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Abstract. We analyse kinetic and macroscopic models intended to describe pursuit-evasion dy-
namics. We investigate well-posedness issues and the connection between the two model, based on
asymptotic analysis. In particular, in dimension 2, we show that the macroscopic system has some
regularizing effects: bounded solutions are produced, even when starting from integrable but possibly
unbounded data. Our proof is based on De Giorgi’s method.
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1. Introduction

In [13], a hierarchy of equations has been introduced in order to model some simple
pursuit-evasion dynamics. Roughly speaking, these equations describe the interaction
between prey and chasers, governed by the following simple rule: prey are repelled by
the chasers while chasers are attracted by the presence of prey. The proposed mod-
els range from individual-based models, which have the form of systems of ODEs, to
macroscopic equations, where the unknowns are the local concentrations of prey and
chasers. Connections between these equations are formally drawn in [13], based on suit-
able rescaling and asymptotic arguments. Here, we wish to analyse in more detail some
aspects of this hierarchy.

More precisely, we are mainly interested in the following system of PDEs:

8tpc —div, (pcvzq)c> = Azpca

| (1)
Opp —divy (ppVa®p) = Aspp,

where the potentials are self-consistently defined by
Ap®.=pp, AP, =ap. (a>0). (1.2)

Here, the equations are considered on the whole space RY; the functions (¢,2)+ p.(t,z)
and (t,x) p,(t,z) stand for the concentration of chasers and prey, respectively. It
means that, for any subdomain Q C RN, fQ p;(t,x)dz gives the number of the individuals
in the population labelled by j that can be found in the domain 2 at time t. The system
(1.1)—(1.2) is complemented by initial conditions

=Pc,0

pp’ = Pp,0, Pc

t=0 t=0

which are thus naturally non-negative and integrable functions. The definition of the
potentials ®. and ®, in Equation (1.2) is intended to describe the attractive effect of
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the prey on the chasers population and the repulsive effect of the chasers on the prey:
the population j € {¢,p} is driven according to the gradient of the potentials ®;, which
is itself defined by the other population, through the Poisson equation (1.2). The sign
determines whether a population has an attractive or a repulsive effect on the other.
This should be thought of by analogy with the definition of repulsive electrostatic forces
and attractive gravitational forces. For further details on the modelling issues and
alternate definitions of the potentials, we refer the reader to [13]. We bear in mind that
Equation (1.2) should be understood as a convolution relation involving the elementary
solution of —A,. We shall also pay attention to the following kinetic version of pursuit-
evasion dynamics:

8tfc+v'vxfc_v:cq)c'vvfc:L(fc)a
atfp+v'vacfp_vmq)p'vvfp:L(fp)a (13)

A, P.= fpdu, —Amép:a/ fedu,
RN RN

where L stands for the Fokker—Planck operator

L() = diva (0 + V.. ) =div, (17, ( L)), M(v):ﬁﬁ/z (1.4)

It corresponds to a statistical description of the population: v is interpreted as the
velocity variable, and f;(¢,x,v) is the distribution in phase space of the population j. In
other words, fQ fni, fj(t,z,v)dvdx gives the number of the individuals in the population
j which are in the domain Q C RY, with a velocity v € ¥ CRY, at time ¢. System (1.3)
is written in dimensionless variables. It can be rescaled by introducing a parameter
0 <e< 1 which leads to

1 1
Ouft+—(0-Vo = VPV, f0) = 5 L),

1
atf;+g(v.vzf;—vm¢;~vuf;) = G*QL(f;)v
A, 0= Ipdv,

RN
,qu);:a/ fedv.
RN

(1.5)

We refer the reader to [13, Section 2.3] for details on the scaling; see also [33] for
a similar discussion in a different context. The regime can be roughly motivated as
follows. The Fokker—Planck operator describes drag effects, which make the velocity of
the individuals relax towards the gradient of the potential. We are assuming that the
relaxation time associated to this friction force is small compared to the time scale of
observation (in other words the strength of the friction is strong). In the meantime, the
typical velocity of the individuals is supposed to be large compared to the observation
units, while the strength of the coupling force is weak. The arguments developed in
[13] indicate that the system (1.1)—(1.2) can be obtained from the system (1.5) in the
regime € — 0. In this work, we wish to address the following problems:

e well-posedness of the system (1.1)—(1.2) and qualitative properties of the solu-
tions

e well-posedness of the system (1.3).
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e derivation of the macroscopic model (1.1)—(1.2) from the kinetic equations
rescaled as in the system (1.5).

At first sight, the system (1.1)—(1.2), shares the structure of the following Keller—
Segel type system, introduced in [21, 22, 30]:

Orp—divy (pV. ) = Ayp,

i (1.6)

As revealed in [15, 20], this system (1.6) is known to produce Dirac masses in finite time
when the integral [y p(0,z)dz exceeds a certain threshold. We refer the reader to the
surveys [17, 18] for further information and references on the system (1.6). Many mech-
anisms have been discussed that can prevent the blow-up of the solutions in such PDE
systems describing chemotactic phenomena. For instance, adding a logistic-like source
term or cross-diffusion terms might have such a regularizing effect, as studied in [44] and
[7, 16], respectively. Another option, relevant in several physical situations, consists in
introducing non-linearities in the convection and/or diffusion coefficients. Depending on
growth assumptions on the non-linearities, the modified system can be shown to admit
bounded solutions [19, 41]. Closer to our purposes, coupling between several species
might also have some regularizing effects that lead to bounded solutions. This is par-
ticularly the case for chemotaxis-haptotaxis models that describe the invasion of tissues
by tumor cells; see [28, 32, 37, 38, 39, 40, 43] or, for systems modelling ants foraging, see
[2]. Hence, for the system (1.1)—(1.2) it is natural to wonder whether or not solutions
become singular in finite time. In fact, we shall show that the system (1.1)-(1.2) admits
bounded solutions and, furthermore, that the system has a regularizing effect: we shall
prove that integrable data, possibly unbounded, lead to bounded solutions, at least in
dimension N =2 (and N=1). This is in contrast with the behaviour of the system
(1.6). Our results in this direction are complementary to the recent work [42], where
similar two-species models are analysed, with equations set on a bounded domain with
Neumann boundary conditions (for both the densities and the potentials): [42] justifies
the well-posedness of the system for continuous initial data. Here, we show that the
solutions become instantaneously bounded for general, possibly unbounded, data. The
analysis of the boundedness of solutions for such PDEs systems which involve some
attractive self-consistent potential usually relies either on semigroup techniques or on
suitable adaptations of Moser’s iteration reasoning, a method inspired from [1]. Here,
the proof we propose uses De Giorgi’s approach, in the spirit of [2, 14, 32]. Concern-
ing asymptotic issues, connections between Keller—Segel models of type (1.6) have been
studied via hydrodynamical limits in [27] and the derivation of drift-diffusion systems
like (1.6) from kinetic models has been investigated for instance in [9, 12, 26, 33].

The paper is organized as follows. In Section 2, we set up a few notations and give
the precise statements of the main results. Section 3 is devoted to the analysis of the
system (1.1)—(1.2). In Section 4, we turn to the investigation of the system (1.3) and of
the asymptotic regime.

2. Main results

We start with the statements concerned with the existence and regularity theory for
the macroscopic system (1.1)—(1.2). We refer the reader to [42, Thm. 1.1] for, among
others, existence-uniqueness results for the system (1.1)—(1.2) in a bounded domain
with Neumann conditions, when N <3 and starting with continuous initial data. It is
remarkable that in dimension N =2 the system produces bounded, and thus smooth,
solutions, while the data can be unbounded. (A similar result holds in dimension N =1;
see Section 3.5 below.)



2256 MODELS OF PURSUIT-EVASION DYNAMICS

THEOREM 2.1.  Let (pp.o,pe0) be a pair of functions in LY L (RN). Furthermore,
we assume that |x|*(pp.o+peo) € LYRYN). Then, for any T >0, the system (1.1)—(1.2)
with data (ppo,pe,0) admits a unique solution which is bounded on [0,7] xRN and lies
in C=((0,T) x RY).

THEOREM 2.2. Let N=2. We suppose that p,q,peo belong to in L*N LY (R?)
for some 6 >0, with |z|*(ppo+peo) € L' (R?). Then, there exists a solution (pp,pc) in
C([0,00); L' (R?) — weak) of the system (1.1)~(1.2) with initial data (pp.0,pec0). Further-
more, for any t, >0, there exists a constant M, >0 such that 0 < p,(t,x), pc(t,x) < M,
holds for a.e. (t,x) € [ty,00) x R?, and the solution lies in C*([ty,00) x R?).

The system (1.3) is a two-species version of the Vlasov—Poisson-Fokker-Planck
equations. We can use the methods introduced in [33] to justify the existence of so-
lutions, as well as to investigate the behaviour of the solutions of the system (1.5) as
€ — 0. In order to state the results, let us introduce the norm

1/q
W Fllg = ( / / qulqdvdx) .

Given 0<T < 00, we also define the following functional space:
Myri={ fu by DTIXRY < RY R, s (17t o HLSp(8 ) < 00 .

Given 0<m.,my, <oo, we shall denote by ¢, r the convex subset in M, r made of
non-negative functions in M, 7 which satisfy

I () aeae=(c).

THEOREM 2.3.  Let fco,fp,0 be a pair of non-negative functions such that

feodvdz=me, // fpodvdr=m,,
Il fe.0lllg +Lfp,0lllg < oo,

for some q¢>max(N,2). We also assume that

2
/ fio <|1D(fj,o)|+|x+v2> dvde < 0o

for je{e,p}. Then, there exists T >0 such that the system (1.3) complemented with the
initial data (fe, fp)|,_,= (fe,0:fp0) has a solution which belongs to €y 1.

THEOREM 2.4.  Let ( .00 ;O)e>0 be a sequence of non-negative functions bounded

in the ||| - |[|q-norm for some ¢>max(N,2), with [ ¢ dvdz=m,. and [ f5,dvdz=m,.
Furthermore, we assume that

sup(//f]0<|ln O+l + L )dvdx><oo

holds for j €{p,c}. Let (f¢,f;) be a solution in €, 1 of the system (1.5) complemented
with the initial data (fSo,f50). Then, provided 0<T < oo is small enough, up to a
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subsequence (still labelled by €), the macroscopic concentrations p&= [ fédv and Pp=
[ fydv converge strongly to p. and p,, respectively, in L*(0,T; L™ (RN)) for any 1<s<
00, 1<r<gq, where p. and p, are solutions of the system (1.1)—(1.2), with initial data
defined by the weak limits of [ f&odv and [ fgdv.

The last two results are only local in time. This is due to the adopted functional
framework, directly inspired by [33], and the restriction comes from non-linear estimates
for the norm |||-|||,. Again, difficulties are related to the meaning and the stability of
the product between the densities and the force field. It would be interesting to further
investigate the existence theory of the kinetic model, for instance by using the techniques
introduced in [5]. In order to obtain global statements for the asymptotic analysis, it
could be worth trying to adapt the tricky renormalisation arguments designed for the
scalar case in [9].

3. Analysis of the macroscopic model: boundedness of solutions

The main ingredient of the analysis consists in finding a priori estimates satisfied
by the solutions of the system (1.1)—(1.2). Therefore, we start by assuming that we
have at hand non-negative and mass-preserving solutions of the system (1.1)—(1.2), with
enough regularity and fast decay at infinity to perform manipulations like permutation of
derivatives and integrals, integration by parts, etc. We establish some uniform estimates
on these solutions that will depend only on certain L%-norms of the initial data. Then,
we shall need to construct solutions that satisfy such estimates, possibly at the price of
restricting the set of initial data. Then, using the uniformity of the obtained estimates
the result can be extended to more general data.

3.1. A priori estimates.  To start with, let us show that solutions associated
with bounded data remain in L°°. This property is already in contrast to the Keller—
Segel system. In dimension N =2, we can prove the propagation of L7 estimates for
any exponent g >1. Let us summarize our findings concerning the propagation of L
and L? bounds as follows.

LEMMA 3.1.  If ppo and peo belong to L*NL*>®(RY), then for any 1<q<oo we have

1op(t,)lq < llppollg for any t>0,
lpe(t.)lg < e"1Proll=lpeglly  for any 0<t<T <oo.
Furthermore, for any 0<T <oo and 1<g<oo, prp and Vmpc belong to
L2((0,00) x RY).
LEMMA 3.2.  Let us assume N =2. If p,o and p.o belong to L*NLI(RYN) for some
q>1, then

lop(t:)lla <llppollq

and there exists C'>0 which depends only on q, mc, My, ||ppo

lpe(t,)lg <C

holds for any t>0. Furthermore, Vmpg/ and Vzpc/ belong to L?((0,00) x R?).

lgs and ||peollq such that

Proof. (Proof of Lemma 3.1.) The proof is quite simple and relies on standard
Stampacchia’s reasoning. Let G:R — (0,00) be a convex function. Multiply

Opp —diva(ppVa®p+Vap,) =0
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by G'(pp) and integrate by parts. We obtain

d
S [Gdet [ o) Vap o= [ 6" (0) Va0 0, utrpde. (31

Let Z be a primitive of p— G (p)p. By using Equation (1.2), the right-hand side of
Equation (3.1) becomes

—/VwZ(pp)-qu)pd:v:/Z(pp)Aa;(I)pd:E:—a/ch(pp)d:E,

which is non-positive since G is convex. Therefore, we arrive at
d
S [ondet [ p)1Vap o <o (3:2)

We use this relation with G(p):=1[p— pr,o”m]fr to deduce the uniform estimate on
pp in L°(RY). More generally, with G(p)=p?, (3.2) becomes

d -1
n Pgd$+4qT/|prg/2\2d:E§0, (3.3)

which gives the estimates on the different L?-norms.
We turn to the estimates on the chaser density. We repeat the same argument on

Oupe—divy(ppVae®Pe+Vape) =0

with the function G(p):=p?, ¢>1. This yields

d 4(g—1
& [orar+ 2 192200 = 0-1) [ ot (3.4)
q

where we have made use of Equation (1.2). The obtained estimate for p, allows us to

obtain
. / pldx.

d 4(qg—1
dt/pZd%L(qq)/IprZ/2|2dx§(q—1)||pp,o

Gronwall’s Lemma leads us to
[rrtearaszertionel= [t @)a.

which recasts as [|pe(t,)[|q < €Z1Proll || p, 0|y < €T1Pr0lle | o, o]|56/9mi 9 for any 1< g <
o0o. We let g go to oo to obtain the L estimate. ]

Proof. (Proof of Lemma 3.2.) Of course, Equation (3.3) implies that p, €
L>(0,00; L4(RY)) and Vng/Q € L%((0,00) x RY) when p, o belongs to LI(RY). What
is remarkable is to improve the L? estimate for p. in Lemma 3.1 and to make it uniform
with respect to time when N =2. The restriction on the space dimension arises when
we estimate the right-hand side of Equation (3.4). To this end, we make use of the
Gagliardo-Nirenberg—Sobolev inequality (see, e.g., [29, p. 125] or [6, Eq. (85) p. 195]),
which holds in R? for any a>1:

/ga“dxgC/gdx/\vm(Sm)de. (3.5)
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Then, by using Holder’s (with conjugate exponents ¢+ 1 and (¢+1)" =
inequalities, we get

q/(q+1) 1/(q+1)
(q—l)/pppcdx <q (/pg“dx) (/pZ“dw>

1
< qél/q/pgﬂdx"'g/pgﬂdx’

o 2+1) and Young’s

for 6 >0 to be determined. With Equation (3.5), we are led to

1
(q—l)/pppcdw<0q51/q/p dw/lvzp‘é/Q\Qng/pZ“dw-

By mass conservation, we have [ p.dz=m.. We go back to Equation (3.4). Choosing
6 >0 small enough, we find two constants, C; and Cs, such that

d
dt/ dx—i—Cl/\VmpZmQ ngg/ngdx.

The constants depend only on the Gagliardo—Nirenberg—Sobolev, ¢, and m.. For in-

stance we can set C; = 2q L by choosing § = ( 2572 )q; accordingly Co = (g?qc_"ﬁ )q. By

using Equation (3.5) agam we are led to

dt qu+01/vapZ”IdeéCzcmp/\w%/zfdwv

where the bound in L'((0,00)) on the right-hand side has already been discussed in
Equation (3.3). d

3.2. Boundedness implies regularity. As a consequence of the L estimate,
we can establish the regularity of the solution.

LEMMA 3.3. Assume that the solution (pp.p.) of the system (1.1)-(1.2) lies in
L®((ty, T) xRN for some 0<t, <T <oc. Then, py,p. are actually C> on (t,,T) x RN.

The proof uses the following elementary estimate on the velocity field, bearing in mind
the definition of the potentials in Equation (1.2) by means of a convolution formula.

LEMMA 3.4. Let p€ L*NL>®(RYN). Set

r—y
Vo ®(z)= Wﬂ(y)dy-

There exists a constant Cy >0 such that

V@ (x)| < Onllplly ol 35 1N

Proof. For a given A >0, we split

V,®(z) = Ty d Ty du.
() / p(y)dy+ / p(y)dy

z—y|<A |x_y|N z—y|>A |x_y|N
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The first integral is dominated by

A
_ 1 _ _
2l o ‘SN 1|/0 N1 N 1dr:HPHoo |SN 1|A

while the second is dominated by

i [ Wl

(=) Mol N ol ™

Optimizing with respect to A yields A= loll s
conclude. O

, which allows us to

Proof. (Proof of Lemma 3.3.) Lemma 3.4 implies that V,®,(t,-)
(resp. V,®.(t,-)) is bounded a.e. when p.(t,-) (resp. p,(t,-)) lies in L' NL>®(RY). Let
0<t, <T <o0. Going back to the convection-diffusion equations satisfied by the densi-
ties pp, pe, we can apply standard results from the theory of parabolic equations (see for
instance [23, Thm. VIL6.1]) to assert that V,p,,Vap. € L((t,,T) x Q) for any Q C RV
provided p, and p. lie in L>((t,,T) x RY). Then, for j € {p,c} and any ke {1,...,N},
the function u; = 0,, p; verifies

atuj - din (UJVI(I)J) - Am’U,j :diVm (uij\I/j),

where W; =0,, ®; is defined by the Poisson equation A, ¥.=wu, or —A, ¥, =ou.. We
deduce from standard results (see for instance [10, Thm. 3.9 & Prob. 8.4]), that V,¥;
is a (locally) bounded function which in turn permits us to conclude that V,u; is
bounded on any subdomain (t,,7) x Q. Continuing this reasoning by induction as in
(14, Proposition A.1] establishes that p. and p, are C* functions. d

3.3. De Giorgi’s analysis. = We wish to relax the boundedness and integrability
conditions on the initial data, showing that they are improved by the dynamics itself.
The proof splits into two steps. Firstly, we pay attention to L? estimates for finite
q’s; secondly we discuss the L*° bound by adapting the De Giorgi technique. We refer
the reader to [2, 14, 32] for similar reasoning. The first step aims at establishing the
following claim, where a restriction on the space dimension appears.

LEMMA 3.5.  Let us assume N=2. Let 1 <q<oo. There exists a constant .# which
only depends on the initial mass m., m,, and q, such that

1
/Pg(t,fﬂ)d!EJr/pg(t,x)dxg///<1+ﬂj)

holds for any t>0.

Proof.  We go back to the proof of Lemma 3.2. By using Equation (3.5), which
gives rise to the restriction on the space dimension N =2, and mass conservation, we
have actually obtained the following differential inequalities:

qd:z:+4 /|v p?*dz <0,

dx+Cl/\Vmpq/2|2 x<C/ a1 g,

d
dt

d
dt
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Owing to Equation (3.5) and mass conservation again, we get

d qg—1 1 1

dt
d C

Let us set

%(t):/pgdx—i—A/pgdx

for some A >0 to be determined. We get

d qg—1 1 0+ Ch / ol
— X4 (4= - A <0.
” v (4 . COm AOQ) /pp dz ACm pITdz <0

P c

We choose A >0 small enough such that the constant the factor in front of [ pZ*ldm

remains positive (for instance A= Qﬁ). Finally, we make use of the interpolation

feaws(fu)“(fera)

Together with the mass conservation property, it permits us to find two constants a,b >0

such that
d q/(q—1) q/(qg—1)
dt%—i—a(/pgdx) +b</pgdx) <o0.

With the elementary inequality (s+¢)9/(@=1) <, (s9/(@=1) 4-49/(a=1)  we conclude that

inequality

d
q/(q 1)<
t%+6% 0

holds for a certain constant 5>0. By a comparison argument (see Appendix A) we
deduce that

2 )< MA+1/t771),

where the constant .# only depends on ¢ and f. ]

Lemma 3.5 already indicates that L¢-norms of the solutions become instantaneously
finite, for any positive time, even if the L%-norm of the data is infinite. We shall use
this information to obtain that the L>°-norm becomes finite too, by using the De Giorgi
scheme, as in [2, 14, 32]. This is the second step of our approach. As it will be
clear within the proof, the restriction on the space dimension comes from the use of
Lemma 3.5.

LEMMA 3.6. Let us assume N=2. Let t,>0. There exists a constant M, which
depends on t, in such a way that it blows up as t, — 0, such that

lpp(t,2)| S M., |pe(t,z)| < M,

holds for almost every t >t,, x € RN
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Proof.  We are working on a finite time time interval 0 <t, <T < oo which does
not contain 0. Let M >0 to be determined. We define the following sequences:

My:=M(1-1/2%),  tp=t, (1-1/2") =¢, /28 1 (1-1/2"),
We denote
P = (pp— M) 1,51,

where 1¢ stands for the characteristic function of the set 2. We multiply Equation (1.1)

by p( ) and integrate the result. It yields

pui IR [1V.pPPds=—a [ ploff)da. (3.7)

We integrate Equation (3.7) over the interval [s,t], with ¢, <s <t <t<T. We get

/|p(k)| (t,x) dx+/ /|Va:/);()k) T,2)| dxdr—i—a/ /p \p(k)| (r,z)dzdr
/|p s,z)|*dz> = /|pp (t,z der/ /|Vmpp (7,z)|>dzdr. (3.8)

Let us define the sequence

= sup /|p F12(t,x) da:Jr/ /|Vmpp 7,2)|* dedr.
t <t<T 2

We average Equation (3.8) over s € [t,tx—1] and obtain

¥4 <11/tk /| (k) (s,2)[>dzds
k*th—tk—l tho 1 ot .

However, for any >0, we have

B
‘ (k)| <| (k— 1)|2 2* (k—1)
P Pp Mpp ’

which yields

1 2k+1 1 2k+1 25"7
V<= |p(k (s,2)]*dzds < = \p(k Y(s,z)>TP dzds.
ey 2 t,

The choice of the exponent f3 relies on the Gagliardo—Nirenberg—Sobolev inequality

[igetarse [19.epa (/|§|2dx>6/2,

which holds for 2+ 3 =242 =244/N. Bearing in mind that N =2, we arrive at

C 2+ 92k (k—1)2 (k—1)2
Ve < — / {/ Vapli— dxx/ - dsr:}ds
k 2 t* M2 s | pp I ‘pp |

2C 3k 2
M?2t, 27 T

IN
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We choose a € (0,1) small enough and M >0 large enough, such that a*7% is a super-
solution of this sequence of inequalities. If #,_1 <a*~ 1%, holds, then we get

27

k
%Sz () %

Therefore, we can conclude that 7 is smaller than a*%; provided the following two
conditions are fulfilled:

1
?7

a< 2%)1/2.

M>(
~ \t,a?

Bearing in mind that My=0 (thus péo) =pp) and Ty =t,/2, it remains to evaluate

1 T
o= sw L llpPenas [ [ Vol
¢, /2<t<T 2 t./2

To this end, we go back to the first equation in the system (3.6) with ¢g=2 (energy
inequality), integrated over (t./2,t):

1 ! 1 M 2
5 [ttoldes [ [Vl dedr< [lpe /2P de< (14 2).
2 o 2 2 t*

where the last inequality uses Lemma 3.5. By the way, we bear in mind that the
estimate in Lemma 3.5 relies on the Gagliardo-Nirenberg—Sobolev inequality and it
assumes N =2: the restriction on the space dimension does not come from the De Giorgi
argument in itself but from the need of an estimate on %#j, which relies on Lemma 3.5.
In other words, we have obtained

)

Since N =2, we end up with the following bound from below for M:
142 1/2

t,a?

In particular, notice that M behaves like 1/t, as t, — 0.
Fix T>0. Then, for any given 0<t, <1, we can find M large enough to ensure
that limy_ oo % =0. Let us now consider the average over [ty,T]

1 T
(k) 2 <2Y.
Ttk/tk /|p,, (t,2)[2dedt <274

However, for a.e. (t,7) € [0,00) x RV, we have

(k) 2 (k) 2
. t,x t,x
lim ('pp()l X 1tk<t<T> _les (o) X1, <t< X 1p, (t,2)> M-

k—o0 T—1 T—t,
By virtue of Fatou’s lemma, we conclude that

1
T—t,

T
1000z e < fim =0
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It implies that
Pp(t:w) 1, (10> =0 for a.e. (t,z) € (t,,T) x RY

holds and, thus, p,(t,z) is dominated by M.

Once this bound is obtained for p,, we proceed similarly for dealing with p.. We
use exactly the same notation, with My =u(1—1/2%), ;>0 being the quantity to be
determined, and tj :=t,,(1—1/2¥"1) where t,, =2t,. In particular we now have ¢, <
tr <t,.. We are led to

pui WPz [19aPas= [ gl aw <ot [10P a.

where M is the bound we have just obtained for p,. We integrate over [s,t], with
tp—1 <s<trp<t<T, and next we average over s € [tp_1,t;]. We obtain

/|p£k)| (t,r) dx+/ /\V P2 da
tr

() ( 2

th—tk 1/ /|p (s.2)

2k
<f+M / /|p(k) (s,7)[*dzds.
t** te—1

Y= sup /|p(k)| (t,z) d:c+/ /\Vgcpc |2dz.
t<t<T 2

Repeating the arguments detailed above yields

(1,x) dde

tr—1

‘We now set

i 2 (2 ne o 2 1 3k (gt )2
%§E2 t7+M (%)ﬁﬁ TJFM 2% (Wi1)”

Kk

We apply the same reasoning as above, which leads us to impose

1/2
NETE
a? ik

We need to estimate 7. To this end, we go back to Equation (3.6),

d
a/|pc\2d;v—|—C’1/|Vzpc\2dxgCg/pf,deCgC’mp/|Vzpp|2dm,

by using Equation (3.5) and mass conservation. Integrate over (t,./2,t)=(t.,t) to

obtain
t
/\pc(t,x)\de—i—Cl/ /|VIpC(T,x)\2dxdT
ty
t

§/|pc(t*,x)|2dx+Cngp/ /\Vmpp(ﬂx)|2dmd7
Ty

1
<.t (14 )+ CaCmy ¥4

*

g/z(1+OC;mp)(1+%).
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It follows that

75 <///(1+CC;m”)(1+%).

Therefore, since N =2, we arrive at the condition

2 1 CCym 27\ /2
Mg ) (14 =572) (14 5) )
= ( ( T L L
which behaves like 1/t, for small ¢,’s. We conclude that p.(t,z)<p holds a.e. on
(tis,T) x R%2. We point out that both M and p depend on t, and, of course, they

blow up as t, —0. What is interesting is to remark that the estimate is uniform over
large times. ]

3.4. Existence-uniqueness of solutions. = We are going to obtain the solutions
of the system (1.1)—(1.2) by means of a fixed point argument. The method is quite
classical, and we only sketch the proof, pointing out some technical difficulties. We start
by assuming that the initial data (p,.0,pc0) belongs to LN L2 (RY). Let 0<T < occ.
We consider two functions p,, p.: (0,7) x R¥ — R such that

Oﬁﬁp(t,x) >

/ﬁp(t,:c)dxzmp, /[)C(t,aj)dx:mc.

Let us denote by @1 the (convex) set of functions that fulfill Equation (3.9). The
intermediate result is stated as follows (for N >3 it is likely far from optimal; since the
regularity analysis requires N =2, we do not elaborate more on this case here).

0< pult,2) < [ poolloceTIirsl,

(3.9)

PROPOSITION 3.1.  Let (pp0,pe0) € L'NL¥(RYN). Furthermore, we assume that x>
22pp.o(x) and x> 22p.o(z) belong to LY (RYN). Then, for any T >0, the system (1.1)-
(1.2) with data (pp,o,pec,0) admits a unique solution in €r.

3.4.1. Preliminary observations. Given (pp,pe) € €r, we define ®,,®. by
solving

Aw(i)p:_aﬁm Az(i)c:ﬁp

Lemma 3.4 tells us that in)p and chf)C are bounded functions. Then, we can introduce
the solutions of the linear equations

Oepp — divm(ppvrfi)p +Vapp) =
Ope —dive (pe Ve P+ Vipe) =0,

Pp’t:():pp,(% pCLZOZPc’(M

By standard theory of parabolic equations (see, e.g., [6, Thm. X.9]), solutions are found
in C([0,T]);L*(RY))NL?(0,T; H*(RY)). Repeating the derivation of the a priori esti-
mates, we check that (p,,p.) € €r.

Let (pp,pc) = 3(ﬁp,ﬁc) and (p, pte) = 7 (fip, fic). We denote by (¥,,¥,) the poten-
tial associated to (fip,fic). We obtain

st [Pzt [ 19200, - )P
/p0|pp ppl® dm—/ Vo(®p—0y)- Valpy— p1p) d

_2/|V — lp) ) d$+2/u§|vr(<i>p—\i/p)\2dx.
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It follows that

d
i [zt [19200,= )P s

(a=2)/q L 2/q
< ( / uiq/@‘”dx) ( / |vx<<1>p—@p>|de) :

When the space dimension N is larger than 2, we can use the following Hardy—
Littlewood—Sobolev inequality [24, Thm. 4.3].

LEMMA 3.7. Let a>1. The operator defined by

f)
H:f— | —2=——d
/ /I:v—yIN/“ !
is continuous from LP(RY) to L4(R™N) for any 1<p< -5 and 1/q:1/p+1/a—1.

Let N >3; we use Lemma 3.7 with o= N 7 and p=2. It leads to ¢= x—5 >2 and
we denote by |||H Il the corresponding norm. As a matter of fact, we note that

20t g5 ) e (a+2)/a ) ((a-2)/
Pp €z = ||pp||2q/ (q— 2)—pr|| llopllx
2) _
< llopollS&" mi =" = Gy

We are thus led to

i [Pzt (1920, )P az <Coll#ll [ 17~ da.

We proceed similarly for the chaser species, and we obtain

i [P ass [ 192000 0P s

<lppalle [ lpe=pol*da-+ ol aeTonalasaynla 2| [ 15, i .

We add these two inequalities and we apply the Gronwall lemma. It allows us to define
a constant .# (T), which depends on T and on the L* and L® norms of the data, such
that

/ (00— 1y +1pe — 1el?) (t:2)

SeTl‘pP’OHx (/(|pp70 — HMp,0 g

+TAT) s [ ol 17 ) (5)de ). (3.10)
0<s<T

+¢pq0__uqOF)dx

Relation (3.10) holds when N >3, and it proves

e that 7 :(fp,pc) > (pp,pe) is continuous on L (0,T; L2 (RY)); actually, it defines
a contraction mapping in this space when T is small enough, which implies the
local existence-uniqueness of a solution in &r;
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e whatever the choice of T', the uniqueness of the solutions in %7, by means of
Gronwall’s lemma, as well as the continuity of the solution with respect to the
initial data.

When N =2, the argument to get uniqueness is more involved, as we shall see below.
In what follows, we shall also use the following observation:

d [a? =
T 7ppda::— 2-Vepp— [ -V Ppppda

i 1/2 1/2
<N [opastIVaty ([ pie) - ( [oyc)

1 ~ 1
< my(N+ 5||v35<1>,,\|go) +§/x2ppdx.

By Lemma 3.4, we have
= - 1/Nj = 1—
IVa®plloc < Collpelt ™ Npellie /N <Y (T),

where Y(T') depends on the L' and L® norms of the data and has an exponential
growth with respect to 7. From now on, we use the generic notation Y(7') for such a
quantity, while the precise value of the constant might vary from one line to another.
A similar computation holds for p.. Applying Gronwall’s lemma, we deduce that

/prpdx—l—/xzpcdeT(T) (3.11)

holds. Finally, the analysis uses the following claim, the proof of which can be found in
Appendix B for the sake of completeness.

LEMMA 3.8.  The operator foRN 4o f(y)dy is continuous and compact from

z—y[N

LY(RN) to LY(B(0,R)) for any 1<q< 5~ and 0< R < o0.

3.4.2. Global existence. Let us go back to the existence of solutions. We
already know that 7 (%7)C%pr. We are going to prove that 7 is continuous for
the L*((0,7) x RY)-norm. We consider (pp.n,pen) € 6r which converges to (pp,p.) in
LY((0,T7) x RN). Of course, the limit belongs to 7. Reproducing the same manipula-
tions as above, we find

d
&/|Pp,n*pp|2dx+/|Vmpp,nfvmpp‘2dx

S_a/ﬁc|pp7rb_pp|2dx+/p;2),n|vw((i)pm_&)p)|2dx-

For any 0 < R < o0, the last integral can be dominated by

0 Vs @ =By [ [Vl )|

lz|<R
HpnnllocVa @ =8I [ ppnds
|z|>R

On the one hand, since p,, lies in %7, we can find Y(7) >0 such that ||ppn|lec <
T(T), and we also have ||V P, 1 |lcc <T(T), [|VaPplloo <Y(T). On the other hand, by
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Equation (3.11), we get supnf‘leRpp,ndmg T}g). Similar observations hold for pg .

Therefore, we obtain
d
(Ipp,n P;D|2 +[pen— /~76|2) dz+ [ ([Veppn— vxpp|2 +|Vapen— VIPCF) dz
dt

<1(T) ( [t =0P +loen el a

1 . . B -
+ﬁ+ (|Vw(q)p7n_q>p)|+|vm(¢6,n_¢8)|)dx> .
[z|<R

Let §>0. We apply Gronwall’s lemma again. For T'>0 fixed, we can find R large
enough, depending on 1" and ¢, such that

/ (o — pol? + 1o — pel?) dz
T
<5+7(T) / / (Vs By — @)+ [V (B — B, ) dardls,
|z|<R

Going back to Lemma 3.8, we conclude that (ppn,pen) — (pp,pe) in L°(0,T;L?(RY))
as n—00. We deduce that the convergence also holds in L((0,T) x RY) since

T 1/2
| [ piasar<r VEORN s, [1000 -y )
0 RS

T
—i—ﬁsup sup /xQ(pp,n—‘rpp)d:E, (3.12)

n 0<t<T

<Y(T)

where we choose R large enough and then let n— o0o. A similar estimate applies for
Pe,n = Pe-

Next, we establish that 7 is a compact mapping for the L' norm. Let
((ﬁp’"’ﬁcv"))nel\l be a sequence in ¢r. We already know that p,, and p., are both
bounded in L>(0,7;L?(RY))NL?(0,T; H'(RY)). Furthermore, ;p, ,, = divy(Vaippn+
PpnVa®,,) is bounded in L2(0,T;H'(RY)). The Aubin-Lions-Simon lemma [36,
Sec. 8, Cor. 4] tells us that p,, is compact in L*((0,7) x B(0,R)) for any 0 < R < co.
Reasoning as in Equation (3.12), we deduce that p, , is compact in L'((0,7) x R?). A
similar conclusion applies to p.,. The Schauder theorem ensures the existence of a
fixed point (pp,pc) =T (pp,pc) € €r and thus a solution of the system (1.1)—(1.2).

3.4.3. Uniqueness (N=2). It remains to discuss the uniqueness of the solu-
tions in dimension N =2 (the case of higher dimension being treated through Equation
(3.10)). To this end, our argument is inspired by [34] (note that the necessary adapta-
tions are not fully detailed in [13] for the specific case of dimension N =2). The proof
uses the following claims (we refer the reader for instance to [12, Lemma 1] and [8,
Thm. 3.1.3], respectively).

LEMMA 3.9. Assume N=2. Let pe L*NL*(R?) such that x+— |z|p(x) € L' (R?) and
[pdz=0. Let ®=3- [In(lz—y|)p(y)dy. Then V,® belongs to L*(R?).

LeEmMA 3.10 (Calderén—Zygmung inequality). There exists K, >0 such that for any
1<go<g<oo and any g€ LY(RYN), the function V(z)= [ =

dy satisfies
o e dy satisfi

||VIV||q <K, QHQHq'
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Let pp.j,pe,j, with j€{1,2}, be two solutions of the system (1.1)-(1.2) associated
to the same initial data. We set P=p,1—pp2, C=pc1—pec2, Yp=Pp1—Pp2, Yo =
®.1—Pco. We have

0P —divy(PV,®,1+ppoVa¥p)=A,P,
8tC— din(Cvm(I)c’l +pc,2vx\PC’) = AIC,

with
A, Pp=aC, A, dc=P.

The solutions constructed above are such that the non-negative functions py, ;,p. ; are
bounded in L>(0,T;L*NL>(R?)), with 22(pp,; +pc,;) bounded in L>(0,T;L(R?)).
In particular, we have P,C € L*°(0,T;L*NL>(R?)), with 22P,22C € L>°(0,T; L' (R?))
and de:z::O:dex. According to Lemma 3.9, we thus have V,Up, V, Vs €
L>(0,T; L*(R?)). We compute

1d
2 dt
:—a/Vw\IJp-(CVméc,l +pc72Vm\I/C)dx—a/Vz\pr-Vdex

(Vo U p P+ |V, ¥c|?)dz= a/\llpathx — /\I/c@de

+/VI\I/C~(PVI¢>,),1 —&—pp’ng\IJp)da:—l—/VgC\I/aVZPdm
:I—l—-/VI\I/pVI\IlC(pr—apcyg)dx

fa/Vx\I!p-VxCdan/Vx\IleVchdx
where we have set

I= /(_acvxq)c,l'VI\IJP‘FPVI(I)Z)J'VI\Pc)d{IJ

= /(Ax\I/sz@C’l Volp+A, ¥V, 0,1 -V, Vo) da.
Using several integrations by parts, this integral can be recast as

Vw\I/p‘QdJJ

1
I = _/Dgéc,lvw\ll]?'VI\IJde—’—a/pp,l

—/Di‘I’pJV:E\I’C'Vm‘I’CdJU—%/Pc,1|vz‘l’c|2dx~

Therefore, we arrive at the following estimate:

d
i [P 9,00 ) do

1
2
1
gT(T)/(|VI\IJP|2+|VI\I/C|2)dx+5/(|pr|2+|vwc|2)dx

—/Di@c,lvzq/p-vmq:pdx—/Di@,,,lvquc-vxxpcd%
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where, as above, Y(T) >0 depends on the L'- and L*-norms of the initial data. We
are going to combine this estimate to

1d

2 dt

:f%/pc,lzﬂdxf/p,,gvmxpp.vzpdx

e1]oo 2 1

P2dx+/|VzP|2dx:7/V1P~(Pvg;@p,lerp’QVz\I/p)dx

and, similarly,
1d
2 dt

.2]|? 1
§7||pp’21”°°/02dx+7”p°’22 |°°/|V$\IIC\2dx+§/|VmC|2dx.

/C’zd:ch/\VxC’Fdx

Let us denote
5= [(Cta)P+IP(ta)P)do+ [ (Vap(t) P+ V. Yo(ta) ) de.
The previous manipulations allow us to obtain
%ggT(T)gf/Dgéc,lvz\I/p.vzwpdxf/pgép,lvm\pc-vx\pcdx.

The last integrals can be dominated by using Holder’s inequality; we are led to

, 1/¢ , 1/
S [rveweprar)  vioza,l, ([ 1vover o)
/ ’

1/q
< D2y ||V T p |20 ( / |vz\vp|2dx>

2/ 1/q'
R ( / |wc|2dx) .

The second derivatives can be controlled by appealing to Lemma 3.10. Note that

D@

+||D920(I)p,1

e on the one hand, both p=p, ; and p=p. ; satisfy the rough estimate ||p[|; <
ol + 1ol
e on the other hand, for any ¢>2, ||VZ\IJP||?>£qS1—|—||Vw¢>p,1||oo+||v$¢p72||oo
holds, as well as a similar estimate for V, V.
We can thus find a constant T(7") >0 which does not depend on ¢ >2, such that

%éogT(T)(@@—s—qé”‘l/q).

We simply write & = (%é”l/q) x q&171/9, where ¢>2 and we already know that ¢ & (t)
is bounded on [0,T]. We arrive at

d

—&<qY(T)& Y0,

& =d¥(T)

We remind the reader that &(0)=0. Pick >0 and let ¢t € [0,7]+ z,(t) be the solution

of the ODE &2, (t) =T(T)q(n+2,(t))* =14, with 2,(0)=7. We find z,(t)=((2n)"/ 1+
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T(T)t)?—n. Clearly &(t) <z,(t) holds for any n>0. Letting n go to 0, we deduce that
& <(Y(T)t)? holds for any 2<g<oo. We now let ¢ go to oo, which yields &(t)=0
provided 0<t<1/Y(T). We repeat the argument on successive time intervals of length
1/Y(T), and we conclude that & vanishes on the whole interval [0,T]. It implies V, ¥ p =
V:¥e=0, P=C=0.

3.4.4. Unbounded data. We detail in the case of N =2 how to extend the
existence result to unbounded data. If the initial data (pp 0,pc0) lies in C2°(R?), stan-
dard results about the regularity of solutions of parabolic equations can be used, and
we can justify for these solutions the derivation of the a priori estimates. In particular,
they are uniformly bounded. Finally, we wish to extend the set of initial data, con-
sidering possibly unbounded data. The regularity analysis provides a priori estimates
in L7 for any 1< ¢q<oo, depending only on the L' norm of the data, for any positive
time. However, the estimates blow up as t — 0, and the singularity is not integrable on
[0,T]. Therefore, we are still facing the difficulty of defining the product pV,®. For the
Keller-Segel system (1.6), a symmetrisation trick can be used in order to compensate
in dimension N =2 (and N =1) for the singularity of the convolution kernel (see the
formulation in [12, 33, 35]). Due to the crossing in the coupling, this trick does not
operate here. Moreover, we shall work by approximation from bounded data, and we
are facing the difficulty of the lack of compactness in Lebesgue’s spaces of sequences
which are only bounded in L*. For these reasons, we work with initial data in L'T9(R?),
6>0.

Let pp.0,pc,0 be in L2 (R?). We take a sequence of smooth initial data pt o, p% €
C>(IR?) that converges to pp.0,pc0 in L'T9(R?). As said above, the a priori estimates
apply to the solution (p},pr) associated with (pj; 5,00 0): pp,pe are bounded in the space
L>=(0,T5 LM (R?)), with V4 (pr)1+9/2 and V,(p2)119)/2 bounded in L((0,T) x R?).
Owing to (3.5), we deduce that pl! and p} are bounded in L?*°((0,7) x R?). Since,
by Lemma 3.8, V,®} and V,®{ are bounded in L ((0,T) xR?), for any 1<q <2, the

loc

products piV,®7 and p!V, @7 lie in a bounded set of L, .((0,T) x R?). We are left with
the task of passing to the limit in the non-linear terms. We only treat the prey equation,
the chaser equation being treated in a similar way. We can assume, possibly at the price
of extracting subsequences, that p!' — p, weakly in L*™((0,T) x R?) and V07 =V, ®,
weakly in L2((0,7') x B(0,R)) for any 1 <¢g<2 and 0 < R < oco. Furthermore, on the one
hand, by Lemma 3.8, we have the following “compactness property with respect to the

space variable”:

limo (Sup HVICI)Z (t,.%‘-i—h) — VICI)Z (t,x)||Lq((o,T)XB(0,R))) =0.

|P|—

On the other hand, J;p™ appears as the sum of the first and second derivatives of
sequences bounded in L'((0,T7)x B(0,R)). Directly applying [25, Lemma 5.1] al-
lows us to conclude that ppV, @7 —p,V,®, in the sense of distributions, as n— oo,
with A, ®, =—ap.. The estimates also imply that, for any ¢ € C2°(R?), the sequence
Jpp(t,z)e(x)dz can be assumed to converge in C([0,T]) to [ p,(t,z)e(x)dz. The uni-
form bound on the second-order moment also allows us to justify the mass conservation.
This ends the proof of Theorem 2.2, once we use the improved regularity proven in

Lemma 3.6 and 3.3.

3.5. Comments on space dimensions N #2. Let us discuss the role of
space dimension. To this end, let us go back to a more general form of the Gagliardo—
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Niremberg—Sobolev inequality [29]

1/p a/r (1-a)/q
(forae) “se ([ werac) = ([ feras)

which holds with
1 1 1 n 1-a
—=a| -—— .
p r N q

We naturally control the L' norm through the mass conservation property, which leads
to select ¢=1. Besides, the De Giorgi analysis relies on the estimate on the L? norm,
Which leads to p=2+41=3 and r=2. With such a choice of parameters, we get a=
2 X N +2 We can absorb the gradient by using the dissipation induced by the diffusion
as in the proof of Lemma 3.2 provided £* = % <1, which thus restricts to dimensions
N=1or N=2. For N=1, we can thus establish the analog to Theorem 2.2.

THEOREM 3.1. Theorem 2.2 also holds in dimension N =1.

Proof.  We sketch the proof and leave the details to the reader. Going back to the
proof of Lemma 3.2, for N =1, the Gagliardo—Nirenberg—Sobolev inequality

d 2 2/3 5/3
/p3dx§0(/‘dzp’ dm) (/pdx)
pcdx+2/‘

<2\f/pcdx+f/ppdx

)
2/3 53 o 4 2 2/3 5/3
<206 (/‘dxpc dx) (/pcdas) +§ (/‘dxpp dx) (/ppdm> .

Young’s inequality and mass conservation permit us to find a,b>0 such that

d
<
T pcdx—l—/dpc dz a—l—b/‘d Pp

Since the estimate on p, is clear, see (3.3), we deduce that the analog of Lemma 3.2
in dimension N =1 provides an estimate with linear growth on [p?(t,z)dz and

yields

dx.

fgf|d%pc|2dx when p, o and p. lie in L*(R).
Similarly, we turn to the adaptation of Lemma 3.5 for N=1. With ¢=2, (3.6)
becomes

dz <0,

d
T ppdx+2/‘—pp
d
T pcd:v+01/‘fpc

We combine again the Gagliardo—Nirenberg—Sobolev inequality with the Cauchy—
Schwarz inequality

1/2 1/2
fra e fou) ()

(3.13)

d$<C2/ppd£C+C3
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and we eventually arrive at

d 3
- <
dt%—&-ﬁ% <a,

%:/pf,dm—l-A/pzdx

for some constants A,a,5>0. Then, the argument in Appendix A justifies that
Lemma 3.5 applies for N =1 as well. Then, we can reproduce the proof of Lemma 3.6
to conclude that the solution becomes instantaneously bounded. O

with

It is equally possible to elaborate further on the behaviour of the solutions when
N > 2, at the price of a suitable smallness condition on the data. The argument, directly
inspired by [31, Section 5.2.2] and the references therein for the Keller—Segel system,
also provides decay estimates.

THEOREM 3.2.  Let N >2. There exists a constant kx such that, if the initial data
Pp,05Pc,0 € Ll(RN) satisfies

<KN,

then the system (1.1)-(1.2) admits a global weak solution such that p, and p. belong to
L>®(0,00; LN/2(RN)), with Vpév/4 and VpY'* in L2((0,00) xRN). Furthermore, there
exists a constant Cy such that

1
llow(t, w2 + et Minz < On =57

Proof. The generalization of Equation (3.5) to any space dimension reads

2/N
[ rtarse, [ werpan ([ )
RN RN RN

Of course, the difficulty relies on the fact we do not control naturally the LN/? norm,
while the L! norm is preserved by the equation. We go back to Equations (3.3) and

(3.4). The former tells us that p, is bounded in L>(0,00; L9(R")), with Vpg/2 bounded
in L2((0,00) x RY) when p, o € LY(RY), as noticed in Lemma 3.1. Proceeding as in the
proof of Lemma 3.2, the latter becomes

d
T dx+4—/\qu/2|2dx
gq/ q+1dx+/pq+1d:r

2/N 2/N
<oc,([orac) [wptpasre,([nar) vt

We use this relation in the specific case ¢=N/2>1. Let A >0. We thus get

d N N N-2 N N a N/4
dt{/ /2d$+A/ /2d$}+<4N—2CN/2 (/Pc /2d55) /\Vﬂc/ \Zdz
N_9 2/N
(e (fran) ) froneas

<0.
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By Lemma 3.1, we know that fpp “da < fppé dz. Hence, let us pick

N2 /2 2/N
A>m CN/2</pp0 dx) .

We are led to

/pév/z(t J;)dac</ N/Q(t x)da:—l—A/pi,V/Q(t,x)dx

<pr/2 dm+A/p;Vé2

N 2/N
+/ ECN/Q </pc/ (5,x)dx> —47 /|VpN/4 s,z)|*dads.
0

Finally, a simple continuity argument shows that, if initially

2/N
N/2 N/2 N-2
(/Pco dx—i—A/ppo ) <87N2CN/2

holds, then, this property is preserved. It proves the uniform bound on the L™/2-norm
of the densities, under the smallness condition.

This analysis shows that ||p,(t,-)||x/2 and |[pc(t,-)|| v/2 are uniformly bounded. More
precisely, we can find a constant x>0 such that

d {/ N/QdaH—A/ N/Qda:}

<— n</|VpN/42dx+/Vpg/4|2dx>

—2/N —2/N
/ N/2dLE /p1+N/2d£E+ /pN/QdZ, /p1+N/2dl'
CN/2 c P P

by using the Gagliardo—Nirenberg—Sobolev inequality. Next, we use the simple interpo-
lation inequality

< _

2/N (N-2)/N
/fN/Zda:§</€dx) (/fHN/de) ,

which, combined to the mass conservation, allows us to obtain

d{/ N/Qd:z:—H\/ N/de}
dt
. N/(N—2)—2/N
=2/ (V-2) ( / in/fzdm)
Cny2

N/(N—2)—2/N
+m _2/(N 2) (/pi,v/de> dx) .

%(t):/PiV/Q(t,x)dx+A/pi,v/2(t,x)dx.

S_

Let us set
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Owing to the elementary inequalities Cp(a? +%) < (a+b)? <Cp(a? +b%), which hold for
any a,b>0, and 6 € (0,1), we obtain the differential inequality

iég/ t)y<—Cu (t)N/(N—Z)—2/N

dt
for a certain C'>0. We set ay = m >0 so that
L@ ) = Can.
dt
We deduce the decay with a rate given by t~/*~ by integrating this ODE. O

4. Analysis of the kinetic model
As said in the Introduction, we adopt the functional framework introduced in [33].
Differences with the analysis in [33] are due to the following facts:

o We are dealing with a system of kinetic equations instead of considering a mere
scalar unknown.

e The coupling crosses the influence of a population on the other; accordingly,
the structure of the system changes and we cannot use important properties of
the Vlasov—Poisson—Fokker—Planck system (like the compensation between the
time evolution of the kinetic energy and the potential energy, etc.).

It is likely that our existence result is not optimal; it could certainly be improved by
adapting the techniques in [5]. However, Theorem 2.3 provides a unified functional
framework to handle the asymptotic issues in Theorem 2.4. It would be tempting to
extend the latter by working with renormalisation methods, as in [9]. However, we are
still facing the lack of estimates on the potentials (which in the present analysis lie in
L) and of energy/entropy structure as for the usual Vlasov—Poisson—Fokker—Planck
system.

4.1. A priori estimates. = What makes the norm ||| |||, well-adapted to handle
this problem can be recapped in the following statement.

LEMMA 4.1.  Let f:RN xRN —[0,00] be an integrable function such that || f]||l, < oo
for some N <g<oo. Then
i) feLIRY xRY),
i) For any 1<s<gq, we have || {3 <I| /[l +I/]IF-
iii) p(x)= [ f(x,v)dv lies in LYRN). In fact, we have || p|l, <|||f|ll4-
w) We set U(x) :f‘f_;;lﬂvp(y) dy. If¢g> N, then U € L= (R"). Furthermore, there
exists a constant C' >0 such that
g(N—1)

Ul <CllollPllpllt—? A S
1¥lleo <CUOIFIPN", A= =

Note that %<N when ¢> N > 2.

Proof. The first item comes from the obvious relation

J[1seavae= [ (M) soxartavae < i s,
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where M is given by Equation (1.4). Property (ii) follows by interpolation: writing
s=0+(1-0)q, 0<0<1, we obtain

Il v ff (B8 e (7)™ a0
< (//f|dvdx> (//‘Afl‘quvdx)

and we conclude by convexity. Next, Holder’s inequality yields

fra ([ oo | (] () ) ()

Since [Mdv=1, we are led to ||p||q <[l f|llq- Eventually, with A>0, we split

\II(:L‘):/ dy+/ ...dy.
lz—yl<A lz—y|=A

The second integral is dominated by %, while we get

1/q
lp(y)] Nen (A dr
/Lr_yg,qwdyﬁp”q s e )

The right-hand side is finite since ¢> N implies (¢’ —1)(N—1)<1. Optimizing with
respect to A, we obtain the desired result. ]

Let us start by establishing a priori estimates, following [33, Lemmas 2.3 & 3.1].
Let f be a solution of the Fokker—Planck equation

O+ (0 Ve Va8 Vof) = SLJ, (4.1)

where we assume, for the time being, that ® is a given potential. Let 5 :[0,00) — [0,00)
be a convex function. We obtain

il (ot [l ()5 ()
s%llvmcpngo/ P (Af;) ‘vv ({4)

Mdvde. (4.2)
We use this relation with #(z):=29, where ¢>1. We remark that " (f/M)f?/M =
q(q—1)2(f/M)M. Tt allows us to conclude that
f
(2

%// (X;)quvdH Q(g;l) // (X;)qz
g@llvm\i@// (A";YMdudx -

holds. We obtain useful estimates by applying these observations to the solutions of
the system (1.5). The following statement brings out that %, is an adapted set to

2
Mdvdx

2
Mdvdzx
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establish existence-uniqueness of solutions of the system (1.3) and to investigate the
asymptotic behaviour of solutions of the system (1.5) as e —0.

LEMMA 4.2. Let (fy, fc) be a solution of the system (1.5). We assume that

sup (5.0 ll4+ 115,

) <oe.

For any T >0 small enough, there exists a constant Cr such that

sup (I g+ e llg) <O,

0<t<T, €>0

sup  ([Va®@(t oo + IVa@E(E )l ) <Cr.
0<t<T, e>0

Proof.  Estimate (4.3) and Lemma 4.1 apply for both the equations for f5 and fg
in the system (1.5). Let ¢> N. Let us set

Z @)= I17e @G+ @)

We arrive at

d
—Z(t)<E Z(t)'+2h/a
<2< 20)
with ¢ = 92 1)( E(I_B)eri(l_ﬁ)). We can compare Z to the solution y:t+— y(t) of
the non—hnear ODE y/(t) =€y +2/1(t), with y(0) =sup.so ([l f<oll2+ 1 fS0ll9) > Z(0).

Let T, stand for the lifespan of this solution (note that it does not depend on €). We
conclude that 0< Z(t) <y(t) holds for every ¢t €[0,T}). O

We shall need further estimates, which will be useful to control moments and entropy
dissipation. To be more specific, we shall make use of the following claim.

LEMMA 4.3.  Let (f5, f) be a solution of the system (1.5). In addition to the hypothesis
of Lemma 4.2, we assume that

sup(//f]0<|1n Ol+lz)+ 2 )dvdx><oo

holds for j€{p,c}. Then, for any T >0 small enough (as in Lemma 4.2), there exists
a constant Cr such that

2
sup (//fE (|1n f5) |+|x|+v) dvdx) <Cr,
0<t<T, €>0 2

Sup o 2/ //\v fE+2V, |2dxda:dt<CT
e>0 4€

Proof.  Let us go back to the generic Equation (4.1). We use (4.2) with 7 (z) =

zln(z)
//fln( )dvdaﬂ—//‘ V129, f‘ dvda
—&/ f ln dvdx+—// f+2V f‘ dvdz

1
svax@Hio//fdvd:c:5||vm<1>||io
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with m= [[ fodvdz, by mass conservation. We shall combine this estimate with the
time evolution of the first space moment

%//|x|fdvdm_ //| | wfdvdz = //| ‘ v\f—kjvv\f
- 5//fdvd:r+@ dvdx.

These inequalities do not directly provide a useful estimate since zIln(z) changes sign.
We use the decomposition

z|In(2)| = zIn(2) —22In(2)1p<,<e—w —22In(2)1-w 1<y

4
< zln(z)+—e“/? 4 2wz,
e

With w:i(§+|x|), we are led to

‘/ F(n(f p%4i+- )d dx+4—:/|vyfi+2v Vf1?dzdzds
2
/ fo(In(fo) |+|$\+ )d dx -FHV (I)H m+f//e_” /16=121/8 qy dar.
&

2
We readily adapt the argument to deal with the system (1.5). O
4.2. Asymptotics analysis. We are now dealing with the rescaled system

(1.5). We are going to use the uniform estimates in Lemma 4.2 (where we remind the
reader that ¢>N) and Lemma 4.3. In what follows, we consider T'>0 as given by
Lemma 4.2.

LEMMA 4.4.  We can find Cr >0 such that for j€{p,c},

€ 2
E/T//‘Vv(fj)
e /o M

T dvdzdt
1 6— E 2 p—
21g%)/o //‘f] pJM| M b

(precisely, it is of order O(e*)) where we have set p§= [ f£dv.

(4.4)

Moreover, we have

Proof. Since 2< N < g, we use Lemma 4.1-ii): we go back to Equation (4.3) for
A (z)=2°, bearing in mind that [[|f5[*/M dvdz is uniformly bounded with respect to
€>0 and t€10,T], by virtue of Lemma 4.2. Integrating Equation (4.3) over [0,T] we
conclude that Equation (4.4) holds. The next step follows by applying the following
Sobolev inequality (see [4, Corollary 2.18 and Theorem 3.2]): there exists A >0 such

that, for any admissible function fj
2
dv f
<A -
it </ |7+ (3)

/ ‘f(v)—M(v) 1w

2
Mdwv.
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Having at hand these estimates, the asymptotic analysis is now understood by
looking at the moment system, obtained by velocity averaging the equations. Integrate
Equation (1.5) with respect to v. We obtain the following conservation equations:

Oepl+divg JE=0,  Oypl+e MdivyJS =0, (4.5)

1
J;:g/vf;dv.

Similarly, multiplying Equation (1.5) by v and integrating yield

where we have set

€20, J¢ + Div,, /(v®v)f§ dv+peV, @6 =—J. .,
(4.6)
e2atJ; +Div, /(v@v)f; dv+ps V&) = —Jp ..

LEMMA 4.5. For je{p,c}, on the one hand, the sequence (J;)E>0 18 bounded in
L2((0,T)xRYN), and on the other hand, we can rewrite

/v@vf;dv:pﬂl—i—eR;,

where (R;)6>0 is bounded in L?((0,T) x RY).
Proof. We write

/()T/|J;2dxdt = /T/‘/]Jz(_v“ﬂj) dedt
/ /‘/ ( )dv dzdt
7/ //M‘ i (ﬁ) dvdzdt < Cr,

and we conclude by going back to Equation (4.4). Next, R is defined by

R; /v®v\ﬁ fe\/pi dw,

RS2 < /\v|4Md X/de,

and we conclude by using the estimates that have led to Lemma 4.4. O

so that

Possibly at the price of extracting subsequences, we can assume that
p5— pj weakly in LI((0,T) x RN,
J5—Jj weakly in L2((0,7) x RY),
V@5 — V@ weakly—x in L*°((0,7") x RM).

Hence, the only difficulty for passing to the limit in Equations (4.5)—(4.6) relies on the
non-linear term p5V,®%.
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LEMMA 4.6. Up to a subsequence, p§ converges to p;, for j€{p,c}, strongly in
L#(0,T; L (RN)) for any 1<s<oo, 1<r<gq.

Proof.  The proof relies on a suitable application of the average lemma. Indeed,
by Lemma 4.2 and Lemma 4.1, f5 is bounded in L>(0,T; L4(RY xRY)), with ¢> N,

thus, by a mere interpolation argument, it is bounded also in L2((0,7) x RV x RV). Tt
satisfies

(€0r+v-Vi)fi =V, g°

with

9 =fV, <1>6+Fx£v (L)

It follows from Equation (4.4) that ¢¢ is bounded in L2((0,T) x RN x RY). Then, the
average lemma (see for instance [11] or [26, Lemma 4.2]) tells us that
dxdt} 0

lim / /
[h|—0 e>o B(0,R)

holds for any 1) € C2°(RY), 0 < R < co. Since the kinetic energy is uniformly bounded, we
can work with smooth functions 1) not necessarily compactly supported. In particular,

we have
lim / / (t,z+h (t,z)|” dadt
|h|—0 { e>0 B(0,R) ’pJ )= pJ ‘ }

Furthermore 9;p§ = —V,, - J£ is bounded in L?(0,7; H ' (RY)), by virtue of Lemma 4.5.
We deduce that pf is relatively compact in L?((0,T) x B(0,R)) for any 0< R <oc and
thus in L'((0,7) x B(0,R)) too (see for instance Appendix B in [3]). Going back to
Lemma 4.3, we see that |z[p§ is bounded in L*>(0,T; L' (R")), which allows us to con-
clude that p§ converges to p; strongly in L'((0,7)x B(0,R)) (up to a subsequence).
Finally, by lemmas 4.1 and 4.2, we know that p¢ is bounded in L>(0,7;L9(R")). In-
terpolation estimates then tell us that the convergence holds in any L"(0,7;L*(RY))
for 1<r<oo, 1<s<q. 1]

/f (t,x+h,v)(v)dv— /f (t,z,v)(v)dv

Combining Lemma 4.1 and Lemma 4.6, we can pass to the limit in the product
p5V @5, say weakly in L7(0,T;L*(RY)), for 1 <r<oo, 1 <s<gq, at least for a suitable
subsequence. Accordingly, we obtain

Orp;+divyJ; =0, —J;j=Vaop;+p;V, Py,

when we let € go to 0 in Equations (4.5) and (4.6). We thus find the system (1.1)—(1.2).
Finally, since 9;p§ is bounded in L2(0,T; H-1(RY)), we can also assume that

i [ p5(t2)p(a)do = [ py(t,0)(o)do

e—0

uniformly on [0,7] for any trial function ¢ € LY (RN), so that the initial data for the
limiting equation also makes sense.
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4.3. Existence of solutions. Let (f., f,) be the solution of the linear system

atfc""U'vmfc_vxci)c'vvfc:L(fc)
Oifp+v-Vafy—Vud, Vofp=L(f,),

with initial condition f, g, fp.0 >0, where the potentials are given by the convolution
formulae

- B ~ . xr—
Vw(I)c:_CN/pp(tvy) yN dy) VJU(I)P:aCN/pC(ty)kEiy:TN dy

7Y
[z =y

Note that f, f,>0. We denote .7 (pe,pp) = (pe,pp), With (pe,pp) = [ (fe, fp)dv. Owing
to Lemma 4.1 and reproducing the estimates in the proof of Lemma 4.2, we readily
find an invariant set for .. To be more specific, let us set Zo = ||| fe,0lllg + |l fp.0lllq- Let

R >Ry Suppose supg< ;<7 ([|pe(t,")llq +15p(t,-)|lq) <, with ¢ > N. By Equation (4.3),
Lemma 4.1, and Gronwall’s lemma, we get

s (I Mg+ () llg) < BoeCZT,

for a certain constant C' >0, which depends on ¢, N ,Me,My. From now on, we can thus
fix 0 <T < T, small enough such that (pe,pp) > (fe, fp) leaves the ball with radius % in
Gy, invariant. Accordingly, the convex set

%={p0,pp:<o7T)xRM[o,oo], [ etz =Gmemy),

s (It )+ )1 <2

is left invariant by the mapping .. Furthermore, reproducing the arguments of the
proof of Lemma 4.3, we observe that

sup //(v2+ ) (fo+ f,) dvda < C(T, %) @)

0<t<T

holds.

Next, let us pick two pairs (pe,1,pp,1) and (pe,2,pp,2) in this set ¢, and consider the
associated solutions (f.;,fp;). We define (6.,0p) = (fe2— fe1,fp2—fp,1). We check
that (0.,0,) verifies the system

a7f5¢ +v- Vm(sc - vx&)c,l . Vv(sc = L((sc) + V:c (éc,Q - i)c,l) ' vac,%
Oudy+0-Vaby = Vo1 Vb = L(8y) + Vi (B2~ By ) Vo fyz.
Repeating the manipulations that have led to Equation (4.3), we get

S [ () Mavd+ 5 [[ 27 () Ve (37) | Mdvda

g@ (v &»1)’2 //%<5>Mdvdx 5
//%“< ) (@g@)VU<M)dvdx



2282 MODELS OF PURSUIT-EVASION DYNAMICS

with & (resp. ®;, f;) either &, or 6, (resp. @, ;) or ®.;, fpj, or fe;). The additional
term is dominated by using the Cauchy—-Schwarz inequality

[ (5) 5. (B2-21) 9, By

<o) ff () 2w (5)

<[5 o) (o () e )
(ff e () Frae)

<3 ff 7 (i) oo (i) v o)L ffor ()

We use this relation with J#(z) =2*®, with 1 <s<gq. The last integral can be estimated
by using Hélder’s inequality as follows:

[ s 1 ) () o
s [ () ) (] () )
o () () e (5) )

R
L] ) e 52 -0
(0 ]G o () ),

Then, using the definition of ||| - |||s together with Gronwall’s lemma, we obtain

e M < 61 [ 9 (&= 82) 0177 e

o [ LD e a2}

Going back to Lemma 4.1, we can find a constant C(T,%) such that

dvdz

9 1/2
Mdvdx)

)1 <TOT, %) swp (Ve (82-81) ()]

0<t<T 00

for any 0<t<T. Using the estimates in Lemma 4.1 again, we obtain

|9, (2-0) (7] <€) 12— )2
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It allows to conclude that the following continuity property holds: if ((fe,nsfpn)), cx
is a sequence of elements of ¢ which converges to (pe,p,) in L?(0,T;L*(RY)), then
((fcvn,fp,n))nEN converges to (fe,f,) strongly in € r, and therefore ((pcﬂ“ppv"))neN
converges to (pe,pp) in L2(0,T;L*(RY)). (We remind the reader that 1<28<s.)

Finally, let us consider a sequence ((ﬁc,n,ﬁp,n))neN in 4. We have seen that

(femns fpn) is bounded in €, 1, and consequently, for j € {c,p},
e f;n is bounded in L>(0,T;LY(RY x RY)) since

J[mavan= [ |7 3rartavas < e s

e by interpolation supg<;<7 ||| fjn(t,-)|ll- is bounded for any 1<r <gq.
Going back to (4.3) with ¢=2, we deduce that

§ %

is uniformly bounded. It follows that

2
Mdvdadt<Cp

(8t +v- Vx)fj,n = divvgjm

where

9jn :fj,nvzi)j’nﬁ- VM X MVU (f]g\;)

is bounded in L>(0,7;L?(RYN x RY)). The standard average lemma tells us that the
integrals [ fj.n(t,z,v)1(v)dv belong to a compact in L ((0,7)xRY) for any ¢ €
C>(RY). Owing to Equation (4.7), we deduce that p;,, is compact in L"(0,7;L*(RY))
for any 1 <r<oo and 1 <s<gq. It allows us to apply the Schauder theorem in order to

justify the existence of a fixed point of the mapping ..

Appendix A. A comparison Lemma.
LEMMA A.1. Let X:[0,T]— (0,00), for 0<T < oo, which satisfies for any t € [0,T],

X'(t)+aX(t) <b

for some given a,b>0 and y>1. Then, we can find C'>0, which depends on a,b,7,
such that

X(t)gc(HM%)

holds for any t€[0,T].
Proof. The estimate is directly inspired by [2, Appendix A], where a more intricate

statement is proved. Let

Z(t):A(l—i—tl/(%).

We observe that t— Z(t) is non-increasing and thus bounded from below by A=
lim;_, oo Z(t) Next, we compute
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since v > 1. Therefore, it follows that

Z(t)

Z'(t)+aZ7(t) > A(adV ™" — (y— 1))( v

)7 > A(aA" = (v-1))
which can be made larger than b by choosing A large enough.

Since lim;_,0 Z(t) =00, we have Z(t)> X (t) at least on some interval [0,7%). Let
us set to =sup{t >0, Z(s)>X(s) on 0<s<t}. Suppose to<T: we can find t; € (tc,T)
such that Z(t;)=X(t;). By definition of ¢y, we can find two sequences t**) and s(*)
such that

to <t <) <4 to <sFHD <) <y
to< s <t <ty

khm (k) =to= hm s(k)
—00

X (®) >Z(s(k)) — X (s™), X(t)> Z(t) for s <t <t®).

(We might have t*) =t; and s*) =t,.) We write

() (k)

X' () dt=X (") - X(s®)> zZt®) - z(sW) = / Z'(t)dt.

s(k) s(k)

By the mean value theorem, we can find (%) € (s(®) ¢(*))—which implies X (¢(*)) >
Z(¢®))—such that X’(¢®)) > Z'(¢'®). This contradicts the fact that, for any ¢ € [0,T],
we have X'(t)+aX7(t)<b<Z'(t)+aZ7(t), which yields Z'(¢t)—X'(t)>a(X"(t)—
Z7(t)). O

Appendix B. Proof of Lemma 3.8. In fact, we simply discuss the analog of
Lemma 3.8 for the operator

f(y)

v |z —y[A

fTia)= [

Let R>0. We pick M >0 and split the integral

T Idx = od oo d
/|I<R| f@)de /II<R /ry|<11\4 y+/zy|>M Y

. " £ ()|
1 d ——=—dy | d
= /z|<R </zy|<M|f(y) y) </zy|<M |z —y[r y) !

L2 !
)| d
/|:E<R </|a: y\>M | y) d

29-1B(0, R)

<24~ 1Hf||q 1/ZSMZ| (/lxlSR|f(x—z)|dm> dZ-i—Miq)\’HfH(f

M —1
dr 29-1B(0,R)
—1 N-—1 )
<27 fIIS I/0 v VSN A 8

The integral over [0,M] is finite when 1<¢< N/X. In this case, we end up with

q

dx

/ T f(2)|de < C| £]|¢
|lz|<R
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with C' depending on N, A\, R, and M. It proves that T is a bounded operator from
LY(RY) to LY(B(0,R)).
The same estimate, together with Lebesgue’s theorem, shows that

Ty f(x) = /R f(y)de

N5+|xfy

converges to T'f as 6 —0 in LY(B(0,R)). The convergence is uniform over the unit
ball of L'(RY). Next, let us consider a sequence ( f”)n N of integrable functions, with

I fn]l1 =1. We readily check that, for any 6 >0, T f,, fulfils the hypothesis of the Arzela—
Ascoli theorem. Therefore, {Ts f,,, n €N} is relatively compact in C'(B(0,R)), and thus
in LY(B(0,R)) as well. We conclude that 7" is a compact operator.
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