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UNIQUENESS OF WEAK SOLUTIONS OF THE FULL
COUPLED NAVIER-STOKES AND Q-TENSOR SYSTEM IN 2D*

FRANCESCO DE ANNAT AND ARGHIR ZARNESCU#

Abstract. This paper is devoted to the full system of incompressible liquid crystals, as modeled
in the Q-tensor framework. The main purpose is to establish the uniqueness of weak solutions in a
two-dimensional setting, without imposing an extra regularity on the solutions themselves. This result
only requires the initial data to fulfill the features which allow the existence of a weak solution. Thus,
we also revisit the global existence result in dimensions two and three.
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1. Introduction

The main aim of this article is to prove the uniqueness of weak solutions for a type
of coupled Navier-Stokes and Q-tensor systems proposed in [5] and studied numerically
and analytically in [1,14,16-18,36]. This type of system models nematic liquid crystals
and provides in a certain sense an extension of the classical Ericksen—Leslie model
[14], whose uniqueness of weak solutions was proved in [38]. In the remainder of this
introduction we will briefly present the equations and state our main result.

The system models the evolution of liquid crystal molecules together with the
underlying flow, through a parabolic-type system coupling an incompressible Navier—
Stokes system with a nonlinear convection-diffusion system. The local orientation of the
molecules is described through a function @ taking values from R, x Q C R, x R%,d=2,3
into the set of so-called d-dimensional @Q-tensors, that is

def i ]
SV E{QEM™ Qi = Qi tr(Q) = 0,1, =1,....d}

(the most relevant physical situations being d=2,3). The evolution of the Qs is driven
by a gradient flow of the free energy of the molecules as well as the transport, distortion
and alignment effects caused by the flow. The flow field u: R, x Q — R? satisfies a forced
incompressible Navier—Stokes system, with the forcing provided by the additional, non-
Newtonian stress caused by the molecules orientations, thus expressed in terms of Q.
We restrict ourselves to the case Q=R¢ and work with non-dimensional quantities. The
evolution of @) is given by

8tQ+u-VQ—S(Vu,Q):—F%g€ (1.1)
with I' > 0. Here
L 2 a oy b 3 C, 2,12
FAQ)= [ FIVQP+ (5r(Q%) — @)+ fr (@) da (1.2
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2128 UNIQUENESS OF THE Q-TENSOR SYSTEM

is the free energy of the liquid crystal molecules and %f < denotes the variational deriva-

tive. The L,a,b,c constants are specific to the material with

L>0 and a,b,ceR,¢>0. (1.3)

If u=0 the Q-tensor equation would simply be a gradient flow of the free energy.
For u#0 the molecules are transported by the flow (as indicated by the convective
derivative 0; +u-V) as well as being tumbled and aligned by the flow, a fact described
by the term

S(Vu,Q) ¥ (¢D+9Q)(Q+ - Id) (Q+= Id)(gD Q) —26(Q+ = Id)tr(QVu) (1.4)

where D%/ % (Vu+ (Vu)T) and Q% % (Vu— (Vu)T) are, respectively, the symmetric
part and the antisymmetric part of the velocity gradient matrix Vu. The constant & is
specific to the liquid crystal material.

The flow satisfies the forced Navier—Stokes system

Ou+ (u-Viu=vAu+Vp+AV-(1+0)
V-u=0

where v, A >0 with A measuring the ratio of the elastic effects (produced by the liquid
crystal molecules) to that of the diffusive effects. The forcing is provided by the addi-
tional stress caused by the presence of the liquid crystal molecules. More specifically
we have the symmetric part of the additional stress tensor

P §(Q+ 1d) H — €H (Q+ éld) +2§(Q+éld)QH—LVQ®VQ (1.5)

and the antisymmetric part

o oH-HQ, (1.6)

where we denoted

2
e %JS :LAQ—aQ+b[Q2—tr(§ )

Summarising, we have the following coupled system:

Id] — cQtr(Q?). (1.7)

(O +u-V)Q—S(Vu,Q)
=T'(LAQ—aQ+b]Q*—
—vAu+Vp+AV-(QH — HQ)

+>\V-[75(Q+ 0)H—€H(Q+ L1a) +2e(Q+ & Id)QH LYQ&VQ)]

Vou—o, (1.8)

(Q2) 2 21d] - eQtr(Q?)dpu+ (u-V)u

where I', L,v,c>0 and a,b € R. Let us observe that this is a slight extension of the system
considered in [36], where A=1. However, this does not create any major difficulties
compared to equations in [36], but it is more relevant from a physical point of view.

The main result of the paper is the uniqueness of weak solutions, which are defined
in a rather standard manner.
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DEFINITION 1.1. A pair (Q,u) is called a weak solution of the system (1.8), subject
to initial data

Q(0,2)=Q(z) € H'(R%: S\, u(0,2) =ti(z) € L* (R4 RY), V- =0 in D'(RY)  (1.9)

ZerLloc(R'HHl)ﬂleoc(R"r?HQ) uELZOC(R+7L2)OLZ2OC(R+7H1) and iffO’f’ every com-

pactly supported o€ C°(]0,00) x R%;.S; S4® ), Y eC®([0,00) x RGRY) with V-1=0 we
have

/OO/R (—Q-0:p—TLAQ ) —Q-uV zpdxdt
0 d
—/oo/ (§D+Q)(Q+éld)-ga—i—(Q—l—éId)(fD—Q)-gpdmdt
0 R4

e 1
—2§/O Rd(Q—i— EId)tr(QVu)-gpdxdt

:/WQ(z)'SD(O’x)dx—'_F/OOO/Rd{_GQ-H)[Q2_ tT(d Q)Id]—CQtT(Q2)}'<pdxdt

(1.10)
and
/OO/ —u0i ) —uqugOag +vVuVip dtdm—/ a(z)yY(0,2)dx
0 R4 Rd
:LA/ / Qﬂ/é,aQ’ytS,ﬁﬂ}a,ﬁ *Qa'yAQ'yﬁi/)a,ﬁ +AQMQ75%,5 dxdt
+EA / / (Qaw “”) Hoygtha,p+ Hay (Qw+ )waﬁdmdt
—2&/0 Ad(Qaﬁ+%ﬁ)Q75Hyawa7ﬁdxdt. (1.11)

We can now state our main result, which is the existence and uniqueness of weak solution

THEOREM 1.1. Let d=2,3 and take
Q(0,2)=Q(z) € H*(R%: S\, u(0,2) =t(x) € L*(RY),V-u=0 in D'(R%).

Then the system (1.8) admits a global weak solution. Moreover, if d=2, then uniqueness
holds.

REMARK 1.1.  With minor modifications to the proof, that are left to the interested
reader, the result also holds when the system is d=2 in the domain but d=3 in the
target, which physically corresponds to a situation where there is no dependence in one
of the three spatial directions.

The main part of the theorem is about uniqueness, as the existence part is just a
fairly straightforward revisiting of the arguments in [36]. The main difficulties associated
with treating the system (1.8) are related to the presence of the Navier-Stokes part.
One can essentially think of the system as a highly non-trivial perturbation of a Navier—
Stokes system. It is known that for Navier—Stokes alone the uniqueness of weak solutions
in 2D can be achieved through rather standard arguments, while in 3D it is a major
open problem.
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The extended system that we deal with has an intermediary position, as the per-
turbation produced by the presence of the additional stress-tensor generates significant
technical difficulties related in the first place to the weak norms available for the u term.
A rather common way of dealing with this issue is by using a weak norm for estimating
the difference between the two weak solutions, a norm that is below the natural spaces
in which the weak solutions are defined. This approach was used before in the context
of the related Leslie-Ericksen model [20] as well as for the usual Navier-Stokes system
in [15] and [29].

In our case, for technical convenience, we use a homogeneous Sobolev space, namely
H~2. The fact that the initial data for the difference is zero (i.e. (du,5Q);—o=0) helps
in controlling the difference in such a low regularity space. However, one of the main
reasons for choosing the homogeneous setting is a specific product law (see Theorem A.1
in Appendix A). The mentioned theorem shows that the product is a bounded operator
from H*(R?)x H*(R?) into H*T*~1(R?) for any |s|,|[t| <1, such that s+t is positive.
We note that evaluating the difference at regularity level s=0 (i.e. in L?), would only
allow to prove a weak-strong uniqueness result, along the lines of [35]. Working in a
negative Sobolev space, H* with se (—1,0), allows us to capture the uniqueness of weak
solutions. We expect that a similar proof would work in any H* with se (—1,0). Our
choice of s= —% is just for convenience.

Our main work is to obtain the delicate double-logarithmic type estimates that
lead to an Osgood lemma, a generalization of Gronwall’s inequality (see [2, Lemma
3.4]). Indeed the uniqueness reduces to an estimate of the following type:

/(1) gx(t){é(t)Jr(I)(t)ln (1+e+ ﬁ) +(t)In (1+e+ ﬁ) Inln (1+e+ %) }7

1

where ®(t) is a norm of the difference between two solutions and x is a priori in L.

In addition to these, there are some difficulties that are specific to this system.
These are of two different types, being related to the following:

e controlling the “extraneous” maximal derivatives: that is the highest derivatives
in u that appear in the @ equation and the highest derivatives in @) that appear
in the u equation, and

e controlling the high powers of @ , such as Qtr(Q?) in particular those that
interact with « terms (such as Qtr(QVu)).

The first difficulty is dealt with by taking into account the specific feature of the
coupling that allows for the cancellation of the worst terms when considering certain
physically meaningful combinations of terms. This feature is explored in the next sec-
tion where we revisit and revise the existence proof from [36]. In what concerns the
second difficulty, this is overcome by delicate harmonic analysis arguments leading to
the double-logarithmic estimates mentioned before.

The paper is organised as follows: In the next section we revisit the existence
arguments done in cite [36], providing a slight adaptation to our case and a minor
correction to one of the estimates used there. The main benefit of this section is that it
exhibits in a simple setting a number of cancellations that are crucial later-on for the
uniqueness argument. In the third section we start by introducing a number of technical
harmonic analysis tools related to the Littlewood—-Paley theory and then use them in
the proof of our main result. Some standard but perhaps less-known tools, together
with some more technical estimates, are postponed into the appendices.
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Notations and conventions. Let Séd) C M9%4 denote the space of Q-tensors in
dimension d, i.e.

def .o
S((]d) ; {QGMdXd;Qij :jS,tf(Q) :O,Z,j :1,,d}

We use the Einstein summation convention, that is we assume summation over repeated
indices. ot
We define the Frobenius norm of a matrix |Q|= /trQ? = V/QapQap and define

Sobolev spaces of @-tensors in terms of this norm. For instance H 1(Rd,Séd))d:ef{Q:

Rd%Séd),fRd|VQ(x)|2+|Q(x)|2da:<oo} where \VQ\Q(x)déangﬁ(a:)Qagw(x) with
def

Qap~y = 0yQap.  For A,BGSéd) we denote A:B=tr(AB), |A]=+/tr(A?), and

(A, B)||x =||A||x +|B||x, for any suitable Banach space X. We also denote Qqp of

ef
% (agua - Bau[g),uaﬁ def (%ua and (VQ@VQ)Z‘J‘ = Qaﬁﬁ'Qa[g’j.

2. The energy decay, a priori estimates, and scaling

In the absence of the flow, when ©w=0 in the system (1.8), the free energy is a
Lyapunov functional of the system. If u 0 we still have a Lyapunov functional for the
system (1.8) but this time one that includes the kinetic energy of the system. These
estimates provide as usual the basis for obtaining a priori estimates for the system.
The propositions in this section show this and their proofs follow closely the ones of
the similar propositions in [36], where they were done for the case A=1. The reason
for including them is to display in a relatively simple setting the cancellations that will
appear again in the proof of the uniqueness theorem but in a much more complicated
framework.

PROPOSITION 2.1.  The system (1.8) has a Lyapunov functional:

of 1 L\
E(t) d:f§/Rd|u|2(t,ac)dai—|—/Rd7|VQ|2(t7m)dx

+)\/Rd(gtr(Q2(t’x))_gtr(Qg(tvx))+£t72(Q2(t7x)))dx, (2.1)

If d=2,3 and (Q,u) is a smooth solution of (1.8) such that Q& L>(0,T;H*(R%))N
L2(0,T; H*(RY)) and uwe L>=(0,T;L*(RY))NL3(0,T; H(RY)), then, for all t<T, we
have

%E(t) =—v g \Vu|? d

2
—F)\/ tr(LAQ—aQ+b[Q2—tr(§22)1d]—cQtr(Q2)) dz <0. (2.2)
Rd

Proof.  We multiply the first equation in the system (1.8) on the right by —\H,
take the trace, integrate over R? by parts and sum with the second equation multiplied
by u and integrated over R? by parts (let us observe that, because of our assumptions
on @ and u, we do not have boundary terms, when integrating by parts). We obtain

d 1, » LA 5 a 2y b 3y, €. o202

& Rd§|u\ +7|VQ| +A(§tr(Q )—gtr(Q )+1tr (Q7))dz
tr(Q?)

d

2
+v [ |Vu*dz+TA / tr (LAQLaQ+b[Q2 - 1d] cQtr(Qz)) dx
Rd R4
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:AAdU~VQaﬁ (_aQaﬁ +b[Qa’YQ’Yﬁ _ %Tﬁtf(Qz)] _CQaﬁtr(Q2))) du

dcfl.

Oa
(00004 Qa0 (<0 Qs s — Q)] ~ Qugtn(@)) ) o

defrr

9,
*)‘6/ Qa’y DygHapda— )‘5/ Doy Q7/3+7) Hqpdx

def def

= =J2

dap
+2/\§/ (Qa5+7)Ha5tr(QVU)dx+L)\/ Uy QapyAQapsdT
Rd Rd

def def

=J3 =A

LA

L\
5 uaﬁQ'yﬂAQaﬁdx*‘*/ Uy,0QypAQapdy
2 R4 2 Rd

d;fB d;f

L\ L)\
+7/ QG’YU’Y,BAQaﬁdx_i/ Qa'yuﬁ,'yAQade
2 R4 2 Rd
C B

+L)\/dQ'\/&,aQwé,Bua,ﬂdx_L)\/onmAQ'yﬁua,ﬁdf
R4 R

C

=W Liee

dar
+L)‘/ AQanvﬂua,de+>‘§/ (QM‘FJ H,puq gdx
Rd R

T

def

BB =JJ1

def

5 da
+)\§/ Haw(QyﬂJrﬂ)ua,de—zAg/ (Qus + L)y ptr(QH)dz
Rd d Rd d

def def

=TT =JJT3

Z—L)\/ uaﬁQn,gAQa,@dx—&-L)\/ U%QQ,Y[;AQ&de
Rd Rd
2B 2C
—L)\/ QOWAQ%guaﬁdx—&-L)\/ AQMQwua,dezO, (2.3)
Rd Rd

cc BB

where Z=0 (since V-u=0), ZZ=0 (since Qs =Q34), and for the second equality we
used

/ UyQap AQapdr+ / Q5,0 Q~s,Ua,pd
R4 R4
A AA

= / Uy Qo AQapdr — / Qry5,0Q~5,88Uadz — / @+5,0p Qs pUadr
R4 R4 R4

1
:/Rd 5@18,8Q15,8Ua,adr=0
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together with Quo = Haoa =Ua,o =0, J3 =7 T3 and
Ji+ T2
1
:/ gQa'yu%ﬁHaﬁ
Rd
1 1 1 2
+5Qar s Hapdr+ | StaQypHap+ Sy aQysHapdr+~ | DapHapdz
2 Rd' 2 2 d Rd'
1 1
:/Rd 2 (Qavu%BHaﬁ +u%anﬁHa5) + 5 (chuﬁﬁHOéﬁ +“a,vQ7ﬁHozB)dx
1
+ */ (va,s+upg,a)Hapds
d Js

2
:/ HﬁaQawuw,ﬂ+QwaHaﬂuﬁ,wdx+g/ Uo,pHopdr=TT1+T T
Rd R4

Finally, the last equality in the computation (2.3) is a consequence of the straight-
forward identities 28+ BB=2C+CC =0. o

It can be easily checked that the system has a scaling; namely we have the following
lemma.

LEMMA 2.1.  Let (Q,u,p) be a solution of the system (1.8). Then letting

us(t,z) 2 ou(sw,62t), Qst,x) L Q(5x,0%), ps(t,x) ™ 6%p(62,6%)  (2.4)
we have that (Qs,us,ps) satisfy the system (1.8) with F(Q):faQ+b[QQf$s22)Id] —
cQtr(Q?) replaced by F5(Qs) =62 {—aQa +b[(Qs)*— @ - cthtr(Q(;)ﬂ . We note that,
in dimension two, the space Hl(RQ) x L*(R?) is invariant by the scaling.

In the following we assume that there exists a smooth solution of the system (1.8)
and obtain estimates on the behaviour of various norms.

PROPOSITION 2.2.  Let (Q,u) be a smooth solution of the system (1.8) in dimension
d=2 or d=3, with restriction (1.3), and smooth initial data (Q(z),u(z)), which decays
fast enough at infinity so that we can integrate by parts in space (for any t>0) without
boundary terms. We assume that || <&y, where &y is an explicitly computable constant,
scale tnvariant, depending on a,b,c,d,I';v, \.

For (Q,u) € H* x L2, we have

x7

Q)| < Cr+CreC || Q) 1, ¥E >0 (2.5)

with Cy1,Cy depending on (a,b,c,d,T",L,v,Q,u). Moreover
t
)3 +v | IVulz <o (26)

Proof.  We denote

Xop ¥ LAQus — cQaptr(Q%), o, f=1,2,3.
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Then Equation (2.2) becomes

d
7 PO +vIIVullZ: +TAL?AQI T +TAC|QIILs

—QCLF)\/ AQagQagtr(Qz)dx+a2F)\||QH%z+b2F)\/ tr(Q2— y
R4 x R4

<2al'A tr(XQ)dx—QbF)\/ tr(XQ?)dz+2abl'\ | tr(Q%)dz.
R4 R

Rd

def def

=7 =J

Integrating by parts, we have

—2¢LTA / AQapQaptr(Q%)dx
Rd
:2CLD\/ Qaﬂ,kQaB,ktr(QQ)dl"+20LF)\/ Qap,kQapdk (tr(Q?)) dz
R4 Re

:QCLF)\/ |VQ\2tr(Q2)dx+ch/ IV (tr(Q%))|*dz >0
Rd Rd

tr(Q?)

2
)dx

(2.7)

(2.8)

(where for the last inequality we used the assumption (1.3) and L,I';A>0). One can

easily see that

L
1= —§IIVQIIQL§ —c|Qll7a-

(2.9)

On the other hand, for any ¢ >0 and C'=C (e,¢) an explicitly computable constant,

we have
j:L/ Qa@kawadx—c/ tr(Q*)tr(Q*)dx
Rd R

S_L/anﬂ,kQa'y,kQﬂ/ﬁdz_L/dQ(xB,kQ(x’yQ'yﬁ,kdx
R R

2 é 2 2 2
—|—/Rdtr(Q )(Etr(Q ) +etr(Q )) dz

gLs/ \VQ\Qtr(QQ)deFQHVQH%;+/ tr(Q?%) (Ctr(Q2)+£tr2(Q2)> dz.
Rd 13 z Rd g

Using the last three relations in Equation (2.7), we obtain

d
&E(t)wnwuii +TAL?

[AQ[172 +*TA|Q| s +a’TA| Q|72
+2CLF/\/ |VQ|2tr(Q2)dz+cLF)\/ IV (tr(Q%)) |dx
R4 R4

L
<2PAG QI + el QUL+ 2L | [VQP(@?)ds
R
+2|b|rAg||VQ|\§2 +2|b\F/\/ tr(Q?) <Str(Q2)+str2(Q2)> dz
xr Rd

C
+2[ablTAE]|QlZz + Z1Ql17).
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Taking e small enough, we can absorb all the terms with an epsilon coefficient on
the right into the left-hand side, and we are left with

d
FTEAy )+v|[VulF2 +TALY|AQ( 72 +TA Q|26
+TAa?|Q||32 —|—2cLF)\/ |VQ|2tr(Q2)daz—|—cLF)\/ IV (tr(Q?)) [*dz
* R4 Rd
<C(IVQlz: +lQls ). (2.10)

with C'=C(a,b,c).

The last relation is not yet enough because the @ terms without derivatives in F(t)
are not summing to a positive number. However, let us note that, if a >0 we obtain the
a priori estimates by using the inequality tr(Q?) < 3tr(Q?)+1tr(Q?)2. If a <0 we have
to estimate separately ||Q||r2 and this asks for a smallness condition for §.

We need to control in some sense low frequencies of ). To this end, we multiply

the first equation in the system (1.8) by Q, take the trace, integrate over R? by parts,
and we obtain

Zdt/ QP (ta)d
—L/Rd vQ| da:—a/Rd \Q(a:)|2da:+b/Rdtr(Q3)da:—c/]Rd |Q|4da:) +/Rdtr(QQ2—QQQ)dx

defZ

+¢ / Doy (Qys+ W)QQBHQM =)D Qup Q(Qaﬁ+6a6)Qa6tr(QVU)

defrr

Recalling that @ is symmetric we have Z=0. Also:
1
22112611 [ 5Das@uis Do @3Qs0 = QusQatr(QVu)da

2
<c@ [ vapars [ QP+

Thus, we get

d 2 X
dt/Rd|Q|2d$§C(d)5/Rd|Vu|2d$—|—|§€|/Rd|Q|2+|Q|6dx+c/Rd|Q|2+|Q|4dx (2.11)

with C'=C(a,b) > 0.
Let us observe now that there exists M = M (a,b,c) large enough, so that

(@) + S(Q) < (M + 9)r(Q7) — 2r(QF) + S0 (@) (2.12)

for any @ € .5p.
Multiplying Equation (2.11) by M and summing with Equation (2.10), we obtain

d
7 EO+M[QI7L:) +vVuliz + TALYAQ|Z: +TA(Q 76 +a?(| Q12

+2cLF>\/ |VQ|2tr(Q2)dx+cLF)\/ IV (tr(Q?)) |°dz
R4 R4
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<C(I9QIE: +1QUE ) + MC(@)z [ [Vulds
R
MI¢J? 2 6 A 2 4
+— [ 1QF+|Q|°dz+MC | |Q"+|Q|*dz. (2.13)
3 Rd Rd

We chose € small enough so that M C(d)e <v. Finally we make the assumption that
|€] is small enough, depending on a,b,c,d,v, so that

2
w SF)\CQ.
13

Then taking into account Equation (2.12), we obtain the claimed relation (2.5). O

We note that the £ small hypothesis is necessary because we are in infinite domain,
for example, in the periodic domain, we can add a constant to the functional and get
the a priori LP estimates without any smallness condition on &.

3. The existence of weak solutions

The next proposition follows closely the similar result in [36] where it was done
for A=1. The purpose for including it here is to provide an alternative approximation
system thus correcting the proof in [36] and also to show how the cancellations that
appeared previously in the derivation of the energy law still survive at the approxi-
mate level but with some differences, a phenomenon which will appear in a much more
complex setting in the proof of uniqueness in the next section.

PROPOSITION 3.1.  For d=2,3 there exists a weak solution (Q,u) of the system (1.8)
subject to initial conditions (1.9). The solution (Q,u) is such that Q€ LS (Ry; HY)N
L} (Ry;H?) and ue LS, (Ry; L2)NLE (R HY).

loc loc

Proof. As the first step of the construction of weak solutions for the system (1.8),
we construct for any fixed € >0 a global weak solution

QE GL%DC(R-F;HI)OL?OC(R-&-vHQ), Ue GL?SC(R+7L2)QL2 (R-HHI)

loc

for the modified system obtained by mollifying the coefficients of the equation for the
@ tensor and by adding to the equation of the velocity a regularizing term. This term
is needed in order to estimate some “bad” terms which do not disappear in an energy
estimate. For the simplicity of the notations, we drop the indices £ and denote the
solution (Q.,us) by (Q,u).

%Q+(Rw)VQ— ((R(6D+9))(Q+11d)) - ((Q+ J1d) Re(¢D - ) )
+2¢((Q+ H1d)tr(QV Rew) ) =T H

dpu+ (Row)Vu— vAu+ Vp=—cPR. (Zimzl VQum (Re-V Qi) |R8uVQ|>
+ePV - R, (VREU|VREu|2> _AEV-R. ( (Q+11d) H) —EPV-R. (H (Q+;1d))
+2X\V - R, <(Q+ 11d) (QH)> —LAR.(V-tr(VQVQ))

+LAPV - R, (QAQ —-AQQ)
(Qau)‘t:O = (REQaRsﬂ)7

where R, is the convolution operator with the kernel e =%y (e71.).
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In order to construct the global weak solution for this system, we use the classical
Friedrich’s scheme. We define the mollifying operator

Tnf(€) dﬁfl{rﬂﬁl&lﬁzn}f(ﬁ)-

We consider the approximating system

AQE + T (ReTuumV Jn Q™) ) = Jy (6 Re D™+ J, RQ™) (1, + 41d) )
—J ((JnQ(") +11d)(£J, R D™ — JnREQ(")))
+260, ((J2Q + H1d)tr (J, QY. Rou™ ) ) =T

D™ + P I (P Reu VP Iyt — v AP Jpu™

——cPJ,R. (sz,mzl Qb (R -V I,Qf) ) | Re i 9.7,Q0) |>

lm lm
+ePV - J, R. (VREJnu(”) VR J,u™ 2)
—XPV -, ( (/nQ"™ +11d) ﬁ<n>) —XPV - T, (HW (JnQ™ + 11d) )

+2XEPVY -, ((JRQ(”) +114d) (JnQWﬁI(n))) — LAPJ,(V -tr(J,,Q"™V.J,Q™))
+LAPY - Ty (JnQM AT, Q™ — AT, Q™ T, QM)

(3.1)
where P denotes the Leray projector onto divergence-free vector fields, M is a positive

77 (n) def n n n n r(J, Q™ 1, QM
constant, and H™ = LAJ, Q™ —a.J,Q( ) 467, [(J,Q° ) J, Q¢ ))—%Id]
—cdy, <JnQ(n) |JnQ(") ’2> We take as initial data (J, R-Q,J, R.1).

The system above can be regarded as an ordinary differential equation in L? verify-
ing the conditions of the Cauchy-Lipschitz theorem. Thus it admits a unique maximal
solution (Q™,u(™) e C1([0,T,); L2(R%;R*4) x L2(R4,RY)). As we have (P.J,)2=PJ,
and J2 =.J,,, the pair (J,,Q"™,P.J,,u(™) is also a solution of the system (3.1). By unique-
ness we have (J,Q,PJ,u™)=(Q u™), hence (QU,u(™)eC*([0,T},), H*) and
(Q),u™) satisfy the system
Q" + Jn (RewVQ™) = Ju ((€R-D™ + RQ™)(Q™ + 11a) )

—Jn (@) + 31d)(€R- D™ — R.™) ) +2¢ 1, ((Q) + L14)r (Q VR.u™) ) =D H ™
Apu"™ +PJn(Reu™Vu™) — vAu™
— <P (z,{m:l vQp (R Vo)) |Ramv Q™ |>

+ePV - JoR. (VRsu(") |V Rou(™ |?

APV - ( (Q(’” + %Id) H<”>> APV, (HW (Q(”) + 51d) )
+2XEPV - T, ((Q"” +11d) (Q(")H(")))

—LAP I (V- te(VQMWVQ™)) + LAPV - J,, (QWAQ(") —AQ(">Q<”)> ,

(3.2)
where

(n))(n)
A0 LAQM —aQ 101, (@ Q) - ML TC ) 1y e, (i),
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The initial data is (J,Q,J,u). We recall now a few properties of .J,,.

LEMMA 3.1.  The operators P and J, are selfadjoint in L?. Moreover, J,, and PJ,
are also idempotent, and J,, commutes with distributional derivatives.

We proceed in a manner analogous to the proof of Proposition 2.1 and multiply
the first equation in the system (3.2) by —AH (), take the trace, integrate over R? by
parts, and add the second equation multiplied by (™). Let us observe that almost all
the cancellations in the proof of Equation (2.1) hold, except for a few terms that need
to be estimated separately. We also have some more new terms that we added in the
regularization, terms that control the ones which do not cancel. Thus we have

d
dt Jga

+v |Vu"|2dx+F>\/ tr {Jn (LAQ(")—aQ(")+b[(Q("))2
R4 R4

1 L b
S TR AR QP — 2@ 4 1@ da

t (n)y2 2
—;((% ) )Id]—cQ(")|Q(”)\2)} dx—i—e/Rd|REuVQ(")\3dx+€/Rd|R€Vu"\4dx

n n) n (n) (n) n)|?
g/\/RdJn (Reum-vQU) Ju (02 QS — QU |Q[*) da

n n n 2
2 / I (RQ + QU RO ) 11 (U Q5 — QU | da. (33)
R

Hence
d
dt Jga

—|—E|Q(”)|4)dx—|—1// |Vu”|2dac—|—F/\/ L2|AQ(”)|2dx+FAa2/ Q™ 2dx
4 Rd Rd Rd

Lone LA ohmpe y(om2_ 2 inmns
5"+ 5 VR P HAGIQ™ P - 3t (Q™)

+O(b2,d,r,)\)/ |Q<">\4dx+mc2/ \JH(Q(")|Q(")|2)|2dx
R4 R4
+e / |RcuVQ™|3da +e / |R.Vu"[*dx
Rd R4

<2I'\c / LAQ™ .QM™ Q™ [2dx
Rd

défI

(n)
—2T'A [ LAQ™ - (—aQ™ +bJ, [(Q("))Q —~ tr(Qd)QId)] )da

Rd
(n)\2
_21")\/ QM |QM 2. (aQ(") —bJ, [(Q(n))Z _ tr(Qd)Id} ) dz
Rd
n (n) n) (7 ()| (n)|2
+/\/Rdjn (Reum-vQU) 1 (02 QS — QU |Q[*) da

defrr

FZ
+0/ |Rgvu”|2|Q<n>|2dm+i/ \Jn(@<n>|@<n>|2)|2dx+c/ 0™ 4dz.
Rd 8 Rd RE
‘We have that
= n vl () () AM)| ()2
17 /Rd(REu vQU) Jn (bQ2Q — QY™ ) dx
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4
< - n)2
(W 40b2dr>/|R“ VO de

c
HEELD g+ T [ @I Par

gf/ \Rgu"-VQ(")|3dx+C(a,b2,02,dF/ Z\Ru VQ )|dz
2 Jra

l,m=1

C(b%,c%,d, I’ I'c?
+¥HQ(”)HL /Rd |Jn(Q(")|Q(")|2)|2dm

gg/ \Reu"-VQ(")|3dx+01(5,b2,c2,d71“)/ " 2d
Rd

C’(b d.T)

+aa(ebediD) [ 9o et S g
R,

re? () A(1n)21 2
+ | T (QY1QY %) dav. (3.4)
8 e

Using the fact that Z<0 and the estimate for ZZ shown before, we replace in
Equation (3.3) and obtain

d Lonie , LA o nm) e a2 L amns . Cinm)4
a Joa 2T+ V@ HAGIR™E - 3(@)+ 1@ ) da

v \Vu”|2dz+F)\/ L2|AQ(")|2dx+§/ |R5u"~VQ(”)|3d:z:+£/ |VR.u™[*dz
R Rd 2 Jpad 2 Jpa

g/ IQ(”)|2+|Q(")\4d:c+C/ |VQ(")|2dsc+C(5)/ lu™2da.
R4 R4 R4

This estimate does not readily provide bounds on Q) because the term %|Q(”) |2 —
ber(Q™)2+£]QM™[* could be negative. In order to obtain H' estimates,we proceed
as in the proof of Proposition 2.2. We put the proof in Appendix B by Proposition
B.1. We can continue to proceed as in the proof of Proposition 2.2; in fact, in this case,
because of the first two regularizing terms on the right-hand side of the u™ equation in
the system (3.2) we do not need the ¢ small assumption. These estimates allow us to
conclude that T, =oco and we also get the following a priori bounds:

sup||VR u™|| 4 0TL4),sup||R u”-vQ ||L3 o,7;13) < C(e)
SUP”Q( | 20, 73 E2)n Lo (0,13 H1) < 00, (3.5)

sup||u" || Lo (0,7;22)nL2 (0,13 H1) < 00
n

for any T'<oo. By the bounds which can be obtained by using the equation on

2:(Q™ u™) in some L2 (H™N) for large enough N, we get, by classical local com-

pactness Aubin-Lions lemma, on a subsequence that

Q™ —~Q in L*(0,T;H?) and Q™ —Q in L*(0,T;HZ,%),¥6 >0
QM (t)—Q(t) in H' for all te R,

u"—win L*(0,T;H') and v —w in L*(0,T;H}.°),¥6 >0
u"(t) —wu(t) in L? for all teR .



2140 UNIQUENESS OF THE Q-TENSOR SYSTEM

Thus we can pass to the limit and obtain a weak solution of the approximating system
2Q) + R VQ — (€R.D° + R.0°)(Q + 410) ) + ((Q9 + A1) (€R. D* - R.7)
~2¢((Q + J1a)ir (Q¥) V) ) =T H*
O +PRuVu® =—<PR. (Zimzl VQim (Rew-VQim) |RsuVQ|)
+ePV-R. (REVU|R5VU|2) —XePV-R. ( (Q<5> + 51d) He)
—A\PV - R. <H€ (Q<€> + 51d) ) +2XPV - R. ((Q<€> +3) (Q<5)H€)>
~LAP(V-Retx(VQY ©VQ)) + LAPY - R. (QVAQ®) — AQWIQ) +vAu?

(3.6)
where we recall that H=LAQ® —aQ® +b[(Q1*))? - wId] —cQEtr((Q))?).
The initial data for the limit system is (R.Q,R.u).

One can easily see that the solutions of the sytem (3.6) are smooth, first by obtaining
C® regularity for the first @ equations, by bootstrapping the regularity improvement
provided by the linear heat equation, and then the regularity for the u equation, by
bootstrapping the regularity improvement provided by a linear advection equation. For
this system we can proceed as in the case of a priori estimates and obtain the same
estimates, independent of £ because the solutions are smooth and all the cancellations
that were used in the a priori estimates also hold here. In particular we obtain

Sup [|Q || oo (0.1 1) L2 (0.7 12) < OO,

C (3.7)
sup [|u ||L°°(O,T;Lz)ﬁL?((),T;Hl) <00

I

for any T <oo. Taking into account those bounds and also the bounds which can be
obtained by using the equation on 9;(Q°,u) in some L} (H~") for large enough N,
we get, by classical local compactness Aubin—Lions lemma and by weak convergence
arguments, that there exists a Q € LY, (Ry; HY)NL? (Ry;H?) and a we L5, (R4 L) N
L? (Ri;H?') so that, on a subsequence, we have

Q) —Q in L*(0,T;H?) and Q© — Q in L*(0,T;H}.°),¥6>0
QY (t)—~Q(t) in H' for all te R,

u® —win L?(0,T;H") and u® —wu in L*(0,T;H}°),¥6 >0
u®(t) —wu(t) in L? for all te R,

(3.8)

These convergences allow us to the pass to the limit in the weak solutions of the system
(3.6) to obtain a weak solution of the system (1.8), namely Equations (1.10) and (1.11).
Of all the terms, there is only one type that is slightly difficult to treat in passing to
the limit, namely

[ [ (et -saga
0 Jrd '8( v VB ~ ’YB)
= ~ € (g) &) A (€)
__L/o /Rd (QEW)AQw —AQEW)QW) o, pdadt.

Taking into account that v is compactly supported and the convergences (3.8), one
can easily pass to the limit the terms @ba,gQ&? and 1%,5@52 strongly in L2(0,T;L?).
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Relations (3.8) give that AQE{Eﬂ), AQ&EW) converges weakly in L%(0,7;L?). Thus we get

convergence to the limit term

o0

L/ (95(Q(WAQ'YB)1/Jdedt—L/ 08(AQa~)Qp)Uadxdt
0 R4 0 Rd

T T
~1 [ [ (8Q)0s0Qu)drat L [ [ (8Qu) @300 @),

Using also the uniform bound of || R.u®VQ*||3, it is easy to check that
€ / |R.u°VQF|>°VQ° - R.Ppdxdt

converges to zero. A similar observation holds for the e-regularisation term PV -

<R5VuR5Vu|2>. O

4. The uniqueness of weak solutions
We start with a number of technical tools that are crucial for our proof.

4.1. Littlewood—Paley theory. We define C to be the ring of center 0, of
small radius 1/2, and great radius 2. There exist two nonnegative radial functions y
and ¢ belonging respectively to D(B(0,1)) and to D(C) so that

O+ p(279) =1,¥¢€R? (4.1)
q>0
Ip—q|>5=Supp p(279)NSupp p(277-) = 0. (4.2)

For instance, one can take y € D(B(0,1)) such that x=1 on B(0,1/2) and take

(&) =x(£/2) —x(§)-

Then, we are able to define the thtlewood Paley decomposition. Let us denote by F
the Fourier transform on R%. Let h, Aq,S (¢ €Z) be defined as follows:

h:f_ltp and iL:f_1X7
Au=F Y p(279€) Fu) =29 / h(2%y)u(z —y)dy,

Syu=F N (x(279¢) Fu) =29 / R(20y)ule —y)dy.

We recall that, for two appropriately smooth functions a and b, we have the Bony’s
paraproduct decomposition [4]

ab=T,b+Tya+ R(a,b),
where
Tab:ZSq,laAqb, Tba:ZSq,leqa, and Rab Z AaAqH

qEZL qEL q€Z,
i€{0,£1}
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Then we have
A (ab)=A,T.b+A,Tya+ A, R(a,b)=A,T,b+A,R(a,b),

where R(a,b)=Tya+ R(a,b)= > gez S,+2bA a. Moreover:

Z Aq 1CLA b Z A q+2bA /a)

lg’—q|<5 q'>q—5
= Z [Aq,S’q,,la]Aq/b—l— Z S"/,laAqu/b—i— Z Aq(Sq/+2bAq/a)
lg’—q|<5 lg’—q|<5 q'>q—5
= Z [Ags Sqr—1a]Agrb+ Z (Sq—1a—Sg-1a) A Ay
lg’—ql<5 lg’—q|<5
+ > Ay(Spi2bAga)+ DY Sy 1aA Agb. (4.3)
q'>q-5 l¢’—q|<5

=S, 1alA,b

In terms of this decomposition, we can express the Sobolev norm of an element u in the
(nonhomogeneous!) space H® as

2= = (ISoullZ2 + ) 2% AqullZ.)

qeN

1/2

These are a particular case of the general nonhomogeneous Besov spaces B? .., for

s€R,p,r€[1,00]? consisting of all tempered distributions u such that

p,T?

def H(”SOUHLP+ quQTq‘SHA u||L;n)l if r<oo
fulls, Eyen? "l ifr<
maX(”SOu”LP;SUPquQ ||A ullpr) if r=o00

which reduces to the nonhomogeneous Sobolev space H® for p=r=2.
Similarly we also have the norm of the homogeneous Sobolev spaces H*®

e = (3 22| Agul|32) "

qEL

and the homogeneous Besov spaces B;’T for s€R,p,r € [1,00]? consisting of all the ho-
mogeneous tempered distributions u such that:

A 1.
|| || . d;f H(ZqGZ2rqu|Aqu”T[‘,P)T 1f7"<OO
Bio = | supgen2®Agullps  ifr=oc

which reduces to the homogeneous Sobolev space H® for p=r=2.

Let us note that the homogeneous Besov spaces have somewhat better product
rules, and this specificity encoded in Theorem A.1 will be very useful in our subsequent
estimates.

Furthermore we will need the following characterisation of the homogeneous norms,
in terms of operators Squ.

LEMMA 4.1 ( Prop. 233, [2]). Let s<0 and p,r€[1,00>. A tempered distribution u
belongs to By ,. if and only if

(2qSHS’q“”L”)q€Z el
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and, for some constant C depending only on the dimension d, we have

1

O ullg; , <N ISqullzr)allr <O+

)l

Bs .-
We will use the following well-known estimates.

LEMMA 4.2 ([12,13)).
(i) (Bernstein inequalities)

27| VSqul 1z < Cllullpz,¥1<p< oo

A gully <294 Val pp < ClAgulls, Y1 <p< o0
(i) (Bernstein inequalities)

1Agully <2909 Agull La, forb>a>1

I1Squll s <245~ Syull 1o, forb>a>1
(iii) (commutator estimate)

I[Ag,ulvllLy < C27[Vau oy [0l

with +
P
not on p,r,s.

Proof. For the commutator estimate, we begin by writing

2143

(4.4)

1,1 ; ; A
++ <. The constant C' depends only on the function ¢ used in defining A, but

[Ag ufv(z) = Aq(uv)(2) —u(z) Agv(z) = 2qd/h(2qy)(U(9C —y) —u(@))v(z—y)dy

:2‘1‘1/Rd /Olaéi_{h(qu)u(xTy)v(xy)dy}dT

1
:—2‘1‘1/ Rdh(2qy)y-Vu(x—Ty)v(a:—y)dydT
0

:_2_q/ol/w haa (y) - Vu(z —y)v(z —y)dydr,

where h(y):=yh(y) € S(RY)? and hy(y):=A?h(\y). Using the Cauchy-Schwartz in-

equality and a change of variables, we get

el <20 [ ([ atlateroiias) o [ it viia)

ar( [ Jha ot -lay )

S

2q/01 (/Rd |ﬁ2q;dl(y)||Vu(zy);dy)

1 7 P
_ h ar—1 r r
=2 q./o (7| 2Td |*|Vu|p(m))

P

dr (|h2q\* |v|%(x)) -

oIS
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Taking the LP norm in the x variable, using the Cauchy—Schwartz inequality in the x
variable and convolution estimates, we obtain

hoar—1 » H
et <277 [ (P2aroutp @) ), ar | (sl otolf @)
_ |h2 71| B > s, 2
o [ 0l e s 1
-}
,q/ #dT”VU”Lv
0 T
<2
Now, since
la-alley = [ 27z ) do= [ [h(w)ldy= s,
R R
we finally obtain
. ~ P ~ b ~ _
I[Agulvllzy <27 Rl Ly 1Rl 22 IVl oy lvllzg = 1Al Ly 27Vl Ly o] 2
so the constant in the inequality is C'= Hl~1||L1 and it does not depend on p,r,s. d

We will also make use of a Bernstein-type inequality evolving the operator Sq.

LEMMA 4.3. There exist two positive constants ¢ and C such that
&I(Sq = Sq)ull Ly <271(Sq = Sq )Vl 1z < C|[(Sq = Sqr)ull Lz, V1 <p < oo
for any integers q and ¢’ with |q—q'| <5.
Proof. First, we consider new localizer functions as follows:

Pq(§) = — Z ©;(€) and X(g);:{lzqg—ﬁzq(f) it £#£0,

- otherwise
lg—j]<10 ’

so that Equations (4.1) and (4.2) are satisfied with ¢ and y instead of ¢ and y. Then

defining the new homogeneous dyadic block Aq in the same line of A,p we have

By(Sy=Sppu=1t 30 Ay(Sy—8)(w) =15 (84— S0) ().

Iq jl<10

Then the inequality turns out from (i) of Lemma 4.2, making use of Aq instead of Aq.D

4.2. The proof of the uniqueness. In this section we provide the proof of the
uniqueness result for the weak solutions of system (1.8). The main idea is to evaluate
the difference between two weak solutions in a functional space which is less regular than
L? such as H~2. Such a strategy is not new in literature; for instance we recall [15]
and [29]. We now provide the uniqueness part of the proof of Theorem 1.1.

Proof.  Let us consider two weak solutions (ug, Q1) and (ug, Q2) of system (1.8).
We denote du:=u; —us and 6Q:=Q1 — Q2 while §5(Q, Vu) stands for S(Q1, Vuy)—
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S(Q2, Vus). Similarly, we define 6H(Q), 0F(Q), d7, and do. Thus (du, Q) is a weak
solution of

0:0Q — LASQ =65(Q,Vu)+T5H(Q) —du-VQ1 —uz-ViQ Ry xR?,
Opdu— Adu+Voll= Ldiv{oT+ 0o} —du-Vu; —uz-Viu R, xR?,
divéu=0 Ry xR?
(0u, 0Q) =0 =(0,0) R2.

(4.5)

First, let us explicitly state 65(Q, Vu), dF(Q), 67, and do in terms of 6Q) and ou,
namely

§5(Q,Vu)=+ (§5D+5Q)6Q+(£5D+59)(Q2+E)+(§D2+Qg)5Q+5Q(§6D—6Q)
(Q2+ )(féD SQ)—H?Q({DQ—QQ) 260Q1tr(0QViu) —2£0Qtr(6QVus)
2600 tr(Qa Vo) — 26( Qo+ . 5 3 e (5QVou) — 2650 1x(Qa Vo)
—26(Qs+ 5 (3QVua) ~26(Qa 5 )ir(QaV6u),

SP(Q)=—adQ +h(Q15Q +5QQs) ~bir(5QQ: + Q25Q)
= ¢[0Qtr{Q1} + Qatr{6QQ1 +Q26Q}]

SH(Q)=6F(Q)+ LASQ.

67:—§5QF(Q1)—5(Q2+%) F(Q) - LEQAIQ — L§5QAQ2—L§(Q2+ )MQ

—fF(Q1)5Q—€5F(Q)(Q2+5 ) —L§A5Q5Q—L€AQ25Q—L€A5Q(Qz+5)

+266Qtr{Q1 F(Q1)} +2£Q2tr {5QF (Q1) }
+ 2£Q2tr{Q25F( )} +2LEQr{QAQ} + 2L§5Qtr{5QAQ2} +2LE0Qr{Q2A6Q}

FLE(Qot )tr{5QMQ}+2L§6Qtr{QzAQz}+2L£(Q2+ ) (5QAQ,)
+2L€(Q2+I ir{Q2A8Q} — LVSQ®VQ1 — LVQy ®V6Q

- LEtr{éQQl} - Lgtr{QﬂSQ}

00 =0QF(Q1) +Q20F(Q) = F(Q1)0Q — 0 F(Q)Q2+ LIQAIQ + LQ2A0Q + LIQAQs
—LASQ6Q — LAQ25Q — LASQQ>.

Taking the inner product in H~1/2 of the first equation with —LAASQ and adding to
it the scalar product in H /2 of the second one by %511, we get

d 2 2 v 2 2 2
< Lo loul?,_, +1I9sQI% |+ XIveul?,_, +TI2IAsQI%
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=—L<<£6D+6Q)6Q,A5Q>—L5<6DQ2,A6@>—L<6QQ2,MQ>—L§<%D,MQ>

Aq B e
~L(% AGQ) ~L(EDs +22)0Q, A3Q) ~ LIBQ(EID ~60), AQ) —LE (@20, AQ)
‘,D—l‘ Az
FL(@200,80Q) ~LE("Y 25Q) +L(%) A6Q) ~LBQ(EDs ~22). A5Q)
Bz 02 D2

+2LE(6Qtr(6QV ), ASQ) +2LE(5Qtr(5QVus), ASQ) + 2LE(5Qtr(Q2Vu), ASQ)
+2LE(Qatr(6QVu), ASQ) +2L§(%tr(6QV6u), ASQ) +2LE(5Qtr(Q2Vuz), ASQ)
=0

+2LE(Qatr(6QVus), A6Q>+2L§<—tr(6QVuQ) ASQ) +2LE(Qatr(QaViu), AdQ)
&1

=0
+2L§<%tr(Q2V5u)7A6Q> +Lal'(6Q,A0Q) — LT (Q16Q +0QQ2,AQ)

=0

FLUD(r{5QQ1 + Q20Q) . AGQ) + Ll (5Qir {03, A5Q)
=0

4 L (Qotr{5QQ1 + Q25Q),ASQ) + L{5u-VQ1,A5Q)
* o 950,040}~ a6(20,, 95+ BE(QQR, Vou) b (5Qux(QF) . Vo)

—c{(éQtr(Qf)Ql,Véw—af((QQ—F )6Q,V(5u>
+b§<(Q2+ )(Q15Q+5QQ2) Vou) — bg<—tr{5QQ1+Q25Q} Vou)
—bf(tr{éQQl+Q26Q}§,V6u>—05<(Q2+ )5Qtr{Q1} Véu)

=0
—c§((Q2 + )QQtr{éQQl +Q20Q},Véu) + LE(SQASQ,Vu) + LE(SQAQ2, Viu)
AdQ

LE(Q2A5Q,Vou) +LE(Z02 Viu) ~at (@156, Vu)
Az

Cs

+bE((QF — t{Q2} )662 V5u> £ (Qitr{ Q7 }6Q, V6u>—a€<5Q(Qz+ )V5u>
+b§<(Q15Q+6QQ2)(Q2+ )V5u> bg(tr{(SQQ1+Q25Q}—2 Véu)
—b§<tr{5QQ1+Q2§Q}§,V5u>—c§<§Qtr{Q1}(Q2+ )V§u>

=0
—c€(Qatr{dQ0Q1 + Q20Q}H( Q2+ d) Vou) +LE(AIQQ,Vu) + LE(AQ20Q, Viu)
AQ

+LE(AIQQ2, Viu) +LE(=5%, Vou) +2a€(6Qur{ @3}, Vou) — 26¢(5Qtr{ Q1 }, Vou)
As

C4
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+2bg<§tr{ Q1 Ir{Q2}, Vou) +2¢6 (5Qtr{ Q2. Vou) + 20€ (Qatr {5QQ1 }, Vou)

=0

—2b8(Q2tr{6QQ7}, Vou) +2b¢ (

%tr{é@}tr{@%hv&w +2c£(Qatr{6QQ Htr{Q3}, Viu)

=0

+2a8(Q2tr{Q20Q}, Vou) — 2b§(Qatr{Q2(Q16Q +0QQ2) }, Viu)
+2b§<Q2tr{%}tr{5QQ1 +Q20Q}, Vou) +2c£(Qatr{Q20Q }tr{Q7}, Viu)

=0
+2c£(Qaotr{ Q3 }1tr{6QQ1 + Q20Q}, Véu) — 2LE(5Qtr{sQAQ}, Véu)
—2LE(SQr{SQAQs}, Vou) — 2LE(5Qtr{Q2A5Q}, Vou)

—2LE(Q2tr{0QAIQ},Vu) —2L£<%tr{6QA6Q},V5u> —2LE{6Qtr{Q2AQ2},Viu)

=0

— 2L§<Q2tr{6QAQ2}, V5u> 72L§<%tr{5QAQ2},V(5u> 72L§<Q2U‘{Q2A6Q}, V5u>
Ea

=0

—2L§<%tr{Q2A§Q}, Vou) +L(V3Q® VQy, Vou)+ L(VQs & V8Qs, Vou)

=0

FLOSE{5QQ1Y, Vou) + L{S r{Q20Q), Vou) + La(5Q@u, Viu)

=0 =0

— LbOQUQ — ir{Q7) o). Vu) + Le(QQitr @3}, Vi)

+a({Q20Q,Viu) —b{Q2(Q10Q +6QQ2), Véu) + b(Q2tr{0QQ1 + Q25Q}%,V5U>
+¢(Q20Qtr{QT}, Vou) +¢(Q3tr{QQ1 +Q20Q}, Viu)

7
—a(Q15Q, Vou) +b{(QF — tr{@3) 5 0Q, Vi) —e(Quir{Q3)5Q. Viu)
—a(0QQ2, Vou) +b((Q10Q +0QQ2)Q2,Viu)

B [5QQ1 +Qa0Q} g Q2 Vi) —c(3Qtr{QF}Qa, Vi)
—c{Q2tr{0QQ1 + Q20Q}Q2,Viu) —L{6QAIQ,Viou) —L(Q2A6Q, Viu)
7 Bs

— L{SQAQs, Véu) + LIASQSQ, V5u) +LIASQQs, Véu)
By

+ L{AQ20Q,Vou) — (ug - Vou,du) — (du- Vuq,0u). (4.6)
Denoting

O(t) := 1/ N[ 6u(®) |}/ + LIVOQ -1 2
we will aim to show that ® satisfies the inequality

(1) <x(t)u(2(1)), (4.7)

where £ is an Osgood modulus of continuity (see [2], Definition 3.1) given by

w(r):=r+rln (1+e+%) +7rln (1+e+%>lnln <1+e+%) (4.8)
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with x € L}, a priori. We are going to find a double-logarithmic estimate, hence thanks
to the Osgood Lemma (see [2, Lemma 3.4]) and since ®(0) is null, we get that ®=0,
which yields the uniqueness of the solution for system (1.8).

First, let us observe following simplifications of Equation (4.6):
0=C1+C2+C5+Cy=D1+D2=F1+Fa.

The key method we use to obtain the desired estimates is the para-differential calculus
decomposition summarized in the following.

REMARK 4.1. Let ¢ be an integer and A, B be d x d matrices whose components are
homogeneous temperate distributions. We use the following notation:

THAB) = <58, Sy 1 A1A B, J2(A,B):=5,.1AA,B,
qu(A’B) :Z\qfq'|§5(Sq’—lA_Sq—lA)Aqu’Bv *7(14(‘473) :quzqfsAq(Aq/ASq’-s-?B)-
Then we can decompose the product AB as follows:

A, (AB) =7} (A,B)+J;(A.B)+J; (A, B)+ 7, (A.B) (4.9)

for any integer ¢, thanks to Equation (4.3).

Moreover, from now on, we will use the notation < as follows: for any non-negative
real numbers a and b, we denote a <b if and only if there exists a positive constant C'
(independent of a and b) such that a <Cb.

4.2.1. Estimate of A;+ A+ Az -+ Ay Let us begin analyzing the terms A1,
Ay, As, and Ay of Equation (4.6). First, we observe that

Ay=—L&> 27U A (Q26D),AgASQ) 2

qEZ

=—LEY 27 qz (J4(Q2,0D), A 86Q) 2

qEZ =1
Now, when =1, we have
27T} (Q2,0D), Ay ASQ) 12
= > 27Y[Ay, Sy 1Q2]Ay 6D, A ASQ) 2

lg—q'|<5
S Z 2_Q||[AqaSq’leZ]Aq’‘SD”LH%||AE1A5Q||L?T
lg—q'|<5
> 2728y 1 VQallLa Ay D]l [ A ASQ] |2
lg—q'|<5
< S 28y VQul 2 1Sy -1 AQul 2 1Ay bul 11 A, ASQ 12
lg—q'|<5
Y IIVQzllfgIIAQzlligIIAq'5UHLg2‘%IIAqMQIILg (4.10)

lg—q'|<5
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for every g €Z. Hence, we get

— L&Y 27UT (Q2,6D),AASQ) 2

qEZ
1 1
SIVQa |72 1AQs 17, [16ull 2 146Q1 ;- 5
1 1 1 1
SIVQ2l 22 [1AQI 22 10ull 2 _ 4 Voull? 4 AR ;-
SIVQa 2 1AQa 122 16ul,_y, +Cu|Vaul?,_, +Cr.o|A5QI2,

)

1
2

where we have used the following interpolation inequality:

1
2

L 1 1
19ullzz <flowll 4 l1oull 2y =lloull’ 4 [Voul?

1
2

m

When i =2, the following inequalities are fulfilled:

“JT2Q2,0D),A AéQ}Lz
— Z 279((Sy-1Q2— Sq-1Q2) Ay Ay D, Ay ASQ) 12

lg—q’'|<5

S D 27 Y(Se1Qa—5g-1Q2) || A Ay D12 [ A ASQ| 12

lg—q’'|<5

S Y 2 (S 1 AQe 5,1 AQ0)] 1z 1A, A 6Dl 12 A, ASQ) 12

lg—q’'|<5

> 27%AQs | L2 [ Ay 6D 2 A ASQ 2
lg—q’'|<5

> 2T Agdul 2272 A ASQ] L2 [ AQ2| 2
lg—q’'|<5

for any g €Z. Thus, it turns out that

—Lizz_%ﬁ@m 6D),AjA6Q) 2 S HAQ2||2L3 ||5U||f~{_% +CF,L||A5Q||Z_%

qEeZ

2149

(4.11)

(4.12)

(4.13)

The term corresponding to i =3 cannot be estimated as before. We will see that this

challenging term will be simplified. Finally, when i=4, we have
2—q<j4(Q2,5D) A A5Q> 2
=127 > (A[AyQ28y 120D, AjASQ) 1>

q—q'<5

<270 Y Ay Qe 1Sy 120D 12 | A, ASQ 12
q—q'<5

<277 > 27| Ay AQa| 2 | Sy 120D 1227 A VOQ| 2
q—q’<5

S

q—q'<5

SIAQell1227 A, VQ| 12

A AQs||r2 277 |18y 120D 1227 1A, V6Q) 12

20D 2,

q—q'<5

(4.14)
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for any q € Z. Hence,

—LEY 27UTHQ2,0D), Ay ASQ) 12

qEZ
SIAQa ]2 D22 BI1AV6Ql s D23 1 aosi(a=a)27 " [|Syr420D] 12
qEeZ q' €L
SNAQalz V8@l -y (3] 22 (=02 18y20Dlnz )

q€Z q'€l
and by convolution

(X3 2 1 msla=a)2 842D 12 )

qE€Z q'€EZ

SO2(Y 2 Sw0DI3: ) ) S IVeul -y,

q<5 qEL

N|=

so that

—LEY 27T (Q2,6D), A AQ) 12

qEZL
<IAQ12 IV6Q], y IVoull,
<NAQ: I3 1V6QI2 _, +Co[Voul?,_, . (4.15)

Summarising, it remains to control

A As+ A= LEY 27T (Q2,6D),AA6Q) 1.

qEL

Now, observing that

Ar=—L&> 27UA(0DQ2), AgASQ) 12 = —LEY 27 YA (6DQ2), A AGQ) 12

qEL q€EL

:7L£ZQ Q25D) A A5Q>L2 AQ,

qEL
we estimate A; with the previous inequalities, so that it remains to control
Az + Ay — 2L§Z2iqqu(Q2a 5D)
qEZ

=As+ Ay —2L§Z2*q/ tr{S,-1Q2A,0DA,ASQ}.
R2

qEZ

Now, let us consider As=LE{(Q2A0Q, Vu). We proceed along the lines used before,
namely we use the decomposition given by Equation (4.9):

4
As=LE> 27UA(Q2A6Q), Ay Vouyp: =LEY 271> (T1(Q2, A6Q), A, Vou) 2

qEL q€Z i=1
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When i=1, proceeding as for Equation (4.10), we have

27T (Q2, ASQ), Ay Viu) 2

1 1 . g .
SIVQallZ: 1AQelI7: Y 1Ay VoQl 12272 Ay Viul 2.
lg—q’|<5

Thus considering the sum over g €Z as in Equation (4.11), we deduce that
LEY 27UT (Q2, A6Q), A Viu) 12

qEL

<IVQ:I2: 18Qa 132 IV8QIZ,_, +CulIVsul?,_, +Cr o] ASQIP,

e (4.16)
Proceeding as when proving Equation (4.12), when i =2, we get
27T (Q2, 80Q), A0 Vouy 2 S Y 27 Agdull a2 F|A,ASQ) L2 [ AQs 12
lg—q'|<5

for every ¢ € Z. Thus, as in Equation (4.13), it turns out that

LEY 27T (Q2, A0Q),AgVou) 12 S | AQ2 72 I6ull? ) +Cr L] ASQ)|
qEZ

2
2 L (417)
Finally, with the same strategy as for Equation (4.14), we observe that

279UTHQ2, ASQ), Ay Viu) 2

- . —q¢'  d+2 .
AQa] 22 A SulZ: S 25 2 18,4505 12
q—q'<5

hence, as for Equation (4.15), we obtain

qEZL

LEY 27 UTH(Q2, A6Q), AgViu) 12 S AQs| 2 16ull -3 1AGQI], -3

<IAQu |22 6l _, +Cr 1 A5QI?,

1
2
Summarising all the previous considerations, we note that it remains to control

(4.18)
A4+L§ZQ*‘I [<jq3(Q2,A5Q),Aqv5u>L5 —2/ tr{Sy—1Q2 AquAqA(SQ}}
qEeZ R?
=Ag+LEY 270 / {tr{Sq_lQQAqAéQAqV6u}72tr{Sq_1Q2Aq5DAqA5Q}}
qEeZ R?

We handle the last term A4 arguing as for As, since A4 is given by
LE(A(A0QQ2),AgViu) .y = LE(AL(Q2A6Q),"AgViu) . -

1
2

q€z i=1

4

=LEY 279 (TH(Q2,A5Q), Ay Vou) .
The terms related to i=1,2,4 are estimated similarily as As.
evaluate

Hence it remains to
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L6y 2 1{(73(Q2, A9Q), A, Vou) s

qEZL

- /]R ) [tr{Sy—1Q2 AqMQAqvau}—2tr{sq,1Q2Aq§DAqA5Q}]}

=2L&» 279 / [tr{Sq,leAqMQAan}—tr{sq,leAq(sDAqMQ}]:o,

q€EZL

which is a null series since the trace acts on symmetric matrices, so that we can permute
their order.

4.2.2. Estimate of By +Bs+B3s+B,. Now we want to estimate By + B+ B3+
B4, namely

—L{00Q> — Q202,80Q) 1 — L(QaA0Q — A6QQs, Vou) ..

1 1
2 2

First, let us consider

By = L{(Q2612, A5Q> .

1
2

=LY 27 YA (60Q2),AA6Q) 12 =L 2~ qz (THQ2,09), AjASQ) 2

qEL qEZ i=1

Proceeding exactly as for proving Equations (4.11), (4.13) and (4.15), with §Q instead
of D, the following estimates are obtained:

LY 27UJ (Q2,09), A,AGQ) 12

qEZ
SIVQaI3: 1AQa3: 18ul’,_, +CullVoul,_y +Cr, o] A6Q)2,

)

1
2

LY 27T (@2, 09), A,80Q) 12 < |AQl3: 15ull%,_, +Cr [ AGQI2,

qEZ

1,
2

and

LY 2797, (Q2,09), AgASQ) 2 SNAQ: 72 [ V8Q3, -y +CollVoul%, -

qEZ

Now observing that

2

Bi=—L(00Q2.A0Q) 1 =~ L{*(02Q2),'A0Q) 3 = L(Q202,A8Q) , 1 =DBa,
H™ 2 H™ 2

it remains to control

Bs+By+2LY 27T (Q2,60), A,A6Q) 2

qeZ

=B3+ B, +2LZQ“I / tr{S, 1Q2A,00A,A6Q}.
RZ

qeZ
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Now, we turn to Bs:

—By = L{Q226Q,Véu) .y =L 27 1(A,(Q206Q),A,Véu) 2

qEZL

4
=LY 27" (TH(Q2,A5Q), Ay Viu)

qEL i=1

We remark that Bs=—.A43/¢, hence the terms related to i=1,2,4 are estimated as in
Equations (4.16), (4.17), and (4.18). Thus it remains to control

Bi+ LY 27" [(THQ2,A0Q), AgViu) 2 +2 / tr{S;—1Q24,6QA,A6Q}]
R2

qEZ
=By+LY 277 / [tr{Sy—1Q2A,A0QA, Vou} +2t1{S,—1Q2A,00A,A6Q}].
qEZ R?

Observing that By =—A,/¢ we argue as for Bs; hence it remains to evaluate

Ly 2 { (T3(Q2, ASQ)A, V5u) 12

qeZ

+ /R ] [tr{Sq_ngAqA(SQAqV(Su}+2tr{Sq_1Q2AquAqA5Q}]}

—2Ly 27 / [61{S_1Q2A,AGQA 6O} +tr{S, 1Q2A,60A,A6Q}] =

qeZ

where for the cancellation we used that S’q_ng and AqAéQ are symmetric while Aqu
is skew-symmetric.

4.2.3. One-logarithmic estimates. In this subsection, we evaluate the terms
of Equation (4.6) which are related to the single-logarithmic term of the equality (4.7).

Estimate of (6Qtr{Q2Vus},AdQ). Let us fix a positive real number N >0 and split the
considered term into two parts, the high and the low frequencies:

(5Qtr{Q2Vu2} A6Q> S
=(6Qtr{(SnQ2)Vuy}, A5Q> +H(0QEr{( D AyQ2)Vus}, A0Q) ;-

q>N

At first we deal with the low frequencies, observing that

(6Qtr{(SnQ2)Vua}, A0Q) . 1 S[6Qtr{(SnQ2)Vua}l| -1 |1A6Q|
SI6QI 3 (S8 Q2) Vus | 12 1 26Q -
SIVEQI ;-3 158 Qall e [ Vus 2| ASQ)| -y -

Hence by Theorem A.2, we get

(6Qtr{(SnQ2)Vus}, ASQ) 3
Nl Q2|2 +\/7HVQ2HL2)HVU2HL2 AR, -3

H_f(
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SA+MIVEQIF, -y (@2, VQ2)IILz | VuallZ2 + CrlAsQ|1%,

1
2

For the high frequencies, we proceed as follows:

(0QU{(Y_ AyQ2)Vus},A6Q) . -

q>N

SIQu{(Y~ AgQa)Vus}l -3 |AGQ] -

q>N

SIOQN 53 110~ AgQa)Vus|l -1 1ASQIL -

q>N

1 3 .
SIHQu @)I7: V(@1 Q)1 1Y AgQell s IVuzll 2 [A6Q] ;-

q>N

SI@r, Q2)HL2 IV(Q1,Q2) HLz > 2194, Qzll12) [ Vuallr2 | A5Q)

q>N

<@ @I V(@1 @22 (X 27414,V Qul|12) [ Vuall 2 1A5QY

q>N

SI@u @I V(@1 Q2) 112 (D 27 1)1V Qall2 [ Vus | 12| A6Q)

q>N

<27 H(Qu @) V(@1 Q2) 1731V Q2 2 [V 22 1A5Q -3 -

S
2

H,,

H,,

Now, fixing ¢ >0 arbitrary and taking N =N (¢):=[In(1+e+1/®(¢))] >0, where [-] is
the ceiling function, we get

(0Q(1)tr{Q2(t)Vua (1)}, AdQ(1)) ;-1

(@, TQa) O Va0 2(0)m (1+e+ )

@1 @)D 19(@1. @)D 2 IV Qe (1) 132 [ Vua (1) (1) + Cr [ 26Q(0),

=

Thus we have obtained a one-logarithmic term of Equation (4.7). Similarly, we can
handle the estimate of the following elements:

[N

+2LE(IQr(6QVU),A0Q) 4 +2LE(IQtr(5Q V), ASQ)

+2LEBQr(QaVu), A0Q) , 1 +2LE(Q2tr(5QV ), ASQ) -
+2LE(Qatr(0QVuz), ASQ) 3 —2LEWQtr{SQASQ}, Viu) ,
)
)

oo

[N

[N

Y

—2LE(0Qtr{0QAQs}, Véu) .y —2LE(5Qtr{Q2A6Q}, Vou

—2L&(Q2tr{6QASQ}, Vou) .y —2LE(Qtr{QaAQ0}, Vou) .
72L£(Q2tr{5QAQ2},V6u>H_% .

—

%

[N

N
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4.2.4. Double-logarithmic estimates. In this subsection, we perform the
most challenging estimate. Now, we want to control £ + &, namely

E1+E=2LE((Qatr{Q2Vou}, ASQ) 1 —(Q2tr{Q2A6Q}, Vou) 1)

=2I¢Y) 27¢ / tr{ Ag(Qaotr{Q2Vou}) AyASQ — Ay (Qatr{QaA6Q}) A Viu }

qEZ

—2L§ZZ2 Q/ tr{ T (Q2, tr{Q2Vou}1d) Ay ASQ T/ (Qa, tr{Q2A0Q}1d) A, Viu}.
i=1q€EZ
(4.19)
We we will see that there are elements inside this decomposition that generate the
double-logarithmic term in Equation (4.7). We proceed by considering the indices i=
2,3,4, step by step.

Estimate of qu. We start with the term of Equation (4.19) related to i=1, passing
trough the following decomposition:

Z Z /tr{ Aan 1Q2tr{.7](Q2,V§u)}Id)A ASQ

J=1lq—q¢'|<5

— ([Ag: Sy 1Qa]tr{ T2 (Q2, ASQ) d) A Viu }. (4.20)

When j=1, we have
2.t a")i= [ {(1B0Sy1Quler{idy 81 QA V) Id) 4,060
Ra

(1A, S 1@altr{[Ag, Sy 1Qa] A 26Q) A ) A, Vou}
$278y 1V Qall 227 SV Qal L | A g (Vou, ASQ) | L2 | A (Vou, ASQ))| 2
2112|181 VQal| a2 101V Qo 1227

< | Agr (5u, V3Q)|| 1227 Ay (5u, V5Q) | 2.,

which yields

3q"

IHa.d',d") 275 7| VQa2ll 2 1AQz 12 | Ay (Su, VEQ) | 12 | Ag (6, VQ) | 12 (4.21)

Hence, taking the sum, we deduce that

2LEY Y > 27T (9,44

4€Z]q—q'|<5lq'—q"|<5
o
SO > 22 Y VQl 1A
9€Z|q—q'|<5]q’'—q"|<5

%[ Agr (6u, V8Q) || 2 | Aq (6u, V5Q) | 2
SIVQ2llrzlAQallz Y D 1Ay (64, V6Q) |2 | Ay (6u, VQ)| 2

q€Z]q—q""|<10

SIVQallzz [AQ2] 2 | (6u, VOQ)|1Z,
SIVQ2|l2 [[AQ2 | L2 [|(6u, VOQ) - 1 (Vou, AdQ)| -3
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SIVQ2llZ2 1AQ2Z: (9w, VEQ)I, _y +CulVoull%, _y +Cr.Ll|ASQIP (4.22)

Now, when j=2 in Equation (4.20), we remark that
75(9,4',4")
ZZ/ tr{ ([AQV SqlleQ}tr{(Sq//leQ - Sq/,lQQ) Aq/Aq//V(SU)}Id) AqA(SQ
R2

+ ([Aq, S 1Qa)tr{ (S 1 Q2 — Sy 1Q2) Aq/AquAcSQ)}Id) Aqvau}

$2791Sy -1V Q2 Lo | Sqr—1Q2 — Syr—1Qa|| L

<[|Ag Ay (Vou, AdQ)|| 2 [ Ag (Vou, ASQ) || 2
<2718 1 VQa 12277 171V Q2 — Sy 1V Qs e

<[|A g (Vou, ASQ)| 21| Ag (Vou, ASQ)| 12
<2125 |8, 1 VQal| 142 S 1V Qa1

%29 | Ay (Su, V6Q) | 12 27| Ay (Su, V5Q) 2
<2 [ VQa 1z Qe 2 | Ay (5, VIQ) 2| Ag (5, V3Q) 2,

which is equivalent to Equation (4.21). Hence, proceeding as in Equation (4.22), we get

20EY > 27'T3(a.4 ")

9€Z |g—q'|<5
lg'—q" <5

IV Qa2 1AQul 2 (6, VEQ)IE,, +Cul[Voul?, , +Cr.o|AsQI2 .
Concerning the term of Equation (4.20) related to j =4, we have

Ti(q.q',q") r=/

i tr{ (185, 81 Qaltr{ Ay (A Q28,12Vou)}d ) A, A6Q
- ([Am Sy 1Qa)tr{ Ay (AgrQ28yr 1206Q) }Id) Aqv(su}
278y 1V Qal 15 [ Ag (A Qs Sy 12V 0u, Agn QoS 1286Q) |2 | Ag (Vou, A6Q) | 12
$279)Sg—1VQal| £ 27
x| Aq(AgrQ2Sgr 42V, AgrQaSqr286Q)|| 11| A (Vou, ASQ)|| 2
SIS -1V Qal Lo 1Agr Qo 2211 +2(Vou, AOQ) | 2 | Ag (Vou, ASQ) | 2
SISy -1V Qallree 27 Agr AQs | 2 || Sy +2(Vou, ASQ)| 2| Ay (Vou, ASQ)|| 12
<2727 || Sy 1V Qa2 | Agr AQa| 227" |12 (5, VIQ) |2 | Ay (Vou, A6Q)|| 12
27 [ VQa | 12 1AQa | 1215 +2(5u, VOQ) | 2|1 Ag (Vou, AGQ)| 2. (423)

Hence
2LEY YD 279Ti(g.4.q")
q€Z |qg—q'|<5 q""2q’' =5

SIVQ2lL2 |AQaz2 Y 27 3| Ay (Vou, AdQ)| 2

qEZ
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>

[g—q'|<5 q">q' =5

SIVQallzz [AQa L2 Y 27 2| Ay (Vou, AdQ)|

qEZ

27 ||y 2(8u, VIQ) | 12

27% ||Sq//+2(5u, v(sQ) ||Li

q"">q—10

SIVQ2llz2 |AQ2| 2 [|(Vou, AdQ)[ -3

2]

q€Z q—q"" <10

SNV Qal 221 Azl 22 V6w, AQ) |, 5 (37 2 ) (D278 (0w, V6Q)IIE: )

[N

]

(0u, VoQ)| L2

q<10 qEZ
SIVQ2 L2 [|AQ2 | L2 [[(Vou, AdQ)| -1 [[(6u, VOQ)|| - 1
IV Qa2 IAQs 2 50, VQ)IE,_y +ClIVoul®_y +CrnASQIE,_,. (420

Concerning Equation (4.20), it remains to control the term related to j=3. We fix
0<e<5/6 and consider the low frequencies ¢ < N for some suitable positive N >1 (so

that 1+vN <2V/N):
T (q,q) ;:/ tr{ ([Aq, Sy 1Q2)tr{Sy—1Q2 Aq/V6u}Id) AgASQ
R2
- ([Aq, Sy 1Qa)tr{S /,1Q2AQ/A6Q}Id> Aqvau}
<2798 -1VQal| 2 IS /—1Q2Aq'V5uvSq'lequfMQlllej 1A4(Vou, A6Q)| 2
SISy 1VQall 2 1S0-1Qall 27" Ay (Vou, ASQ)I| 2 [Ag(Vou, A6Q)] 1z

Thanks to Theorem A.2; we get

18y —1Qallz S (1+V¢' = D[(Q2, VQ2)| 12
SA+VN)[(Q2, VQ2)llz2 SVNI(Q2, VQ2) | 2

Hence Z3(q,q') is bounded by

Z3(4.4") SVN(Q2, VQa)ll 2 1(Q2, VQ2) | 2l Ay (du, Vo)l .= 18¢(Vu, ASQ)|| 2.

(4.25)
Now, we will need the following inequality, which will finally lead to the delicate double-
logarithmic estimate:

1(Q2, VQ2)| ||(Q2,VQ2)||L2II(VQQ,AQz)HLz ;

A

2
Lf

This is a consequence of Lemma A.1, imposing p=1/e, where C is a positive constant
independent of £ and Q2. We will see that the double-logarithmic term comes out of a
suitable choice of € in terms of N. Again, using Lemma A.1 we have

: c . o .
1A (6u, VOQ)| 2. < T 1Aq (64, VOQ) | 17| Ay (Vou, ASQ) 172
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<6CYAy (u, VOQ)|I12° 1Ay (Vou, ASQ)|2:

since € <5/6. Hence Equation (4.25) becomes

I3 (q.q") \/7“ Q2,VQ2) ||1+E||(VQ27AQz)Hng6
<[|Ag (6u, V6Q)| ;. E||A (Vou, ASQ)||72 [ Ag (Vou, ASQ)| 2 (4.26)

Thus, since ab < a?/ (1=2) 4p2/(1+2) " we deduce

2(1+4e)

N
2 0.d) 5 () 1@ Q1T IV Qe AQa) 3 1A (50, V5Q)12;
+min{C,, Cr}| A, (Véu, A(SQ)H”EHA (Vou, AéQ)H”E

2(14e)

N .
<(= ) Q2 QI (V@2 AQ) |24 1Ay (51, VEQ)|I2
+min{Cy, Cr} (I1Ag (Vou, AQ)3: + 1Ay (V6u, A6Q) 3 ).

Imposing e =(1+InN)~! and observing that -~ =1+1/InN

1 = e 1

NT==NN®N =¢N, e TF=c le Tc=(1+InN)eT="= <(1+InN),
we obtain

Z3(0,¢') SN(1+InN)max {[|(Q2, VQ2) |72, 1} (VQ2, AQ2) |72 Ay (u, VOQ) 7
+min{Cy, Cr.p } (1 Ag (Vou, A5Q) 32 + |4, (Vou, 26Q) 32 ).

which yields

> > 2T(ad)

a<N|q—q'|<5
SN+ N)max {[[(Q2, VQ2) 172 . 1} [(VQ2, AQ2) |1 Z: | (3u, VOQ)I,
+C'u||V5UHi-I,% +CF,L||A5Q”27%'
For the high frequencies, namely for ¢ > N >1, we proceed as follows:
I%(q,q’)§2*q||Sq/,1VQ2||LgO
<||Sq-1Q2 Ag Vou, Sy 1Q2 Ay ASQ|| 12 | Ay (Vou, ASQ)]| 12
q(1+\/E)H(VQ%AQQ)”Li||Sq’—1Q2||L;°
<[ Ag (Vou, A6Q) |12 | Ag(Vou, ASQ)| 12
_q(1+\/E)QH(VQ%AQQ)”LﬁH(Q%VQZ)”Li
<[ Ag (Vou, A6Q) |22 | Ag(Vou, ASQ)| 2
SAN(VQ2 AQ2) 2 11(Q2. VQ2)ll2 1Ay (Vou, A6Q) | 2| Aq (du, V5Q) 2.,

which implies
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> Y 27T(a.d)

q>N[g—q'|<5

S 27 (VQa, AQ) 12 [1(Qa, V@)l 12

9>Nlg—q'|<5

<[ Ay (Vou, AGQ) 2 | Aq (54, VoQ) 22
SIH(VQ2, AQ2)| L2 [[(Q2, VQ2)| 2

w130, VOQ) 12 1(Vou, AdQ) |,y S ST o-durddy

q>N[g—q'|<5
<27% [(VQ2, AQ2)| 22 [(Q2, VQ2)| 2 [|(du, VQ) || L2 |(Vu, A(SQ)HFF% .

Summarising, we get

> > 27Te.d)

9€Z|q—q'|<h
SN+ N)max {[[(Q2, VQ2) 152, LH(VQ2, AQ2) 172 [|(6u, VIQ)IE,
+27N[(VQ2, AQ2)|7: 1(Q2, VQ2) |72 | (w1, ua, VQ1, VQ2) |72
+C|IVoul? _y +Cr o] AsQ7% - (4.27)

Choosing N=N(t):=[In(1+e+1/®(t))] (thus e<1/(1+Inln{l1+e}) <5/6) where
with [-] we denote the ceiling function, relation (4.27) implies

YooY 2THa.d)

9€Zq—q'|<5
Smax {[[(Q2, VQ2)| 22,1}
1 1
2 2
(V@2 AQ)[13: 1 (5w, VEQ) 2, In (e—|—(1>(t)) (14 e+ @(t)))
T (VQ2, AQ)I122 (@2, TQ2) 2 (01, 12, VQ1, Vo) 22
LR+ C Vol +Cr o A5QI2 . (429)

Estimate of 7. Now, we handle the term of Equation (4.19) related to i=2, namely

Z Z /tr{ 1Q2—Sq—1Q2)tr{Aq.7qj/(Q2,V&u)}AqAéQ

J=1lg—q'|<5
(Sq-1Q2 = S4-1Q2)tr{ AT (Q2, ASQ)}A Viu }. (4.29)
When j =1, we have
If(qg’,q”)::/ tr{(sq,,ng—Sq,le)tr{Aq([Aq,,Sq,,,ng]Aq”vau)}AqMQ
Ro

—(Sy-1Q2 = S41Q2)tr{ A, ([Ay, Sy 1Q2) A A6Q) 1A, Viou}
SISy —1Q2— S5 1Qal e
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<N Aq([Ag,Sqr-1QlAgr (Vou, ASQ) ) |22 | Ag (Véu, ASQ)| 22
S27 %Sy -1V Q2 — 841V Qs 12 2%
< Aq([Ag,Sgr—1Q2] A (Véu, ASQ) ) I3 144(Véu, ASQ) || 2

SIVQalla 2|y 1V Qall s | Agr (Vou, AdQ) | 12| Ag (Vou, AGQ) | 12

2TV Qo 12 [ AQs | 12| Ay (5u, VOQ) |2 [ Ay (5u, V5Q) | 12
Since |[g—¢'| <5 and |¢' —¢"| <5, we get that —¢' +q¢" +q~3¢"/2—q' /2, so that the last
inequality is equivalent to Equation (4.21). Hence, proceeding as in Equation (4.22),
we get

2LEY > 27T (a4 ")

9€Z |q—q'|<5
l¢'—q"|<5

SIVQaI 1 AQs 3 (50, VOQ)I2, ) +CulIVaul?,_, +Crr|AGQI%, .

When j =2, we observe that
73(q.4q")
Z:/ tr{(sq'_lQQ—S’q_ng)tr{(S’q”_ng—Sq/_lQQ)Aq/Aq”V6u}AqA(5Q
R2
— (Sq/,lQQ — Sq71Q2)tr{(Sq//71Q2 — S’qlleQ)Aq/Aq” A&Q}AqV&L}

5||5q'—1Q2—Sq—1Q2||Lgo||5q"—1Q2—Sq'—1Q2||Lg°

<[|Ag A (Vou, A6Q)[| 2 [l 2 1A (VCSU,ACSQ)HLg
Sy -1V Qs — S, 1VQ2||L4HSq”—1VQ2* ~1VQal|La

x[|Agr (Vou, ASQ)| 12| Ag (Vou, ASQ)| L2
S25 | VQall4 1 Ag (5, VOQ) |12 | Ag (Su, A6Q)]| 2

’

252 |VQa 12| AQa 12 1Ay (5, VQ) | 1211 Ag (1, VQ)) | 2.

q+q

S2T

Since |[¢—¢'| <5 and |¢' —¢"| <5 we get that ¢/ /24 ¢/2~3¢"/2—q'/2, so that the last
inequality is equivalent to Equation (4.21). Hence, proceeding as in Equation (4.22),
we get

2LEY Y 27'T3(q.d,q")

9€Z |q—q'|<5
lg'—q"1<5

SHVQQHQLg||AQ2||3:3||(5U7V5Q)||2,% +Cu\|V5U||f-r% +Cr,L||A5Q||Z,%-
When j=4
Ii(qu/»qN> ::/ {(Sq’le2_3q71Q2 )tr{Aq’(Aq”Q2Sq”+QV5U)}AqAéQ
Ra
(8 -1Q2— 84 1Q2)t1{ Ay (Agr Q28,1 1206Q) }AqV5u}
SISy—1Q2— Sq—1Qal Lo [Ag (Agr QaSqr42(Vou, ASQ)) | L2 | Ag (Vou, ASQ)|| 2
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2911821V Qo — 841V Qs 2

|| Ag (AgrQ2Sqr12(Vou, ASQ)) | L1 | Ag(Vou, ASQ)|| 2
L2777V Qs 2 | A AQal| 12 [|Sgr 42(0u, VOQ) | 12| Ag (Vou, ASQ) | 2
<270 |V Qal| 12 [ AQa || 2 | Sy 42 (8, VEQ) | 2 [ Ag (Vou, ASQ)| 12,

which is equivalent to the last inequality of Equation (4.23). Thus, arguing as in Equa-
tion (4.24), we deduce

206Ny > 27T(g,q.q")

q€Z|q—q'|<5
q//Zq/_5

SIVQalE3 1AQalE: (6, VOQ)I2 _y +Cu[Voull, _y +Cr.c|ASQI .

When j=3 we fix a real number N >1 and we consider the low frequencies ¢’ <N as
follows:

2(¢,q) ::/R 0 (Sy1Qa = S0 1Qo)tr{ Ay(8y 1028y Viu) } A, 060

~(8y1Q2 = $41Q2 )tr{ Ay (Syr1Q2 A, A3Q)}A, Vou}
SISq—1Q2 = 84-1Qall 1z [ A (Sy—1Q2 Ay (Vou, A6Q)) } 21| Ay (Vou, A6Q) | 2
27918y 1AQ2 — Sy 1AQs | 12 1|8y —1Qall L | Ay (Vou, AGQ) |12 | Ay (Vou, ASQ)| 12
SISy —1AQ2 =S4 1AQs | 2 1Sy —1Qall L | A (Vou, ASQ)| 12 [| Ag (4, VQ) | 2.
(4.30)
If ¢’ <1 then |[Sy—1Qa]| e 52%' 1S —1Q2l|z2 < [|Q2]|z2, while if 1< ¢’ <N we have

1Sy 1@l S (1Q2l2 + V&' = 1VQsll2) S (1Q2]l 2 + VNI VQal|2),
thanks to Theorem A.2. Therefore, we deduce that

73(¢,4") S1AQ2| 2 (Q2ll 22 + VN[ VQa2| r2) [ Ay (Vu, ASQ) | 12 | Ay (1, VIQ) | 12
SA+N)AQs 72 1(Q2, VQ2) |72 1 Ag (5u, VIQ)| 172
+CVHAq’V5U||%§ +CF,L||AQ’A5QH%§'

Hence
> > 2T5d)
¢'<N|q'—q|<5
SN[ AQ 32 (@2, VQo) 2 (50, VOQ)IZ, , +CullVoul?, , +Cr 2| ASQI7, .
(4.31)

For the high frequencies ¢’ > N, we get

T3(4,q)
S1Sy-1Q2 = S-1Qall e [Ag (Sy—1Q2 Ay (Vou, ASQ)) I 12 | Ag (Vu, ASQ)]| 2
S27|Sy - 1AQ2 — Sy 1AQa|| 2 || Sy -1 Q2| [ Ay (Vou, ASQ) | L2 ]| Ay (VEu, A6Q) || 2



UNIQUENESS OF THE Q-TENSOR SYSTEM

’
—q

242

[AQzlr: (1+ /¢ = D[(Q2, VQ2)| 2 | Ay (5u, VOQ) || 2 ||( Vou, ASQ)| -1
(1+Vd = D[AQ2 2 [[(Q2, VQ2) |2 [|(0u, 6Q)zz2[|(Viu, A5Q)||H7%~

<
S

(4.32)
Therefore
. D> 2'Tad)
¢'>Nlg—q'|<5
S27V)AQ2 L2 IV QI 2 | (31, 0Q)| L2 [I(Vou, ASQ)||, -
27V AQ2| L IV QllZa 1(du, 8Q)ITz +CullVoull, _y +CrollAdQI% . (4.33)
Summarising Equations (4.31) and (4.33), we get
YooY 27Z3e.q)
9'€Z{q'—q|<5
SA+N)[AQa|IZ: [1(Q2, VQ2)II 72 [|(9u, VOQ)II%, 4
+ 27V AQ2 72 IV Q2172 1 (8u, 6Q)IIL; +CullVoull®, 4 +Cr o A6QI2 ;.
4.34)
Now we define N :=[In{e+1/®(t)}/2], obtaining
Y. > 2'Le.d)
q€Z|q'—q|<5
SIAQ2(1)1Z2 (Q2, VQ2) (D172 [l (9u, VOQ)I% -y +Cul[Vou(®)[1%,
1
2 2 2 2
FOrLIASQOI 4 +IAQOIE IV (Su. Q) (141 (e 55 )

Estimate of 7. Now, let us deal with the term of Equation (4.19) related to i=3,
namely

/tr{S'q_ngtr{Aq(Q2V5u)}AQA5QfSq_lQQ]tr{Aq(Q2A5Q)}Aqv5u}
Ra
4
-3 /R tr{ $4 1 Qotr{ T (Qa, Vou) AL A0Q — §y 1 Qatr{TH(Qa, ATQ)}A,Vou }.
j=1/Re

(4.36)

Let us consider j =1 and define

T(q.q) = /R tr{sq,ngtr{[Aq,Sq,,lQQ]Aq,vau)}AqAaQ

= 841Qutr{[A, -1 Qa1 Ay AIQ) YA, Vou .

We proceed as when proving Equation (4.26): we fix a positive real € € (0,5/6] and we
consider the low frequencies ¢ < N for a suitable positive N > 1.

7 (q.q) = /]R tT{Sq—letf{[Am Sy—1Q2] Ay Voul Ay ASQ
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— Sq_lQQtI‘{[Aq, Sq/_ng] Aq/A(SQ}AqV&L}

27 8-1Qz 1|1 /—NQQIILgIIAq/(W%MQ)IILﬁIIAq(Wu,MQ)HLg

SA+VN)277 [[(Q2, VQ2) 2 IS —1VQal| =
1A (5w, VIQ)I| 2 | Aq(Vou, A6Q) | 12

N : € < —€
S/ ?”(QQ’VQQ)”L%HSQ’*lVQQ”L?T”S ’71AQ2||1L§
%[ Ag (6u, VEQ)| 13 I1Ag (Vou, ASQ) |72 Ay (Vou, AGQ)| 12,

which is equivalent to the last inequality of Equation (4.26). Hence, arguing as for
proving Equation (4.28), we get

> > 27'THa.qd)

q€Z]g—q'|<5

Smax {[[(Q2, VQa) (32,1}

(V@ AQ) (6. VOQ)IE, y (14 ) (1+Inln (140 )

HI(VQ2, AQ2)172 (Q2, VQ2) I I (ur, u2, VQ1, VQ2) | 7, @ (1)
+Cu||V5U||2,% +Cr,L HA5Q||2

1
2

Further on, when j =2 in Equation (4.36), let us consider the low frequencies ¢ <N
Ig(q,q/> = / tI‘{SqleQtI'{(Sqlleg — S’qleg) Aqu/V(SU)}AqA(SQ
R2

= 8,1Qtr{(Sy-1Q2 — 54-1Q2) Ay Ay AOQ)}A, Viu |
SI18q-1Q2 )l 1Sy —1Q2 — Sq—1Qa2l Lo [ Ag Ay (Vu, ASQ) | 12 [| Ay (VEu, ASQ)|| 2
S1Sq-1Q2llLee 1Sq—18Q2 — Sq1AQ2 || 12 | Ay (Vou, ASQ) | 12 | Ag (5u, VEQ)| 12,

which is as the last inequalities of Equation (4.30) (recalling that ¢~¢’). Moreover
when the high frequencies ¢ > N

Z3(q,q)
SNS4-1Qall Lo 159 —1Q2 = S 1Qa | = [ Ag Ay (Vu, ASQ)|| 12 | Ay (Vou, AGQ) | 12
S+ Va=DII(Q2, VQ2)ll1227 Sy -18Q2 — S4-1AQ0| |2
<[|Ag(Vou, AsQ) |12 [|Aq(Vou, ASQ)| L2
SO+ Va—1DAQz 2 1(Q2, VQ2) | 2 [|(5u, VEQ) | 2 [|(Vou, ASQ)| -y »

which is the equivalent to the last inequality (4.32). Hence, arguing as for proving
Equation (4.35), we get

> > 27Te.q)

9€Z|q’'—q|<5

SIAQ2 (172 [1(Q2, VQ2) (D122 x| (9u, VOQ®)I,
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+OVSu)I_, +Cr l26Q0),

1
HIAQa1)E 1V Q1)1 (3, 6Q) DI 2(0) (1+1n (1-+e+ 55 ).
Now, when j=3 in Equation (4.36), we observe that

T3(q) = / {tr{s'q,ngAqvau}tr{sq,leAqAaQ}

Rz

— tI‘{ Sq_lQQAqA(SQ }tI‘{ Sq_leAchSu}} =0,

for any g €Z.
Thus it remains to control the j =4 term, namely

Th0d)= [ {801Qatrl(Ba( By Qa8 2Vou) Yo 200
=~ 841Qatr{(Ag(Ay Q28,+280Q) YA, Vou}
SISg-1Q2 ] ne 1A (Ag Q28 yr+2(Vou, AGQ)) || 12 | Ag (VEu, ASQ)] 12
At first let us consider the low frequencies ¢ < N, with N >1
T3(q,q)
1+VN

1+VN
1+VN

1+VN

N)[I(Q2, VQ)ll22 1 A¢ Q2 llze xS +2(V8u, ATQ) 12 [ Ag (Vou, AQ) | 12
1(Q2, VQ2) 12227 1Ay AQsl1z | Sy +2(Vou, ASQ) | 22 Ay (Vou, ATQ)| 2
N[V Q2221 Ag AQs ||z 15y +2(5u, VOQ)| 2| Ag (Vou, A6Q) | 2

N)2% [VQall 2z 1Ay AQu]| 1 | (5u, VoQ)I|, 3 1A(Vou, A6Q) |1z

AR AR AN

(
(
(
S(

\_/\_/\_/\_/

which yields
oY 29THg.q)
q<Nq'>q—5
SA+VN)(Q2, VQ2) | 2 [1(5u, VOQ) -4
YN 25 YAy AQa| L2 | Ag(Vou, ASQ)| 2
q<Ngq'>q—5

SA+VN) (@2, VQ2) | 21 (5u, VOQ) | -4
<Y 273 Ay(Vou, ASQ)|| 2

qEL q'>q—5

SA+VN)(Q2, VQ2) 2 10w, VOQ)I|
(E X2 1 Coonila ) AeAQs 2

q'€Z q€Z

2

2\ 4
) 1(Vou, A6Q)I, -

Thus by convolution,
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> 27T (g.q)

q<Nq'>q-5

5(1+\/N)||(Q2,sz)HLg||AQ2||L§||(5U7V5Q)HH—§||(V5UaA5Q)”H7%
5(1+N)H(Q2,VQ2)H%2HAQQH%QH(éu VéQ)Ilz _
+C, ||V(5u||2 1+CFLHA5Q||2

1
2

For the high frequencies ¢ > N,

SN 21 0.0) Y] Y 2790+ Va DIISe-1(Q2, VQ2) | 12

q>Nq'>q—5 q>Nq' >q—5
<[| Ay Qall Lo |1 Sqr 42(VSu, ASQ) | 12| Ag(Vou, ASQ)]| 2
<N(Q2, VQ2)ll 12 [(Vou, Aa@np
12227 (| Syr+2(Vou, ASQ)| 2

>N ’>q 5

||(Q27VQ2>”L2H(V5U A(5Q)||L2‘||(V5U ASQ)|l

HO DY

9€Z q'>q—5

H,,

2 |*) %,

so that, by convolution,

> 29T(g.q)

q>Nq'>q—=5
S27V(Q2, VQ2) |22 [V Q2 22 [|(Vou, ASQ) | 2 | (VEu, ASQ)] -3 -
Summarising, we get
Yo > 2T0.d) SO+ N Q2 VQ) 72 1AQ2 72 (5w, VIQ) 2
q€2q'>q—=5
+CVHV5U||2_% +CF7L||A5Q||2_;

+272V|(Q2, VQ) |22 IV Qa2 | (V6u, ASQ) 2.

which is similar to Equation (4.34). Hence we can conclude as in Equation (4.35).
Estimate of jq4. Now, we handle the last term of Equation (4.19), which is related to
1 =4, namely

Z / tr{ Ay [Ag Qatr{ Sy 12(Q2Viu)} | A,ASQ
@' >q—57Re

— Ay [Ay Qatr{Sy12(Q2A0Q)} | A Viu}
-y v /tr{A [Ay Qutr{ Ay (QaV6u)} | A,A6Q

q'<q—5q"<q'+1

— A [AyQatr{Ay (QaA6Q)} A, Vou}

_Z Z Z /tr{A (A, tar{JN(Q2,v5u)}}A ASQ

j=1q¢'<q—5q"<q’'+1
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Ag[Agy Qotr{ T2 (Q2, ASQ)} | AgViu}. (4.37)

First, we consider the term related to j =1, that is

20" = [ n{ Bu[ByQatr(|Ayr Syr1Qu) By V5u)] 5,860
R2

~ Ay [Ay Qatr{[Agr, Sy 1Q2] A AGQY A, Vou }
SIAG[Ay Qatr{[Agr, Sy 1Qa] Ay (V5u, ASQ) M |12 | Ag (VSu, ASQ)]| 2
29 Ag[Ag Qatr{[A g, Sy 1Qa] Ay (Vou, ASQ) }] | 11 | Ay (VSu, A6Q)| 2
27| Ay Qall e |1Sgrr -1V Qal| 2 | A g (Vou, ASQ)| 2 [|Ag (Vou, ASQ) 12
2771 Ay AQal| 2 [|1Sgr -1V Qal| 2| A g (Vou, ASQ) |2 | Ag (Vou, ASQ)| 12

<gu-¢'—d"+a ||AQ2||L2||VQ2||L2||A w(Ou, V5Q)||L2HA (Vou, AdQ)|| 2 (4.38)

1"

Hence, taking the sum in ¢, ¢/, ¢, and ¢’” (and observing that |¢" —¢""| <5), we get

— 4 A/l
DD > 27TY(q,q.q".d")
qEZ q/Zq_5 qIISq/J’_l |q//17q//|§5

SIVQ2llz [(Vou, A6Q)| -y D~ 2277 Ay AQa 12 [ Ay (Su, V3Q)| 12

qq/,ql/
SIVQallLz |(Vou, ASQ)| -
<y 28 N 27t N 2% Ay AQs 1227 Ay (6u, VEQ) 12
9€Z  q'>q—5 q"<q'+1

SIVQallL |(Vou, ASQ)| -y
> 2T A (0w, VOQ) 2 Y 27 Ay AQa: D 23

q"'€L q'2q"+1 q<q'+5

SIVQa| 2 [[(Vou, AsQ)]] -
ZT*HA 0wV Y 25 FArAQs| 1

q//eZ />q//+1

<IVQallus | (Vou, AQ) 116, V6Q) |,y (3] 30 25514, AQu s
q/leZ q/>q//+1

)
9@l 22 | AQal 12| (Vou, ASQ) |,y (5, VoQ) -y
<IVQal3: 1 AQaI3: 15, VIQ)IZ, , +Cull Vaul?, , +CrrlAQIZ, 4. (439)

N

When j=2 in Equation (4.37), we observe that

Zy(q,4'.q".q"): /Rtr{ o[ Ag Qatr{(Sq-1Q2— Syr—1Q2) Ay Ay Vu} | Ay ASQ

Aq[Aq/QQtr{(Sq///,1Q2—Sq//,ng)A //A //1A5Q}]A Véu}
SHAG[AgQatr{ (S -1Q2 —Sgr1Q2) Agr Ay (Vou, AQ) }] |2 | Ag (Vou, ASQ)| 2

§2q||Aq[Aq/Q2tr{( Sqrr—1Q2 — q”—lQZ)Aq”Aq’”(V&La A5Q)}]”L;
<Ay (60, A6Q) |12
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S290Ag Qal L 1S —1Q2 — Sqr—1Q2) |2

<[|A g Ay (V6u, ASQ) | 21| Ag (Vou, ASQ) |12
<$2977 Ay AQal| L2 || (S -1V Q2 — S -1V Q2) | 2

<[|Agr (Vou, ASQ) | L2 | Ag (Vou, ASQ)| 2
S2777 | Ay AQal|L2 || VQall 2 | Agr (9, VEQ) | 2 | Ag (Vou, ASQ)| 2,

which is equivalent to the last inequality of Equation (4.38) (since |¢”" —¢"’| <5). Hence,
arguing as when proving Equation (4.39), the following estimate holds:

Z Z Z Z 2—qI§(q,q/’q//7q///)

q€Z q'>q—5q"<q'+1|q"" —q""|<5

<IVQs I3, 18Qs 13, 15w, Q)2 +Co[Voul?,_, +Cr o] A5QI2,

1
2

Now, let us analyze the term in Equation (4.37) related to j=3. Assuming ¢” <N for
a suitable positive N, we get

THa,doq") = / tr{A, [ Ay Qatr{ Sy 1Q2A 0 Voul] A, A6Q

—Ag[Ay Qatr{Syr—1Q2A, ASQ}Y| A Viu}
s||Aq[Aq/Q2tr{sq~-1Qz Ay (Vou, A5Q)} |12 A (Vou, ASQ)]| 2
27 Ay [Ay Qatr{ Sy —1Q2 Ay (Vou, ASQ)} || 1 | Ag (Vou, ASQ)| 2
29 Ay Qall 2|84 1 Qa2 e | Agr (Vou, ASQ)| 2 [|Ag (Vou, ASQ)| 2
2 Ag Qallz (14 VN) [[(Q2, VQ2) | 2| Ay (Vou, ASQ) |12 [ Ag (Vu, ASQ) | 2
S+ VNRF T2 Ay AQul 12 1(Q2, VQ2) 12

<2 Ay (Vou, ASQ)|12 | (Vou, ASQ) |,

Hence
S>> 2T(e.q ")
q"<N q'>q"—1q<q'+5
SA+VN)[(Q2, VQ2) 21 (Vou, ASQ) | -3
< 3T AW (OuVOQ) 1 Y. 2 T ApAQae Y 22
q'<N q'2q"—1 g<q'+5
SA+VN)(Q2, VQ2)| 2 |(Vou, ASQ)| -
<y 2= || Ay (6u, V5Q) e > 25— |A, 'AQs| 12
//<N />q//71
SA+VN)[[(Q2, VQ2) 22 [(Vou, ASQ) ||,
N6 75, (3| Z 23"~ 30 | A, AQa 12
//eZ q/>q//_1

SAH+VN)((Q2, VQ2) 22 | AQall 2 [|(VEu, ASQ)| 3 (5w, VEQ) -3

Nl

)
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Considering the high frequencies ¢"” > N
T3 (q,4,q")

SIAG[Ag Qatr{ S Qa Ay (Vou, ASQ)}] [l 12 | Ag (Vou, ASQ)|| 2

S27 Ay [Ag Qatr{ Sy Q2 Ay (Vou, ASQ)} [ 11 | Ag (5u, VEQ) | 12

S27 Ay Qall 2 lISy Qzllzee | Agr (Vou, ASQ)| 2 | Ag (Vou, ASQ) || 1.2

<$27 72| Ay AQs 12 (14 v/4")[(Q2, VQ2)| 2

29" | Ay (54, V6Q) | 1227 2| Ay (Vou, ASQ) | 2
SA+Vg)23 2 AQu |2 [[(Q2, VQ2) 22 | (Fu, VOQ) | 2 (Vou, A6Q)| -4

which implies

Yoo D> 27Te.dd")

q">N q'2q" -1 q<q'+5

SIAQ| 22 [[(Q2, VQ2) | 2 [ (Vou, AdQ)| - 3 [1(6u, VOQ) | 2

B DN ERVATIP S W S W &

q"">N q'>q"—1 q<q’'+5

SIAQ2| L2 [(Q2, VQ2) [ L2 [ASQ] - 3 1| (6u, VEQ)|| 2

S DRCERV/T LA S S

q’">N q'>q"—1

SIAQ2| 12 [[(Q2, VQ2)l| L2 | (Vou, AdQ)|[ 1 [|(6u, VOQ)]| L2 x Z (1—&-\/67)2_%”

q"">N
N
SIAQ2| 12 [[(Q2, VQ2)l| 2 | (Vou, AdQ) | 3 [|(6u, VoQ)|| 227
Summarising the last inequalities, we obtain an estimate similar to Equation (4.34),

so that we can conclude arguing as in Equation (4.35). Finally, it remains to examine
when j=4, as last term. Let us define

THaq,d.q",¢"): / tr{ Aq[Aq/QQtr{Aqn(Ame2Sq///+2V5u)}]AqA5Q
R2

Ag[Ay Qutr{A g (A Qs Sy 1205Q)} ] AgViu }
SIAG[Ay Qotr{A g [A g Qo Sy 42 (Vu, ASQ)] || 12| Ag (Vou, ASQ)|| 2
2| Ag[Ag Qatr{A g [AgnQy Sy 2(Vou, ASQ)]}] 1 | Ay (Vou, ASQ)| 2
2 Ay Q2|2 | Agr [Agn Q2 Sgm 42(Vou, ASQ) | L2 | Ag (Vou, ASQ)|| 2
277 Ay Qall 12 |1 Agr [A g Qa Sy 2(Vou, A6Q) || 12 | A (Vu, AGQ)| 12
2| Ay AQa L2 | Ay Qall 2 || Sqrr 42(Vou, ASQ) | 2 | Ag (Vou, AGQ)| 12
2T AV Q| 2 | A AQal| 2 | Sy 2 (01, VIQ) | 12 [ Ag (Vou, AGQ)| 12

"

Hence, taking the sum in ¢, ¢/, ¢’ and ¢

oD > Y 27Tie.q . d"q")

q€Zq'2q=5q"<q'=1q"">q"+5

, we get
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SI(Vou, AdQ)| ;-1 [V Q2|2

H 2

D> > > 2 A AQs 12 | Syrrre (5u, VIQ) | 12

q€Z q'>2q—5q"<q'—=1q"">q"+5

SI(Vou, AdQ)|| 3 [VQ2|| L2
33T 2T A AQa| 2 |8 42(0u, VEQ) [ Y 27T Y 2f

q""€Lq"<q"" =5 q'>q"+1 q<q'+5
<N(Vou, A6Q)| 3 IV Q|22
" g . . 7
N 2 A AQa 2|18y 2(0u, VOQ) 12 Y 27
q/l/GZq/lgq//l_5 q/Zq/l+1

<1(Vou, A8Q)I|, 4 [V Qallz
ST 2 T A AQall 22 T 1Sy ra(6u, VQ) | 2

q"ELG <q'"" =5

SI(Vou, AdQ)| -3 V@22 1A AQ2 1227 "% ||Sqrr2(8u, VEQ)| 12
H™ 2

q///eZ

S(Véu, A(SQ)HHf% VQ2llL2 [|AQ2]| L2 [|(du, VQ) HH%

<IVQaI: 1 AQs 12, 15w VSQ)I%, 4 +CulIVoul?, , +Cr L|ASQI2
and this concludes the estimates of the term & +&s.
4.2.5. Remaining terms. For the sake of completeness, we now analyse all

the remaining terms. However we point out that they are going to be estimates using
simply just Theorem A.1; hence, they are not a challenging drawback. For instance, let
us observe that

L{(E6D+0Q)0Q,A0Q) 3 +L{(ED2+22)0Q, ASQ) .
+L{0Q(E0D +069), AJQ) ;3 + L{OQ(ED2+2), ASQ) . _

<I0QI, IV (uru2) |52 1A8QI,

<SIVIQI, <1V (ur,uz) 12 1A5Q1

SIV (a1, u2) 122 [IVOQI2, _y +Cr L ASQIP 4 -

1
2

Moreover LaI'(0Q, AdQ) jr-1/2 S ||(5QH12L-171/2 +CF,L||A§Q||§'I,1/2 and

LI {Q16Q +0QQ2, A6Q) , -1
SIQ10Q+0QQ2| 1 I1AQ] 3
SIQ1, @)l 2 16Q0 ;1 [1ASQ| -1
SI(Q1, @)l r2lIVEQI - 1 1AQ -3
SI(Q1, Q)N IVOQI2 -y +Cr Ll AsQIP, -

1
2

Furthermore, by a direct computation, we get

Lel(6Qur{Q3}.00Q) 3 +Lel(Qatr{Q10Q +6QQa}, AGQ) ,
<@ QD22 16Q1 3 1A5Q1 -1 (@ QN4 IV6QI, 1 1A5Q]

H 2
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SI@Q1, Q)72 [V(Q1, Q2) 172 ||V5Q||ir% +Cr,LHA5Q||2,%
and

L{0u-VQ1,A8Q) .y +L{u- V5Q, ASQ) . -
”(uQ»le)HHZH(au V5Q)||H_iHA5QIIH 1
|

S (2, VQ1) HLg [(Vuz, AQ1) ”Lg 1(0u, VéQ)|

S u2, VOO 22 (Vu2, AQ) L2 (6w, Q) _y +Coll Voull?, _y +Cr L AQI,

1
2

3
1
1
H™ 2

1(AGu, AGQ)IIE 4 1A6Q] ;-

Moreover a&(0QQ1, Vou) g1/ S6Q g2l @ullz2lIVoull g1 /2 SNQ1IZIVQNF . o +
C, || Véul%

H 1/29

bE(IQ(QT —tr {Q2} ), Vou) o SI6QU 3 107N 22 [ Voull ;-
SIVeQl - s l@ull7alIVoull -
SIVOQN -3 1@l 2 V@1 L2 [Voul - 4

SIQIZ: IV@LIZ: IVOQIE -y +ColVaul,

and

CE(0Qu(QN)Q1, Vou) ;1 SISQIL 1 1Q3 2 Q1 e [Vl

<|
Sz IVQ1IZ Q152 VOQIE, ) +CullVaul?, ;.
Now a&((Q2+1d/2)0Q,Vou) z-1/2 S (1Q27: + DIVIQNF, . ). + CullVoul3, ., and

b&((Q2+ )(Q15Q+5QQ2) Vou) .1 —b&(Q2tr{Q10Q +6QQ2}, Véu) 1
§(IIQ2HL;°+1)II(Q1,Q2)IIL3||5QIIH%||V5u|| -3
S U1Q2lle> + D@1, Q2)ll L2 x[[VOQ - 1 IVoull -y
S Q22 +1)%(Q1, Q)L IVOQIZ, -y +CullVoulf,

Equivalently, we get

Cf((Q2+ )5QtT{Q1} Véu) .1 +Cf<(Q2+ )taf{5QQ1 +Q20Q},Véu) 1
SHQQHWH(Qlan)lngleHH%||V5U||H”
S 1Qellie Q. @212 IV5Q 3 [0l
S QI 1(Q1, @)II72 IV (Q1, Q)L VOQI, -y + CullVaull,

Moreover,
LE(SQALQ, Véu)H,% + LE(VQAQ, Véu)H,

<I6QI, 3 IAQ, @212 ¥oul
<A@ Q)3 IV8QI7,_, +ClIVoul?,

1
2
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We can similarly control the terms from —a&(Q10Q,Vu);-1/2 to

LE(AQ2,0Q, V) g1z in (4.6), proceeding as in the previous estimates. Furthermore
2a£(6Qtr{Q?}, Véu)H,% +2a€(Qatr{0Q0Q1 }, V5U>H,% +2a€(Qatr{Q20Q}, Véu)H,%

<I6Q1 4 Q2 @)z [ W6ull,

SI(Q1, Q)17 1V(Q1, Q)12 IVOQIZ, _y +ColVoul% _y

206(5Qtr{Q7}, Vou) .y +2b6(Qatr{6QQ3}, Vou) .,
+2b68(Q2tr{Q2(0QQ1 +@26Q) }, Vou) . 1
SI(Q1, QNI 1V(Q1, Q)12 (@1, Q) 17 [ VOQIE, 4 +CullVoull?, -

1,
2

and also

2c£(6Qtr{Q3}?, Véu)H,% +2c£(Qotr{0QQ1 + Q20Q }r{Q3}, V(Su)H,
+26€(Qotr{Q3}0r {001 +Q20Q}, Vou)
L QY 1@l IV6ull
Q1. Q24 IV3QIL,_y IV5ul

)
Q1,Q2) 2 [V (Q1, Q)72 VoQIl ;3 [ Voull
)

1
2

H 2

Q1,Q2) |72 [V(Q1, Q)lI72 [IVOQI _y +Co [ Voull® -

1
2

P

Furthermore, we observe that

2LE(QE{0QASQ}, Vou) .1 +2LE0Qr{6QAQs}, Viu) .y

2

+2LE(0Q1{QaA0Q}, Vou) .y +2LE(Qatr{0QAQ}, Viu)
+2LE(0Q{QaAQa}, Viu) .y +2LE(Qatr{0QAQ2}, Vou) .y
SI0QI 1 1A(Qr, @2) 122 (@1, @2) [ L IV Oul| -1

SIAQ1, Q)12 1(Q1, Q)1 I VIQIE, 4 +Cul|Voulf?, -

[N

1
2

and
L(V6Q®VQ1,Viu) .y +L{VQ,©V6Q, Véu) .,
SIVOQU,-1 9@, Q2)ll 3 Voull -
SIVSQIE L IVOQIE, IIV(@1, Q)17 IAQ1, Q2 | Voul -y
SIVQIE L 1A6QIT V(@1 Qa)IIFI1A(@1, Qa1 Voull, -y

SIV(@1, Q)1 1A(Qu, Q)3 IVSQIE,, +CrnlIAQIE,, +CIIVaul?, .

_1
2

Moreover

La(6QQ1,Véu) 3 +a(Q20Q, Viu) -
SHoQ ;3 1(Q1, Q)2 IVoull -y

y —a(Q10Q, Vou)
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SIVIQI, 3 (@1, @22l V0ul
<IVBQIZ, (@1, Q)32 +Cul| Voul?

1,
2

— Lb{6Q(QF - t{Q2} )V5U> a3 (@ - t{Ql} )5Q7V5u> -3
<Q2(Q16Q+5QQ2—tr{Q15Q+5QQ2} ) Vou) .-

—b((Q16Q+6QQ: —tr{Q16Q+5QQ2} )5627 Vou) -
S16Q1 -3 1(QT, @3)ll 22l Voull
S16@QI 3 (@1, Q2) 1741V oull -
SIVOQI ;-3 (@1, Q2) L2 [[V(Q1, Q2) |2 IV oull -y
SIVOQIE -y 1(Q1, Q)12 [V (Q1, Q)72+ Co [ Vul% -

1
2

1
2

1,
2

and
Le(6QQqtr{Q1}, V(Su)H_% +¢(Q20Qtr{Q7}, V5U>H‘§
—(Q10Qtr{Q1}, Viu) .y —c(6QQ2tr{QT}, Vou) . _
S16Q 3 1(Q1, Q2)lle= (@1, Q31 22| Voull
SIVQI -3 1(Q1, Q) [l [(Q1, Q)1 24 [V oull -
SIVEQIE, -3 1@ Q)12 11(Q1, Q)72 11V(Q1, Q2) 172 + CullVoul, -

1
2

Finally

(ug - Vou, 6u> 1 =—(u2®du, Vdu}H,% < ||u2||H% H5u||Lz||V5u||H,%

<|IU2I|L2||VUzHLzll5u||;_; ||V5u||2 _y SlualZelIVuzlZ:1ul®, _y +ColVoul%

and

(0w Vu, 0u) ;-1 Sl0ull ;3 [Vuallzzl|loull ;- SCUIVEul? ) + Ve l[Z [6ull?,

1
-3 g3~

4.2.6. Conclusion. Recalling Equation (4.6) and summarising all the previous
estimates, we conclude that there exists a function x which belongs to L} .(Ry) such
that

d
dt
where p is the Osgood modulus of continuity defined in the system (4.8). Hence, choos-
ing Cr,;, and C, small enough from the beginning, we can absorb the last two terms
on the right-hand side by the left-hand side, obtaining Equation (4.7). We deduce that
® =0, thanks to the Osgood Lemma and the null initial data ®(0) =0. Thus, (du, ViQ)

is identically zero and 6@ as well, since 0Q(t) decades to 0 at infinity for almost every
t. O

Appendix A.
THEOREM A.1. Let s and t be two real numbers such that |s| and |t| belong to
[0,d/2). Let us assume that s+t is positive. Then, for every aEHs(Rd) and for every

() +V]|Voul?,_, +TIAQIE, , Sx(m@®) +a|Voul?,
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be HY(R?), the product ab belongs to Ht'=42 and there exists a positive constant (not
dependent on a and b) such that

labll ge+e-ar2 < Cllall g 10l ge-

Proof. At first we identify the Sobolev Spaces H® and H' with the Besov Spaces

BS?Q and B§2 respectively. We claim that ab belongs to B;;t_dﬂ and

labl yov.-g < Cllallg 10l 5.,

for a suitable positive constant. ) .
We decompose the product ab through the Bony decomposition, namely ab=T,b+ Tya +
R(a,b), where

Tab::ZAanq,lb, Tba::ZSq,laAqb, R(a,b) = Z Aquﬁ,,b‘
qQEL qEZ qEL
lv|<1
For any g €Z, we have
20+ | (A Tub, AgTya)|| 2
< DT 27 Agal 227 RS bl + Y 296D, ral| 27| Agh] o

lg—q’|<5 lg—q'|<5
Hence
”(TabaTba” B;;ﬁf% < H(Tabv Tba)”B;ﬁt—%
Shallsy Il g+l g Pl Slalls Il

o—d/2

where we have used the embedding 3572 (—>BOO72

following norm-equivalence

for any o € R and furthermor the

lull g 227N Squllcz)eezlir, — uwe By,

for any 1 <p,r <oo and ¢ <0. )
In order to conclude the proof, we have to handle the rest R(a,b). By a direct compu-
tation, for any q€Z,

Q(HS)QHA(;R(G’Z))HL; < Z 2(q*q/)(s+t)2q’sHAq/aHLiQ(quru)tHAquﬂjaHLi,

q'>q—5
[v]<1

so that, thanks to the Young inequality, we deduce

IR )] erimg IR D) s S ol g, 101,

where we have used the embedding Bﬁt %B;Et_dm and moreover Zq§52q(5+t) <00,

since s+t is positive. ]
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THEOREM A.2. Let N be a positive real number and f a function in H'. Then SNf
belongs to LS° and

IS8 fllzee SNz +VNIVFllz SA+VN)IS V) 2z

Proof. We split Sy f into two parts, namely Sy f = Zq<OAqf+ZO<q<NACIf' First
we observe that -

1D Aaflze <Y IAS ez £ 20N A e S (D-24) 112z

q<0 q<0 g<0 q<0

Similarly, considering the second term, we get

Y Afllze< D 1AFllee S D0 2904 Sz

0<g<N 0<g<N 0<g<N
. 1 . 1
S Y A s (X )X 1ANAR:) T SV
0<g<N 0<g<N 0<g<N
which concludes the proof of the Theorem. ]

The following Lemma plays a main role in the uniqueness result of Theorem 1.1;
more precisely, inequality (A.1) is the key for the double-logarithmic estimate.

LEMMA A.1. There exists a positive constant C, such that for any p€[l,00), the
following inequality is satisfied:

1 1—1
||fHL2P(R2) SC\/13||f||z2(]g2)||vf||L2(ﬁg2)- (A-l)

Proof.  The proof of this lemma was presented in [32, Lemma 4.3] and we report
it here, for the sake of simplicity. Thanks to Sobolev embeddings, we have

Il fllL2r ey <CVDIFI 21

. (A.2)
Moreover, since H'~1/P(R?) is an interpolation space between L?(R?) and H'(R?), the
following inequality is satisfied:

1 1—1
1703 gy <11 ey 19

,% (]R2
which leads to Equation (A.1), together with Equation (A.2). O

Appendix B.
PROPOSITION B.1. Let (Q),u™) be a smooth solution of the system (3.2) in dimension
d=2 or d=3, with restriction (1.3) and smooth initial data (Q(z),u(x)) that decays
fast enough at infinity so that we can integrate by parts in space (for any t>0) without
boundary terms. We assume that || <&y, where & is an explicitly computable constant,
scale invariant, depending on a,b,c,d,I";v,\.

For (Q,u) € H' x L% we have

||Q(n)(t7)HH1 < Cl +él€élt||Q_“H17Vt207 (Bl)
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with Cy1,Cy depending on (a,b,c,d,T',L,v,Q,u). Moreover

t
o M e (B.2)
Proof. We denote
n def n n n
X1y LAQYY — QU tr((Q™)?),a,f=1,2,3. (B.3)

Multiplying the first equation in (3.2) by —AH" and the second one by u", taking
the trace, and integrating over R?, we get

d 1

LA c
TSPV PGP — Str(Q )+ £1Q ) da

+y||w"||iz +DAL%|AQ™2,

+mc2||Jn<c2<”>tr{@<”>>}>||%z—2ch / AQUI QM {(Q™)? da+a*TA|Q ™[
w0 [ (@2 “{( o@D g,
]Rd
+€/ |R5UVQ(n)|3dLL’—|—6/ |R5Vu”|4dz
R4 R4

<2al'\ / tr{ X" Q™ }dz —2bI'\ / tr{X"(Q™)?}dx:
Rd R4

def def
=7, =Jn

+2ab0A [ 6r{(Q)*}du+ A / I (Rew-vQUY ) 1 (bQ QU Q)| da
R4 R4

defrr

+>\/ o (~R0QN + RO ) 1 (01 Q5 — Q@) de. (B4)
Rd
Integrating by parts we have:
—2¢LTA / AQT QM tr{(Q™)?}dx
Rd
—2cLTA /R QULLQU 1 tr{(Q)?}dw+-2eLTA / QU@ 0k (tr{(Q™)?}) da

— 2 M 12tpL (O T4c H(OMN21) 12 4
=200 [ 1VQU (@) el [ 19 (1x(Q)2 ) P
>0 (B.5)

(where for the last inequality we used the assumption (1.3) and L,I';A>0). One can
easily see that

L n n
In=—§IIVQ( N3z —cllQ™ 4 (B.6)
and furthermore

A/Rd T (—REQ(”)Q Q(")REQS;) ( QU QLY CQSZ?!Q(”’IQ) dz
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T 2
<§/ |R€Vu"\4dx+0(5)/ |Q(")\4dx+i/ | 7,(QM™1Q™?)|? da.
2 Rd Rd 2 R4

On the other hand, for any £ >0 and c=C (e,¢) an explicitly computable constant,

we have

=t [ Qs ‘”@%)dw—c [ @@
/ Q) QU)dz— L / ngLﬁ)’ngg)Qw%)kdx
+ /Rdtr{<cz<”>>2} (etr{@m))z} +etr2{<cz<">>2}> da
<te [ [VQPu{(@) )+ SIVQIs

+ [ ul@my) (tr{<Q<n>>2}+etr2{<cz<n>>2}> d.
Rd 5

Using the last four relations in Equation (B.4) and considering Equation (3.4), we
obtain
d 1 2 N (n)|2 a b C
- Zam i n A= (n)2_7t (n)\3 , & (n)4d
G L3+ IV P EAGGIQME - (@) + 10 ) ds
F)\C

+ V][ Vu|[ 2o + TALY|AQM | 2o + =T 17n (@ tr{Q ™)} [ 22 + a*TA Q™12

+2¢LTA / |VQ(")|2tr{(Q("))2}dx
R4
+chA/ |v(tr{(Q<">)2})|2dx+f/ |R€u".VQ(")|3dx+f/ |VR.u"|dx
Rd 2 Rd 2 Rd
L
§2Ia\FA(§||VQ(")|I2Lz+CIIQ(”)II‘£4)

+2|b|ng/ \VQW|2tr{(Q<">)2}dx+2|b|mgHVQW||%2
Ra

Y RRCR (ftr{(@<">>2}+str2{<c2<“>>2}> dr
]Rd

n é n
+2[abTAE(Q™ (17 +(C(e) + )R 124)-

Taking € small enough, we can absorb all the terms with an e coefficient on the
right into the left-hand side, and we are left with

d 1 n|2 LA (n)|2 a (n)|2 b (n)\3 c (n)4
& [ Sl TR PGSR - Q) + 10 s
I')c?
+VHVU"||%2+D\L2HAQ(")||2L2+j||Jn(Q(")tr{Q("))})||%2+D\a2||Q(")|liz

+9eLTA / IVQ™ 2tr{(Q™)2}da + cLTA / v (1r{(@)?)) Paa
Rd R4

<C (IVQ™ 2 +11Q"44).
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with C'=C(a,b,c).

The last relation is not yet enough because there are no positive terms. How-
ever, let us note that, if a>0 we obtain the a priori estimates by using the inequal-
ity tr{(QM)3} < 2tr{(Q™)?)} +tr{(Q™)?}2. If a <0 we have to estimate separately
||Q(")|| 12 and this ask for a smallness condition for ¢. Indeed, proceeding as when
proving Equation (2.13), we get

d L\ a b c
GLL P+ VR AR R - Q)+ S0 )da + MIQE:

F)\c

+u| Va7 +TAL? [ AQ™ |72 + |72 (Q@Mtr{ QU MI72 +a|Q™ 172
—|—2cL1“)\/d |VQ(")|2tr{(Q(”))2}dx+cL1“)\/Rd |V<tr{(Q("))2}) 2da
2/ |R.u™-VQ™ Pdz+ = /|VR u"[*dx
<C (IVQ™ 13 +1Q™ 1% )
sy [ vurpar M [ g0, @@ Par
+MC’/Rd |Q(”)|2+|Q(")\4dx.

We chose € small enough so that M C(d)e <v. Finally we make the assumption that
|€| is small enough, depending on a,b,c,d,v such that

Mg
3

<TA.

Then, taking into account that

BLr{(@)?h+ Su{(@W)% < (M + D) (@)%} — 2t {(QU)) + S ((Q)2),
we obtain the claimed relation (B.1). O
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