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REGULARITY RESULTS FOR THE 2D BOUSSINESQ EQUATIONS
WITH CRITICAL OR SUPERCRITICAL DISSIPATION*

JIAHONG WUT, XIAOJING XU#, LIUTANG XUE$, AND ZHUAN YEY

Abstract. The incompressible Boussinesq equations serve as an important model in geophysics as
well as in the study of Rayleigh—Bénard convection. One generalization is to replace the standard Lapla-
cian operator by a fractional Laplacian operator, namely (—A)®/2 in the velocity equation and (—A)A/2
in the temperature equation. This paper is concerned with the two-dimensional (2D) incompressible
Boussinesq equations with critical dissipation (a+/3=1) or supercritical dissipation (a+/8<1). We
prove two main results. This first one establishes the global-in-time existence of classical solutions to
the critical Boussinesq equations with a+ =1 and 0.7692 ~ % <a<1l. The second one proves the
eventual regularity of Leray—Hopf type weak solutions to the Boussinesq equations with supercritical
dissipation a+ 3 <1 and 0.7692 ~ % <a<l.

Key words. 2D Boussinesq equations, generalized supercritical SQG, global regularity, eventual
regularity.
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1. Introduction

The Boussinesq equations model geophysical flows such as atmospheric fronts and
oceanic circulation, and play an important role in the study of Rayleigh-Bérnard con-
vection (see, e.g., [41,46] and references therein). This paper is concerned with the
following initial-value problem for the 2D incompressible Boussinesq equations with
fractional dissipation

Opu+ (u-V)u+A%u+Vp=fey,
10+ (u-V)d+A’0=0,
V-u=0,

u(z,0)=wug(x), 0(x,0)=~00(x),

(1.1)

where u:R? x [0,00) —+R? denotes the velocity, p:R?x[0,00) =R the pressure and
0:R? x [0,00) — R the temperature, ex =(0,1), and «,3 € [0,2] are real parameters. In
addition, A:= (—A)% denotes the Zygmund operator and the fractional Laplacian op-
erator A“ is defined through the Fourier transform,

Aot (€)= e[ f(e).
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We make the convention that by a =0 we mean that there is no dissipation in the velocity
equation, and similarly =0 means that there is no dissipation in the temperature
equation.

The Boussinesq equations are also mathematically significant. The global regular-
ity problem for the 2D Boussinesq equations has attracted considerable attention and
progress has been made. The global regularity for the initial value problem (1.1) with
a=2and f=0 or f=2 and a=0 was established by Chae [6] and by Hou and Li [30].
Further progress in this direction was made by Hmidi, Keraani, and Rousset [28,29],
who established the global well-posedness result for the initial value problem (1.1) with
a=1and =0 or =1 and a=0. More general critical cases a+ =1 were examined
by by Jiu, Miao, Wu, and Zhang [31], who were able to obtain the global regular-
ity for the general critical case 0.9132~ % <a<land f=1—a. A very recent
work of Stefanov and Wu [50] improved [31] by allowing « to vary in a bigger inter-
val, 0.798103 = @ <a<1 and f=1—a. We remark that even in the subcritical
ranges, namely a4/ >1, it is not trivial to prove the global regularity of the initial
value problem (1.1), as demonstrated by the papers dealing with the subcritical cases
(see, e.g., [43,57,59-63]).

The global regularity for the Boussinesq equations with supercritical dissipation
is currently open. To understand the regularity problem for the supercritical regime,
Jiu, Wu and Yang [32] recently studied the regularity of weak solutions to the initial
value problem (1.1) when « and f§ are in the supercritical range. They obtained the
eventual regularity for («, ) in the supercritical range o+ 5 < 1 and 0.9132 = % <
a < 1. Finally we mention that many other results on the 2D incompressible Boussinesq
equations have been obtained (see, e.g., [1,2,5,9,22,34,39,40,55,506]).

This paper obtains two main results. The first establishes the global regularity
for the critical Boussinesq equations with a4+ =1 and 0.7692 ~ % <a<1. This result
allows « in a slightly bigger range than in [50]. More precisely, the following result
holds.

THEOREM 1.1.  Let 0.7692~ 12 <a <1 and a+ B =1. Assume that (uo,0p) € H*(R?) x
H*(R?) for s>2, and V-ug=0, then the system (1.1) admits a unique global solution
such that, for any given T >0

we O([0,T); H* (R) N L*([0,T); H** % (R?)),
0€C(10,T]: H*(R*)NL2(0,T]; H** (R?)).

Let us briefly give the explanation about the improvement in Theorem 1.1 was made
possible compared with the previous work [50]. The following three components are
made the improvement is possible: the first one is to establish a bound on G in the
space L°L™ (see Lemma 3.2); the second one is to establish a redefined result (see
Lemma 2.5); the last one is to make use of the Holder estimates of the advection
fractional-diffusion equation (see lemmas 2.3 and 2.4).

The second main result proves the eventual regularity of weak solutions to the 2D
Boussinesq equation (1.1) with « and § in a supercritical regime. This result improves
the result of Jiu, Wu, and Yang [32] by allowing « in a bigger range. More precisely,
we have the following theorem.

THEOREM 1.2.  Consider the initial value problem (1.1) with a4 B <1. Assume either

4
g<0¢<1, ﬂ<1*0&
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or

1 4 - —2)++Va?—204 164

07692~ 20 o <2 BBz +Var-20dat 164,
13 b) 8

Assume that (ug,00) € H*(R?) x H*(R?) for s>2, and V-ug=0. Let (u,0) be a global

Leray—Hopf weak solution of the initial value problem (1.1). Then there exist T >0 such
that (u,0) is actually a classical solution on [T, 4+00].

The proof of Theorem 1.2 relies on the following key proposition, which assesses the
eventual regularity of weak solutions to a generalized surface quasi-geostrophic (SQG)
equation.

ProrosiTiON 1.1.  Consider the following initial-value problem

10+ (u-V)0+A’0=0,
u=ug+ug, ug=—V-A">"0,,0, (1.2)
0(x,0)=6y(x),

with «>0,8>0 and a+ B <1. Suppose that ug satisfies for any T >0

sup |lug(t)||ci-» <C(T) < o0, 0<pu<p. (1.3)
0<t<T

Assume 0y € H*(R?) for some s>2 and let 0 be a corresponding global weak solution of
problem (1.2). Then there exists T >0, more precisely,
]

T=Ciy =7 ol 7=

such that QGLOO([f,oo),C’V(RQ)) for some l—a—p<y<l—a,

_ytotB—1
(0]n < O™ 7

where Cy and Cy are constants depending on « and 3, and [0(t)]c~ denotes the homoge-
neous CV-norm of 6. Furthermore, 6 belongs to L™ ([T, 00) x C1¢(R?)) for some ¢ > 0.

Proposition 1.1 is proven via the approach of pointwise inequality for fractional
Laplacian following [16,17,21]. The details are given at the begin of Section 5.

The present paper is structured as follows. Section 2 states some analytic tools and
preliminary results to be used in the subsequent sections. The proof of Theorem 1.1
is presented in Section 3. Section 4 establishes some a priori estimates for Boussinesq
equations (1.1) with a+ /< 1. Section 5 is devoted to the proof of Proposition 1.1 and
Theorem 1.2. Finally, we state an eventual regularity and a global regularity type result
for a generalized surface quasi-geostrophic type equation in the appendix. In addition,
the proof of Lemma 2.5 is also provided in the appendix.

2. Preliminaries

This section serves as a preparation. It provides the definition of the Littlewood—
Paley decomposition, Besov spaces, and related inequalities, and several estimates to
be used in the subsequent sections.

Materials on the Littlewood—Paley theory and Besov spaces can be found in many
papers and books (see, e.g., [3,42,47]). Let (x,p) be a couple of smooth functions
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with values in [0,1] such that x € C§°(R"™) is supported in the ball B:={{ €R",[¢]| < é}a
¢ € C3°(R") in the annulus C:={£ R, 3 <[¢| < 8} satisfying

XEO+) 92778 =1, VEeR™ > p(277¢)=1, ¥¢eR"\{0}.
JEN JEZ

For every u€ S’ (tempered distributions) we define the non-homogeneous Littlewood—
Paley operators as follows:

Aju=0forj<—2;  A_ju=x(D)u=F " (x(€)u(f)),
Aju=¢(27 Dju=F (p(277€)u(€)), Vi EN.
Meanwhile, we define the homogeneous dyadic blocks as
Aju=p(277Dyu=F H(p(277€)u(E)), VjeZ.

We now recall the definitions of homogeneous and inhomogeneous Besov spaces
defined via the dyadic decomposition.

DEFINITION 2.1.  Let s€R,(p,r) €[1,+00]?. The homogeneous Besov space B;T and

inhomogeneous Besov space By, . are defined as a space of f€S'(R™) such that

B;,r = {fGS/(Rn>7 ||f||B;T <OO}, B;,'r = {fe S/(Rh)’ ||fHB§,T < 00}7

where
. . 1
(Z2™14rln) . res,
Ifllg, =9 €&
sup2’®*||A; fl[L», r=00,
JEL
and

1
-

(X 27 lafl5) " r<co.
Fllag, =4 9=t

sup 2j5||Ajf||Lp, 7 =00.
j>—1

For 5>0,(p,r) €[1,4+00]?, we have the following fact

£y, = fllao + 17115

Moreover, Besov space B with 0<s <1 is equivalent to the classical Holder space

00,00

C* (see, e.g., [3]), namely

|f(x) = fy)|
lx—yls

1fllBs. . =l fllcs,  [Ifllcs =l fllze +sup
) TFY

The Besov spaces B{;,r and By, with 0<s<1 and 1<p,q,r <oo can be equivalently

defined by the norms
o If@+) = fOlLe , \*
Bg)r - </]R” |x|n+sr dZC) ?

11
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1

”fHB;,r:”fHLP"‘(/Rn ||f($-:-x|)n—+;fr()||£p dm);,

For the case r =00, the expressions are interpreted in the normal way. The following
embedding relations will also be used,

B;1r1(_>B[S) r2751>52; (21)
B;,min{p 2}(—>W ’pc—>Bp max{p,2}’ 1<p<oo,
d d
Bl = Bpa s 51—}7:32—177 1<p1<p2<o0,1<r;<ry<oco.
1 2

We want to point out that at some point that the definitions of the spaces are
given in R? since the definitions are first stated in R™. We will also need the following
commutator estimate.

LEMMA 2.1 (see [50]). Assume that %<04<1 and 1<pg,p3 <00, 1<p; <oco with
p%—kp%—l—p%:l. Then for 0<s; <1—a« and s;+s3>1—a, the following holds true:

‘ QF[RO“UG'V]GCZ.'L"SCHAsleHLZ@lHFHWSQvP’zHGHLPs. (2.2)
R
Similarly, for 0<s; <l—a and s1+s2>2—2a, the following holds true:
‘ F[Ra,ue.vmdx]goHASlean||F||ng,p2uH||Lp3. (2.3)
]R2

Here and in sequel, Ry =0y, A=, ug:=V+AT G, ug:=V+AIR0, and the standard
commutator notation (A, flg=A(fg)— f(Ag).

The next lemma will be used frequently. For the reader’s convenience, a proof for
this lemma is also provided.

LEMMA 2.2. Let2<m<oo and 0<s<1, then the following holds true:

A=A 2 F)ller < [ [ (2.4)

LA™ 2 |l en SCNF B N2 (2.5)
3 11,1
where p,q,r € (1,00)° such that s=etr

Proof. For 0<s<1, we make use of the following characterization of WP (see,
g, [3,47])

m—2 _ m—2 P
||A3(|f|m—2f)||1£p z/]RZ |||f| f(x—]—x)2+lpf| f(')HLT—' d

Applying the simple inequality

" *a— Iblm_Qb‘ <C(m)|a—bl(|a|™* +[o|™~)
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and Holder’s inequality, we have

A2 Ft )= LA™ F (e <CUF @) £l I
SCHf(LE-i‘ ) ()||Lq||f||LT(m 2) -

Thus, it follows from the characterization of Besov space that

A 1f (@)= FOIR LT 28
IAS(1F1m 2P| sc/ Lollfllpronz)

[af2FoP

If(+-) = FOlL
<CHf||Lr(m 2)/R |:c\2+5p dx
<CHf||Lr(m 2)||f‘ BS .

The Holder inequality directly gives

LA™ =2 e < CUAAalllFI™ 2l = Cll el I n -

This concludes the proof. ]
We shall also use the following two lemmas (see [11,19,48,49]).

LEMMA 2.3.  Consider the following advection fractional-diffusion equation with 0<
B<1inR":

10+ (u-V)0+A’0=0,

V-u=0,

0(x,0) =6y (x).
Let T>0 be given. Suppose that the 6 is bounded and the drift w satisfying u(t) €
C'=P for any t€[0,T]. Assume 6 € L>((0,T], L*(R™)NL>(R™)) with initial data 0y €
LY(R™")NL>®(R™). Then the solution 0 is Hélder continuous for any positive time 0 <
t<T. Moreover, it holds

101l o< 0,7, )y < Cllo]| Loe,

where the constant C' and >0 depend on S and ||u||ci-s only.
LEMMA 2.4.  Consider the following advection fractional-diffusion equation with 0<
B<1 inR":

20+ (u-V)§+AP0=0,

V-u=0,

0(x,0) =0y (x).
Let T>0 be given and u be a vector field in L>((0,T], C*=F*+¢(R™)) for any ¢ €(0,8),
then any bounded solution 6 in (0,T] x R™ actually belongs to space C*¢. Moreover, it
holds

101l < (0,77, c1- ¢ &)y < Cllfoll Lo ([0, 7] xRn) 5

where the constant C depends on 8 and ||u||ci-s+c only.
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The following lemma is inspired by [31, Proposition 7.1]. We give the detailed proof
in the Appendix A.

LEMMA 2.5.  Consider the advection fractional-diffusion equation (3.5), namely
G+ (u-V)G+AG=[Rq,u-VIO+A~20,.0. (2.6)

Let a+5<1 with %< a<1. Suppose G admits the following bound
2 2
sup ||G(t)||Le < o0, q>— (we may assume q< 1),
0<t<T @

for any given T >0, then for any 0<s<3a—2, it holds
sup [|G(8)]5; .. <oo,
0<t<T ’

where r is given by

2 2q
<r< .
2a0—1 2—(1—a)q

We remark that Lemma 2.5 improves [31, Proposition 7.1] in two ways: on the one hand,

we relax the condition g > 2(3_1 tog> %; one the other hand, we can take r= >
q.

2q
2—(1—a)q

3. The proof of Theorem 1.1
This section proves Theorem 1.1. Since the local existence result for (1.1) is standard
(see, e.g., [41]), we only provide the global a priori estimates.

Basic energy estimates show that (u,0) of problem (1.1) obeys the global bounds
t
8
||9(t)||%2+/0 IAZ6(T)[|Z2dr < |6ollz=, [10(t)llr <[|60]lLe, VpE[Lioc], (3.1)
and
t [}
||U(t)||%2+/ 1A% u(7) |22 dr < C(t, uo, 00).- (3.2)
0

Now we apply operator curl to the first equation in problem (1.1) to obtain the following
vorticity w=V X u equation

Ow+ (u-Vw+A%w=279,,0. (3.3)

However, the “vortex stretching” term 0,,60 appears to prevent us from proving any
global bound for w. To circumvent this difficulty, a natural idea would be to eliminate
0z, 0 from the vorticity equation. To this end, we generalize the idea of Hmidi, Keraani,
and Rousset [28,29] to introduce a new quantity. More precisely, we set R, as

Re =0, A%,
apply R, to the 6 equation in problem (1.1)

RO+ (u-V)Ral=—[Ra,u-V]—A~20,.0, (3.4)
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and combine with Equation (3.3) to obtain that
G=w—TR.0
satisfies
G+ (u-V)G+AG=[Ra,u-V]0+ A9, 6. (3.5)
Moreover, as in [50], the velocity u can be rewritten as
u=VIA T lWw=VIA T (G+RO) =VIATIG+ VARG :=ug +ug.  (3.6)

We need the following global a priori bound of L? norm for G. When a>% and
B >4—>5a, the proof is similar to [50, Lemma 2.7].

LEMMA 3.1. Assume a>0, >0 and a+ <1 and consider the initial-value problem
(1.1). If a> % and 3>4—>5a, then, for any corresponding solution (u,0) of the problem
(1.1), there exist some constant C' such that for any T >0,

t
IIG(lt)IIQLﬁ/0 IAZG(r)||72dr < C < o0 (3.7)

for any t€1[0,T7.
Next we establish the following global a priori bound for ||G(¢)| L=

LEMMA 3.2.  Assume that (ug,0y) satisfies the assumptions stated in Theorem 1.2.
Let % <a<l and a+B=1. For any m satisfying

s 1
2<m<min{m,m}, (10— 9a —4a®)m < 8(1—a), (3.8)

or equivalently

8(1—a) 3 7+/145

TR ca<
10-9a—da2’  4°9S7 o1

2<m<mg, mo= 1 7+ V145 <O[<§ (39)
1—a’ 24 -7
i §<oz<1
2—a’ 7 ’

G admits the following global bound for any 0 <t <T,

T

GO +/ G 2 dr < C(T' u, 6) < co. (3.10)
0 =

Proof. We start with the Gagliardo-Nirenberg inequality (see [26,50])

B B 2y 1—2~ 1
A0 5+ SCINBOIT 1 1017, 0<v <3 (3.11)

Multiplying Equation (3.5) by |G|™2G and integrating over R? yields
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mm Aa m—2

GG+ [ (eaier e

/ Ao, 0 |G 2de+/ R, ug-V]0 |G 2 dx

RZ

+/ [Rauc-V]0|G|™ G dx. (3.12)
R2

By the maximum principle (see [20]) and the Sobolev embedding, the dissipative term
has the lower bound

[ @G 2G> AT G [ = CIGI (313)
R2 -
where C >0 is an absolute constant. By the Hoélder inequality and Equation (2.5)

‘/ AP0, 0 |G 2Gda| <CIAPR| L [T FEIA(GI G|
R2 o

<A77 2 IGl g1-era-ma | GII™ 2<m 2 -

1__Y T—2~
We use the embedding inequality
a s «
H2<_>327ﬁ7 S<§ (314)
Consequently, for
2 2-3
1—a+(1—7)5<% or fy>6+276a7 (3.15)
we have
[ AP 0016 2G| < CIATO Gl G175 (316)
R2

To deal with the second term of the r.h.s. of the inequality (3.12), we choose s; =73
and s, satisfying

2-2a—yf<s2< %.
Notice that such s, exists as long as
!
272a7’yﬁ<§. (3.17)
Then, by Lemma 2.1, Lemma 2.2, and the embedding inequality (3.14)

’/ Ry 19 - V10 |GG da
RZ

<C||A"Pg)| l||0HL°°|HG|m72GH
SCHAV%H ||90||L°°||G||BSQ ||G||m2<m 2

<A 111G, 5 IGI™ 2<m22> (3.18)
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To estimate the third term of the r.h.s. of the inequality (3.12), we take § >0 to be
sufficiently small, say

da—3

100
and

so=1—a+6.
For m—1<g<oo and stg= 1, we apply Lemma 2.1 and Lemma 2.2 to obtain
‘/ [Ra,uc - V)0 |G 2Gdw
<COlGlLallfllz= NG~ 2GIIWSZW
<ol L=l1GllaIGI™, <m ox—a, 1G]

52** (q>m71)
m P
<Cllboll=IGIZM NG .amg

TP

For ¢ <2(m—1), we use the Besov embedding (2.1), namely

2<m 2(m—1) o3
He2~ M B2

qf('mfl)’p
to obtain

|| Ravuc- V1161 Gaa| < Clloulu= 1G5 G

HS271+2(77;71) . (319)
We further require g > A(m—1)

to obtain the following interpolation inequality

1—
IIGHH,MH@ <CIGIR G 5
where
f2a+25+4(m 1
'u:

- €(0,1).

Therefore, for 4(7” 1)

<q<2(m—1), one can conclude that

’/ [Rayuc- VIO |G 2Gdx| <Cllfo)l = |Gl Ls G "GN o

<ClGIZIGH & (3.20)
Substituting the estimates (3.13), (3.16), (3.18), and (3.20) into the inequality (3.12),
we find

IIG( WEm H NG 2 <CIAZON 211G 5

2(m 2 TG NG

e (3.21)
It follows from the Gagliardo—Nirenberg inequalities that

1+2 —4
1G]] smn CIGILM G, Ay = LF2DIM=4
L 1-2v L2—

= (3.22)
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2—
G0 S CIGIE G 2 Aa= (323)

In order for A1, A2 €(0, 1), we impose the following restrictions

iom M 2ra)m=2) mgqgj—m. (3.24)
—

2m 2m

In view of the inequalities (3.22) and (3.23), we obtain
ClAol 2 1G] s I1GI™ z(m 2

<CIAP0l| 211Gl 5 1G]

(m 2)(1 A1) (m—2)X\1
Lm HG”L%

m(m—2)(1—X1)

C\ im = = va
< TIGIT 2o +C(||A769|| Gl )™ T |G (3.25)

ClIGIT NG o

—1)(1—-X A
<ClGIE NG G, 5
C i ym TP
= e/ e e i [ o - (3.26)

Inserting the estimates (3.25) and (3.26) into the inequality (3.21), it holds that

d . . 5 o 771.75:71. (3(12);11)
G NGO HNGIT 2 <CUAON 2 G g )2 Gl

m(m—1)(1—Xg)

+C||G||’"_“" RG] (3.27)

It is easy to check that

m(m—2)(1—X\y) m(m—1)(1—Az)
m—(m—2)\ =m, m—(m—1)\y =m,

and for m satisfying inequality (3.8)

miL 1
My (awetome ),
m—(m—1) Ay ~ e om<1

We choose 7 € (0, 1) such that

7§8_(2_a)m (

8
— 2
m2+a) due to m < ) (3.28)

2—«
Later we explain why such v can be selected. Then, for «y satisfying the condition (3.28),
we have

m 2
m—(m—2)A; ~ 2y+1°

In summary, by Lemma 3.1 we have obtained

d
a m m VBl m
NGO HIGN T . < (1+HA 0| %+IIG|| )(1+IIGHLm)- (3.29)
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Gronwall’s inequality then implies the desired result.

To complete the proof, we explain that ¢ and v can be selected to satisfy all the
restrictions stated above. The number ¢ should satisfy

4(m—1)
3a—26"

2m

m}<q<min{2(m—1), 2—}

max{
—

Direct computations yield that the number ¢ can be fixed if we select d < ?”"2—*2 Putting
all the restrictions (3.15), (3.17), (3.24), (3.28), and 0<v < 3 on v, we have

B(a) <y < B(a), (3.30)
where
204+2—3a 4—5a 4—m

s .l 1-a m—2-a)(m—-2) 8—(2—a)m
B(a)—mln{i, B’ 2m " 2m(2+a) }

Inserting 3=1—« into B(«a) and B(a), the restriction on 7 reduces to

4—5a 4—m
2(1—a)’ 2m

1 m—2—a)(im—-2) 8—(2—a)m}

O —
max{ ’ 2’ 2m " 2m(2+a)

}<v<mm{
Moreover, the number m should obey

8 2
2<m< {77}
L U TP S Y

Due to the arbitrariness of d >0, it gives

8 1
2 <m < mi {——} 3.31
B N ( )

Invoking direct computation yields that for m >2

1 - m—(2—a)(m—2) - 8—(2—a)m
2= 2m ~ 2m(2+a)
As a consequence of the above fact, the condition (3.30) reduces to

4—5a 4-—m 8—(2—a)m
waxfo, AP0 domy _82mam
2(1—«a)’ 2m 2m(2+a)
It is easy to check that the v would work if the following restrictions are met

4—5a <8—(2—a)m 4—m<8—(2—a)m
2(1—a) = 2m(24+a) = 2m 2m(2+a) ’

which leads to
(10 —9a —4a*)m < 8(1 — ). (3.32)

This ends the proof of Lemma 3.2. ]
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We are ready to prove Theorem 1.1.

Proof. (Proof of Theorem 1.1.) The proof follows from the idea in [31]. Tt
consists of two steps. The first step shows that ug € C7 with 0 >a=1— . The second
step is to conclude the desired result by invoking the recent progress on the generalized
critical surface quasi-geostrophic equation. We then conclude the global regularity of
our solution once the regularity of € is known. Now we present the details.

According to Lemma 2.5, if G satisfies

2
sup ||G(t)||pm <C for some m > —, (3.33)
0<t<T a

then G can be shown to satisfy

2m
G(t a2 <C(T,up,0p) <00, To=——"""""—. 3.34
S0 G0 o < CT.t.00) <50, Top= 5=t (3:34)
By Lemma 3.2, we indeed have obtained
sup ||G(#)||p» <C for any 2<m <my. (3.35)
0<t<T
It is worthwhile to notice that for a> %, we have
8 - 2 1 - 2
2—a” a 1l-a o
On the other hand, for % <a< ”27 V4145, we need the restriction
8(1—«) .
oY e mS —
10 —9a —4a? 0 a’
which leads to the requirement
10
— ~0.7692.
o> 13
As a consequence, for m > % and 0 =2a— % > «, we have
lugllcs = V-AT!Gllc-
%HVLA_lGHBgC)x (0<o<1)
<ClGl2+ClGl g1,
2m
<ClGlIa +CI s (Fo= g
<ClG2 +ClIG poo— = —am
SC(T, u0790) < Q. (336)

This yields the global C” bound on ug. Therefore, according to the bound ||0(¢)]| L~ <
l60|| == and the properties of Besov spaces, we can conclude

luglice = VAT RO o

~[| VAT R By,
<Cl0llz=+Cl0l By,
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<Cl0]| 2+ Cll0]| L~
<C(T,ugp,0p) < occ.
Combining the above two bounds shows
ulloe <llucllce +lluglloe <C(T,uo,00) <00, a=1-4.
We now return to the equation of  and treat it as a generalized critical surface quasi-

geostrophic (SQG) type equation

00+ (u-V)0+AP0=0,
{t (V) (3.37)

U=uqg+ug, Uy = —VJ‘ZX%*O‘B%1 0.

By Lemma 2.3, 6 is Holder continuous, namely ||0]|cn <oo for some >0, which, in
turn, implies

gl s = [IVEA=2720,, Ollen < 118l 2+ CllBllon < C(T, g, B0) < o,
Moreover, it follows from the inequality (3.36) that
lugllcr <C(T,up,b0p) <o, o>a=1-p.
Therefore,
lulloe < C(Tyup, 60) <0, g=min{a+n, 0} >a=1-5,

which, together with Lemma 2.4, implies that § becomes immediately differentiable. In
particular, we have

T
/ IVO(t)|| L dt < C(T, ug, ) < 00, (3.38)
0
and
t
[w(®)|| Lo < Jlwol| L +/ [VO(T)|| Lo dT < 0. (3.39)
0

Then the inequalities (3.38) and (3.39) imply (u, 0) is the desired classical solution. This
completes the proof of Theorem 1.1. a

4. A priori estimates for Boussinesq Equation (1.1) with a4+ 8<1

Our next goal is to prove Theorem 1.2, namely the eventual regularity for the
supercritical case o+ 3 <1. This section serves as a preparation. We establish a priori
bound for ug. We need to distinguish two cases, namely « >% and a < %.

We note that Lemma 3.1 works for both the critical case and the supercritical case
a+F<1. Next we establish a global a priori bound for ||G||;s when a+ <1 with
a>1.

LEMMA 4.1.  Consider Equation (1.1) with a+5<1 and o> %. Then,

IIG(t)H‘Zer/O IGO0, dr <C(T) < oo, (4.1)
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sup GO ppe_» <C(T) <. (42)
0<t< 5,00
and
sup |Jug||Lip <C(T) < cc. (4.3)
0<t<T

Proof. As in the proof of Lemma 3.2, the inequality (3.29) remains valid as long

as
sememinf L)
MM 222040 )
B(a) <7 <B(a), (4.4)
where
20+2—-3a 4—5a 4—m 4—ba 4—m
ﬁ(o‘)’max{o’ 28 28 ' 2m }’maX{O’W’W}’
E(a):min{171—a7m—(2—a)(m—2)’8—(2—a)m}:8—(2—a)m7
2”7 B 2m 2m(2+ ) 2m(24«)
due to 72%2 —2 2‘2(7”_2) > S;n(lz(;fo)gl and 3<1—a. Therefore, v satisfying con-
dition (4.4) can be selected if

m(4—5a)(2+«)
8—(2—a)m

maX{O, }<ﬁ<1—a. (4.5)

Now for the case a>% and a+ <1, we choose m=5. As a result, the differential
inequality (3.27) becomes

d 5 5 L
— 75 1w < A 7y ? o 55 .
dt”G(t)HL JFHG”Lﬁ <C(1+][A 0||L; +||G||H7)(1+HG||L )s (4.6)

which, by Gronwall’s inequality, implies
T
GO+ [ 1GEI o, dr<C <. (47)
0 =

The inequality (4.2) is a direct consequence of Lemma 2.5, and the inequality (4.3)
follows from the inequality (4.2). In fact, by the Besov embedding and the inequality
(4.2),

[Vug] 1= < CIVT* A~ G1x < CYGl| g2 <C.

This yields the global Lipschitz bound on u. ]
When a < %7 the following global bound for u¢g can be established.

LEMMA 4.2. Consider Equation (1.1) with the supercritical indices a+ <1 and
a< %. Then for any m satisfying

1 8 80 }
l1—a’2—a’ (4—5a)24+a)+(2—a)B )’

2<m<7%07 T?lo::min{
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we have
t
GO+ [ 1GE)7 0y dr <C(T) <00

In addition, if % <m<myg, then

2m
G(t a2 <C(T) < 00, rg=——.
OzltlgTH (D) gz 2 <C(T) <00, T i
As a consequence, for B satisfying
—3(3a—2 2204 164
Ba—-2)+Va a+ “f<l-a,
8
(of course, it requires o> % ~0.7692), it holds
sup |ugllor-» <C(T') < o0, 0<p<p.
0<t<T

(4.10)

(4.11)

Proof.  The proof of the inequality (4.8) is very similar to that of Lemma 3.2. We

remark that the constraint

83
(4-5a)2+a)+(2—a)p

m<

follows from condition (4.5), namely

m(4—5a)(2+a)

S (2—ajm <p<l—oa.

The inequality (4.9) follows from the inequality (4.8) and Lemma 2.5, and the inequality
(4.11) is a consequence of the inequality (4.9) and the constraint imposed on 5. More

precisely, for 8 satisfying the inequality (4.10), we have

2 - 83
20—148 (4=5a)24+a)+(2—a)B’

and then we can choose m satisfying

2 83
2115 " W st 2-a)p

Set ,uz%—?a—kl, clearly p< 3. Then

luglien-s ~ ullpios
= VAT Gl gy,

<CIGIL+CIGI ez

B 0

=C|G|| 2 +CHG||B§§;37
<o(T).

(4.12)
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Due to the restrictions

2 < mi { 1 8 }
D EEE—— mmy —, ——
200—148 l-a’2—al’

we need
£>3—4a. (4.13)
Therefore, 5 should satisfy

—-3(3a—2)+va?—-204a+164
max{ S ) 3—

4a}<ﬁ<1—a. (4.14)

Observing the restriction a > %7 the final restriction on (3 is

-3(B3a—2)+va?—204a+164
8

<B<l-a, (4.15)

which would work as long as a > % ~0.7692. The proof of Lemma 4.2 is complete. 0O

5. The proof of Theorem 1.2
This section is devoted to the proof of Theorem 1.2. In order to achieving this goal,
we first need to establish Proposition 1.1. We consider the difference

onl(z,t)=0(z+h,t)—0(x,t).
We will use the pointwise equality (see, e.g., [17,20])
2f (x)A° f(x) = A°[f*(2)] + Dg[f](2), 0<B<2,

where

(@)~ S+ y)?
W

Following [16], we have
L(61,0)* + Dg[0,0] =0, (5.1)
where £ denotes the differential operator
L=08,+u Vo4 (6pu)-Vy+AP.
Similarly as in [21], for

6h9(xat)

VB = e+ n)F

)

and for any bounded differentiable function &: [0, 00)— [0, 00), we have

Dy[6,0)
GEIBE

g 112— y h5hu U2
£+ |nf? §2+|hf?
§ 2 |h||onul

2
grime’ T e

Lo®+ =27/¢|

<29[¢|
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where 0pu=V+AT17§,0. Tt is worthwhile to state that when £(t)=0, [[v[z=, is

10(2)=0(x)]

equivalent to the Holder seminorm [0(t)]c~ :=sup,.,, =i

Parallel to Lemma 3.1 in [21], we have the following lower bound on Dg[0,,0](z).

LEMMA 5.1.  Let 0<fB<1 and 0<y<1. Then there exists a positive constant Cy =
Cy(8,7) >1 such that

8

] 7 (v(2;h))2. (5.3)

Dylond)(@) . 1 [Ju(aih)]
(E+1h2) =GRl | Tollez,

Proof. Let x be a smooth radially cutoff function that vanishes on || <1 and is
identically 1 for |x| >2 and such that |x/| <2. For R>4|h|, we can conclude

Dy [646)(x) = C(8) /R 2 [2(z) _yfi’fﬂ(xw)] (%)d
> @) | aa-2c@imel| [ R Bay

x Lyl
> @22 _ocg) 00 - / |>R[9(x+y)—9(x)]6h(f;(ﬁ;)dy‘

[61.(x)]2 ; 16,02)| (& +1]y*)?
> 0(9) P —20CEmine@ | e
>c(o/28IE _scc@msowiivlez, [T ESE
> @ _scc@mimo@iivlg, (s + mo ). (54

where we have used the following fact, for |y| > 2R,

|y| |/M

X' (‘) r<jyi<2rY _ Clhl
cuiony . Ol
- (5, |2+ﬁ)’— (s ) < s

Now we take R as

1
80||v||L;<fh] iz ap

v(a;h)

Then, we easily obtain

20C(8) 1| |610(x)|[[0]| ==, (
) 200(ﬁ)|h||5h9 z)l[[vllze,

R1+5 'v)

( [Iv(w h)l}*”r L Iv(w;h)l)
80 = |h| Llvlce, 8CIhI* = [vllzee,

<QCC( )|h||5h9 Mvllzee, ( &7 |u(zsh)| 1 |v(a:,h)|)

- 8C|h| [lvllLes, ~ 8CIAI" [lvllzee,
0<5>|hu6ho<x>\||v|u;h BN Jo(ah)|

: 1R () ol
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_ C(B)[h|[0n0(@)[[[vllse, (€2+|R|?)2 |v(x;h)]

= 2R B ol
[0n0(2)]?
< —_— .
<) (55)
Combining the inequalities (5.4) and (5.5), we immediately have
[6n6(2)]* _ [0n8(x)]? [|v(;h)| 1755
Dg[0p0](x) > =
where
8
2(8C) T~
Ci=—wr"— 5.6
) (5.6)
This completes the proof of Lemma 5.1. O

We select a suitable £ =£(t) to serve our purpose.

LEMMA 5.2. Let0<fB<1 and 0<y<1. For &y >0 sufficiently large (to be fized later),
we define

if0<t<T,

s B 38
— t ,
£(t)= % 16C1y }

0, iff§t<oo,

~ s
where Cy is as in Equation (5.6) and T:%. Equivalently, £(t) satisfies the fol-
lowing ordinary differential equation
1

—mflfﬁ(t% £(0)=¢&>0. (5.7)

§(t)=
Moreover, the following inequality holds

£ 9
<
RN Te AT

29[| % (5.8)

Proof. Simple calculations allow us to show

: £ 2 £2-h 2 (52"'|h|2)1_g 2 1 2
2 < < < .
N e s @ mE Y Ssai@ )’ = sCunP"

This completes the proof. ]
The following lemma provides an estimate for §pu.

LEMMA 5.3.  Let a+~vy<1 and p>4|h| be arbitrarily fized. Then,

1 ¥
i
P

atl 3
)] < C (o3 [Dlond)@)]* + Bl ol [

1) +C@)mir. (5.9)

Proof. Recall Equation (A.1)s, namely

u=ug+uy, ug=—VrAT2TH0.
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As a consequence of the result on [51, p.73],
gj_
€[+

I
:—}'*1(75 )*ala

|¢[1+2—(1=a)
1L

uez—}“fl( >*319

=C(a) x010

|1.|27o¢

—u)+
O R = (5,10

where * stands for the convolution symbol. By using that the kernel of z* has zero
average on the unit sphere, it then gives

dpug=C(a) M(éhaylg)(y) dy

R2 [T —y[>7

—c) [ BTV ) ) dy

R2 [T —y[*

L
—c(a) [ Y 5 1(540) () — (40) ()] dy

R2 |z —y|>7

)t
=) [ 00 () 0000~ o))y
o/ ayl(i)[ahe<x+y>6he<x>1dy

= 8pul™ + 6, u<°“t), (5.11)

where
1

s =Cle) [ 0, (=) [kx('i')} (nb(@+y)—8nb(a) ) dy,

g™ =) [ o (e () (30t )~ 500) )

ly|*=
Thanks to Equation (1.3), one has

|6nuc| < llugllor-u h"=" < C(T)|R['7.

It thus follows from Young’s inequality that

63uS™| < C() /

wi<p [W12=0 |2 °

<C(a) (/y|<p \yl”ﬁ dy) : (/ygp e Jrl;jl);ﬁéhe(x)>2 dy) %

<Cp R [Dyl040) ()] . (5.12)

10n6(x +y) —0n0(x)|dy

Finally, direct calculation yields, for p>4|h|,

<0 [ oo (00 (Gl () e ) 0o
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1
<Cln| ﬁl9(z+y)—9(x)\dy

y\>p|
7

g wPa GRDE

(€24 ]y2)3
smmmmm/‘ )z,
M yize Ml
& |ly|”
<0thw/ + gy
iz, | Gt s

1 &
—a—7y +p1—a]’

(5.13)

<Clhlllvl e,
[P
where in the last inequality we have applied the fact «+~ < 1. Combining all the above

estimates, we obtain Equation(5.9). The proof of Lemma 5.3 is completed. ]

The following lemma provides an upper bound for the term involving §,u under the
condition [[v|[e, <M.

LEMMA 5.4. Letl—a—f<vy<l—a with 0<a,B<1, and assume that
4/[6o]| >~

&
Then there exists some constant Coy=C5(83,7)>1 such that if

lollzx, <M=

€o=(Ca||fo| =) =7,
then

Blldnal o Delonfl@) | 1,
E4[RE" = 3+ RO

(5.14)

for any |h| <min{é&, (16C,C(T))” 77},
Proof. By Young’s inequality and Equation (5.9),

|h|
€+ |h]?

C29|h| LI
= e+ n? e
__DM%ﬂwﬂ CﬂhP{ gL fww+ﬂwhmh+nwuﬁﬁ”};

2(€2 +h[2)7 @HW (E+[h2)T= ploo= T pla
|h[2~»
8+W2

2 |6 ulv?

(r*E [Dslant1@)* 1Ml [ + im0 + O g

l—a—y

+C(T)——5 (5.15)

Now we take
p=A(E+Ih)*
Direct calculations show that for |h| <&,

71}2 2atB 42a+,6,yv2

E+mpp)—" T @+
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< ||90|2|%°° 1 . (52 |h‘2)2“2+’8+§+’y—1
o (2+(h?)2
160117 1 g20026427-2
— 2 B8 S0
o (E2+1n2)2
[60]l7~ 1
SCWW’

(5.16)

where we have used the fact
l—a—0B<y<l—a=2y>2a+25+2y—-2>0.
Therefore,

lollze,  llvlloee, &

plfaf'y plfa

41|60 L~

&
4 0 oo at+y—148 4 0 oo a—14+8
LU e GR
& (E2+h)?)2 £ (E2+h)?)2
aty 148 4|00l o a-11Bty

40 o0

< iy s 0le oy
£ (62 +|h|?)z & (E241h|?)2

< Clitolli= _carroirs, Cloollie a-riais

£1(€2+ |h[2)7 €1(E2+|n2)>

 Clibolle=_

LG

4||90||Loc pa—i-'y—l

< + E1pet
&

(5.17)

where the following fact has also been applied
l-a—-p<y<l—a=y>a+y—14+5>0,

Substituting the inequalities (5.16) and (5.17) into the inequality (5.15), we obtain the
estimate

A 2 Dslnd)() R
< _
e R S g iy O g g )
L
+C(T)§2+|h\20
Dyldnfl(x) | C(T) 180l 6ollz=1 1
< + v+ Y| 55 — 7 (T 3Y
2 +[h2)7 " Tl (gt s VP
< Dﬂ[éhe](aj) 1 2 (518)

=S+ R 8P

Here we have used the following conditions

100llZ , [lfollz= 1
C’Y{ “oa_ + “a— }S )
22025 (T=a | S50,

ory 1
< .
|h|,u - ].601‘h|6
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The first condition is fulfilled if we select &y large enough. In fact, it is sufficient to
choose &, as

€0=(Calfo | 1) =7, (5.19)

where Cy =48C (. The second condition can be guaranteed by the assumption |h| <
(16010(T))_ﬁ. This completes the proof of Lemma 5.4. O

Proof. (Proof of Proposition 1.1.) By the definition of v,

2|6~ _ M
0 oo <7:7.
o)z, < 2= =
Define
To=sup{t>0: [|v(s)| L=, <M,Vse[0,1]}.

Ty is the first time for which [v(s)|Le, reaches the value M. We claim that Tp = +o0.
First, Ty>0 due to the continuity of [[v(t)|[rx, in time variable t. Note that the
continuity of v with respect to variable x and h and |v(x,t)] — 0 as |z| — oo, there exist
(%,h) such that

(@, T3 )| = 0, Tos ) | ., = M.

The value h satisfies |h| <&. Indeed, for any |h| > &, we have

2[|0ollze _ 2[bollze _ M
T

By Lemmas 5.1 and 5.4, we can conclude that for any ¢ € (0, Tp]

Dglond] _ 1 o Ds[ond](z)

£ 2
v Ermey St T

|h] <&.

Making use of the lower bound established in Lemma 5.1, we see that

B

L @ N s, L @k,
Lv? ’ -1 <0, (5.20
! +4cl|h|ﬂ([||v||%l )"+ e {nan;c,h] vz, (520

for any |h| <&;. Let € be small enough such that
M
oz, 22 vsemy—e, 1)

Let (Z,h) = ((s),h(s)) be the point at which v? attains its maximum value of M2. At
this point, we have

0,v% =0pv? =0, APv?>0.

Therefore, Equation (5.20) yields

2

< Lv“(z,s;h)+ —v
16C1 &, 4C4 |h|8

((“)SUQ)(E,S;EH—
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which implies
M2

0> E,s;}NL <
(9507°)( ) 16017

Vse [T()*E,To).

Following an argument in [16, Appendix B], one may show that for almost every s in
s€[Ty—e,Ty) we have

M2

Do) 2o < (802)(F,8:0) < ———.
o)z, < @) @,si) < - s

Consequently, we get [[v(To)| Lo, <M, which leads to a contradiction. As a result, we
thus conclude Tp=+o00. In fact, notice that the selected &y as in Equation (5.19), the
value T' can be formulated as

_ 16Cy7¢ 160,y

B 11—«
55 (48CC1Y |00 || Lo ) T=7 =C5y =7 |60l 1o,

where the constant Cs =Cs (v, 8) > 1. Since £(¢)=0 for all ¢>T, the Hélder seminorm
of 6 can be bounded by

8

~)

4100]| 1,0 4 —atetbol
0®)cr =llo(®)]1s, <M = ol gﬂL < Cay™ T B
0

As a special consequence,

gl crsa = VAT 040 crva
<C|0||L=+C|0] e~
<C< oo,

where y>1—a—p=vy+a>1—-0. Recall the condition on ug,
lugllor—r <C(T) <00, p<f=l—p>1-F.
Therefore,
lu]|cs <C(T) < o0, for somes>1—j,

which together with Lemma 2.4 implies that the solution 6 € L“([f, ), C1¢(R?)) for
some ¢ >0. This completes the proof of Proposition 1.1. ]

With Proposition 1.1 at our disposal, we are now ready to prove Theorem 1.2. To
begin with, the global existence of a weak solution of the system (1.1) can be easily
obtained (see for example [32,41]). Thus it is sufficient to show that weak solutions of
system (3.37) are eventually regular.

Proof. (Proof of Theorem 1.2.) By Lemma 4.1, for Oé>% and a+ (<1,

sup |lug(t)|Lip < C <oo.
<I<T

By Lemma 4.2, for

4 —3(30—2)+a?—20da+ 164
5’ 8

10
0.7692%1—3<a§ <f<l—aq,
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we obtain

sup |lug|lcr-» <C<oo, 0<p<p.
0<t<T

Proposition 1.1 then implies that there exists T such that
0 L=([T, 00) x CH<(R?))
for some ¢ > 0. In particular,
Vo e L®(|T,00) x L®(R?)),

which especially implies (u,6) is a classical solution on [T',00). Thus, we complete the
proof of Theorem 1.2. ]

Appendix A. Proof of eventual regularity for generalized surface quasi-
geostrophic type equations and Lemma 2.5. This appendix serves two main
purposes. The first is to state an eventual regularity result and a global regularity
type result for a generalized surface quasi-geostrophic (SQG) equation following [16,21].
These results for the generalized SQG equation may be useful for future study. The last
one is to present the proof of Lemma 2.5.

We first state the eventual regularity result and a global regularity type result for
the generalized SQG type equation,

D10+ (u-V)0+A’0=0,
u=V+ATITg, (A1)
0(x,0) =0y (x),

where 6 is a scalar real-valued function, o€ (0, 1) and 8 € (0, 1) are fixed parameters with
a+ B < 1. The SQG equation and the generalized SQG type equations have been studied
extensively recently due to their geophysical applications and mathematical importance
(see, e.g., [15,46]). The global regularity problem concerning these equations have been
studied extensively and significant progress has been made (see, e.g., [4,7,8,10,12-18,
20,21,23-25,27,35-38,44,45,52-54,56, 58]).

THEOREM A.1.  Consider the system (A.1) with «>0,5>0 and a+5<1. Assume
that 0o € H? (R?) for some o >2 and let 0 be a corresponding global Leray—Hopf type

weak solution. Then there exists T >0, more precisely,

B

=0y =700l 77,
such that 6 € L ([T, 00),C7(R2)) for some 1—a—B<y<l—a,
e —fotbol
[0()]cr < Cy™T=2=F [|00o]| Lo 7

for some constant C'=C(a, ) > 1.

A regularity result for the system (A.1) similar to [21, Theorem 1.3] can also be
established.
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THEOREM A.2.  Consider the system (A.1) with «>0,8>0 and a+B<1. Assume
atp

that 0o € H*(R?) with [|6o| 2 10oll ;.2 =A. There exist on=a1(A)€(0,1), 1=

B1(A) € (0,1) such that, for every a€lay, 1), B€[B1,1), system (A.1) admits a unique

global smooth solution with

2—a—8
2

0 L>(0,T:H?)NL*(0,T;H>"?)

for any given T > 0.

We remark that the system (A.1) has the scaling property that, if 6 is a solution of
the system (A.1), then for any A >0 the functions

Ox(z,t) = \2TP=L9( Az, \Pt),

are also solutions of the system (A.1) with the corresponding initial data 6y x(z)=
NetB8=10,(A\z). Tt is an obvious fact that the quantity ||- ||;%B Il- ||;;+75 is scaling invari-
ant.

We now turn to the proofs of theorems A.1 and A.2. The proof of Theorem A.1 is
a simple consequence of Proposition 1.1 (with ug =0). To prove Theorem A.2; we first
state a local existence result for the SQG equation (A.1).

LEMMA A.1.  Let g€ H? be given, then the supercritical SQG equation (A.1) has a
unique local in time solution such that

6 € L>(0,To; H2) N L2(0,Ty; H*+7), (A.2)
where Ty is given by
1
To= 2015 9_2atp
Calloll" N16oll . *

Proof. We only provide the proof for the key component of Lemma A.1, namely
the local H?-bound of §. Multiplying Equation (A.1)s by A%6, integrating over whole
space and using the divergence-free condition, we obtain

Ld
2dt
§—/A((U~V)0)A0dx

2 2
1O+ 1012

<— /(Au~V)0A0dx72 /vuv20A9dz

<Odul, = VO] s 186 o +CI920] 2] A8] o [V

<CUABY 261 - sos 1] oy +CITO L2161 oy 161, 2o

2 2

4
LB

1
<5012 . o+ CIONL 02,

2a+8 2a+8

el (A.3)

1 41—
<5l +C101l ;2

2
s

where the last inequality follows from the following interpolation

2c

1_20+8 2048
16 22008 <CON . * 161" -

2
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The inequality (A.3) immediately implies that

d 42048 2a+8
10O <Clolz. = N6l

It is easy to check that the H? norm of  does not blow up before time

1

To=

Callfo | .= ||90||H2

This completes the proof of Lemma A.1. ]
Next we will prove Theorem A.2.
Proof. (Proof of Theorem A.2.) It follows from the eventual regularity theorem

(Theorem A.1) that the weak solution becomes smooth after time T given by

- 16C17€P 160 R
72058 _ 0 40 =) 7 = iy 5 0

where the constant C5 > 1. The smooth solution cannot blow up in finite time as long
as

j—\‘ S TOa
which is equivalent to

1

B B
Cy =7 ol Iooll s 7 <

Cullboll . ||90||Hz

1 1
where we have used the interpolation [|fo[|r <C/||6o| 72 /[00] 7,.- The above inequality
can be rewritten as

(atB)(2=2a=8) (2=a=p)(2=2a=p)

160]l 2" llfoll e T <(CaCs) TNy TR (A.4)

Now we assume that
— B
||9o||Lz ||9o|| =A.

Therefore, the inequality (A.4) holds if we select « such that

2—2a—p

Y (CiCs) TR AT (A.5)

Recall that

y>1—a—p.

Thus, there exist oy =a1(4)€(0,1), B1=01(4)€(0,1) such that 1—ay— 3 is close
enough to zero, namely «; + (1 is close enough to one. It is not hard to find that for
every a € [ay, 1), B€[B1,1), the solution of the supercritical SQG equation (A.1) does
not blow up in finite time. Thus, the proof of Theorem A.2 is completed. 0

Finally we end this section with the proof of Lemma 2.5.
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Proof. (Proof of Lemma 2.5.) We apply inhomogeneous blocks Ag (k€N)
operator to the combined Equation (2.6) to obtain

NALG+ A ARG =AR[Ra,u- V)0 —Ap(u-VG)+ ApAP =0, 6. (A.6)
Multiplying both sides of (A.6) by |AxG|""2A.G, integrating the result over space R?
and using the divergence-free condition, we get

1d

~2 A
r i8]

. +/ (A“ALG) ARG 2 A Gdz =T+ 15 + 1%, (A7)
R2
where

= [ AR V0 IAGI G
R2
Igz_/ Ap(u-VG) |AG| 2 ApG
RQ

IY = ARA’=90,,0|ALG|" 2 ArGda.
R2
Keep in mind the following lower bound
/ (A“ARG) ARG 2 ARG dz > 29 || ARG}, k>0,
R2

for an absolute constant ¢ >0 independent of k. Now we recall the following commutator
estimate, whose proof will be given at the end of this section

a 1
1A R, u- V10 L <O ull go 0]l +lull z2]16]]2), (04>§)- (A.8)
According to the following simple fact

lullgy _ <ClIA“ullze

<A A -
<CA* ] e
SOAT G L + O AT Rab e

<CIGl+CIGIe+Clolr (v =)
<C(T,ug,b0), (A.9)
it directly gives
|AR[Ra,u- V0| r < C22A=)E,
As a result, we obtain
1T <0220 F | AG| (A.10)

Employing the above estimate (A.9), it follows from the proof of the estimate (7.17)
in [31] that
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| < ClIA ] 20~ DR AGIE (180Gl e+ Y 20D 08 G e

m<k—1

3 AP ALG] )

m>k—1
SCQ(l_a+%)k||AkGHZ:1(”AkGHLT+ Z 2(1+%)(M—k)||AmGHLT
m<k—1
+ Y Q(Q*%)(k*m)HAmGHLr). (A.11)
m>k—1

Finally, using the Bernstein inequality, we are led to

[I5| < Ol AR A =0y, 0] Lo | ARG 7
< C2PF K| ALO| | ARG
< C2BHI=k AL G5 (A.12)

Inserting the above estimates I¥, I¥, and I into the right-hand side of Equation (A.7)
yields

%HA}’@G”LT —I—CQakHAkGHLr < 022(1—a)k +02(ﬁ+1—a)k +02(1—a+%)kL(t)
< 020-k 4 ootk p(p), (A.13)
where

L) =[AGlpr+ Y 20D RIA G+ Y 2= DEmALG L,

m<k—1 m>k—1
and we have used the fact
a+f<l=p+1-a<2(l—a).
We get the following by integrating Equation (A.13) w.r.t.
| ARGz <™ | AxGollr 40207k

t
+C2(1—a+%)lc/ e*C(t*T)ka(T)dT. (A.14)
0

Multiplying both the left- and right-hand sides of Equation (A.14) by 2°* with s <3a —2
and taking the supremum with respect to k leads to

1G@)

B:,. SC+||Go

By M+ M+ Ms,

where

t
Ml:C sup (2(1—a+%)k2sk/ e—C(t—T)Q"‘k
k>—1 o

ARG(7)|1rdr),

t
My =C sup (2<1—a+%>kzsk / emett=m2 37 2<1+%)<m—k>||AmG(T)HerT),
E>—1 0 m<ho1
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t
M3z =C sup (2(1_‘”%)’“23’“/ eelt=m)2" Z 2(a_%)(k_m)HAmG(T)HerT).
0

k2—1 m>k—1

Thanks to the condition r > we choose kg as

2a 1

9~ (2a—1-2)ko <

G:\H

By the aid of the Bernstein inequality and the convolution Young’s inequality, we can
conclude (we may assume r > g, otherwise it is more simple)

t
My=C sup (207#Dhgh / eI MG (7)1 di )
—1<k<kgo 0

t
+C sup (2<1*a+%>k2sk/ e et=D2" AL G(r )||er7')
k>ko 0

t
<C sup (2(17a+s+%)k:/ e—C(t—‘r)2ak”AkG(T)HquT)
0

—1<k<kq

t
+C sup (2<1—a+%>’€/ eet=T2 95k AL G(r )||LTdT)
0

k>ko

SCHGHLw(o,T;Lq) sup o(1— 204542 )k—|—Csup2 (2a—1-2)k HG”L“’(O,T;Bﬁw)
<k<ko k>ko Y

< OG0, 710y +C27 271700 Gl (0,7;B: )

1
<C|Gllp=0,1;L9) +6||GHL°°(0,T;B;OO),

t
My=C  sup (2<1—a+%>’f25’“/ et N B A ()| dr )
0

—1<k<ko m<k—1
t
+C sup (2(1_‘”%)’“/ e—et—m2" Z 2(1+%—5)(m—’“)2msHAmG(T)HerT)
k>ko 0 m<k—1
t
<C sup (2(1*‘”%)’“2‘9’“/ eelt=m)2* Z 2(1+%)(m*k)2(%_%)m||AmG(T)||LqdT)
—1<k<ko 0 m<he1
t
+C sup (2(17a+%)k/ efc(tfq—)zak( Z 2(1+%7S)(m7k))||GHL°°(0,T;BS, )dT)
k>ko 0 ko1 ne
<C sup (2(1—Cx+%)k25k/ e~ c(t—7)2%F Z 2(1+ ) (m— k)2(2ii)k”GHL°°(OTL‘I dT)
—1<k<ko 0 m<ho1
+CHG||LOO 0.7:B: )su (2(1 a+2 )k/ —C(t—T)2ak( Z 2(1+%—s)(m—k))d7-)
m<k—1
t
<ClGl=orne) swp (z<1 ok 2kgskg(F -2k / e =TT S gD )
-1= 0 m<k—1
ak
+CHG||L°°(OTBS )Sup (2(1 a+2 )k/ e—c(t=7)2 dT)
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—ats+2 ! Ce(t—r)ook
SC”GHLW(O,T;LLI) sup (2(1 +<+q)k/ e c(t—7)2 dT)
—1<k<ko 0

+CHG”L°°(07T;B;‘;'OO) sup 2—(20¢—1_%)k
" k>ko

a-+s _2
<C|GllL=(0,7;L9) Sugk (2(1 2ackaty )+02 (21 )k°||GHL°°(0TBs )
0

<C||GHL°°(OTL‘1)+ HG”LO"(OTBé )-

Similarly, the term M3 obeys the following estimate

t
Mz=C sup (2(1_°‘+%)k23k/ e_c(t_T)zak Z 2(0_%)(k_m)||AmG(T>HUdT)
—1<k<ko 0 m>k—1

t
+C sup (2(1_‘”%)’“25’“/ e—e(t=m)2" Z 2(0“%)(’“_’")||AmG(T)HerT)
0

k>ko m>k—1

t
<C sup (2(1—a+s+§)k/ p—clt—7)2°" Z 2(0‘—3)(’“"")||AmG(T)\|quT)
0

—1<k<ko e
t
+C sup (0ot [ttt 5 plere 0oz A, G(r) | dr)
k>ko 0 o1
t
SC||G||Lc>o(o,T;Lq) Sup (2(1"”5*%)’“/ el za’cd7_>
<k<ko 0

t
+C||GHL°C(O,T;B: ) sup (2(1—a+%)k/ e—c(t—T)gade)
7 k> ko 0
=ClGle~07iz0 Sugk (2(1 e )+C||GHL°°(OTBS )sup (2—(20—1—%)k)
0
— —1-2
<C|Gllz o, 1i0) +C27 7 T)k°||GHL°°(o,T;B$,OO)

1
<C|GllLe=(0,1;09) + EHG”L“(O,T;Bi,m)v

where we need the condition ¢ > % Therefore, it follows that

GllL=(0,7:8: ) <C+Golls . +CIG| Lo (0, 1; Lq)+ ||G||L°°(O TiB: )
Finally, we arrive at

sup [1G (1)l
0<t<

Bs _ <00, 0<s<3a—2,

where 2 T <r<g- (fza)q.
We ﬁnally prove the commutator estimate (A.8) to end this section. With suitable
modification of the proof of [31, Proposition 4.5], we can obtain the desired estimate.

More precisely, we rewrite it as follows:
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Ak[Ra, UV]Q = Z Ay ([Ra, Sj_ﬂL'V]Ajo) + Z Ay ([Ra, Aj’LL' V]Sj_lﬂ)
li—k[<4 [i—k|<4
j—k>—4
::]Vlk —|—]v2k —I—N:,’f
According to the estimation of .J; and Js in [31, Proposition 4.5], we immediately get
the following estimates by viewing f=wu and ¢g=V§

INFll- <0 7 207 ¥ [ 2%Ma|ho (22) | | Sy-rull g 145 V6
i T<a
<C ) 2Umedkgs ""“IluHBa 27)16]| =
lj—F|<4
<O uf g, (0],

IN§||-<C Z 2(1_2‘1“”%”3300IIijleLw
lj—k|<4 ’
<C Z 2172 ||u|| 5o 27]0]| L
li—k|<4 ’
SC?Q(l_Q)kIIUIIBgm||9||L°c7

where hg is a Schwartz function. However, the last term Ng should be treated differ-
ently, without using the commutator structure. The divergence-free condition plays an
important role in proving N3. Indeed, by Bernstein’s lemma and the divergence-free
condition

.)

)

NS <O 30 (HAk o(Dju-VA;0)) (‘Lr+“Ak(Aju-vnaﬁj9)]

j—k>—4

<C Y ([aeRav-aud;0)| +]|ar7- (8,uR0E,0)|

j—k>—-4
<C (2 =k || Al ;0| e+ 28 AjuR G A, 9\\Lr)
j—k>—4
<C(2672% 37 27U Al 0]
j—k>—4
FoC2k ST 2GR A s 0]+ ] 210 2
j—k>-4,720
<c(2e72k 37 27U B ] 5, 6]
2 oo
) 1
e D D O P P T P P B )
i—k>—4,520 '

<O ull g, 1]z + Cllul2 6]
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Collecting the above three estimates, we immediately obtain

1AK[R e, u- V18] - < C2C 72 |uf o 6] e + Ol 12116 2,

which is nothing but the desired commutator estimate (A.8). Consequently, this com-

pletes the proof of Lemma 2.5. a
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