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LARGE DEVIATIONS FOR
TWO-SCALE CHEMICAL KINETIC PROCESSES*

TIEJUN LIT AND FENG LIN#

Abstract. We formulate the large deviations for a class of two scale chemical kinetic processes
motivated from biological applications. The result is successfully applied to treat a genetic switching
model with positive feedbacks. The corresponding Hamiltonian is convex with respect to the momentum
variable as a byproduct of the large deviation theory. This property ensures its superiority in the rare
event simulations compared to the result obtained by formal WKB asymptotics. The result is of general
interest in understanding the large deviations for multiscale problems.
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1. Introduction
We will investigate the large deviations for a class of two-scale chemical kinetic
processes with the slow variable z,, € N?/n satisfying

2n(®) :zn(0)+iia <n/0f )\i(zn(s),gn(s))ds) s (1.1)

subject to some fixed initial state z,(0)=2", where {P;(¢)};=1, s are independent
uni-rate Poisson processes, \; € R™ is called the propensity function which characterizes
the reaction rate of the ith reaction, and wu; €Z? is called the state change vector.
The number n €N corresponds to the system volume; thus, z, has the meaning of
concentration (number of molecules per volume) for the considered kinetic system. The
fast variable &, € Zp:={1,2,...,D} is a simple jump process with the time-dependent
rate ng;;(zn(t)) from state ¢ to j at time ¢t. With this mathematical setup, the processes
zn(t) and &,(t) are fully coupled to each other and the infinitesimal generator £, of
this system has the form

S D
Loh(z,)=n>_ N(z,i)[h(z+w/n,i)—h(z,i)]+n_qi;(2)[h(z,5) —h(z,1)], (1.2)

=1 j=1

i

where z € N?/n, i € Zp, and h is any compactly supported smooth function of z for each
1. For more about the notations and the backgrounds on the chemical kinetic processes,
the readers may be referred to [11,13].

The above problem is motivated by our recent rare event study in the biological
applications [1,19,21]. In a cell, the reactions underlying gene expression usually involve
a low copy number of molecules, such as DNA, mRNAs, and transcription factors,
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so the stochasticity in the gene regulation process is inevitable even under constant
environmental conditions [10]. When the number of the molecules for all species goes to
infinity and the law of mass action holds for the propensity functions, one gets the well-
known large volume limit or Kurtz’s limit, which gives the deterministic reaction rate
equations for the concentration of the species [17]. The convergence result can be further
refined to the large deviation type [26]. Recently, the following typical biological model
with positive feedbacks is utilized to investigate the robustness of the genetic switching
system [1,4,19,21]. This problem is a special case of our formulation shown at the

DNA;, 0
G<22>W LF(zw T’Y 11
DNA, ¢ mRNA(Z) _r, Protein(Z5)

beginning of this paper for d=2, D=2, and S=4. Denote by n the system size and
z=(z1,22) =(Z1,Z3)/n the slow variables after taking large volume scaling, where Z;
and Z, are the number of mRNA and protein molecules, respectively. Since there is only
one molecule of DNA in an active (DNA,.) or an inactive state (DNA;,), for better
use of notation, we take the fast variable £ € {0,1} instead of {1,2} to represent that
the DNA is in an inactive (£ =0) or an active state ({ =1), respectively. By taking into
account the scaling of parameters

ar~nb™t, F(Z9),G(Z3)~O0(n) if Zy,Zy~O0(n),
we further assume
F(Zy)=nf(2), G(Z2)=ng(z2). (1.3)

This assumption holds when we consider Hill-function type jump rates with Hill co-
efficient 2 and large volume scaling for equilibrium constants [1]. Thus, we have the
rescaled jump rates for DNA

qo1(2) = f(22), qo(2z)=g(z2), (1.4)

and the following list of reactions associated with slow variables as shown in Table 1.1.

Reaction scheme | Propensity function State change vector
DNAaCt—nnRNA )\1(21,22,§) 15 u1:(1,0)

mRNA — () Aa(21,29,8) =721 us =(—1,0)

mRNA — Protein | A3(z1,22,8)= 'ybzl uz=(0,1)

Protein — () 4(21,22,8) = uy=(0,-1)

TABLE 1.1. Reaction schemes and parameters

The infinitesimal generator of this process has the form
4
h(zd)=n> " Ni(z) (h(z+n_1uz,i) —h(z,i))
I=1

+n (f(@)[h(% 1) =h(z,0)]+9(z2)[h(2,0) — h(z, 1)]) (1.5)
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for =0,1. One can obtain a mean field ODE system as

dzy bilf(ZQ) dzo
—_—_— _— b —_ ]_.
At flz)tg(z) b @ AT (16)

when n goes to infinity through the perturbation analysis for the infinitesimal generator
[18,21,23]. With suitable choice of functions F'(Z2) and G(Zz), the final mean field
ODEs have two stable stationary points, and there are noise induced transitions between
these two states when n is finite. To understand the robustness of the genetic switching,
the biophysicists employed the WKB ansatz to the stationary distribution [1]

P(Zy,Z5) ~exp[—nS(z1,22)] (1.7)

and obtained a steady-state Hamilton—Jacobi equation H(z1,z2,VS)=0. Mathemati-
cally, the function S resembles the role of the quasi-potential of the stochastic dynamical
system [12,22,32], but it is not clear whether it is the case in the current stage. An-
other related physics approach to studying a similar switching system is to utilize the
spin-boson path integral formalism in quantum field theory and then take the semi-
classical approximation and adiabatic limit [19,31]. Both approaches are difficult to
be rationalized in mathematical sense. So how are we to formulate this problem in a
mathematically rigorous way? To resolve this issue, we have to answer the following
two fundamental questions.

(1) Question 1. What is the large deviation principle (LDP) associated with the
system (1.2)? Presumably, we can obtain the Lagrangian from the large devi-
ation analysis and then get the Hamiltonian H through the Legendre—Fenchel
transform.

(2) Question 2. What is the relation between the rigorously obtained Hamiltonian
H in the above question and the Hamiltonian obtained via WKB asymptotics?

The aim of this paper is to make an exploration on these two questions. To do
this, we first note that the large volume limit no longer holds in the current example.
Although the mRNA and protein copy numbers scale as V', we have only one DNA,
which switches between the active and inactive states. This fact excludes the direct
applicability of the LDP results in [26]. However, the fast switching between the two
states of the DNA ensures the averaging technique still valid as shown in Equation (1.6)
by taking the quasi-equilibrium limit [8,16,21]. We will show that the LDP analysis is
also feasible by incorporating the Donsker-Varadhan type large deviations. Indeed, a
similar situation has been nicely discussed by Liptser [20] and Veretennikov [29,30] for
two-scale diffusions like

A0 (1) = ACX (1), 6 () dt + %B(Xn ()-£n(£)) AW, (18)
dé,. (1) :nb(fn(t))dt+\/ﬁa(gn(t))dvt. (1.9)

The main idea of this paper is to generalize the result in [20] to our two-scale chemical
kinetic processes. As we will see, although the framework is similar, we have to deal
with the technicalities brought by the jump processes and the full coupling between the
fast and slow variables (&, is independent of X,, in Equation (1.9)).

To state the main results of this paper, let us introduce the occupation measure v,
on ([0,T] xZp,#A([0,T]) @ B(Zp) corresponding to &,

un(AxF):/OTl(teA,fneF)dt, Ae(0,1)),T € B(Zp), (1.10)
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where T is any fixed positive real number. Denote by D¢[0,7 the space of d-dimensional
vector functions on [0,7] whose components are right-continuous with left-hand limits,
M, [0,77] of finite measures v =wv/(dt,i) on ([0,T] x Zp,B([0,T]) @ B(Zp)) which are ab-
solutely continuous with respect to dt and have Lebesgue time marginals, i.e. we have
v(dt,i)=n,(t,i)dt, n,(t,i) >0 and zglnl,(t,i) =1. The v,, we considered always be-
longs to M[0,7]. Take the metric p(®) on M [0,7] as the Lévy Prohorov metric and
p) on D?0,T] as the Skorohod metric defined as

P =t {INPV sup ) =700} (L11)

where ||-]| is the Euclidean norm in the corresponding space, F is the collection of
strictly increasing functions A(¢) such that A(0)=0 and \(T) =T, and

At =A(s) |

[AI°:= sup
—s

0<s<t<T

log

D4[0,7] and M. [0,T] are complete and separable spaces with p(*) and p(?)| respectively
[2]. Our task is to establish the LDP for the pair (z,,v,) in metric space (D?[0,7T] x
M [0,77,p™M x p?).

This paper is organized as follows. In Section 2, we present the main large devia-
tion theorem and give the rate functional of the whole system. By using the contraction
principle and the Legendre—Fenchel transform, we get the Hamiltonian related to the
slow variable z,,. As a concrete application, we then study the genetic switching model
and compare the difference between the rigorously obtained Hamiltonian and that ob-
tained by WKB ansatz. In sections 3 and 4, we give the proof of the main theorem.
Due to the technicalities of handling the non-negativity constraint for r, we decompose
the proof procedure into two steps. In Section 3, we prove the LDT theorem by relaxing
the bounded domain condition to the whole space case. The upper-bound estimate is
standard in some sense. However, the proof of the lower bound is technical because of
the full coupling between the fast and slow variables. The resolution is based on the ap-
proximation and change-of-measure approach. The central idea is to make a piecewise
linear approximation to any given path and occupation measure (r,v) by (y,7) at first
and then construct suitable new processes (Z,,,7,) such that P —1lim,,_,. p" (Z,,y) =0
and P—lim,,_, o p® (#,,7) =0. This turns out to be technical and one key part of the
whole paper. In Section 4, we strengthen the result to the half-space case. Some details
are left to Appendix A.

This paper should be considered as the companion of [19,21] for studying the rare
events in genetic switching system, and it is of general interest to understand the large
deviations for multiscale problems [7,8].

2. Main result and its application

2.1. Main theorem. We need the following technical assumptions for our main
result. L
ASSUMPTION 2.1. Let W::Ri. Assume the following regularity conditions for the
propensity functions and jump rates hold.
(1) (a) For each i€{1,2,...,S} and jE€Zp and for all z,x € W, the Lipschitz con-
dition holds

IAi(2,4) = Xi(,5)| < L[z —=|. (2.1)
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(b) For each i€{1,2,...,S8},j€Zp and for all z€e W°, \;(z,j) >0.

(¢) For each x € 0W and yeC{u,;|\;j(x)>0}, we have x+syecW for some
s€(0,00) , where C{u;} is the positive cone spanned by the vectors {u;} defined
as

C{u;} :={v|there exist a; >0 such that vzz ojujt. (2.2)
J

(2) For each i,j € Zp, logq;j(z) are bounded and Lipschitz continuous with respect
tozeW.
These assumptions hold in our application example in Section 2.2.

THEOREM 2.1.  Under Assumption 2.1, the family (z,,vy) defined by Equations (1.1)
and (1.10) obeys the LDP in (D4[0,T] x M[0,T],p") x p)) with a good rate functional
I(r,v)=I(r.v)+I;(r,v), ie.
(0) I(r,v) walues in [0,+00], and its level sets are compact in (D0,T]x
ML[OaT]MD(l) X p(2))7
(1) for every closed set F € D[0,T] x ML [0,T],

1
limsup —logP((z,,v,) € F)<— inf I(r,v), (2.3)
n—oo N (r,v)EF

(2) for every open set G € D0, T] x M [0,T],

liminfllogIF’((zn,z/n)€G)27 inf I(r,v), (2.4)

n—oo N (r,v)eG

where the rate functional for the slow variables

T . .
L(rv)= { Jo Lo{r(®):#(0)mu 6, )dt, dr(t) =30, (2.5)
Ls(z,8,w)= S;lﬂgd«pﬁ) — H,(z,p,w)), (2.6)
S D
Hs(z,p,w)zzz/\i(zJ)wj (e“"’ui) —1), (2.7)
i=1j=1

and the rate functional for the fast variables

T
Iitra)= [ S(rn (e (2.8
S(z,w)= S;JlﬂgDS(z,'w,a)7 (2.9)

D
S(zw.0) == 3 wigy() <e<°’eij> _1). (2.10)

Here, we take the notation v(dt,-)=mn,(t,-)dt; thus, n,(t,") is a probabilistic vector
(ny(t,1),n,(¢,2),...,n,(t,D)). w=(wy,ws, ...,wp), and {-,-) is the inner product in
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the Fuclidean space. e;; =e;—e; and {ei}gl are a canonical basis in Fuclidean space
RP. We take the convention that 7(t) is absolutely continuous with respect to time when
we use the notation dr(t)=7(t)dt, and S is a function of (z,w) (or (z,w,o)) when we
use S(z,w) (or S(z,w,o)) by default.

The proof of Theorem 2.1 relies on first establishing a weaker statement based on
the following stronger assumption on the whole space.

ASSUMPTION 2.2. Regularity for the propensity functions and jump rates.

(1) For each i€{1,2,...,58} and jE€Zp, log\i(z,j) is bounded and Lipschitz con-
tinuous with respect to z € RY.

(2) For each i,j € Zp, logqi;(2z) are bounded and Lipschitz continuous with respect
to z€R?,

This covers Assumption 2.1. Mathematically we express the boundedness of log\; and
logg;; as

1
XS/\i(Z,j),qi]’(Z)SA, A>1 (2.11)

for any z €RY, i€ {1,2,...,8} and j €Zp. And in this stronger set-up we simply denote
the positive cone generated by {u;} as

C:= {wv|there exist a; >0 such that U:Z ojuj} (2.12)
J

THEOREM 2.2.  The large deviation result in Theorem 2.1 holds for (z,,vy,) € D0, T] x
M [0,T] under Assumption 2.2.

As a straightforward application of the contraction principle, we have the following.

COROLLARY 2.1.  The slow variables z, obey the LDP in (D?[0,T],p")) with the rate
Sfunctional

I(r)=, inf (I(rv)+1;(r.v). (2.13)

Define the set of probabilistic transition kernels on Zp as Ap ={w:wy,ws,...,wp >
O,Zilwi =1}, where w = (wy,ws,...,wp). We also define the reduced Lagrangian as

L(z,,@):wienAfD {Ls(z,8,w)+S(z,w)}. (2.14)

For convenience, we will abuse the notation n, € M;[0,7] and v € M1 [0,T] in later texts.

LEMMA 2.1.  For any r(-) which is absolutely continuous, we have

T T
inf /Ls(r(t),f(t),nl,(t,-))+S(r(t),ny(t,-))dt:/ L(r(t),#()dt.  (2.15)
0 0

n, eMr [O,T]

Proof.  First, let us show the measurability of the integrand on the right-hand
side of Equation (2.15). By Lemma A.2, Li(z,8,w)+ S(z,w) is convex in w. So
Ls(2,8,w)+ S(z,w) is continuous with respect to w in the set A}, CRP and the interior
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of the low dimensional boundaries of Ap. Choosing a countable dense subset {'wk};’;l
in Ap, we have

L(r(0),#(t)) = it {Lo(r(0).7(0).w") + S(r(0) ")} (2.16)

for every r by the continuity condition. The measurability is a standard result with this
formulation.
It is straightforward to get that

T T
inf /OLs('r(t),r(t),nl,(t,-))+S(r(t),n,,(t,~))dt2/0 L(r(t),#(t))dt.

ny, ML [0,T]

Now let us show the converse part. For any given € >0, define the sets

A= {te 0.7): L(r(8), () — (Lo (r(0),7(0),w*) + S (1), 0)) > e/T}

for k>1. We have that A, are measurable sets since L (r(t),7(t),w") +S(r(t),w") and
L(r(t),7(t)) are both measurable functions of ¢. Define the measurable functions

- ]4), te Ak,
Fi(t)= { ~+00, otherwise
for every k>1 and
J(t) :,?;lek(t) (2.17)

It is not difficult to prove that J(t) <+oo for any ¢ and that J(¢) is measurable and
takes values in positive integers. With these definitions, we have

Lr(£),7() = Ly (r(£),7(6),0” D) + S (1 (£), w07 ®) — ¢/ T. (2.18)
With w/® .= {w{(t),wg(t),...,wé(t)} define the occupation measure

o(dt,i)y=w]Vdt, ie{1,2,...,D}.

J(t)

Then 7€M [0,T7], np(t,i) =w; ", and

T T
/ L(r(t).i(£))dt > / Lo(r(t).#(8).m5(t, ) + S(r (), m(t, )t — e
0 0

Znyelidif[o,T]/O Lo(r(t),7(t),nu(t,)) +S(r(t),n,(t,-))dt —e.

The proof is completed. ]

By Lemma 2.1, we have

I(r)= inf (I (r,v)+Is(r,
(r) uGIMlIILl[O.,T]( (r,v)+1y(r,v))

T
— it / La(r(8),7(t),m (£,)) + S (r(),mo (£, ) dt
0

n, €My, [O,T
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T
:/ L(r(t),7(t))dt. (2.19)
0

LEmMMA 2.2.  L(r,3) is convex in 3 .
Proof. By Lemma A.3,

L(z,ﬁ):wlenf {Ls(z,B,w)+S(z,w)}
= inf sup(<p,ﬁ>—Hs(z,p,w)+S(Z,w))
wEADpERd
= sup inf (<p,,6>—HS(Z,p,W)+S(Z,1U))~
peRd’wEAD

It is easy to see that infen, ((p,B) — Hs(z,p,w)+ S(z,w)) is linear in 3; thus, L(r,3)
is convex in B according to Lemma A.2. O

It is well-known that the Lagrangian Ly does not have a closed form for the standard
chemical reaction kinetic system, instead it is more convenient to investigate its dual
Hamiltonian H by Legendre-Fenchel transform. The explicit form of the Hamiltonian
is important for the numerics to study the rare events in systems biology [15]. With a
similar idea, we have

H(z,p)= sup ((p,B) — L(2,8))

BER?

= s ((p.6) - inf (L.(zPw0) +S(z0)) )

BeR4

= Sup sup (<p7ﬁ>7 ( /ga ) (z w))

BeERIwWEAD

= Sup sup (<p7ﬁ>7 ( 16’ ) (Z w))

weAp BeRd
= Sup (HS(Z,p,w)*S(Z,’lU)). (220)

wEAp

A consequence about H from its definition is that H is convex with respect to p from
the convexity of L and the Legendre-Fenchel transform [9]. Furthermore, if the matrix
Q=(¢ij) pxp is symmetrizable, S(z,w) has an explicit expression [3]

ZZ [\/wzqw \/wgqu } . (2.21)

A ES)

2.2. Application to the genetic switching model. The formula (2.20) has
a nice application in the genetic switching model introduced before. In this model, we
have d=2, D=2, and S =4. By the parameters shown in Equation (1.4) and Table 1.1,
we have

H,(z,p,w)=b""w;(e" —1)+ A(z1,22,p1,p2), (2.22)

where z=1(z1,22),p=(p1,p2),w=(wo,w1) (here we utilize the notation w = (wg,w1)
instead of w = (w1, w2) as mentioned in the introduction since there is only one molecule
of DNA) and A(z1,22,p1,p2) =7vz1(e P —1)+vbz1 (P2 — 1)+ z2(e P2 —1). We also have

S(z,w)= (\/wof(z2) - \/wlg(zz))2~
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Applying Equation (2.20) with the constraints wg +w; =1 and wg,w; >0, we obtain the
final Hamiltonian

H(zp)=bs(e 1)~ (V=9 G) ~V5002)) +Alrznpps), (223)
where

gl s b D (o) —g()

2 2/s3+4 f(22)9(22)

It is instructive to compare this Hamiltonian with that obtained via WKB asymp-
totics. In [1], another form of the Hamiltonian for this system is given via WKB
asymptotics:

H(z,p)=A+g(z2) [A+b7 (e —1)][f(22) — 4], (2.24)

where A= A(z1,22,p1,p2). The relation between the Hamiltonian H and H is not clear
so far. But one crucial difference is that H is convex with respect to the momentum
variable p from the form (2.20), while H is not. It turns out this property is crucial for
the numerical computations, especially for computing the transition path in geometric
minimum action method (gMAM) [15]. It is also interesting to observe that the quasi-
potential S(z1,22) obtained from

H(z,VS)=0 or H(zVS)=0

is the same even though H and H are very different [21]. It can also be verified that
H is not the convex hull of H with respect to p. From the Hamilton-Jacobin theory,
one may speculate that these two Hamiltonians are connected through some canonical
transformation. But it is only a plausible answer which is difficult to be verified even
for this concrete example.

As the large deviation results give the sharpest characterization of the considered
two-scale chemical kinetic system, we can obtain the deterministic mean field ODEs and
the chemical Langevin approximation for the system based on the large deviations [5],
which corresponds to the law of large numbers (LLN) and the central limit theorem
(CLT) for the process. Taking advantage of Equation (2.23), we get

OH| b7 'f(z)

— = 2, — =~bz1 — 29. 2.25
Opilp=0  f(z2)+g(z2) Ip2 ‘p:o e (2.25)

The mean field ODEs defined by
dzy oOH q dzo oH (2.26)

At Opile=o T Tdt Opaleo

are exactly Equation (1.6).
Furthermore, we have

32H‘ _ b (=) 262 f(22)9(22)
opt lp=0  f(22)+9(22)  (f(22)+g(22))°
0*H

B oo

+P)/Zla

=~vbz1 + 25.
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This naturally leads to the following chemical Langevin approximation:

dz [b‘lf } blf 22 )
— = 21| dt+ — dB; —\/vz1dB
it | f+g 7 f f+g (f+9)° TR
dZ2

1 [
o =bva-=mldr o [«/ybzldBf - \/def} , (2.27)

where f,g are abbreviations of functions f(z2) and g(zz), and B} (i=1,...,4) are inde-
pendent standard Brownian motions. It is instructive to compare Equation (2.27) with
a granted formulation by naively transplanting the Langevin approximation from the
simple large volume limit [14], where the equation for z; reads

1
NG

b-'f

T —~dB} — \/yz1dB?

da _ {blf (2.28)

dt
dt | f+ 721] MV

and the equation for zp is the same. It is remarkable that Equation (2.27) has an
additional term related to the noise dB}. This additional fluctuation is induced by
the fast switching of DNA states. A similar situation will also occur when we derive
the chemical Langevin equations for enzymatic reactions, whereas we should take the
fluctuation effect of the fast switching into consideration if the considered scaling is in
our regime. However, this point does not seem to be paid much attention in previous
research. Similar situation is further discussed in [19].

2.3. A useful property of the Hamiltonian H. The Hamiltonian H(z,p)
has some nice properties which can be utilized to simplify the computations in many
cases. Assuming that Q =(¢;;) pxp is symmetrizable, according to Equation (2.20), we
have

H(Z,p) = Ssup h(zvpaw)a
wEAp

where

h(Z,p,’LU) :Hs(zapaw) —S(Z,’LU)

d D
=D ) iz wj(efPd —1) ZZ{\/WJ” \/w]q” }

i=1j=1 i jF£i

We will show that the supremum of h in Ap can be only taken in the interior A%, of
Ap. To do this, we first note that h is continuous in Ap and differentiable in AY,. For
any wp € 0(Ap), define v=cy—w; where co=(1,1,...,1)/D is the center of Ap. It is
easy to check that

1
lim Z(h(z7pawb+tv)_h’(z7p7wb)> = +o00. (229)

t—0+

This means that the supremum of h cannot be taken in (Ap). Furthermore, since h
is strictly concave in w, there exists only one point w* in AY, such that

w* =argsuph(z,p,w).
wEApD
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An important consequence of this fact is that we can get the derivative

OH(z,p) _ dh(z,p,w"(p))

op dp
_ Oh(z,p,w") +@ ow*(p)
op ow lw=w* Op
_ 0H,(z,p,w")
=

This is very useful to simplify the derivations when utilizing the gMAM algorithm [15]
to explore the transition paths.

3. Proof of Theorem 2.2
We will mainly follow the framework in [20,26] to make the proof. First we prove
the upper bound and then the lower bound.

3.1. Upper Bound. The proof of upper bound (2.3) is standard in some sense.
It is difficult to estimate the probability of (z,,v,) € F directly. We proceed with the
following steps. Firstly, we approximate z,, by z,,, where z,, is an absolutely continuous
path. Secondly, for a given compact set, we can get an upper bound for (Z,,,v,,). Thirdly,
we prove that after excluding a set of exponentially small probability, z, and v, stay
in compact sets, which means that z,, and v, are an exponentially tight sequence. And
finally, we get the desired result by combing the previous steps with further estimates.

Before proceeding to the proof, let us denote by C?[0,77] the collection of all contin-
uous functions of ¢ € [0,7] with values in R%. Define the sup-norm for any r,# € C%[0,7]

p (r,7):= sup [r(t)—7(t)].
0<t<T

We have that (C?[0,7], pgl)) is a Polish space. The metric p((:l) is stronger than
pM) on DU0,T]. As a consequence, every open set in (D?[0,7],p(")) is also open
in (ID)d[O,TLpgl)). And, if £ is compact in ((C"Z[O,T],,og))7 it is also compact in
(040,77, ") and in (D40,T7),p™M).

To construct the approximation of z,, we subdivide the time interval [0,T] into
n pieces with nodes ¢7 =T'j /n, 7=0,1,...,n. Define the piecewise linear interpolation
Zn(t) of z,(t) as

Zn(t) = (L= (0)zn(t]) +7 (D) 2n (t]11),  TEEF 1], (3.1)

where v;(t) = (t—t;)n/T €[0,1].
We have the important characterization that z,, is exponentially equivalent to z,,.

LEMMA 3.1.  For each 6 >0,

1
limsup —logP(p (2,,,2,) > 8) = —o0. (3.2)
n—oo T
The proof of Lemma 3.1 is left to Appendix A.
For given compact sets in C%[0, 7], the following quasi-LDP upper bound for (Z,,,v,)
holds.

LEMMA 3.2.  Fix step functions 0(t) €R? and a(t) €RP. For any § >0 and compact
sets KeC40,T] and S€M[0,T], we have

1
limsup;log]}”((émun)eK><S)§— inf (IS(T',V,B)—I—I}S(T,I/,Q)), (3.3)

n—00 (r,v)eKxS
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where
19 (r0.0) = { S L3 (r(t),7,m,,(1,-),0(t))dt, dr(t) = #(t)dt, (3.4)
0, otherwise,
L(2,8,w.p) = (B,p) — H.(z,p,w), (3.5)
H)(z,p,w)= sup H,(z,p,w), (3.6)
lx—z|<d
and
T
I]‘E(r,u,a): ; S‘S(T(t),nl,(t,-),oz(t))dt7 (3.7)
D
S (zw.e)=— sup 3 wigy(=) () 1), (3.8)
|w—z|<6i7j:1

Before proceeding to the proof, we remark that H®(z,p,w) and L%(z,3,w,p) are mono-
tonically increasing and decreasing functions of d, respectively. S°(z,w,o) is a monoton-
ically decreasing function of §. Correspondingly, I°(r,v,0) and I;(r, v,a) are decreasing
functionals of §.

Proof.  'We only need to consider absolutely continuous functions = on the right-
hand side of Equation (3.3) since If(r,u,0)+1}s(r,u,a) =00 otherwise. For any r and
v, define the sum

Tl 0.00= Y <<r<ty+1>r<t7>,e<t;>>
- /m (r(£),0(67),m, (£,7)) dt + / j“S‘i(r(t;%),nu(t,-»a(t?))dt). (3.9)

tn
By Corollary A.2 in Appendix A, we have

1
hmsupﬁlogEeXp(an(fzn,H,un,a)) <0. (3.10)

n—oo

For (2,,v,) € K xS, it is obvious that

In(Zn,0,0n, ) f(T’U%rellfCXSJn(r,G,y,a) >0. (3.11)
So we have
Jn ~na97 ny - inf Jn 70» ) 21
exp< (21,0,v,,cx) (r,u%rellCXS (r l/a))
and

P((%n,un)EICxS)<Eexp{n[Jn(2n,0,Vma)—( ;nfc SJn(r,H,V,a)}}.
T,v)ekX

Combining this with Equation (3.10), we get

1
limsup —logP((Z,,,vp) € K x S) < —liminf ( inf J,,L(r,e,u,a)> . (3.12)
n

n— 00 n—0o0 \ (r,v)eELxS
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We now represent the sum on the right-hand side of Equation (3.12) as an inte-
gral. Since K is compact, the absolutely continuous functions r € K are thus uniformly
bounded. Let V be a compact set in R? such that

{z:z=7(t) for some r€K and t€[0,T]} CV.

For step function 0, let us investigate an interval in which @ takes constant value 8 —
say, the interval [0,7] — without loss of generality. Then

ZX{tJ+1\ J+1) (t?)»00>:/0 (r,00)dt + €,

where the error €, takes into account the fact that 7 may not match any of ¢7. It goes
to zero uniformly for r € K when n goes to infinity from the bound

2T
len] < —00|sup |z|.
n zeV
Now H?(z,p,w) is continuous in z, p, and w from the continuity of H, on x, p,
and w and the boundedness of \;, €, and n,(t,-) in the current setting. So we have
s s
|H (r(7),0(17 )., (t,) = HY (r(6),0(17),n,(8,-)) |, 7 <t <t}

goes to zero uniformly in j for 7 € I and v € S by equicontinuity. Therefore,
Zx{t ra<r) / H] (r(t7),0(87),m, (1)) dt = / H (r(),0(67),m,,(t,)) di + €,

with €, converging to zero uniformly in (r,v) €K x S.

Similarly, we can estimate for the part S‘S(T(t?),nl,(t,-),a(t?)) and repeat the ar-
gument on the finite number of intervals on which 8 and o are constants. Thanks to
the uniformity in (r,r) € K xS, we obtain

.. . . 8 d
lggloléf <(T’V;I€1§CXSJ”(T,9,V,O£)> = (r,uﬁrgws([s (r,v,0)+ 1 (r,v,)).
Together with Equation (3.12), the proof is completed. d

Next we show the exponential tightness of the sequence (Z,,,v,,). Define the modulus
of continuity of a continuous function z as

Vs(z)=sup{||z(t)— z(s)| : 0< s <t < T, [t —s| <&} (3.13)
and the set
~ d 0 1
K(M)= ﬂ {ze(C [0,7]:2(0)== ,ng(z)glogm} (3.14)
m=M

for any fixed M €N.
LEMMA 3.3 (Exponential tightness for z,,).  For each B >0, there is a compact set
K CC40,T) such that

limsup — log]P’(zn ¢K)<—

n—r oo
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Proof. For any fixed M €N, it is not difficult to see that the set IC(M) is closed and
the functions in (M) are equicontinuous. Thus, (M) is compact by the Arzela-Ascoli
theorem. If 27™ < T'/n, we have

- 1 -
‘/Q—m—l (Zn) = §V2—m (Zn)

since z,, is piecewise linear. Therefore, to check whether Z,, is in (M), we only need
to consider a finite intersection, for values of m up to

_ log(n/T)
M(n)—maX{M, ’VIOgQ .
Using Corollary A.1 in Appendix A, we have for any n with M (n)> M,

M(n)

s (s )

m=M

M(n)n—1
1
<Y ZIP’( 7sup_ |Zn(t?+t)—zn(t?)|>logM>

<nM(n)-2de -2 1o 2V ep
- P log M & log M

for positive constants ¢; and cy. Thus

M
li 1 P(2, ¢ K(M)) < —
imsup ~log (Zn g K(M)) < “log M
for some positive constant ¢ when M > 1. 0

LEMMA 3.4.  The measure space Mp,[0,T] is compact.

Proof. Since [0,7]x{1,2,...,D} is compact, M[0,77] is tight. By Prohorov’s
theorem, M, [0,77] is relatively compact. Let v be the limit of any converging sequence
{Vm} in M[0,T]. Since Zil v (dt, i) =dt for all m, we have Ei’;lu(dt,i):dt, and
thus v(dt,i) < dt. So v also belongs to M, [0,T]. This proves that M, [0,7] is compact.

O

The straightforward consequence of Lemma 3.4 is that v, is also exponentially tight.
Define the quasi-rate functionals for slow and fast variables corresponding to Iy and
I in Theorem 2.1

I () = {fo LI(r(),7(t),mu (&)t dr () =(t)dt, (3.15)
0, otherwise,
Li(z,8,w)= sup L}(z,B8,w,p), (3.16)
pER?

and

T
I§(r,v) :/O SO (1 (t),n, (t,))dt, (3.17)
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S (z,w)= sup S°(z,w,o). (3.18)

oeRP

The definitions of LS(z,8,w,p) and S°(z,w,a) are referred to in Equations (3.5) and
(3.8). We have the following approximation lemmas.

LEMMA 3.5.  For any €>0, the absolutely continuous function r€C%0,T] and v €
ML[0,T], there exists neighborhood Ny, € C0,T]xM_[0,T] of (r,v), step functions
0., CR? and a,., CRP, such that for any (q,i) € Ny, we have

I3(q,1,0r0) + 13(q, 1,0y ) > I (7,0) + I3 (7, ) — €.

LEMMA 3.6.  For any pair (r,v) € C20,T] xM[0,T] and My >0, if r is not abso-
lutely continuous, there exists neighborhood N,., € C4[0,T] x ML[0,T] of (r,v) and step
functions 0y, €R? and ., €ERP, such that for any (q,i) € Ny, we have

Ig(qvﬂaeru)'i_l(f;(qnu;aru) ZMO

Lemmas 3.5 and 3.6 are direct consequences of lemmas A.8 and A.9 in Appendix A.
Simply denote the product metric p) x p(2 on D40, T] x M.[0,T] as d(-,-) and
define the sets

O(K)={(r,v) eD0,T] x ML[0,T]: I, (r,v) + I;(r,v) <K} (3.19)
and
O (K)={(r,v) eD0,T] x ML[0,T]: I2(r,v) +I}(r,v) < K }. (3.20)

We have the following characterization for ®(K) and ®°(K).

LEMMA 3.7.  For any K >0, the level sets ®(K) and ®°(K) defined in Equations
(3.19) and (3.20) are compact sets.

Proof. By Lemma 3.4, M;[0,T] is a compact set. By Lemma A.7, the functions
r€®(K) are equicontinuous. Combining this with the fact that r(0)=2°, we have
that ®(K) is pre-compact. By Lemma A.8, I;(r,v)+1(r,v) is lower semicontinuous.
Consequently, ®(K) is closed and thus compact. The proof for ®(K) is similar. O

ProrosiTioN 3.1.  For each K >0, §>0, and ¢ >0,
1
limsup —logP (d ((Zn,vn),2°(K)) >€) < —(K —e).
n—oo 1
Proof.  From the exponential tightness, we can find a compact set K~ € C¢[0,7]
for each N >0 such that
1
limsup —logP(2, ¢ K") < —N.
n—oo T

Define the set

KN ={(r,v) € CI[0,T] x ML [0,T] : d((r,1), B (K )) > €} N (KN x M [0,T7).

For any (r,v) € K¢, we can find the neighborhood N,. ,, either satisfying Lemma 3.5, if r
is absolutely continuous, or satisfying Lemma 3.6 if  is not absolutely continuous. This
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forms a covering of KV:¢. By compactness, we can choose a finite subcover {Ny., ., }i.;
for V<. Define

Kij :Nriﬂ/j NN,
Applying lemmas 3.2, 3.5, and 3.6 and letting M, in Lemma 3.6 be larger than K, we
have for any ¢,
1
limsup —logP((2,,,vy,) €Kij) <— (K —e¢).
n—oo N '

Then we have

limsup%logIP> (d((Zn,vn),®°(K)) >¢)

n— oo

Sligotip%log P(z, ¢ KN)+ ZP((%n,Vn) €Kij)
i,
<—min{N,K —¢}.
Choosing N large enough, we complete the proof. 1]
We are now ready to establish the upper bound.

LEMMA 3.8. Given K >0 and € >0, there exist § >0 such that
O (K —e) C {(r,v) :d((r,v),O(K)) < }.
Proof. Prove by contradiction. If the claim is false, we can choose
510, (ri,15) €D (K —€), i=1,2,...
such that
d((ri,v;), ®(K))>e€, Vi (3.21)

By the definition of I?(r,v) and Ifc(r,l/), we have the monotonicity I?(r,v)<
19 (r,v) and I]‘?(r,u) SI}SI (r,v) when § >4’ >0. Thus, the sets ®% (K —¢) are mono-
tonically decreasing as ¢; 0, and (r;,7;) are contained in the set ®% (K —¢) which is
compact by Lemma 3.7. So there exists a subsequence converging to (rg,vp). With
Lemma A.8 in Appendix A we have for each j

Igj (7‘071/0) +I§J (7‘071/0) S hzgggf (ISJ (’I"i,lji) —|—I? (’I”i,l/i)>
<liminf (Igi (r4,v4) —}—I?i (rhui))
i—00

<K -—e.
The monotone convergence theorem gives

I(ro,v0) +1f(ro,v0) = lim Igj (To,Vo)—‘rI;zj (ro,vo) <K —e.
j—00

So (r9,vp) € ®(K). For sufficiently large i, d((ro,v0), (7i,v;)) <e. This contradicts Equa-
tion (3.21). d
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THEOREM 3.1.  For each closed set F CD?[0,T] x M[0,T],

limsup —logIP’((szn) eF)<— inf (Ii(r,v)+I¢(r,v)).

n— oo (r,v)EF
Proof.  Suppose inf . ,yep (Is(r,v)+1f(r,v)) =K <oo. Since F' and (K —e¢) are
both closed sets, we assume the distance between them is ng > 0. For any n <nq,

P((zp,vn) EF)
SP(‘l((%mVn)vF)Sg)+P(d(zn,1/n (Znsn)) g)

<P(d((Za,vn),O(K —€)) 2 2)+P( (1)((zn,zn)2g) (3.22)
By Lemma 3.8, we can choose § and 7 small enough so that
A((Zn,vn), B(K —¢)) zg implies  d((2,v), (K —€—n/4)) > Z
From Proposition 3.1, we have
. 1 - n
1 —logP(d nyVn 7(I) K — >
imsup - log ( ((Zn,vn), (K —¢)) 2)
. 1 - 5 n
<limsup—logP (d((Zn,vn),®°(K —e—n/4)) >~
n—oo N 4
<—(K—e—n/2). (3.23)

Combining Equations (3.22) and (3.23) and Lemma 3.1 for 6 =n/4, we obtain

hmsupfloglP’((zn,Vn)EF) —(K—€e—n/2).

n—oo
The case for
inf (Is(r,v)+1f(r,v))=
(L) + 1y (rw)) =o0
can be established similarly by choosing K arbitrarily large. ]

3.2. Lower bound. The proof of the lower bound is based on the change of
measure formula. From [5], it suffices to prove that for any (r,v)€D0,T] x M[0,T]
and arbitrarily small € >0, we have

linrgiorcl)f%bgﬂ”(zn EN(r),vn € Nc(v)) > —(Is(r,v)+1s(r,v)), (3.24)
where N(r) is the e-neighborhood of = in D4[0,T] with metric p(!) and where N, (v)
is the e-neighborhood of v in M [0,T] with metric p®). For given r€D?0,7] and
v €M_[0,T7], if 7 is not absolutely continuous, Is(r,v)+I¢(r,v) = oo, thus nothing needs
to be proved. Below we will exclude this case. For convenience, we further assume that
n,(t,4) is continuous in ¢, and the case that n, (¢,7) is not continuous will be discussed in
Theorem 3.2 in this section. To prove the lower bound, we perform the following steps.
First, we approximate by a piecewise linear path y and the occupation measure v by
m€ML[0,T] with n,(t,-) piecewise constant in ¢. Secondly, we construct new processes
z, and &, with occupation measure 7,, such that
P— lim p(2,,y)=0, P— lim p®(7,,7)=0, (3.25)

n—oo n—oo



140 LARGE DEVIATIONS FOR TWO-SCALE CHEMICAL KINETIC PROCESSES

where the notation P—1lim means the convergence in probability. Moreover, we ask that
z, and the jump rates of &, satisfy the conditions required by lemmas 3.9 and 3.10.
Finally, based on the change of measure formula related to (z,,¢,) and (2,,£,), we get
the limit, and the proof is then finished.
As promised in the above procedure, we approximate r by a path y first. For a
given J, define A=T/J and let t,, =mA. On each interval [t,,,tn+1], define Ar,, =
T(tmt1) —7 (). Take p™={p" i=1,...,5} so as to satisfy

Arp,
Z,u;-”ui:% and ;" >0. (3.26)

If Ar,, are in the positive cone generated by the {u;} for all m, such a choice of u™
is possible. If at least one of Ar,, is not in the positive cone generated by the {u;}, it
is easy to check that, for all v € MJ[0,T], I5(r,v)=+o0 (see the Remark of [26, Lemma
5.21]) and nothing needs to be proved.

Now we construct the piecewise linear interpolation y of r such that y(to) =7(to)
and in each time interval [t,,,tm 1]

s
=> ului. (3.27)
i=1
Thus, y(t,,) =7(tm) for each m. For any € >0, we can choose J large enough such that

P (y,r) <e/4.

Define the sets

D D
3:{(7777//)|TI=(77U)DxD, 135 > 0; ¢€AD;ZwiZnijeij:0} (3.28)
i=1  j=1
and
s
IC,@:{/,LERS:MZO,ZMUZ»:Q}. (3.29)

i=1
We remark that the sets S and Kg here have nothing to do with the definitions in the
proof of upper bound.

LEMMA 3.9.  For any e >0 and large enough J, there exists a further subdivision of time
interval [tm,tms1] for each me{0,1,...,J =1} (ice. ty =tmo <tm1 <- <tmk,, =tm+1)
and related (n™*,p™*) €S (m=0,1,...,J —1;k=0,1,...,K,, — 1), such that

J—1Km

>3/

m=0 k=0 *tmr
<If(r,v)+e.

m,k+1 nmk
)

Zwm’“Z(nm o8 s (0

and
[ —n,,(t,-)|| <e/(4DT) (3.30)

for all t € [tk tmk+1), k=0,1,...., K, —1 and m=0,1,...,J —1.
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The proof of Lemma 3.9 can be found in Appendix A.
We then define the measure e My, [0,T] such that w(dt,i) =n(t,i)dt and

nw(t77f) 1=¢27Lk7 te [tmkatm,kJrl)

for m=0,1,...,J—1 and k=0,1,...,K,, — 1. With this choice n,(t,-) is piecewise con-
stant and

P (m,v) < e/4.

We take the frequently used notation AT in later text as the expectation of \; with
respect to the distribution n.,

AT (y()) =Y Nily(s),5)na(s.4)- (3.31)

j=1

LEMMA 3.10. For any >0 and large enough J, define B,,=Ar,/A, then there
evists '™ € Kg_ such that

m

J—1 tont1 S 1!
AT (y(t) = pi" 4+ pi"log ——— ) dt < I(r,v) +e.
mZ/m ;( (U0~ ok s e < )

The proof of Lemma 3.10 can be found in Appendix A.
With the constructed matrices {#™*} in Lemma 3.9, we define the process &, with
jump rate nn;;(t) where n;;(t) :771-7;-”“7 t € [tmk,tmkt1). Similarly, we take p™ con-

structed from Lemma 3.10 and define z,, with jump rate

/\i (Zn(t)7gn(t))
AT(y(1))
for its ith component, where f;(t) is piecewise constant and p;(t) = pl™* for t € [ty tm+1)-

We have the following convergence result for the constructed approximations for =
and y.

nu;i(t)

LEMMA 3.11.  Conwvergence of the approximation vy,

P— lim p®(7,,7)=0.

n—oo

LEMMA 3.12.  Conwvergence of the approximation Z,
P— lim pV(Z,,y)=0.
n—oo

The proof of lemmas 3.11 and 3.12 are given in Appendix A.

As we have finished the construction of z, and &,, we now perform the change
of measure. Denote by Q, and Q, the distributions of (2, (t),&.(t))i<r and
(Z0(),&0(t))i<T, respectively. We have

dQ, _ -
@(Znagn)
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Zlog Trl dYZ Z 4ij (Zn(t mj(t))dt
Al
-[ 2 oz P en

q’L] zn
:eB(zn1£n)7 (332)

where Y is the counting process induced by z,(¢) that will increase by one each time
when a jump occurs in the u; direction and M,” is the counting process induced by &, (¢)
that will increase by one each time when a jump occurs from state i to state j. The
next lemma shows that the expectation of B(z,,&,) in the exponent becomes simple in
the limit n — oo.

LEMMA 3.13.

T (% ¢ i e
Jim B, [ e 0.60) - w0 E a3 [ @) -
? m=0"1tm
(3.33)

nlgr;onEQ / ZlOg)\ﬂl dyz Z/mHZNz g)\ﬂ ))dt, (3.34)

7713 7
li Eg 1 dM,
Jim "Eq, / 2 G ))

sz Zn
k1 mk

_Z:: Z / Znﬂ (t,4) anklog ))d (3.35)

nk

The proof of Lemma 3.13 is based on the ideas in proving Lemma 5.52 and Lemma
8.70 in [26].

Proof. Since pu;(t) is a step function and constant in [t,,,¢,,+1), to prove Equation
(3.33), we just need to prove for each m

i Bg, [ (0.6 0) - XS0 D g [T a0 -

n—reo tm AT (y(t) m
(3.36)
Define
N(y):={zeD0,T]: p" (z,y) <e}.
We have

E@"/t m+1 /\i(zn(t)fn(t))—%"Wdt

:EQHX{ZneNg(y)}/tm Ai(Zn (1), (1)) = 1 W
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g1 ~
+Eq, X(zn¢N. ()} / Ai(Zn(t),&n (1)) —u?% (3.37)

m

By Lemma 3.12, the second term on the right-hand side of Equation (3.37) tends to
zero as n— 00. Next let us estimate the first term.
By Assumption 2.2, we have

)\i(mlvj) o )\1(2,])
N(@) N (z) ‘S

K2

- Ai(m/aj)f)\i(zhj)
M) AT(2) A7 (2)
<AL|z—z||+AL|z' — 2| (3.38)

Ai(@',j) /\i(ﬂi',j)'

for any z,z,x' €R% i€ {l,...,5} and j€{1,2...,D}.

Now take an integer N and divide [t tm41] into N pieces. Define 7; =t,, +1(tm11 —
tm)/N for 1=0,...,N. Since y is continuous in [0,7], we can choose N large enough
such that

sup |ly(t)—y(n)||<e for any i€{0,...,N—1}.

telm,mi41]

By Equations (2.1) and (3.38), we have

tm41 — Al(zn(t)vgn(t))
5 Ai(Zn(1),E0(8)) — ;n—dt
X{ neNe(y)}/tm (Za(t)&n(t) —p AT (y(1))
N-1 ms _ Ai(y(m 7771 3
<X{z.eN.(3)} Z/ )\i(y@-l)’gn(t))—,u;”W+C€dt>
1=0 S
where C'=(2+2A+A3)L. So we have
bt B i (Zn(t),E0(1))
nh_{réo]EQ"/ Ai(Zn(t),6n (1)) — i Wdt
Ti+1
g ()3 (t.3) — "+ Cect

I A

Ti+1
/ £),7)n (£,) — i+ Caedt

HMU HMD

tm+1
- / AT (Wlt)) — i+ Ciltr — e
t

m

by the ergodicity of the process &, where C; = (34+2A+A?)L. Similarly, we can also
obtain

lim E@n/t h Xi(Zn(t),6n (1)) — MZ"%

So we finish the proof for Equation (3.33).
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To prove Equation (3.34), we first assume that \;(x) are constant functions. In
[ty tm+1), the number of jumps z,, makes in each direction u;/n are independent Pois-
son random variables with mean nu* (tm,4+1 —tm). So

. m+1 t i m+1
nli)ngonIE@n/ ZlogXr dY / Z“z gXT ())d. (3.39)

For general \;, we can use the technique for proving Equation (3.33) by dividing the
interval [t,,,tm+1] into small pieces and approximating Equation (3.34) by Riemann
sums.

For Equation (3.35), again we first assume that ¢;;(x) are constant functions. In
[tmkstm k+1], the number of jumps g‘n makes in each direction e;; are independent Pois-
son random variables with mean n-n (¢, )nu (tm,k+1 — tmk)- So

D

tm'k+lz 77]( ) i.j bt Z ( )zD: k n?k
lim E / log —— = __dM, :/ Ny (1 03" log ———dt.
nooon  On ok ing Chj( n(t7)) ! tink i=1 j=1 ! i (¥(®)

(3.40)

For general ¢;;, we consider separate cases {Z,, € Ne(y)} and {Z, ¢ N¢(y)} as in Equa-
tion (3.37). Similar to proving Equation (3.33), we can get the limit (3.35). 0

LEMMA 3.14.  For given r€D?0,T] and v €M[0,T], assume that v is absolutely
continuous and n,(t,-) is continuous in t. Then, for arbitrarily small e >0, we have

hmmfflogIP’(zneN( )sVn € Ne(v)) > — (Is(r,v) +1f(r,v)).

n— oo

Proof. By Equation (3.32) and Jensen’s inequality, for any e >0,

P(z, € N(7),vn € Nc(v))
>P (Zn GNG/Z( )aVn ENG/Z(W))

dQy,
=Eg, |:d(@n( n(t),En(t ))X{zneNﬁ/z(y),VnENE/Q(W)}:|

—F- |eB(Enén)
_]EQn |:€ X{Zﬂ,eNe/2(y)7177l€N5/2(7r)}i|

Eg, I:X{ZnGNE/2(y)7DnEN€/2(ﬂ)}B(Znaé—n)} }
]EQn [X{inENe/z(y)ﬁnENe/z(W)}]

ZE@n I:X{ZnEN€/2(y))z7n€N€/2(T()}j| exp{

(3.41)
By lemmas 3.11 and 3.12, we know that
Jim Eg [X{zneNE/Q(y),aneNé/Z(ﬂ)}} =L (3.42)

Thus, according to Lemma 3.13 and Equations (3.41) and (3.42), we have

1
liminf —logP (2, € Nc(r),v,, € N(v))

n—o00 N
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>liminf — IEQ [X{Zﬂ,eNe/z(y),z?neNE/z(fr)}B@”’g")]

n—oo N

tmg1 S
- (Z / > O (w(0) )

tm41 m
!
+ / it log ~——=dt
Z Z D)
J—1K,,

mL k1 D mk
+y° Z / an(m Z(nwklogny(t))-i-qij(y(t))—m’;-‘k)dt) (3.43)

m=0 k=0 YPmk i=1 j=1
Combining Lemma 3.9, Lemma 3.10, and Equation (3.43), we finish the proof. ]

In the final theorem, we remove the continuity assumption on n,(t,-) to get the
desired lower bound estimation.

THEOREM 3.2.  For given 7 €DY[0,T] and v €M[0,T], assume that v is absolutely
continuous, we have

1
liminf —logP(z, € Ne(r),vn € Ne(v)) > — (Is(r,v) +1f(r,v)).

n—oco N

Proof.  We can construct a sequence of measures v(¥) (k>1) such that for any
k, nyu is continuous in ¢ and p® (v,v(F)) —0. From Lemma A.8, I (r,v)+If(r,v) is
lower semicontinuous in v. Thus, we can choose kg large enough such that for any § >0
and € >0,

Is(r,y(k"))—i—lf(r,u(k"))) > I (r,v)+1f(r,v)—0
and
p B (v, ko)) < ¢/2.

Thanks to Lemma 3.14, we have

1
liminf —logP (z,, € Ne(r),v, € Ne(v))

n—oo N

1
>liminf —logP (zn € N(r),vp € Ne/g(u(kﬂ)))

n—oo N

— (L5 + 1y ()
>—Is(r,v)+1f(r,v))—4.

Y

The proof is completed. 0

3.3. Goodness of the rate functional. = The rate functional I,(r,v)+1¢(r,v)
is lower semicontinuous by Lemma A.8. The goodness of the rate functional is a direct
consequence of Lemma 3.7.

4. Proof of Theorem 2.1

Now we prove Theorem 2.1 under the consideration r € W = (R+t)? instead of the
whole space. The main clue of the proof is the same as the proof of Theorem 2.2 except
some technicalities to understand the behavior of jumps near the boundary of W. We
will only focus on the key parts, which is different from the proof of Theorem 2.2.
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The difficulty in the proof of lower bound is that we cannot use the change of
measure formula directly, since some of the jump rates may diminish on the bound-
ary. Mainly following [27], we overcome this issue by carefully analyzing the boundary
behavior of the dynamics.

Let a d-dimensional unit vector v:=(1,1,...,1)/v/d and define the shifting rs(t) =
r(t) +dv with § >0 a sufficiently small number. With a similar approach to proving [27,
Lemma 5.1], we can show that

limsup (Is(rs,v)+1¢(rs,v)) <Is(r,v)+1f(r,v). (4.1)
§—0t

Next, we will prove

1
liminfﬁlog]}’(zn € Ns(r),vp € Ns(v)) > —(Is(r,v)+ 1 (r,v)).

n—roo

Denote by V() the modulus of continuity of r with size a, and set 7(a) =max{V,(r),a}
so that 7! (a) <a. Now, fix § and set ts=n"1(5/3). Then, ts<4§/3 and, for t <ts,

sup [[7(0)+t-v—r@)[|<ts-[lv][+n(ts) <25/3.
0<t<ts

Therefore, for 0 <a<1/6,
P(z, € Ns(r),v, € N5(v)) 2P<||zn(t) —7(0)—t-v|| <ad on t€[0,ts],
20 € Ny(ri[ts, T)ivn € No(v) ),
where Nj(r;[ts,T]) is the d-neighborhood of r restricted on t € [t5,T]. Now, on this time
interval,

sup () —re, ()] <6/3.
ts<t<T

Moreover, d(ry, (t),0G) >ts/+/d. Therefore, for any function w on t € [t5,T], ||u—r, || <
ts/2+/d implies that ||u—7| <55/6 and d(r,(t),0G) >ts/2v/d. Now define As the ad-
neighborhood of r¢+tsv, i.e. As:=Bus(ro+tsv), and let rtyé be the shift of r4; such
that r7 (t;) =y. Then,

P(z, € Ns(r),v, € Ns(v)) ZIP(Hzn(t) —7(0)—t-v||<ad on t€[0,ts];v, € Ns(v; [O,m]))

x inf P, <Zn€Nt,5('I‘g;[t(;,T]);l/nGNg(l/;[tg,TD).
YEAs 2Vd

The first term satisfies a large deviation lower bound

nminfllogzp(nzn(t) —1(0)—t-v]| <ad on te [0,t5];vn 6N5(1/;[0,155])>
n—oo n
>—Clts (4.2)

by estimating the probability of a specific path z, lying in the ad-neighborhood of
the curve r(0) +tv. Because the paths in N ¢ (r7.;[ts,T]) are bounded away from the
2vd

boundary uniformly for y € As, by Theorem 3.2, we have

n—o0 N

1
liminf —log inf P, (zn EN 1 (ri;[ts,T))svm GNG(V;[tg,T])>
YEAs 2vd
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> = (1 ey )+ 1y, )

Z—(Is(’r‘t57V)+If(7‘t57l/)>7 (4.3)

where 11/ (res,v) and I][f‘s’T] (r:s,v) are rate functionals defined on the integration
interval [t5,T]. According to Equations (4.1), (4.2), and (4.3), we have proved the lower
bound.

Next, let us consider the upper bound. At first, we note that, since the rates A;(z,7)
satisfies the linear growth condition

Ai(z,) <C(1+]|=]),

it is easy to show that

lim hmsupflog]P’( sup Hzn( )| >K)=—
0<

—0 p—oco M

by simple moment estimates and Doob’s martingale inequality. Consequently, it suffices
to prove the large deviation estimates for bounded sets, and we can assume \;(z,j) are
bounded.

We only need to recheck Lemma 3.8 and Lemma A.9, since the other lemmas in
upper bound estimates can be verified easily under the assumption that A;(z,7) are
bounded. Thanks to Corollary 4.2 and Lemma 4.6 in [27], we can obtain that Lemma
3.8 and Lemma A.9 are also correct under Assumption 2.1. Thus, the upper bound is
also established.

The goodness of the rate functional trivially holds under Assumption 2.1. So we
complete the proof of Theorem 2.1.

Appendix A. In this appendix, we will supplement the proof of the main lemmas.
LEMMA A.1. Let {fo} be a collection of lower semicontinuous functions on a metric
space. Then the function f defined by f(x)=sup, fo(x) is lower semicontinuous.

LEMMA A.2.  Let {fu} be a collection of convex functions on a metric space. Then
the function [ define by f(x)=sup, fa(x) is convex.

LEMMA A.3. Let K(z,y) be a real-valued function, continuous in (z,y) on R xRP,
convez in x for each y, and concave in y for each x. Let two non-empty closed convex
sets U and V' be given, at least one of which is bounded. Then

inf sup K (x,y) = sup inf K(:z: Y).
zeUyevy yevzelU

The proof of Lemma A.3 may be found in [24, Corollary 37.3.2].

A.1. Part 1. Proof of lemmas related to the upper bound estimate.
LEMMA A.4. Let z(t) €R? be any measurable process for t € [0,T]. Suppose there exist
numbers a and & such that, for each p€R? with ||p|| =1,

1}»( sup <z(t),p>>a> <.

0<t<T

Then

1@( sup z(t)lza\/&) < 2d5.

0<t<T
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Proof. 1t is not difficult to find that

0<t<T

{OzltlgTHz( )||>a\[} U{ sup <z(t),Pi>Za},

where p,:=e;, p; ;= —e; fori= .,d, and e; are chosen as the canonical orthonormal
basis in Euclidean space R?. 1]

In later texts, we will abuse notation by denoting &, (t) =e; € RP when &,(t) =i €
Zp. This will not bring confusion since &, () is considered as a multidimensional vector
only when we take the inner product with other vectors.

LEMMA A.5. There exists a function K :RT —R* with

lim K(a)/a=+o0,

a—» o0

such that

P(Oiltlg 2 (t) — zn(U)HZa)§2deXp(—nTK<;)>. (A.1)

Proof.  The inequality (A.1) holds trivially whenever K (a/T)=0. It suffices to
prove the lemma when a is large. For peR¢, ¢ € R”, and any p >0, with the form of
infinitesimal generator £, (1.2), we define a mean one exponential martingale

M{’zexp((zn(t) z,(0),pp) — /Z)\ 2n(8),&0(5)) (PP ™) —1)ds

+ <§n( ) fn / ZX{‘ETL(S Z}un zn Uem’>_1)ds

Define U =maxi<;<s||u;||. Fix ||p]|=1, and we have

/ Z/\ zn(8),&n( ))(e<pp’"l‘/”> —1)ds< ntSAeVP/™ = R(t,p)
by Assumption 2.2. Hence, we obtain

P( sup (z, (t)—zn(O),p>2a>

0<t<T

=P ( sup exp(p(zn (t) = 2n(0),p)) = exp(m))

0<t<T
<P ( sup M7=%>exp (pa —R(T, p)))

0<t<T
<exp (nT [SA@U"/” — %%D ,

where the inequality follows from Doob’s martingale inequality. Take

=Ml <0
P=U % T9AU ~
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Then it is not difficult to show that, if we set

K(a)= (log S’XU 1)

for a large and K (a) =0 otherwise, then

]P’( sup (z, (t)—2z,(0),p) Za) <exp (fan( (%)) .

0<t<T

Define K (a)=K(a/+/d), and we get the desired estimate by applying Lemma A.4. 0O

COROLLARY A.1.  There exist positive constants c¢; and co independent of t and T,
such that, for any t,7€[0,T] with 0<t+7<T,

]P’( sup ||zn(s)fzn(t)||2a> §2dexp( nacllog(a:2)>.

t<s<t+T1

Proof. (Proof of Lemma 3.1.) Consider a typical interval [t7,¢7,,]. Since 2,()
and Zz,(t) agree at the endpoints of this interval, it is obvious that

~ n ~ 6 . . n n 6
120 (87) = Zn(tj4 )l > 5 implies  [|lzn (1) = 2a(t7)] > 5
On the other hand, we have

120 (8) = 20 (EF) | 2 |20 () = Zn ()| = 20 (t741) = 20 (5]

since Z,, is piecewise linear and 2, (t}) =z, (t}). Therefore, if ||z, (t) — 2, (t)|| > for
some ¢ in the jth interval, we must have

sup [z (t) = zn(t5)[ = 6/2.
SIS,

Applying Corollary A.1 with a=¢/2 and 7=T/n, we obtain

n 601 77,(503
IP’( sup ||zn(t)—zn(tj)||26/2>SQdexp(—n2log( . ))

st

where ¢5=co/T. Thus,

P(p") (2, 20) > 8) < ZP( sup zn<t>—sn<t>n>5>

st

< IP’( sup zn(t)zn(t?)||>5/2>

SIS,

§=0
) )
<n-2dexp —nﬁlog(n 63) .
2 2
The result follows since ¢; and c3 are positive constants. ]

LEMMA A.6. For any given bounded sets Ay € R% and Ay € R, we have that

n—oo

T T/n
limsupE,, ,,, exp {n <2n (n> — ,%n(()),p> -n H;S (z,p,n,, (t,-))dt
0
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+ <§n (i) —§n(0),0'>+n/OT/nS‘s(ac Ny, (t,-), )dt}

holds uniformly in x €R?, me{1,2,...,D}, p€ A1, and o € As, where Ey ,,, means the
expectation with respect to the paths of (z,,&,) starting from (x,m) at t=0.

Proof. For any p€ Ay and o € Ag, define the mean one exponential martingale

Mt:eXP<n [< n(t) =24 (0),p) /Z)\ Zn(8),6n ))(e<p,ui>_1)d81
+<§n() n /ZX{gn(s Z}qu] Zn (a,em)_l)ds

Since 2, (t}) =z (t}), for any p€ A, we have

1=Eq ,,exp {n Kzn (:) —2n(0),p>

T/n S D
/ Z)\ (zn(s),5)(eP*) —1)u, (ds, j)

i=1j5=1
T T/n D
+<&<n>—&mma>‘”/ D7 13z (5)(€/7) ~ Dy (ds, )
0 =1
By definition, the term

s D
DY Ailzal),d) (P = vy (ds, )
i=1j=1

can be written as Hy(z,(s),p,ny, (s,+))ds and
D D
=02 i (n ()€l = D)o (ds,i)
i=1j=1

can be written as S(zn(s),n., (s,"),0)ds.
Let

Ss= {w: sup |lzn(t) — x| < g},

0<t<T/n

and we have

st (o(3n () -2:0) o [ i 00
+ <£n <Z) —§n(0),a'> +n/OT/n S9(x,n,, (t,-),o-)dt}
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=Exp{<n< (5)-200)n [ H @ >>dt>
a(B) sy en [ Stonaron]
—Em,mngexp{<n<zn (5)-2.0.0)-n OT/"H (.5, ))dt)
Ha (D) -aoa)in [ sam, 0, >dt} (2.2

Since Ay and As are bounded sets, there exist B; and Bs such that ||p||<B; and
llo|| < By. From Assumption 2.2 and the boundedness of p and o, we have

Em7mXS§eXp{ <n<zn (Z:) —2n(0),p> -n OT/nH (z,p,n0,, (1, ))dt)
+ <§n (:) —Sn(O),a>+n/0T/nS5(zn(t) ny, (t,-), )dt}
<Egz,m (ng exp <n<2n <Z> —En(O),p> +3K>>

<Zexp< (k+1) p|+3K>><IP’<k25< sup zn(t)mlé(kJrl)(s)

0<t<T/n 2

) kécy kdcan 3K
< E °B - N .
\k:12dexp (n ((k—|—1)2B1 5 1og< >)> X e 0 (A.3)

2T

as n goes to infinity for all x € R? with ||p|| < B; and ||| < By, where K is a uniform
bound depending on the bounds of S°(-,-,-) and H?(-,-,-) in the whole space, By, B,

S

and T. Combining Equations (A.3) and (A.2), we complete the proof. o

COROLLARY A.2.  For any fived step functions 0(t) €R? and a(t) €RP, there exist
constants C' >0 and ng such that

Eexp{nJ,(2,,0,v,,a)} <C

for all n>ny, where J,, is defined in Equation (3.9).
Proof. By definition,

eXp{nJﬁ(in,G,Vnﬁl)}

J

HY (2,(1),0(t7) 1m0, (t,)) dt

n—1 gl
=exp Z <n<2n(t;’+1)2 (t} > n/ Hf t7),0(t]),ny, (t,-))dt
J:0 t’”.
gt
J S(2 n n
+n/ SO (Za(t0) 0, (8,), (] )}
tn
gt
tr

) e(t3))dt
=exp - Z(t ¢ 1) zw(t )O(t”) —-n
z n(za (85, )-n
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gl

+<£n(t?+1)_fn(t?)va(t?»_"n/J S‘;(%n(t}l),nun(t-),a(t?))dt)

—Z<£n (t041) = Ea (1), (tD)) ¢ (A.4)

Now, « is a step function. Let us first consider «(t) =aq on the interval ¢ € [0,7]. We
have

n—1

> x50 6 =) )= (& (M) -0,

where |a] is the largest integer smaller than a. Since &, and a are bounded in [0,77,

‘<§n ( [nr) ) ffn(0)7a0>’ is uniformly bounded. Repeating this argument on the finite

number of intervals on which a are constants, we have that

S (00— (). at)
7=0

is bounded. Thus by Equation (A.4), Lemma A.6 and the Markov property of (z,,&,),

limsupEexp{nJ,(2,,0,v,,a)} <C

n—r oo
where C' is a positive constant. 1]

LEMMA A.7 (Uniformly absolute continuity).  Given r€D0,T] and v€ML[0,T].
Let I(r,v)+1s(r,v) <K and fit some e>0. Then there is a 6 >0, independent of r,
such that, for any collection of non-overlapping intervals in [0,T] with total length §

J
{[tjasj]ajzla“'ﬂ]} with Z(SJ_
j=1

we have

ler (sj) =r(t;)] <e.

We can also find a constant B depending only on € and K so that

T
/ X{ ()| > Byt < €.
0

Proof. For any collection of non-overlapping intervals {[tj,sj}}j, define the func-

tion k(t) to be equal to one if ¢ is in some interval [¢;,s;] and zero otherwise. Since
I(r,v)+1;(r,v) <K, r is absolutely continuous and Is(r,v) < K. For any a >0,

an 5) -t < / () (1)t
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T
S/O a-X{i(t))<ayk(t)dt

T Ls(r(t)rl’;(t)’nl’(tf))
+/0 Lo (r (), (0, (1)) @] IO H O
K

where

Ls(z’ﬁvw)
18Il

Recalling the definition of L¢(z,8,w) in Equation (2.6), we define U :=max; ||u;||. For
any w € Ap, if we take p=log||8||/(U]|3]]) in Equation (2.6), we obtain

Ls(z,8,w) > [|8|/log | 8] /U — [|B]| SA.

This means that f(a)— oo as a—00. The choice a=1/v/§ and taking § sufficiently
small establishes the uniformly absolute continuity.
Now we turn to the second statement. Since

z,B,weEAp

fay=_ e { 18112}

T 1 T
/ X{nv"(t)nzB}dtﬁg/ 17X 151> Byt
0 0

1" L), (1), (t,1)

SE/O Ls(r(t),i-(t),nu(t’.))/H,;(t)”X{Hf“(t)\lzB}dt
1 Iy(r,v)

~B f(B)’

we complete the proof by choosing a sufficiently large B. 0

LEMMA A.8. The rate functionals are lower semicontinuous, i.e., if (ry,vy)— (7,V)
as n—» 0o, then

lminf I5(ry,,v,) > Is(r,v), lirginflf(rn,un)ZIf(r,l/), (A.5)
n—oo n o0
1Lniioréflf(rn,vn) >12(r,v), 1%n$io%f1§(rn,un) >I9(r,v) (A.6)
and
liminf I°(7,,,v,,0) > I (r,v,0), limianf(rmz/n,a)ZIJ‘E(T,V,a) (A.7)
n—oo n— oo

for any fix step functions 0(t) € R and «a(t) € RP.

Proof. We only need to consider the sequences of r,, which are absolutely contin-
uous since it will be trivial otherwise. Let (7,,v,,) — (r,v) as n— oco. We may assume
that Is(rp,vn) +1f(ry,vy) is bounded, say by a constant K. By Lemma A.7, we know
that 7 is also absolutely continuous.

Since r(t) is absolutely continuous in [0,77], given §, we can partition the interval
[0,T] into J intervals 0=t <tg <---<t;;; =T each of length A such that

max sup ||r,(t) —ra(t;)] <6.
Jot;<t<t;i1
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Denote F,(t,4) = v,([0,t],i) and F(t,i) =v([0,t],). Recalling the definition of L%(z,3,w)
in Equation (3.5), we have that L%(z,3,w)) is lower semicontinuous in ¢, z, 3, and w
and convex in 3 and w by lemmas A.1 and A.2. Thus, for any ¢>0 and small enough
A, we have

J [, () dt ff“nu (t,-)dt
>3 TALY [ ra(ty), 2 - dt
= A A
J
tivt)—rn(t:) En(tizr,)—Fn(ti,
:ZA Lé( (]) (J—H)A (J)) (J+1 )A (J )) (AS)
j=1

Define the functions r;, F as
ry(t)=r(t;), Fy(t,)=F(;,) fort;<t<tjyi,j=1,....J
and let
rl(t):=r;(t+A), F/(t,):=F;t+A,) for 0<t<T—A.

By Equation (A.8), we have

T
Jiminf / Ly (1 (), n (£) 70, (1))t

J tit1 . _ . . G — P
ZZ/ J hmlnfL5( (tj),rn(tj-i-l) r”(t]),Fn(t]—H’ )= Fulty )>dt

n—oo A A

/ttm L (m r’(t )ATJ(t) 7 F‘](tw);FJ(t")> dt

_ 5 r/(t)—r,(t) F/(t,-)—Fs(t,-)
_/0 Ls< (), I < )dt.

Now we use the nested partitions .J, =2*, so that Ap=T/2* and a corresponding se-
quence 0y, converges to zero. By Fatou’s Lemma,

T (0= 10, (0) (00~ F (1)
liminf Sk T Ji \ by 5 Ji Uy
v /0 Ls (”k(t)’ A ’ A dat

r () =g (t) F() = Fo(t)
> . Ok r T\ : L
> /0 liminfx gp<r—a,y L (”k(t)’ A ' A “

T
2/0 Ly(r(t),7(t),ny (t,))dt.

So we have established the lower semicontinuity of Is(r,v).
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The lower semicontinuity of I7(r,v) can be done similarly. Recall the definition of
S%(z,w) in Equation (3.18). We have that S°(z,w) is lower semicontinuous in 6, z,
and w and convex in w by lemmas A.1 and A.2. With exactly the procedure as with
proving the lower semicontinuity of I;(r,v), we can establish

.. T A 5 FJ(ta')_FJ(tv')
hmmf/o S(rn(t),n,,n(t,-))dtz/o s (m(t),>dt

n—oo A

for a fine enough partition. Again, we consider the sequence of nested partition .J,, = 2*
and A, =T/2*. By Fatou’s Lemma and the lower semicontinuity of .S,

T—Ag Teir .
1iminf/ SO (m (t),F )~ Fs, (¢ )> dt
k—o0  Jo A

T FIe(t,)—Fy (t,)
> sminf Ok ’ LA
_/O liminfyxgi<r—a,yS (TJk (t), A )dt

T
2/ S(r(t),n,(t,-))dt.
0
Thus, we obtain the lower semicontinuity of I(r,v). The proof of Equations (A.6) and
(A.7) are similar. o

LEMMA A.9. Given »€D?0,T], v€ML[0,T], and € >0, there exist step functions
0(t)e R? and a(t) € RP such that

Is(r,v,0) > I (r,v) —¢, (A.9)

I2(r,v,0) > I (r,v) —«, (A.10)
and

If(T‘,I/,(x)ZIf(’I’J/)—e, (All)

I?(r,u,a) Zl}s(nu) —e. (A.12)

The proof of Equations (A.9) and (A.10) can be referred to Lemma 5.43 in [26] and
the proof of Equations (A.11) and (A.12) is similar. We will outline the main procedure
here.

Proof. First, we consider Equation (A.9). If r is not absolutely continu-
ous, Is(r,v,a)=00 by definition, so nothing needs to be proved. Now let us con-
sider the case that r is absolutely continuous. For convenience, let L(z,3,w,p):=
(p,B) — Hs(z,p,w). Since by definition Ls(z,8,w,p) < L(z,3,w) for any p, we have
for B large enough

[ Xtz Ler@)#0m, 0,000

T

S/ X{ w01 =By Ls(r(t),7(),nu (L) )dt
0

<e/4.



156 LARGE DEVIATIONS FOR TWO-SCALE CHEMICAL KINETIC PROCESSES

by Lemma A.7. Choose 64 (t) =0 whenever ||7(¢)|| > B or 7(t) is not in C as defined in
Equation (2.12). Let R:=supg<,<r|7(t)||. Since r is continuous, R is finite. Simply
replacing \; by ijzl Ai(2z,7)w; in Lemma 5.23 of [26], we have for By large enough,

€

sup Ls(zvﬁvwap) ZLs(za/va) - 87T
|p|<B:1

for all [|z|| <R, ||B]|<Bin C and w in Ap. So, for any (z,3,w) in bounded set
A:={||z| <R,B€C,|B|<BweAp},
there exist a p,g,, With [[p,g,|| < B1 such that

€
L€ 9 ) 'z Bw ZLS‘ ) 9 T
On the bounded set

{lIzIl<R,B€C,|IBl <B,weAp,|pl <Bi},

the function Lg(z,8,w,p) is uniformly continuous. What’s more, by lemmas 5.22 and
5.33 in [26], Ls(z,8,w) is continuous in A. So, given any (z,3,w) € A, there exist a
028w >0 such that

€

Ls('%a/é,ibapzﬁw) ZLS(E,B,’[D) - ﬁ

holds for any (2,,@,5€OzﬁwﬁA7 where O.g, is the 0,g,-neighborhood of (z,3,w).
By the Heine-Borel theorem, we can choose finite number of O, gi,,« to cover A. This
means that

€

Lo(2,8,w.Pzigia) > Ls(2,8,w) = 5

whenever ||z — 2|+ |8 =8| +[|w —w" | <6, g1 -

Define the function 01 (t) =p,:gir Whenever [r(t) — z'(| 4 ||7(t) — B +|Imw(t,) —
wh|| <6,: g4+ With some tie-breaking rule. The function 61 (t) takes a finite number of
values. It may not be constant on intervals of time. So we approximate 01 (t) by a step
function. Choose 1 small enough such that

| Xuem Lulr@)i0)m, (6))de < §
0

whenever the set B has measure less than 7. Since 0(¢) is a simple function, we can
approximate it by a step function 8, and it agrees with 8, outside of a set of measure 7
(c.f. [25]).We finish the proof for Equation (A.9) by collecting all approximations above.

For the proof for Equation (A.11), we take advantage of Lemma 5.23 in [26] again
by replacing \; with Zlewiqij. We have for C' large enough

€
sup S(z,w,o)>S(z,w)——.
loll<c 4T

On the bounded set
{llel<C,llz[| <RweAp},

the function S(z,w,o) is uniformly continuous. With the similar strategy for L., we
can find the desired step function a. So we finish the proof for Equation (A.11). The
proof for I? and I}s are similar. d
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A.2. Part 2. Proof of lemmas related to the lower bound estimate.
Proof. ( Proof of Lemma 3.9.) Since S(z,w) is bounded by

Q ::ijzlsupqij(z), there exists (n(s),1(s)) €S for any s € [y, tmt1] such that

D
zm (93 (ms(s) logmﬂ(s))ﬁqij(y(s))—mj(s))

=1 e jy(s
<S(y(s).nu(s,")) +

and
[1i(s) —nu (s,1)| <€/ (8DT)

by Lemma 8.61 in [26]. For each fixed € [t,,tm+1], there exists §; >0 such that

7711(5)
zwz Z(nm s)log - y(s))+qij<y<s>>—mj<s>)

SS(y(t)ynu( ;) +2€
and
[1hi(s) =y (t,1)] <e/(4DT)

hold for any t€Os=(s—0s,5+0s) N [tm,tm+1].- By the Heine-Borel theorem, we can
choose finite number of O, in {Os},cpy, 4 ,,) t0 cover [ty tmia]. This means that
there exists a further subdivision of interval [t,,,tm41] (1€t =tmo <tm1 <+ <tmk,, =

tm+1) and related (Y™ (sk),n™(sx)) €S such that, for all ¢ € [tk,tm k+1]s

D m D m T]:?(Sk) .
;ﬂ)i (Sk); (%‘ (Sk)logm +ai; (y(t) —ny; (Sk)>

<S(y(t),n,(t,-)) +2e.

Since logg;;(z) are bounded and Lipschitz continuous in z, we can establish that
S(z,w) is absolutely continuous in z, and this absolute continuity is uniform in w € Ap.
To see this, we only need to show that the function

flx,w):= sup Z wm”( (o.ei) _q )

oERP i,j=1

is absolutely continuous in x=(z11,212,...,2pp) € [1/A,A}D2 (as defined in Equation
(2.11)), uniformly in weAp. For any =, +Axe[1/AA]P° with |Az| <1/4A, let
h=1/4A and r=||Az||/(h+|Az|), and define g=x+ Az /r. With this construction,
we have g € [1/2A, M +1/2A1° | f(z,w), f(x+ Az, w), f(q.w)€[0,(A+1/2A)D?], and
z+Ax=(1—r)x+rq. From the convexity of f(x,w) in @, we have

f(w—i—A:r,,w) < (1—r)f(a:,w)+rf(q,w),

and thus

fla+ Az, w) — f(,w) < r(f(g,w) ~ [(w,w)) <4A(A+ 5 ) DA
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The absolute continuity in z and uniformity in w of S(z,w) ensures that the estimate

S(y(t)7nl/(t7')) SS(r(t)’nV(tv'))+€

holds when J is large enough.
To simplify the notation, we will rewrite 7™ (s3,) as ™ and ¢™(sz) as ™. So,
for each m, we have

mk

PO S S AT

tmk

< / tm“S(r(t),ny(t,-))dt+3(tm+1—tm)e.

The proof is completed. ]
Proof. (Proof of Lemma 3.10.) Define

s D
_ - (2. g M
f(Ha)‘(z")’w)._;(;)\l( At ng Wiz, 5)w; )
and

f/s(za/@a )_ inf f(l"” ( ?)’w)'

nekp
Taking advantage of Theorem 5.26 of [26], we have
Ly(z,8,w)=L(z,8,w). (A.13)
We will show that, for any By, L(z,3,w) is continuous in z and w, uniformly in 8 in

V:i={BeC,|B] < B},

where C is the cone defined in Equation (2.12).
By Lemma 5.20 of [26], we can find a constant Bs such that, for any €V there
exists a p € Kg with ||p|| < By. Therefore, for all €V and any pu € Kg with ||| < Bo,

Ly(z ,ﬁ, - i( ﬁw)
) -

Sf(lw\(z ), w) (Z ﬁvw)+ClHZ’—Z||
<f(1A(z,),w) = Ly (2,8,w) + C1|2' = 2|| + Ca[w’ —w||

for some positive constants C; and Cs. Now choose g to minimize Es(z,ﬂ,w) to
establish that

Ly(2',8,w") = Ly(2,8.w) < C1]|2' — 2|+ Ca | w' —w]. (A.14)
By Lemma 5.17 and Lemma 5.32 of [26] (replacing \;(x) with Zlex\i(w,j)wj), we

know that there exist positive constants My, M,, and B so that, for all 3€C with
|8l > B, for all z€R?, and all we Ap,

M ||B||log 18] < Ls(z,8,w) < M| B log||B].
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So, for any q € D?[0,T] and any © € M[0,T],

T
/OX{\w(t)uzs}Ls(q(t)ﬂ"(t),na(t’~))dt
T
< | xusosm o) os O]

0
T M -
S/O X{Hf(t)HZB}ﬁiLs(r(t)#(t)mu(u~))dt
i=€(B). (A.15)

By Lemma A.7, we have that, e(B) —0 as B—o0o0. Combining Equations (A.14) and
(A.15), we have for any e >0, there exists a 6 >0 such that

sup [|g(t)—r(#)[|<0 and  sup [nz(t,) —n.(t,-)|| <0
0<t<T 0<t<T

implies

T~ T~
/ Lo (r(t).(t), o (£,-))dt — / Lo(q(t),i(t)ms(t,))dt|<e.  (A16)
0 0

With this continuity property, we have

T
/0 is(r(t)Jﬂ(t)’nV(tv'))dt

J—1 b1
= / Ly(r(t),7(t),n,(t,-))dt
m=0 tm
J—1 b1
> Lo ((tm),#(t) s 10 (b))l — €
J—-1
>> AL (r(tm), (tm“)A* (tm),n (tm, )> —€
m=0

By the definition of L, for each m, we have p™ € Kg, such that

i <r(tm),w,nﬂ(tm,~)>

S m
z::( — "+ logm> —¢/T,

and finally we have

/ (1), () (1))t

J—1

s m
>ZA z;( 7n /izm‘f'ﬂznl()gm)—?é

m=0
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m

/ Z )\” ’”+M;”10gvé“()))dt—?,e. (A.17)

Lemma 3.10 is proved by combing (A.13) and (A.17). d

Proof. (Proof of Lemma 3.11.) We need to prove that, for any bounded contin-
uous function h(t,z),

n—oo [q —

in probability. It suffices to prove that for each time interval ¢k, tm k+1],
tm k41 B tm, k1 D
lim h(t,En(t))dt = / > bt i)ng(t,i)dt.

O S b tmk i=1

Since &, lives on only finite states, for any € >0, there exists § >0 such that for [t —t| <&
(2,60 () = h(tr, En(t))] <€

for all t € [tk tm k+1]-
Take an integer L large enough and define 6 = (¢, k+1 — timk)/L < 0. Let 7y =ty +10
for [=0,1,...,L. We then have

b, k41 Tl+1 _
limsup/ h(t,&,(1) dt—hmsupZ/ )dt

n—oo t?nk n—oQ

Ti+1 _
<limsup Z/ h(m1,6n(t))dt +Te

n—roo

TH»I
_Z/ h(7,i)n.(t,i)dt+Te

TI

N-1 .r,, D
SZ/ Zh(t i) (4,0)dt +2T€
=1

k=0"vT

R
:/ Z t,i)ny (t,i)dt +2Te. (A.18)

In Equation (A.18), we utilized the ergodicity of the process &, on each interval [r;,7;11).
The convergence can be obtained in the almost sure and Lj-sense rather than in prob-
ability [6]. Similarly, we can prove

T m,k+1
liminf/ h(t,En(t dt>/ Zh (t,i)ny (t,i)dt — 2Te.
0

n—o00
1=1

The proof is completed. a
Proof. (Proof of Lemma 3.12.) The goal is to prove that for any ¢ >0,

lim ]P’( Sup 120 (t) —y(t)] 26) =0.
n—=oo \0<t<
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For any peR? and p >0, we have the martingale

M; =exp { (Zn (t)—y(t),pp)

tE i(Zn(s s))— AT (y(s
_/ Z(Mi(s))\l( n( )7571( )) A7 (y( ))<

+#i(s)% (n(elPPi/m — 1) — (pp,u,) ))ds}.

Recall that Assumption 2.2 and pu;(t) is piecewise constant and bounded. We can
perform similar estimate as in Lemma A.5 to obtain
26>

_ tS Xi(Zn(5),E0(s)) = AT (y(s))
P(ﬁ% L Y

Sexp(—necl log(ecz)>, (A.19)

where c¢; and co are positive constants. By Lemma 3.11, we have

J R RO

= ([ M &isnis- | tAi<y(s>,gn(s>)ds>

t D
+ /Z)\( (s),7 nynSst—/)\“
(Rt
t
SK [ [1Za(s) —y(s)llds + By, (A.20)
0
where
B, = sup /)\ nyn(s Jj)— nﬂ(s,j)>ds —0 (A.21)
te[OT]

as n goes to infinity for t <T.
Define C =dAUTA, where

A= max ma and U= ma u
x| e >§Suz() Jmax [ -

Combining Equations (A.19), (A.20), and (2.11), we have

P( sup_([124(6) - ||70K/ 20(5) - y()lds—CB, ) > )
0<t<T
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t S = c
i} Ai(Zn(5),&n(5)) — AT (y(s))
<P| sup ||z,(t)— t—/ (T U dsu;|| >e€
RN SURTCR W0 e
<exp (fnecl log(ecz)). (A.22)
From Equation (A.22) and Gronwall’s inequality, we obtain
(s, 1200~ y(0)] >+ CB,)CRT )
0<t<T
t
<t (s (120w -CK [z -(o)las) =)
0<t<T 0
<exp (—necl log(602)>.
Combing the condition (A.21) and the inequality
P sup, (-0 26c<T )
0<t<T
<F( sup 200~ 9] > (O80T ) 47 (5, ).
0<t<T C
we finish the proof. ]
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