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REGULARITY CRITERIA OF THE 4D NAVIER-STOKES
EQUATIONS INVOLVING TWO VELOCITY FIELD COMPONENTS*

KAZUO YAMAZAKIT

Abstract. We study the Serrin-type regularity criteria for the solutions to the four-dimensional
Navier—Stokes equations and magnetohydrodynamics system. We show that the sufficient condition
for the solution to the four-dimensional Navier—Stokes equations to preserve its initial regularity for
all time may be reduced in the following ways: from a bound on the four-dimensional velocity vector
field to any two of its four components; from a bound on the gradient of the velocity vector field to
the gradient of any two of its four components; and from a gradient of the pressure scalar field to any
two of its partial derivatives. Results are further generalized to the magnetohydrodynamics system.
These results may be seen as a four-dimensional extension of many analogous results that exist in the
three-dimensional case and also component reduction results of many classical results.
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1. Introduction
We study the N-dimensional (N >2) Navier-Stokes equations (NSE) and magne-
tohydrodynamics (MHD) system defined respectively as follows:

CCth-F(u V)u+Vr=vAu, (1.1a)
Vou=0, u(z,0)=uo(z), (1.1b)
%Hu V)u+Vr=vAu+(b-V)b, (1.2a)
%—F(u V)b=nAb+ (b-V)u, (1.2b)
V.u=V-b=0, (u,b)(z,0)=(uo,bo)(), (1.2¢)

where u=(u,...,un) :RY xRY = RN b= (by,...,bx) :RY x RT = RN 7:RY xRt =R
represent the velocity vector field, magnetic vector field, and pressure scalar field, re-
spectively. We denote by the parameters v,n >0 the viscosity and magnetic diffusivity
respectively. Hereafter, we also denote 2 4 by 0¢ and d by 0;,i=1,...,N. Further, we
denote by V; ; the gradient vector field with 9;,0; on the ith, jth component respec-
tively and zero elsewhere and by A; ; the sum of second derivatives in the ith and jth
directions, e.g., VLQ = ((91,62,0, “es ,O),ALQ = Zi:l 813k

The importance and difficulty of the global regularity issue of the solution to these
two systems are well known. In short, this is because the systems are both energy-
supercritical in any dimension bigger than two, even with v,n>0. Indeed, e.g., for the
MHD system, taking L?-inner products with (u,b) on the system (1.2), respectively, and
integrating in time lead to

T
sup ](HUHQL? + ||b||iz)(t)+/0 IVullZs + Vbl Z2dr < fluollZ + lIbollZ-- (1.3)
€
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2230 4D NAVIER-STOKES EQUATIONS

On the other hand, it can be shown that if (u,b)(z,t) solves the system (1.2), then so
does (ux,bx)(z,t) 2 X(u,b)(Az,\*t). A direct computation shows that

lux (@ )12 + 1bx (@ B)l172 = X2~ (u(z, )72 + |6, A*1)][72)-

We call an equation with a scaling symmetry critical when the strongest norm for which
an a priori estimate is available is scaling-invariant. Thus, it is standard to classify the
two-dimensional NSE and the MHD system as energy-critical, while for any dimen-
sion higher, energy-supercritical; in fact, it can be considered that the supercriticality
increases in dimension.

In the two-dimensional case with v,7>0, the authors in [23, 28] have shown the
uniqueness of the solution to the NSE and the MHD system, respectively. In fact, in
the two-dimensional case, due to the simplicity of the form after taking curls, when the
dissipative and diffusive terms are replaced by fractional Laplacians, their powers may
be reduced furthermore below one; we refer interested readers to [36] for the NSE with
v=0, [6] and references found therein for the MHD system. In any dimension strictly
higher than two, the problem concerning the global regularity of the strong solution
and the uniqueness of the weak solution to both systems remain open and hence much
effort has been devoted to provide criteria so that they hold. We now review some of
them, emphasizing those of most relevance to the current manuscript.

Initiated by the author in [29], it has been established that, if a weak solution u of
the NSE with v >0 satisfies

N 2
we L"(0,T;LP(RV)), ;+;g1, p€ (N,oq], (1.4)

then v is smooth (see [10, 12] for the endpoint case). In [2], the author showed that, if
u solves the NSE (1.1) with v >0 and

N 2 N
Vue L™ (0,T;LP(RY)), N>3, —+==2, 1<r§min{2,m}7 (1.5)
p T -

then u is a regular solution. For the MHD system, the authors in [16, 39] independently
showed that the sufficient condition for the regularity of the solution pair (u,b) to the
MHD system (1.2) may be reduced to just u. For many more important results in this
direction of research, all of which we cannot list here, we refer to the prominent work
of [1, 15] and references found therein. We do mention that the author in [40] showed
that only in the case of N =3,4, u, the solution to the NSE (1.1) with v >0, is regular
and unique if

N

r

N 2
Vre L(0,T;LP(RY)), o +

We emphasize that the norm ||HLTT Lz in Equation (1.4) is scaling invariant precisely
when % + 72 =1; ie.

T \2T N 2
/ ||u,\(x,t)||TLpdt:/ ) if and only if -+ =1,
0 0

where uy (z,t) = Au(Az,A\?t), and similarly for the norm in Equation (1.5) at the endpoint
of 2.
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We now survey some component reduction results of such criteria. The authors in
[21] showed that, if u solves the NSE with N =3,v>0 and

3 2 5 54 18
L7 (0,T; LP(R3 4o« = 1.7
USE (a ) ( ))7 p+7"_8’ r [23a5]a ( )
3 2 11 24
L7(0,T;LP(R?)), —+-<— =
or Vuzg €L"(0,T;LP(R?)), p+r_6, re[57oo]7

then the solution is regular (see also [3, 41] for similar results on ug,Vug). For the
MHD system, in particular the authors in [18] showed that if (u,b) solves the system
(1.2) with N=3,v,7>0 and

1 1
p>—0, (1.8)

3 L
2p’ 3

+
p

2
us,b€ L"(0,T; LP(R?)), -

3
< 1 +
then the solution pair (u,b) remains smooth for all time. In [31], the author reduced
this constraint on us,b to us,by,bs in special cases making use of the special structure
of the system (1.2). For more interesting component reduction results of the regularity
criteria, we refer to, e.g., [4, 5, 13, 17, 22, 26, 30, 32, 38]. In particular, the authors
in [7] obtained a regularity criterion for the three-dimensional NSE in terms of only us
in a scaling-invariant norm, although no longer L’.LE-space (see also [8, 24, 35]). In
relation to our discussion below, we already emphasize that every component reduction
result listed here is of the case of N =3.

We now motivate the study of the systems (1.1) and (1.2) in the fourth dimension
specifically. It has been realized by many mathematicians working in the research direc-
tion of the NSE that dimension four deserves special attention (see, e.g., [19, Section 4]).
The significance of the fourth dimension for the NSE (and six-dimensional stationary
NSE) has motivated much investigation in the research direction of partial regularity
theory (see, e.g., [9, 11, 27]); we also recall Equation f(1.6), which holds only for N =3,4.
In fact, the fourth dimension being a certain threshold to the component reduction reg-
ularity criteria can be seen clearly as follows. To the best of the author’s knowledge, all
such component reduction results to the systems (1.1) and (1.2) are obtained through
an H'-estimate. Due to Lemma 2.3, higher regularity follows once we show that the so-
lution, e.g., u in the case of the NSE (1.1) satisfies f0T||Vu||2LN(RN)dT< oo. This implies

that, because H'(R™) < LY (R™) only for N =2,3,4 but not N >4 by Sobolev embed-
ding, H'-bound, from which u € L?(0,T; H?(R")) follows from the dissipative term, is
sufficient for higher regularity only if N =2,3,4. Thus, in dimension strictly higher than
four, one needs to bound beyond H'-norm; however, because the decomposition of the
non-linear terms is the most important ingredient of component reduction results (see
Proposition 3.1), this will complicate the proof significantly. To the best of the author’s
knowledge, component reduction results for dimension strictly larger than three does
not exist in the literature.

Let us also discuss the two major obstacles in extending the component reduction
results of regularity criteria from dimension three to dimension four. In the case of
the NSE (1.1) with N=3,v>0, the standard procedure to obtain a criteria in terms
of ug may be, e.g., to first estimate every partial derivative except the last and hence
IV12ul|L2 and in this process separate us in the non-linear term

/(u-V)u-Alygudm§c/\u3\|VuHVV1’2u|dm, (1.9)
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where Vo= (81,05,0),A19=3"2_, 82, (cf. [21] Lemma 2.3). Thereafter, upon a full
gradient and hence an H'-estimate, on the non-linear term one separates |V oul

/(U~V)U~AudzSc/\vl,guHVuFdx (1.10)

(cf. [41]) so that the ||V oul| 2-estimate may be applied in Equation (1.10). In the
case of N =4, it seems difficult to separate uz or even uz and u4 in f(u V)u-Aq 3 sudz.
Our first key observation is that we can separate ug,us from f(u-V)u-Al,gudx (see
Proposition 3.1). However, this leaves two other directions, namely x3,24, instead of
only one in contrast to the case of N =3 and prevents us from obtaining an inequality
analogous to Equation (1.10) upon the full H!'-estimate due to a sum of this type

Z Z /8ku18 ujOpujda

j=14,k=3

(see Equation (3.24)). We observe that, in the three-dimensional case, i, j, and k sum
up to only 3 so that, using V-u=0 from Equation (1.1), one may deduce

3 3 3
Z Z /8kuiaiu]'3kuj‘d$22/83U333Uj83u3'd1‘
j=14,k=3 Jj=1

3
:—Z/(aﬂh + O2u2)03u;03ujdx

and hence Equation (1.10) follows. However, in the four-dimensional case, there are
cross-terms such as dsuy, which prevents us from reaching Equation (1.10). Our second
key observation is that the non-linear term may be seen as an operator as a sum of

4 2 4
i=1 i=1 =3

so that in the first sum the V s-estimate may be applied while in the second we use
our hypothesis on ug,us (see Equation (3.24) and also Equation (3.27)).
We now present our results

THEOREM 1.1. Let N =4 and let
ueC([0,T); H*(R))NL*([0,T); H**1(RY)) (1.11)

be the solution to the NSE (1.1) for a given ug € H*(R*),s>4. Suppose uz,uy with their
corresponding p;,7;,1=3,4 satisfy the following roles of f:

T
4 2 1 1

fllipdr<e, —+=<—4=, 6<p;<oo, 1.12

/0” Iy Se2<o4s (112)

or supyeo, 1)l f(#)llLs being sufficiently small. Then u remains in the same regularity
class (1.11) on [0,T"] for some T'>T.

THEOREM 1.2. Let N=4 and let u be in the regularity class (1.11) of the solution to
the NSE (1.1) for a given ug € H*(R*),s>4. Suppose Vusz, Vuy with their corresponding
pi,Ti1=3,4 satisfy the following roles of f:

T 5 1 -p 12
4 2 541 L y<4
/nf nodr<e, Syl litpe Ywspsd
0 pbi T 1+E’ Zf4<p1§00

(1.13)
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or SUPte[o,T}Hf(t)HL% being sufficiently small. Then u remains in the same regularity
class (1.11) on [0,1"] for some T'>T.

THEOREM 1.3. Let N=4 and let
u,be C([0,T); H*(R*))NL*([0,T); H*T' (R*)) (1.14)

be the solution pair to the MHD system (1.2) for a given ug,by € H*(R*),s>4. Suppose
us,uq,b with their corresponding p;,r;,i=3.4,...,b satisfy the following roles of f:

: 4 2 1 1
I fIl e dr <c, ;+Tl<p +g, 6<pi=soo, (1.15)
? 7 3

or sup,eio, 71|l f(t)l e being sufficiently small. Then u,b remain in the same regularity

class (1.14) on [0,T"] for some T'>T.

THEOREM 1.4. Let N =4 and let u,b be in the reqularity class (1.14) be the solution
pair to the MHD system (1.2) for a given ug,by € H*(R*),s>4. Suppose Vug,Vuy, Vb
with their corresponding p;,ri,i=3,4,...,b satisfy the following roles of f:

2 _ S+ i 2<pi<4
dr<c, —+ 15 pisd (1.16)
1+— if 4<p; <oo

Or SUDye[0,7] ||f(t)||L% being sufficiently small. Then u,b remain in the same regularity
class (1.14) on [0,T'] for some T' >T.

THEOREM 1.5. Let N=4 and let u be in the reqularity class (1.11) be the solution to
the NSE (1.1) for a given ug € H*(R*),5>4. Suppose O37,0,7 with their corresponding
pi,Ti i =3,4 satisfy the following roles of f:

T
4 2 8 12
Tdr<e, —+—<-, —<p;<6. 1.17
/OIIleT_c pi+m 3 7 <P (1.17)

Then u remains in the same regularity class (1.11) on [0,T'] for some T' >T.

REMARK 1.1.

(1) In comparing Theorem 1.1 with Equation (1.4), Theorem 1.2 with Equation
(1.5), and Theorem 1.5 with Equation (1.6), we may consider the results of this
manuscript as component reduction of many previous works. Moreover, in com-
paring theorems 1.1 and 1.2 with Equation (1.7) and Theorem 1.3 with Equa-
tion (1.8), we may consider the results of this manuscript as a four-dimension
extension of many previous work in three-dimension.

(2) Lemma 2.3 of [21] has found many applications, e.g., in the study on the
anisotropic NSE (e.g. [37]). We note that our Proposition 3.1 can be read-
ily generalized further to any R, N >3; we chose to state the case N =4 for
the simplicity of presentation.

(3) In [34], the author showed that, for dimensions N =3,4,5, N-many component
regularity criteria may be reduced to (N —1)-many components for the gener-
alized MHD system following the method in [30]; the results in [34] and this
manuscript do not cover each other. In [33] the author also obtained a regular-
ity criteria of and N-dimensional porous media equation governed by Darcy’s
law in terms of one partial derivative of the scalar-valued solution. The method
in [33] cannot be applied to the systems (1.1) and (1.2).
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In Section 2, we set up notations and state key facts. Local theory is well-known
(cf. [25]); hence, by the standard argument of continuation of local theory, we only
need to obtain H*-bounds. We present the proofs of theorems 1.3, 1.4 and 1.5. Because
the NSE is the MHD system at b=0, the proofs of theorems 1.3, and 1.4 immediately
deduce theorems 1.1 and 1.2, respectively. Thereafter, we conclude with a brief further
discussion.

2. Preliminaries

Throughout the rest of the manuscript, we shall assume v,n=1 for simplicity. For
brevity, we write ff for fRN f(z)dx and A<, B when there exists a constant ¢>0 of
significant dependence only on a,b such that A <¢B, and similarly A=, ; B in the case
of A=cB. We denote the fractional Laplacian operator A* = (—A)2 and

W)= (IViaullZ: +[Vi2blli2)®),  X(O)=([VullZ: +[IV0]Z2)(?),
Y () 2 (IVVL2ulZs +1VV12b72) (1), Z(8)= (| AullZs + [ AblI72) ().

The following is a special case of Troisi’s inequality (cf. [14]). The proof of the case
N =3 in the appendix of [5] can be readily generalized to the case N =4.

LEMMA 2.1. Let f€C§°(R*). Then
17020 S 000A1 31021 106 1 N0 1 . (2.1
We will use the following elementary inequality frequently:
(a+Db)P <2P(aP?+1P), for 0<p<oco and a,b>0. (2.2)

We will also use the following commutator estimate to prove another lemma con-
cerning higher regularity.

LEMMA 2.2. (cf. [20]) Let f,g be smooth such that Vf€LPt AS~tge LP2 A°f€
Lp3,geLp4,p€(Loo),%:pil—l—piz:p%+p%,p2,p3€(1,oo),s>0. Then

1A*(f9) = FA°GllLe SUIV oo |A gl v +[1A° fl s |9l os )
An immediate application of Lemma 2.2 gives the following result:

LEMMA 2.3.  Let (u,b) be the solution to the MHD system (1.2) in [0,T] with ug,by €
H*(RN),N>3,5>2+ 3. If [T Vul2x + | Vb2 xdr 1, then

T
sup (IIASulliz+HASbH%z>(t)+/ [A*Vu[2 +[[A°Vb[F2dT S1.
te[0,T) 0

Proof. This is a standard computation; we sketch it for completeness. We apply
A® on the system (1.2) and take L2-inner products with ASu, A®b, respectively, to obtain

1 S S S S
O (IA% U] + A7) + A"V ul|Z +[|A VD] 72
:—/[AS((U-V)u)—u-VASu]-Asu—/[AS((wV)b)—u-VASb]-Asb

—i—/[AS((b-V)b)—b-VASb]-Asu+/[As((b~V)u)—b-VAsu]~ASb
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S

—~

IVullpx + VOl v ) (1A ul L2 + [|A%D]| L2 ) (|A*Vul| 2 + [[A* V] 2)

<5 (IAVu[ Tz + [[AVDI L) + eIVl Ly + VO L) (1A% ul72 +[|AD] Z2)

DN =

by Holder’s inequalities, Lemma 2.2, Sobolev embedding of HI(RN)%L%(RN),
Young’s inequalities, and Equation (2.2). Thus, after absorbing, Gronwall’s inequal-
ity completes the proof of Lemma 2.3. 0

Due to Lemma 2.3, the proof of our theorems are complete once we obtain the
H'-bound.

3. Proof of Theorem 1.3

3.1. ||Vi2ull72+]|V1,2b]3.-estimate. We first prove an important decomposi-
tion which we present as a proposition.

PROPOSITION 3.1.  Let N=4 and (u,b) be the solution pair to the MHD system (1.2).
Then

/(u~V)u-A1,2u+(u~V)b~A1,2b—(b~V)b~A172u—(b~V)u.A172b
g/(|u3|+|u4|)\Vu\|VV1,2u\+\b|(\Vu\+\Vb\)(|VV1’2u|+|VV1,2b|). (3.1)
Moreover,
/<u-V)u-A1,2u+(u-V)b-A1,2b—(b-V)b-ALW—(b.V)u-Amb

5/(\Vu3|+|Vu4\)|V172u||Vu\+|Vb\|V172b|\Vu\. (3.2)

Proof. We write components-wise and integrate by parts to obtain

4 2
/(U'V)U'A172U:— Z Z/@kuiaiuj8kuj

ij=1k=1
4 2 4 4 2
Z—Z Z /8ku181u]aku]—ZZZ/@kulazu]aku]
j=1lik=1 =3 j=1k=1
2 4 2 4 4 2
- — Z /6kui8iujc’9kuj—z Z /8kuiaiuj‘aku]‘—ZZZ/akuiainaku]‘.
i,5,k=1 j=314,k=1 i=3j=1k=1

(3.3)

For the second and third integrals of Equation (3.3), we integrate by parts to obtain

4 2 4 4 2
_Z Z /akuiaiujakuj_ZZZ/akuiaiu]‘akUj
J=3ik=1 =3 j=1 k=1

4 2

4 4 2
:Z Z /ujal(é)kulé)kuj)+ZZZ/u18k(81uJ8ku])

j=34,k=1 i=3 j=1k=1
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< / (sl + fual) [V ul| V'V 2.

On the other hand, we write the first integral of Equation (3.3) explicitly

2
— Z /8kui8iuj8kuj

ik—=1
Z—/(81U1)3+82U131U132u1 + 0111 01U201 s + O O1ugOoUus

+ O1ug02u1 01u1 + Oaug 0ot Doty + 01 ugOa e O Ug + (82u2)3 £ ZIZ

We combine and use the incompressibility condition of u to obtain

L +Ig=— /(5'1U1)3 + (Dauz)?

:/(81u1)282U2 + (81U1)2(83U3 + 84U4) =+ (82U2)281U1 =+ (82U2)2(63U3 + 8411,4).

We combine the first and third terms to obtain
/(81u1)282u2 + (Oguz)?01ur = —/alulaguz((?gu;g +O4uy)
so that we may continue Equation (3.6) by
Li+Ig=— /81u162uQ(83U3 +Osuy)
+/(81u1)2(83U3 +04us) + (O2uz)? (Ozusz + Osuy)
z/U383(81u182u2)+u484(61u182u2)
- / usDs(Dyr)2 + (Da1uz)?] + uada (D) + (D))

< / (s + [t ) [Vl V'V 2.

Similarly,
IL+Ig=— /82U131U132U1 + Ozup02u1 02Uy

- / (Dyur)? Dz + Oyuia) < / (Jus] +[ua) [Vl VV 120,

Is+1;,=— /81u181uQ81uQ + 01u202us01Us

- / (Orus)* (Bos +Drus) < / (sl + lual) [ Vul| V'V 20,

Iy+1s=— /82u181u282u2 + O1ug0ou1 01U

(3.6)

(3.8)
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:/82U161u2(83U3+84U4) rS/(|U,3|-l- |U4|)|VU||VV17QU| (310)
Next, we may estimate the other three terms as follows:

/(u V)b Al’gb— (b V)b ALQ'U/ - (b V)’LL ALQb

4 2 4 2
=— Z Z/@kuiaibjakbj—f— Z Z/Bkbzalbjﬁkuj +8kb28,u]8kbj

i j=1k=1 ij=1k=1
4 2 4 2
= Z Z/akuibjafkbj— Z Z/@kbzbjé‘fku]+b16k(8lujc‘9kbj)
ij=1k=1 ij=1k=1
§/|b|(|vu|+|Vb|)(\VV1,2UI+|VV1,2b|)~ (3.11)

Applying Equations (3.7)—(3.10) in Equation (3.5), considering Equations (3.3), (3.4),
and (3.11), we obtain Equation (3.1). Now we go back to Equation (3.3) and estimate
the second and third integrals by

4 2 4 4 2
—Z Z /8;€ui8iuj6kuj—ZZZ/&@W@UJ‘@WJ‘

j=3i,k=1 i=3 j=1k=1

4 2 4 2
SYS [l Vuslonl + 303 [ 9wl Valioial

j=3k=1 i=3 k=1

S [ (Fual + 90491 20|V, (3.12)
whereas, continuing from Equation (3.7),
I +Ig=— /81u162uz(83u3 +04uq) + ((Oru1)? 4+ (92u2)?) (O3us + Osus)
S [ 19320 (Bats] + ora) (3.13)
continuing from Equation (3.8),
Io +16=/(32u1)2(83u3+54u4)§/|V1,2U|2(|33U3|+|54U4D§ (3.14)
continuing from Equation (3.9),
I3 +I7:/(81u2)2(83u3+84u4)§/|V172u|2(|83U3|+|84U4\); (3.15)
and, continuing from Equation (3.10),
14+15:/azulalu2(53u3+a4u4)5/|v1,2u|2(|63u3|+|a4u4|). (3.16)
Thus, considering Equations (3.12)—(3.16) in Equation (3.3), we have shown

/(u-V)u-AI,ng/(wug,\+|Vu4|)|v1,2u||w|. (3.17)
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Next, we estimate continuing from Equation (3.11)

/(U . V)b ALgb— (bV)b ALQU_ (bV)u . Al,gb

4 2
=— Z Z/akuiaibjakbj—8kbi8ibj8kuj—8kb18iuj6kbjS/WbHVLszVuL (3.18)

ij=1k=1

Considering Equations (3.17) and (3.18), we obtain Equation (3.2). This completes the
proof of Proposition 3.1. 1]

With this proposition, we now obtain our first estimate.

PROPOSITION 3.2.  Let N=4 and let (u,b) be the solution pair to the MHD system
(1.2) that satisfies the hypothesis of Theorem 1.3. Then, for allt€ (0,T] and p; €[6,00],

sup W(T)+/O Y (r)dr

T€[0,t]

4 t
W) +eY [
=3

2p; 2p
Pq i—4 b pp—4
- Pp—2

Tl X0 (1) 272 (1) + ||| 1o s X 20 (1) 2707 (7)dr

with the usual convention at the case p; =00,i=23,4,b; i.e., p?’:"é :2,2?:3 :1,1%:0.
k2 T k3

Proof. We treat the case 6 <p; <oo i=3,4,...,b first. We take L?-inner products
on the system (1.2) with —Aj ou,—Aq 9b, respectively, to obtain in sum

1
SOW () +Y (1)
4
SZ/‘WHVUHVVLQM+|b‘(|vu|+|Vb|)(|vv1,2u‘+‘vvl,széHl +1x - (3.19)
=3

by Equation (3.1). Now we estimate

4 4
I~y / il Vul [V 20l S D llusll e [Vull - 2o VY120l 12
i—3 i—3 Lwi
4 p;—4 4
SN il o [Vull 5 1 Vull 7V V1 2ull 2
1=3

4

SY luillzes

=3

pi—4 2

. =+1 =
Vaull gzt [[VVizullpz [[Au] g

4
1
<< IVVigulfe+e) ] llus
=3

2p; pi—d

T X (1) 270 () (3.20)

by Hoélder’s and interpolation inequalities, Equation (2.1), and Young’s inequalities.
Similarly,

ML~ [ 16Vl [VE) (V¥ 120] +[V91.28)
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pp—4 pp—4

Slollzes (V] 2° +HVb||L”” )(IIVUII i+ [Vol )(IIVV12UHL2+|IVV1,2bHL2)

5||b\\LPbX2pb()(||VV12U|| 1Al 75 + V91,0001 5 1400125 2)
Ly o)+ bl X35 (1 275 (1) (3.21)

by Holder’s and interpolation inequalities, Equations (2.2) and (2.1), and Young’s in-
equality. In sum of Equations (3.20) and (3.21) in Equation (3.19), after absorbing and
integrating over time [0,t],t € (0,T], we obtain the desired result in case 6 <p; <occ. In
case, p; =00, the estimate is in fact simpler: we have
4 1 4
1T S;lluz‘llm IVull 21V V120l 2 < 2V V1 2u] 72 +C;||uz'|\%oo IVulZ.,

1
10 Slfblle IVl 22 + 1V L2) IV V20l 2 + [V V1,20]12) < 3V () +elIBll 7 X (2).

Thus, in case p; = co, Proposition 3.2 holds with 2’“ 5 =2, Zz:; 1,%—2_2 =0. 1]

2. [|[Vul|3, +||Vb||3.-estimate. The next important step of the proof is to make
use of the [V oul|2, +||V1,2b|%.-estimate to obtain the bound on ||[Vu||?.+||Vb||%.,
which requires another key decomposition (see Equations (3.24) and (3.27)).

PROPOSITION 3.3.  Let N=4 and let (u,b) be the solution pair to the MHD system
(1.2) that satisfies the hypothesis of Theorem 1.53. Then

T
sup X(t)+/ Z(t)dr <1.
0

te[0,T]

Proof.  Firstly, we assume 6 <p; <oo again. We take L2-inner products on the
system (1.2) with (—Au,—Ab), respectively, to obtain

SOX )+ 2()

:/(U V)u : A1)2u+ (u V)u A374u—|- (u V)b A172b+ (’U,V)b A374b

8
- (b V)b ALQ’U, — (bV)b A374u— (bV)u Al’gb— (bV)u A?,Abé ZIIL (3.22)

i=1
From Equations (3.19)—(3.21), we already have the estimates of
IIL, + 115 + IT15 + IT1, <TT; 410,

2+p;

4
SZHWHLMHVUHL HVV12U||L2

B e X B (8)27 (1Y 5 (1)

4

1
<2t +ed (

=3

2p 2pp

bl e )X (1) (3.23)

by Young’s inequalities. Next, we work on IIl;, which we first integrate by parts and
decompose as follows:

IIIQ—/(U Vu-Az qu=— Z Z/@kulﬁ u;ORu;

i,j=1k=3
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2 4 4 P
:_ZZZ/akuiaiujakuj_Z Z /akuiainakUj

i=1j=1k=3 j=14,k=3

2 4 4 4 4
Z—ZZZ/Gku@uﬁkuﬁz > /uiak(aiujakuj)

i=1j=1k=3 j=14,k=3

4
S/Wumvmu\+Z/|ui\|VuHV2u|éIV1+IV2. (3.24)
1=3

We estimate
IVl“/\VLWHVUFSHVLzUHLZHVUH%AL
SV 2ull 22 [V V1 2ul 2 [ Aull 2 SWE ($)Y 2 () 25 (2) (3.25)

by Hélder’s inequalities and Equation (2.1). On the other hand,

4
Vo S lui e
=3

4 _—
SO il e [ Vull 2 ™
i=3

Vu||L 2p; || V20|12

Pi—2

2p;

nUX() (3.26)

++ 1 .
Aul[, " < EZ(t)—l—cZHui
i=3

by Holder’s, Gagliardo—Nirenberg, and Young’s inequalities. Next, again we carefully
decompose

4 4
III4:/(u-V)b-A3,4b:— > Z/akuiaibjakbj

ij=1k=3

2 4 4 4 1
:_ZZZ/akuiaibjakbj_Z Z /(?kuiaibjakbj

i=1j=1k=3 j=14i,k=3

2 4 4 4 4

i=1j=1k=3 j=1i,k=3

4
5/|Vu||v1,2b||w)| +Z/|u¢||Vb||V2b| 2IV3+1Vy. (3.27)
=3

We estimate
IV3%/|VU||V1,2b||Vb\5HV1,2b||L2HVUHL4HV5HL4
1 1 1 1
SV 2l 22 [V V1 2w 22 [V V1 20 2o | A 2. | Ab| 2o S W2 (1) Y2 (1) 22 () (3.28)

by Holder’s inequalities, Equation (2.1), and Young’s inequalities. On the other hand,
we estimate, similarly to IV in Equation (3.26),

4
VaS ) lluilr V20| 2

=3

Vb” _2pi_
Lri—2
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+i.
i +CZ||Uz

by Holder’s, Gagliardo—Nirenberg, and Young’s inequalities. Finally, similarly to IVs in
Equation (3.26) again

4
1-+ 284
SO luillw: V0] 2 L;,“ (3.29)

=3

Il +11Ig = — /(b V)b A374U—|— (b V)u A374b

Sllbll o (195 o IVul.” )(IIAUIILz " +Ab] . )
1 b

<7eZ@O+elbllzn" X () (3.30)

by Holder’s, Gagliardo—Nirenberg, and Young’s inequalities. Thus, applying Equations

(3.23)—(3.30) in Equation (3.22), we obtain after absorbing

4

1:3

2p; 2py

B Bl EE )X (@) + W2 ()Y 2 (8) 27 (1), (3.31)

Now we assume 6 < p; < co. Integrating over [0,t],¢ € (0,7, we obtain

X(t)+ /O Zrydr
+CZ/ (el 2

We focus only on the last integral which we bound by a constant multiples of

Tse,l[l(?t]w%m </0tY(T)dT) ' (/OtZ(T)dT)é

x (/OtZ(T)de
(/ dT) +Z</ il 7 dr) " (/OtZ(T)dT)W

(] bl X )dTﬁZ ( /Otz<7)d7>w
/ m)dr el 1+Z (/ s 2276 dr) </OtX(T)dT) "

+ (/Ot||b||§:6X(T)dr> (/tX(T)dT) 77)

1 st 4 t ,,G
=7 Z<r>dT+c<l+Z [ B+l )X <r>dr>
0 i—37/0

m\»—A
N)\»—A

T X dT+c/ W 24 (r)dr.

B XS ()27 (7)+ )

Z%b xR (r )Z’”f?(T)dT>

pi—4 p;+2
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by Holder’s inequalities, Proposition 3.2, Young’s inequalities, and Equation (1.3). After
absorbing, Gronwall’s inequality implies the desired result in the case of 6 < p; < oo,r; <
0.

We now consider the case p; = oo, assuming for the simplicity of presentation that
p3=ps=pp=00. Firstly, we could have computed in contrast to Equations (3.23),
(3.24), (3.27), and (3.30), respectively

111, + 1115 + 1115 4 I11;
<II; +1I,

4
SO luillzes [ Vull e [ Al g2+ bl] o ([ Vel 22 + [Vl 2) (| Aull 2 + ]| bl 12)

=3
1 4
SEZ(t)+CZ(HUz’H%w +[blI7)X (1), (3.32)
1=3
III, <IV{ 41V,
4
SIVLull 2| Vull7a+ Y lluill o | Val 2 VPl 2
=3
1 4
1 1 1
<1gZ)+e (Wz(t)Y2(t)Z2(t)+Z|ui||ixX(t)> ; (3.33)
=3
I, <IV3+1Vy
4
SIVull Ll V1,2l 2 [1VB]| o+ Y luill s [V 22 [| A 2
=3

4
1 1 1 1
SIV120] 221V V 1zl o | Aull IV V1,20 22 | ABI 2+ lluill e | VD 2| A 2
=3

<170 +e (W%uw%(t)z%(mz”ui|%WX<t>> : (3.34)
=3

Il + 11 S[[bl 2= (IVBl| 2 + [Vl 2) (V2 ul 22 + ]| V8| 2)

1
STGZ(t)—FchH%xX(t), (3.35)

all by Holder’s and Young’s inequalities and Equation (2.1) only in Equations (3.33)
and (3.34). Thus, applying Equations (3.32)—(3.35) in Equation (3.22), absorbing and
integrating in time [0,¢], we obtain

X(t)Jrg/O Z(T)dr

4 t
SX(0)+CZ/O (il Zoe + [10]I7 00 ) X ()T
i=3
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+CTS€,1[1£t]W%(T) </0ty(7)d7) : (/OtZ(T)dT)é

1 [t 4 , .
§§/O Z(T)dT—FX(O)—i-c;/O (w2 o0 + 1012 ) X (1) d7
4 t 2
c(W(O)-i-Z/ (Iluilliw+||b||%w)X<T)dT>>
i=370

1 t
§§/0 Z(T)dr
+c<2 [ i 3% d¢+1+z ) =+ ) X )

by Hoélder’s inequality, Proposition 3.2, Young’s inequality, Equation (2.2), and Equation
(1.3). This completes the proof in case p; =00

We now prove the second statement of Theorem 1.3, namely the smallness result
when p; =6,r; =o0. For simplicity of presentation, we assume p; =6 for all i=3,4,...,b.
We integrate in time on Equation (3.31) to obtain

X(t)+/0 Z(T)dr

4 t
<X(0)+c(> supt](||ui|§6+||bi6)(7)/0 X (r)dr+ sup W3 (/ Y (7 dT>

i—3 TE[0, T€[0,t]
1

X (AtZ(T)dT>;)

<1+<w +Z/ (Ihualle + Bl130) X 3 ()23 (- w) (/OtZ(T)dr>2

51+</0t2(7)d7)+2;21[?] sl + [1B]130) (7) (/Otxmah)é (/OtZ(T)dT)

1 t
g—/ Z(r)dr+c¢
2Jo

for 27 4 sup. (o, (|[will7s + bl 36) (1) sufficiently small, where we used Holder’s inequal-
ity, Proposition 3.2, Young’s inequality, and Equation (1.3). Absorbing, Gronwall’s
inequality completes the proof of Theorem 1.3. O

4. Proof of Theorem 1.4
We assume for simplicity of presentation that for all i=3,4,...,b and p; € [1—52,4] or
p; €[4,00]. A combination of mixed cases can be obtained following the proofs below.

PROPOSITION 4.1.  Let N=4 and let (u,b) be the solution pair to the MHD system
(1.2) that satisfies the hypothesis of Theorem 1.4. Then for all t€ (0,77,
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sup W(r / Y(r
T€[0,t]

W(0)+e>, fJIIVuzIIE’LZ’4X S (r) 25 (1)

< J;bb‘l Heacd) 2 2
= +HVbHLPb Xn=t (1) 2% (r)dr, if pie[,4],
Py
W(0)+eX iy fo (] |Vuz||f‘pz2+\|Vb||£?£2)X(T)dT, if pi € [4,00],

with the usual convention at p;=00,1=3,4,...,b; i.e. pf’iQ =1.

Proof. We first assume p; € [15—2,4]. We take L?-inner products of the system (1.2)
with —Aj ou,—A; 2b, respectively, and estimate

4
1
S2WO+Y (O3 [1901V120Vul+ [VEV12b] [Vl (@)

by Equation (3.2). Now we estimate

Z / 9220l 90 3l

Vi 2U||L4HVU|| .

1=3
4— 4—p;

<Zumum UVl [Vl 2S5

1=3

4 4+p g(Pi=2 2 4-p;
<SS IVuilloe IV Vull 27 [Vl 2RI

1=3

4 dep;
Y (O +ed |V S BR et (@)

by Holder’s inequalities, Sobolev embedding of H* (R*) — L*(R*), interpolation inequal-
ity, Equation (2.1), and Young’s inequality. Similarly, we obtain

/|Vb||V1,2b||VU\§||Vb||LPb||VV1,2b||L2||VU|| s
1 2(2=2) oo
SV e Y2 (1) Vu ||L2 ’ HVUHL

» 4—pp

Ol QUIIL”’ | Al 2"

<[IVb|| e Y2 (2 >X

4—py

1 Spb 4 713 2)
< YO+l VBl T X T (1757 (1), (4.3)

With Equations (4.2) and (4.3) applied to Equation (4.1), absorbing and integrating in
time lead to

t
+/ Y (7)dr
4(pp—2) 4—py

+CZ/ HVquz’;t X W (r )Z“’i“‘( )+||Vb|\2§32 TX I (1) 2 (r)dr.

(4.4)
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We now work on the case 4 <p; < oo

4 4
z:/|VUJz‘||V172U||VU|52:||Vui||m||V1,2u||Lp’%i2 |Vul|r2
1=3 3 )
pi—4
<Z||Vuz||m Vigull 2" ||V, 2u|| LI Val| 2
=3
4 _—
S IVl ([ V12wl 5 V'V, 2U||L2 IVul[z2
=3

+CZHVUsz (t) (4.5)

by Hélder’s and interpolation inequalities, Sobolev embedding of H'(R*) < L*(R*), and
Young’s inequality. Similarly, we estimate

p—4

P 4
[Vb[[V1,2b][Vu| SV Les [ V1,20]] 1 2° IIVLzbllf’iIIVUIILz

pp—4

SVl e [[V1, 2b||L5b Vv, 2b|| 2 [Vl 2

()+CIIV6HE?%2 (t)- (4.6)

We apply Equations (4.5) and (4.6) in Equation (4.1), absorb and integrate in time to
obtain

+||VbHZ?%2) (7)dr. (4.7)

/Y Ydr <W (0 +c2/

The case of p; = 0o requires only a standard modification as done in the proof of Theorem
1.3; that is,

4

Z / V|| V1 2u][Vul <Z||Vuz||mo||v1 2t L2 | Vull 22 S IV o X (8),

=3 =3

/IVbHVl,szVUI SVl L= [V 2bll L2 [[Vull 2 SVl Lo X (2)

so that summing and integrating in time leads to the desired result. This completes the
proof of Proposition 4.1. ]

PROPOSITION 4.2.  Let N=4 and let (u,b) be the solution pair to the MHD system
(1.2) that satisfies the hypothesis of Theorem 1.4. Then

T
sup X(t)+/ Z(t)dr <1,
t€[0,T] 0

Proof. Similarly to the proof of Theorem 1.3, we estimate from Equation (3.22).
For p; € [*2,4], we continue our estimate from Equations (4.1), (4.2), and (4.3) to obtain

4+p

— P
VViaul ¥ IIVulle E ||A [PE Ea

IT1; + 15 4 I1T5 + 11T, < ZHVU, || s
=3
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4—py,

dtpy pp—2 T
VOl zee Y e ()X 70 (B)]| Au 2"

Py

4 ]
1 = e
<g52@0+e (Pl 37+ IVIET ) X0 @9
1=3

by Young’s inequality. We now decompose integrating by parts

4 4
IIIQZ— Z Z/akuiainakUj

i,j=1k=3
2 4 4 4 4
:7222/8;6%81%&%%72 Z /akuiaiu]'aku]'
i=1j=1k=3 j=14,k=3
4
S [I9uPIVau+ Y [ 1Vl Va2V v, (4.9)
=3

where V; is estimated in an identical manner as IV in Equation (3.25), while we
estimate

4
Vo D Vil e [ Va® 2,
=3 Ly
4 Pi—2 4 P
<SS Vuille [Vall S Al P < Lz V|72 X(8) (410
S IVuilloo [ Vul e 7 (| Aul <76 O+ IVuill [ X (1) (4.10)
i—3 =3

by Holder’s, Gagliardo—Nirenberg, and Young’s inequalities. Next, we decompose

4 4
IH4=— Z Z/akuiaibjakbj

i,j=1k=3
2 4 4 4 4
:—ZZZ/akuiaibjakbj—Z Z /8kui8ibj8kbj
i=1j=1k=3 j=14,k=3
4
S/\VUHVLQbHVM+Z/|Vui|\Vb\2éV3+V4 (4.11)
=3

where we estimate V3 as IV3 in Equation (3.28), while the same estimate of Vs in
Equation (4.10) leads to

1
Vi IVuillori | VO] 2,
=3 Ly
1 - 1 A
2(%==2) 2(2) 1 s
SO IVuilloe Vbl (A, SEZ@)JFCZHVW v X(t).  (412)
i=3 1=3
Finally,
M1, -+ 1T

4 4
= Z Z/@kbiaibjakuj +8kbi8iuj8kbj

ij=1k=3
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< / V|Vl
S P,

Pb—2 pp—2

SIVOlLe VO] 12" ||Ab|| LIVl 2 (A 7

1 iz g
SEZ(HCIIV?JHL% X(t) (4.13)

by Holder’s, Gagliardo—Nirenberg, and Young’s inequalities. Thus, we obtain by apply-
ing Equations (4.8)—(4.13) in Equation (3.22), absorbing, and integrating in time

X(t)—i—g/o Z(t)dr

<1+Z / (IVwl| B + Vb2 )X () dr

+Ts€1[1£t]W%(T) ( /0 tY(T)dT>é < /O tzmm) : , (4.14)

where we also used Holder’s inequality. Now we assume p; € (15—2,4]. For the last term

only, we bound it by a constant multiples of

4 ¢ T <, Aep— it 1
1+Z/ ||Vuz\|2’22’4X B (1) (r )+HVbHZ’z’>’2 X (1) 27 (1) dr
i=3"0

x ( /O tZ(T)dT>
(/ dT) +Z (/ Vil £5.” )m) o ( /0 tZ(T)dT> st

4(pp—2) 4+p

ey 3p, —4 t 2(3TE4>
(/ VB2 X (7)d ) (/ Z(r)dr)
§§/0 Z(T)dr
8(pi—2 8(pp—2)

i=2) b
S5p;—12 _Pb Spp —12
e 1+Z(/ Va7 X (7)a ) ( 960175, <>dT)

/ dT+c<1+Z</ IV 5 X (ryir) + (/ Vbl 55 X () ))

due to Proposition 4.1, Holder’s, and Young’s inequalities and (1.3).
Next, we consider the case of 4 <p; <oco. We restart from Equation (3.22), where
we continue our estimates from Equations (4.1), (4.5), and (4.6) to obtain

Nl

1111 4 IT1, + ITT5 + 11,

<Z||vul||w

=3

Vi 2u||Lz |
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pp—4

Jr||Vb||LﬁbHV1 2bl| 5" HVVMbH 5 Vull L2

~z t)+CZ(HVuiHZ§»ZZ +||Vb||§%bz) (t) (4.15)
=3

by Young’s inequality. The rest of the estimates of 111, 1114,111g,I11g all go through as
in the case p; € [%,4]. Indeed, continuing from Equation (4.9), we bound Il < V; 4+ Vo,
where V7 is estimated as IV in Equation (3.25) and V5 is estimated identically as for
Equation (4.10). The estimates of III4 also go through as in Equation (4.11): III4 <
V34 V4, where V3 is estimated as IV3 in Equation (3.28) and V4 in (4.12). Finally, we
use the estimate of IIIg+1Ilg in Equation (4.13). Thus, in sum, after absorbing and
integrating in time, we obtain

3 pfz 3
X(t)+ / Z(r)dr <X (0 +cZ / (IVwll B + Vb2 )X () dr

+cTs§[1£ﬂW%(T) (/OtY(T)de (/OtZ(T)dTY

by Holder’s inequality. We bound the last term by

4 t
0’*;/0 (Vs

1 [t L . 2y ’
=3 Z<r>df+c<1+2< | ATl 4 1oz x e
0 — \Jo
1/t 4 ot
Si/ Z(r)dr+c 1+Z/ (| Vs
0 /o

by Proposition 4.1, Young’s, and Holder’s inequalities and Equation (1.3). After ab-
sorbing, Gronwall’s inequality implies the desired result. We now consider the case
of p;=o00. For simplicity, we assume p; =oc for all :=3,4,...,b. We continue from
Equation (3.22), where we estimate in contrast to Equation (4.15)

o ¢ 3
VBB X (r)dr ( / Z(T)d7>

_“Pb_
f’p22+||VbHZ’%b2) (T)dT>

IT1; + IT15 + I115 4 1117
4 4
SZ/IVWHVLQUHW\+\VbHV172bHVUISZ(HVWIIL«J+||Vb||L°o)X(t)
3 1=3

due to Equation (4.1) and Holder’s, and Young’s inequalities. Moreover, from I1I5 <
V14V of Equation (4.9), we estimate V; is estimated as IV; in Equation (3.25) and

Vz~ /IVquVUIz<ZHV%HL°°||VUHL2
=3

Moreover, from 1114 <V3+Vy of Equation (4.11), we have V3 estimated as IVs in
Equation (3.28), while

4 4
Vir 3 (19075 Y9l 901
=3 =3
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Finally, continuing our estimate from Equation (4.13),
Ly + 111y S [ [V Val S VBl [V 22 [Vl 2 < [ 90 X 0

In sum, integrating in time, we obtain

X(t)+2/tZ(T)dT
0

4
<X(0)+3 / (Vs e + Vbl ) X (7)dr
1=3

+Ts§[1£t]wé(r) </OtY(T)dT>é (/OtZ(T)dT)é

4
<X+ / IVl = + [ Vbl 1) X ()b
1=3

¥ <W<o>+§: / (Vs +||Vb|Lm>X<T>dT> (/ thdT)

S/O Z(T)dT+C<1+§(/O vui|%°°+||Vb”2L°°)X(7-)d7—)>

by Hélder’s inequality, Proposition 4.1, Young’s inequality, and Equation (1.3).

Finally, we prove the smallness result in the case p; = 1?)27” =00, for which for sim-
plicity of presentation, we assume r; =o00,p; = 1—52, for all i=3,4,...,b. From Equation
(4.14),

=

3 rt 4 t
- < . 6 12 6 12
x+; [ 20 SX0)+ 3 J vl s + 1900 )X (r)ar

1

4 t t 2
|12 3 3(7) 27 (1)dr 7)dT
*(W(O”;/O (190l 2 + 98] )X (1) 2 (1) ) ([ ztr)

1/t 4t ; .
SZ/O Z(T)dr+ciz_;/0 (Hvui”L%+HVbI|L%)X(T)dT

4 t
+o <1+Z< / IVl g + ||Vb||§g>Xz<T>Zz<T>dT>2>
i=3

1t 4 . . t
<3 / Z(n)dr+e} sup (IVuill) e + 190} 2)(7) / X(r)dr

i—3 T€[0,t

4 t t
+c<1+z sup (V3 + 9815 () [ X(ryar [ Z(T)d7>

i—3TE[0,t]
1 t
Sf/ Z(t)dr+c
2Jo

for Z§:3supte[O,T1(||Vui||i¥ + ||Vb||i¥)(t) sufficiently small, where we used Holder’s
inequality, Proposition 4.1, Young’s inequality, Equation (2.2), and Equation (1.3). This
completes the proof of Theorem 1.4. ]
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5. Proof of Theorem 1.5

We fix ¢; € (1—72,6) and then p; =6+ ¢ for e >0 sufficiently small so that (Zf:gj_)l <q;
and also ¢; <6<p;. This implies that, for all e>0 sufficiently small, we have ¢; €
(;Ij-iw p;). Now we multiply the ith component of the u-equation of the system (1.1)
with |u;

Pi—2y,; and integrate in space to obtain

1 .
—Op||will 7o +e(pi)llui
pi

Pi
L3P

i—1
ui”pl(p@*l)qi
L -1

Sl zas

Piqi—Q.Pi-f-qi Q(Pifqi)
SOl pai llwill oy ™ H“iHL%Zl
<C(pi)
-2

pi(}’iqi—Q:ﬁi+2qi

P
Piq; —2p; +2q; W ||
1 [,Pi

L%

Piq; —2p;+a; )
’

lwill 7, +cllOim]

L2Pi

where we used the lower bound estimate on the dissipative term of

Pi—QUi

i i i (p‘_1)4 Pi
c(pi)llwillpo, =il = 174 Sl = 13 %zT Vi 2 [P =~ [ Aulu,
K3
for some constant ¢(p;) that depends on p;, Holder’s inequality, interpolation, and

Young’s inequality. We absorb and obtain

c(pi)
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1
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Di

by Young’s inequality. By the hypothesis of Theorem 1.5 and Gronwall’s inequality, for
all e>0 sufficiently small, we have Z?:BSuptG[O,T]”uiHLpi (t) <1, where p;=6+¢. By
Theorem 1.1, the proof of Theorem 1.5 is complete.

6. Further Discussion

There are many results on the regularity criteria component reduction theory of
the three-dimensional NSE and the MHD system that we may look forward to being
generalized to the four-dimensional case, as done in our paper. We remark however that
the results beside what we presented in this paper did not seem readily generalizable.

For this precise reason, although the authors in 7] showed that a bound on u3 in a
scaling-invariant norm suffices to obtain the uniqueness of the weak solution to the three-
dimensional NSE (see also [8, 24, 35] for the case of the MHD system), it is not clear to
the author at the time of writing whether these results in [7, 8, 24, 35] may be extended to
a two-component regularity criteria in a scaling-invariant norm for the four-dimensional
NSE or the MHD system. The proofs in [7, 8, 24, 35] are highly nontrivial, employing
anisotropic Littlewood—Paley theory and some key identities due to the divergence-free
property of the solution to the NSE and the MHD system. While the results in our
paper rely heavily on the decomposition of the nonlinear terms in Proposition 3.1, that
decomposition is not sufficient to improve our result to the scaling-invariant level.

Finally, we also note that, in order to reduce our two-component regularity criteria
for the four-dimensional NSE to one component or to extend it to higher dimension
such as five, it seems to require a completely new approach.
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