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DECOHERENCE FOR A HEAVY PARTICLE INTERACTING WITH A
LIGHT PARTICLE: NEW ANALYSIS AND NUMERICS*

RICCARDO ADAMIT, MAXIME HAURAY?*, AND CLAUDIA NEGULESCUS$

Abstract. We study the dynamics of a quantum heavy particle undergoing a repulsive interaction
with a light particle. The main motivation is the detailed description of the loss of coherence induced
on a quantum system (in our model, the heavy particle) by the interaction with the environment (the
light particle).

The content of the paper is analytical and numerical.

Concerning the analytical contribution, we show that an approximate description of the dynamics
of the heavy particle can be carried out in two steps: first comes the interaction, then the free evolution.
In particular, all effects of the interaction can be embodied in the action of a collision operator that
acts on the initial state of the heavy particle. With respect to previous analytical results on the same
topics, we turn our focus from the Mgller wave operator to the full scattering operator, whose analysis
proves to be simpler.

Concerning the numerical contribution, we exploit the previous analysis to construct an efficient
numerical scheme that turns the original, multi-scale, two-body problem into two one-body problems
which can be solved separately. This leads to a considerable gain in simulation time. We present and
interpret some simulations carried out on specific one-dimensional systems by using the new scheme.

According to simulations, decoherence is produced by an interference-free bump which arises from
the initial state of the heavy particle immediately after the collision. We support such a picture by
numerical evidence as well as by an approximation theorem.
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ence, decoherence, asymptotic analysis, numerical discretization.
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1. Introduction

In the present paper we describe, both through a theoretical analysis and numerical
simulations, the following idealized experiment: a quantum particle lies in a state given
by the superposition of two localized wave functions (“bumps”), initially separated
and moving towards each other. At a certain time, the particle interacts with another
particle that is considerably lighter. As a consequence, the quantum interference arising
when the two bumps corresponding to the heavy particle eventually meet is damped.
The damping of the interference is called decoherence, and provides a description of the
transition from the quantum to the classical world (see [8,9,11,16-20,26]). Despite the
conceptual relevance of decoherence to the foundations of quantum mechanics as well as
in applications (e.g. in quantum computation) and, more generally, in the understanding
of the classical picture of the macroscopic world, a rigorous and exhaustive description
of this phenomenon is still at its beginnings; nevertheless, in the last decade many
important steps have been accomplished (see e.g. [1-3,10,12-14]).
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According to the principles of quantum mechanics, the time evolution of the
wave function ¥.(¢,X,x) representing the two-body quantum system is given by the
Schrodinger equation

. 1 1 1+e¢
10 = *mAst - 257MA1w6+ TV@*X)%,

'(/)E(OvaI):wg(va):

(1.1)

where we used units in which A=1, M is the mass, and X is the spatial coordinate of
the heavy particle, while eM is the mass and x is the spatial coordinate of the light
one. So € is the ratio between the mass of the light particle and the mass of the heavy
one, and we study the regime € <1, which we call the small mass ratio regime.

The interaction is described by the potential %V; the uncommon coupling con-
stant is chosen to be of order e~! so that even a single collision leaves an observable
mark on the heavy particle; furthermore, the factor 1+4¢ hardly affects the dynamics
and simplifies some expressions. We shall always choose a factorized initial state, i.e.
¥ will be the product of functions depending only on the variable X and the variable
x, respectively (see (2.1)). Physically, this means that initially the two particles are
uncorrelated. We shall always assume that 92, and consequently 1. (t), is normalized
in L2(R?d),

The aim of the present paper is threefold: first, we rigorously derive a collisional
dynamics for the heavy particle as an approximation of the underlying quantum evo-
lution (1.1) in the limit € —0 (sections 3 and 4); second, we employ such a collisional
dynamics in order to build up an efficient numerical scheme (sections 5.1 and 5.2);
third, we observe the appearance of decoherence through numerical simulation (Section
5.3). Eventually, simulations show an unpredicted mechanism for the occurrence of
decoherence, which we are able to derive rigorously (sections 5.4 and 6.3).

The emergence of a collisional dynamics, well-known since [19] and rigorously de-
duced already in [1-3,10,12-14], can be explained by the fact that the characteristic
evolution time is of order one for the heavy particle and of order ¢ for the light one,
so the light particle diffuses almost instantaneously, while, during the interaction, the
heavy particle hardly moves. Thus, the main effect of the interaction on the heavy par-
ticle is the reduction of the quantum interference among the two bumps. This, roughly
speaking, is the content of the celebrated Joos—Zeh’s heuristic formula (see e.g. [19, for-
mula (3.43)]), which establishes that the state of the heavy particle has hardly changed,
while the state of the light particle is transformed by the action of a suitable scattering
operator.

In order to give a mathematical description to this scenery, in Section 3 we introduce
a collision operator T, whose action consists in multiplying the kernel p™ (X, X’) of
the density operator p™ of the heavy particle by the collision function

L(X,X"):= (5% x]5%x),

where, following the physicist’s habit, the Hermitian product (-|-) is anti-linear in the
first factor and linear in the second. Furthermore, S¥ stays for the one-particle scat-
tering operator constructed assuming that the interaction potential is V(- — X). Notice
that 0<|I,| <1; we will show in Section 4 that decoherence arises precisely when I, is
not identically equal to one.

Several novelties are present with respect to previous achievements on analogous
problems (see [2,3,10,13]). First, we use a different initial state for the light particle in
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order to replace the Mgller wave operator with the scattering operator (Theorem 3.2);
this choice makes it possible to provide explicit formulas for the function I, (Section
3). Second, in the present work the convergence of the two-body dynamics to the two
separated one-body dynamics is given in Theorem 3.2, but the convergence rate in ¢ is
not explicitly specified (see formula (3.3)). However, given an interaction potential V,
one can compute the related scattering operator S and then use formula (3.4) in order
to find the convergence rate. Third, we generalize Theorem 3.2 to the case of density
operators in Theorem 3.4. Fourth, we give explicit formulas for the momentum and
energy transfers between the two particles. To this regard, we remark that, even though
the incoming particle has a negligible mass, the transfer of energy and momentum is
not trivial, since in the limit € — 0 the colliding light particle has finite momentum and
infinite energy.

Concerning the numerical part of the paper, we recall that in [4] the authors ex-
hibited some numerical simulations aimed at checking the Joos—Zeh’s approximation
formula from a quantitative point of view: indeed, the error in such formulas, as com-
puted in [2,3,13], contains a multiplicative constant whose optimal size is unknown (see
e.g. [3, estimate (2.2)]). The numerical simulations in [4] show that, in spite of this
indeterminacy, the approximation in [2,3] can be successfully employed at least under
some hypotheses on the interaction potential (for details see [4, Section 3.2]). Those
numerical results were achieved by using standard discretization arguments and a split-
ting (Peaceman—Rachford) procedure. The main drawback of such a method was that,
for fixed grids, the precision was sensitive to the value of ¢, so that, in order to follow
the fast evolution of the light particle, one had to employ tiny meshes both in time and
space, and the computations became expensive in time and memory.

Conversely, in the present approach the role of the light particle is limited to the
computation of the collision function I,,. The focus of the analysis is the dynamics of the
heavy particle that, in our approximation, becomes free after the collision. In this way,
the computational problem drastically simplifies and the numerical cost is considerably
diminished, both in memory and in time; moreover, it becomes possible to simulate an
experiment with many colliding light particles, which is crucial for the sake of studying
the continuous damping of the interference.

As already stressed, our simulations lead to a description of decoherence that, at
least to our knowledge, was never put in evidence before. Indeed, simulations show
that, if the light particle initially has a non-vanishing mean momentum, then after the
collision a fraction of the wave function of the heavy particle organizes itself into a bump
that moves independently of the rest (see the first image in Figure 5.5). Moreover, the
newborn bump is uncorrelated with the other components of the state of the heavy
particle, so it does not take part in the interference. Thus, the damping of the inter-
ference pattern can be explained by the fact that a fraction of the initial wave function
decouples from the rest. We give a rigorous result which portrays this phenomenon, if
some hypotheses on the involved spatial scales are satisfied (Theorem 5.1).

For simplicity, our numerical treatment is limited to the one-dimensional case, even
though the general idea and the theoretical results apply to systems in arbitrarily high
dimension.

This paper is more concerned with a precise estimate on the dynamics of the heavy
particle, than on interpretation of decoherence in terms of the foundations of quantum
mechanics; nevertheless, some words on the conceptual background are in order.

In [4] we introduced and discussed an interpretation of decoherence based on the
analysis of the configuration space of the system. According to such an interpretation,
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the two bumps representing the state of the heavy particle can be plotted as two bumps
that, in the absence of the light particle, move one towards the other: the simulation
shows that when the centres of the two bumps coincide, the overlap between the two
bumps is complete and then interference is maximal (see the last image of [4, Figure
9]).

On the other hand, if the light particle is present, then its position appears as an
additional dimension in the configuration space of the two-particle system. Now, since
both bumps of the heavy particle undergo a collision with the light one, they will be
perturbed in two different ways, so that the eventual overlap will not be complete and
thus the interference is only partial (to this regard, see the second image in the first row
of [4, Figure 9]). For the details of this explanation of decoherence we refer to [4, Section
4] and to Remark 5.2: what we would like to stress here is the presence of a portion
of the two-body wave function that, in the (full) configuration space, is prevented from
overlapping and hence from producing interference.

Such a description has the advantage of being clear and simple, both from the

physical point of view and for the mathematics involved: the only mathematical object
that is needed is the wave function. On the other hand, in the present paper we aim at
getting rid of the coordinates of the light particle, reducing then the number of variables
to consider, which is often important for numerical computations. The price we have
to pay is that we lose the enlightening picture in the coordinate space and we have to
deal with more complicated mathematical objects, like density operators.
The description of the decoherence phenomenon that emerges from our analysis can be
summarized as follows, according to formula (5.11): each bump of the heavy particle
interacts with the light particle only through the portion of its wave function corre-
sponding to the reflection coefficient of the interaction. Then, the density operator of
the heavy particle after the interaction turns out to be a convex combination of three
density operators: the one corresponding to the suitably damped initial state, that did
not interact when the light particle was transmitted, the one corresponding to the left
bump when the light particle was reflected from the left, and the one corresponding to
the right bump when the light particle was reflected from the right. Only the first one
has preserved the capability to produce interference, while the two others did not. The
overall interference is then damped due to the fact that the portion of the heavy parti-
cle that underwent interaction cannot interfere any more. The correspondence with the
non-overlapping components of the two-body wave function, as displayed in the analy-
sis in the configuration space, is explained briefly in Remark 5.2. Actually, we plan to
investigate that correspondence in more details in a future work.

The outline of the present paper is the following. In Section 2 we introduce the
mathematical framework and fix some notation. Section 3 provides the general ap-
proximation theorems, enabling one to replace the two-body Schrodinger picture by a
suitable collisional dynamics. Section 4 is devoted to the study of the collision func-
tion I,: we give general formula, study some properties and provide approximations
for some particular choices of the interaction potential V. In Section 5, we describe
the numerical method and present results obtained with that scheme. In particular, we
carefully analyze the decoherence effect carried on the heavy particle by the interaction
with the light one, showing the appearance, after the collision, of an uncorrelated bump
and explaining it theoretically. Finally, the last sections are devoted to the rigorous
mathematical proofs of the main theorems of sections 3 and 5.4.

2. Preliminaries
Let us recall some elementary notions of quantum mechanics and fix some nota-
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tion. The state of a pair of quantum particles in space dimension d can be represented
by a function ¢ in L?(R??) called the “wave function”, whose norm equals one, to be
interpreted according to the well-known Born’s rule: given ;1,0 CR?, the quantity
Jo, Ja, [(X,2)|?drdX is the joint probability of finding the heavy particle in the do-
main {27 and the light one in 25 after a measurement of their positions. In order to detect
and measure the decoherence, one has to study the probability density [o.[(X,2)|* d
of finding the heavy particle at a point X, averaged on the position of the light one.

As already stated, we assume that the ratio of the masses of the two particles is
small, and fix the mass of the heavy particle to M =1 for the analytical investigations,
while the mass of the light particle will be denoted by m=e< 1. In the numerical
section (Section 5) however we will choose different values for M for scaling reasons.

We assume that the interaction between the two particles can be modelled by a
regular, rapidly decaying and non-negative potential V, that depends on the distance
between the two particles only. Due to the regime of small mass ratio, in order to
obtain a non-trivial evolution for the heavy particle, we suppose that the strength of
the interaction is of the order of the inverse of the mass ratio (¢~1). More precisely, as
this choice simplifies the analysis and does not affect the results, we define the coupling
constant as e~ !(e+1), which is the inverse of the reduced mass of the two-body system.

Under such assumptions, the time evolution of the two-body wave function
Ye(t,X,x) is given by (1.1), associated with the initial condition

¥e(0,X,2) = ¥(X,2) = ¢(X)[Uo(~e")x](x), (2.1)

where ¢ and x are regular functions (see next section for the exact regularity required)
and y€(0,1). The presence of the free propagator Uy(—e~7) in the definition of the
initial state of the light particle is useful to describe a situation in which the light particle
comes from infinity and reaches =0 in a time of order e!~7. Furthermore, it makes
it possible to treat y as an incoming state in the sense of the scattering theory (see

e.g. [23]).
2.1. Notation.
e For pe(l,00], the norm in LP(R?) or in LP(R??) is denoted by ||-||,: the context will

always clarify the domain we refer to. For the norm in H*(R?) for s € R, we use the
symbol |- || z=.

e We denote the free Hamiltonian operator in L?(R%) by
1
Hyi==ZA, Hy: H*(RY) € L*(RY) — L*(RY),

which is self-adjoint in L?(R?) and generates the free Schrédinger propagator, denoted
in the following by Up(¢). The family of such operators is a strongly continuous unitary
group (for more details, see e.g. [22], Ch. 8). At fixed ¢, Uy(t) acts as the convolution
with the integral kernel

1 lz)?

Uo(t7$) = Wei 2t l‘ERd

e Whenever a tensor product appears, the first factor refers to the heavy particle or
to its state, while the second refers to the light particle or to its state. The convention
applies to operators and wave functions. Given a wave function x x for the light particle,
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where the coordinate X of the heavy particle enters as a parameter, ¢ ® yx will denote
the wave function defined by

[90®XX](X7‘I) ::QD(X)XX (Z‘)

Of course, this is an abuse of notation since x, depends on X, but it will be useful and
unambiguous in the sequel.

e The interaction between the light and the heavy particle is described by the potential
V:R?Y —R. In theorems 3.2 and 3.4 the potential V is required to fulfill some general
hypotheses (see assumptions (H1)-(H3) and related comments). For the numerical
analysis (see Section 4.2) three different kinds of V' are considered, which share the
features of being non negative and rapidly decreasing, but are different in terms of local
regularity.

e We denote by Hy the Hamiltonian

1

where V is the multiplication by V(z). In all cases we consider, Hy is self-adjoint, and
Uy (t) denotes the unitary group generated by Hy, i.e.

Uv<t) = HVE

e We denote by S the scattering operator between the self-adjoint operators Hy and
Hv, i.e.

Sy:=s— lim Sy(t,t"), where Sy (t,t'):=Uo(—t)Uy(t+t")Uo(—1), (2.2)

t,t'—>+o0

and the limit holds in the strong operator topology. In all cases we consider, Sy is
well-defined and unitary.

e Consider the self-adjoint Hamiltonian operator Hy , its unitary group Uy and the
related scattering operator Sy-. Then, the shifts by any X € R?, denoted respectively by
H‘)f , U‘)f , and S‘)f , are also well-defined and share the properties of the unshifted ones.
More explicitly,

1 ,
HY =5 A+V(=X),  UF() = T
S¥:=s— lim S¥(t,t'), where Sis(t,t") = Ug(—tUir (t+t")Uo(—t).

£t/ =400
When no confusion is possible, we will forget the subscript V' and use the shorthand
notation H,S,U and HX,UX, S¥X.

e The two-particle free Hamiltonian operator and the Hamiltonian operator containing
the interaction among the two particles shall be denoted respectively by

1
2¢e

1 1+¢
— A, +—V (X —x|).
o Bat V(X —al)

1 1
Héf::—iAX— A, HE::—EAX—
Both are unbounded self-adjoint operators on L?(R2?). The associated unitary groups
will be represented respectively by U/ (¢) and U.(t).

The unitary group generated by H/ factorizes as

UL (t) = Up(t)@Us(t/e).
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e The Fourier transform of a function ¢ € L?(R?) is denoted by ¢ and is defined by

o~

o(k) = (2m)" 2 /}R de*ik%(gx)d:ﬁ, (2.3)

where k-2 is the Euclidean scalar product in R? between the vectors k and z.

e Given a functional space H*(RY) (possibly with s=0), we define the translation
operator Ox by

Ox¢(r) = ¢(xr—X),

for any ¢ € H*(R?). It turns out that fx is a unitary operator.

e The space of self-adjoint trace-class operators (see [22]) on L?(R9) or in L?(R2?) is
denoted by £! and the norm of a generic element p in that space is given by

Ipllcr = Txlpl, VpeLll,

where Tr denotes the trace functional (see [22], Ch. VI). The subspace of the positive
elements of £' is denoted by £1+, without specifying whether the operator of interest
acts on L2(R%9) or on L?(R%). Anyway, the context will always be unambiguous: if p is
the density operator of a single particle, then ||p||;1 denotes its trace class norm as an
operator on L?(R?). Conversely, if p is the density operator of a two-particle system,
then ||p||z: denotes its trace class norm as an operator on L?(R??).

e We shall make occasional use of the so-called Dirac’s bra-ket notation: for example,
the state of the heavy particle will be denoted by |p), while the state of the light particle
by |x). A scalar product between two states of the light particle shall be denoted by
(x'x), while the orthogonal projector along the span of |y) will be represented by |x){x|.

e We will always assume that wave functions ¢, y, and density operators p are normal-
ized, i.e.

lelz=lxlla=1, peLl, and [plz=1

2.2. Assumptions. We introduce three hypotheses that we shall use in theo-
rems 3.2 and 3.4.

(H1) The Hamiltonian Hy is self-adjoint on L2(R?), its point spectrum is empty and
zero-energy resonances are absent.

(H2) Asymptotic completeness holds for the couple of self-adjoint operators Hy and
Hy, and the scattering operator Sy is well-defined and unitary in L2(R?).

(H3) There exist s €R and a constant Cs >0 such that

vxeL*R?), | Svxllz < lllelxll2+Csllx] -

Let us comment on these hypotheses. The first one, (H1), requires self-adjointness of
the Hamiltonian operator, which provides well-posedness of the associated Schrodinger
equation and unitarity of the propagator; bound states, as well as zero-energy resonances
are to be avoided for the wave operators to be well-defined. The second hypothesis (H2)
prescribes the unitarity of the scattering operator. The third one (H3) is less common,
and is a regularity assumption on the scattering operator Sy. For d=1, (H3) can be
replaced by the stronger assumption
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(H3’) There exists an s € R and a constant C >0 such that the reflection and trans-
mission amplitudes 7, and ¢ (see Section 4.1) satisfy

|3ktk\+|8krk|§03(1+|k|2)%. (2.4)

The fact that (H3’) implies (H3) is proven in Lemma 4.1.

Roughly speaking, hypotheses (H1)—(H3) are fulfilled by non negative, regular po-
tentials that decay fast enough at infinity. In dimension one, (H1)—(H3’) are satisfied,
among others, by the repulsive Dirac’s delta potential and potential barriers, for which
the transmission and reflection amplitudes are explicitly known. See Section 4 for more
details.

3. Analytical results

In this section we give the analytical results that provide an approximate solution
to the problem (1.1), (2.1) in the regime £ < 1. In Theorem 3.2 the case of a pure state
(i.e. a wave function) is considered, and we give an approximate solution in which the
evolution of the heavy particle is decoupled from the evolution of the light one, provided
that the initial state has been suitably modified. In Theorem 3.4 we generalize the
result to the case of a mixed state (i.e. a density operator), in which the problem (1.1),
(2.1) is replaced by the operator differential equation (3.8). Theorem 3.4 provides an
approximate density operator for the heavy particle whose dynamics is governed by a
free evolution problem with modified initial data. The modification of the initial data
is given by the action of the collision operator Z,.

For the convenience of the reader, proofs are postponed to Section 6.

Theorems 3.2 and 3.4 supply the theoretical basis of the numerical method that will
be introduced in Section 5.

DEFINITION 3.1. Given € >0, the operator S¢, acting on LQ(RM) is the unique unitary
extension of

S:(p@x)=9® [Up(—"")S%x], Ve, xeL*(R?); (3.1)
Furthermore, the operator §, acting on L?(R??), is the unique unitary extension of
S(pax) = p@5¥x.

Notice that, with our notation, S = [H@Uo(—e_'y)]g’.

THEOREM 3.2.  Assume that the potential V is such that hypotheses (H1)-(HS3) are

satisfied and denote by s a real number for which (H3) holds. Choose ¢ € H*(RY) such
that | X|p € H'(R?), and x € H*T1(R?) such that |x|x € H'(R?).

Let ¢(t) denote the solution to (1.1) with M =1 and the initial condition (2.1);

moreover let 1% (t) denote the solution to the free two-body Schrédinger equation

iatlbél:—%ﬁxlﬁ?—flsAz?/J?:Hglb? (3 2)

Y2(0)=p@Us(—e~") S¥x=8:(p®x)- '

Then, the following estimate holds

1
e (t) — 02 (8) |2 < Ci (?ts”,s”) 4 Cyet Cyel, (3.3)
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where the constants are given by

Ci(r, 1) =lelS(r,7) = SIX(- = X)I, (3.4)
Co=2V2(|Vellallz]xll2+ 1 X ]l Vxll2 + 11X - Vepllz + |- Vxl2)

V205 (1Vllallx ]l e + Il rre+1) (3.5)

Cs:=2V2(||[ Vo2l Vxll2 +2[ Ax]12), (3.6)

with s and Cy defined by the hypothesis (H3).

For the proof see Section 6.

REMARK 3.1.
i) The first term in (3.3) is quite implicit, nevertheless hypotheses (H1)-(H2) guar-
antee

lim Cy(r,7")=0.

7,7 =400

Indeed, the existence of the strong limit that defines the scattering operator (see (2.2))
implies that, for fixed X and Yy, ’SX (r,7")x — Sxxﬂz —0 as 7,7 — 400, and therefore,
observing that

2
Cr(m )2 < [p(X) || S¥ (r,7")x = 8% x|, < 4l (X) %,

by dominated convergence one has Cy(7,7") =0 as 7,7" — oc.
Notice that in order to explicitly estimate C (7,7’), one needs to study the one-body
scattering of the light particle by the potential V. See Proposition A.2 for an example.

it) The constant Cy in Theorem 3.2 depends on the regularity properties of the
scattering operator through the assumption (H3). If this hypothesis is not satisfied,
then one can prove that the constant Cs may be replaced by

Cyi=||lel [V @ s* x+o@ X Vx| _+5] o —XI[T9°,.

REMARK 3.2. Matching Theorem 3.2 with Proposition A.2, one has that for the one-
dimensional system with V' =ady, a>0, the solution . to (1.1) is well-approximated
by the solution 92 to (3.2). More precisely, for any initial condition of the type treated
in Theorem 3.2, there exists a constant C' depending on ¢ and v such that

V22871 et -l <0 [(5) ).

REMARK 3.3. There are some differences with respect to the previously known
results [2,3]. First, we modified the initial state for the light particle by inserting the
operator U(—e~7). Physically, this means that in our idealized experiment the light
particle enters the system at time t = —o0o0 and immediately becomes entangled with the
heavy one. On the other hand, in the physical situation depicted in [2,3,10,13] each
light particle is injected in the system at time zero. The mathematical consequence of
our choice is that the initial state of the light particle is (approximately) transformed
via the action of the scattering operator instead of the Mgller wave operator. This is
consistent with the original Joos—Zeh’s formula ( [19]).
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The main advantage of our choice is that, in general, the operator S is rather simple
to write in Fourier variables as it involves the Fourier transform only, while the Mgller
operator involves a different (and usually implicit) eigenfunction expansion. As a con-
sequence, the scattering operator is better suited for a direct analytical study and for
numerical simulations too.

REMARK 3.4. Theorem 3.2 can be formally restated as follows:
U.(t)A@Uy(—77)) = UL(t)S. = UL (1) IeUs(—c7))S (3.7)

for times of order one. Pictorially, (3.7) states that for small ¢ the light particle is
instantaneously scattered away by the heavy one, which may be considered as fixed
during the interaction.

Let us generalize Theorem 3.2 to the formalism of density operators. Such a step
is necessary in order to describe the dynamics of the heavy particle when interacting
with several light particles: indeed, as we can see from (3.2), the initial condition for
the limit model is not factorized, so after one collision the heavy particle lies in a mixed
state that has to be described by the appropriate density operator.

Assume that the initial state of the heavy particle is given by the density operator
pM(0) e £1+7 while, as before, the light particle at time zero lies in the state represented
by the wave function Uy(—e~7)y. Then, the density operator p.(t) that represents the
state of the two-body system at time t solves the operator differential equation

{i&gpg(t) = [Haaps(t)] (38)

pe(0)  =pM(0)® [Uo(—=~")x)(Uo(—="")xl,

where the symbol [A1, As] denotes the commutator of the operators A; and As.
For the sake of studying the dynamics of the heavy particle, the interesting quantity
is the density operator of the heavy particle, which is denoted by p} (t) and defined as

P (1) = Trmpe(t)= > (x;lo=(t)x;), (3.9)

J

where {x,}jen is a complete orthonormal set for the space L?(R?), and Tr,, denotes
the so-called partial trace w.r.t. the light particle.

Let us be more precise on how to compute such a partial trace. As p.(t) is compact,
it can be represented as an integral operator whose kernel can be denoted, with a slight
abuse of notation, by p. (¢, X, X’,x,2"). The integral kernel of the reduced density matrix
for the heavy particle then reads

pM(t, X, X)) := /]R pe(t, X, X', x,x)dx. (3.10)

There does not exist a closed equation for the time evolution of p, but, as we shall
see, as € goes to zero and for any t#0, the operator pé”(t) converges to an operator
pM(t) that satisfies a closed equation. In order to state this result properly, we need
to introduce a further operator on £; which we call the collision operator.

DEFINITION 3.3 (Collision operator). Suppose that the hypotheses (H1)-(H2) are
satisfied. Then, we define the collision operator

T LYRY) = LY RY),  pM s Tr,, (0 @[55 x) (5% x]). (3.11)
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REMARK 3.5. It can be verified that the operator Z, is well-defined and completely
positive (in particular it preserves positivity). Moreover, it satisfies the estimate

Tr|Z, p™ | <Tr|pM| with equality if p™ € ch. (3.12)

REMARK 3.6. In terms of integral kernels, the action of the collision operator reads
[IXp](XvX/):p(X7X/)IX(X7X/)a (313)
where the collision function I, is defined by

L(X,X") = (SXx|5%x), X, X'eR? (3.14)

Notice that the function I, reaches its maximum modulus at X = X', where it equals
one.

THEOREM 3.4.  Assume that the potential V is s.t. the hypotheses (H1)-(H3) are
satisfied, choose p™ (0) € LY s.t. VpM(0)V and |- |VpM (0)V]-|€ L1 ; choose x € H*(R?)
for some s >1. Denote by p.(t) the solution to equation (5.8) and by p*%(t) the unique
solution to the problem

iatpM’a(t) = [HO’pM’a(t)} (315)
p™(0) =TI, p"(0).
Then, the following estimate holds
M Ma ~ (1+e — - ~ ~ 1
o2 (£) = p™ ()|l < Cy Tt—& YTV )+ Che+Cse 77, (3.16)

where the constants are given by

Ca(ry7") ==2|| ™ (O)|[S(r,7") = SIx (- = XN ([S (7, 7") = SIx(- = X) || 2,
Ca = 4v/2(|IVp™ () V1|2 [zl xll2 + 11X 0™ Q)1 X 1121V xl2
HIX1VpM @) VIXI|Z, + 21V xl2)
+2V2C, (Vo™ )11 2, - + e+
Cy = 4v2(| Vo™ (O V|2, [V xllz + 2] Axla)-

The proof is given in Section 6.

The last step in our theoretical framework consists in the possibility of extending
the previous procedure to the case of many light particles to be injected in the system
one after another. To this purpose, one should use an approximation result analogous to
Theorem 3.4, but adapted to a multi-particle system with light particles arriving at dif-
ferent times. Instead of following this approach, which is fully rigorous but cumbersome
and very difficult to handle (see for instance [3] for a result with many simultaneous
“collisions”), we will repeatedly use the approximation given by Theorem 3.4. This
means that we treat the heavy particle as if it were interacting with only one light
particle at a time.
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Under that approxnnatlon the multlple use of the collision operator Z,, is justified,
provided that the constants C’l, C’g, and 03 appearing in Theorem 3.4 do not explode
when computed for p-¢(t) instead of p(0). The behavior of such constants can
be shown to depend on the regularity properties of the collision function I, only. In
particular, the calculation of the kinetic energy of p™+%(0) in terms of p™(0) and I,,
done in Proposition 4.2, may guarantee the correct behavior of the constants 51, 52
and C3, but we will not go into such details.

4. One-dimensional systems. Computation of Z,

In this section we restrict to one-dimensional problems and provide a general ex-
pression for the collision function I, (see (4.11), (4.12), (4.13)) whose form shows that
I, depends on the reflection and transmission amplitudes associated to the potential V'
and on the wave function of the light particle. Using this expression we compute the
energy and momentum transfer occurring in a two-body collision.

Furthermore, assuming that the state of the light particle is represented by a Gaus-
sian wave packet with a narrow spectrum in momentum, we prove an approximation of
©, (see (4.22)) to be used in Section 5.4.

4.1. Scattering operator, reflection and transmission amplitudes. Con-
sider a particle moving on a line under the action of the potential V', and assume
hypotheses (H1)-(H3). We define the transmission amplitude tj, and the reflection am-
plitude ri, as the two complex coefficients s.t. the action of the scattering operator S,
defined in (2.2), reads

(Sx)(x \/7/ teX (k) +r i X(—k)] e dk, VreR, (4.1)

for any x € L?(R). We stress that definition (4.1) corresponds to the following formal
action on plane waves

S(eikx) _ Tke—ikx +tkeikx

which, in turn, agrees with the definition of reflection and transmission amplitudes
usually found in physics textbooks, namely, ¢, and 7 are the two complex coefficients
s.t. the generalized eigenfunction v, of the operator Hy corresponding to the generalized
eigenvalue F = 1“2—2 #0,k > 0 fulfills the asymptotics

() ~ (eikm—krke_“”), T — —00,
Up(z) ~ —tpe® T — +00.
It proves useful to represent the action of S through the 2 x 2 matrices
T t_k

S(k) = (t’“ T"“) . k>0, (4.3)

that act on the vectors (X(k),X(—k))r>0 as follows
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Moreover, the unitarity of S implies, for k#£0,
el +1ril? =1, rlf g+t k=0, |re|=|r_s|. (4.5)
The fact that S commutes with the Laplacian, together with its unitarity, gives
ISxlle = Ixlle,  Vs€R, ¥xe HE(R).

We are ready to prove that, as stated in Section 2, the condition (H3’) in dimension
one implies condition (H3).

LEMMA 4.1.  Suppose that for some s€R and Cs>0 the transmission and reflection
coefficients satisfy

s

|Okts| + |0k < Cs(1+|E[?)2 = Cy(k)®. (4.6)

Then, for all x € H*(R)

512 = 195X ll2 < x|z +2C5 x| e

Proof. Since

one gets

10.5x]), < (/0+°°’[5k5(k)] (gg(kg)) 2dk>5+ (/O"'O"‘S(k;) (80&%(12)) 2dk>5.

By unitarity of S(k), the second term in the r.h.s. equals |0k X]|2 = ||xX||2. Furthermore,

by (4.6),
[ s (34)

This implies the claimed result. ]

2

“+o0
k< 4C? / (k)2 (IR(F) 2+ [R (k) [2) dk

<ACT Il

The effect of translation. If the potential V' is translated by a quantity X,
then the reflected wave is delayed by a phase equal to 2kX and the transmitted one
remains unchanged. As a consequence, one has the following

LEMMA 4.2.  LetV be s.t. the Hamiltonian operator Hy = —%aﬁ +V satisfies assump-
tions (H1)-(H3). Then, the translated Hamiltonian operator Hyy =—302+V(-—X)
satisfies (H1)-(H3) and, denoting the corresponding reflection and transmission ampli-
tudes by ri( and ti(, one has

X =e?" Xt =t,, VkeR\{0}. (4.7)
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Proof.  According to the notation of Section 2, we denote by 0x the translation
operator s.t. 0xx=x(-—X). Then, one easily gets

Ui (t) =0x Uy ()0 _x, (4.8)

so that U (t) and Uy (t) are unitarily equivalent and assumptions (H1)-(H3) are pre-
served by translation. Furthermore, (4.8) implies

S¥ = OxSyh_x. (4.9)
. . o kX o
By direct computation 6_x x(k) = e X(k), so one finally gets

S¥x(k) = e 2 x(—k) +t,x(k)

and the proof is complete. ]

COROLLARY 4.1.  The matriz Sis reads
te e 2kXp
sp0 =itk ). (410
—k

Lemma 4.2 (and Corollary 4.1) allow us to get a rather simple expression for the
collision function I,.

ProrosiTiON 4.1. For a one-dimensional two-particle system, endowed with an
interaction potential V' such that the hypotheses (H1)-(H3) are verified, the collision
function I, defined in (3.14) can be expressed as

L(X,X)=1—0,(X - X")+il(X) =il (X"), (4.11)

with the definitions
@X(Y)::/(l—e%ky) I 2[X(K)|? d, (4.12)
R

[ (X):=i /}R 2Rt X (—k) X (k) dk. (4.13)

Proof.  The proof is an elementary computation to be carried out using defini-
tion (3.14), the equation (4.1), the relations (4.5), and Lemma 4.2. 0

REMARK 4.1. By the change of variable k— —Fk in the integral defining I, and the
relations (4.5), one immediately finds that I'y (X) is real for any X.

Effect of the collision operator on kinetic energy and momentum of the
heavy particle.  In order to interpret the functions ©, and I'y, we study the transfer
of energy and momentum between the heavy and the light particle.

We recall that for a particle in the mixed state p lying in a d-dimensional space,
the average momentum and kinetic energy are given by

1

P(p)ZTT<%[(_iV)P+P(—iV)]) or P(p)=3

/R (V2= Vi)p(X. X)dX,  (4.14)
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1 1
Eyin(p)= Q’I‘r(—iv -p[—iV]) or Epin(p)= 3 L. Va-Vip(X,X)dX. (4.15)

The probability current ? is defined, in terms of the density operator, by

1 . . i
T =5V +(=iV)p]  or T(X,X') =5 (V2= Vi)p(X, X). (4.16)
Remark that P(p):’ﬁ?. For the sake of interpreting the forthcoming proposition,
one can consider that, if p is the density operator representing the state of the heavy
particle before the collision, then, in our approximation, Z, p is the density operator
representing the state of the heavy particle after the collision.

PRrROPOSITION 4.2.  The momentum and the kinetic energy of a particle moving on a
line, as it lies in the mized state represented by the density operator Iy p, are given by

1
P(Zyp) = P(p) +i0),(0)+ 5 Tr (T + T ), (4.17)
. 1 1 o
Eyin(Zyp) = Erin(p) +10, (0)P(p) + 5 07(0) + 5 Tr (i +j1% ), (4.18)

where T denotes the operator whose action is the multiplication by the derivative of

I'y and j is the only component of the currentf that is present in the one-dimensional
case.

Proof. From decomposition (4.11), one immediately gets

L (X, X')=—0 (X — X')+il"(X)
Bol (X, X') =0 (X — X') —ill (X"),

where 0; denotes the derivative w.r.t. the jth argument. By exploiting the second
identity in (4.14), a straightforward computation yields

P(Z,p) = P(p) +10/,(0) + /R I (X)p(X, X)dX,

which may be rewritten as (4.17).
Concerning kinetic energy, by the second identity in (4.15) one gets

2 Eyin(Zyp) :2Ekm(ﬂ')+/R[(31[X)(X,X)(82p)(X,X)+(82]X)(X7X)(31p)(X7X)] AX
+/(32311x)(X,X)p(X,X)dX.
R
Using decomposition (4.11), one finally has

43 [ IO (@) (X,X)~ (Gup) (X, X)) dX + 5640,
R

This finally leads to (4.18). O
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REMARK 4.2.  First, by (4.12), one has ©,(0) =0, Re(0} (0)) =0, and Im(©7(0)) =0,
so that all quantities in Proposition 4.2 are real. In particular, notice that

i64,0)=2 [ K [R(6) . (1.19)

which is in general different from zero, so that a transfer of momentum and energy
is possible even though one could intuitively suspect that the light particle is in fact
too light in order to exchange momentum or energy with the heavy one. In order to
understand this fact, recall that the light particle has a momentum independent of &
and a kinetic energy of order e . Thus the collision occurs between two particles with
momentum of the same order, for which exchanges of momentum and energy can take
place.

Besides, the above formula (4.19) has a relatively simple interpretation. The plane
wave e’* has a probability |ri|? of being reflected, i.e. to gain a momentum —2k. Since
the state of the incoming particle can be understood as a superposition of plane waves
with weight X(k), the average gain in momentum amounts to —2 [; k|ri|*|X(k)[*dk for
the light particle. By conservation of momentum, the average gain in momentum for
the heavy particle equals the r.h.s. of (4.19).

On the other hand, the last term in (4.17) does not have, at least to our concern, a
clear interpretation. This is due to the fact that it takes into account the interference
between the reflected and the transmitted waves, so that there is no classical counterpart
to provide some understanding.

For the kinetic energy the situation is analogous: the sum of the second and the
third term in the r.h.s. of (4.18)

0 (0)P(p)+ 5 €4,(0) =2 [ (k+ Plo) i R(h)

=5 [ [k +P()? = PR In RO Pk

can be understood similarly to the first term in the r.h.s. of (4.17), while the last term is
due to a superposition effect between transmitted and reflected waves and its meaning
is therefore less transparent.

The case of an initial Gaussian state for the light particle. Let us spe-
cialize to the case in which the initial state of the incoming light particle is represented
by a Gaussian wave function, i.e.

1 _(w*ﬂfl)2
P

X0 = e (4:20)

where x; € R is the centre of the wave packet, o its spread, and p its mean momentum.
Then,

2\ /4
(k)= (2") o= (k=p)?~i(k—p)a;
™

We shall make this choice of state for the light particle in Section 5, when dealing with
numerical simulations. For this reason, we give simplified expressions for ©, and I'y
and we provide some related approximation formulas that prove easy to handle. In fact,
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for the Gaussian case definitions (4.12) and (4.13) yield

O, _J[fR €2 ) |y 2e ~20(k=p)? ;.

(4.21)
Pop(X) =iy [2e7277" [ fypem2r K420 g,
If the wave packet has a large spread in position, so that its support in momentum is
small compared to the scale at which |ry|? varies, then we can approximate Osp by
using |r,|? instead of |rg|? in the integral, and get the following approximation

2 : 2 2
O (V) o= |rp|? (1—0[/&”‘” (k=p) dk)
: s
. 2
=|r,|? (1_62117)/—2‘;72)- (4.22)

Approximating I'y turns out to be more difficult. However, as a first step, assuming
that the light particle has a large momentum, we can approximate I'y, by 0 since the
factor e=20°P” is negligible for op large enough.

The approximations introduced here can be expressed in terms of density matrices.
Indeed, one has the following proposition:

PROPOSITION 4.3.  For any positive, self-adjoint operator p with Trp=1, the following
estimate holds

[60.(X = X)p(X, X') — O (X — X')p(X, X')

[ mo? || dk

. —9252p2
[iCop(X) = Top(X)]p(X, X")|| ,, <2727,

I
where we denoted an operator by its integral kernel.

Proof.  We will use the following simple estimates: for a wave packet y with centre
xg, spread o, and momentum p, we have

. dlry,
I RO RS /| ROkl d
—+oo
2 / ke ™ dk
2r || dk || Jo
! (4.23)
27 || dk ||

and

2
|1_‘o_}p<X)|SU\/>6—20-2;02/€—20'2]§2 db— o200 (4.24)
m R

We shall only perform the proof in the case where p is a rank one projector:
p(X, X)) =p(X)p(X"), where |¢|l2=1. The general case follows by diagonalisation
of a general p and summation of the error given in the rank one case. Using (4.23), we
get
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[(O2(X — X') ~ 0, (X — X'))p(X.X)]| .

<lol, | !|m|2—|rp|2\>z<k>|2dk+H J e e RO E ST

1
2T

L1

/H 2sz f2ikx’ X/ H[,1||rk‘2 |7"p| ||X |2dk

To?

dk

(oo}

Before going to the estimate on I, ,, we recall that for any rank one operator p’, i.e

operator with kernel of the form p/ (X, X’) =1 (X )p2(X’), we have the equality ||p|| .1 =
lle1]l2ll@2]l2. If we apply this to the rank one operators with kernel ', ,,(X)p(X)p(X')

and (X)L p(X")p(X'), we get

[ —Top(XN)]p(X, X")||
SHFU’P X)QD(X ® X/)HL1 +||F0»p(X/)‘P(X)SO(X/)

lz:

2 2

<2|Toppl2lllellz 2[|Topllc0 <2277
This concludes the proof. 0
4.2. Particular potentials of interest. Here, we briefly introduce three

particular potentials that we shall use in the numerical simulations.

Dirac’s delta potential. In the case V =adg, with a>0, the reflection and
transmission amplitudes are given by (see Proposition A.2)

! ilk|

e —— W yker. 4.25
a—ik’ T Ta—ipp 7€ (4.25)

T =——
In the next section, we will use (4.25) to compute the function I, numerically via (4.11),
(4.12), (4.13). To avoid the numerical integration, one can use formula (4.22), which
gives
a’ 2ipY — 25
O (V) = (1 2P **) (4.26)
a?+p?
Potential barrier. A further potential for which the scattering matrix can be
explicitly computed is the potential barrier, i.e.

V(z):=Vol_qq] Vo=— a>0,

where 1 denotes the characteristic function and a >0 measures the strength of the
2

interaction. Letting F = % denote the energy of the incoming wave and defining kg :=

\/2(E —Vy) €C, the transmission and reflection amplitudes have the forms

4kk0€72ika
= ‘ : keR 4.2
g (k+ko)2e~2ikoa — (k — kq)2e2ikoa’ vk eR\{0}, (4.27)
2 1.2\,—2ika(,—2ikoa _ ,2ikoa
O ) B C ), WkeR\ {0}, (4.28)

(k.+k0)2672ikoa _ (k _ k0)2€2ikoa ’
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Numerical approximation for more general potentials. In the case of
more general potentials, there is no analytic expression for the amplitudes r; and ty,
however, we can compute them numerically.

We assume that the potential V rapidly decreases at infinity, and choose a suf-
ficiently large a such that we can approximate V by 0 on R\[—a,a]. Let us shortly
summarize the classical procedure to calculate the reflection and transmission ampli-
tudes.

We look for generalized eigenfunctions 1 of the Hamiltonian —%A +V associated to

the eigenvalue £ = % Due to our approximation, these eigenfunctions are combinations
of the free waves e’** and e~™** outside the interval [—a,a]. For k>0 we look for
solutions satisfying

wk(‘r) = ik(z—a) (429)

tre for = >a.

{eik(m+a)—|—rke_ik(z+a) for < —a,
In order to find the values of ¢; and r;, one must solve the stationary Schrodinger
equation associated with transparent boundary conditions in the interval [—a,a)

— Ly (@) + Ve =By, z€[-a,d),
Vr(—a) +ikiy(—a) =2ik, (4.30)
Yy, (a) —ikipr(a) =0.

Transparent boundary conditions express the fact that the wave function as well as its
derivative are continuous at +a. Using the continuity of the wave function and of its
derivative at © = +a, it can be checked that the boundary conditions in (4.30) are indeed
satisfied if and only if conditions (4.29) are satisfied for some 71, and ;. The reflection
and transmission amplitudes are then given by

tp:=vr(a), rp:=vr(—a)—1, VEk>O0. (4.31)

For a wave coming from the right, i.e. k<0, the procedure is analogous.

5. Numerical asymptotic resolution of the two-body Schréodinger system

In this section we use the approximations introduced in sections 3 and 4 in order to
efficiently resolve the two body Schrdinger equation (1.1), with initial condition given
by (2.1), in the regime €< 1. The final aim is to quantify and study numerically the
decoherence effect induced on the heavy particle by the interaction with the light one.

5.1. Model and initial data. = According to Theorem 3.4, for small values of
e we can replace the resolution of the two-body Schrédinger equations (1.1)-(2.1) or,
equivalently, of equation (3.8) for density operators, by the resolution of system (3.15)
for the reduced density operator of the heavy particle. Rephrasing the latter as an
equation for the integral kernel p™¢(t, X, X") of the operator p™(t), one gets

1
10" (8, X,X") = = - (Ax = Ax)p™ (1. X,X), V(X,X)€R?, VieRY

pM(0,X,X") = py" (X, X") [ (X, X"),
(5.1)
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where the collision function I, is given by formulas (4.11), (4.12), (4.13), and p!(X,X’)
is the integral kernel of the operator p}?, which represents the state of the heavy particle
before the collision. We set

Pyl (X, X) = p(X) (X, (5:2)
where
P(X):=N (- (X) +¢4(X)) (5.3)
with
p(X)= 7o S (5.4)

@4 Jor
fx—(ﬁ 2 2
N:=vV2(1+e *ue2ouru | | (5.5)

N|=

The parameters X, py, and oy are positive.

Q
Y < =X M/P,

P =P
H H uantum picture at

40r

301

(X))

201

= :
—XD X

0

-01 008 -0.06 -0.04 -0.02 0 002 004 006 008 0.1 -01 -008 -006 -0.04 -0.02 0 002 004 006 008 0.1
X X

Fia. 5.1. Left: Probability density associated to the initial state of the heavy particle. Right:
Probability density associated to the state of the heavy particle in the case of no interaction, at the
time of maximal overlap of the two bumps.

Then, the integral kernel (5.2) can be rewritten as

Po" (0.X,X") = N?[o- (X) + 04 (X)] [0- (X') + 04 (X)]
=N? {<P7(X)<P7(X’)+807(X)80+(X’)+SD+(X)%07(X')+<P+(X)<P+(X/) - (5.6)
The two terms ¢ (X )@+ (X’) are called diagonal, while the two terms ¢4 (X)px(X’)
are called antidiagonal. In fact, in view of definition (5.4) the products ¢4 (X)pr(X’)
rapidly decay outside of a diagonal region {|X —X’'|~op}, while the products
0+ (X)px(X') are essentially supported in the region {|X +X'|~op}.

Physically, the density matrix “before the collision” pd! or, equivalently, the initial
wave function (5.3), describes a state consisting of a quantum superposition of two
localized bumps centred respectively at + X and moving against each other with relative
speed 2pg /M, as illustrated in the left plot of Figure 5.1. If no light particle or, more
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generally, no interaction is present, then one should use p}!(X,X’) as initial data in
(5.1). Thus, at time M Xo/pg the non-diagonal terms in (5.6) give rise to an interference
pattern, shown in the right plot of Figure 5.1. The emergence of interference is due to
the non-diagonal terms in (5.6). On the other hand, due to the collision, the initial data
in (5.1) is is replaced by py" (X, X")=I,(X,X")pd (X,X’). We will show in Section
5.3 that the presence of the factor I,, dampens the interference.

5.2. Numerical domain and discretization. Here we give some brief expla-
nation about the numerical resolution of equation (5.1).

First, we truncate the spatial domain R? to a bounded simulation domain Q3% :=
(—H,H)x (—H,H) and impose boundary conditions on 90 x. To simplify computa-
tions, we choose homogeneous Neumann boundary conditions, which prescribe that the
particle is reflected at the boundaries. However, if the domain is sufficiently large,
the presence of the boundaries has negligible influence on the dynamics of the heavy
particle.

Second, we discretize equation (5.1). For the discretization in time we employ the
Peaceman—Rachford scheme which is unconditionally stable and second-order accurate.
Let us explain in more detail the steps in the scheme. We start by discretizing the time
interval [0,7] and the simulation domain of the heavy particle Qx =(—H,H). Let us
introduce the time and space steps

T 2H

At:Z>O, hX:ﬁ>07 with L,JEN

and define the homogeneous discretization ¢;:=1At, X; =—H+(j—1)hx, so that
O=tg<---<t;<---<tp =T, —H=X1§"'§Xj§"'§XJ:H-

Then, defining the operators A, B:H C L*(Qx) — L*(Qx)

LA, M= {6 H2(Qx) / 0ud=0, 0n 00 },

1
A::—iA B:=
oM =% oM

where 0,, denotes the outward normal to the boundary 0Q2x, the Peaceman—Rachford
scheme for the system (5.1) writes

—1 —1
plt= (iId— NA) (z‘Id+ AtB) <ild—AtB> <ild+ AtA) pl, 1=0,...,L—1,
2 2 2 2
(5.7)
where p! (resp. péj) denotes the approximation of p™@(t;) (resp. pM-(t;,X;,X;)).
Notice that (5.7) is a sequence of Euler-explicit, Crank—Nicolson and Euler-implicit
steps. Equivalently, one performs a sequential resolution of two 1D systems

A A A A
(z‘ld— ;B) pit/2 = (ild—i— ;A) ol (z‘ld— ;A) pit= <i1d+ ;B) P/,

Finally, we discretize the operators A and B in space via a standard second-order centred
method.

The parameters employed in the simulations are summarized in Table 5.1.

Let us briefly explain the reasons why the present numerical method is faster than
the one previously employed in [4].
First, thanks to Theorem 3.4 all information on the interaction is embodied in the
collision operator Z, and is present in problem (5.1) through the initial condition only.
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2%« H 2%1071 J 201
T 1.92%1072 L 120%20+1
h 1 PH 3.4« M
M 100 D 1.25;2.5;3.5% 102
og,o | 1072,2x1072 || Xo,z; | 51072251071
a 0,...,40%102

TABLE 5.1. Parameters used in the numerical simulations.

Therefore, one can get rid of any variable related to the light particle and thus of the
fast time scale. The initial multi-scale problem then reduces to a one-scale problem,
allowing a considerable gain in efficiency as compared to the method employed in [4].
Second, the scheme is an alternating-direction implicit (ADI) one, i.e. the actions of
the two operators A and B, acting respectively on the variable X and X', are sepa-
rated, so that, compared to a direct resolution of (5.1) via Crank—Nicolson method, the
computational costs are drastically reduced.

5.3. Numerical results and interpretation. Here we present some numerical
results obtained via the resolution method of the evolution equation (5.1) introduced in
the previous section. We give a detailed analysis for the case of a Dirac’s delta interaction
potential, and then stress the main analogies with the cases of a potential barrier and
of a Gaussian potential. Finally, we sketch the case with multiple light particles. For
any choice of the interaction potential V', the reflection and transmission amplitudes
are computed as detailed in Section 4 and the corresponding collision function I, is
calculated numerically by formulas (4.11), (4.12), and (4.13).

5.3.1. Dirac’s delta potential. Here we consider the case V(z)=adg(x), with
a€cRT.

The left plot in Figure 5.2 shows the quantity |pd!(X,X’)| (i.e. the state of the

heavy particle before the collision with the light one). Notice that the non-trivial values
of pd?(X,X’) are concentrated in four bumps. In accordance with the terminology
introduced in Section 5.1, the two bumps located around the diagonal X = X’ are called
diagonal while the two others, located around the set X = — X', are called antidiagonal.
The diagonal bumps give the probability density associated to the state of the heavy
particle, while the antidiagonal bumps are responsible for the interference. Diagonal
and antidiagonal bumps share the same shape and the same size.
The right plot in Figure 5.2 displays |[p™¢(0,X,X")|=|I,(X,X")pd (X, X')| (i.e. the
state of the heavy particle immediately after the collision) in the test case a=103. It
is easily seen that, as an effect of the collision with the light particle, the antidiagonal
bumps are damped, thus providing the expected attenuation of the interference.

Figure 5.3 is devoted to the collision function I,. In the left plot we show |7, (X, X")]|
corresponding to the right plot of Figure 5.2, while in the right plot of Figure 5.3 we
give |I,(X,—X)| for different values of c. One can observe that, as the strength of
the potential varies, the band width of |I, (X, —X)| remains unchanged; on the other
hand, notice that the more the potential is intense, the more the quantity |1, (X,—X)|
is reduced for large values of X. It is precisely this reduction which causes the damping
of the antidiagonal bumps in Figure 5.2.

In order to examine how the decoherence effect varies with the momentum of the
light particle, in Figure 5.4 we plot |I,(0.05,—0.05)| for several values of a and three
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M 3
Iy | a=10 1" 3(0)), a=10°

F1G. 5.2. Test case: Dirac potential with a=103. Left: Plot of |p}! (X,X")| before the collision;
Right: Plot of |pM2(0,X,X")| immediately after the collision.

S =10°
1L, XX ), 0=10

11, X=Xl

0.02 004 006 008 0.1

0 L
-0.1 -0.08 -0.06 -0.04 -0.02

x ot

Fic. 5.3. Left: Plot of |I,(X,X")| for a=103. Right: Plot of |I,,(X,—X)| for several values of c.

different momenta p of the light particle. We observe that the larger the momentum is,
the smaller the decoherence effect on the heavy particle is. This can be explained by
the fact that most of the light particle is transmitted when its momentum is large.
Finally, in Figure 5.5 we display the probability density p™(t.,X,X) associated
to the state of the heavy particle at the time t, = XoM/pg of maximal overlap of the
two diagonal bumps. The left plot in Figure 5.5 corresponds to a collision with a
light particle arriving from the right with mean momentum p=—2.5%102, for several
potential strengths ce. One sees that the probability density associated to the state of the
heavy particle splits into a component that exhibits complete interference and a bump
that travels with mean momentum pgy +p > py towards the right without experiencing
interference. We refer to the component that displays interference as the coherent part,
while the component in which interference is absent is referred to as the decoherent part.
In the right plot, the light particle has momentum p=0 and is located at the centre
x;=0. The interference pattern exhibits a clear decoherence effect. In particular, notice
that inside the pattern there are no points with zero probability. The corresponding
plot is similar to the ones exhibited in [4] through a direct use of the Joos—Zeh formula.
In fact, this plot too can be understood as the simultaneous presence of a coherent and
of a decoherent part, except that here, since the momentum of the decoherent part is
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Decoherence effect
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F1c. 5.4. The quantity |1y (0.05,—0.05)| as a function of o for three different values of the mo-
mentum of the light particle.

zero, the two components share the same support.
A theoretical explanation of the appearance of the decoherent bumps is given is
Section 5.4.

Decoherence effect, p= -2.5"10° Decoherence effect, p=0
60 T T T T T T T T T 60 T T T T T T
- - -a=10
,“ 0=2'10
50 I 50 =310 {
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0 L L L =~ L L ~ 0 L L L
04 -008 -0.06 -0.04 -0.02 0 002 004 006 008 0. -04 -008 -0.06 -0.04 -0.02 0 002 004 006 008 0.1
X X

F1a. 5.5. Attenuation of the interference pattern of the heavy particle, in the case that the light
particle comes from the left with p=2.5%10% (left) resp. p=0 (right)

5.3.2. Potential barrier and Gaussian potential. For the potential barrier
V(@):=Voljaa, V=3, @R, a€ll07,107, (5.8)
a

as well as for the Gaussian potential

r? «

V(T‘)2:V06_2'7, V(): \/%0'7

we carried out computations and simulations following the line of Section 5.3.1.

For the former case, reflection and transmission amplitudes are given by formulas
(4.27),(4.28). For the latter case, we followed the computation of the reflection and
transmission amplitudes as defined by the procedure detailed in (4.30),(4.31).

acRY, oec[1074,1077], (5.9)
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In both cases, the normalization constants Vj have been chosen in order to guarantee

that
/ V(z)dr=q,
R

so that the effects put in evidence in this section can be compared with the effects
carried out by the Dirac’s delta potential a.dg.

As far as scattering is concerned, the only consequence of the interaction potential
is the values of the reflection and transmission amplitudes. Thus, we just compare ry, ty
and I, for the Dirac’s delta, the potential barrier (5.8) and the Gaussian potential (5.9).
The results are illustrated in figures 5.6 and 5.7 for fixed potential strength o =5% 102,
momentum p=—2.5%10% and several choices of a and o. As expected, we found that
the results obtained for the potential barrier as a — 0, as well as those obtained for the
Gaussian potential as o — 0, approach those obtained using the Dirac’s delta potential.

1

091

0.8

- - - Dirac
Barr, a=8"10"
Barr, a=5"10"
Barr, a=10"
Barr, a=10"

0.7F

0.6F

= 05f

04r

= = = Dirac
Gauss, 0=8"10"

Gauss, 0=5"10"

0.3r

02t
Gauss, 6=10"

or Gauss, 6=10"*
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k k

FIG. 5.6. Comparison of the reflection amplitudes || corresponding to three different interaction
potentials, with fized potential strength o="5%10% and various a and o values. Left: Dirac’s delta and
potential barrier. Right: Dirac’s delta and Gaussian potential.
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X X

F1Gc. 5.7. Comparison of the collision function I (X,—X) corresponding to three different inter-
action potentials, with fized potential strength a=5%10% and various a and o values. Left: Dirac’s
delta and potential barrier. Right: Dirac’s delta and Gaussian potential.
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5.3.3. Several light particles. We suppose that many light particles are
injected one-by-one into the computation domain, in such a way that the heavy particle
undergoes a finite sequence of collisions at times t; :=4k At. At any collision, the state
of the light particle is supposed to be the same, i.e., the kth colliding light particle
lies in the state represented by the wave function Uy(tp —e7)yx. Through any time
interval (¢x,trx+1) between two collisions, the heavy particle evolves freely. The state of
the heavy particle after each collision p(t:) is then related to the state before collision

p(ty ) by
p(t5) =Ty [p(t;)]-

On the left plot of Figure 5.8 we show the probability density p™@(t*, X, X) associated
to the state of the heavy particle at the time of maximal overlap. The plot refers to the
case of a Dirac’s delta potential with strength =10, momentum of the light particle
p=0and N =1,2,3 collisions. As expected, multiple collisions enforce the destruction
of the interference pattern.

If one is interested in the limit of infinite incoming light particles, then a significant
re-scaling of the potential should be «/ V/N with fixed o: with this scaling, the deco-
herence effect should remain of order one (see the right plot in Figure 5.8). A detailed
mathematical study of this effect in the case N — oo will be treated in a subsequent

paper.

=2 54102 g=2*102
Decoherence effect, PL— 2.5"10%, 0=2"10 Decoherence effect, 0(:10”\1“2v p=0
60 T T

1 collision
2 collisions
E 3 collisions |{
0.3 501

Pt X)

L L L L L L L L L 0 L L L
-0.1 -0.08 -0.06 -0.04 -0.02 0 0.02 004 0.06 008 0.1 -0.1 -0.08 -0.06 -0.04 -0.02 0 0.02 004 006 008 0.1
X X

Fia. 5.8. Attenuation of the interference pattern of the heavy particle in the case of several
collisions. Test case: Dirac’s delta potential, p=0. Left: Fized a =10 and several collisions N =1,2,3.
Right: N=1,2,3 with «=10/vN.

5.4. Theoretical explanation. Here we propose a theoretical explanation
for the plots in Figure 5.5, described in Subsection 5.3.1 as the decomposition of the
probability density associated to the heavy particle into a coherent and a decoherent
part.

To this purpose, we first assume op>>1, which means that the light particle must
travel fast enough; as proven in Proposition 4.3, this assumption makes the function
I'y, defined in (4.13), negligible. Besides, owing to this hypothesis, the normalization

constant N defined in (5.5) can be approximated by one.

2
Second, we suppose H dl;Z‘ H < 0, so that the variation of the reflection amplitude
o0

is slow, and r, can be always considered as equal to 7).
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By these assumptions one easily gets

7(X—X')2

(XX~ 1= O (X = X) = 1 [y [y P27 X~ 55

where ©3FPF was defined in (4.22).
Now, the main assumption states that the following ordering holds between the
spatial scales involved in the collision:

oy <o < Xo. (5.10)

The physical meaning of (5.10) is transparent: if o < Xy, then the incoming light particle
can distinguish the two bumps of the heavy particle from each other; furthermore, if
og < o, then any bump of the heavy particle approximately acts on the light particle
as a pointwise scattering centre.

From Table 5.1 one has that this condition is satisfied if one replaces the symbol
“<” by “<”; this fact suggests that the following explanation can hold also under more
relaxed hypotheses.

Due to (5.10), referring to the initial density matrix as expressed in (5.6), the

two diagonal terms ¢4 (X )y (X’) are essentially supported in the region | X — X'| < o,
while the non-diagonal terms ¢4 (X)p+(X') are essentially supported in the region
|X +X'| < 0. Therefore, we can further approximate I, in the two regions {|X — X'| <«

o} and {|X —X'|>0o} by

1—|rp|? if | X—X'|>0o
I(X, X') ~ P , , ’
ol ) {1—rp|2+|rp|2e2w<XX> if | X—-X'|<o.
so that, using also N~ 1, one obtains p*¢(0, X, X") ~ p™:*(0,X,X’), where
2
T ; Y T T TN
pM’b(07X,X/) — ‘tp|2p(1)w(X7Xl)—‘r %eme(p,(X)e?wX (p,(X’)

2
+%GQWXW(X)@“’X'W(X’)- (5.11)
Thus, the approximated initial state p**(0) can be understood as the statistical mizing
of three pure states:
e the initial pure state p* (0) with weight [t,|?;

e the pure state represented by the wave function e p_ with weight %|7“p|2;

e the pure state represented by the wave function e? ¢ with weight |r,|?.

We remark that the wave functions e?"?' ¢, show the same spatial localization as
v+, respectively, but their momentum has increased by 2p. Therefore, the wave function
€2 p_ (e*P . ) describes the heavy particle localized on the left (right) and accelerated
by the reflection of the light one.

We are now ready to interpret Figure 5.5. Let us evolve p™-* according to the free
dynamics (5.1). At the time ¢* of maximal overlap of the two initial bumps, the first
pure state on the r.h.s. of (5.11) shows the expected interference fringes as in Figure 5.1,
but such fringes are damped by the factor |t,|?. This explains the fringes in the images
on the left of Figure 5.5. We remark in particular that all the oscillations reach the zero
value, as it occurs when the heavy particle lies in a pure state. At the same time, the
pure states corresponding to the second and third terms in (5.11) are also overlapping,
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since they are both accelerated by the same quantity. But, since the r.h.s. of (5.11) is
a statistical mixture, the two bumps will superpose classically, without giving rise to
interference fringes. This explains the bump on the right side of the left diagram in
Figure 5.5.

In the image on the right of Figure 5.5, this interpretation can still hold, but since in
that case p=0, the interference fringes of the first state are also superposed with the two
bumps created by the second and third states of the mixing, so the decomposition (5.11)
is not so clearly readable.

The content of the present subsection can be made rigorous by proving that the
approximation (5.11) holds in the trace-class norm. This is indeed the case since we
have the following result:

THEOREM 5.1.  Let the initial state ¢ of the heavy particle have the form stipulated
in (5.3)-(5.5), and let the incoming state x of the light particle be chosen as in (4.20).
Define the density matriz pM-(0) as in (3.15), and let p™-*(0) denote the density matriz
with integral kernel having the form (5.11).

Then, the following estimate holds:

2x2

djrg|? .
il e~ e A (5.12)
g

dk

a _o2p2? 1
I (0)—PM’b(0)||z:1SC<€ ’ +JH

REMARK 5.1. As an immediate consequence, if

d|7’k‘2 1
oy Ko< X, <o, and —<Kp,
dk || o
then the difference between p-® and p™? is small.

The proof of Theorem 5.1 is given in Section 6.3.

REMARK 5.2 (Entanglement between the two particles). Under the same hypotheses
of Theorem 5.1, one can work out a simpler expression for the initial two-particle wave

function than the one given in Theorem 3.2. First, the assumption ||%§Hoo < o gives

SX%Saprs ::ths +7’pRoX5,

where x. =U(—e77)x, and the reflection operator Ry is defined by Roxe(z):=x(—1)
(its action is invariant under Fourier transformation). Second, by translational invari-
ance

SX"”’T’XE::thEJrrpf)gXRoxg, (5.13)

where Ooxu=u(-—2X). Thus, after some computations (that can be performed more
easily in the Fourier space), one can replace the initial condition of the limit equa-
tion (3.2) by

r . .
PR S xR STy, Mt @ X+ %emxs@— ® (e7?PX00_sx, Rox-)

p 2 i
+£€2 pX(,O+®(€2 pXO@QXOR()XE). (514)

The new phase factors come from the approximation of f#3x by f2x, or #_sx,. Remark
that the phase factor on the light particle is constant and thus not important; on the
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contrary, the phase factor on the heavy particle means that it is accelerated by 2p.
The two-body wave function in (5.14) represents an entangled state: the light particle
is transmitted when the heavy particle remains in its initial state, it is reflected from
— X when the heavy particle is located at — X (and accelerated) and so on. Since the
three states of the light particle that appear in the previous approximation are almost
orthogonal under the assumptions of Theorem 5.1, the associated density matrix for the
heavy particle turns out to be well approximated by (5.11).

6. Proofs

The present section contains the proofs of the approximation theorems presented
in Section 3. In particular, Section 6.1 deals with Theorem 3.2 and Section 6.2 with
Theorem 3.4.

6.1. Proof of Theorem 3.2. We preliminarily warn the reader that part of
this section is devoted to the proof of results that are analogous to those contained
in [2, Theorem 1]. We include this section anyway, both for the sake of completeness
and because the results we need are slightly different from the one in [2]. All proofs
presented here are new.

The reduced variables and a useful lemma. Let us first introduce the centre
of mass R and the relative position r of the two-body problem. We define

X
R:= —l—sx, ri=r—X,
1+¢
or, equivalently,
X=R-—" =R+
1+¢ 1+¢

The new variables naturally induce a unitary transformation on L?(R), given by

(R T gy (T
(o) = o (R ) ToXa)= o T e x).

The previous definition can be extended to the case e =0. The following lemma compares
T and Toa.

LEMMA 6.1.  For any v € L*(R??) s.t. (x—X)-(Vx +V, )€ L2(R?*)), we have the
following estimate

[Tep=Toll2 <ell(z = X)- (Vx +Va)¢lla < ellr-VrTot 2.

Proof. Denoting ¢ =Ty and

¢(k77a) =

—ik-R
2n)? /Rde ¢(R,7)dR

one has

1T = Tov3< 17275 " 6 — 813

ik. T 2 .
:/ e % 1] (k) ? dkdr
R2d

<&?|r-Vroll3,

2
dRdr
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and we get the claimed inequality using that Ve ¢(R,7) = (Vx + V. )U(R,R+7). o
Moreover, Ty has the following property

ToS=[1®S]Ts, (6.1)

which is a consequence of the definition of & (see Definition 3.1). In that definition the
action of S includes the scattering of the light particle by a potential centred at the
location of the heavy particle, while in the reduced variables, the scattering takes place
in the relative position variable. We will also use the following elementary identity,
which may be proved directly.

LEMMA 6.2. Forallj=1,...,d, any T €R, and any x € L*>(R?) such that |z|x € L*>(R?)

iL’on(T)X = UQ(T) [ZT(?JX+.TJX} (62)

This implies in particular that

N

HzlUo(r)xllz < V2(Ilelxllz+7IIVxll2]- (6.3)

Step 1. Rewriting the problem in reduced variables. Let . be the
solution to (1.1), (2.1) with M =1. Denoting

Vei=Tebe, U2 :=ToWL, (6.4)

one has that 7;5 and Jg are respectively solutions to

{iatJE:_z(ll_;'_E)ARJE_F I:-FE <_%AT'QZE+V(T)JE)7 (65)
VF(0) =Tew? = T2 [Te Up(—e )],
and
i?t{/;g = 7ﬁARJE - %Ar&z&, (6 6)
P20) =TSt =T [I@U(—7)|Se, '

where 1:=p®x. Notice that in problem (6.5) the variables R and r are decoupled,
therefore we can express the solution in terms of semigroups acting separately on R and
r, i.e.

ge(t) = [Uo () 0 Uv (U£2) | T [0 Us(—e )] 4, (6.7)
920 =[U0 () @0 (22 | [0 (—e )] S (63)

In order to estimate the distance between 1), (t) and ¥ (t) we introduce two intermediate
terms 2 (¢) and <(t), defined as follows

L) =[Us (2 ) @y (£2)] To [10 Ug(—e )]0 (6.9)
Get) = U (=) @0 (122 | To [l Up(—e 7)) S (6.10)
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Then,
e (8) =2 (8|2 < 10e (t) = DL )|z + 02 (1) =0 (t) 2+ 10 (8) — 2 (8)]|,.  (6.11)

A control of 1. (t) — 9!(t) may be obtained thanks to lemmas 6.1 and 6.2, and the same
lemmas together with the hypothesis (H3) allows us to control ¢¢(t) —2(t). This will
be explained in Step 2. To control the term 12(¢) —<(t), we will use the commutation

properties of S. We explain in Step 3 how it leads to the term involving C; in the
estimate (3.3).

Step 2. The approximation of infinitely massive particle. In fact, the
replacement of ¢ by 7T is equivalent to the approximation that the massive particle has
an infinite mass, so that it does not move during the evolution of the light one. Using
definition (6.9), the unitarity of Uy and Uy, and Lemma 6.1 we get

[9=(8) = G2 (1) |2 =[I(Tz = To) T@ Up (=)} |2
<ell(x—X) - (Vx +Va)[[oUs (=¥l
<ell(z=X)- (Voo Us(=")x+9@Us(="")VX)|l2,
e e () =Ll <IVell2 ]l 1T (e )xll2+ | X - Vg2
+llz-Uo(=e)Vxll2 + 1 X el V|2,
where we used the fact that Uy commutes with derivatives and that |¢lla=|x|l2=1.

Using Lemma 6.2, one can get rid of the propagators Up(—e~7) in the previous estimate,
namely

e [ (6) = P2 () 12 < V2 Vellz (I Plla+e [V xll2) + X - Voo
+V2([lz- Vxllz+e [ Ax2) + -l V2,
so that eventually
9= (£)—02(#) ]2 < K2+ Koe' 7, (6.12)

with K= v2([Velalllelxlla+ I Vxll) + 1 X[l Vxllz +1X - Vila,
Ky =V2(||[Ve2l| V|2 + | Ax]l2).-

Similarly, from definitions (6.8) and (6.10) one gets

[GE(E) =2 ()2 = (T2 = To) I Up(—")]S |2
<el||r- I Uy(—eN][I® SV rTow]|e,

where we have used that Uy commutes with translation, the relation (6.1), and the fact
that Vi commutes with [® S and [® Uy (7). Applying Lemma 6.2 (integrated on R) to
the function ¢:=[[@Uy(—e")|[I@ S]VRToy, we get

272 ge(t) — e (0)llz e lr- [T S]To(Vx + Vo) dllz 4+ |V, I@ S To (Vx + Vi)t o,

where in the last line we used that ©»=¢p® x. In order to bound the second term in the
r.h.s. we can use the conservation of the kinetic energy under the action of S and get

IV L& S T0(Vx +Va)illa = [ToVa(Vx +Va)¥2
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<[IVellVllz+ 1AX]2-

Using the regularity assumption (H3) on the scattering operator to bound the first term
of the r.h.s. we get

[r-I@SITo(Vx +Va)ill2
<[[Ir[To(Vx +Va)¥ll2+Csl[ To(Vx + Vi)Yl 2, a1
<[[lz=X|(Vx +Vm)w”2+Cs(||'(/)HL§((H§+1) IV x¥llL2 as))
<IVellzlllzlxllz + X Vellz + [z Vxllz + [ X [ell2 [V x]|2
+Cs(IIVellallxll e +lxllms+1),

where we used the fact that ¥y =p® x is factorized. Putting all together, we get
[2() =92 (t)]l2 < Kse+ Kae' 7, (6.13)
with 272 K= | V|2l |l + X[Vl + [ 2 Vxllz + || X [ll2[ Vxl2

+CS(||V<)OH2”XHH5 + ||X||HS+1)7
2712 Ky = || Vool | Vx| + | Ax].

Step 3. The approximation of a fast scattering.  Now we estimate ||¢2(t) —

Jg(t)H Starting from definitions (6.9) and (6.10), using the fact that 7y commutes with
I®Uy(t) and the relation (6.1), we obtain

PE(t)= [Uo (1%5) @Uy (@)} [T Uo(—e")|Toy
= [Uo (ﬁ) ®@Up ((H:)t —5_7” [I®S(r,7)] Tov
and  QS(t)= {Uo (1;) ®@Up (@ —5_7” L& S| Toy,

(1+e)t

where we introduced 7=¢c"7 and 7/ = —e~ 7. Using the unitarity of Uy, we get

192() = P @) 2 = [T@[S(r,7') = S To¥l|2
=lleS(r.7") = SIx (- = X)l2- (6.14)

Conclusion. Putting together (6.11), (6.12), (6.13), and (6.14) the proof is
complete.

6.2. Proof of Theorem 3.4. We preliminarily recall that the initial density
operator pM(0) of the heavy particle (see (3.8)) is a compact, positive, self-adjoint
operator whose trace equals one. Thus by the spectral theorem there exists a sequence
0<A;<1, > ;A;=1, and a complete orthonormal set [p;) € L*(R%) such that

pM(0) = Z)\j|90j><§0j|- (6.15)

Estimate of the difference of the two-body density operators p.(t) and
p2(t).  We recall from Section 3 that the two-body density operator p. is the solution
to the operator equation

i0ype (t) = [H., pe(t)]
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with initial data
pe(0) = pM ()@ U (= )x)(U(—e")x| = ZA 7.2 (0)) (1. (0)],

195,£(0)) =) |Uo(e™7)x),

where we applied the decomposition in (6.15). Therefore,

ZA V56 () (5. (8)],

where 1, -(t) is the solution to equation (1.1) with initial data ;. (0).
Analogously, the two-body density operator p¢ is the solution to

z’@t,og (t) = [Haf7p?(t)}’

with initial data

p2(0)=8:[p" (0)@[x){x|]S ZA |95 (00 {5, (0)],

145.(0)) :=13)|Uo(e™ ”)SXX%

where we applied decomposition (6.15). Then,
ZA |95 () (W5 (B,

where 9% _(t) is the solution to equation (1.1) with initial data ¢§ (0).
Let us estimate the distance between p.(t) and p%. We get

o= (t) = p2(t ||L1<Z/\ (145, (0) (je (] =[5 (DY WS O] 1o
SQZAJij,E(t)f ?,s(t)Hga

where we have used the fact that for any (;,¢p in L2(R29) with ||¢y 2 =|¢2]lz=1
Tr[[C) (Gl —1¢2) (Gal| < 20161 —Galla-

It remains to sum up the error bounds given by Theorem 3.2. One gets

%Ilpe(t) P2 (B)ller < Z)‘j le™* < i2;)|Uo(=e™")x) = UL (8) @) [Un(—e~")S* x) |

<2V2|Axll2e' "+ V2C | x| o+

DA [Cl,j(lft—f‘%‘”)+Cz,j5+03,jel—7 , (6.16)
j

where

Crj(m,7) =l [S(r.7") = SIx(- = X) 5. (6.17)
Coj:=2V2(IVeyllzl [l xlz + 1 X512Vl + 11XV 05l + || 2]V x|2)
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+Csl[Vejllalixlas, (6.18)
Cs,;:=2V2[|V; |2 Vx]J2- (6.19)

Summing up in all constants with respect to j and using Cauchy—Schwarz inequality
leads to the error bounds given by Theorem 3.2. For instance,

> AiCu(r,7) Z/\ i [S )= 5% x||
7

N

IN

Z% ZAJ ey (5% (r.7) = 5¥] x|

N

— [ T ZA s [87 (7 7") = 8] x5 [5¥ (7. 7) = 5¥] ]
=2l (O)[[S(r. )~ Sx(-~ X)) (S (r, ") SIx(- —X)|| .
and analogously

D NIX Vsl < (DN Y AillXIVesls
i j

J

[N

<[me(x1ivpM 0)ivIX))] "

The others terms may be handled analogously. Due to (3.12) the same estimate as
(6.16) holds for ||pM — p2:@|| ;1. Tt only remains to recall that p@ =Uy(t)p™ (0)Up(—1)
is indeed independent of €.

The dynamics of the density operator pMa, From the fact that p¢ is the
solution to id;p? :=[H/, p?], using the notation #(e) :=1=¢, we get

pe () =[Uo(t) @ Uo(£())]pe (0)[Uo(—t) @ Uo(—t(€))]-

Choosing a basis (x;)ien of L*(R?) one gets by definition of the partial trace

p?(t)—Z<Uo(f( )il P2 (D) Uo(E(£))x:)

—Z Uo(t())x:|[Uo(t) @ Uo (£(£))]p2 (0) [Uo(—t) @ Uo (—t())]| U (E(€))xi)
:Z Xil[Uo (1) @12 (0) [Uo (—1) @1 [x3)

=Uo(t)[ D" Gaalp(0)1xi) | Uo (1)
i

=Uo(t)p2"*(0)Uo(~1).

This implies that p?? is a solution to the free transport equation. Then, it remains to

identify the initial condition. One finds

p2(0):= L Up(—=~ I8 (0) @ [x) (xS [I@ U (+e )],
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P2 (0)=Tr[S(p™ (0) @ [x) (x])S*]
=Tr[p™(0)®]5%x) (5% x].
In terms of kernels, the last identity can be expressed as
P2 (0,X,X7) = pM (0, X, X")(S¥x|S¥ x) = pM (0, X, X") [ (X, X).
6.3. Proof of Theorem 5.1. First, we can cut the error into three parts
[1p™(0,X, X") = p™ (0, X, X")| e,
<L (X) =i (X)) pM (0, X, X7) | 2,
(O (X —X") =0, (X = X"))p"™ (0,X,X") | 2,
(=057 (X — X"))p™ (0,X,X") — p"*(0,X, X") | 2,
<(I) 4 (IT) + (III).

The terms (I) and (II) are easily estimated using Proposition 4.3. We get

2
(<227 and (I)</—
Yixea

It remains to estimate (IIT). Denoting $ (X):=e?PX ¢, (X), we may separate (III)

dlry|?
dk

(6.20)

o0

into
i 7 /7(X*X’)2 r 2 ~ _ N _
(I11) = ||| | 2P XD~ a0z pM(O,X,XI)—%[W—(X)SO—(X/)_LP+(X)SO+(X/)]
Ly
NZ-1 (X xy (X=X")? .
<t o 20253 (o () - (X)) (05 (K + 2 (X))
L1
[l || < = _(x=xNH?
T P+ (X)p4(X) | 1—e 202
L1
Il [l x5 (1 S
- P-(X)p-(X)(1-e 20
Ly
I7p)? || ~ = (X=X 7o) || ~ - _(Xx=X)?
+ g B (0P (X 2 +g ||e- (X (XMe 2o
[.1 ‘Cl
=(IILa) + (IILb) + (IIL¢) + (I1L.d) + (IILe).
_ X5
To estimate (I1L.a), we use |1 —N~2|<e 27#, and notice that
2ip(X —X')— X=X"" / ; 7 2
e 27 (04 (X) +o- (X)) e+ (X) +o- (X)) =77
Ly
Indeed, by the identity
(X—x"? 2 (x-0n2? _(x/-0?
e T = V2 eT T e ST d\ (6.21)
Vo Jr

one immediately has

2iP(X=X)— (x=x")?

207 (4 (X) + - (X)) (p+ (X)) + (X))

=2 [ (@ S a0+ 00 (7 EF GO0 (0D )
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Therefore the operator to be estimated is positive and its trace norm can be com-
puted by integrating the integral kernel on the diagonal X = X', which obtains %
Summarizing, one obtains

2
_ X5

(ITL.a) < e 7. (6.22)

_(X*X/)Q _ -

Let us estimate (ITIL.b). Denoting ¥(X,X'):=e™ " 202 ¢4 (X)@4+(X’), one has

|rp|2
2

|6+ 07 -Ax. x)

(ITLb) =

Ly

Proceeding as was done for (IL.a), we see that 7 is a positive operator with trace one.
To go on, we follow [24, Remark 1.4]. Setting A(X,X")=¢+(X)o+(X') —(X,X), we
see that A (seen now as an operator) can have only one positive eigenvalue, denoted A
(otherwise there would exist a space of dimension two where A is positive, but this is
impossible because ¢4 (X)@+ (X') is the kernel of a rank one projection). Since A has
zero trace, it must be Tr|A| =2\, and ||A||z1 =2||A|| <2||A||z2, where Lo denotes the
Hilbert—Schmidt norm and the norm without index is the usual operator norm. This
fact allows one to bound (III.b) by

(L) < Jry 2 |4 (X) 7 (X = F(X, X)

Lo

and the Hilbert—Schmidt norm can easily be computed as the L2-norm of the corre-
N2

sponding integral kernel, namely
5 2
~ — _(x=x") ,
o= [ [Fe 0z (10 95 ) axax
2 R2

1 _X2;»(2X’)2 _(X—X’)Q ,
e TH 1—e 202 dXdX
R2

18407 ) -70x,x7)

_27T0'?_I
:1_1/ - (XX = T (X=X e gt
™ JRr2

In the last line we rescaled variables as X — /205X and X’ — /205 X’. Now, observe
that

2

2
_TH (x_x")? _
e AKX

o2
(X2 H(X)?)
)

so the integral decouples and one obtains

2 1 024202 2 2
<1--— (/e‘Tv HXZdX) <278

Lo T o2

(ITLb) < V2r, 22 (6.23)
g

18+ c0Z ) -A(x.x7)

and finally

The term (IIl.c) may be bounded by the same quantity. Let us focus on (II1.d). In
order to estimate it, we make use of the identity (6.21) and obtain

(Lay= T2l

. BC e LG (e ) | p—
[0 e SE T
R

oV 2 L1
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2 2 ’ 2
T ~ _X=N XN
<ol [z, 000 2% S5m0 a
oV Zrm Jr Ly
2 2 ’ 2
T ~ _(X=07 _ XN
_ Il 5, e | = 5| an
o 271' R 2 2
By a direct computation,
_ OFXxg)?
eQipXSDi(X)e—(X;iz;‘)Q _ g e 202+ 97
2 4o} +0?
so that
7|2 _O-x)? _ (xg)? I [2 - X3
(IILd) < . it e et h=1Le htT

— P [e
T V2m\/do% +0% Jr 2v/2

Term (III.e) can be estimated in the same way. Finally, putting everything together,
we get the requested bound.

Appendix A.

A.1. The Dirac’s delta potential in dimension one. Assume that the
potential is a Dirac’s delta with strength «, i.e. V =ady.
The operator —3A, +ady: D(H,) C L*(R) — L*(R) is defined on the domain

D(Ha):={v € H*(R")NH*(R) s.t. (07) =1(0") and w/<o+>—w’<0*>:za¢<(&>}>
1
by the action

(—;Ax—kaéo) w(a:)z—%w”(x), x#0,

and is a self-adjoint operator in L?(R).
The propagator

Un(t) i=exp [—z’t (—;AI +a§0>}

is explicitly known (see [5,15]). In order to express it, we shall use the following opera-
tors:

1
the symmetry operator Ry := 5[x+x(—~)],

the projection on positive positions P x:=T1g+ X,
the projection on positive momenta P,:'X =F ! (Ig+X),

the translation by u 6, :=x(-—u),

where 7! denotes the inverse Fourier transform. The projection on negative positions
P, and on negative momenta P, are defined in a similar way. Remark that all these
operators on L?(R) have norm equal to 1, and that R, P,j , P, and 6, commute with
the free evolution group Uy(T).
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PROPOSITION A.1. Given a>0, for any t€R\{0} the propagator Uy(t) can be
expressed as

U@@):LBU)—4aR¢§'(/+me_MWuMOlhﬁyP;R“ (A.2)
0

Proof.  From [5,15] we know that U,(t) is the integral operator defined by the
kernel

Un(t,z,2"):=Up(t, o —2') — a/ e~ *“Up(t,u+|z|+|2']) du, (A.3)
0

where Uy denotes the propagation kernel of the free Schrodinger equation

1
V2t

In order to obtain (A.2) it suffices to notice

Uo(t,y) = ey’ (A.4)

/Uo(t,u+|z|+|x’|)x(a:')dz:/Uo(t,u+|z|+|x'|)7?,x(x')d:1:’
R R
:2/U0(t,u+|x|fz/)]lRf (") Rx(z)dx’
R

:4R1R+(m)/UMt,u%—x—m')P{Rx(m’)dm’
R
=4RPF0_,Up(t) P, Rx(z).

and the proof is complete. ]

The following proposition gives the convergence rate to the scattering operator
needed in order to obtain Corollary 3.2 from Theorem 3.2 and 3.4.

ProprosITION A.2.  If V=ady, with a >0, then the scattering operator S, for the
Hamiltonian f%A+V is well defined and given by

“+o00
So=Id—4aRP;" </ e "g_, du) R. (A.5)
0

The associated scattering matrix is defined as usual by the following transmission and
reflection amplitudes
|k
S A L (4.6)

Ca—ilk|’ a—ilk|’

Moreover, there exists a constant Co such that, for any x € L*(R) satisfying (-)*>x €
L3(R), one has

Bl

1a(:7) = STl < (3l el + 5 i) (A7)

The key ingredient of the proof is the stationary phase estimate (A.11), see
Lemma A.1, which is proven in the next section.
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Proof. (Proof of Proposition A.2.)

Step 1. Identifying the limit. We need to study the limit of Uy(—7)U.(T+
7 )Uo(—7") as 7,7 = +o00. Using formula (A.2) and the fact that R and Uy commute,
one gets

Uo(=m) U4 (1 +7")Uo(=7')

+oo
=Id—4aRUy(—7) P, (/ eauﬂ_udu> Up(t+7")Py Up(—7") R.
0
Roughly speaking, for large negative times the component of the wave function lying
in the negative half-line approximately coincides with the component of the wave func-
tion that travels with positive speed. It seems then natural to replace, for large 7/,

P Uo(—7") by Up(—7')P;. Using the fact that Uy(t), 6., and P, commute with one
another at any ¢, one obtains

Uo(—T)UL (T + 71" Ug(—7")
“+o0
=Id—4aRUy(—7) P, Uo(1T) P} (/ e_“"9udu) R+m(r,7),
0
with [ (7,7")xll2 <4[|[P; Uo(=7") = Uo (=" )P IR ,- (A.8)

In the last estimate we used the fact that all concerned operators have norm one, and
a factor a~! comes by the integral in u. The next step consists in erasing the operator
P in the r.h.s. of (A.8). Indeed, it acts after the operator P;", and therefore everything
should move to the left for positive times anyway. We obtain

Uo(—7)Un(1+7")Uo(—=7")=1d = S, +ma(7,7") + 11 (7,7")

+oo
with S, :=4aRP; (/ eauﬁ_udu>7€ (A.9)
0

“+o0
and, defined y, ::a/ e~ 0_ Rxdu, |n2(7.7")xll2 <4||P; Us(T) Py Xal
0

27

(A.10)

where in the last line, we used P,” +P, =1d. The operator S, =Id—aS’, can be ex-
plicitly written in Fourier variables. Indeed, for all y € L?, using that R commutes with
the Fourier transform JF, one has

Sx(k)=F {47279; (a /0 +Ooe_““9udu) RX} (k)
—oF [a (/O+Ooea“9udu) RX} (k) —2a/0+°° e Fl0_ R ([k|) du

e —(a—ilk|)u 20 <
=2a e FIRx](|k]) du= RX([k)

0 o —ilk]|
X(k)+X(=Fk)
a—ilk|]

Owing to (A.3), the scattering operator S, is given by

= «

Sax(k):=xX(k) - m(?(lﬂ) +X(=k))
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—ilk|] . a
= — ——X(=k),
TN )
which, in view of (4.3), provides the transmission and reflection amplitudes.

Step 2. Control of the error terms ny(7,7')x and 1y(r,7')x. For the control of
11 (7,7")x one first observes

Py Uo(=7") =Us(=7")P;f =Py Uo(—7")[P, + Py 1 =[Py +P1Uo(—7") Py
=P, Uo(—7") P, — P, Uo(—7")P;,

so that a bound on |9 (7,7")x||2 follows from two applications of Lemma A.1, to be
proven in the next section. Thus, for any n > 2

1
[l (7, 7" )x |2 < 2C2 [[{x) *x|2 (7) 75
Next, a bound on ||n2(7,7")x||2 follows by Lemma A.1, with y, as initial data, and by

noticing that the moments of y, are related to those of x. Precisely,

+oo
z)Xallz i=a / e~ (2)20_, Ry du

“+o0
Sa/ 67““||<z—u>27€x||2du
2 0

400
<20 [ e il )
2
<2ty s 2

Therefore,

_1 2] 1
[m2xlle < Call(@)™ xallom™# <G [H<w>2x|\2+ a} T

0

A.2. A stationary phase estimate. Here we give a stationary phase lemma.
It is crucial in order to prove the convergence of the scattering operator for the Dirac’s
delta potential in dimension one, as stated in Proposition A.2.

LEMMA A.1. There exists a constant Cy such that the following estimate holds
VreR, [Py UMP 2 < Coll(@) X274 (A11)

The same estimates are also valid for PrU(T)P, , PLU(-7)Py, and PyU(-1)P, .
always with positive 7.

Proof. (Proof of Lemma A.1.) We follow the classical argument used to obtain
stationary phase estimates. The first step consists in separating low frequencies from
high ones in x. We choose a smooth function g:R—[0,1] such that g=1 on (—o0,1],
g=0 on [2,400). We introduce a scale <1 to be fixed more precisely later, and the

associated function g, (k):=g (%) We shall use the decomposition

X=xi+txn, Withxi=Xgy;, Xn=X(1—gy) (A.12)
The contribution of y; is bounded by

1P U@ P xallz P xall2 = 1 Tr Xill2 < /201Xl o



R. ADAMI, M. HAURAY, AND C. NEGULESCU 1413

<v2nllxillzlloexill < Cllz)xll2 v/, (A.13)

where we have used a Gagliardo—Nirenberg—Sobolev inequality.
The contribution of x; can be controlled by using stationary phase methods. In fact,
denoting, for some fixed 7, x} =P, U(T)P;—Xha for any z <0 we get

Gi)= [ R0 S~ [ MU P m
:/We”(’f?)P;Xh(k)j;. (A.14)

Introducing the differential operator [, defined by

d ( h(k)
O,hl(k)=—( —= Al
0 =55 (522 ). (A15)
and integrating twice by parts, we obtain

i

)= [ ) Gman—2 [ (50, Giar

1 oo —iT B2 1 —
:—7/ (5 ’“J)D§Xh(k)dk. (A.16)

T Jn
The quantity Diﬂ may be rewritten as the following sum

e L 0 x(k) k
|:|2 k)= n1,N2,N3 k W 1= .
xXh( ) § Cny na,ng Nz (k—y)2+"38k g n )

ni+nz+nz=2 l

where all amplitudes ¢y, n,.n, are bounded (in absolute value) by 3. Using this sum in
equation (A.16), we can perform some integration on k and get

25 1
e e e D SR et
m2(n—y) L PN Ll U Bt D
The first term in the r.h.s. comes from the term with n; =2, for which we used Cauchy—
Schwarz inequality. The constant Cy depends on ||0%g||s for i=1,2. Remark that for
n1 =0,1, we may always bound ||0;* X]| oo by ||07X]|2 thanks to the Gagliardo—Nirenberg—
Sobolev inequality ||¢[|2, <[|0kC]|2]|¢]|2- In view of this and since y <0, the worst term
in the sum of the r.h.s. is the one obtained for ny=2. This leads to the bound

. Co |9 Xl ( 1 1 )
TY)| < + .
i(T)l T2 (m—y)3/2 " n2(n—y)

Taking the square and integrating with respect to x =7y, we obtain

. CollOpxll2 (1, 1 Co[|07X]I2
Xk Iz < 73/2 ;"_775/2 = 73/2775/2 ’

(A.17)
when n<1. Adding (A.13) and (A.17), we finally obtain

H,P;U_U(T)P;XHQSC2||<J;>2x||2(\/ﬁ+7—3/2n—5/2)
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The optimal choice for 7 is then n=7""/2 which leads to
IP7 U ()P x|z < Call(@)?x|l2m 1.

a0
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