COMMUN. MATH. SCI. (© 2017 International Press
Vol. 15, No. 1, pp. 97-121

GLOBAL WELL-POSEDNESS AND PULLBACK ATTRACTORS FOR
A TWO-DIMENSIONAL NON-AUTONOMOUS MICROPOLAR
FLUID FLOWS WITH INFINITE DELAYS*

CAIDI ZHAOT AND WENLONG SUNf*

Abstract. This paper studies the non-autonomous micropolar fluid flows in two-dimensional
bounded domains with external forces containing infinite delay effects. The authors first prove the
global well-posedness of the weak solutions and then establish the existence of the pullback attractors
for the associated process.
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1. Introduction

The micropolar fluid flows were first formulated by Eringen [15] in 1966, which
describe fluids consisting of randomly oriented particles suspended in a viscous medium.
According to [26], the motion of the micropolar fluid flows can be described by the
following equations:

%—(y-kur)Au—Qurvxw+(u-V)u+VP=f» (1.1)
Vou=0, (1.2)
%_(ca—l-c(z)Aw—Hlurw—i—(wV)w— (cotca—ca)V(V-w) =20,V xu=f, (1.3)

where u=(u1,us,us) is the velocity, p represents the pressure, w=(w1,ws,ws) is the
microrotation field interpreted as the angular velocity field of rotation of particles.
f=(f1,f2,f3) and f=(f1,fo,fs) are external force and moments, respectively. The
positive parameters v,v,.,cg,Cq,cq denote the viscosity coefficients. In fact, v is the
usual Newtonian viscosity and v, the microrotation viscosity. From [15,26], we see that
Equations (1.1)—(1.3) express the balance of momentum, mass and moment of momen-
tum, accordingly. If v, =0 and w=(0,0,0), then Equations (1.1)-(1.3) reduce to the
incompressible Navier—Stokes equations. Therefore, the equations of micropolar fluid
flows can be regarded as a generalization of the Navier—Stokes equations in the sense
that they take into account the microstructure of the fluid. One can see, e.g. [26,27],
for physical background.

Due to the wide applications in the real world, the micropolar fluid flows have
been well studied by some mathematicians and physicists. First, we must mention
that Lukaszewicz has obtained fruitful results in his monograph [26]. Also, a series of
papers are devoted to the existence and uniqueness of solutions (see, e.g. [14,16,17,23~
28]). At the same time, the long time behavior of solutions has been investigated from
various aspects. For example, the existence and estimation of Hausdorfl and fractal
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98 NON-AUTONOMOUS MICROPOLAR FLUID FLOWS WITH INFINITE DELAYS

dimension of the L2-global attractor was studied in [27]; the existence of H2-compact
global attractor was proved in [9]; the global and uniform attractor on unbounded
domain was verified in [13] and [29, 37,41], respectively; the uniform attractor of non-
homogeneous micropolar fluid flows in non-smooth domains was obtained in [10]; the
H'-pullback attractor was obtained in [11,30]; the existence of L?-pullback attractor in
Lipschitz bounded domain with non-homogeneous boundary conditions was established
in [12]. The pullback asymptotic behaviors of solutions for non-autonomous micropolar
fluid flows in two-dimensional bounded domains was investigated in [44].

However, to our knowledge, there is not many references discussing the micropolar
fluid flows with infinite delays so far. As we know, delay terms appear naturally, for
instance as effects in wind tunnel experiments. Also, the delay situations may occur as
well, when we want to control the system via applying a force which considers not only
the present state but also the history state of the system.

In this paper, we consider the situation that the velocity component in the x3-
direction is zero and the axes of rotation of particles are parallel to the z3-axis. That
is, u=(u1,u2,0), w=1(0,0,ws3), f=(f1,[2,0) and f= (0,0,fg). Then we discuss the fol-
lowing equations of two-dimensional non-autonomous incompressible micropolar fluid
flows with infinite delays:

%_(1/+V7~)Au—2urvlw+(u~V)u—i—Vp:f(t,m)—kg(t,uQ, t>71, x€Q, (14)
%:—aAw+4urw—21/TV><u+(u.V)w:f(t,x)+§(t7wt), t>1, e, 1.

(1.5)

V-u=0, in (1,400) %€, (1.6)

u=0, w=0, on (7,400) X, (1.7)
(u(T+s,2),w(T+s,2))=¢(s,z), s€(—0,0], TER, €, (1.8)

where a:= (¢, +cq), x:=(x1,22) €Q, t>7 for some 7 €R, and Q CR? is an open and
bounded domain with smooth boundary 02, such that the following Poincaré inequality
holds:

Mliella o) SIVelia ), Yo(z) € Hy (), (1.9)

where A; >0 denotes the first eigenvalue of the operator —A in L?(Q) with domain
HY(Q)NH?(Q) and with the Dirichlet boundary condition. Note that A; is a constant
depending only on €.

In Equations (1.4)—(1.8), the unknown vector function w:=(uy,us2) is the velocity
field of the fluid, and the unknown scalar functions p and w are its pressure and angular
velocity, respectively. f(¢,x):=(f1,f2) is the external force and f(t,x) is the scalar
moments, respectively. The vector function g(¢,u:) :=(g1,92) and scalar function g(¢,w;)
are additional external forces containing some hereditary characteristics u; and w;, which
are defined on (—o00,0] as follows:

up=u(-):=u(t+-), wr=wi(:):=w(t+-), t>7. (1.10)

In addition, ¢(s,z) = (u(7 +s,2),w(T+s,2)) = (ur,w;) is the initial datum in the interval
of delay time (—o0,0], and
_ Oup  Ouy ow ow

R et Ly (2= _7F
qu.—axl Dy and V-w: (3332’ 8561)'



C. ZHAO AND W. SUN 99

The first purpose of the present paper is to prove the global well-posedness of
the weak solutions for Equations (1.4)—(1.8). The main arguments used here are the
Faedo—Galerkin approximation and energy equality, as well as the compact embedding
between the Sobolev spaces. The second goal of this paper is to establish the existence of
pullback attractors for fixed bounded sets. To this end, we verify some useful estimates
for the solutions, and by so we prove the existence of the pullback absorbing set for the
associated process {U(t,7)}+>-. Then we establish the asymptotically compactness of
the process {U(¢,7)}+>- and obtain the existence of pullback attractors.

It is worth mentioning that Caraballo and Real have studied the asymptotic be-
havior of the Navier-Stokes equations with finite delays in [6,7]. Later, Marin-Rubio,
Real, and Valero in [34] extended the results of [7] to unbounded domains. Recently,
Marin-Rubio, Real, and Valero proved the global well-posedness of the weak solutions
for the two-dimensional Navier—Stokes equations with an external force containing in-
finite delays in [36]. Also, they obtained the existence of pullback attractors. We want
to point out that the idea of this paper originates from paper [36]. Compared with the
Navier-Stokes equations studied in [36], the equations of micropolar fluid flows contain
the angular velocity field w of the micropolar particles, which leads to a different nonlin-
ear term B(u,w) and an additional term N(w) in the abstract equation (see Equation
(3.1)). Due to these differences, more delicate estimates and analysis are required in
our studies.

The rest of the paper is organized as follows. Section 2 is preliminaries. Section 3
is devoted to the proof of the global well-posedness of the weak solutions for Equations
(1.4)—(1.8). In Section 4, we first concentrate on proving the existence of the pullback
attractors. Then we end the paper with two remarks on the extensions of our studies.

2. Preliminaries

In this section, we first introduce some notations and operators. Then we put
the Equations (1.4)—(1.8) into an abstract form and specify the definition of its weak
solutions.

Let’s denote by LP(Q) and W™P?(Q) respectively the usual Lebesgue space and
Sobolev space (see [1,3,4]) endowed with norms ||-||, and |- ||, as

lielhi=( [ [oPda)'”” and flmpi=( 3 [ 0%plraz)”.
@ |Bl<tm” <

Especially, we denote |- ||:=]|-|l2, H™(Q):=W™2(Q) and H}(Q) the closure of {p€
C5°(Q)} with respect to H(2) norm. Then we introduce the following function spaces:

Vi={peC5®(Q) x5 ()¢ =(#1,£2),V-¢=0},
H := “completion of V in L?(Q) x L*(Q) norm with norm |||z and dual space H*,”
V := “completion of V in H'(2) x H'(£2) norm with norm |- |y and dual space V*,”
H:=“H x L*(Q) with norm |- | 5 and dual space H*)
V=V x H}(Q) with norm ||- |y and dual space e

Note that ||-||7 and |- ||y are defined as

1w, 0)l = (lull e+ 1012, o) g = (lullf + ol 2) 2.

Throughout this article, we simplify the notations ||-|/z and |- || 7 by the same notation
|l || if there is no confusion occurs. According to the above notations, we further denote

LP(I;X):= “space of strongly measurable functions on the interval I,
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with values in a Banach space X, endowed with norm

1 ”
lollzoirx) = ( / loldt) 7, for 1<p<oo;

C(I;X) := “space of continuous functions on the interval I, with values

in the Banach space X, endowed with the usual norm;”

L} (I, H ) :=“space of square locally integrable functions from the interval I to H;”

WEAHILH) = {G| Ge L2 (I;:H)and G’ € L2 ,(I; H)}, here “ /" means the
generalized derivative with respect to time variable.

In addition, we denote by (-,-) the inner product in L?(Q), H, or H, and by (+,+) the

dual pairing between V and V* or between V and V*.

To write Equations (1.4)—(1.8) into the abstract form, we further introduce three
operators. First, the operator A is defined as

(Aw,¢):= (v +1v,)(Vu,VP) + a(Vw,Ves)

2
) Ou; 0, 0w 095 |
_(V+Vr)iz_:1/ﬂaxj 6$Jd v Z/ Ox; axz @1)
for any w=(u,w) and ¢=(®,¢3) belonging to V, where u=(uj,uz)€V and &=
(¢1,02) € V. In fact, D( A)=Vn Nn(H (Q))3 Secondly, the operator B(,-) is defined
via

(Blu,),8) = ((u- V)b, ) Zz/uz

Jj=1l=1

for any w=(u1,uz) €V, = (11,2,03) €V and any ¢=(¢1,¢2,63)€V. Thirdly, the
operator N(-) is defined by

N(w) := (=20, VY w, =20, V X u4-dv,w), Vo = (u,w) €V with uw=(uy,u) € V.

Some useful estimations for the operators A, B(,-), and N(-) have been established
in [27,29]. For completeness, we recall them as follows.

LEMMA 2.1. (see [27,29])
(1) There are two positive constants ¢; and co such that

1 {Aw,w) < I|'LU||%7SC2<AIU,U]>, vweV. (2.2)
Furthermore, for any we D(A), there holds
min{v + vy, 0| Vo2 < (Aw,w) < ][ duw]| A7 * [ Vo[ Aw] (2.3)

(2) There exists some positive constant A which depends only on 2, such that for
any (u,1,0) €V xV xV there holds

Nl [7ul2 [l [Vl £ V61,
|<B<u,w>,so>|s{ HIvullFliel 21Vl (2.4
Mul 2| 7ull2 |61 179113 Vol

Moreover, if (u,1p,0) €V x D(A) x D(A), then
[(B(u,9), Ap)| < N[ul|2 | Vu]| 2| V]| 2 [| A || 2 || g (2.5)
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(3) There exists a positive constant c¢(v,) such that

IN@I <ol W eT. (26)
In addition,
~(N (), Ag) < TIAGI2+ A0l R, Vi € D(A), (27)

hereinafter §1 :==min{v,a}.
On the base of Lemma 2.1, we further have

LEMMA 2.2.
(1) The operator A is linear continuous both from V to V* and from D(A) to H,
and so is for the operator N(-) from V to H.

(2) The operator B(-,-) is continuous from V x V to V*. Moreover, for any ueV
and w eV, there holds

(B(u,),0) = —(B(u,p),¥), YueV, VeV, YpeV. (2.9)

Proof.

(1). The continuity of the operators A and N(-) follows directly from Equations
(2.2)—(2.3) and (2.6), respectively. The linearity of the operator A is evident. So we
only need check the linearity of the operator N(-). Indeed, for any ¢ =(P,¢3) € V with
®=(¢1,¢2) and = (¥, 1p3) € V with W= (t1,13), we have

N(¢)—N()
— (=20, (Vb — V5 4hs), =20, (V X & — V % W) + v, (b3 — 103))
g2 01 5¢2+%

v Jx1 Oxs 0Ox1 8372)

(3 — (o3 —
:(72%"( (¢;m2'¢)3)v* (d)gmlﬁjg))v*%/r(

+4Vr(¢3 - 1/)3))
= (=20, V(¢33 —13), 20,V x (& — ) +4v, (5 —13))
=N(¢p—1p). (2.10)
(2). The continuity of the operators B(:,-) follows directly from Equation (2.4).

We next verify Equation (2.9). In fact, for any u€V and €V, we have by direct
computation that

3 2 ‘ 3 9 902
(Bl ) =090 =33 [ Glte=3 255 [ 5

j=1i=1 j=1i=1

1 3 2 Du; 1 3
222/91%2'3%(1962;A¢?(V'u)dx0. (2.11)

j=1i=1

Hence, Equation (2.9) is valid as a consequence of Equation (2.11). O
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3. Global well-posedness of the weak solutions

The task of this section is to establish the global well-posedness of the weak solutions
to Equations (1.4)—(1.8).

First, according to the notations and operators introduced in Section 2, we can
formulate the weak version of Equations (1.4)-(1.8) as follows:

aa—ij+Aw+B(u,w)+N(w)ZF(t)“‘G(tawt)’ t>r, (3.1)
Wlir =, —u(r+5) = (u(r+ 5)wlr+5)) = (o), s€ (-0 (32)

where

w:(u7w)7 F(t)ZF(t,JJ):: (f(t’x)7f(t7x))7 G(t’wt):: (g(tvut)ag(tawt))a (33)

and the functions u; and w; are defined by Equation (1.10). Note that Equation (3.1)
is understood in the distribution sense of D'(7,T;V ™).

In order to deal with the infinite delays, we introduce the space Cv(fl ) with some
suitable v >0 as follows:

Cy(H)={peC((=o0,01:H)| 3 lim_ep(s) € H}, (3.4)
which is a Banach space with the norm

lelly:= sup e[le(s)]-

s€(—00,0]
We now specify the definition of weak solutions to problem (3.1)—(3.2).
DEFINITION 3.1.  For each T >, if a function w eC((—oo,T];ﬁ)ﬂLZ(T,T;‘A/) with

~

wr=0o(s) ECW(}AI) such that for t € (1,T) and for any ¢ €V the equation
%(wa@)Jr(Aw#P)Jr(B(ww)v@+<N(w)»<P> = (F(t),) +(G(t,w),p) (3.5)

holds in the distribution sense of D'(1,T). Then w is called a weak solution of problem

(3.1)-(3.2) in the interval (—oo,T.

To prove the global well-posedness of the weak solutions to problem (3.1)—(3.2), we
need formulate some assumptions on the functions F and G.

(I) Assume that for cach T'>7, F(-,z) = (f(-,z), f(-,z)) € L*(r,T; V*).
(IT) Assume that G:[7,T] x CW(I;T) — G(t,€) € (L?(2))? satisfies:

(i) For any £ €C.(H), the mapping [r,T] 3t~ G(t,€) € (L2())? is measurable;

(H) G(ﬂo) = (07070)§

(iii) There exists a constant Lg > 0 such that for any ¢ € [7,T] and any &,n ECW(I?),

1G(t,€) = G(t,n)| < Lall€ =l

Note that the above conditions (ii) and (iii) imply

G, < L&l VEeC,(H). (3.6)

We begin with the existence of the weak solutions.
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THEOREM 3.1 (Existence).  Let assumptions (I) and (II) hold, and suppose that -y
satisfies 61 A1 <2v. Then for any given initial datum ¢(s) €Cy(H) and for any T >
T, there corresponds at least one weak solution to problem (3.1)-(3.2) in the interval
(—00,T7.

Proof. We will use three steps to prove Theorem 3.1.

Step One: Local existence and uniqueness of the Galerkin approzimate solutions.
We first recall some properties of the operator A defined by Equation (2.1). According
to the classical spectral theory of elliptic operators (see [4,33]), there exists a sequence
{An}22, satisfying

O< A <A< <A\, < oo, Ay =400 asn— 00,

and a sequence of elements {v,, }>° ; C D(A), which forms a Hilbert basis of H and span

n=

{v1,v2,...,0p,...} is dense in V, such that
Av, = A\v,, VneN. (3.7)

Denote V;,, :=span{vy,va,...,v,,} and consider the projector

me::Z(w,vj)vj, weH or V.

=1

For each T' > 7, define the Galerkin approximate solutions of problem (3.1)-(3.2) as
W™ (8):=) " B g (t)vy,
j=1

where the coefficients f,,, j(t) are desired to satisfy the following Cauchy problem of
ordinary differential equations:

%(w‘"’) (£),05) + (Aw™ (£),0;) + (B(u™ (£),0™ (), v;) + (N (w™ (#)),v;)
=(F(t),v;)+ (G(t,w!™),v;), 1<j<m, te(r,T), (3.8)

w™ (7 +5)=Pno(s), se€(—00,0]. (3.9)

The above Cauchy problem of ordinary differential equations with infinite delays fulfills
the conditions for the existence and uniqueness of a local solution in [21, Thereom 1.1].
So we get the local existence and uniqueness of the Galerkin approximate solutions.

Step Two: A priori estimates of the Galerkin approzimate solutions. We now deduce
a priori estimates to obtain the global existence of the Galerkin approximate solutions.
Multiplying Equation (3.8) by B, ;(t), summing up for j from 1 to m and then using
Equations (1.9), (2.8), and (2.11), we have

(51)\1
2

o™ (£)]% 461 [lw™ (2) 1

5

Z ™ ()12
o) 82+ !

1ot (@)% + - [l ™ ()15

™ 82+ Aw ™ (1), 0™ (8) + (N (™ ()0 (1)
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= (F(1),w™ (1)) + (G(t,wi™),w™ (1)). (3.10)
Since

™ |l = supe?®|[w™ (t+5)[| > [lw™ ()], T<t<T, (3.11)
s<0

by Equations (3.6), (3.10)—(3.11), and Cauchy’s inequality,

1d 1A 4]
2 2 1w ™) ()12 - SR 100 (1) )12 - 2L
S ™ @I+ 22 w62+ 2

<(F(),w™ (1)) + (G (t,w™), 0™ (1))

o™ (0)]3

<E@) g 0™ @)l5 + L [wd™ [l [lw™ @)
51 IF(1))3. ”
< G @I +—5==+ Lolw™ |1, (3.12)
hence,
Dt )12 182 ™ ()2 + o (1) 12
dt 2 14
2||F(t)]|%,
SMHLGIIwﬁm)Hi, te(r,T). (3.13)

o1

Let 7 <0<t <T. Changing the time variable ¢ by 6, we rewrite Equation (3.13) as

d m 2 m 2 51 m 2
2510 O + 30 [w™ @)+ lw™ @)1
2| F(0)]%
s”g)”*wLngm)ﬁ, fe(rT). (3.14)
1

Multiplying Equation (3.14) by e~%1*1(=9) and then integrating it for § over [r,t] give

m 61 ‘ — — m
w™ @)+ 5 [ e O
o)l

t F S
<e*MﬂH)||w<m>(7)|\2+2/ e*ﬁh(t*@)(i” (5 V't Lelwy™2)dd,  (3.15)
1

T

by which we get

2
lof™ 2= swp ™ (t+5)])

s€(—00,0]

§max{ sup 275 lw™ (t+5)||%, sup 6275||w(m)(t+3)||2}

s€(—o0,7—1] se(T—t,0]
:ZmaX{Il,IQ-i-Ig}, (316)
where
Ii:= sup  e2%|w™ (t+5)|?,
s€(—o0,7—t]
Iz sup [e2smimsen) 2],

se(T—t,0]
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t+s F(O)I12
I3:=2 sup [6273/ 6—61>\1(t+s—0)(H ( )| v _i_LGHwém)Hi)de]
s€(r—1,0] r 01

We next estimate I7, Is and I3. On one hand, since d; A1 <27,

L= Sup ]62”S||Pm¢(t+8*7)\|2§ Sup 27| (t+5—7)||?
s€(—oo,7—t s€(—oo,7—1
= 0]62”[5‘“””\|¢(8)Il2=62”(T_”II¢(S)H2Se“;m“‘”IM(S)II? (3.17)
se(—o0o,

On the other hand, by direct computation,

L <e D (1) ]2 =MD g (0) 2 < e Mg ()15, (3.18)

t F(0)]%
I3<2 / e—M(t—@)(”(a)”*+LG||w§,m>||3)de. (3.19)
T 1

Then Equations (3.16)—(3.19) gives

PAGIES m

t
||wtm)||?/ Se_él)\l(t—T)H(b(s)H?y_j’_Q/ 6—61)\1(15—9)(
(3.20)

Using Gronwall’s inequality on Equation (3.20) yields

2

t
W™ |2 <emM2Le) ) | g5 |12 4 = [ e~ (1M —2La)(t=0)| P92 _dg, (3.21
t v Y6 ), \%

which implies that for any given R >0, there corresponds a constant Cy(7,T,R) (de-
pending on the quantities 7, T', R, as well as on the constants 61, A1, Lg and the given
function F') such that

o™ |5 <CL(r.T,R), VE€[r.T], [|#(s)], <R, Ym=1. (3:22)
Together, Equations (3.11) and (3.22) imply that
{w™ (-)},n>11s bounded inL®(r,T; H). (3.23)

We also can get from Equations (3.15) and (3.22) that

t
%6_51A1<t—7> / ™ (0)]12 Ao

DIE

t IF ). .
<™ )Pz [0 (Ll ) do

I

t F
§R2+2/ 651“”)(”(61” +LCy(1,T,R))d6. (3.24)

Similar to Equation (3.22), we see from Equation (3.24) that there exists another con-
stant Cy(7,T,R) such that

[0 Oy ) S Colr TR, Ym 2 1. (3.25)
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Now, using Equation (3.8) and the argument of denseness, we get for any ¢ € V that

((w™) (1)) + (Aw™ (1)) + (B (™ (), w ™ (1)), ) + (N (w ™ (£)) )
= (F(t),9) +(G(t,w(™),p),
which, together with Equations (2.2), (2.4), and (2.6), gives
(W™ (1),9)]
< [(Aw™ (), 1) |+ [(Bul™ (), 0™ (£)),1)|+ (N (w™ (£)), )]
HF (1), 9]+ (Gt wi™), )]
< Cs (M) ([w™ (1)l + u™ (@) [|2 [Vul™ ()| 2 [0 ™ (1) 2 | V'™ ()2

+HIF@)lp - HIGEw™) ) 1]l
< GO v) (Ilw™ (8) | + o™ (@) [0 ™ (t) |+ |F ()1
HIGEw™) ) ¥l (3.26)

where the positive constant Cs(A,v,.) depends only on A and ¢(v,.), which are as in
Lemma 2.1. Then (3.26) implies

1@ ™Y @)l
<Cs(Avy) (Jo™ @) g+ 0™ O™ @) g + [ FOllg. +1GEw™)]). (3.27)

Hence, it follows from Equations (3.6), (3.23), (3.25), and (3.27) that there exists a
constant Cy(7,T,R) such that

T
[ 1wy @00 Car R, Y1, (3.29

and consequently,
{(w™) () };n>1 is bounded in L3(7,T;V*). (3:29)

By (Equations 3.22)—(3.23), (3.25), (3.29), and the local existence obtained in step one,
we get the global existence of the Galerkin approximate solutions for all time ¢ € [7, 7.

Step Three: FExistence of the global weak solutions. We will prove that the limit
function of the Galerkin approximate solutions is a weak solution of problem (3.1)-
(3.2). Using the diagonal procedure, we deduce from Equations (3.22), (3.23), (3.25)
and (3.29) that there exists a subsequence (which is still denoted by) {w("™}, an element
w ELw(T,T;ﬁ)ﬂLQ(T,T;V) with w’ ELZ(T,T;‘A/*), and some &(t) € L2(7,T5(L*(Q))3),
such that

w™ —~* w weakly star in L®(7,T;H), m— o0, (3.30)
w™ — w weakly in L2(T,T;‘7), m— 00, (3.31)
(W™ — W' weakly in L*(7,T;V*), m— oo, (3.32)
w™ —sw strongly in L2(r,T;H), m— oo, (3.33)
G(t,w!™) = €(t) weakly in L2(r,T;(L2(Q)%), m— oo. (3.34)

By Equations (3.31)—(3.32) and the compact embedding theorem (see, e.g., [5,22,39]),
we have

w™ ec([r,T);H), wel(r,T);H). (3.35)
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In order to pass to the limit in Equation (3.8) to obtain a weak solution, it is sufficient
to prove the following convergent relations of the nonlinear terms:

T T

im [ (B (1),w™ (1)) dt = / (B(u(t),w(t),)dt, VeV,  (3.36)
’ T TT
lim_ (G(t,wt(m)),w):/(G(t,wt),w)dt, VeV, (3.37)

Proof. (Proof of Equation (3.36).) By the definition of the operator B(,-) and
Equation (2.4), we have

[(Bu™ w™) ) — (B(u,w),)]
= |<B(U(M) - va(m))ﬂm + <B(u7w(m) - w)7w>|
<A ut™ =l |2 [V (ul™ —w) |2 [[w™ ]| 2| Vo™ |2 | V)|
A full2 | Vul| 2 [w™) —w]| 2|V (w™ —w)||2 | VY|, Vel (3.38)

Therefore, by Equations (3.25), (3.33), and (3.38), we obtain

/ (B(™ ™) 15) — (Bluyw) 1)) dt

t
m 1 m 1 m 1 m 1
SAHWH/ ™ — ]| % [V (™ =) |3 wl™ || | V™ |3 dt
t
VY| / |2 |Vl 2 |0 ™ — ]| 2|V (0™ —w) || 2 dt

(m) 1 (m) (m) i (m)
<A™ =l lw HLQ(HH)H(u =Wl 2 v W IILQ”V)IWIIv

1 1
Xl 10—l Tl e @ w1, ol
—0, as m— o0,
hence Equation (3.36) follows. d
Proof. (Proof of Equation (3.37)). From Equations (3.30) and (3.33), we get

w™ (t) —s w(t) strongly in H, a.e. te[r,T]. (3.39)
Since

S92 Y
w(m)(SQ)—w(m)(sl):/ (w™)Y (r)dr in V*, Vs1, s9 € [1,T7, (3.40)

s1

we conclude from Equations (3 29) and (3.40) that {w(™ } is equicontinuous on the
interval [7,7] with values in V*. Note that the 1nJect10ns Vs H<—V* are dense and
compact. Thus, Equation (3.39), the equicontinuity in V* and the Ascoli-Arzeld theo-
rem give

w™ () — w(-) strongly in C([T,T];V*). (3.41)
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It then follows from Equations (3.11), (3.22), (3.35), and (3.41) that for any sequence
{tm} C[r,T] with t,,, —t as m— oo, it holds that

W™ () —w(t) weakly in H. (3.42)

In the sequel, we still denote w the function in (—oo,7| concatenated with the above
limit in [7,7]. We next prove

w™ () —w(-) strongly in C([r,T);H). (3.43)

If Equation (3.43) is not true, then, by Equation (3.35), there would exists an ¢, a
value t, € [1,T] and subsequences (denoted by the same) {w(™} and {t,,} C [r,T] with
t; — ty, such that

W™ (t) —w(ts)]| > €0, Vm>1. (3.44)
We shall prove that Equation (3.44) does not hold true. To this end, we shall prove
w™ (t,,) —s w(t,) strongly in H as m— oc. (3.45)
Since Equation (3.42) and the lower semicontinuity of the norm yield

lw(t.)l| <liminf [w™ (t,)]), (3.46)
and notice that H is a Hilbert space, it is sufficient to prove that
lw(t.)]| > limsup [|w"™ ()] (3.47)
m—0o0

In fact, Equations (3.30)—(3.33) give

/ "), ™ () dr — / (), w(r))dr. (3.48)

Also, from Equations (3.6), (3.22), and (3.23), we see that for any s <t with s,t € [r,T]
there corresponds a constant Cs depending on Lg,01,A; and C1(7,T,R) such that

' (m)y ,,(m) ! my2 o O1AL 1 my 2
[ Gt e < [ (G 2 e () ) ar

troL2 01
< | (G 2 L QAL m) (2
< [ (Gl B+ S5 ™ )| )ar

01A1 ! (m) 2
§C5(t—s)+? [lao'™ () ||7 dr. (3.49)

Now Equations (3.10) and (3.49) yield
1 5 [
Sl OF+3 [ e @l ar

§;|w(m)(s)|2+/t<F(r),w(m)(r)>dr+C5(t—s), Wr<s<t<T.  (3.50)

S

By Equations (3.30)-(3.34), (3.36), and the convergent relation (see [36, (11)])

Po(s) — ¢(s) strongly in CA,(I;T), (3.51)
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we conclude that weC([r, T];PAI ) is a solution of the following problem
il
7 (@(®),0) +{Aw(t),v) + (B(u(t),w(?)),v) + (N(w(t)),v)

=(F(t),0) +(£(t),0), YveV,
w(T)=(0).

Also, one can check that w(t) satisfies the inequality for any s,¢€[r,T]

1 t
Slw@P a1 [ fw)bar

w1+ [ (F))dr+ 55 / () Par + 22 / Juw(r)]?dr

lw(s)|* + t<F(7“) w(r)) dr+7 ||€ )12 dr+ || (r)lI5dr. (3.52)
201\

<

N~ N~

<

By Equatins (3.34) and (3.49), and the lower semi-continuity of the norm, we obtain
that

t t
/||§(r)||2dr§1ingnf/ |G (r,w(™)||2dr <26, M C5(t—s), Vs, te[r,T]. (3.53)

So w also satisfies Equation (3.50).
Now, let’s define two functions H,, (t),H(t): [7,T]—R as

Hon (1) = ™ (1)~ / (F,w™ (1)) dr — Cst, (3.54)
H(t)i= 3 o~ [ (Fwl)dr-Ct, (3.55)

where C5 comes from Equation (3.49). From Equation (3.50), we deduce for any ¢',t" €
[7,T] with ¢ <t” that
t//

Sl EIE < GO+ [ (PO G —t), (350

’

which implies H,,,(t) is a non-increasing function. Moreover, Equation (3.35) implies
H (1) is a continuous function for ¢ € [7,T]. Similarly, H(¢) is also a non-increasing and
continuous function with respect to ¢t € [7,T]. By these facts and Equation (3.39), we
can conclude that

Hon(t) — H(t), ae. te[r,T). (3.57)

If t. =7, Equation (3.47) can be trivially obtained from Equations (3.50) and (3.51).
Thus, we can suppose that t, >7, and there exists a monotonous increasing sequence
{tx} €[, T] such that hm tk =t, and

lim Hon(tx) =H(t1) for all keN. (3.58)

m

The continuity of H shows that for any e >0 there corresponds some k. such that

\H(Fk)—ﬂ(t*)\<§, for all k> k.. (3.59)
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Note that H,, is non-increasing and the convergent relation Equation (3.58) holds for
all ¢, we can take m >m(k.) such that ¢,, >t; and have

Hon (tm) — H(te) < Hon(Er) — H(ts) < [Hon (Er) — H(E) |+ | H(E5) — H(ts)]

€ €

Therefore, Equations (3.48) and (3.60) yield

1 b
limsup H, (¢, ) =limsu (§||w(m)(tm)\|2—/ (F,w(m)(r)>dr—C5tm)

m—o0 m—o0

1 b
zilimsupr(m)(tm)Hzf/ (F,w(r))dr —Cst,

m— o0

<H(t,) = %Hw(t*)HQ—/ (Fw(r))dr— Cst., (3.61)

which shows that Equation (3.47) holds. Thus Equation (3.45) follows and Equation
(3.44) does not hold true. Consequently, Equation (3.43) is proved.
Now, from Equations (3.9), (3.43), and (3.51), we deduce that

supe'yus(m)(t—!—s) —w(t+s)]|
s<0

—max{ s |Pug(s+t-7)=d(s+1-7),
s€(—o0,7—1]

sup €| (t+5) ~w(t+s)|| |
s€[r—t,0]

gmax{w<fft>||Pm¢f¢||,y, m[aX]||w(m)(s)—w(s)||}—>0 as m— o,
se|T,t

which implies
w™ —swy in C,(H), Vt<T. (3.62)
Then Equation (3.62) and Assumption (II)(iii) show that
G(t,w!™) — G(t,w,) strongly in L*(7,T;(L*())%). (3.63)

So Equation (3.37) follows immediately from Equation (3.63). d

Note that all terms in Equation (3.8) are linear with respect to w™) or wt(m) except

the terms (B(u(™ (t),w™ (t)),v;) and (G(t,w\™),v;). Fortunately, we have proved
Equations (3.36) and (3.37). Therefore, taking Equations (3.30)—(3.33) and Equations
(3.36)—(3.37) into account, we can pass to the limit in Equation (3.8), concluding that

weC([r,T);H) is a weak solution of problem (3.1)—(3.2). The proof of Theorem 3.1 is
complete. O

We are going to investigate the uniqueness of the weak solution.

THEOREM 3.2 (Uniqueness).  Let the conditions of Theorem 3.1 hold, then for any

given initial datum ¢(s) €C,y(ﬁf) and for any T > T, there corresponds at most one weak
solution to problem (3.1)—(5.2) in the interval (—oo,T).
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Proof.  Let w™ = (u™,w™) and w® = (u(?,w?) be two solutions in the interval
(—00,T] of problem (3.1)-(3.2), with the same initial datum w(® (7)=w® (1) = ¢(s).
Denote w = (u,w) =w® —w®) . Then w satisfies

%—t-l-Aw—i—B(u(l) wM) = Bu® w?)+ Nw)=Gt,w) - Gt,w?)  (3.64)

for te (7,T], and
w(f)=0, V<. (3.65)

Multiplying Equation (3.64) by w(t), we can get

S —Jlw@®)|? + (Aw(t),w(t)) + (B (), (t) = B(u® (t),w? (t)),w(t))
+(N(w(t),w(t)) = (Gt,w) = G(t,w!?),w(t), te(r,T). (3.66)
By Equations (2.4) and (2.11) and the obvious facts that
[u@)[| <[lw(®)]] and [[Vu(®)]| <[[Vw(t)],

(B (1),w M (t) = B (1),w® (1)), w(1))]
=[(B(u(t ) u® (8),w (1), w(t)) + (Bl (1), w(t)), w(b))|
[(Bu(t),w (1)), w(t )>| < Mlu(®)|1Z Va2 lw(6)]|2 [ Vw(6)]|2 | Vo 1)
< Mlw(@) (@) ll5 1w O)]lp- (3.67)

Combining Equations (2.8) and (3.67), and Assumption (IT)(iii), we get from Equation
(3.66) that

LR O + 61 [lw(®)]%

2 dt
< %%uux )12+ (Aw(t), w(t)) + (N (w(t)), w(t))
<(G(tw)) — G(tw®),w(t) + [(Bu® (t),w® (1) - Bu® (t),w? (1)),w(1))|
< L ||wl|, [w(®) | + Mw®)|lw@) ¢ w® @)]p- (3.68)

Now Equation (3.65) implies
||w9||v—supeyg||w(9+8)\\< sup |lw(s)||, T<O<T. (3.69)
se(T,0

Hence, integrating Equation (3.68) gives

t
||w(t)||2+251/ [[w(6)[5,d6 — [|w(T)|?
¢
— @)+ 26, [ (@)

t t
§2La/ IIwellwllw(G)HdH?A/ [ (@) Illlw(®) ™ (6)]5-d0
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<2l [ sup [wlw®)]a8+2) [ [w@llwE)olu®6)]pds

re(r,0)

t t )\2 t
<21 [ s, fuir)|Pa0 20, [ @30+ 36 [ @Il @)1 00

)\2 t t
<@Lat5e) [(ArOOIR) s )a+ 25 [ lw@)pae, 670
T relr,0 T

which implies

)\2 t
sup ||w(T)||2§(2LG+*)/ (1+[[w M (@)[2) sup [lw(r)]>ds. (3.71)
re(rt] 2017 J; relr,6]
Using Gronwall’s inequality on Equation (3.71) yields
sup [Jw(r)||=0, Vte[r,T], (3.72)
re(r,t]
which finishes the proof of Theorem 3.2. ]

We now verify the stability of the weak solutions with respect to the initial data.

THEOREM 3.3 (Stability). Assume that the conditions of Theorem 3.1 hold. Let w®
with i=1,2 be two solutions of problem (5.1)—(5.2) in the interval (—oo,T] with initial
data ¢V (s) €C,(H), respectively. Then

max [Jw™ (r) —w® (r)|* < (lo™ (1) =@ (1)]* + %; 161 (s) =6 (s)113)

re(r,t]
t
-exp [CG/ 2+ [lw™M(0)[%)d0], Vte[r,T], (3.73)

Lg
i = w3 < @+ 5260 ()= 6D ()13

t
exp [06/ @+ D (@)2)d0], Vte[rT),  (3.74)
where

Co:=max{\*/26;, 2L¢}. (3.75)

Proof. Let w® = (u(,w®) (i=1,2) be two solutions in the interval (—oo,T] of
problem (3.1)~(3.2) with the initial data w(® (1) =¢()(s) respectively. If we denote

u:u(l)—um, wzw(l)—w@), wz(u,w)zw(l)—w@), ¢(.):¢(1)(.)_¢(2)(.)’
then it holds that

1d s
3 g v+ (Aw(t), w(?)) + (N (w(t), w(t)

(B (), wM () - Bu® (),w® (1), w(t))
= (G(tw”) =G (t,w®),w(t)). (3.76)
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Similar to Equation (3.67), one can obtain

(B (1),wV (1) - B (1), (2)(t))7w(t)>|
=[(B(u(?), w“)( )),w( NI Aw@)llw@®)lip o™ @)y

<& flw(®)]3 + 45 IIw( )P w13 (3.77)
We note that

[[wolly =supe™|lw(6+s)||
s<0

—max{ s oO-7+s), suwp e |u(@+s)]}
s€(—o0,7—0)] se(t—0,0]

<max { T 6(s)]l, ma (o))}, (3.78)

which together with Assumption (IT)(iii) gives

t

/ (GOw") ~ GO, u),w(0))do < / Lallwoll w616

pa
t

t

S/ Lce”(“g)||¢(8)||v||w(9)\|d9+/ LG||U)(9)||'ng[ag]ﬂw(s)ﬂd@- (3.79)
Integrating Equation (3.76), using Equations (2.8), (3.77), and (3.79), we see for any
te[r,T] that

1 t
Slw@P+61 [ w3

<

()| + / (Aw(8),w(6))d6+ / (N (w(6),1(6))d8

)2+ [ Lo Pl @0+ [ Lolw@)]- ma ws)as

<
€[r,0]

N = N

t /\2 t
401 [ @240+ 2 [ @)l w0 )30,

which obviously yields

T

(@) < ()12 + 2o / t\|w<9>||2uw<1><0>H%de+2L (s)]| / t@””*”uw(e)nde
> 2(51 . 7 G o
t
Iy / [ (8)]- mass [rw(s)]4o. (3.80)

Observe that
t

V70 |lw(9)]|d6)

t

L
2LG||¢(S)||’Y/ 67(779)Ilw(9)lld9§7$||¢(8)||3+2VLG(

T

—

t

L B t
< S210GIE +21Le [ s [ (o) s

T
t

LG 2 2
< — qZ5 +L max do. 3.81
= 27 ” (S)H'y G i [ G]HUJ(T)H 0 ( 8 )

re|T,
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Replacing ¢t with r of Equation (3.80), then taking the maximum for r € [r,t] and using
Equation (3.81), we have

max [w(r)|*

€[,
<62+ / o (8)]12 [ (6) |26

t
+2—j||¢<s>||3+LG / ma [jo(r) Pa8+2L; [ [o(0)]- ma [u(s) |40

)

A2t Le
§H¢(T)II2+E/ 7€rr1[3>;]IIw(r)IIQIIw(”(G)H%deJr§II¢(S)H3

t t
+Le [ max [lw(r)|?df+2Le / max [|w(r)]|d6
+ T€[T,0] 7 re[T,0]

7-7

t
<P+ 5216 E +Ca [ -+ [wD@)13)- max [w(r)|*d, (352)

s

where C is as in Equation (3.75). Obviously, Equation (3.82) gives

)’ t
max {|w(r )||2§|\¢(T)||2+73||¢(5)||3+06/ 2+[lw®(0)[1%) - max ||w(r)|[>do.

relr,t] relr,0)
(3.83)

Using Gronwall’s inequality on Equation (3.83) yields Equation (3.73). Then, Equation
(3.74) follows easily from Equations (3.78) and (3.83). The proof of Theorem 3.3 is
complete. 1]

4. Existence of the pullback attractors

Our goal in this section is to prove the existence of pullback attractor for the process
associated to problem (3.1)—(3.2). By Theorem 3.1, we see that the biparametric family
of maps of solutions operators {U(t,7)}i>-:Cy(H )»—)C (H) defined by

Ut,7): ¢(s)—=U(t,m)p(s)=we(s), t>1, s€(—00,0], (4.1)

generates a continuous process in C, (H), where w is the solution of problem (3.1)~(3.2)
corresponding to the initial datum ¢(s)€C, (H), and wy(s) is defined as in Equation
(1.10).

We first introduce some concepts related to the pullback attractors. For the abstract
concepts and results about these aspects, as well as the applications to some concrete
partial differential equations, one can refer to [8,18-20,31,32,35,38,40,42,43].

DEFINITION 4.1.

(1) A family By = {Bo(t)|teR} of subsets of CA,(}AI) is called pullback absorbing for
bounded sets if, for any bounded set B of C,Y(I/i:) and each t, there corresponds
a time T(B,t) such that U(t,7)BC By(t) for all T <7(B,t).

(2) The process {U(t,7)}i>er is said to be pullback go—asymptotically compact if,
for any teR, any sequences {7, } C (—o0,t] with T, ——00 as n— 00, and any
Ty € Bo(1), the sequence {U(t,7,)x,} is relatively compact in Cw(ﬁ).
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(3) A family A= {A(t)[teR} is said to be a pullback attractor for the process
{U(t,7)}i>r in Cy(H) if it has the following properties:
o Compactness: for any t e R, A(t) is a nonemply compact subset of CW(fI);
o Invariance: U(t,7)A(T)=A(t),Vt>7;
o Pullback attracting: for any bounded set B of Cw(fI), there holds
lim distcw(ﬁ) (U(t,7)B,A(t))=0,VteR,

T——00

where distx (Y,Z) := sup iandistX(y,z) means the Hausdorff semi-distance
yey z€

fromY CX to ZC X in the metric space X.

We next prove some estimates of the solutions, which will be used when proving
the existence of the pullback attractors.

LEMMA 4.1.  Assume that the conditions of Theorem 3.1 hold. Let w be the solution
of problem (3.1)-(3.2) with initial datum ¢(s) €C(H), then for all t>T,

2 t
||wt||iSe(—61A1+2Lc)(t—r)H¢<s>||3+571/ e(—61>\1+2Lc)(t—9)||F(9)||2A*d97
(4.2)

t t
51/ I\w(ﬁ)II%dGS26‘“1(”)Hw(T)Il2+55f1€’51“/ MO F(B)]13. a6

T

t
#2200 os) [ 57 2ot 0T [ B2 o) 2 ao.

T

(4.3)

Proof.  The proof of Equation (4.2) is almost the same as that of Equation (3.21),
so we omit the details here. We next prove Equation (4.3). Similar to Equation (3.24),
one can obtain

t
5 / lw(9) 2.6

: 2
< 26N ) (1) |2 4 4P () / e-omti-o) (JEONg.

2
51 +Lg||w9||,y)d9

2
)

t
:2651)\1(,57-,—)”11)(7_)“2 +461—16751)\1T/ e51/\19||F(9)|

T

t
FALge—ihT / |4y 20, (4.4)

T

Now, by Equation (4.2),

t
J

T

t 0
S/ eame[e—(alxl—ug)(e—r)H(b(s)H%+63/ e—(61A1—2Lc)(9—s)HF(S)H%*ds}dg
T 1Jr

- ‘ 2
:e(él)\l 2Lg)7—‘|¢(s)||i/ €2chd9+5/

T

t 0
R s O
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e(B121—2Lg)T+2Lat

- 2L¢

2Lgt t
I$(6) 2+ [ B2 p(e) 2 as, (45)
GO1 Jr

Substituting Equation (4.5) into Equation (4.4) gives Equation (4.3). The proof is
complete. 1]

To obtain the existence of the pullback absorbing set, we need some additional
assumptions. For the sake of brevity, we denote

p= 51)\1 —2LG

Notice that we have assumed 2+ > 41\ in Theorem 3.1, so 2y > p.
Assumption (III): Assume 2Lg < ;A1 and

0
/ P | F(0)]1%. d6 < +oo. (4.6)

— 00

Note that if F(-) EL%OC(R;V*), then the condition (4.6) is equivalent to (see, e.g.,
[43])

t
/ e "= F(9)]2.d0 <+, VEER. (4.7)

— 00

LEMMA 4.2. Let Assumption (III) and the conditions of Theorem 3.1 hold, then
the family Bo={Bo(t)[t eR} with Bo(t):Bcw(f{)(QR(t)) is pullback absorbing for the
process {U(t,7)}1>r in CW(I;), where Bcw(ﬁ)(O,R(t)) is the closed ball in Cy(ﬁ) with

center zero and radius R(t) given by

t

2
R2(t):=1+ . e PR (0)]%,d6 < +oo, (4.8)
1J—-x

Proof. The result is a direct consequence of Assumption (IIT) and Equation (4.2).0

LEMMA 4.3.  Let the conditions of Lemma 4.2 hold, then the process {U(t,7)}i>r is
pullback By-asymptotically compact in C,(H).

Proof.  Let’s fix some t* €R, and w(™(-) be a sequence of solutions with initial
time 7,, and with initial data ¢(™)(s) € By(7,) =B¢_ (0,R(1y)), where 7, C (—o0,t*]

satisfying 7,, — —o00 as n — 400. The task is to prove that the sequence {wt(f) (1)} defined
by
wt(f)() :zwt(f)(-;7'n,an)=U(t*,7'n)wm7 (4.9)

is relatively compact in C, (I;T ). We next divide the proofs into two steps.

Step one: We verify that {w™ (t*+-)} is relatively compact in C([~T,0); H), where
T >0 is an arbitrary time value. In fact, it follows from Equations (4.2) and (4.8) that
there exists an n(t*,T) such that

7o <t =T and [w™(s)|2 <Cr(t*.T), Vte[t* ~T.t*], n>n(t*,T), (4.10)
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where

*

Crle ) =14 2D [ o)

— 00

2
2 do. (4.11)
Then, analogously as we did in the proof of Equation (3.43), we can use the energy
method and compact embedding to establish
w™ () —sw(:) stronglyin C([t* —T,t*;H) as n— oo. (4.12)
Evidently, Equation (4.12) gives
w™ (t* 4 5) —sw(t* +s) strongly in C([~T,0];H) as n— oo. (4.13)

Step Two: We prove that the sequence {wﬁ?)(-)} converges strongly to wy«(+) in

~

Cy(H). To this end, we prove that for any € >0 there corresponds an n. such that

[wi(s)—wi-(s) |y = sup e w™(t* +s)—w(t*+s)|<e, Vn>n..  (4.14)

s€(—00,0]
By Equations (3.11) and (4.10), we see for n >n(t*,T) that

Jw ™ @)]12 < ™ (1)12 < Co(t*,T), Vet ~T,t°) (4.15)

Since for any fixed T >0, wt(f)(s):w(”) (t*+s) with s€[—T,0] satisfies the estimate
(4.15) for n>n(t*,T), so we also have from Equation (4.13) that

|w(t* +s)||> <14+ MeT, Vse[-T,0], (4.16)

where

2e—rt" (¥
=2 [ E ).
1

Notice that p<2v. So, we can fix some T, >0 such that

—Te pp1/2ep/20(p—2NT/21 < € 417
max{e , e’ e 1< 1 ( )
Now Equation (4.13) shows that there exists an n. >n(t*,7.) such that
e ||w™ (t* +5) —w(t* +s)|| <e, Vse[-T.,0] and 7, <t*—T., Vn>n..
Hence, in order to prove Equation (4.14) we only need verify
sup |l w™ (t* +5)—w(t* +5)|| <e, Vn>n.. (4.18)
36(_007_T£]
Observe that,
sup €7 lw™ (t* 4 5) —w(t* +5)|
s€(—o00,—T¢]
< sup  |lwt+s)|+  sup e |w™(t* +5)]. (4.19)

_56(700’7,1-‘5] SG(*OO,*TE]
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On the one hand, by Equation (4.16) and the choice of T; in Equation (4.17), it is easy
to check that

6’)’3“11}(15* +3)H < e—’Y(Ts-HC) [1 +M€p(T5+k+1)] 1/2

< e—wTs n Ml/zep/zem—mn/z

_4+4 2, for s€[—(T.+k+1),—(Te+k)), VkeN.  (4.20)

On the other hand, according to Lemma 4.2 and the facts
(n) (4% _ _ gk
(n) 4 _Je (t*—T1n+s), s€(—o00, 7 —t%)
Wt +3) {w(")(t* +5), SE[m—t",0], (4.21)

we get for n>n. that

sup €6 (t* =7 +5)|= sup €TTTE) TG (1 — 7 4 5))|
s< Ty —t* s<Tp—t*
=6 )]
< —tIR (1) < 1T —t") 4 MU/ 221=0) 1)/
€ g

<e VT 4 M/ 2(p=2NT2/2 < 4+4 3 (4.22)
Also, by the choice of n., there holds
sip e (E4s)=  sup 0T (T, 40)|
$€[rn—t*,—T] o€, —t*+T:,0]
<e " ul g ()], <e [Grte" T2
Y P (4.23)

where we have also used Equation (4.10) with T'=T.. Therefore, it follows from Equa-
tions (4.21)—(4.23) that

sup ¢ [[wl™ (¢ +5)]

SE(—o00,—T¢]
§max{ sup V3| ™ (t* — 1 +5)|, sup e”s||w(”)(t*+s)||}
s€(—o0, Ty —t*) s€[rp—t*,—T.]
<§ Yn>n.. (4.24)
Now, Equation 4.18) follows from Equations (4.19), (4.20), and (4.24). The proof is
complete. O

At this stage, we can state the main result of this section.

THEOREM 4.1. Let assumptions (1)—(II1) hold and suppose 2y >d1\1. Then the
process {U(t,7) }1>- defined by Equation (4.1) has a pullback attractor A={A(t)|t R}
satisfying the properties stated in Definition 4.1(3).

Proof. By [8, Theorem 7] or [36, Theorem 13], and lemmas 4.1-4.3, we have the
desired result. O

In order to illustrate the extensions of Theorem 4.1, we need introduce another
definition called pullback D-attractors for a universe which is composed of families of
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time-dependent sets. Let there be given D, a nonempty class of sets parameterized in
time D={D(t)|te€ R} with D(t) CC,(H) for all teR.

DEFINITION 4.2. A family of sets Ap = {Ap(t)|t €R} is called a pullback D-attractor
for the process {U(t,7)}i>~ in C,(H) if it has the following properties:

o Compactness: for any t R, Ap(t) is a nonempty compact subset of Cw(ﬁ);
o Invariance: U(t,7)Ap(T)=Ap(t),Vt>T;
o Pullback attracting: .A\D is pullback D-attracting in the following sense:

lim_diste (g, (U(t,7)D(7),Ap(t)) =0,YD={D(t)| teR} €D, teR.

We end the paper with two remarks.

REMARK 4.1. We want to point out that, using the similar derivations as those
as in lemmas 4.1-4.3, one can obtain the existence of the pullback D-attractor Ap=
{Ap(t)|t € R} for the process {U(t,7)}i>- in C(H). Furthermore, if

sup / =P P(9)]2.d6 < +oo,

r<0J -0

then A(t) =Ap(t) for all teR.

REMARK 4.2.  There is still much work to be done concerning the micropolar fluid
flows. For example, we could consider the regularity of pullback attractors obtained in
Theorem 4.1 and Remark 4.1. Also one can investigate the well-posedness, as well as
the pullback asymptotic behaviors of the solutions on unbounded domains where the
usual Sobolev embedding is no longer compact. These issues will be the topics of some
other papers.
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