COMMUN. MATH. SCI. (© 2016 International Press
Vol. 14, No. 6, pp. 1477-1500

ON STOCHASTIC DIFFERENTIAL EQUATIONS WITH ARBITRARY
SLOW CONVERGENCE RATES FOR STRONG APPROXIMATION*
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Abstract. In the recent article [M. Hairer, M. Hutzenthaler, and A. Jentzen, Ann. Probab.,
43(2), 468-527, 2015] it has been shown that there exist stochastic differential equations (SDEs) with
infinitely often differentiable and globally bounded coefficients such that the Euler scheme converges
to the solution in the strong sense but with no polynomial rate. The result of Hairer et al. naturally
leads to the question whether this slow convergence phenomenon can be overcome by using a more
sophisticated approximation method than the simple Euler scheme. In this article we answer this
question to the negative. We prove that there exist SDEs with infinitely often differentiable and globally
bounded coefficients such that no approximation method based on finitely many observations of the
driving Brownian motion converges in absolute mean to the solution with a polynomial rate. Even
worse, we prove that for every arbitrarily slow convergence speed there exist SDEs with infinitely often
differentiable and globally bounded coefficients such that no approximation method based on finitely
many observations of the driving Brownian motion can converge in absolute mean to the solution faster
than the given speed of convergence.
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1. Introduction

Recently, it has been shown in Hairer et al. [9, Theorem 5.1] that there exist stochas-
tic differential equations (SDEs) with infinitely often differentiable and globally bounded
coeflicients such that the Euler scheme converges to the solution but with no polynomial
rate, neither in the strong sense nor in the numerically weak sense. In particular, Hairer
et al.’s work [9] includes the following result as a special case.

THEOREM 1.1 (Slow convergence of the Euler scheme). Let T € (0,00), d€ {4,5,...},
£€RY. Then there exist infinitely often differentiable and globally bounded functions
w0 R*— R such that for every probability space (Q,F,P), for every normal filtra-
tion (Fi)iejo,r) on (4, F,P), for every standard (F;)e(o,r)-Brownian motion W : [0,T] x
Q=R on (QF,P), for every continuous (Fi)ic(o,r)-adapted stochastic process
X:[0,7)x Q=R with V€ [0,T]: P(X () =&+ [y (X (s))ds+ [ 0(X(s))dW (s)) =1,
for every sequence of mappings Y™: {O,l,...,n}xQ—HRd, neN, with VneN,ke
{0,1,...,n}: Y} :§+Zf:_01 (V") L +o (V) (W((I+1)T/n)—=W(IT/n))], and for ev-
ery a € (0,00) we have

i (n*E[|X(T) - ¥7[[]) = oo. (L1)

Theorem 1.1 naturally leads to the question whether this slow convergence phenomenon
can be overcome by using a more sophisticated approximation method than the simple
Euler scheme. Indeed, the literature on approximation of SDEs contains a number of
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1478 SDES WITH ARBITRARY SLOW CONVERGENCE RATES

results on approximation schemes that are specifically designed for non-Lipschitz coef-
ficients and in fact achieve polynomial strong convergence rates for suitable classes of
such SDEs (see, e.g., [3,10,12,14,18,26-28,30,31] for SDEs with monotone coefficients
and see, e.g., [1,2,4,6,8,13,15,24] for SDEs with possibly non-monotone coefficients)
and one might hope that one of these schemes is able to overcome the slow convergence
phenomenon stated in Theorem 1.1. In this article we destroy this hope by answer-
ing the question posed above to the negative. We prove that there exist SDEs with
infinitely often differentiable and globally bounded coefficients such that no approxima-
tion method based on finitely many observations of the driving Brownian motion (see
(1.2) for details) converges in absolute mean to the solution with a polynomial rate. This
fact is the subject of the next theorem, which immediately follows from Corollary 4.2
in Section 4.

THEOREM 1.2. Let T€(0,00), de{4,5,...}, £€Re.  Then there exist infinitely
often differentiable and globally bounded functions p,o: R* —=R? such that for ev-
ery probability space (2, F,P), every normal filtration (Fy)icjo,r) on (2,F,P), every
standard (Fy)iefo,r)-Brownian motion W: [0,T]xQ—R on (Q,F,P), every continu-
ous (Fy)iepo,r)-adapted stochastic process X : [0,T]x Q=R with ¥Vt €[0,T]: P(X(t)=
E—i—fotu(X(s))ds—&—fga(X(s)) dW (s)) =1, and every a € (0,00) we have

(7, B EIXD Ve W)= 012

Even worse, our next result states that for every arbitrarily slow convergence speed there
exist SDEs with infinitely often differentiable and globally bounded coefficients such
that no approximation method that uses finitely many observations and, additionally,
starting from some positive time, the whole path of the driving Brownian motion, can
converge in absolute mean to the solution faster than the given speed of convergence.

THEOREM 1.3. Let T€(0,00), de{4,5,...}, £€R? and let (an)nen C(0,00)
and (0n)nen C (0,00) be sequences of strictly positive reals such that lim, o a, =
lim,, 00 6, =0. Then there exist infinitely often differentiable and globally bounded func-
tions p1,0: R4 —R? such that for every probability space (0, F,P), every normal filtration
(Ft)epo,r) on (,F,P), every standard (Fy)ieo,)-Brownian motion W: [0,T] x Q=R
on (Q,F,P), every continuous (F)ieo,1)-adapted stochastic process X : [0,T] x Q—R4
with Vi€ [0,T]: P(X () :§—|—fgu(X(s)) ds—i—fga(X(s)) dW (s)) =1, and every n€N we
have

31,.A.,isl:fe[0,T] w: R’Lxéﬁg,T])—)RE MX(T) _U(W(Sl)’ < Wisn), (W(S))SG[J"’T]) M 2 Gn-
measurable

(1.3)
Theorem 1.3 is an immediate consequence of Corollary 4.4 in Section 4 together with an
appropriate scaling argument. Roughly speaking, such SDEs can not be solved approxi-
mately in the strong sense in a reasonable computational time as long as approximation
methods based on finitely many evaluations of the driving Brownian motion are used.
In Section 6 we illustrate Theorem 1.2 and Theorem 1.3 by a numerical example.

Next we point out that our results do neither cover the class of strong approxima-
tion algorithms that may use finitely many arbitrary linear functionals of the driving
Brownian motion nor cover strong approximation algorithms that may choose the num-
ber as well as the location of the evaluation nodes for the driving Brownian motion in
a path dependent way. Both issues will be the subject of future research.
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We add that for strong approximation of SDEs with globally Lipschitz coefficients
there is a multitude of results on lower error bounds already available in the literature;
see, e.g., [5,11,20-23,25], and the references therein. We also add that Theorem 2.4
in Gyongy [7, Theorem 2.4] establishes, as a special case, the almost sure convergence
rate 1/2— for the Euler scheme and SDEs with globally bounded and infinitely often
differentiable coefficients. In particular, we note that there exist SDEs with globally
bounded and infinitely often differentiable coefficients which, roughly speaking, can
not be solved approximatively in the strong sense in a reasonable computational time
(according to Theorem 1.3 above) but might be solveable, approximatively, in the almost
sure sense in a reasonable computational time (according to Gyongy [7, Theorem 2.4]).

2. Notation

Throughout this article the following notation is used. For a set A, a vector space
V,aset BCV, and a function f: A— B we put supp(f)={z€ A: f(x)#0}. Moreover,
for a natural number d € N and a vector v € R? we denote by ||v||g« the Euclidean norm
of veR?. Furthermore, for a real number z €R we put |z|=max(ZN(—oc,z]) and
[z] =min(ZN[x,0)).

3. A family of stochastic differential equations with smooth and globally
bounded coefficients

Throughout this article we study SDEs provided by the following setting.

Let T€(0,00), let (£,F,P) be a probability space with a normal filtra-
tion (Fi)iepo,r), and let W: [0,T]xQ—R be a standard (F;)se[o,7)-Brownian mo-
tion with continuous sample paths on (,F,P). Let 71,7,73€R satisfy 0<7 <
To<713<T and let f,g,h€C>®(R,R) be globally bounded and satisfy supp(f)C
(—o0,71], inf,eo,r1/5 [ f(5)] >0, supp(g) € [72,73], fR |g(8)\2ds >0, supp(h) C [r3,00), and
fg; h(s)ds#0.

For every 1 € C®(R,(0,00)) let u¥: R* - R* and o: R* = R* be the functions such
that for all x=(z1,...,24) € R* we have

¥ (z) = (1,0,0,h(z1) - cos(zatp(23))) and o(z)= (0, f(x1),9(z1),0) (3.1)

and let XY=(X?,... . X¥): [0,T]xQ—R* be an (Ft)teo,r-adapted continuous
stochastic process with the property that for all t+€[0,7] it holds P-a.s. that XV ()=
Jo ¥ (XV(9))ds+ fy o (X¥ () dW (s)-

REMARK 3.1. Note that for all 1y € C*°(RR,(0,00)) we have that u¥ and o are infinitely
often differentiable and globally bounded.

REMARK 3.2. Note that for all ¢ € C*°(R,(0,00)), t€[0,T] it holds P-a.s. that

min{t,71 }
XU =t, XV(t)= / £(5) AW (s),
0

min{¢,73}

XY ()= 11 (8)- / o(s)dWV (s), (3.2)

min{¢,72}

XY (t) =1y 7y (t) - cos(Xg (1) (X5 (73))) / h(s)ds.

T3
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ExampLE 3.1. Let ¢1,c9,c3€R and let f,g,h: R—R be the functions such that for
all z €R we have

F@) =1 Coomy (@) -exp(er+——),

Tr—T1

9(2) = L7y (&) -exp(e2+ —— + —— ). (33)

T2 — X Tr—T3

=)
T3 — X '

Then f,g,h satisfy the conditions stated above, that is, f,g,h are infinitely often differen-
tiable and globally bounded and f,g,h satisty supp(f) C (—oo,71], infscjo,7 /5 [f'(5)] >0,

supp(g) C [72, 73, [ |g(s)[*ds >0, supp(h) C [r3,00), and fi h(s)ds#0.

4. Lower error bounds for general strong approximations

In Theorem 4.1 below we provide lower bounds for the error of any strong approx-
imation of X¥(T) for the processes X% from Section 3 based on the whole path of
(W(t))teo,r) up to a time interval (to,t1) C[0,71/2]. The main tool for the proof of
Theorem 4.1 is the following simple symmetrization argument, which is a special case
of the concept of radius of information used in information based complexity, see [29].

LEmMMA 4.1.  Let (Q,A,P) be a probability space, let (21,.A1) and (Q2,A2) be measur-
able spaces, and let Vy: Q—Qy and Vo, V4, Vy': Q— Qs be random variables such that

h(z) =1 (7, 00)(x)-exp (03 +

Poqve) =Poi vy =P vy (4.1)
Then for all measurable mappings ®: Q1 X Qs =R and ¢: Q1 — R we have
E[|®(V1,V2) —¢(V1)[] = 3 E[|2(V1,V5) — @(V1,V5")]. (4.2)
Proof.  Observe that (4.1) ensures that
E[|®(V1,V2) —o(V)]] =E[|®(V1,V5) — (V)] =E[|®(V1,V5") —p(V1)[].  (4.3)
This and the triangle inequality imply that
E[|2(V1,V2) = (V)] > 3 E[|®(V1,V3) - @(V1,V3)]], (4.4)

which finishes the proof. O

In addition, we employ in the proof of Theorem 4.1 the following lower bound for the
first absolute moment of the sine of a centered normally distributed random variable.

LEMMA 4.2.  Let (2, A,P) be a probability space, let T€[1,00), and let Y: Q—R be a
N(0,72)-distributed random variable. Then

2

-exp(fg) (4.5)

1

E[|sin(Y)[] >

?

Proof. We have

E|[[sin(Y)|] :\/12?/R|Sin(7—z)|e}(p<_222)dz
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> rexp( 7:)/072r|sin(72)dz
= 127r eXp(_ﬂ;)/oT; [sin(z)|dz. (4.6)

This and the fact that

/0?|sin(x)|dx>/0m' |sin(z) |dm—L7'J/ sin(x)dz= 7| >

complete the proof. ]

(4.7)

l\'ﬂﬂ

We first prove the announced lower error bound for strong approximation of X% (T')
in the case of the time interval (¢g,¢1) being sufficiently small.

LEMMA 4.3.  Assume the setting in Section 3, let ay,a9,a3,A,8€(0,00), and y€R
be given by

a1:/01|f(5)|2d5, az= sup |[f'(s)]%, ag=__inf [f(s)*,

s€[0,71/2] s€[0,71/2]

1 1/3 T
:‘min{ﬂ,— , 8= / |ds ’y:/ h(s)ds,

20[2 (0%} T3

(4.8)

let 1 € C*°(R,(0,00)) be strictly increasing with liminfrs, 001 (z) =00 and ¥ (v/2B) =1,
let to,t1 €10,71/2] satisfy 0<ty—to <A, and let u: C([0,to]U[t1,T],R) =R be measur-

able. Then % €((0,00)) and
gl B 2
E“Xff(T)—U((W(s))se[o,to]U[tl,T])‘] 2%6@(—%‘1& 1(%)‘ _T)'

(4.9)

Proof. Define stochastic processes W, B: [tg,t1] x 2 — R and W ([O,to] U [tl,T]) X
Q—R by

= (t—to)

(t1—t)
W) (t1—to)

(t1—to)

W (t1)+ Wi(to),  Bt)=W(t)-W(t) (4.10)
for t € [to,t1] and by W (t) =W (t) for t€[0,to]U[t1,T]. Hence, B is a Brownian bridge
on [tg,t1] and B and (W, W) are independent.

Let Y1,Y5: Q — R be random variables such that we have P-a.s. that

ty

Yi= /Oof(s)dW(sH ;1f(8>dW(s)+f(t1>W(t1)—f(to)W(to)— f(5)W(s)ds,

to

—/t ' F/(s)B(s)ds (4.11)

and put

= (E[v:)"* (4.12)
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for i € {1,2}. By the independence of B and (W, W) we have independence of Y7 and Y5.
Moreover, for all i€ {1,2} we have Py, =N (0,0?). Furthermore, 1t6’s formula proves
that we have P-a.s. that

XY () =Y, +Ya. (4.13)
Therefore, we have P-a.s. that
XZ’(T):'y-cos((Yl —I-Yz)i/)(X;f(m))). (4.14)

First, we provide estimates on the variances |o1|> and |o2|®. The fact that B is a
Brownian bridge on [to,?1] shows that for all s,u € [to,?1] we have

(t; —max{s,u})- (min{s,u} —to)
(t1—1o) '

In addition, the assumption inf,cjo - /5 |f'(s)] >0 implies that for all s,u € [0,7;/2]
we have f/(s)- f'(u)=|f"(s)- f'(u)|. The latter fact and (4.15) yield

oal* =E 1= 1) r@EBEBW] dsdu
! -1

2 t1 ( max{s,u}y(min{s,u}*to)
/ / -1 )l t—to) dedu (O

E[B(s)B(u)] =

(4.15)

Furthermore, it is easy to see that

to Jto (t1 —to) 12
Combining (4.16) and (4.17) proves that
0< @slt=to)’ ER (12 —to)” (4.18)
12 - - 12
Next (4.18) and the assumption t; —to <A imply
|2]* < g |A]P =min{a; /2,1}. (4.19)

By (4.13), by the fact that Y7 and Y5 are independent centered normal variables, and
by (4.19) we get

o1 [P =E[|Y1[*] =E[|Y1 + Y2 |?] —E[|Y2]?] —2E[V1Y5] (4.20)
=E[| X (11)}] = |o2/* = a1 — |o2]* > a1 /2> |oa*,

which jointly with (4.19) yields
\02|2§min{|ol|2,1}. (4.21)

In the next step we put up the framework for an application of Lemma 4.1. Observe
that (4.14) and the assumption 7 # 0 imply

E[|X2(T) = u(W)|] =l E[|eos((Vi +¥2)p (X5 (7)) ~ L -u(W)]]. (4.22)
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Clearly, there exist measurable functions ®;: C([O,tO]U[tl,l},R) =R, ie{1,2}, such
that we have P-a.s. that Y;=®;(W) and X (r35)=®y(W). Morcover, by the in-
dependence of B and (W,W) we have independence of Y5 and w. Therefore, we
have IP)(W’Y2):IP’~®IP’Y2:IP’~®]P’ Yz:P(WﬁYg)' Thus we may apply Lemma 4.1

with 91:0([07t0} [th ]R) 92*R Vl Wa ‘/2:‘/2/:}/23 ‘/2/,:7Y27 SD:%UH and

@: C([0,to]U[t1,T],R) x R—R given by ®(w,y)=cos((P1(w)+y)(P2(w))) for we
C([0,t0]U[t1,T],R), y €R to obtain

B [[cos (Y1 +Y2) (X3 (7)) — L -u(W)) |
—E [[cos((1.(W) +Y2) 0 (@2(1))) — (W)
>3 [eos (1) +Y2)  (®2(W)) —cos (@1 () = Ya) (#2(V)) )
=1 [Jeos((vi +Y2) 9 (X (7)) — cos((¥i ~ ¥2) (X3 (7)) || (4.23)

The latter estimate and the fact that Va,y € R: cos(z) — cos(y) = 2sin(¥5%)sin(XE2) im-
ply

EUCOS((Yl +Y2)7,/J(X§/}(T3))) - % u(W)|]
>E [[sin(Y1 6 (X5 (73))) sin (Vv (X5 (7)) | (4.24)

The fact that Y3, Ya, and X3 (73) are independent and the fact that P s (rg =N(0,8)
hence prove

E“COS((Yl +Y2)1/J(X3 (Tg))) — L. u(W)”
2/RIE[|sin(z/;(x)Y1)” | [sin((2)72) || Py, ()
:/RIE“sin(w(x)Yl)” 'E[|sin(dj( )YQ)” ﬁexp( 2B)dx. (4.25)
Next we note that (4.21) ensures that 1/o9 > 1. This, the assumption that ¢ is continu-

ous, the assumption that liminfgs,— 0 () =00, and the assumption that ¥ (y/25)=1
show

/o2 € [1(v/2B).00) C((0.00)). (4.26)

It follows
/R E[[sin(v(2)¥1)|] - E[|sin (0(2)12) || Sy exp(~53) da

(1/02) 2
/wlu/@) Eﬂsin(lﬁ(x))ﬁ)\] -E{|Sin(¢(x)y2)\] L exp(- L) do

Y

2 or (@) [, ol el
2 (4.27)

iss
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We are now in a position to apply Lemma 4.2. Observe that (4.21) and the assump-

tion that 1 is strictly increasing imply that for all x € [¢p~1(1/03),00), i € {1,2} we have
o;¥(x)>0;/02 >1. Employing Lemma 4.2 we thus conclude that

2971 (1/02)
/ E[Jsin(u(@)11)]] - E|sin(s(2)Y2)]] dz

Yv=1(1/02) (4.28)
/2w1(1/02) [ ) ( 2)}2(1 1 ( 2) 1( ) ) ’

> . _mY (L)

T Jp-1(1)0s)  LVET P " TG

Furthermore, (4.18), (4.26), and the assumption that ¢ is strictly increasing ensure that

v (%) Sw‘l(\/\/j;i : W) (4.29)
Combining (4.25)—(4.29) proves
EUCOS((Y1 +Y2)1/J(X§b(73))) — % u(’Wv)”

, (4.30)
o (3 (A )| ) g o) 97 )

>

Finally, note that (4.26) and the assumption that ¢ is strictly increasing imply /25 <
¥~ (5;). Hence, we derive from (4.30) that

E [eos (V1 +Y2) ¥ (X5 (7)) ~ £ -u(W)|

ol 1/ iz ) 9 1 ) (4.31)
Zexp(—g‘iﬁ (\/073.(161*1‘/0)3/2)‘ )-8ﬂ3/2~exp(—j).
This and (4.22) complete the proof of the lemma. O
We are ready to establish our main result.
THEOREM 4.1. Assume the setting in Section 3, lel aq,as,a3,8,¢,C € (0,00), and
v €E€R be given by
T1
o= [CIr s 0= s PR = nt PR 8= [ loe)Pas
0 s€[0,71/2] ’1/2
(4.32)
r 12 1,732 Jag
7:/ h(s)ds, C:L C:fmax.{ S 0‘2}, (4.33)
3 87r3/Qexp(%) Vasmin{l,/%}

let ) € C*°(R,(0,00)) be strictly increasing with liminfrs, 001 (z) =00 and ¥ (v/2B) =1,
let 0<tg <ty <71/2, and let u: C([0,t]U[t1,T],R) =R be measurable. Then [C/(t; —
t0)*/?,00) C((0,00)) and

E [IXZ’(T) —u((W(s))selo,to]ultr,T]) I} > c~exp<—% o (=ere) \2). (4.34)

Proof. Let A€ (0,00) be given by (4.8).
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First, assume t; —tg <A. By Lemma 4.3 and by the properties of ¥ we then have

[ o0) Col(0,00)) (4.35)

and

2
E[|X1(T) = u((W(s)seooomm)|] zeexo (-2 [0 (s ) | ) (430)
It remains to observe that

V12 < C
(t1 —t0)3/2\/az — (t1 —t0)3/%’
and that 1! is strictly increasing to obtain the desired result in this case.

Next, assume that t; —tg > A. Then Lemma 4.3 together with the properties of
yield

(4.37)

[57/2=00) C¥((0,00)) (4.38)
and
E“Xf(T) *U((W(S))se[o,tg]u[tl,T]) |] zc-exp(—% ’7,/1*1 (AS}z/rj@> ‘2) (4.39)
Since
viz VAN RS 4 E NP s © __ (440)

A2 fog — Jagmin{l, /D)~ yasmin{l,\/5} (t—to)¥2 = = h—to)7

and since 1! is strictly increasing, we obtain the claimed result in the actual case as
well. o

Theorem 4.1 implies uniform lower bounds for the error of strong approximations
of the solution processes X¥ in Section 3 at time T based on a finite number of function
values of the driving Brownian motion W. This is, in particular, the subject of the
following corollary.

COROLLARY 4.1.  Assume the setting in Section 3, let ay,s,a3,8,¢,C € (0,00), and
y€R be given by

T1
cr= [ 116 ds aa= s [P o= _int () - / S ds,
0 s€[0,71/2] Tl/z
(4.41)
T 12 1,732 Jas
7:/ h(s)ds, C—L C:‘Fmax.{’ alo‘z}, (4.42)
73 87r3/2exp(%) Vasmin{l,,/%}

and let Y€ C®(R,(0,00)) be strictly increasing with liminfrs, ¥ (z)=00 and
¥(v/2B)=1. Then for all n€ NN[2T/71,00) and all measurable u: C([T/n,T],R) =R
we have [Cn®/?T=3/2 00) C1p((0,00)) and

E[ X} ()~ u((W(s))serry.m) ] zc~exp(;§ Jot (75 ) \2> L ()



1486 SDES WITH ARBITRARY SLOW CONVERGENCE RATES

for all neN, s1,...,8,€[0,T] and all measurable u: R*—=R we have
[8Cn3/2(ry)~3/2.00) C ((0,00)) and

IE“X}f(T)—u(W(sl),...,W(sn))”Zc-exp( 20 (2 3/2~n3/2)|2>7 (4.44)

and for all neNN[2T/1,00), $1,...,5,€[0,T] and all measurable wu: R™X
C([T/n,T),R) =R we have [23/2Cn?T—3/% 00) C1((0,00)) and

E“X}f(T)—u(W(sl),...,W(Sn),(W(S))SE[T/MT])|]Zc-exp( 2 }77/1 (2;,2/2 ~n3)’2>.

Proof. Let neN with T/n<7y/2 and let u: C([T/n,T],R) —R be a measurable
mapping. Then Theorem 4.1 with ty =0 and ¢; =T/n implies [C'-n®/?/T?%/2 o00) C )(R)
and

E“Xf(T)—U((W(S))se[T/mT])|]ZC-eXp( 3 |w <W)|2> (4.46)

This establishes (4.43).

Next let n€N, sp,...,5,€[0,7] and let u: R"*2 R be a measurable map-
ping. Then there exist $p,81,...,8,+1 €[0,7] such that 0=8;<38; <---<3§,41 and
{50,815+, 8n+1} 2{S1,---,8n,71/2}. In particular, there exists i€ {1,2,...,n+1} such
that

5; <%

T oand §i—8i1Z 50y (4.47)

n+1)

Using Theorem 4.1 with ty=25;,_; and t; =35; and the fact that ¢! is increasing
we conclude that [8Cn3/2/73/2,oo) C [C(Q(n+1))3/2/7'f/2,oo) ClC/(3;—58;_1)%? 00) C
¥((0,00)) and

E[| X (T) = (W (50), W(32), .., W (30, (51)) |
ze-oxp(=3- [0 (g ))) Zeow (<3 [0 (25 02))7). (ag)

(8i—3i-1)
This implies (4.44).
The proof of (4.45) is analogous to the proofs of (4.43) and (4.44). O

In Lemma 4.5 below we characterize a non-polynomial decay of the lower bounds
n (4.43), (4.44), and (4.45) in Corollary 4.1 in terms of a exponential growth property
of the function 1. To do so, we recall the following elementary fact.

LEMMA 4.4. Let p1: R—[0,00) be non-decreasing, let @o: R—[0,00) be non-
increasing, and assume that iminfys, o0 [p1(n) @2 (n+1)]=
Then Iminfrs, o0 [©1(2) - p2(x)] =00.

Proof. By the properties of 1 and po we have for all x € R that ¢q(x)-pa(x)>
v1(lx])-w2(lz]+1). Hence

liminf [ip1 () 92()] 2 liminf [1(n) -z (n-+1)] =00, (4.49)

Raz—00

which completes the proof. ]
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REMARK 4.1. We note that in general it is not possible to replace in
Lemma 4.4 the assumption Nliminf [p1(n)-p2(n+1)] =occ by the weaker assumption
Sn—o0

Nliminf [p1(n)-p2(n)]=o00. Indeed, using suitable mollifiers one can construct ¢1,ps €
SNn—00

C*(R,[0,00)) such that ¢ is non-decreasing with YneZVx e [n,n+1/2]: pi(x)=
exp((n+1/2)?) and such that ¢, is non-increasing with Vn € ZVa € [n—1/2,n]: @a(z) =
exp(—n?). Then

liminf [p1(n)- <P2(n)]=R1]iBI£li_{10foeXp((n+ 1/2)? —n?) = o0,

N3>n—o0

diminf [p1 (n)-2(n+1)] = liminf exp((n+1/2)° = (n+1)%) =0, (4.50)
liminf [p;(x) - p2(z)] < liminf [p1(n+1/2)-p2(n+1/2)]=0.
R>z—o00 N3>n—oo

LeMMA 4.5.  Let n1,m2,m3 € (0,00) and let 1p: R—(0,00) be strictly increasing and
continuous with iminfrs, oot (x)=00. Then Vg€ (0,00): iminfys,— oo [nq-exp(—

m |1/)’1(772n773)|2)] =00 if and only if Vg € (0,00): liminfrs,—00 [w(x) 'exp(fq:rQ)] =o00.

Proof.  We use Lemma 4.4 with ¢ (2) =27 and ps(x) =exp(—m ’w_l(ngm”3)|2)
for all large z € [0,00) to obtain

(qu (0,00): liminf [n?-exp(—m |1/1_1(n2n’73)|2)] :oo)

Nan—oo

& (qu (0,00): liminf [x’l-exp(—m M_l(ngx%)‘z)] :oo).

Ro>z—o00

Furthermore,

Vqe (0,00): liminf

R3z—00

( [a-exp( =i [~ (™)) = o0)
(Vg€ (0,00): liminf [ exp( = [0 (ma™)[*)] = o0)
& (Vg€ (0,00): Jiminf [29-exp(—m [ ()[*)] =o0) (4.52)
( |

[

liminf
R9m~>oo

R3>x—00
S (Y z-exp(—1 |z/1 (moz |2)]:oo)

@(Vqé(&oo) liminf [z-exp(— %1’1/}_1(35)’ )]:oo).

R3>z—00

Using the properties of ¢ we have

(qu(O,oo) liminf [z-exp(— %W_l(x)’z)] zoo)

R3z—00

& (Vq €(0,00): liminf [¢)(z)-exp(— %xz)] :oo) (4.53)

Roz—00

@(qu(o,oo) liminf [¢(z)- exp(—qxz)} :oo),

R3>z—00
which completes the proof. 1]

As an immediate consequence of (4.45) in Corollary 4.1 and Lemma 4.5 we get a
non-polynomial decay of the error of any strong approximation of X¥(T’) based on n € N
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evaluations of the driving Brownian motion W and the path of W starting from time
T /n if ¢ satisfies the exponential growth condition stated in Lemma 4.5.

COROLLARY 4.2. Assume the setting in Section 3, let f€(0,00) be given by =
f:;’ lg(s)[*ds, and assume that ¢ € C(R,(0,00)) is strictly increasing with the prop-

erty that ¢ (v/28) =1 and Vg€ (0,00): liminfrs, o0 [1(2) -exp(—qa?)] =oc0. Then for
all ¢ € (0,00) we have

liminf <nq inf E [|X}f (T)
N3>n—o0 w: R"xC([T/n,T],R)—>R
measurable, s1,..., s$n €[0,T7]

— u(W(Sl), ey W(sn), (W(S))SG[T/”’T]) ”) =o00. (4.54)

The following result shows that the smallest possible error for strong approximation
of X¥(T) based on n€N evaluations of the driving Brownian motion W and the path
of W starting from time T'/n may decay arbitrarily slow.

COROLLARY 4.3. Assume the setting in Section 3, let S€(0,00) be given by
B:f;: lg(s)|?ds, and let (an)nen C (0,00) satisfy limsupysy—soo @n =0. Then there ex-
ist a real number k€ (0,00) and a strictly increasing function 1 € C*°(R,(0,00)) with
liminfrs,— 0o () =00 and w(\/ﬁ) =1 such that for alln €N, s1,89,...,5, €[0,T] and
all measurable u: R™ x C'([T'/n,T],R) =R we have

EUX}’(T)—u(W(sl),...,W(sn),(W(s))semm)H > K- an. (4.55)

Proof.  Without loss of generality we may assume that the sequence (an)nen is
strictly decreasing. Let ¢,C € (0,00) be given by (4.33) and put C' =23/2C//T3/2. Choose
no € NN[2T/7,00) such that for all n € {ng,no+1,...} we have
Sln(L)>28,

and let (bn)nefno—1,n0,...} C (0,00) be such that b,,_1=+/28 and such that for all ne
{no,no+1,...} we have

an<1<C-n® and (4.56)

1/2
bo=[5m(L)]
Note that (bn)nefno—1,no,...} is strictly increasing and satisfies liminfysy, o0 by = 00.

Next let ¢: R— (0,00) be the function with the property that for all n € {ng,no+
1,...}, x€R we have

(4.57)

1—€Xp(m)7 if$<bno*17
1. ifex=0bp,_1,
. 31
14 C (no) ifl‘E(bno—labno)’

1 1 !
- e (G o)
C-n?,

- 3 (n—1)3
(-1 4 =Cn=D
1—|—exp(( -

1) (bnlfm)) 7

T—0n

if =0, and n>ng,

if z € (bp—1,b,) and n>ny.

(4.58)
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Then 1 is strictly increasing, positive, and infinitely often differentiable and v satisfies
¥(v/2B) =1, liminfrs,—00 ¥ (2) =00, and ¥ (R) = (0,00).

In the next step let &, € [0,00), n €N, be the real numbers with the property that
for all n €N we have

= X}f(T)—u(W(sl),...,W(sn),(W(s))se[T/mT])ﬂ. (4.59)

inf E|
w: R"xC([T/n,T],R)—R
measurable, s1,...,5,€[0,T]

Estimate (4.45) in Corollary 4.1 yields that for all n € {ng,no+1,...} we have
En > c-exp(—% eyt (C-n?) |2) = c-exp(—% . |bn\2) =cC-ap. (4.60)

Since the sequence (&,,)nen I8 non-increasing, we have for every ne€{1,2,...,n0} that
En > Epy > C-ap,. We therefore conclude that for all n € N we have

en > c-min{1,an, /an}-an > Cln U, (4.61)
aj

which completes the proof of the corollary with k=c-a,,,/a;. ]

Next we extend the result in Corollary 4.3 to approximations that may use finitely
many evaluations of the Brownian path as well as the whole Brownian path starting
from some arbitrarily small positive time.

COROLLARY 4.4. Assume the setting in Section 3, let € (0,00) be given by =
f:;’ lg())*ds, and let (ap)nen C (0,00) and (6,)nen C (0,00) satisfy limsupy s, —s a0 On =
msupys,— 00 0n =0. Then there exist a real number k € (0,00) and a strictly increasing
function ¥ € C*(R,(0,00)) with iminfrs, ¥ (x) =00 and ¢(\/ﬁ) =1 such that for
allneN, s1,89,...,8, €[0,T] and all measurable u: R™ x C([(FmT],R) — R we have

E[;X;f(T) —u(W(s1)s o, W (50), (W(S)) s, 1) y} > k. (4.62)

Proof.  Without loss of generality we may assume that the sequence (8, )nen is
strictly decreasing. Let (ky,)nen C (0,00) be the strictly increasing sequence of positive
integers with the property that for all n €N we have

kn=1[T/s,]+n. (4.63)
Moreover, let (G )nen C (0,00) be a sequence such that for all n €N we have

(~lk =ap (464)

n

and limsupys,,, o0 @m =0. Then Corollary 4.3 implies that there exist a real number x €
(0,00) and a strictly increasing function ¢ € C*°(R, (0,00)) with liminfrs, 00 () =00
and ¢ (v/2B) =1 such that for all n €N, s1,s2,...,s, €[0,7] and all measurable @: R" x
C([T/n,T],R) =R we have

JEUX}f(T)—a(W(sl),...,W(sn),(W(s))Se[T/n’T])” > K- . (4.65)

Let neN, let u: R"xC([6,,T],R) =R be a measurable mapping, and let
81,82,...,8, €[0,T]. Note that (4.63) implies 0,>7/k, and k,>n. Put
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Sm=8, for me{n+1n+2,...k,}. Clearly, there exists a measurable map-
ping @: RF» x C([T/kn,T],R) — R such that u(W(sl),...,W(sn),(W(s))se[(;mT]) =
a(W(s1),--,W(sk,),(W(s))seir/k,, 1)) Hence, by (4.65) and by (4.64), we have

E [|X}f<T) 7U(W(sl)a . 'aW(sn)7 (W(S))se[én,T]) ” > KAk, =K G, (466)

which completes the proof. 1]

5. Upper error bounds for the Euler—-Maruyama scheme

A classical method for strong approximation of SDEs is provided by the Euler—
Maruyama scheme. In Theorem 5.1 below we establish upper bounds for the root
mean square errors of Euler-Maruyama approximations of X¥(7T') for the processes
XV, e C®(R,(0,00)), from Section 3. In particular, it turns out that in the case
of non-polynomial convergence the Euler—-Maruyama approximation may still perform
asymptotically optimal, at least on a logarithmic scale, see Example 5.1 below for details.

We first provide some elementary bounds for tail probabilities of normally dis-
tributed random variables.

LEMMA 5.1.  Let (Q,AP) be a probability space, let €R, and let Z: Q=R be a
standard normal random variable. Then

IP’(ZEx)S%-eXp(—%). (5.1)

Proof. For every y € [0,00) we have

2
(y+a)? —ale| = % =5 +doy+22(2 — |2]) = 5 (1 +doy + 40”1 oo 0 (2)) 2 0.

(5.2)
Hence
_ [T (y+x)*
P(Z>zx)= = " exp 3 dy
0
©0 2
<exp (—%)/0 ﬁ-exp (—%) dy:% exp (—t‘xl), (5.3)
which completes the proof. O

LEMMA 5.2.  Let (Q,A,P) be a probability space, let o €[0,00), c€ (0,00)N[o,00), and
let Z: Q—R be a N(0,0%)-distributed random variable. Then for all z €R we have

2c2

]P’(ZZac) §exp<—w> ) (5.4)

Proof. 1In the case 0 =0 we note that for all z € R we have

P(Z>2)=1(_c(z)<exp (—M) . (5.5)

2c2

In the case 0 >0 we use Lemma 5.1 to obtain that for all = €[0,00) we have
P(ZZm):P(%Z%)S%-eXp(—%)Sexp(—%), (5.6)

which completes the proof. ]
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Next we relate exponential growth of a continuously differentiable function to ex-

ponential growth of its derivative.

LEMMA 5.3. Let e CYR,R) satisfy liminfrss, oo [1/1(9:)~exp(fqz2)] =00
for all q€(0,00), and assume that ' is non-decreasing.  Then for all geR:
liminfrsy oo [¢(2) - exp(—ga?)] = oco.

Proof. Since Vg€ (0,00): liminfgs, o0 [¢(m) 'exp(fq:nz)] =00, we have

VgeR: liminf [¢)(z) exp(—gz®)] =occ. (5.7)

Ro>z—o00

By the fundamental theorem of calculus and the assumption that ¢’ is non-decreasing
we obtain for all 2 € (0,00) that

=1 [z [vma- 00 (5.8)

X

Hence, for all g € R we have

liminf [¢(z)-exp(—qz?®)] > liminf

[0y [ 200 ;wm}

RSz —00 Esz—oo | 2-exp(qr?) | T B3z—oo | w-exp(qr?)
Y(z) s 2
=1 f|l————F—|>1 f . — 1 = .
=t [ ] 2 i et +1)25)] = 6
which completes the proof. 1]

We turn to the analysis of the Euler-Maruyama scheme for strong approximation
of SDEs in the setting of Section 3.

THEOREM 5.1.  Assume the setting in Section 3, assume that 11 < 7o, let S € (0,00) be
given by 8= f:j |g(s)|2d5, let 6 €(0,1), let v € C*(R,(0,00)) be strictly increasing such
that w(m) =1, such that Vq € (0,00): liminfgs,o o0 [t0(2) -exp( —qz?)] =00, and such
that v’ is strictly increasing, and let X®n), {0,1,...,n} x Q—R* neN, satisfy for all
neN, ke{0,1,....,n—1} that )?é“’”:o and

R =X (RO) o (X00) (W (SE5) —w (A1), (5.10)

n

Then there exist real numbers c € (0,00) and ng €N such that [|ng|®,00) C [1((0,00))N
¥'((0,00))] and such that for every n€ {ng,no+1,...} we have

(E[HX‘/J(T) _Xr(lwm)H;J)l/Q <c {exp(—i . ‘¢_1(n6)’2) —I—exp(—% . |(¢’)_1(n6)‘2) ] .
(5.11)

Proof. Throughout this proof let AW!: Q =R, j€{1,2,...,n}, n€N, be the
mappings with the property that for all n €N, j€{1,2,...,n} we have AW}' = W(%) —

W(%), let B, €R, neN, and v, €R, n €N, be the real numbers with the property
that for all n €N we have

— - %.h((j—;)T)7 - % (J 1)T | , (512)
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and let )?l(qé)f)"): {0,1,....,n} xQ =R, 1€{1,2,3,4}, neN, be the stochastic processes

with the property that for alln € N, k€ {0,1,...,n} we have X(w ") = (X(w | ,Xiv’z;c"))
By the properties of f,g,h stated in Section 3 and by the definition of /ﬂ’ and o (see
(3.1)), we have for all n€N, ke€{0,1,...,n} that Xl(jl;f’n) =%&L and

min{k,[n71/T]}

k
Xéivn):Zf((anl)T),AW]n: Z f((] nT )- AW,

i=1 7=t
R min{k,[nts3/T7}
e S S )
j=ln7a/T]+2 (5.13)
)’(\vidgn):z%h(u%w)cos()?gﬁ’ﬂw(ig@’fi))
Jj=1
k

—1)T v (¢Y,n P,n
= 3 Th(UE) cos(X5HMw(X55M).
j=|n73/T]|+2
In particular, for all ne€N, ke [%F, 00)N{1,2,...,n} we have )?2%’”) :)A(Q(fﬁ;n) and for

all neN, ke [%2,00)N{1,2,...,n} we have )?édjc’") :)?3(1/;1") Therefore, for all n €N we
have

n

RE= 3 I (R (R = s (R o)
j=|n7t3/T]+2
(5.14)

We separately analyze the componentwise mean square errors
e =E[ X} (T) - X" (5.15)

for i€ {1,...,4}, neN. Clearly, for all n€N we have €1, =0. Moreover, It&’s isometry
shows that for all n €N we have
2

n_ §T/n P
n=B||S [ ()R aw s

n T/n o
DN MNVCECE I

SJG-oT/m

TB
< sup (@) / U nl)T ds=—- sup |f'(t)]?, 5.16)
MO Z or /n Fds= 2 Sup 170 (
and, similarly,
T’ 1|2 (¥,n))2
ssn<ase swp g0 E[XVP]<T swp £ (5.17)
3n t€[T2,73] t€[0,71]
We turn to the analysis of €4, n €N. For this let vy €R be given by fy:f:; h(s)ds
(see (4.8)). From (5.14) we obtain that for all n € N we have

64,n§2|fy|2-IEUCOS(X#(T)-w(X;b(T))) cos( w ") z/)(X“" n)))ﬂ +2|’Y—7n|2-
(5.18)
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Clearly, for all neN we have

JT/n T
ly— vnl— )—h(LHE)) ds
(G- 1)T/n
< sup |h' |Z/ U= 1)T‘ds—T—2~ sup |h'(t)]. (5.19)
telrs, T (5— 1)T/n " 2n t€[rs, T

Using a trigonometric identity, the fact that Vo €R: |sin(z)| <min{l,|z|}, inequal-
ity (5.16), the fact that Py 1) =N(0,8), a standard estimate of Gaussian tail proba-
3

bilities, see, e.g., [17, Lemma 22.2], and the fact that YneN: 1 (n?) >¢~1(1)=/28
we get for all n €N that
o~ n 2
E| |eos (X3 (7)1 (X3 (1)) —cos (X5 - (X3 (1)) ]

:4.[@[

sin((3 (X5 (1)~ RE5) 003 (1) ) s (4 (X5 D)+ R w(x3/(T)) ) ﬂ

<8 sin(3 (x5~ 257 357 0)

<E |:‘X§(T) _)’(12(”“,”) ’2 ”t/J(ng(T)) |2 1{X§”(T)<¢1(n6)}:| —|—4-]P’<X;f}(T) >1/)_1(TL5))

() |2 4B _ 2
Sn25E[\X§”(T)—X2f‘; | }JFW'GXP(_ﬁ'W )| )
T3 2
< gy, 5P O+ Z=exp(= g5 [0 0)]). (5.20)

By Lemma 5.3 we have liminfrs, 001 (2) =0c. Hence, there exists n; €N such that
[[n1]%,00) C4/((0,00)). Put

no=max{n1, [ L]} (5.21)

and let n € {ng,no+1,...}. Then (W(s))se[o,[,m/T].T/n] and (W (s)— W(Tg))se[ﬁ"f] are
independent, which implies independence of the random variables Xéjpn’") and Xg” (T)—

)A(gﬁln) Using the latter fact as well as the fact that ¢’ is strictly increasing and the
estimates in (5.17), we may proceed analoguously to the derivation of (5.20) to obtain

B [[cos (R4 (X5 (1)) ) = cos (R85 - (X85)) ]
<4-E[Jsin(3- R [ (X3 (0) 0 (X)) ]
gE[|X§fﬁ;")! o (X5(1) = (X5 W(max{xwxféiig")})Sné}}

+4-P (¢ (max{ X3 (T), X§5,"}) >n’)
gnzé.EU)?éff;”)ﬂ ~E[\X§p(T)—X:§,n’ i }
+4-P(maX{X§/)(T),Xg(,?€{n)} > (¢')_1(n5))
(5.22)
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4

T
<oas - swp f(O)- sup [g'(1)]?
3n2(176) te[0,71] te[T2,73]

+4-P(XY (1) > ()71 (n%)) +4-B(X{0™ > (1) 71 (n?)). (5.23)
Note that IP’Xw =N (0,5) and IP’X(w w =N(0,6,) and sup,,,cy Bm € [B,00). We may there-
fore apply Lemma 5.2 to conclude
B(XE(T)> ()7 (n) +P(XE" > () 7 ()
Coxp(—LEOZEIRY | (L I@ Ry (5.24)

23 28Up,, en Bm
Combining (5.18)—(5.20) with (5.22)—(5.24) ensures that there exist ¢;,cs € (0,00) such
that for all n€ {ng,np+1,...} we have

647n§cl.<ﬁ+exp( Co - |’(/) | )|”) +exp(— c2-|(q//)_1(n5)f2)>. (5.25)

By assumption we have for all g€ (0,00) that liminfrs,—eo [w(x}exp(—qx?)} =o00.
Hence, Lemma 4.5 ensures that there exists ¢z € (0,00) such that for all n €N we have

_ 2
—t=sy <cs-exp(—ca [ (n?)]"). (5.26)
Combining (5.16), (5.17), (5.25), and (5.26) finishes the proof. o

EXAMPLE 5.1. Assume the setting in Section 3, assume that 7 <79, let 8 € (0,00) be
given by B:f:; lg(s)* ds, let v R— (0,00), [ €{1,2}, be the functions such that for
all z €R we have

1 (2) =exp (:c3 +22— (28)3/2 —2(2/3)1/2) : (5.27)
o (x) =exp (xexp (®+1)— (28)/?exp(28+ 1)) , (5.28)

and for every neN, [ € {1,2} let X Wn) {0,1,...,n} x Q —R* be the mapping such that
for all k€{0,1,2,...,n—1} we have )?(()w”") =0 and

X = X0 (X T (X)) (W (BEDTY _yy (RTy) . (5.29)

Clearly, we have 1,12 € C*°(R, (0,00)) and 1 (v/28) =12 (v/2B) =1. Moreover, for all
g€ (0,00) we have

liminf [¢y(z)- exp(—qu)} = liminf [¢(x)- exp(—qu)} =oo. (5.30)

Rz —o00 Rz —00
Furthermore, for all z € R we have

Vi (z)=(32® +2) -1 (2) >0

Y(@) = (62 + (322 +2)2) - vn (x) = (92" + 322+ 3+ (32 +1)%) -¢h1 () > 0 (5.31)

and

() = (22 +1)exp(z® +1) -ha(z) >0
5 (r)= (4;C+(1+2.T2) (230—1—(1+2x2)exp(x2+1)))exp(w2+1)w2(x)
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> (4o + (1+22°) 2z +2(1+22%)) ) exp(2® +1) Y2 (2)
> (4z+7/4-(1422%)) exp(z®+1) 2 (z) > (17/28) exp(2* + 1) tho(z) > 0. (5.32)

Hence, 11, 1}, 19, and ¢} are strictly increasing and we have ¢} (R) =45 (R) = (0,00).
Using Corollary 4.1 and Theorem 5.1 with d=1/2 we conclude that there exist
c1,¢2 € (0,00), ng €N such that for all k€ {1,2} and all n€ {ng,no+1,...} we have

er-exp(=3-|(r) (L n*?)[)
g(}E[HXW(T)—)?éw’“”’Hf@Dl/Q
e+ [exp(= 5| (W) VA exp(- L[ YD) (5.33)

Next, we provide suitable minorants and majorants for the functions (¢y)~!, k€
{1,2}, and (¢,) 7!, k€ {1,2}. To this end we use the fact that for all a € R and all strictly
increasing continuous functions fi, fo: [a,00) = R with fi > fo and liminfrs, e fo(z) =
oo we have

Yz €[fi(a),00): z=folfy () < fi(fa (@) (5.34)

and therefore

Vae[fi(a),00): fil(z) < fy (). (5.35)

Clearly, for all z € [1,00) we have

exp(+2- (28)%/2 - 2(28)"/2) <y (x) <exp(327),
exp(exp(a:Q)—(Zﬂ)l/zexp@,ﬁ—l—l)) Po(x) <e p(exp(x2—|—x+1))Sexp(exp(3a:2)),
04 (m)gexp(?)x +2) P1(z) <e p(8$3),
V() <exp(32%+2) - ¢ha(x) <exp(exp(827)).

(5.36)
We may therefore apply (5.35) with a=1 to obtain that for all x € [exp(exp(8)),00) we
have

(In(z) — 2+ (28)3/2+2(28)/2)"* > (1) 7 (2) > 371/3 - (In(x)) /3,
(Infln(e) +(28)" Zexp(28+ 1) 2> (v2) 7 (@) 2372 (@) 2,
(1) (x)>871/% (In(x)) /3,
(%)~ (x) =872 (In(In(x)))"/?

Combining (5.33) with (5.37) shows that there exist ¢1,ca,¢3,¢4 € (0,00), ng € N such
that for all n€ {ng,no+1,...} we have

cq .exp(_C2 . |ln(n)‘2/3) S (E|:HX’¢'1 (T) _2511#17%)“;4})1/2 SCS ,eXp(_C4 . |1n(n)|2/3),

c1-exp(—cz-In(In(n))) < (IE [H)Cp2 (T) —)?7(;/’2’") H;J ) i <cz-exp(—cs-In(In(n))).
(5.38)

In particular, in both cases the Euler-Maruyama scheme performs asymptotically opti-
mal on a logarithmic scale.
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6. Numerical experiments

We illustrate our theoretical findings by numerical simulations of the mean error
performance of the Euler scheme, the tamed Euler scheme, and the stopped tamed Euler
scheme for an equation, which allows for a decay of error not faster than c-exp(— e
|In(r)|?/3) in terms of the number n € N of observations of the driving Brownian motion,
where ¢ € (0,00) is a real number which does not depend on n €N.

Assume the setting in Section 3, assume that T=1, 71 =79 =1/4, 73 =3/4, assume
that for all x € R we have

f(@)=T(_oo,1/0) () exp (31n(10) + ﬁlﬂl)’
9(x) =1 (17434 () ~exp<ln(2) +4In(10)+ 1/4%3? + x%g/zl), (6.1)

h(z)=1(s/4,00) () -exp (4111(10) + 3/4%05) ,

(cf. Example 3.1), let 5 € (0,00) be given by 5= f3/4 s)|>ds, and let ¢: R— (0,00) be
the function such that for all z € R we have

¥(z)=exp(z?).

Recall that the functions f, ¢, h, and 1 determine a drift coefficient ;¥ : R* - R* and a
diffusion coefficient o: R* —R*, see (3.1). Furthemore, recall that the fourth component
of the solution X% of the associated SDE at time 1 satisfies that it holds P-a.s. that

1 1/4 3/4
Xff(l):/ h(s)d5~cos< f(S)dW(S)i/)(/ g(s)dW(s))) , (6.2)
3/4 0 1/4
see (3.2).

Furthermore, let X (" = (an())",X("())" ng))" Xﬂ))n) {0,1,...,n} xQ—=R* ne
N, n€{1,2,3}, be the mappings such that for all ne{1,2,3}, neN, k€{0,1,...,n—1}

we have )/fén)’" =0 and
K =X R () S (5 (W =W ()
nX 4

n o (X (W) —w(k)),
R R L +o (X (WSS =W ()

+]l T (n),3 1/2 uw(){én)ﬁ)%—’_o—(){{in)ﬁ) (W(%)_W(%)) 2
TR e (O} | 1 o0 (R00%) 340 (R0 (W (D - W (4) [,
(6.3)
Thus X (-1, X(:2 X("):3 are the Euler scheme (see Maruyama [19]), the tamed Euler
scheme in Hutzenthaler et al. [14], and the stopped tamed Euler scheme in Hutzenthaler
et al. [16], respectively, each with time-step size 1/n.
Let € €]0,00), n€N, n€{1,2,3}, be the real numbers with the property that for
all neN, ne{1,2,3} we have

=E[|1X7 (1) - X",

s
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let f: R—R and ¢: R— (0,00) be the functions such that for all 2 € R we have f(z)=
exp((26)/2) £ (x) and 6(z) =exp(—(28)*/2) - (), and let a1, 13,13,,C € (0,00) be the
real numbers given by

L — —_ _
ar=[|f(s)]?ds, as= sup [f'(s)]’, as= inf |f'(s)]*,  (6.4)
0 s€[0,71/2] s€[0,71/2]

o s VI2max{1, @)
’y’ @min{l,g}'

8m3/2exp( )
In the next step we note that 1/7€C°°(R,(Q,oo)) is strictly increasing, we note that
liminfrs, 009 (x) =00, and we note that ¢(y/28)=1. We can thus apply inequal-
ity (4.44) in Corollary 4.1 (with the functions f, g, h, and 1) to obtain that for all n €N,
$1,...,8, €[0,1] and all measurable u: R” =R we have [8Cn%/2(1)~3/2,00) C1)((0,00))
and

(6.5)

EUXf(l)—u(W(sl),...,W(sn))” Zé'exp(f% [N (2 -n3/2)}2). (6.6)

This and the fact that Vy€¢(R): ¥~ (y) = [In(y-exp((268)*/?))] '3 ensure that for all
neN, sq,...,8, €[0,1] and all measurable u: R" — R we have

E[| XL ) = u(W(s1),.., W(sn)|

exp( 2 (3G exp((20)2)0%/%) )
2

'eXp(—f |1H(W) —|—%ln(n)|2/3)

>

o

]l

ﬂ (T1)3/2

S ex 3/2 2/3 _51/3q92/3
~exp(f%lln(%)| / )'exp(%'\ln(nﬂz/?’). (6.7)

)]

>

In particular, this proves that there exists a real number ¢ € (0,00) such that for all
ne{l1,2,3}, neN we have

el =E[|X} (1)~ X" > c-exp(— L+ [In(n) /). (6.8)

In the next step let m=>5000, N =22 let B=(By,...,B;): [0,1] x2—R™ be an
m-dimensional standard Brownian motion, and let YV =(YV,....Y): Q =R, NN,
be the random variables with the property that for all NeN, k€ {1,2,...,m} we have

N 1 [N/4] , , [3N/4] . .
% :/3/4h<s>ds'cos VT I BG(-k 2 0BG ).
1=
(6.9)
The random variables YkN, ke{l,2,...,m}, N €N, are used to get reference estimates

of realizations of X (1).
Our numerical results are based on a simulation

(b1yeeebm) = ((b1,0)icq0.1, N} os (Bmsi)icion,. vy ) ERVFD™ (6.10)

of a realization of ((B1(i/N))ic{o,1,...N}>---+(Bm(i/N))icfo,..,n}) (a realization of
(B1,...,B,,) evaluated at the equidistant times i/n, i€{0,1,...,N}). Based on
(b1,...,bm) We compute a simulation (yi,...,ym) ER™ of a realization of (Y{",...,Y,Y)
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error estimate

—o6— Euler

—&— tamed Euler

—A— stopped tamed Euler

— — — Orderlines 0.2, 0.1, 0.05, 0.01

10—2 1 I 1 ! !
100 10" 102 103 104 10° 108
number of time steps

FiG. 6.1. Error vs. number of time steps.

and based on (by,...,by,) we compute for every n € {1,2,3} and every ne {29 21,... 219}

a simulation (mgn)’n,...,x,(ﬁ)’n) €R™ of a corresponding realization of m independent

") Then for every n € {1,2,3} and every n € {2°,2% ... 219} the real num-

copies of X,/

ber

1 — "
fzzagye—mé | (6.11)

serves as an estimate of €7 =E[| X} (1) —)?E"TBWH

Figure 6.1 shows, on a log-log scale, the plots of the error estimates £\, £2, 2 versus
the number of time-steps n € {20,21,22 ... 218 2191 Additionally, the powers n~0-01,
n=0-05 n=01" =02 are plotted versus n € {20,21,22 ... 218 219} The results provide
some numerical evidence for the theoretical findings in Corollary 4.2, that is, none of
the three schemes converges with a positive polynomial strong order of convergence to

the solution at the final time.
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