" A= A)ulP[lze S =) |ulllpo/s S llull o]l (1 - A)ull e,

where the last inequality follows from Lemma 2.1. On the other hand, by using inequal-
ity (2.1), with p,q sufficiently close to %, and Sobolev embedding we see that

ANl < N2
I(=A) "l S lull,

1.,
5 +e
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Consequently,

(=) () ull gz S Nl 4l -

LEMMA 2.4. Let Ac HY(R?) and ue€ H?(R?). Then the following estimates hold: ’
1V —iA)ullgrrs) S (L4 [ All 2 o)) 1wl 52 (vs) (2.5)

P (s Al 3 oy S el ey el ey + 1A ) 1 e sy (2.6)

1A xullzz Sl zz + | All 3 lull 2, (2.7)

lull g2 S 1A a2 2 + | All 3 |ull 2, (2.8)

IV +iA)ul Lo < llullzr2 + 1Al 372 [l e (2.9)

Proof.  We begin with the proof of estimate (2.5). By using Lemma 2.1 we have

[(V—=iA)ul g (ze) < [Vul ey + | Aull g re)
S lull ey + | Al ro) llull oo ra) + [ All Loray lJull 1.2 re)

S Nl ee) + | All e oy llull 2oy + 1 All e @) lull 3 gs )

where in the last inequality we used the Sobolev embedding theorem. Thus estimate
(2.5) is proved. We now consider estimate (2.6); by Lemma 2.1,

aVull 3 gsy STl 35 s IVUll Loge) + 1Tl Lowe) [V ull 535 gy
N||U||H; sy VUl re) +||u||H1(R%)||VU|| 3@9)
§||U||H1(R3)||u||H2(R3)
and
[ Aful? Y@ 5||A||H%(R3)||u||%w(R3)+||A||Ls|||u|2||H%,3(R3)

SIAl sy el 72 sy -
By adding the two estimates above we then obtain
BTN 12 SN e Sl s [l 22 + | Al ul Fe-
For estimate (2.7) we have
1A aull L2 Sllullgz + [|A- V| L2 + || APul| .2
Slullzz + Al [l gz + | Al ]| a2
1/4 3/4 1/2 1 2
Slillazz + 1Al lall 2 el 32+ AN ol 27l 73

By using Young’s inequality we obtain estimate (2.7). Estimate (2.8) is proved in an
analogous way. Finally, for estimate (2.9) we have

IV —id)ull s S[IV(V —iA)ul L2
SlAaullpz + AV —id)]| L2
SlIAaul 2+ Al [l sz + | All lll a0
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and proceed as for the previous estimates. a

Let us now state the Strichartz estimates for the wave equation we are going to use
in our paper. For a proof see for example [10,36] and references therein.

LEMMA 2.5 (Strichartz estimates for the wave equation).  Let I be a time interval,
and let B:IxR3+— C be a Schwartz solution to the wave equation B =F with initial
data B(0)= By, 0;B(0)=By. Then the following estimate holds
IBllerr(rxre) + Bl s (1xrs) + 10eBll o, a1 (1xr3)
SHBOHHS(R3) + ||B1||HS*1 + HF”L?L;’(IXRS)

whenever s >0, 2<q,g< 00 and 2<r,7< oo obey the scaling condition

§=—
q r 2 q

1
+=<
7

As a consequence we also obtain the following energy estimate.
LEMMA 2.6.  Let s€R, Boe H*(R3), By € H*"Y(R3) and F € L*([0,T]; H5~1(R?)),
T >0, then

BeC([0,T];H*(R)NH*'([0,T]; H*~(R?))

defined as in previous Lemma satisfies

| Bllc, m1s (10,11 x&3) +|0: Bl ¢, 1151 ([0, 7] xR?)
SA+T)([|Boll ms ey + | Bill ra=r o) +11F Nl L1 grs=1 0, 7y xm2))- (2.10)

We conclude this section by recalling some results concerning the Schrédinger prop-
agator associated to the magnetic Laplacian A4. More precisely, let A be a given
time-dependent, divergence-free vector field. We then consider the following initial
value problem

{i@tu:—%AAu (2.11)

u(s)=f,
and we study the properties of its solution.

PROPOSITION 2.1.  Let 0<T <oo and let us assume that A€ C([0,T]; H'(R?)), tAe
LY([0,T); L3(R®)). Then there exists a unique ue C([0,T]; H*(R3))NC*([0,T]; L*(R?))
solution to (2.11). Moreover,

tA
lallzoegomsreqmsyy S Il (14 Al g gy ) V45402 (2.12)

PROPOSITION 2.2. LetAeLOO([ T], LR3)NWEL([0,T); L3), fe LY([0,T); H2(R3))
and let ve C([0,T]; L*(R3))NW([0,T]; H=2(R3)) be solution to

1
iatU: —EAA’U—F.]C
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Then for every to€[0,T],

v(t)=Ual(t,to) —i/ Ual(t,s)f(s)ds.

to

Proof.  See [28] for a proof of Propositions 2.1 and 2.2. O

From Proposition 2.1 we can then define the propagator Uy (t,s) associated to the
initial value problem (2.11), i.e. Ua(t,s)f =u(t), where u is the solution in Proposition
2.1, and Uy satisfies the following properties:

o Ux(t,s)H?>C H?, for any t,x € [0,T];
o Ux(t,t)=1I;
° UA(tl,tg)UA(tg,t3)ZUA(tl,tg), for any t1,t9,13 € [O,T]

Moreover, by inequality (2.12) we have

Ky:= sup HUA(t,s)HHzHH(Zg(1+|\A|\§mHl)e”-tA”L%Li.
t,s€[0,T] ¢

From the unitarity of U4(t,s) in L?, ||[Ua(t,s)f|lr2=|f|lz2, and by interpolation, we
can then infer

sup ||[Ua(t,s)f|lgs—ms <00, Vse€[0,2].
t,s€[0,T]

3. Local well-posedness

In this section we are going to prove the local well-posedness result stated in Theo-
rem 1.1 by using a fixed point argument. We split the proof in two parts: in Proposition
3.1 we are going to show the existence and uniqueness of a local solution by means of
a fixed-point argument. Then Proposition 3.2 will be about the continuous dependence
of the solution on the initial data.

PROPOSITION 3.1. Let v> % For all (ug,Ap, A1) € X there exists Tynar >0 and a
unique mazimal solution (u,A) to the system (1.1) such that u € C([0,Tyaz); H?(R3)),

A€ C(0,Thmaz); H2 (R¥)NCY([0, Tynaz); H2 (R?)), div A=0. Moreover the blowup alter-

native holds true.
Proof. First of all, let us define the space

Xr:={(u,A)s.t-uec C([0,T), HA(R?)), Ac C([0,T], H? (R*))NC*([0,T],H? (R%)),
div A=0,[|ull Lz grs) < R1, [|A] +HatAHL,,oH1 <Ro},

3
L H 2 (R3) 2 (R3)

(3.1)

where Ry, R2,T >0 will be chosen later. It is straightforward to see that X7, endowed
with the distance

d((u1, A1), (uz, Az)) =max{|lur —uz|| 1 r2 rs), [[ A1 — A2 Lapa(ms) } (3.2)

is a complete metric space. We also define

” (u7A)||XT = HUHL,?"HE([O,T] xR3) + HAHL,?"Hi/z([O,T]x]R?’) + ||,tA||L?oHé/2([07T]><R3)' (3'3)
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Let (up,Ap,A1)€ X, we define the map ®: Xpr— Xp, (u,B)=®(u,A), (u,A)eXr,
where

w(t) =Ua(t,0)ug—i / Ua(t,s)(du+|ul20~Du)(s)ds (3.4)
0
and
B — sin(tv/—A) ! sin(tv/—A)
B(t)=cos(tV A)Ao—l—im A1+/0 —VA PJ(u,A)(s)ds.

Let us first show that ® maps Xr into itself. By inequality (2.12) we have that for any
s€10,71],

tA
103 flle <11 fllme (1 AN g ) €404
and since |[tAll 175 ST([tAll} wpy1/2, We have
. g . H,

IUA(t,8) fll 2 < C(1+Rp)e™ | £l 2.

Let us consider the nonlinear terms in Equation (3.4). Since 7>% the function z~—

|z|2(r=1z is C?(C;C), then by the Sobolev embedding H? < L> and by Lemma 2.1 we
have

_ 2y—1 27-1
O™ Vull o prz < lJull s SR
Furthermore, from inequality (2.4) we have
ol ge 2 S Nl posallll ez S R
so that, by putting everything together, we obtain
lull e 12 < Cr (1 RS exp(TRa) (ol + TR+ TRS).

On the other hand, by using the Strichartz estimates for the wave equation stated in
Lemma 2.5 we have

1Bl e gz + 1Bl e e S D) (1ol oo+ 1 Al g2 + BT 1y a2
By inequality (2.6) we have
B oo S RE1+R1).
so that
1Bl poe g3z +IEBI o 12 < C2(14T) (|| Aol sz + | Avll 172 + TRI(1+ Ra)) -
Let us now choose Ri,Rs,T; without loss of generality we can assume that T'<1. Let

Ry :=4Cs| Ao || /> +[| A1l g1/
Ry :=2C1 (14 R3)e™ ||uo]| 2.
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Then
R —
[ull g 2 (re) < ?1 +C (1+RYTeR2 Ry (RO™Y 4+ R?)

R
| B 3 3)+||8tBH 1 <= 4205R¥(1+Ry)T.

2
P HZ (R L& HZ(R3) — 2

Now by choosing T such that

_ 205R?(1+R 1
max{cl(1+R§)eR2 (R2O~Y +Rf)T,21é+2>T} <5
2

we see that ® maps X into itself
We now prove that, possibly choosing a smaller value for T'> 0, the map ® is indeed
a contraction on Xp. Let us define

(ul,Bl) =<I>(u1,A1)
(UQ,BQ) :(I)(UQ,AQ).

By writing the difference of the equations for u; and us we write

(w1 —us)(0) = Ua(t5)F(s)ds,
where F' is given by
F=2i(A1 — A3)-Vug + (| A1]* — |Az[*)uz + (6(|ur|?) — d(|uz|*))uz
+o(jur]*) (ur —uQ)+]|u1|2<V*1>u1_ |u2|2(771)u2’ :;ZS:FJ-. (3.5)
j=1

Hence we have

||U1—U2||L;?°L§SZHFJ'HLng- (3.6)

J

We now estimate term by term; by using Hoélder’s inequality and Sobolev embedding
we have

£ Liz2 ST Vs oo || Ay —Asllpa
1F2 ) pyre ST *fusllne, (A1l g rnn + (| A2ll ez ) [ AL — Azl s -
By using inequality (2.2), the third term is estimated by
1Fs5l Lip2 ST (luallpge rrr +lluall Loy ) N1zl Loe s [Jun —wsl 2
For the term Fy we use inequality (2.3) and Sobolev embedding to get
HF4||L}L§ /STH"HHQL?"H%Hul_uQHLf"Li-
The last term is estimated by

2(y—1 2(y—1 2(y—1
1Fs ) 2qesy S (Juall 327+ el 327 ) Ju— /|| g2 sy S BEO ™V [Jus — ua| 12 sy
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where we used the following inequality
[ [P0 g = ua PO Pug| S (Jun [P0 4 fua P07 fur —wgl.

By putting everything together in inequality (3.6), and by using Holder’s inequality, we
obtain

uy —uz| oo r2 S (T3 +T)C(Ry, Ra)d((u1, Ar), (u2, Az)). (3.7)
Analogously, for By, By we write

(B1—Bo)(t)= /O sm((t\;%M)

where G = E?:l Gj is given by:
G= ]P’Im{(ul — UQ)(V - iAl)ul - iulfz(Al - Az) — (u1 - Ug)(V'i"LAg)@}

Here we have used the fact that P(uaV(u; —usz))=—P((u1 —u2)Vuz). Using the
Strichartz estimates in Lemma 2.5 with ¢=r=g¢=r=4, we get

1B1=Bells, <lIGIl, (3.9)

ol

T

o

We estimate the three terms in G. The terms G; and G3 are treated similarly, by
Sobolev embedding and by using inequality (2.5) we have

Gl s +11Gsll o
ST (14| Avl oo mrn + | A2l 2o 1) (luall oo prz + | poe gz ) [y — szl poe .-
By using Holder’s inequality, G2 is bounded by

G2l a5 STV || ez Nzl ge pra 1 As = As| s -
Resuming, by estimating the terms in (3.9) we obtain
141 = Azl s S (TV2+TY*)C(Ry, Ro)d((un, A1), (us, Az)). (3.10)
By summing up inequalities (3.7) and (3.10), we finally get
d((u1,Br),(uz, B2)) < (T2 +T)C(Ry, Ra)d((u1, A1), (u2, A2)).

Thus, if T'> 0 is chosen sufficiently small, then ® is a contraction. This proves that for
any initial data (ug, Ao, A1) € X, there exists a unique local solution (u,A) to the sys-
tem (1.1) such that v € C([0,T]; H2(R3)), A€ C([0,T]; H3/2(R3))NC*([0,T]; H'/?(R?)).
By a standard argument it is straightforward to show that it may be extended to
a maximal solution (u,A), with u € C([0,Taz); H2(R?)), A€ C([0,Tynaz); H/2(R?))N
C([0,Tpnaz); H/?(R?)) and that the blow-up alternative holds true, namely if T}, < 00
then we have

lim  ([lu()| 2 + | A®) /2 + [ EAG) ] r1/2) = 00.

*dmax
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d
The next proposition states the continuous dependence of solutions on the initial
data. Its proof goes through a series of technical lemmas and it follows this strategy:
First we prove the continuous dependence for more regular solutions. Then by an
approximation argument we prove the general result for solutions (u,A) € X. This will
finish the proof of Theorem 1.1. In the remaining part of the section we state the
proposition and the lemmas needed to prove the continuous dependence for regular
solutions. Then we show how to extend it to arbitrary solutions (u,A) € X. The proofs
of Lemmas 3.1, 3.2 and 3.3 will be given in the Appendix.

PROPOSITION 3.2 (Continuous dependence on the initial data). Let 0<T <Tmaz,
then the mapping (uo, Ao, A1) — (u, A,tA), where (u,A) is the solution to the system
(1.1) is continuous as a mapping from X to C([0,T];X).

For the lemmas we consider two different solutions (u, A), (u',A’) defined from two
sets of initial data (ug, Ao, A1), (ug, AL, A)) € X such that

(w0, Ao, Av)l|x, [[(ug, Ag, A1)l x < R.

Moreover, we are also going to exploit the uniform bounds given by the total energy of
system (1.1),

1 1 1 1 1
E(t) :/§|(V—iA)u|2+ 5|;t,4|2+ 5|VA|2+ 5|V<;s|2+ ;|u|27dx. (3.11)

It is straightforward to see that it is conserved along the flow of solutions to the sys-
tem (1.1). Thus if (u,A), resp. (u/,A’), is the solutions emanated from (ug, Ao, A1),
resp. (ug, Ay, A}), then we may consider E >0 such that

E(t),E'(t) < E,

where E(t), resp. E'(t), is the total energy associated to (u,A), resp. (u/,A").

LEMMA 3.1.  Let (u,A),(u',A") be solutions to the system (1.1) defined as above, then
we have

=2 St O) 2 + Tl oz (1A= A e e+ u =t 012
+TH(U7A)_ (ulvA/)”XTv
where the constant depends only on R,E defined as above.

LEMMA 3.2.  Let (u,A),(u',A") be solutions to (1.1) defined as above, then we have
lu—=u'll o2 + 1A= Al oo /2 S Ml (w0, Ao, Ar) = (g, Ag, A | 2 iz -7,

where the constant depends only on R,E defined as above.

LEMMA 3.3. We have
ltull Lo 2 S llwoll s + | Aol grsrz + 1| Al gs/z,

where the constant depends only on T, R, E.



P. ANTONELLI, M. D’AMICO, AND P. MARCATI 463

Proof. (Proof of Proposition 3.2.) By combining the above lemmas, it is possible
to show the continuous dependence for solutions whose initial data are (ug, Ao, A1) €
H*x H®/? x H3/?. Indeed Lemmas 3.1, 3.2 and 3.3 imply the following estimate

[[(u, A) = (', A") || x7 S (0, Ao, A1) — (ug, Ap, A1) x

+T (|luoll s + 11 Aol /2 + 1AL a2 ) 1 (w0, Ao, Av) = (u, Ao, A L2 /2 -1/
+TH(U7A) - (ulvAl)HXT'
A straightforward bootstrap argument yields
[[(u, A) = (', A") || x7 S |0, Ao, A1) — (ug, Ap, A1)| x

+T (llugll mrs + 11 A0l zz572 + 11 A1 | 112 [ (0, Ao, A1) — (ug, A, ANl L2 x /2 -1/
(3.12)
Let us now consider general initial data (ug, A, A1) € X and let us consider a mollified
n’(z)=6"3n(x/5), 6>0, where n€ C>*(R?) is a smooth, radial function with [n=1.
We define u =n° *uo, Agz = 7752 x Ag, A‘ls2 = 7752 x Ay. It is straightforward to check that
this definition implies

ol + 1143 12 + 11 AT L gz3/2 S 72 (lluoll 2 + || Aol v + | Al z1/2)
and that
lluo — || 2 + | Ao — AF [l 7172 + [ A1 = AL || -1/2 = 0(5?).
By using estimate (3.12) above we then infer
(1, 4) =, A7)
<l (o, Ao, Ar) — (uf, A3 A7) 1 x
T (s + 1143 v+ AT a2 ) U0, Ao, Av) = (ud, AT AT e/ sr-172

Sl (o, Ao, Av) = (ud, AT, A7) [x + TO(6)0(67%). (3.13)
Consequently we have that (u‘;,A‘;z) converges to (u,A) in Xp as 6 —0. Let now
{(uo,n,A0.n,A1n)} CX be a sequence converging to (ug, Ao, A1) € X. We want to prove

that the solutions (u,,A,) emanated from (ug n,Aon, A1) converge to (u,A) in Xrp.

To do this, we regularize the initial data by considering (uo n,Agzn,A5 ). From estimate

(3.13) we know that {(u®,A%")} converges to (u,Ap) in Xp, as § — 0, where (uy,A4,) is
the solution to the system (1.1) with initial data (ugn, Ao n,A1n). On the other hand,

{(u), n,A‘s2 A5 )} generate regular solutions, so that by estimate (3.12) we have that

0,n>
{(ud,A5")} converges to (u®,A%") in Xp, for n—oo. The triangular inequality then
yields the convergence of (uy,A,) to (u,A) in Xr. 0

4. Global existence

In the previous section we proved the local well-posedness of the system (1.1) in
H? x H3'?. However, the presence of the power-type nonlinearity in system (1.1) pre-
vents us to obtain a global bound for ||(u(t),A(t),0:A(t))||x. This is different, for
example, from what can be proven in [22]. Indeed, while in the case of Hartree nonlin-
earity it is possible to use estimate (2.4) which is linear in the higher order norm, in the
case of the power-type nonlinearity one has

2(y—1)

PO 2 ges) S ull 7% ) el 2 s

[[|u
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which requires to bound u in H*(R?®), with s> 3. Therefore it follows that the related
Gronwall-type inequality becomes superlinear in the higher order norm, hence it blows
up in finite time.

Our strategy to investigate global in time existence will be based on the regular-
ization of the nonlinear terms, provided by the classical Yosida approximations of the
identity. We then consider the following approximating system

1
iuy =— iAAsus—Hbsus—l—Ns(us)

04 =J°PJ° (4.1)
u® (O) =Uuo, A (O) == Ao, 'tAE (O) = Al,

where J¢=(I—cA)7!, A*=7°4°, N*(u)=7J° (|Tu POV T50f), JE=J(us,A°),
¢° =¢(|uf|?) and we denote V i =V —iA®. The total energy of this approximating
system is given by

1 1 1 1
E:/ [V 54 V8 P4 VAP 4 o AP+~ |7 hae (42)
R3 2 2 2 y
which is conserved along the flow of solutions. A local well-posedness result, analogous
to Theorem 1.1, can be proved for the system (4.1) in a straightforward way.

PROPOSITION 4.1. For all (ug,Aop,A1)€X, there exists TS,,,>0 and a
unique mazimal solution (u®,A%) to (4.1) such that u®€C([0,T5,,,); H?(R?)), A€
C([0,T5,,,); H¥2(R3)NC([0,T5,,,); HY/?(R?)) and the usual blow-up alternative holds

true. Moreover, the solution depends continuously on the initial data.

Proof.  'We only remark here that the local well-posedness result for system (4.1)
holds for any ~ € (1,00), while in Theorem 1.1 we restrict the range to € (2,00). Indeed,
because of the Yosida regularisation, we have

IN® () 2 ST 0 PO T e S |5

O
The regularisation of the nonlinear terms yields indeed the global existence of so-
lutions.

PROPOSITION 4.2.  The solution obtained in Proposition 4.1 exists globally in time,
namely ||(u(t),A%(t),tA%(t))||x is finite for any t €R.

The proof of Proposition 4.2 is based on the following
LEMMA 4.1.  Let >0, then for every t€R,

Al o

[ @) z> < C(lluoll2, E)e v, (4.3)

Proof. By estimate (2.8) we have

[l 2z SIA el 2+ A3 u®]| e
<C([luollL2; B A zu | 2,

therefore it is convenient to estimate the norm [|A z.u®| > instead of [|u||g2rs). By a
standard energy method it follows that

d € £, € (> € 1>
2 A 5w )@O)llz2) < [1Az: (07u) |2 +[|A 7 N (W) 22 +][8, A geJus| 2.
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The first term can be estimated by using estimates (2.7) and (2.4),

1A z: (676l 2 SN67us | 2 + A% 3 167w 2
Sl lFrsra (1A gew [l p2 + 1A% 37 |u®|22)
<C([[uollz2, E)|A g-uf| L2
The nonlinear term N¢(u®) can be controlled by exploting the regularization given by
j&
1A - N= () 2 SN (@)l r2 + 1A% 3 [N® (u®)] 2
ST PO T g2 + | A% 32 [|N* (u®) | 2
2(y—1
S 3 (e 1A% s 22)

where the last inequality follows from Sobolev embedding. The commutator [t,A ;.]u® =

2't[15(v+i[15)u5 can be estimated by using the Holder’s inequality and the Sobolev
embedding

A% (Vi) | 2 <A 107 + A% o
<A 172 (1A e o+ A s s 22).

By summing up the previous three terms
d
2 A zw®) @)l z2) < Clluoll 2, EMIEA™| a2 | A gevll 2,

hence the inequality (4.3). O

Proof. (Proof of Proposition 4.2.) In order to get a bound on the H? norm of
the approximating solution ¢, by Lemma 4.1 it is sufficient to control [[tA||, . j1/2.
. oL
Using the energy estimate for the wave equation

1A e v+ 1EA%0 e vz SCT) (1ol g+ 1Az + I TBI g2

x

and, by exploiting the Yosida regularization, we get

INg s S |PJ* SN oo 272 < C(E).

HL?"H;/Z HL?"H;I/Z

It follows that || A% (2)|| ga/2 + ||t A% (t)]| gr1/2 is uniformly bounded on compact time inter-
vals and consequently by inequality (4.3) also ||u®(t)|| g2 is finite. Hence, by the blow-up
alternative, the solution (u®,A%) to the system (4.1) exists globally in time. O

Now we conclude the proof of Theorem 1.2 by showing that (u®, A°) converges to a
solution to the system (1.1), as € — 0. This will conclude the proof of Theorem 1.2.
The conservation of mass and energy yields the following a priori bounds

||u€€||L§°H;(RXR3) <G, ] (4.4)
||A ||L§OH;(R><R3)§07 HtA ||L;?°L§(RxR3)§C’

which imply that, up to subsequences, there exist u e L°H}, Ae L H:NW,"*° L2, such
that

u® Sy in L HY(R x R?) (4.5)



466 NONLINEAR MAXWELL-SCHRODINGER AND QMHD

A* 5 Ain L°HN(RxR3) (4.6)
AT 50, A in LPL2(RxR?) (4.7)

PROPOSITION 4.3.  The weak limit (u,A) in limits (4.5) and (4.6) is a finite energy
weak solution to the Cauchy problem (1.1), with initial datum (ug,Ao,A1).

Proof. Let us consider u¢, by using Equation (4.1) and the a priori bounds given
by the energy we have {tu} is uniformly bounded in L>(R; H~*(R?)). Hence, by using
the Aubin-Lions lemma and from the assumption 1 <~ <3 we may infer

u® —u in L} (RxR3)NLY (RxR?). (4.8)

This also implies that [u]? — |u|? in Lng/ ® and consequently from Hardy-Littlewood-
Sobolev we obtain

(=2) 7 (uf]?) = (=A) " (Juf*), in LLg. (4.9)
Analogously for A%, the a priori bounds yield
A® = Ain L} (RxR3). (4.10)

loc

We are now able to show the convergence for the nonlinear terms K¢(u,A%), N¢(u®),
JEPJ¢, where

- - 1 -
K (u®,A%)=iA® - Vu + §|A€|2u€+¢(ua)ua,
Indeed, by using the convergences (4.5)-(4.10) we may conclude

Ke(u®, A%) = K (u,A) in L}

loc

(RxR?),

PJ(uf,A%) —~PJ(u,A) in L} (RxR?),

loc

2y
Ne(uf)—=N(u), inL2 " (RxR?).

loc

It remains to see that the initial condition is satisfied. = We have that
HAeLPLE(RxR?) and 07A,0ueL*H; ' (RxR?), and consequently (u,A,tA)e
CR;H 'xL?>xH™'). Moreover, the energy bounds imply (u,A,tA)e L>(R;H' x
H' x L?) and hence we may also infer the weak continuity (u,A,tA) € Cy(R;H' x H' x
L?).

Since A®€ Ly(0,T; HY(R?)) and 0;A° € L?(0,T;L?(R?)), integrating by parts we
have

/ A0+ B (D)) s g ds = — (Ao )
for every p € L?(R?) and all f€ C*(R) with f(0)=1and f(7)=0. As € —0 we obtain
/OT{A(t)atf(t) + O A(t)h(t)}dt=—Ap
in L?(R3), which implies Al;—o = Ag. Now we have

T
/0 (DeAZDLF (1) +{AA~PI (", A)}F(0),1) = (Av,),
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and as € — 0, we find

T
/0 (AW, (1) + DA F(1)} = Ay

in H~(R?), which gives us 9; A|;—o = A;. Applying the same argument to u° we deduce

that w|t—o =1uo. O

5. Quantum magnetohydrodynamics

Our last section is devoted to point out the relation between the nonlinear Maxwell—
Schrodinger system (1.1) and quantum magnetohydrodynamic (QMHD) models. Such
hydrodynamic systems have been introduced in the physics literature, motivated by
various applications to semiconductor devices, dense astrophysical plasmas (e.g. in white
dwarfs), or laser plasmas [16,17,34,35]. As a simplification, let us consider a one-
species charged quantum fluid with self-generated electromagnetic fields. The dynamics
is described by the following system

tp+div/=0

J®J 1 A
tJ +div <&> +VP(p)=pE+JANB+-pV <_\/ﬁ) ,
’ P 2 N/2

where p denotes the charge density and J the current density of the quantum fluid.
Here all the constants are normalized to one. The pressure term P(p) is assumed to be
isentropic of the form P(p)= WT_lp’Y, 1<~vy<3. The last term in the equation for the
current density can be written in different ways

(5.1)

%pv (f}?) = iVAp— div(V/paVy/p) = idiv(pVQIng). (5.2)

and it can be seen as a self-consistent quantum potential (the so called Bohm potential)
or as a quantum correction to the stress tensor. Mathematically speaking, this is a third
order nonlinear dispersive term. The hydrodynamical system above is complemented
by the Maxwell equations for the electromagnetic fields F and B

divE=p, VAE=—tB
(5.3)

divB=0, VAB=J+tE.

In recent years a global existence theory of finite energy weak solutions for a class a
quantum hydrodynamic systems has been established by the first and third author of
this paper in [1-3]. By means of a polar factorization techinque it is possible to define
the hydrodynamic quantities by considering the Madelung transform of a wave function
solution to a nonlinear Schrodinger equation. In this way the definition of the velocity
field in the nodal regions is no longer needed. We also mention in the H? case the
construction given in [9]. Furthermore it could be interesting to consider also confining
potentials as in [5], generated by external magnetic fields. The aim of this Section is
to show the existence of a finite energy weak solution to system (5.1)-(5.3) by taking
advantage of our results on the system (1.1).

DEFINITION 5.1.  Let po,Jo, Eo,Bo € L}, .(R?). Then a finite energy weak solution to

loc
system (5.1)-(5.3) in the space-time slab [0,T) x R is given by a quadruple (\/p,\,¢,A)
such that
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(1) VpeL=([0,T); H'(R%)), AeL>([0,7);L*(R%)), ¢€L>([0,T);H'(R%)), A€

Le([0,T); HY(R?))n W ([0,T); L*(R?));
(2) p:=(yp)?, J:=\/pA, E:=—tA-V¢, B:=VNA;
(3) J€L2([O=T);Ll20c(R3));

(4) ¥neCe([0,T) xR?),

T
//gtn+J~V7yda¢dt—|—/ po(z)n(0,z)dx=0;
0 JR3 R3

(5) YCeC([0,T) xR%R?),
T
//J-'t§+A®A:VC+P(p)divC+pE-C+(J/\B)-(
0 R3

1
+V/paV/p:V(+ ZpAdidemdt—l—/ Jo(z)-¢(0,X)dx=0;
R3
(6) E,B satisfy Equations (5.3) in [0,T) x R3 in the sense of distributions;
(7) (finite energy) the total mass and energy defined by

M(t):= /RS p(t,x)dz, (5.4)

1 1 1 1 1
E(t) :/R% SIVVBE+SIAP+ £ () + S[tAP + S VAP + 5 VolPde (55)

respectively, are finite for every t€[0,T). Here f(p)= %pv.

PROPOSITION 5.1. Let (po,Jo,Bo,FEo) be such that po:=|ug|?, Jo:=Re(tig(—iV —
Ao)ug), Bo:=V AAg, Eg:=—A1—Vo, ¢po:=(—A)"tugl? for some (ug,Ao,A1)€X.
Then there exists Trax >0 such that (\/p,A,¢,A) is a finite energy weak solution to
system (5.1)-(5.3) with initial data (po,Jo,Bo,Eo) in the space-time slab [0, Tryaz) X R3.
Moreover, the energy is conserved for all t € [0, Traz)-

To prove this Proposition we are going to use a polar factorization argument, in
analogy with the electrostatic case treated in [1,2].

Given any complex valued fuction u € H*(R?), we may define the set of its polar
factors as

P(u):={pe L®(R®) : ||¢|z~ < 1,u=/pp a.e.inR?},

where /p:=|u|. Thus, for any ¢ € P(u), we have |p|=1 ,/pdz a.e. in R® and ¢ is
uniquely defined \/pdz a.e. in R3. Clearly the polar factor is not uniquely defined in
the nodal regions, i.e. in the set {p=0}.

In the following lemma we exploit the polar factorization of a given wave function
1 in order to define the hydrodynamical quantities associated to . This approach
overcomes the WKB ansatz in the finite energy framework and allows one to define the
hydrodynamical quantities almost everywhere in the space, without passing through
the construction of the velocity field, which is not uniquely defined in the nodal region.
Furthermore, we show how this definition which uses the polar factorization is stable in
HY(R3).
LEMMA 5.1.  Let ue H'(R3), A€ L3(R?), and let \/p:=|u|, ¢ € P(u). Let us define
A:=Re(p(—iV — A)u) € L*(R3). Then we have
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o /peH'(R?) and V\/p=Re(gVu);
e the following identity holds a.e. in R3,
Re{(—iV-A)u® (—iV-Au}=V/pV/p+AQA. (5.6)

Moreover, let {u,} C HY(R?), {A,} C L3(R?) be such that u,, converges strongly to u in
H' and A,, converges strongly to A in L3. Then we have

Vpn—=Vyp, A,—A, inL*(R?),
where \/pn = |un|, Ay :=Re(Pn(—iV —Ap)uy).

Proof.  Let ue HY(R3) and let us consider a sequence of smooth functions con-
verging to u, {u,} C C°(R3), u,, —u in H'(R?). For each u,, we may define

(@) =4 Tun(@) if up,(z)#0
0 if u, (x) =0.

The ¢,’s are clearly polar factors for the wave functions u,. Since |[p, ||~ <1, then
(up to subsequences) there exists ¢ € L>(R?) such that

pn—p, LZ(RY). (5.7)
It is easy to check that ¢ is indeed a polar factor for u. Since {u,} C C°(R?), we have
V/pn=Re(p,Vu,), ae.inR>.
It follows from the convergence above

Vipn—Vyp, L*R?)
Re(@nVun) = Re(pVu), L*(R?),

thus V,/p=Re(¢Vu) in L*(R?) and consequently the equality holds a.e. in R?.

It should be noted that here we have V,/p=Re(pVu), where ¢ is the weak-x limit
in the limit (5.7). However the identity above for V,/p does not depend on the choice of
¢. Indeed, by Theorem 6.19 in [23] we have Vu =0 for almost every x € u~*({0}) and,
on the other hand, ¢ is uniquely determined on {x € R3: |u(z)| >0} almost everywhere.
Consequently, for any ¢1,¢2 € P(u), we have Re(¢1Vu) =Re(p2Vu) =V, /p. The same
argument applies for A :=Re(g(—V — A)u). Let us now prove the identity (5.6). Recall
that we have |¢|=1 ,/pdz a.e. in R3, hence again by invoking Theorem 6.19 in [23] we
have

Re{(=1V — A)u (~iV — A)u} =Re{ (#(=iV — A)u) @ (p(~iV — A)u) |
=Re{p(—iV—-A)u}@Re{p(—iV — A)u}
—Im{p(—iV—-A)u} @Im{p(—iV — A)u}
=A®A+ VPO Vyp,

a.e. in R3. Furthermore, by taking the trace on both sides of the above equality we
furthermore obtain

|(=iV = Ayul* = [V /pl* + A, (5.8)
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For the second part of the lemma, let us consider a sequence {u,} C H* strongly con-
verging to u € H' and vector fields {4, } C L3 strongly converging to A€ L3. As before
it is straightforward to show that

Re(@nVuy,) —Re(pVu), L2
Re (@ (—iV — Ap)u,) = Re(p(—iV — A)u), L

Moreover, from the identity (5.8), the strong convergence of u,, and the weak conver-
gence for V,/p,, A, we obtain

(=% — AYul3a =7yl + A3 <limint (19573 + [ Aa132)
= tim (<Y~ A e = (V- AJu3s.
Hence, we obtain ||V/pn |12 = ||V/pll 12 and [|An| L2 — ||A[| 2. Consequently, from the

weak convergence in L? and the convergence of the L? norms we may infer the strong
convergence

Vo —=Vp, A,—A, inL?*(R®).

U

In view of Lemma 5.1 we can now prove Proposition 5.1. Let (ug,A4p,41)€X

be given, then by our main Theorem 1.1 there exists a unique solution (u,A) to

(1.1) in [0, Tpnaz) X R? such that u € C([0, Traz); H2(R?)), A€ C([0, Trmaz); H>?(R?))N

CH([0, Trmaz); HY2(R3)). Let us now define \/p:=|u|, A:=Re(p(—iV+ A)u), where ¢

is a polar factor for u, and let ¢:=(—A)~1p. By differentiating p with respect to time
we have

tp=2Re {u (-é(_iv —A)u—idu— i|u|2(7_1)u> }
=Im{a(—iV—A)*u}
:Im{—idiv (a(—N—A)wM- (—iV—A)u)}
=—div(Re(a(—iV —A)u)).
Hence by defining J = Re(u(—iV — A)u) = \/pA we obtain the continuity equation for p
tp+div. =0,
Now let us differentiate J with respect to time,
;J:Re{ (%mﬂmﬂwﬁ—l)u) (—iV—A)u}
+Re{ﬁ(—iV—A) (—;(—iV—A)Qu—i¢u—i|u|2(7Du) } ptA
:%Im{ﬁ(—iV—A) ((=iV — A)2u) —m(—iV—A)u}
+Re{ﬂ(¢+ lu?0" DYy —av (¢u+ |u|2(”_1)u> } —ptA.

Now the last line equals pV¢—pVp?1~! —ptA=p(—tA—V¢)+VP(p), where P(p)=

77_1 p7. After some tedious but rather straightforward calculations we may see that
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1 P . 2 o, .
3 Im {u(—zV —A) ((=iV = A)*u) — (—1V — A)?u(—iV — A)u}
1 . 7 o~ AN -
= VAp—div (Re{(—zV—A)u@(—zV—A)u}) FIA(VAA).
By putting everything together we then obtain

tJ+div (Re{méb (—iV— A)u}) +VP(p)
=p(~tA=Vo)+JIN(VAA)+ iVAp.
We now use the polar factorization Lemma to infer that
Re{(—iV - A)u® (—iV—A)u} =V /paV/p+A A

and consequently we get
1
tJ+div(A®A)+VP(p)=pE+JAB+ EVAp—diV(V\/ﬁ(@V\/ﬁ).

By recalling identity (5.2) we see that this is the equation for the current density in
the QMHD system (5.1). The above calculations are rigorous only when (u,A) are
sufficiently regular. However for solutions to system (1.1) considered in Theorem 1.1
they can be rigorsouly justified in the weak sense, namely in the sense of Definition 5.1
by regularising the initial data and by exploiting the continuous dependence showed in
Proposition 3.2 and the H'-stability of the polar factorization stated in Lemma 5.1.

It only remains to prove that E, B satisfy the Maxwell equations, but this comes
in a straightforward way from the wave equation in system (1.1) and the definitions
E=—-tA-V¢, B=VANA.

Finally we remark that for solutions (u,A) to system (1.1) considered in Theorem
1.1 the total energy (3.11) is conserved. Again by using Lemma 5.1 we see that the
energy in Equation (3.11) equals the one defined in Equation (5.5). This concludes the
proof of Proposition 5.1.

Appendix A. Continuous dependence. In this Appendix we are going to prove
the Lemmas 3.1, 3.2, 3.3 used to show the continuous dependence stated in Proposition
3.2. We consider two initial data (ug, Ao, A1), (ug, Al A}) € X such that

1o, Ao, A1)l x| (ug, Ap, A x < R,
and whose energies, defined as in Equation (3.11), satisfy
E(t),E'(t)<E.

All throughout this Appendix we are going to denote by (u,A),(u’, A’) the solutions to
system (1.1) emanated from (ug, Ao, A1), (uj,Aj, A}) € X, respectively. First of all we
are going to prove Lemma 3.1; we will split it into two steps, see the two Lemmas A.1
and A.2 below.

LEMMA A.1. We have

lu—u'|| Lo 2 (rsy Sr,E 106 (u— )| Loo 23y + [[u— || oo L2 (me3)

1 .
L HZ (R3)
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Proof. Let us consider the equation for the difference u—u’; we have
10 (u—u')=—A(u—u)+2A-V(u—u)+|AP (u—u )+ F
where
F=2i(A=A")- Vi + (JA? = |AP) + (¢(|ul*) = o (|u'[*) )0’
+o(ul?) (u—u') 4 [uPODu— [ POV
This implies
[A(u—2u)|| L2 ey [0 (u =) || L2(ms) + [ A V(w—1u') || L2 (o)
AP (u =) | 2 sy + | F 2 rs).-
From Holder’s inequality and the Sobolev embedding theorem we have
AV (u =) p2e) < | All Lo IV (u = u) [ Lara) SNV Al p2s) [u—v']l 3
1 3
<o =3 gy 5 = 0y = e
SeC(e)||lu—1u'||L2msy +ellu—u|| g2ms),

where we do not consider the explicit dependence of the constants on R and E. Similarly
we have

AP (u—=u") | L2 sy SNAI o llu = | sy S Ce)|u—1'| 2 o) +ellu—'|| 12 (gs) -
We can deal with F' as already done previously, getting

[Fll2es) SrE A=A 3 @) T [|uw—u'| L2 (r3).

Finally, putting together the previous inequalities, we have
lu—u'[| e 2 (we) < llu—u'l| g2 ey + | A(w— )| g r2 re)

SrECE)|u—u'|| Lo L2 sy +110: (u—u") || Loo L2 (m3)

/ /
+[A-A ||L?OH§(R3)+5||U—U |3 m2(R3)-
Now, by choosing e sufficently small, we get estimate (A.1). O

We note that in the same way we can prove that

||3t(u—ul)||L$°Lg(R3) SrE|u— U/||L§°H5(R3) + A=A (A.2)

1 .
L HZ (R3)
In order to estimate the term [|0;(u—u')| L2 L2 (rs) We use next lemma.
LEMMA A.2. The following inequality holds:
||8tu — at’U,I”L?oL%(H@)
Sr,e)|0:(u—1u")(0)]| L2 (ms) + |00’ || L2o 112 () (||A—A'||L$0Hé ()
+T||(u—u' A= A" 0 A— 0 A")| x. (A.3)

+llu—u'|| L2 L2 (%))
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Proof. We start by differentiating in time the equation
10u=—A u+ ¢(u)u+ IUI2(”_1)u.
We then get
i07u=—A0u+ ¢(u)Opu+ (200, A(V —iA) + 0y p)u+ 04 (|u* 0~ Du).

Writing the corresponding equation for 92u’ and taking the difference with the previous
one we get

{07 (u—u') =—Aa(Ou— ')+ F, (A4)
where F' is given by
F= {22’(/1— A (V — ;(A+A')> +(p— gb')] Opu’ + ¢(Opu— Oyu’)

+(2i0,A(V =i A) +8:0) (u—1u") + 0y ([u*O " Du—[u/ PO~ V0)
+ (200, (A~ A")(V —iA) —2i(A— AN A +0,(p— &' ). (A.5)

Using the unitarity in L2(IR?) of U4(t,s) we get

t
10 (u—2u") ()| 2oy < [|Oc(u—w')(0)]| .2 +/ [1F(s)ll L2 (rs) ds. (A.6)
0
We estimate the inhomogenous term F' and obtain

H [2i(A— A)(V — L (A+ 4) + (60— ) O’

L2(R3)

St (= lzzen + 1A= A1,y o) ) 100 e
This inequality follows from

H(A—A’) (v— %(A+A’)) o’

L2(R3)

<A— A'|| L3 (msy

(V - %(AJFA’)) o’

L6(R3)

N ||A—A/||H% (R3) { ||Vatu/||H1(R3) + ”A"'A/”LG(D@) ||3tu||Loo(R3)}
SIA=A'l, 4 &) |0sull 2 (rsy (1+ |V All L2s) + [ VA || L2 (m3))
SellA- A/||H% (R3) ||atUI||H2(R3)

and

[(p— 8O || p2rsy < [|AT ((u—u"Yu+ (u—u)u' )0 || 2 (rs)
Sllu—u'|| L2 sy 1]l o sy | Orul| Lo sy + 1w —w)[| L2 sy |14 | L3 sy || O] Lo (s
Srlu—u'|| L2 sy |06t || 12 (R,
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where we used Holder’s inequality, the Sobolev embeddings H'(R?)< L5(R3?),
Hz (R3) < L3(R3) and estimate (2.2).
Furthermore, from estimate (2.3) we may infer

|p(Oru — O )|| 23y Sk (| 0w — O’ || L2(wes).-
Again,
(1210 AV —iA) (u =) 2(rs) S (| 0eAll Lo sy [ (V —iA) (u—u') || Lo
Sk lu—1|| 2 (re)
and, by using estimates (2.5) and (2.2),
[10:(u—u') | L2 sy SII(A™H(2Re(udru))) (u—u')|| 2 sy

S0l 2s) 6l L3 ey 1w — o' || 72 (r3y

Sk u—t|| g2 (rs).-
Observe that one has
0e(Jul* D) = 4w O Vopu+ (v = 1)[ul*0 P o
Therefore it follows that
Oe(Jul*O0™Vu— /PO D) =y8u([u 0 — o/ POD) 4y POV, (u— o)
+(y = Da(|uC D — [P0 u)
+ (v =)/ PO2Du29, (u—u).

We then have
[0 (Juu— ' [Pu) | L2rey Sk 0 (w—u) | 2y + lu—u'|| g2 ze),
where we used the following two inequalities

‘|Z|2('yfl) _ |Z/|2(771)‘ < (|Z|2773+|Z/|2773)|Z_Z/|

~

< (|Z|27—3+|2/|2y—3>|Z_Z/|'

~

‘|Z|2(v—2)22 _ |Z/|2(V—2)ZI2

For the last term, with similar computations, we have

10e(A=A)(V —iA)u' || 2rs) Sre 00(A= A 3 (&%)

[0eA" (A= A p2(rs) S 10:A | o roy | A — Al| Lo sy l| | oo (2
SrIA=A g oy

[[(0e¢ — 0" ) || L2 r2) SR M| O — Opt'|| 2 (roy + [l — || 2 rs).-
By putting everything together, we obtain

[ Ovu — 8tu/||Lt°°L§(R3) SrEl0(u— u/)(0)||L2(R3) +T')|0pu — 8tu/||Lt°°L§(R3)

+ 7|0 || Lo 2 sy (|| A= A'| Fllu—u| oz ws))

1
L HZ (R3)
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).

which gives inequality (A.3), by using inequality (A.2) for the term [|0;(u —u')||Ls 12 (r3)
in the righthand side of the previous inequality. d

/ / /
T(llu—v'|| Lo iz oy + 1 A= A ety TIOA=AN o

By putting together the two previous lemmas we then have Lemma 3.1. Now we

are going to estimate the term ||A—A'||L$OH§ - +llu—u'|| Lo L2 (m3)-
LEMMA A.3. Let (u,A), (u',A) be as in previous lemmas. Then

1A= A1, oy + 0= e e

SR’E||(UO_UB’AO_A6’A1 A/)HL? R3)><H2(R3)><H 2(R3)

Proof. Writing the difference equation for A and A" we get
O(A-A") =G,
with
G=PIm{(u—u')(V—id)u—iuv/(A—A")— (u—u')(V+iAd"),u'}

where we used the fact that P(v/V(u—u')) = —P((u—')Vu’). By applying the energy
estimate (2.10) we get

A - A’II S (1+T)[[(Ao— Ap, A1 — AY) |

o H2 (R3) ™ H3(R¥)xH™ 2 (R?)
+(1+DG] . 1 .

L1H, ? (R3)

Using the embedding L3 (R3) < H~2 (R3) we have

=)V ~iA)ul g o < 1= ]| 2qay (7 ~ i) o

L3 ®r3)
5 ||u —u'||L2(R3) { ||Vu||H1(R3) + ||Au||L6(R3)}
5 ||u —u'||L2(R3) ||u||H2(R3) (1 + ||VA||L2(R3))

SRE ”u_uI”L2(R3)-
Analogously

1w =) (V+iA)u'l| g o) SR =0 |22 23

and

[lun’ (A — A/)HL2(R’*)NRHA A/||H2 =)

In a similar way, using the difference of the equations for u and v we get

||u — u/”LOOL?(R'*)

Sr.elluo—ugl L2 sy + T{[|A— A/HLQOHQ )+||u_u/||L;?°L2(]R3)}'

Putting everything together and taking T sufficiently small, we get inequality (A.7). O
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Now, using inequality (A.7) in inequality (A.3), we get
||8tu—8tu'||L$oLz(Ra)
SN0 (u—u")(0)| L2ma) + TN 0t | Lo 12 () [l (w0 — g, Ao — Ap, A — A (o3
+T|(u—u' A=A ,0,A— 0, A" x. (A.8)

On the other hand, by analogous arguments, we have the following estimate for the
Maxwell part

JA= At oy + 10 A=D1

S"(AO_A67A1 AI)HH2 (R?) XH2(R3)
T (u—u, A= A0, A— 8, A x. (A.9)

L3°H 2 (R3)

In order to get the estimate for ||(u—u',A—A",0,A—0;A")||x we put together (A.1),
choosing a sufficiently small T', (A.8) and (A.9) to get

||(u—u/,A—A',(?tA—(?tA')HX
S (uo —ug, Ao — Ag, Ay — A x
+ (1000 | Lo 112 rey + 1) | (wo — ug, Ao — A, A1 = A7)l 0.4 (A.10)

where we applied inequality (A.2) to the term |0 (u—u)(0)|| L2 (rs)-
Finally we are going to estimate the term [|0;u|| Lo fr2 (r3)-

LEMMA A.4. The following estimate holds:

||8tu||L;?°H2(]R3) < ||(9t2u||L2(R3) +C(E,R). (A.11)

Proof. From the equation
102u=—A0yu~+2iA-Vou+|A?0yu+2i0; A-Vu+2A-0; Au
+0pu+ ¢Oyu+ 0y (Ju*0 M)
we can estimate ||0;ul| g2 (gs). Indeed
0vul| 2 r3y < || Orul| L2 (rs) + [|ADsul| L2 (rsy < C(R) + || Adiul| L2 (rs) -
So we have

1Al gasy <1108l ey + AV Byl sy + APyl e
+ ||8tA . VU”LZ(RS) + ||A . 8tAu||L2(R3)
+ ||8t¢u+¢6tu||Lz(R3) + ||8t(|u|2(7_1)u)||Lz(R3).

We begin with the estimate of the right-hand side of the previous inequality.

14Vl L2ge) S | All Loqwe) | VOeull s @s) SNV Al L2@s) 1Ol g s

1 3
5@”&5“”22@33) ||8tu||}4-12(]R3) S \/E(C(E)Hatunﬂ(ll@) +5||6t“||H2(R3))
SJC(E,R)+C(R)€||8tu||H2(R3).
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In the same way
|||A|23tu||L2(R3) §||A||%6(R3)||8tu||L6(R3) S ||VA||%2(R3)||8tu||H1(R3)
SA+el 0l a2 ws))-
The other terms are all bounded by C'(R); for instance

[0: AV u| g2 (ms) S [0 A]| l|ull 2 sy < C(R)

H2 (R3)
or
||at(|u|2(771)u)||L2 ®R3) S < w20 atu||L2(1R3)
SNl V00 p2es) < C(R).
We can deal with the remaining terms analogously. Finally we get
|0rul rr2 sy S 107ull L2(re) + C(E, R) + C(R)e||Osul 2 rs)

which gives inequality (A.11) for sufficiently small . O

To complete the estimates we have to deal with [|07u|pecp2(ms). We write the
equation for the time derivative 97u

i07u=—Au+2iA-Vouu+|A?Ouu+G
where
G =4i0,A-Vou+4A-0;Adyu+2i0F A(Vu —iAu) +2(0, A)*u
420,00y u+ 2 dpu+ 02 udp+ 02 (Ju| >0~ Hu).
Using Duhamel’s representation in Lemma (2.2) we have
[0reull oo 2 (re) S 1|1 0uw(0)|| L2re) + TN Gl g L2 (re)-
Proceeding as before we finally get
107wl L2 sy SN07w(0) L2

+TO(R, E){ |0yl 2w + 1 4] +]0Al

5
LH? (R3) LeHS ]R3)}

We estimate the right-hand side of the previous inequality. We have
1Al 2 sy 100
(1+T)||(A0,A1)||

L°H3 (R3)

+TA+D)|J]

"3 (R3) ><H2(R3) L°°H2 (R3)"

For the term with J, proceeding as in estimate (2.6), we have

169l oy S COR 1)

and

A2l 3 gy SC(R.E).
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So

1A e gy + 190
SA+D)I(A0, A

Lo H 3 (R3)

H3 (R3)><H% (R3) +T(1 +T)||“||L°°H4(R3)-

Moreover since [|ul| gars) S [|ul|L2(r3) + | Aul| g2(rs) and by the equation for u it follows
that

| Aul 2oy S 10wull rrey + 1| A Vut|APul g2 + (| dull g2 + | [ul?O ™D gz gs).-

Then by estimating the right-hand side as before, we obtain

lull e s S OB (10l e ) + 1Al 5 )

Putting everything together, we obtain

el L b2 (o) S OO 2oy 1l (Ao AN 15 2oy 118 (o

Moreover one has

10e¢u(0)l| L2re) S llwoll v rey + C(E, R) 1 Aoll 5 sy

whence

10eu]| Lo (o) S woll ooy + 1 (Ao, A 5 sy 113 sy (A.12)
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