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STABILITY OF VORTEX SOLUTIONS TO AN EXTENDED
NAVIER-STOKES SYSTEM*

GUNG-MIN GIET, CHRISTOPHER HENDERSON}, GAUTAM IYER!, LANDON KAVLIEY,
AND JARED P. WHITEHEADI

Abstract. We study the long-time behavior an extended Navier-Stokes system in R? where the
incompressibility constraint is relaxed. This is one of several “reduced models” of Grubb and Solonnikov
(1989) and was revisited recently [Liu, Liu, Pego 2007] in bounded domains in order to explain the fast
convergence of certain numerical schemes [Johnston, Liu 2004]. Our first result shows that if the initial
divergence of the fluid velocity is mean zero, then the Oseen vortex is globally asymptotically stable.
This is the same as the Gallay and Wayne 2005 result for the standard Navier—Stokes equations. When
the initial divergence is not mean zero, we show that the analogue of the Oseen vortex exists and is
stable under small perturbations. For completeness, we also prove global well-posedness of the system
we study.
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1. Introduction

The dynamics of vortices of the incompressible Navier—Stokes equations play a
central role in the study of many problems. Mathematically, control of the vorticity
production [1,8] will settle a longstanding open problem regarding global existence of
smooth solutions [7,10]. Physically, regions of intense vorticity manifest themselves as
cyclones in the atmosphere [9,30], and at a slightly decreased intensity as eddies in
the oceans [6,32]. In all cases, regions of intense vorticity are of vital geophysical (and
astrophysical) interest.

After many years of intense study (see for instance [2,3,5,11,13,15,16,24,29,31,35—
38]), the seminal work of Gallay and Wayne [14] proved the existence of a globally stable
(infinite energy) vortex in R2, known as the Oseen vortex. Physically, this means that
any L' configuration of vortex patches will eventually combine into a “giant” vortex
and then dissipate like the linear heat equation. The main result of this paper is the
analogue of this result for an extended Navier—Stokes system where the incompressibility
constraint is relaxed.

The equations we study are one of several “reduced models” of Grubb and Solon-
nikov [18,19]. This model resurfaced recently in [26] to analyze a stable and efficient
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numerical scheme proposed in [22]. The numerical scheme is a time discrete, pressure
Poisson scheme which improves both stability and efficiency of computation by replacing
the incompressibility constraint with an auxiliary equation to determine the pressure.
The formal time continuous limit of this scheme is the system

Ou+(u-V)u+Vp=Au,
Ord=Ad, (1.1)
d=V-u,

where u represents the fluid velocity and p the pressure. We draw attention to the fact
that the usual incompressibility constraint, d=0, in the Navier-Stokes equations has
been replaced with an evolution equation for d. Of course, if d=0 at time 0, then it
will remain 0 for all time and the system (1.1) reduces to the standard incompressible
Navier—Stokes equations.

In domains with boundary the system (1.1) has been studied by numerous au-
thors [20, 21, 23,26-28] both from an analytical and a numerical perspective. Bound-
aries, however, cause production of vorticity in a nontrivial manner and make the long
time behavior of the vorticity intractable by current methods. Thus, we study the sys-
tem (1.1) in R? where at least the long time behavior of vorticity when d=0 is now
reasonably understood [14].

Since d approaches 0 asymptotically as t— oo, we expect that the long time behavior
of solutions to Equation (1.1) should be the same as that of the standard incompressible
Navier-Stokes equations. Indeed, our first result (Theorem 2.1) shows that this is the
case, provided the initial divergence dy has mean 0. In this case, the entropy constructed
in [14] can still be used to show global stability of the Oseen vortex. Surprisingly, if
dy does not have mean 0, the nonlinearity contributes to the entropy non-trivially and
we are unable to show global stability of a steady solution using this method. Instead
when dy has non-zero mean, we use methods similar to [34] and show existence (but
not uniqueness) of a solution that is stable under small perturbations globally in time,
provided dj has a small enough mean. We are unable to show that this solution is stable
under large perturbations. Further, if dy has large mean, we are unable to show that
this solution is stable even under small perturbations.

Plan of this paper. In Section 2 we introduce our notation and state our main
results. Next, in Section 3 we show that if 5=0 the Oseen vortex is the global asymp-
totically stable steady state. Then, in Section 4, we study the analogue of this result
when #£0. We find the analogue of the Oseen vortex in this context, but are unable to
show a global stability result like in the case when f=0. We instead show that the solu-
tion is globally stable under perturbations that are small in Gaussian weighted spaces.
The proofs in Section 3 relied on certain heat kernel like bounds for the vorticity and
on relative compactness of complete trajectories. We prove these in sections 5 and 6,
respectively. Finally, to ensure our results long time results are not vacuously true, we
conclude this paper with Section 7, where briefly discuss global well-posedness for the
extended Navier—Stokes system in this context.

2. Statement of results
For our purposes it is more convenient to formulate Equation (1.1) in terms of the
vorticity

def
w=Vxu=01us—0qu;.
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Taking the curl of Equation (1.1) gives the system

Ow—+V - (uw) =Aw, (2.1)
6td:Ad,
u:KBS*erV*ld,

where, Kpg and V! are defined by

L aet 1

and VS — k.

27 |x|?

s 1l x
KBS(JJ“)d:f%W,

Equation (2.3) simply recovers u as the unique vector field with divergence d and curl
w. When d=0, this is simply the Biot—Savart law, hence our notation Kpgg.
Formally integrating Equations (2.1) and (2.2), one immediately sees that the quan-
tities
def def
a:/ w(z,t)de, and B= [ d(x,t)dx (2.4)
R2 R2

are constant in time. The value of « in the long term vortex dynamics is mainly that of a
scaling factor and not too important. The value of 3, however, affects the dynamics (or
at least our proofs) dramatically. We begin by studying the long term vortex dynamics
when S=0. In this case we show that the Oseen vortex defined by

G)(a:,t):%G(%)

is the globally stable solution, where

RRELRWEES

is the Gaussian. We state this as our first result.

THEOREM 2.1. Suppose wy, do€ L*(R?) are such that |x|do€ L*(R?) and B3=0. If the
pair (w,d) solves the system (2.1)—(2.3) with initial data (wo,do) then for any pe[l,00]
we have

lim ¢V |w(t,-) —ad(t, )], =0 and supt: ¥ |d(t,")||L» <oo. (2.5)
t—o0 t>0

When $#0, we are unable to prove a result as strong as Theorem 2.1, because a
key entropy estimate is destroyed by the nonlinearity. To formulate our result in this
situation, we first identify the analogue of the Oseen vortex. We show (in Section 4.1)
that the radial self-similar solutions to the system (2.1)—(2.3) are obtained by rescaling
Ws=Ws(B), where W; is the unique, radially symmetric, solution of the ODE

O Ws — . -
WSSZ?T—F%(l—e_TQM), with normalization RzWSdﬂczl. (2.6)

A direct calculation shows that the pair (a@g,ds) defined by

aﬁ(x,t):%ws(%), dg(x,t):fG(ji>, (2.7)
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is a radially symmetric self-similar solution to the system (2.1)-(2.3), making wg the
analogue of the Oseen vortex. When =0, we see W is exactly the Gaussian G, but
this is no longer true when S#0. When S<4r the shape of W is similar to that of
the Gaussian in that Wy attains its maximum at 0 and is strictly decreasing for r>0.
When (>4m, however, W attains its maximum at some 7y >0 and the profile looks like
that of a “vortex ring” (see Figure 2.1). For any §#0, the interaction between Wy and
the nonlinearity is largely responsible for the failure in our proof of Theorem 2.1.

Fic. 2.1. Plots of Ws ws r for fe{—2x,0,27,47,8m,167}.

Our main result when 3#0 uses the Gaussian weighted spaces appearing in [13,14,
34] and shows that the solution (a@g,dg) is stable under small perturbations. Explicitly,
define the weighted spaces L2 by

Ly, Z{feL*(R?):[|f|w<oo}, where Hfllidéf/G(x)_l\f(w)|2dw. (2.8)

Now our stability result when S0 is as follows.

THEOREM 2.2. Let t9>0 and (w,d) solve the system (2.1)~(2.3) on the time interval
[to,00). For any v€(0,1/2), there exists eg=co(y) >0 such that if

181(1+a]) + [|w(to) —a@s (o) ||, + |d(to) = ds (t0) ||, <o,
then

lim 7]|G (1) 712 (w(t) —a@p(t)], =0
and

supt!/(|G(1) /2 (d(t) — g (1)), < oo

t>0

Here G(z,t)=G(z/\/T) is the rescaled Gaussian.

When =0, the function @z =&, and Theorem 2.1 proves stability of @ (albeit under
a different norm) without any smallness assumption on the perturbation.

Finally, to ensure that theorems 2.1 and 2.2 are not vacuously true, we establish
global existence of solutions to the system (2.1)—(2.3). While a little work has been
done on this system in R2, the existence and uniqueness theory is not altogether far
from the classical theory, and we address this next.
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PROPOSITION 2.1. Define the space X to be either L' or L2 . If wg,do€ X, then there
exists a unique time global solution (w,d) to the system (2.1)~(2.3) in X with initial
data (w07d0).

The proof of this proposition follows a similar structure to results in [2,3,13,14, 25,
34], and we do not provide a complete proof. However, for convenience of the reader,
we sketch a brief outline in Section 7.

3. Global stability for mean zero initial divergence

We devote this section to proving Theorem 2.1. The main idea in the case where
B=0 is the same as that used by Gallay and Wayne in [14]. However, to use this method,
certain compactness criteria and vorticity bounds need to be established. In order to
present a self contained treatment, we begin with the heart of the matter (following [14]),
and only state the compactness criteria where required. We postpone the proofs of the
vorticity bounds and these criteria to sections 5 and 6, respectively.

3.1. Reformulation using self-similar coordinates. We begin by reformu-
lating Theorem 2.1 in the natural self-similar coordinates associated to Equation (1.1).

Proof. (Proof of Theorem 2.1.) Define the coordinates £ and 7 by

def L def

fzﬁ, T=log(t), (3.1)
and the rescaled velocity, vorticity, and divergence by
UE,m)EVu(z,t), W(ET) Ztw(z,t), and D(E7)=td(x,t). (3.2)
With this transformation the system (2.1)—(2.3) becomes

O, WV -(UW)=LW, (3.3)
9, D=LD,
U=Kpg«sW+V~1D.

where L is the operator defined by
o 1
zfQAf+§¢Vf+f (3.6)

In the rescaled variables we will prove the following result:

PROPOSITION 3.1.  Let (W,D) solve the system (3.3)—(3.5) with initial data (Wy,Dp)
such that Wo,(14|¢|)Do€ L*(R?). If a=[Wyd¢ and B= [ Dod{=0, then

ILm |W—aG||;,=0 and supe?|D|,,<oc (3.7
T—00 >0
for any pe[1,00].
Undoing the change of variables immediately yields Theorem 2.1. 0

Before proving Proposition 3.1 we pause momentarily to explain why the proof
in this case is similar to the proof in [14] for the standard Navier-Stokes equations.
The only mean zero function D that decays sufficiently at infinity and is an equilibrium
solution to Equation (3.4) is the 0 function, in which case the system (3.3)—(3.5) reduces
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to the standard Navier—Stokes equations in self-similar coordinates. Thus, when =
0, the long time dynamics of the system (3.3)—(3.5) should be similar to that of the
standard Navier-Stokes equations (in self-similar coordinates). Indeed, as we show
below, the key step of the proof in [14] goes through almost unchanged. Of course,
the required bounds and compactness estimates leading up to this still require work to
prove and, for clarity of presentation, we postpone their proofs to sections 5 and 6.

The proof of Proposition 3.1 consists of two main steps. The first step is to establish
relative compactness of trajectories to the system (3.3)—(3.5) in the space L' and is our
next lemma.

LEMMA 3.1. Suppose that W and D solve the system (3.3)—(3.5) in C°([0,00),L*(R?) x
LY(R?)). Then the trajectory {(W(7),D(7))}rejo,00) s relatively compact in L'(R?).
Further,

_le—ne—T/2?
wieni<c [ ep( =) moian (39

for some constant C" which depends only on |[Wo| ;. and ||(14€])Do(&)]] 11 -

The second step in the proof of Proposition 3.1 is to characterize complete trajec-
tories of the system (3.3)—(3.5). To do this we need to introduce a weighted L space.
For any m>0, p€[l,00) we define the space L?(m) by

LP(m)= { JELP:|| f|| r(m) <00, where ||fHL,f,(m /(1+|£|2)%‘f(5)|pd§}.

It turns out that the only complete trajectories of the system (3.3)-(3.5) that are
bounded in L?(m) are scalar multiples of the Gaussian. This is our next lemma.

LEMMA 3.2. Let m>3 and suppose that {(W (7),D(7))} is a complete trajectory of the
system (3.3)~(3.5) which is bounded in L*(m). Then, if [Wo=a and [Do=0 we must
have W(T)=aG and D=0 for all T.

Momentarily postponing the proofs of lemmas 3.1 and 3.2, we prove Proposition 3.1.

Proof. (Proof of Proposition 3.1.) Let © be the w-limit set of the trajectory (W,D).
Since Lemma 3.1 guarantees {W(7)} and {D(7)} are relatively compact in L', Q must
be non-empty, compact, and fully invariant under the evolution of the system (3.3)—
(3.5). Consequently, the trajectory of any (W,D)€€ must be complete.

Further, the upper bound (3.8) implies W is bounded above by a Gaussian. To
see this, choose a sequence of times 7,,— 00 such that (W(r,))—W in L' and almost
everywhere. Now dominated convergence and Equation (3.8) imply

| —me 222
W (©)|= Jim (&l <t € [exp (51 L) vy

<ol exp( “E0).

Consequently QC L?(m)? for every m.

This implies that for any (W, D), the associated complete trajectory is bounded in
L?(m)? for every m. Thus Lemma 3.2 shows QC{(0G,0):0cR}. Since total mass is
invariant under the flow (and Q#(), it follows that Q={(aG,0)}, where « is defined
in Equation (2.4). Since €2 contains exactly one element and (W (7),D(7)) is relatively
compact in L', this immediately implies the first equality in Equation (3.7) for p=1.
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Combined with the Gaussian upper bound implied by Equation (3.8), we obtain the
first inequality in Equation (3.7) for any p<oo.

The proof for p=o0c uses bounds on the semigroup generated by the operator £ and
an integral representation for W. Since we develop these bounds in Section 6, we prove
L convergence as Lemma 6.4 at the end of Section 6.

The second inequality in Equation (3.7) follows directly from the explicit solution
formula for the heat equation. Since this will also be used later, we extract it as a
lemma.

LEMMA 3.3.  Let D be a solution to Equation (3.4) with initial data Dy. Suppose

[ a+iehipo@lac<oo ana [ Dode=o
R2 R2
There there exists a universal constant C >0 such that
IDEe<0e [ A+ igDIDole)lde (39)

for all pe[1,00].

We remark that the decay rate of D to 0 being faster than that of the rescaled
heat kernel is because the initial data has mean-zero. This concludes the proof of
Proposition 3.1. 0

It remains to prove lemmas 3.1-3.3. The proof of Lemma 3.3 is short, and we
present it here.

Proof. (Proof of Lemma 3.3.) Since the heat kernel in -t coordinates is common
knowledge, we return to the z-¢ coordinates and prove d satisfies the second inequality
in Equation (2.5). Let G(z,t)=G(z/v/t)/t be the heat-kernel. Observe

J46)] o =G = | | do)Gla—0)

_H/R2d0 G(z—y,t)—G(z,1)) dy‘

Lr(z)

<75 [ Gt 29) =G (@)

S ;/ ‘ydO |dy,
t2"p

which implies the second inequality in Equation (2.5) and concludes the proof. ]

The proof of Lemma 3.1 is technical; we postpone the proof of Equation (3.8) to
Section 5 and the proof of compactness to Section 6. We prove Lemma 3.2 in Section 3.2.

3.2. Characterization of complete trajectories. @ The characterization of
complete trajectories to the system (3.3)—(3.5) when S=0 is identical to the charac-
terization of complete trajectories of the 2D Navier—Stokes equations presented in [14].
Since the proof is short and elegant, we reproduce it here for the reader’s convenience.

There are two steps to this proof: First, show that in a complete trajectory both
W and D must have constant sign. Of course, since D is mean-zero, this forces D=0
identically, and reduces to the situation already considered by Gallay and Wayne [14].
Second, the most interesting step, is to use the Boltzmann entropy functional to show
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that W must be a scalar multiple of a Gaussian. This is exactly what fails in the case
where D is not mean zero.
We state each of these steps as lemmas below.

LEMMA 3.4. Suppose m>3 and (W,D)eC°(R,L?(m)?) is a solution of the sys-
tem (3.3)~(3.5) which is bounded in L?(m). Then both W and D must have constant
s1gn.

LEMMA 3.5.  Let (W,D) be a solution to the system (3.3)—(3.5) with Woe L?*(m),
Dy=0, Wy=0. For the relative entropy H given by

H(W):/Rz Wln(%)df, (3.10)
we have
aTH:—/WW’VIn(%)‘ng. (3.11)

Lemma 3.2 immediately follows from lemmas 3.4 and 3.5, and we spell it out here
for completeness.

Proof. (Proof of Lemma 3.2.) By Lemma 3.4, we know that both W and D have
constant sign. Since [ D=0, this forces D=0 identically. Further, by symmetry we can
assume W >0.

Note that by the comparison principle the set L2(m)N{W >0} is invariant under
the dynamics of the system (3.3)—(3.5). Restricting our attention to this set, we observe
that the entropy H is strictly decreasing except on the set of equilibria W=60G. By
LaSalle’s invariance principle this implies that W =60G for some 6. Since f W =a this
forces 6=a concluding the proof. ]

It remains to prove lemmas 3.4 and 3.5, which we do in sections 3.2.1 and 3.2.2
respectively.

3.2.1. The sign of complete trajectories. The main idea behind the proof of
Lemma 3.4 is that the L' norm can be used as a Lyapunov functional. However, we
first need a relative compactness lemma to guarantee that the a and w-limit sets are
non-empty, and we state this next.

LEMMA 3.6. Let m>3 and suppose (W,D)eC°(R,L*(m)?) is a solution to the sys-
tem (3.3)—(3.5) which is bounded in L*(m). The trajectory {(W(7),D(7))}rer is rela-
tively compact in L*(m).

Lemma 3.6 is also used in the proof of Lemma 3.1, and we defer its proof to Section 6.
We prove Lemma 3.4 next.

Proof. (Proof of Lemma 3.4.) Define the Lyapunov function ® by ®(W,D)=
Wl +]D| .. We claim that ® is always decreasing, and is strictly decreasing in
time if and only if one of W and D does not have a constant sign. To see this, define
W and W~ to be the solutions to

WV (UWH)=LW* and O, W +V-(UW )=LW ",
with initial data W™ =max{W,0} and W, =max{—W,0} respectively. We clarify that

U=Kps*W here, and does not depend on W+ or W~. Clearly W*>0 and W=
W+ —W~ for all time. Further, if both W+ and W~ are non-zero initially, the strong
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maximum principle implies that for any 7>0 the supports of W*(7) will necessarily
intersect. Consequently, for any 7>0,

[ wenias< [ vt nwenyie
R2 R2
— [ W@+ Wy ©)de= [ Walde, (3.12)
R2 Rz

A similar argument can be applied to D and replacing 7=0 with any arbitrary time 7
will show that @ is strictly decreasing in time if and only if either W or D do not have
a constant sign.

To see that complete trajectories have constant sign, we appeal to Lemma 3.6 to
guarantee that the trajectory {(W(7),D(7)},r has both an a- and an w-limit. Now
choose two sequences of times (7,,) — oo and (r,,)——oc such that

W=limW(z,) and W=limW(7F,) in L*(m).

Since [W is conserved we must have [W= [W. Further, by LaSalle’s invariance prin-
ciple both W and W have constant sign. Consequently, for any 7€R,

\/RQM‘:AZ'W'df>Az'W(7)‘df>Az |W|d5=\/Rsz£|=\/szds].

Hence, [|W(7)|d€ is constant in 7. This, along with Equation (3.12), shows that W
has a constant sign. A similar argument can be applied to D. This shows that & is
constant in time and hence both W and D must have constant sign. 0

3.2.2. Decay of the Boltzmann entropy. The use of the relative entropy H
in this context was suggested by C. Villani, and the decay (when D=0) is a direct
calculation that was carried out in [14, Lemma 3.2.] We briefly sketch a few details here
for the readers convenience.

Proof. (Proof of Lemma 3.5.) Differentiating Equation (3.10) with respect to 7
gives

oct= <1+1n<g))8TW:/RQ(1+ln(%)>(£WfVo(UW)).

Using the identity VG /G=—¢/2 and the term involving £ simplifies to
w 13 VW VG
Az(l+ln(6))‘Wd5—‘A2 (vw5w) (g ) e
VIV VG2 W |2
= [ = [wlom() [ ae
We claim the convection terms integrate to 0. Indeed,
W 1
—/ (1+1n(—))V-(UW)d§: U~VWd£+f/ WU-£de.
R2 G R2 2 Jp2

The first term on the right clearly integrates to 0. If U decayed sufficiently at infinity,
we can write W=V xU, integrate the second term by parts, and obtain

1 L o
3 RZWU-§d§—4/RQ§ VU d¢=0. (3.13)
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Without the decay assumption one can use the Biot—Savart law and Fubini’s theorem
(see for instance [14, lemma 3.2]) and still show this term integrates to 0. This imme-
diately yields Equation (3.11) as desired. O

4. Stability when the initial divergence has non-zero mean

In this section, we study the long time behaviour of the system (2.1)—(2.3) when
B#0 (i.e. when the mean of the initial divergence is non-zero) and prove Theorem 2.2.
Unlike the behaviour in Section 3, the divergence D of the equilibrium solution to the
system (3.3)—(3.5) is non-zero. Consequently, the steady state of the system (3.3)—(3.5)
is no longer a Gaussian (like the Oseen vortex), but the radial function Wy defined by
Equation (2.6). We remark, however, that different, non-radial, steady solutions to the
system (3.3)—(3.5) may exist and we can neither prove nor disprove their existence.

Further it turns out that the radial state Wy does not “play nice” with the non-
linearity. We are unable to show decay of the analogue of the Boltzmann entropy (3.10),
which is a key step in both [14] and the proof of Theorem 2.1. We can, however,
show that Wy is stable under small perturbations globally in time (Theorem 2.2) using
techniques that are similar to those in [12,34]. This is the main goal of this section.

In Section 4.1, we derive an explicit equation for the radial steady state Ws. In
Section 4.2, we compute the evolution of the Boltzmann entropy functional mainly to
point out the breaking point of the argument of Gallay and Wayne [14]. In Section 4.3,
we use a different method (similar to that in [34]) to prove stability under small per-
turbations (Theorem 2.2) modulo the proofs of a few estimates which are presented in
Section 4.4.

4.1. The radial steady state. Since the equation for D is linear, we find that
D— G as T—o0. This can be seen, for instance, by noticing that D — 3G satisfies the
heat equation in Euclidean coordinates with initial mean zero. An argument analogous
to the proof of Lemma 3.3 gives the precise decay. Turning to W, we denote the steady
state by W,. For convenience, we normalize W so that f Wsdé=1. We claim that a
unique radial steady state exists, and is exactly given by Equation (2.6). (We can not,
however, rule out the possibility that other non-radial steady states exist.)

To see that the unique radial steady state satisfies Equation (2.6), we use Equa-
tion (3.3) to obtain

0=—(Kps*W,)-VW,—BV-((V'G)W,)+LW,,

in L2. Under the assumption that Wy is radial, Kpg*W,-VW,=0 and hence

BY-(V1G)W,) =LW, =V (Gv W )

G

Consequently,

W
o

Vip=—BVIGW,+GV

for some function ¢. Since the right-hand side is radially pointing and smooth, we must
have V+¢=0 identically.

Switching to polar coordinates immediately shows that Wy satisfies Equation (2.6),
and reverting back to the x and ¢ coordinates shows that ((:JB,(ZL;), defined in Equa-
tion (2.7), is the unique radially symmetric, self-similar solution to the system (2.1)—
(2.3).
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4.2. The Boltzmann entropy. Before embarking on the proof of Theorem 2.2,
we briefly study the analogue of the Boltzmann entropy in this situation. Naturally, the
Gaussian in this context needs to be replaced with Wy, the solution to Equation (2.6),
and so Equation (3.10) now becomes

H(W):AQWIn(VWé)dg.

Computing 9, H and performing a calculation similar to that in Section 3.2.2 we obtain

2

YW VW, YW VW,
O H=| W(KpssW)- (o — ——= dff/W—f =\ de
RQ(BS )(W WS> R2’W W,
VIV, VW VW, 2
—— | W(KpgsW)- de— | W|-——— dé.
2 (KpsxW) W, - ’W W,

The second term is of course always negative. The first term can be simplified using
Equation (2.6) to

v,
| WEpssW)- 24
/Rz (Kps*W) W 3
_ g 3
= | WEpssW) S e+ RQW(KBS*W).W(l—MrG)df.

The first term on the right integrates to 0 (by Equation (3.13)). Further for any radial
function (hence certainly for W=Wj) the second term vanishes. Consequently,

VW VW, 2
H=— AL
o RQW‘W w, | %
+8 (W—WS)KBS*(W—WS)-%(1—4wG)d§.
R? 2m¢|

While the second term on the right should, in principle, be small (at least for small
values of 8 and when W is close to W), we are (presently) unable to dominate this by
the first term and show that 0, H <0. Thus we do not know whether the steady state
W is stable under large perturbations.

4.3. Stability under small perturbations. We now turn to proving stability
of (Wg,dg) as stated in Theorem 2.2.

Proof. (Proof of Theorem 2.2.) Using the {-7 coordinates, let (W,D) be solutions
to the system (3.3)—(3.5) with initial data Wy, D€ L2,. Define the perturbations from
the steady state D,, U,, and W, by

W, =W —aW,, D,=D-pG, and U,=Kpg+W,+V W, (4.1)
In this setting, Theorem 2.2 will follow if we establish
Wy ()l SC(IWp (10 llwe ™™+ Dp(10) | 1 1ye %) (4.2)

for some constant C, where 79=log(to). As before, the estimate for D in Theorem 2.2
is analogous to Lemma 3.3.

To begin we state one basic result without proof. First, a straightforward adaptation
of the work in [34, Theorem 1] yields the following existence result.
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LEMMA 4.1. For £9>0, there exists do>0, depending only on «, such that if
W(0),D(0)e L2 and

B+ 1Wp (70) |+ 105 (70) [l < o,

then there is a unique solution to the system (3.3)—(3.5) such that, for all T,
1Dp ()l + W (7)o <£0- (4.3)

In order to show convergence to the steady state, we work with the equation for
the perturbation,

O W+ V- (UW,+aK psxW,W+aV ' D,W,) =LW),,. (4.4)

We multiply Equation (4.4) by G~'W,, and integrate to obtain
1
5aT||Wp||fu+/ G W,V (UW,+aKps*W,W,+aV ' D, W)
R2

= | GT'W,LW,. (4.5)
R2
We estimate each term individually. First, for the right-hand side, we use a coer-
civity estimate proven in [34]. Namely, since [W,d{=0, for any v€(0,1/2) and £>0
such that y+1000e <1/2, we have

—2(v+e)

_ 1 1 1
*/G W LW, > () [ W[5+ —— IVl + S IEWlli] . (46)

This is proved by first observing operator L= —G~1/2£GY/2 is a harmonic oscillator
with spectrum {0,1/2,1,3/2,...} where 0 is a simple eigenvalue. Combining this with a
standard energy estimate shows Equation (4.6), and we refer the reader to [13, Appendix
A] or [34, §3.1] for the details. We assume, without loss of generality, that v>1/4.

For the first term in the integral on the left of Equation (4.5), observe

/ G W,V -(UW,)d¢
RL’

_ 1,
:/RQ(G 1W§D+§G 'U-v(W7))d¢

_1 —1yp2 1
=3 R?G WP(D 25 U)df
1 —17172 1 —1 -1
=5 G'W, (D—igv D)dé+ [ GT'W,(Kps*W,) VW, dE, (4.7)
]R2 R2
since KpggxW,-£=0.
To estimate this we claim

IDllw+ D[ poe + V7' DIl <CIBI+ 1 Dp(0) ], (4.8)
and  [|Kps* Wy <C([Wpll, +IVW3 L)
for some constant C' that is independent of Dy, W),, and . To avoid breaking continuity

we defer the proof of these estimates to Section 4.4 and continue with our proof of
Theorem 2.2 here.
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Let g¢ to be a small constant to be determined later. Using Lemma 4.1, choose dg
to guarantee Equation (4.3) holds. Then, returning to Equation (4.7) we see

|G O W,)de[ <CB1H 1Dy (o)l o) (I, 5+ IV )

For the second term in the integral on the left of Equation (4.5) we obtain smallness
by using the fact that this term vanishes when Wy=G. Indeed,

a/ G*1WPKBS*WP~VWSd§:—a/ G’1WSKBS*WP(VWP+§Wp)d§,
R2 R

2

which vanishes when W,=G due to the identity (3.13). Consequently,

a | G'W,Kps*W, - VW,dé

R2
=—a RQG*I(WS—G)KBS*VI/;D(VVI/;[,JFgwgf,)deg. (4.10)
We claim that for all 8 sufficiently small,
IWs—Gll, <C18], (4.11)

for some universal constant C'. Again, to avoid breaking continuity, we defer the proof
of Equation (4.11) to Section 4.4, and continue with the proof Theorem 2.2.
Equations (4.10) and (4.11) immediately show

o | G, KW, YW, de| <ClaBlKps s Wyl o Wl VWL,
R

<Clag|(IWpl,+ VW3 (412)
For the last inequality above we absorbed |[VW;||,, into the constant C, used Equa-
tion (4.9), and interpolation.
For the last term in the integral on the left of Equation (4.5) observe
’oz G_1WPV~(V_1DpWs)d§’:’a G‘lVVp(DpWs—i—V‘le-VWs)dg‘
R2 R2
<1 Wpll, (1Dpll oo + 11V Dpll oo )W L,
1/2 1/2
<Clal[Wyll, (I1Dpll o + I DplI2 1 DlI2)-
The last estimate followed from the interpolation inequality

— 1/2 1/2
IV 1Dyl e CIDII2 D12 (4.13)

the proof of which can be found in [34] or [13] (see also Proposition 6.1 in Section 6,
below).

Since D, satisfies Equation (3.4) with mean-zero initial data D, ()€ L' (1), it must
satisfy the decay estimate (3.9). Thus

o | GTIW, V(Y Dy W) de| <O ()l sy W
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e 2 2 o
< IWallu +ClIDy (7o) s 0y
Making (14]|a|)|8], do, and & small enough, our estimates so far give

1 1-2(y+¢)
SO I+ () W2+ —— 22

<e[IWp 13, +1EWp el + VW l[5 ] +Ce T Dy (1)l 71 1y-

1 2 1 2
AR AT

Because we chose € small enough, the first three terms on the right can be absorbed in
the left. Consequently,

_r 2
8T||Wp(7')||i)+2’7||Wp||72ﬂéCe HDP(O)”Ll(l)’

which immediately implies Equation (4.2). d

4.4. Proofs of estimates. In this section, we prove the bounds (4.8), (4.9), and
(4.11), which were used in the proof of Theorem 2.2. We begin with the bounds on the
divergence.

LEMMA 4.2. Let D satisfy Equation (3.4) with initial data Dy€L*(w), and let
B=[Dyd§. Then if D,=D—pG, there exists a uniform constant C>0 such that Equa-
tion (4.8) holds.

Proof. Multiplying Equation (3.4) by G~!D, integrating, and using the coercivity
estimate (4.6) gives

1 1 1 1
—0.|D|I2+= | |ID||? +=||VD|? +—|£D]? | 0.
50 D%+ 7 | IDI%+3 IV DI%+ 55 €D

Integrating this inequality in 7 gives us the desired inequality for || D||,,.
Further, in the standard z-t coordinates, D solves the heat equation. The classical
estimates for solutions to the heat equation give us

ID(7) || Lo + [ D(7)]| s CID(70) || L+ ST D(70) |-
Combined with the interpolation inequality (4.13) this yields the same bound for
[V~!D||; «, completing the proof. 0

Now we turn to Equation (4.9), which follows using the Sobolev embedding theorem
and interpolation.

Proof. (Proof of inequality (4.9).) We know that the Biot—Savart operator satisfies
the interpolation inequality

1/2 1/2
1K s+ W[ oo SCIWp | 2 W14

The proof is the same as that of Equation (4.13), and can be found in [13,34] (see also
Proposition 6.1 in Section 6, below). Combining this with Sobolev inequality we obtain

1/2 1/2 1/2 1/2

1K Bs* Wyl oo SCIW 132 W 112 S CIUW 12 IV W, 12,
1/2 1/2

<CIWl ot 1YWl oty SC Wl 2y H IV Wl 2 )

as desired. 0
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Finally, we prove Equation (4.11) showing W is close to G when 3 is small.

LEMMA 4.3. Let Wy€ L2 be a solution to Equation (2.6). Then there is a universal
constant C>0 such that such that the inequality (4.11) holds for all B sufficiently small.

Proof. Define P,=W,—(G. Notice that this solves
LP,=BGP,+BV 'G-VP,+BG*+5V~G-VG.

Multiply this equation by G~ P, and using Equation (4.6), with y=1/4, to obtain that
1 111 1
—|Ps||12 4= | = | VP12 +—]|EPs |2 g—/G—lpsﬁps
HIR L+ 5[V R R+ eI
—p [r2-5 [y iGoR

—5/Gps—ﬁ/G71PSV*1G-VG
<(2181+0) (IR + IV 2] +18PC.

Here €<1/20 is a positive constant. Then when f is sufficiently small, we may absorb
the terms on the last line into the left-hand side, giving Equation (4.11) as desired. O

5. Bounds for the vorticity

Bounds on the vorticity to the standard 2D incompressible Navier—Stokes equations
are well known. In this section we prove the analogues of these bounds for the extended
Navier-Stokes equation (1.1).

We begin with the vorticity decay in LP. The strategy for this proof is not entirely
different from the classical case, however, the appearance of a divergence term compli-
cates matters and yields a slightly different final estimate. We will use this estimate in
the proof of Equation (3.8) and in our discussion of well-posedness in Section 7.

LEMMA 5.1. Let p be an element of [1,00], and suppose that (w,d) solve the sys-
tem (2.1)~(2.3) with wo,do€ L*. Then there exists C>0, depending only on p, ||wol r1,
and ||dol||zr such that

(5.1)

C
lwllzo 482 Vellor < =7

and

Vel o < (5.2)

C

Proof. 'We omit the proof of the bound on the gradient. Indeed, by following the
work in [25, Proposition 4.1], we note that the estimate relies only on Equation (5.1)
and Duhamel’s principle. In view of this, obtaining this result is a straightforward
adaptation.

Now, we obtain the L? bound by obtaining a bound in L! and L*> and interpolating.
The L' bound follows by splitting wy into its positive and negative parts, using the
maximum principle, and using that the mass is preserved.

The classical technique for obtaining the L> bound has three steps: (i) get a bound
on the L? norm in terms of the L' norm divided by ¢'/2; (ii) show that this gives a bound
on the L> norm in terms of the L? norm divided by ¢'/? for the adjoint problem; and
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(iii) apply these inequalities over [0,¢/2] and [t/2,t] to finish. Since the work in (ii) is the
same as the work in (i) and since (iii) is unchanged from the classical setting, we simply
show the first step (i). To this end, multiplying our equation by w and integrating by
parts gives us

d
iz <=2 Veol7z +2lldl| e w7

Using the Fourier transform, we see that there is a constant C'>0 such that for any R,

~ 112 < |£|2 2d ~ 2d
ol < [ Srlopdes [ apag
BJC% Br
1 N
< [P de s [l de
Br

1
<@||VWH%2+CRQIIWH%1-

Using R=||w||32/(2C||wol3 1) along with these inequalities yields

d 2 Clldo|| 1 ||W||2L2 2
= < _ )
ol < | enler Rl oz,

(5.3)

Here we used the standard estimates for the heat equation, and then we used Young’s
inequality. Define ¢(t)=t|wl|?. to obtain

e @ e
0<% [Idohs e +1]

This implies that ¢<2C||wol|2.[||do||%: +1], which proves our claim. O

Now, we prove the pointwise, heat kernel type bound on the vorticity when =0
stated in Lemma 3.1. We use the increased decay of the heat equation when the initial
data is mean-zero here. The key point here is that the L°° norm of the divergence is
integrable in time, so we may reproduce the classical arguments in this case. We follow
the work of Carlen and Loss in [4] in order to do this.

Proof.  (Proof of Equation (3.8).) Our first step is to obtain bounds for the
equation

Pr=Ad+V-(bp)+co. (5.4)

which depend only on certain norms of b and c¢. To this end, fix 7>0 and we let r(¢)
be a monotone increasing, smooth function defined on [0,77] to be determined later. In
addition, we may assume without loss of generality that ¢ is non-negative. Then we
calculate

2ol o= <z>’1og(” o )dx+r<t>2 [or o

—r/qﬁr <II¢|IL )d:c+r(t)2/¢f1(A¢>+V'(b¢)+c¢)dx

/¢T10g<||¢”L )dx+4(r1)/’V(¢r/2)‘2d:c

+/r(r—1)¢r(v'b)+T2/C¢T.d$'
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The log-Sobolev inequality [4, Equation (1.17)], which the authors derive from the work
n [17], is

/|f|210g(||f” )d:v+(2+log /|f| dr<— /|Vf\ dz, (5.5)
for any f€ H* and a€(0,00). Applying this with a=4x(r—1)/7, gives us

ol < (24108 FEZ) Yol + (- -1BEO +2C0) o1

where B(t)=||V-b(t,")||L~ and C(t)=||c(t,")||L~. Now we set G(t)=log||¢| - and s=
1/r to obtain

ORI

% <5(2+1og(4ms(1—s)))—slog(—s)+(1—s)B(t)+C(¢).

Letting s(t) be a linear interpolation of 1 and 0 over [0,7], we see that §=—7"1. Then
we may integrate this to obtain

G(T)—G(0) <4—log(47) —log(T) + /0 ' [B(t)+C(1)]dt

Exponentiating gives us

[6(T) 2 < e exp ( / [B<t>+c<t>]dt>. (56)

In order to get pointwise decay from Equation (5.6), we look at the operator

where P is the solution kernel for our linear problem (5.4) with ¢=0 and «o(z,y) is a
function to be identified later. We assume that b can be written as b=b; +by where
V-b1=0

K K,

Vbl ol < s

by (8)]| Lo < ,
o (8 CEVEE

Ky
’ 5.7
Vi+1l (57)
In the application we have in mind, b; comes from the Biot—Savart kernel of the vorticity,
while by comes from V~! of the divergence.
We wish to obtain bounds for P through our integral bounds on P(®). To this end,
we notice that P(®) is the solution kernel for the problem

Gr=Adp+V-((b+20)0)+ (a-b+|al*)o.

Applying Equation (5.6), and noticing that V-(b+2a)=V-b, we obtain, for any «,
K T
P (T,a,y)< Zexp 2/ {Kg(t+l)_3/2+K22(t+1)_2+|a|K1(t+1)_1/2+|a|2]dt .
0

Choosing

1 —
o= oy kT
r—y +
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using the definition of P(®), and integrating in time, we obtain
K 9 1 2
P(T,y) < rexp ( (4K +2K3) — [|a:fy|72K1\/T+1} .
+

By possibly changing the constants, we may obtain

C |z —y|?
P(1 <= — .
( ’x’y)\TeXp( cT

To conclude, we apply the above to Equation (2.1), by choosing by =Kpg*w and
by=V~'d. Lemmas 3.3 and 5.1 and interpolation inequalities of the same form as
Equation (4.13) show that Equation (5.7) is satisfied, concluding the proof. d

6. Relative compactness of complete trajectories

In this section we prove lemmas 3.1 and 3.6, showing that complete trajectories in
L' are relatively compact. The development is similar to [14], and the main difference
here is the additional divergence term which requires us to alter many of the proofs.
We first work up towards proving Lemma 3.6, and then use this to prove Lemma 3.1.

6.1. The semi-group of £ and a priori bounds. In order to obtain the
desired compactness results, we will need estimates on various quantities. We will state
these estimates here, but we will omit the proofs and provide references.

Let S(7)=exp(7L) be the semigroup generated by the operator £. First we recall
some estimates on the operator S(7). In order to state these, we define the function

a(t)=1—e".

This function appears naturally with the change of variables. We recall a lemma on the
operator S from [13].

LEMMA 6.1. [15, Appendiz A]
1. Form>1, S(1) is a bounded operator on L*(m). In addition, V.S(7) is bounded
away from T7=0. More precisely, there is a universal constant C' such that
C
a(r)’

2. Let L3(m) be the space of L*(m) functions with integral zero. For pu€(0,1/2],
m>1+42u, and 7>0, there is a universal constant C' such that

1S(T) 22 (m)y—r2(m) SC; (IVS(T)] 22 (m)—L2(m) <

a(r)

3. For 1<q<p<oo, T>0, me[0,00), and a €N?, there is a constant Cr, depend-
ing on T, such that

1S(T) L2 (m)—L2(m)y SCe™ 7, (IVS(T) L2 (m)— L2 (m) <C

o Cr
Ha S(T)f”LP(m)g a(T)(q—l_p—l)_;'_la‘/Q Hf||L‘1(m)>

for any feLi(m) and any 0<7<T.
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We note that the commutator of V and S(7) is computed as
9:S(1)=€e"25(7)0;.

In addition, we need the well-known bounds on Biot-Savart kernel and V~!. The
proof of this proposition may be found in [34, Proposition 1] and [13, Appendix B].

PROPOSITION 6.1.  Denote by K either the operator Kgg* or the operator V—'. Then

the following inequalities hold for any f such that the right-hand side of each inequality
1s finite.

1. If 1<p<2<q and 1+q 1 —p~t=1/2 then there is a constant C such that
K flloa <C| flLe-
2. If 1<p<2<q<oo and 0<0<1 satisfy
0 1-0
+7
q

p
then there is a constant C such that
-6
1 fllze <CIFNL N FIlZ2"
3. There exists a constant C,>0 depending only on p such that if p>1 then
IVE fllLe <Cpllf| e
4. If 0<m<1 and ¢>2 then there is a constant Cy, depending only on q, such that
| K fllLa(m—2/q) SCall fll L2 (m)-

Finally, we state an a priori bound on solutions to the system (3.3)-(3.5). The
proof of this lemma is a straightforward adaptation of [14, Lemma 2.1].

1
9’

LEMMA 6.2.  Suppose that (W,D) solves the system (3.3)—(3.5) in the space
CO([0,7),L2 (m)) NCO((0,T], H' (m))

with Wo€ L?(m) and Do€ L?*(m) as the initial conditions for W and D respectively.

Then there is a constant C' such that

W ()l 2y +a(0) IV W (7) [ 22y <C-

6.2. Compactness in L*(m). First we show relative compactness of complete
trajectories on Ry in L2?(m). This is accomplished by decomposing the remainder
term into convenient functions, two of which decay to zero and one whose trajectory is
relatively compact.

LEMMA 6.3.  Assume that m>3 and that (W,D)eC°([0,00),L?(m)?) is a solution

to the system (3.3)~(3.5), and is bounded in L*(m). The trajectory {(W,D)}rcr., is
relatively compact in L*(m).

Proof.  We work here with W only, but the proof for D is similar and simpler. We
define the remainder, R, to be such that W =aG+ R. One can check that

0, R=LR—aAR—N(R)-V-(WV~'D).
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where
aAR= (aKps*G-VR+aKpg*R-VG) and N(R)=Kpgs*R-VR.
Hence we may write
R(1,£)=5(1)Ro— R1— Ry (6.1)

where
Rﬁf/Ws< $)(@AR(s)+ N(R)(s))ds
and RQ—/ S(r—5)V-(W(s)V'D(s))ds.

The first term tends to zero by part two of Lemma 6.1 and the fact that [Rod{=0. It
follows from the work in [14, Lemma 2.2] that R; is bounded in L?*(m+1) and, hence,
is a relatively compact trajectory. Thus, we need only show that Ry tends to zero.

To this end, we use the first inequality in Lemma 6.1 to obtain

HRﬂumms/“a%“ﬂstv—ﬂavv*Dxamﬂmms
0

——(T s
<0/’Vﬁ7_nwlexﬂnmm¢
—7(7' s) .
<0 [ TSIV DO W )y

The results of Lemma 3.3 and Proposition 6.1 imply that [[V~1D(s)| L= tends to
zero as s tends to infinity. Hence, we see that ||Rs||z2(m) tends to zero as 7 tends to
infinity. 0

Now we will show relative compactness of complete trajectories in L?(m), i.e. we
will prove Lemma 3.6. Our method of proof will be similar to above.

Proof. (Proof of Lemma 3.6.) Again we will look at R as above and only work with
W. This time we will decompose R as

R(r)=S(r—10) R(r) / S(r—s)(aAR(s)+ N (R)(s))ds
/ S(r—5)V-(W(s)V~'D(s))ds,

where 79 <7. Since R€ L%(m), by construction, it follows from Lemma 6.1 that S(7—70)-
R(7p) tends to zero as 7y tends to negative infinity. Hence we may write

R(T)Z—Rl—RQ,

where
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and R;:e‘/ S(r—8)V-(W(s)V-1D(s))ds.

As before, showing that R; is relatively compact is exactly as in [14]. Thus, we need
only investigate Ry, which we handle similarly to the previous lemma.

We will show that Ry is bounded in L?(m+r) for some r>0. For any g€ (1,2),
Lemma 6.1 gives us

e_%(T_s)

R2|L2(m+r)<c/_ooa(7—s)l/q

Holder’s inequality implies that

WV ™Dl (et ds.

WV Dl Lo o) <IW | L2y [V DIl p20/ -0 (-

The first term is bounded due to the assumptions in the statement of the current lemma.
For the remaining term concerning the divergence D, we apply Proposition 6.1 to see
that, letting m=r+(2—q)/q, and choosing r and ¢ such that m<m,

V=Dl 20/ 20 (1) SCID| L2 ) C|| DIl L2 (1m) -

Hence Ry is bounded in L?(m+7). Lemma 6.1 and Lemma 6.2 imply that Ry is
also bounded in H!(m), so that Rellich’s theorem, see e.g. [33, Theorem XIIL.65] implies
that Ry is relatively compact in L?(m), finishing the proof. d

In order to conclude, we need that bounded trajectories in L' are relatively compact.
In order to show this, one may reproduce the proof of [14, Lemma 2.5] as it relies only
on a pointwise estimate on W, which we recreate in Equation (3.8). This yields the
final lemma we need to prove the necessary compactness.

6.3. Convergence in L*°. In this section we prove convergence of W to aG in
L°°, as stated in Theorem 2.1.

LEMMA 6.4. Let (W,D) solve the system (3.3)—(3.5) with initial data (Wo,Dq) such
that Wo,Do€ L' (1). If a= [Wyd€ and B= [ Dydé=0, then

TILHQOHW—QGHLOO =0.

Proof. Recall that we have shown that W converges to aG in LP for all p€[1,00).
As in Equation (6.1), letting R=W —aG, we may write an integral equation for R
using the semigroup S. We will use this to show that ||R||ze~ tends to zero. As above,
R satisfies

R(r)=S(1)R(r—1)— / T_lS(T—s)(aAR(s)+N(R)(s))ds
/Tls(TS)V~(W(5)V1D(s))ds.

First, we use the third conclusion of Lemma 6.1 with p=o00, ¢=1, =0, and m=0 on
the first term. Hence, we have that

IS R(T—1)[|L= <CR(T—1)]| L2

Since |R(T—1)||z1 tends to zero, then ||S(1)R(7—1)||1~ tends to zero. We may use
this same strategy to deal with the rest of the terms.
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First we look at
AR:(KBs*G)R+(KBs*R)VG:V((KB_g*G)R—f—(KBs*R)G)

Then Lemma 6.1, implies that,

/ S(T—S)AR(s)dsHLOCS/ (K ps+G)R| 11+ (Kps+R)G| 11 )ds
T—1 T—1
<C [ (IRl +|KasRlL~)ds
T—1

Since R tends to zero in LP for all p, then Lemma 6.1 implies that Kpg* R tends to
zero in L.

Next, we deal with the term involving N(R). Notice that N(R)=V-((Kps*R)R).
Hence, as above, we obtain

/T;S(T—S)N(R)(s)dsHLocé/: [(Kps*R)R| r1ds

—1

éC/ ||KBs*R||Loo||R||L1dS
T—1

Hence, this term tends to zero as well.
Finally, for the last term, we obtain

/ s<f—s>v-<WV‘1D><s>d8HL </ WV =Dl|L:ds
T—1 = Tl
<C / IV =LD| e W] 1 ds.
7—1

Using Lemma 3.3 and Lemma 6.1, we see that |[V~!D| p~ tends to zero. This finishes
the proof that ||R||p~ tends to zero. o

7. Brief remarks on well-posedness

The well-posedness of the system (2.1)—(2.3) in classical or Lebesgue spaces is very
similar to the development in [2,3,25]. For the weighted spaces, one may look to the
strategies of [13,34]. Since the adaptations required in our setting are minimal, we
only briefly comment on the manner of proof. First, we discuss the primary a priori
estimates in each of these spaces. Then, we discuss the iterative scheme used to prove
local existence.

A priori estimates. The main a priori estimates in L? and in L2 follow as in
the work of Lemma 5.1 and Section 4, respectively. The a priori estimate in L?(m)? is
a slight modification of the argument of [13]. To this end, multiply Equation (3.3) by
|E[*™W to obtain

1d
55/|§I2mW2d£+/|§\2mwv-(UW)dg

/|§|2m{WAW+V;/(§~V)W+W2}d§.
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Integrating by parts, we see that these terms can be rewritten as

/ €W (AW ) de=— / €27 W Pdé 4 2m(m—1) / €222,

m+1

W
Jieem e omwag =" [1gm w2,

[ieemwe-wwyde=; [1epmowag 5 [P
—5 1€ DWdg—m [l -2 c vy
By noting that for any £>0 there is a C. >0 so that [£|*" 2 <e|¢|*™ +C¢, we see that
5= [leemwrdes [lgpmvwpaes == [lepivzae

D St m

2
We know that || D] L~ decays to zero, and there is sufficient control over ||[W||;2 and
IU| L by Lemma 5.1 and Proposition 6.1. Hence choosing £>0 sufficiently small and
integrating the above inequality yields the a priori estimate required in L?(m)2. These
a priori estimates are summarized in the following proposition.

PROPOSITION 7.1. Fiz (Wo,Do)€X where X is either L*(m)?, with m>1 and
[Dodé=0, or (L2)?. Then there exists a unique solution to the system (3.3)~(3.5)
which satisfies

<c. [wrarc ol [whagt

W (r)llx <C.

Here C is a constant depending only on the initial data and which tends to zero as
IWollx tends to zero.

An iterative scheme. To prove existence and uniqueness of classical solutions
with initial data in L' we follow [2]. For existence, we begin with smooth initial data,
and use an iterative argument to obtain the existence of solutions which are bounded
in LP for every p. The key contribution here is that we iterate only in the vorticity,
leaving the divergence fixed as solutions to the heat equation follow from the classical
theory. We define wy=0 and then let wy be the solution to the linear system

Oywr+V- (uk,lwk) =Awy,
Uk=v71d+KBs*wk.

Bounds similar to Lemma 5.1 can be obtained for this system, establishing the existence
of a solution. Uniqueness follows by directly estimating the difference of two solutions.
Afterwards, a continuity argument is used to extend this to any initial data in L.

In general, this argument differs from that in [2] only in the appearance of an extra
term involving d in several of the estimates. However, this extra term behaves much
better than the non-linear term as the classical theory on the heat equation for d yields
appropriate bounds on the divergence in any of the required spaces. In particular, this
gives us the following result which we state without proof.

PROPOSITION 7.2. Suppose that wy and dy are elements of L'(R?). Then there exist
w,deC(Ry,LYNC(Ry,WHINW L) where R, :=(0,00), which are the unique solu-
tions to the system (2.1)—(2.3).
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