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Abstract. In this article, we clarify the mathematical framework underlying the construction of
norm-conserving semilocal pseudopotentials for Kohn—Sham models, and prove the existence of optimal
pseudopotentials for a family of optimality criteria. Most of our results are proved for the Hartree (also
called reduced Hartree-Fock) model, obtained by setting the exchange-correlation energy to zero in
the Kohn—Sham energy functional. Extensions to the Kohn—Sham LDA (local density approximation)
model are discussed.
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1. Introduction

It is a well-known theoretical and experimental fact that the core electrons of an
atom are hardly affected by the chemical environment experienced by this atom. Pseu-
dopotential methods are efficient model reduction techniques relying on this observation,
which are widely used in electronic structure calculation, especially in solid state physics
and materials science, as well as for the simulation of molecular systems containing
heavy atoms. In pseudopotential methods, the original all-electron model is replaced by
a reduced model explicitly dealing with valence electrons only, while core electrons are
frozen in some reference state. The valence electrons are described by valence pseudo-
orbitals, and the interaction between the valence electrons and the ionic cores (an ionic
core consists of a nucleus and of the associated core electrons) is modeled by a nonlocal
operator called a pseudopotential, constructed once and for all from single-atom ref-
erence calculations. The reduction of dimensionality obtained by eliminating the core
electrons from the explicit calculation results in a much less computationally expensive
approach. The pseudopotential has the property that, for isolated atoms, the valence
pseudo-orbitals differ from the valence orbitals in the vicinity of the nucleus, i.e. in the
so-called core region, but coincide with the valence orbitals out of the core region, i.e.
in the region where the influence of the chemical environment is important. In addition
to the reduction of dimensionality mentioned above, an advantage of pseudopotential
models is that pseudopotentials are constructed in such a way that the valence pseudo-
orbitals oscillate much less than the valence orbitals in the core region, hence can be
approximated using smaller planewave bases, or discretized on coarser grids. In addi-
tion, pseudopotentials can be used to incorporate relativistic effects in non-relativistic
calculations. This is of major interest for the simulation of heavy atoms with relativis-
tic core electrons. While pseudopotentials are constructed from single-atom calculations
only, they are meant to be used in the simulation of molecular systems. The ability of
a pseudopotential to provide accurate results for a large variety of molecular systems
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and simulation settings (high temperature or pressure, charge transfer, bond breaking,
ionization, etc.) is called its transferability.

The concept of pseudopotential was first introduced by Hellmann [14] as early as
in 1934. Several variants of the pseudopotential method were then developed over the
years. Let us mention in particular Kerker’s pseudopotentials [17], Troullier—Martins
[28] and Kleinman—Bylander [18] norm-conserving pseudopotentials, Vanderbilt ultra-
soft pseudopotentials [29], and Goedecker pseudopotentials [10]. Blochl’s projected
augmented wave (PAW) method [3] can also be interpreted, to some extend, as a pseu-
dopotential method. Although existing pseudopotential methods can be justified by
convincing chemical arguments and work satisfactorily in practice, they are obtained by
ad hoc procedures, so that the error introduced by the pseudopotential approximation
is difficult to quantify a priori.

The purpose of this article is to clarify the mathematical framework underlying
the construction of semilocal norm-conserving pseudopotentials for Kohn—Sham calcu-
lations, and to prove the existence of optimal pseudopotentials for a natural family
of optimality criteria. We focus here on theoretical issues; the practical interest of
this approach will be investigated in future works. In Section 2, we recall the math-
ematical structures of all-electron and norm-conserving pseudopotential Kohn—Sham
models. In Section 3.2, we provide some results on the spectra of Hartree Hamiltonians
for neutral atoms upon which the construction of pseudopotentials is based. Recall
that the Hartree model is obtained from the exact Kohn—Sham model by discarding
the exchange-correlation energy functional. We then define and analyze in sections 3.3
to 3.5 sets of semilocal norm-conserving pseudopotentials satisfying all the requested
properties (listed in Section 3.5), leaving aside transferability issues. These sets of ad-
missible pseudopotentials, denoted by M Ag r.,s, depend on four pieces of data: (i) the
atomic number z of the atom, (ii) an energy window AE=(E_,E.)CR_ defining a
partition between core and valence electrons, (iii) the radius r. of the core region, (iv) a
Sobolev exponent s characterizing the way the regularity of the pseudopotential, hence
of the valence pseudo-orbitals, is measured. We prove that, at least for most atoms of
the first four rows (see Remark 3.4), there exists an energy window AFE and a critical
cut-off radius 7’27AE7C such that for all r. >7’2,AE.¢ and all s>0, the set M, Ag,,. s is
not empty and has nice topological properties.

After establishing in Section 3.6 some stability results of the Hartree ground state
with respect to both external perturbations and small variations of the pseudopotential,
we propose in Section 3.7 a new way to construct pseudopotentials, consisting of choos-
ing the best candidate in some set M, ap . s for a given optimality criterion, based
on physical insight and balancing smoothness and transferability requirements. Many
optimality criteria can be considered. We focus here in particular on a specific one
involving the response of the isolated atom to an external uniform electric field (Stark
effect). Most of our results are concerned with the Hartree model. Extensions to the
LDA (local density approximation) model are discussed in Section 4. All the proofs
are collected in Section 5, and a list of the main symbols used throughout the article is
given in Appendix.

2. Kohn—-Sham models

Throughout this article, we use atomic units, in which h=1, m,=1, e=1, and
4meg =1, where h is the reduced Planck constant, m. the electron mass, e the elemen-
tary charge, and ¢y the dielectric permittivity of the vacuum. For simplicity, we only
consider here restricted spin-collinear Kohn—Sham models (see [11] for a mathematical
analysis of unrestricted and spin-noncollinear Kohn—Sham models) in which the diag-
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onal components 4" and 4+ of the spin-dependent density matrix are equal, and the
off-diagonal components 4™ and +*T are both equal to zero. A Kohn-Sham state can
therefore be described by a density matrix

y= ’YTT + vu — 2’YTT — 2,),u

satisfying the following properties:

o v€S(LA(R?)), where S(L*(R?)) denotes the space of the bounded self-adjoint
operators on L?(IR?);

e 0<~ <2, which means 0<(¢,7v¢)r2 <2||¢[|2, for all ¢ € L*(R?);
e Tr(v) equals the number of electrons in the system.

As we do not consider here molecular models with magnetic fields, we can work in the
space L?(R3) of real-valued square integrable functions on R3.

2.1. All electron Kohn—Sham models. Consider a molecular system with N
electrons and K point-like nuclei of charges Z = (z1,...,2x) € N located at positions
R=(R4,...,Rg) € (R?)X. The Kohn-Sham ground state of the system is obtained by
solving the minimization problem

Izr=mf{Ezr(7),7€KXnN}, (2.1)

where

K
Ezr(y)="Tr <<—;A—;2k| : —Rk|_1> 7) + %D(Pw»PwHExc (P+) (2.2)

and
Kn:={veS(L*(R*))|0<y<2,Tr(y) =N, Tr(—Ay) <oo},
where Tr(—Av):=Tr(|V|y|V]), with |V|:=(~A)"2. Recall that any v€ Ky has a
density p, € L'(R?), defined by
VIV € L™ (R?), Tr(vW):/ Py W,
R3

which satisfies p, >0 in R? and VP, € H'(R3), so that p, € L'(R3)N L3(R3). In partic-

ular,
——A-— E —Ry|™? 77T g 7d
<< Zk‘ k| ) > r - /IR3 ‘I‘ R'k| "

where the second term of the right-hand side is well-defined by virtue of Hardy and
Hoffmann-Ostenhof inequalities [15]

|rp”( >|dr<2N1/2||Vf 12 <2NY2Tr (—A~)? < 0.
R3 -

The bilinear form D(-,-) in (2.2) is the Coulomb interaction defined for all (f,g)€
LS/5(R3) x L%/ (R?) by

D(ﬁg):/}RS Rsf(r)g<r/)drdr’. (2.3)

v —r’|
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Lastly, the exchange-correlation energy functional Fy. depends on the Kohn-Sham
model under consideration. We will restrict ourselves to two different Kohn-Sham
models, namely the Hartree model, also called the reduced Hartree-Fock model, for
which

EHartree(p) =0

and the Kohn—Sham LDA (local density approximation) model [19], for which

FLPA(p) = / xelp(r))dr,

R3

where for each pER,, ex.(p) ER_ is the exchange-correlation energy density of the
homogeneous electron gas with uniform density 5. The function pr ex.(p) does not have

a simple explicit expression, but it has the same mathematical properties as the exchange
3 ( 3 ) 1/3 ﬁ4 /3
4\ :

We are now going to recall some existence and uniqueness results for the Hartree
model proved in [5, 25]. Although general results for neutral and positively charged
molecular systems are available, we focus here on the case of a single neutral atom,
which is of particular interest for the study of pseudopotentials. Weaker results have
been obtained for the Kohn-Sham LDA model [1] (see also Section 4).

For convenience, we will call atom z the neutral atom with atomic number z.

energy density of the homogeneous electron gas given by ex(p) =—

PROPOSITION 2.1 (All-electron Hartree model for neutral atoms [5, 25]). Let z € N*.
The all-electron Hartree model for atom z

IM =inf { B2 (), 7€ K.}, (2.4)

where

1 1
EM () =Tr [ —ZAy —Z/ altd dr+ 2D (py:py),
2 rs [T 2

has a minimizer v0, and all the minimizers of (2.4) share the same density p2. In
addition,
1. the ground state density p° is a radial positive function belonging to H?(R3)N
COYR3)NC>(R3\ {0}) (hence vanishing at infinity);
2. the Hartree Hamiltonian

1
H?A:fiAJrWZAA, where WZAA:fﬁergﬂ 171,
is a bounded below self-adjoint operator on L*(R®) with domain H*(R®) and
such that Oess(HA) =[0,+00);

3. the minimizers 7° satisfy the first-order optimality condition

’72 :21(700,62_F)(H?A) +57
where €2 1 <0 is the Fermi level (that is the Lagrange multiplier of the con-

straint Tt () =z), and where & is a finite-rank operator such that 0<5<2 and
Ran(8) C Ker( HAA — € r);
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4. if 627F is negative and is not an accidentally degenerate eigenvalue of HﬁA, then
the minimizer v°2 of (2.4) is unique.

REMARK 2.2 (on the Fermi level). Consider, for each j € N*, the real number

AA
€,;:= _inf  sup M, (2.5)
Xi€¥gex\fop  N9l7e

where X; is the set of the vector subspaces of H'(R?) of dimension j and (¢|H2%|¢)
the quadratic form associated with the self-adjoint operator H ?A (whose form domain
is H'(R?)). According to the minmax principle [22, Theorem XIIL1], ¢, ; is equal to
the jth lowest eigenvalue of H2A (counting multiplicities) if H24 has at least j non-
positive eigenvalues (still counting multiplicities), and to min(cess(HA*)) =0 otherwise.
If z is odd, then 62’F25z7(z+1)/2. If z is even, that is if z=2N,, where N, is the
number of electron pairs, two cases can be distinguished: if €2,N, =E€z,N,+1, then eg’F =
€2,Np > otherwise, any number in the interval (e, Npr€z, Np+1) is an admissible Lagrange
multiplier of the constraint Tr(vy) = z.

REMARK 2.3 (on essential and accidental degeneracies). Let us clarify the meaning
of the last statement of Proposition 2.1. The mean-field operator H** being invariant
with respect to rotations, some of its eigenvalues may be degenerate. More precisely,
all its eigenvalues corresponding to p, d, f, etc. shells (see Section 3.2) are degenerate,
and only those corresponding to s shells are (in general) non-degenerate. Eigenvalue de-
generacies due to symmetries are called essential. By contrast, eigenvalues degeneracies
of HA% which are not due to rotational symmetry are called accidental. For instance,
the fact that the 2s and 2p shells of the Hamiltonian H = —%A— ﬁ (hydrogen atom)
both correspond to the eigenvalue —1/8 is an accidental degeneracy. We have checked
numerically that eS,F is negative and is not an accidentally degenerate eigenvalue for
any 1<z <20. On the other hand, for z=21, €) 1. is very close or equal to zero (see [6]).

2.2. Kohn—Sham models with norm-conserving pseudopotentials.

In pseudopotential calculations, the electrons of each chemical element are partitioned
into two categories, core electrons on the one hand and valence electrons on the other
hand, according to the procedure detailed in Section 3.4 below. We denote by IV, . the
number of core electrons in atom z, and by N, =2z— N. . the number of valence elec-
trons. Each chemical element is associated with a bounded nonlocal rotation-invariant
self-adjoint operator VFY called the atomic pseudopotential, a core pseudo-density
P € L'(R*)NL3(R?), and a core energy E..€R which will be precisely defined in
Section 3.5. Only valence electrons are explicitly dealt with in pseudopotential cal-
culations. For the molecular system considered in Section 2.1, the pseudopotential
approximation of the ground state energy is given by

K

IR =inf{EJR(7),7€kn, }+ ) _Epcs (2.6)
k=1

where
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is the total number of valence electrons in the system (IV, = Zle N, o if the system
is electrically neutral). The Kohn—Sham pseudo-energy functional is

K K
- 1 N\ 1
EYR(A)=Tr <<2A+ ) TRsziPT—Rk> v) +5D(05.07) + Exe (pﬁ > TR, (ﬁgk,c)>,

k=1 k=1

where for all RER3, 7R is the translation operator defined on L?(R?) by (tr¢)(r)=
br—R).

We will describe the precise nature of the atomic pseudopotentials VFP in Sec-
tion 3.5. Let us just mention at this stage that V¥ is a rotation-invariant operator of
the form

VP =V, 10+ Vi (2.7)

where V. 1oc and V, y, are respectively the local and nonlocal parts of the pseudopotential
operator VFF. The operator V. loc is a multiplication operator by a real-valued radial
function V; 1oc € L2 . (R3) satisfying

loc

Vz7loc (I‘) ~ =

[r|—o0 |I‘

o (2.8)

The operator V,  is a —A-compact, rotation-invariant, bounded self-adjoint operator
on L?(R3) such that

Vo€ L2 (R?), (ess-Supp(¢) C R3 \Br.) = (V.mo=0), (2.9)

where 7 is a positive real number (depending of z) called the core radius of atom z,
and where B, is the closed ball of R3 centered at the origin, with radius re.

The results below are straightforward extensions of the existence and uniqueness
results established in [1, 5, 25]. We skip their proofs for brevity.

PROPOSITION 2.4 (Kohn—Sham models with norm-conserving pseudopotential). — As-
sume that the molecular system is neutral or positively charged, and that the atomic
pseudopotentials satisfy (2.7)-(2.9). Then

1. the Hartree model (2.6) with Ey.=EN*"® =0 has a minimizer and all the
minimizers share the same density;

2. the Kohn-Sham LDA model (2.6) with Ey. = EXPA has a minimizer.

PROPOSITION 2.5 (Hartree model for neutral atoms and norm-conserving pseudopo-
tentials). Let z € N*. If the atomic pseudopotential VEY satisfies (2.7)-(2.9), then the
Hartree model

inf {EPP(3), 7€ kn.. } (2.10)

where

- 1 - 1
EPP ) =Tx ( (<58 +VI7)3) 4 5D (509)

has a minimizer 30 and all the minimizers share the same density p2. In addition,
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1. the pseudo-density p2 is a radial positive function belonging to H*(R3) (hence
vanishing at infinity);

2. the Hartree pseudo-Hamiltonian
1
HSP:—§A+WZPP, where WYT =VIP +p50% |71, (2.11)

corresponding to the pseudopotential VEY | is a bounded below self-adjoint oper-
ator on L?(R?) with domain H?(R?®) and such that 0ess(HET) =[0,4+00);

3. the minimizers 3° satisfy the first-order optimality condition
5 :21(,007233F)(H§P)+57

where € p <0 the pseudo Fermi level (the Lagrange multiplier associated with
the constraint Tr (~)— N.y), and where §is a finite-rank operator such that
0<6<2 and Ran(8) C Ker(HFP —&p);
4. zf’e‘g,F is negative and is not an accidentally degenerate eigenvalue of HYY | then
the minimizer ¥° of (2.4) is unique.
REMARK 2.6. We will see later that for the class of pseudopotentials constructed in
Section 3.5, the Fermi level 6271; and the pseudo Fermi level E(Z)F can be chosen equal,
and that if eg,F is negative and is not an accidentally degenerate eigenvalue of HAA,
then E(Z)F is (obviously) negative and is not an accidentally degenerate eigenvalue of
HFP.
3. Analysis of norm-conserving semilocal pseudopotentials

In this section, we restrict ourselves to the Hartree model. Extensions to the Kohn—
Sham LDA model are discussed in Section 4.

3.1. Atomic Hamiltonians and rotational invariance. In both all-electron
and pseudopotential calculations, atomic Hartree Hamiltonians are self-adjoint oper-
ators on L?(R3) invariant with respect to rotations around the nucleus (assumed lo-
cated at the origin). These operators are therefore block-diagonal in the decomposition
of L?(R?) associated with the eigenspaces of the operator L? (the square of the an-
gular momentum operator L=rxp=rx (—iV)). More precisely, the Hilbert space
L?(R3) can be decomposed as the direct sum of the pairwise orthogonal subspaces

H;:=Ker(L2—1(I+1)):
=P (3.1)

leN

It is convenient to introduce the spaces
L2(R)={f € L2(R) | f(~r) = —f(r)auc.}
(odd square integrable functions on R) and
L2(R*)={ue L*(R?)|u is radial }

(radial square integrable functions on R?®). To any u € L?(R3) is associated a (unique)
function R, € L2(R) such that

Ru(|r])
V2m]r|

for a.e. reR.

u(r)=




1322 A TYPE OF OPTIMAL PSEUDOPOTENTIALS FOR KOHN-SHAM MODELS

When there is no ambiguity, we will also denote by

u(r)= Bu(r)

= for a.e. r€R
2mr

(r+u(r) then is an even function of r, belonging to the weighted L? space L? (]R,rzdr)).
It is easily checked that the mapping

R:L?(R*) Suws R, € L2(R)
is unitary. For s € R, we denote by
H:(R?®) and H:(R)

the subspaces of the Sobolev spaces H®(R?) and H*(R) consisting of radial, and odd
distributions respectively, and, for s€R, we denote by H;} 3) the space of radial
locally H*® distributions in R3.

LEMMA 3.1. For all s€ Ry and all ue HE(R?), we have that R, € HS(R). In addition,
the mapping HE (R3) > uws R, € HE(R) is unitary.

Denoting by P; € S(L?(R?)) the orthogonal projector on H;, the spaces H; = Ran(P;)
are given by

l
e

m=—1

oc, I‘(

vLmELg(R),Vlgmgl},

where (J])1>0,—1<m<: are the real spherical harmonics [31], normalized in such a way
that

’
yl'rnyl’r/n = 5ll’§mm’7
S2

where S? is the unit sphere of R?. Clearly,

Vo € Hy, ||UlH%2(R3): Z ||Ul,m||2L2(1R)-

m=—1
We also have for all seR,,

H*(R*) =@ (Huin H*(R?)),

leN

l
HZOHS(R?)):{’UI(I‘): Z M)}l ()

x| Iz

vlﬁmeHj(R),V—l<m<l},

m=—1

!
2 _
Vo e HiNH' (R®),  fvellFogsy = D [0t 52y 11+ 1) > vumllFe @),

m=—I m=—1

Vo, € HiNH?*(R?), ||Ul||H2(R3 ZH_“lm+”+1) Ulvm+vl’mHiz(R)'

m=—1

By rotational invariance, any atomic Hamiltonian H, is block-diagonal in the decom-
position (3.1), which we write

Hz:@Hz,l- (32)

leN
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3.2. All-electron atomic Hartree Hamiltonians. All-electron atomic
Hartree Hamiltonians are Schrodinger operators of the form

1
HAA = —§A+WZAA, (3.3)
where WA is the multiplication operator by the radial function

W?A<r>:—|—j|+<p2*\o|*1)<r>,

where p? is the radial all-electron atomic Hartree ground state density of atom z (see
Proposition 2.1). The operator H ﬁlA associated with the decomposition (3.2) is the
self-adjoint operator on H; with domain H; N H?(R3) defined for all v; € H; N H?(R3) by

1
(A= 3 V2 <§v21m<|r|>+“””vz,m<r|>+Wé‘A<lrl>”lvm<'f'>> I <|>

Ir| 2Jr[?
m=—I1
This leads us to introduce, for each [ € N, the radial Schrodinger equations

1_, l(l+1)
2R (r)+ 5,3

R(r)+ WA R(r)=€R(r), Re H:(R), /RR2:1. (3.4)

Recall that, for convenience, we also denote by WA# the even function from R to R
such that for all r e R?, WA (r) = WAL (|r|).

The spectral properties of atomic Hartree Hamiltonians which will be useful to
construct atomic pseudopotentials are collected in the following proposition.

PROPOSITION 3.2 (spectrum of atomic Hartree Hamiltonians).  Let z € N* for which
eg’F <0. The atomic Hartree Hamiltonian H> is a bounded below self-adjoint operator
on L?(R?®) with domain H*(R3), and it holds for any l €N, UeSS(H?f) =Oess(HM) =
[0,400). In addition,

1. H2A has no strictly positive eigenvalues and the set of its non-positive eigen-
values is the union of the non-positive eigenvalues of the operators Hff, which
are obtained by solving the one-dimensional spectral problem (3.4);

2. for each 1€N, the negative eigenvalues of (3.4), if any, are simple, and the
eigenfunctions associated with the nth eigenvalue have exactly n—1 nodes on
(0,+00);

3. for each l€N, (3.4) has at most a finite number n,; of negative eigenvalues.
The sequence (ny1)ien s non-increasing and n, ;=0 for | large enough. We
denote by

I =min{leN|n, ;41 =0}

4. denoting by (€z,n,1)1<n<n,, the negative eigenvalues of (8.4), ranked in increas-
ing order, we have

VOgll <l2§lj, Vn§n2712, €2.n,l, <€z,n,l2‘ (35)

We denote by R, ,,; the L?>-normalized eigenfunction associated with the (simple)
eigenvalue €, ,, ; of (3.4) taking positive values for r >0 large enough:
I(1+1)
2r2

1
RZ,n,leHg(R)v *iR// (r)+

z,m,l

Rz,n,l (T') + WZAA(T)RZ,R,Z(T) = Ez,n,le,n,l (T)a
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/Rznl ’ Rz,n,l(r)>0 forr>1.
R

An orthonormal family of eigenfunctions of the negative part of the atomic Kohn—
Sham Hamiltonian HA4 is thus given by

\/iRzm,l (|I‘|)

()= e ] Ay ( > 0<I<if,1<n<n,y, —1<m<l.
v r r

Note that ¢7*, , € H; N H*(R?).

REMARK 3.3. The integers [ and m are respectively called the azimuthal and magnetic
quantum numbers. With the labeling of the eigenvalues of H2* we have chosen, the so-
called principal quantum number is equal to (n+1). Thus, the 2p and 4d shells of atom z
(see e.g. [8] for a proper mathematical definition of atomic shells) respectively correspond
to the eigenvalues ¢, 1 (first eigenvalue of H2A|3;) and €, 22 (second eigenvalue of
H?A |'H2)‘

The ground state density matrix 40 can be written as

z Nzl

ZZ Z pznl'd)znl < zn,l|7 (36)

I=0n=1m=-1

where 0 <p, ,; <2is the occupation number of the Kohn-Sham orbital @7, - Note that
Dz, is independent of the magnetic quantum number m. The occupation numbers are
such that

. 0 : 0 . 0
Pzn,l = 2 if €z.n,l < €Z7F7 0 sz,n,l < 2 if €zn,l = Gz,F7 Pzmn,l =0if €z.n,l > 6z7F7 (37)

and

lj TLZJ,

ZZ(?H— Dpeni=z.

[=0n=1

We call occupied [-shells of atom z the shells s (I=0), p (I=1),d (I=2), { (I1=3), etc.
for which n,;>0 and p.1,>0. In view of (3.5)—(3.7) if a shell [ is occupied, then so
are all the shells I with I’ <I. Denoting by

7 =max{0<I<I|p.1,>0},

we thus obtain that all the shells [ <l are occupied, and all the shells I; <I<I} (if
any, see Remark 3.4 below) are unoccupied

It follows from (3.6)—(3.7) that if €” F is not an eigenvalue of H_ AA (non-degenerate
case in the terminology used in [5]), that is if the highest occupied shell is fully occupied,
then the ground state density matrix is unique and is the orthogonal projector

=2 Z |67",.1) (P2 (non-degenerate case).

n,l,m|sz,",l<e(z)vF

We also know (see Proposition 2.1 and Remark 2.3) that if €2 ; is an eigenvalue €. ,, i,
of H2A which is negative (degenerate case in the terminology used in [5]), and is not
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accidentally degenerate, then the ground state density matrix is still unique and is given
by

lo
zZ— Nf
72:2 Z |¢znl>< znl|+2l 1 Z |¢z ,n0, lo>< Z,m0, lo| (degenerate case),

n,l,m|ez,n,l<ez m=—

where Ny =2 Z (2141) is the number of electrons in the fully occupied shells.

0
n,l| €2,n,1<€) g

3.3. Atomic semilocal norm-conserving pseudopotentials.  Atomic norm-
conserving pseudopotentials are operators of the form

L

VZPPZVZJOC—FZP;VZJH, for some 1 <[, <IF, (3.8)
1=0
where V 1o € Hy . .(R?) and where we recall that P, € B(L*(R?)) is the orthogonal pro-

jector on the space H;. The first term in the right-hand side of (3.8) therefore is a local
operator, while the second term is nonlocal. The structure of the operator V., ; depends
on the nature of the pseudopotential under consideration:

e in semilocal pseudopotentials, V. ; is a multiplication operator by a function
V.1 € H:(R3); otherwise stated, V,; is a local operator on H;;
e in Kleinman-Bylander pseudopotentials, V, ; is a finite-rank rotation-invariant
operator.
We restrict our analysis to semilocal pseudopotentials. The case of finite-rank pseu-
dopotentials can be handled as well using the same techniques, provided the rank of the
operator V. | is not constrained to be bounded by a fized integer. The case of Kleinman—
Bylander pseudopotentials, for which the rank of V. ; is fixed, is more difficult to analyze,
due to the possible presence of ghost states [12].

The overall regularity of the pseudopotential is governed by the parameter s. For
each 0 <[ <[, the function V, ; is supported in a ball of radius r. ;. The positive number
is called the core radius.

The operators H'} involved in the decomposition (3.2) of the atomic Hartree

pseudo-Hamiltonian HEF are then given by: for all 0<1<1,,

l
(EF )= 5 L2 (=gt S o)+ (Ve Vo) )

x| 2Jr|?

o (i)
and for all [ >1,,

l

m=—1

Wz,loc = Vz,loc +ﬁ2 *| . |_17
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p? being the ground state pseudo-density defined in Proposition 2.5.
The mathematical construction of a semilocal pseudopotential for atom z goes as
follows:

Step 1: choose an energy window AE=(E_,E,)CR_, which, in particular, defines a
partition between core and valence electrons;

Step 2: choose the core radius r. and the Sobolev exponent s, and check that the
so-obtained set M, ap . s of admissible pseudopotentials (see Section 3.5) is
non-empty;

Step 3: choose the “best” pseudopotential in the set M. AEg,,. s-

Steps 1 and 2 are detailed in the next two sections. In Section 3.6, we investigate the
stability of the atomic ground state of the pseudopotential model with respect to both
external perturbations and variations of the pseudopotential itself. In Section 3.7, we
address the existence of optimal pseudopotentials for a variety of optimality criteria.

3.4. Partition between core and valence electrons.  As mentioned above,
the first task to construct a pseudopotential is to partition the electrons into core and
valence electrons. We assume here that z € N* is such that eg’F < 0. This partitioning is
made through the choice of an energy window AE=(F_,E}), with —co< E_ < E; <0,
containing the Fermi level ¢  (or a Fermi level in the case when the highest occupied
energy level is fully occupled see Remark 2.2) and such that there exists an integer I,
satisfying 17 <1, <I} and

VI<l, #{enidnenNAE)=#({eni},enNBE) =1, (3.9)
Vi>1, #({enid,enNAE)=0. (3.10)

All the electrons occupying the shells such that e, ,;<E_ are considered as core

electrons. For each [ <[., we denote by n},, the unique non-negative integer such

that €, L € AE. The set {em* “l} e constitute the set of the valence energy
z, z, 0_ <l,

levels, which can a priori be fully occupied (E_ <e€znr |l <627F)7 partially occupied
(e nt,, =€ F) or unoccupied (€’ € F <€xny 1< Ey).

REMARK 3.4. Let us emphasize that it is not clear a priori that one can find
energy windows AFE satisfying (3.9)—(3.10). Here again, we need to rely on numerical
simulations to establish that our assumptions make sense and are satisfied in practice, at
least for some atoms. In another contribution [6] more focused on numerical simulations,
we show in particular that for most atoms of the first four rows of the periodic table,
€? r <0 and energy windows AE satisfying (3.9)-(3.10) do exist. Besides, for most atoms
of the first four rows, atomic Hartree Hamiltonians do not seem to have unoccupied
energy levels with negative energies, so that for those atoms, 7 =I; and therefore
l.=1; =IF. For instance, it can be checked numerically that the Hartree valence energy
levels of the copper atom (z=29) are such that

l,=2, n:7O:4, n;1:2, n;2:1, E_ <6Z21<€Z40<62F €12<E., (for Cu).
This is the situation depicted on Figure 3.1. The core and valence configurations are
respectively denoted by 1s? 2s? 2p® 3s? and 3p® 4s? 3d” in the chemistry literature.
Let us observe that the valence configuration of Cu for the Hartree model differs from
the one obtained from the N-body Schriodinger equation with infinitesimal Coulomb
repulsion [8], that is 3p® 3d10 4s!.
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~ E,
ds ¢ 3d| Valence states
3
s PO — E_
2s¢ 2P®

Core states

1s e

=0 1=1 =2 1=3 1=4 I=5 1=6

Fic. 3.1. Sketch of the spectra of the operators H£A|Hl and admissible energy window AE =
(E—,E4) for the copper atom (z=29). The energy scale is arbitrary. The actual values of the en-
ergy levels are the following: e, 1,0~—312.78 Ha (1s), €;2,0~—36.42 Ha (2s), €;,1,1~—31.57 Ha
(2p), €2,3,0—3.716 Ha (3s), €z,2,1~—2.294 Ha (3p), €2,4,0~—5.540x 1072 Ha (4s), €) p=ez 1,2~
—1.371x1072 Ha (8d). The self-consistent Hartree Hamiltonian H2® seems to have no negative
eigenvalue above the Fermi level ES’F.

We therefore have

Nz,c: Z (2l+1)pz,n,l and sz:Z_Nz,m

s
nllez ni<E_

where we recall that N, . and N, . respectively denote the numbers of core and valence
electrons. We also introduce the core and valence all-electron Hartree ground state
densities, respectively defined as

pg7c(1‘):=2 Z Z |¢z nl 2 and pzv Z Z Pzn} e znzl,l(r)|2'

nllez n  <E_m=-I 1=0m=-1

Note that the core density pgyc should not be confused with the core pseudo-density ﬁg,c
mentioned in Section 2.2 and whose expression will be given below (see (3.21)).

3.5. Admissible pseudopotentials. Let z€N* be such that e <0, and
let AE=(E_,E;) be an energy window satisfying the properties (3.9)— (3 10). An
admissible semilocal norm-conserving pseudopotential with core radius r. and regularity
H* (s>0) is an operator VP of the form

ls
‘/ZPP:‘/z,loc"i_ZPl‘/ZJB’ for some I <1, <If,
1=0

for which the radial functions V. 1. and V. ; satisfy the following properties:

(1) values out of the core region:

in R3\ B,,, Vz’locz—ﬁ—i-pg’cﬂ-rl and V., =0forall 0<I<Ll.; (3.11)
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(2) H*-regularity:
Valoc € Hio (R?) and for all 0<I<1,, V. € H(R?); (3.12)

(3) consistency: the atomic Hartree pseudo-Hamiltonian

l
1 .
prz—§A+WfP, where  WIT =W, o+ Y PV..P,
=0

obtained with the pseudopotential VFF (see Proposition 2.5) is such that

I, l

]1(—oo,E+)(HzPP):Z Z @Tﬂ(fg?la (3.13)

=0 m=-1

l. l
Wotoe=Veioe t 705117 220 =30 3 pone aldle 1@ (319)

1=0m=-1
where
~ V2R (r)) r
m(r)=—F——=Y" — 3.15
(bz,l(r) |I'| yl <r|) ’ ( )
with, for each 0 <1 <1,
R., € H:(R), (3.16)
1~ I(I+1) ~ ~ ~
- 5 /z,l(r)+ (2’/"2 )Rz,l(r)+(Wz,loc(r)+vz,l(r))Rz,l (T) :ez,n;l,le,l('r)a
(3.17)
/Eil =5 (318)
R
R.i=R.pn:,1 on (rey,+0o0) for some 0<rc; <re, (3.19)
R.;>0 on (0,4+00). (3.20)

We can therefore define the set of admissible semilocal norm-conserving pseudopotentials
with energy window AFE = (E_,E,), core radius r. and regularity H*, for the atom z
as

I
Mo AR s = {VzPP :VZJOC+ZHVZJB such that (3.11)—(3.20) hold}.
1=0

Several comments are in order:

e condition (3.11) implies conditions (2.8)-(2.9), so that the existence and unique-
ness of the atomic ground state valence pseudo-density p? is guaranteed by
Proposition 2.5 as soon as (3.11) is satisfied;

e it follows from (3.16)-(3.18) and (3.20) that €, ,+ ; is the ground state eigen-

value of HYP |y, and that the (20+1) functions ¢7, —<m <, form an or-
thonormal basis of associated eigenfunctions;
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e by construction (see Section 3.4), the energy window AFE contains €) p. In

addition, HA* and HP have the same spectra in AE (including multiplicities),

and in both all-electron and pseudopotential models, IV, , electrons are placed

in the energy levels in AFE, according the Aufbau and Pauli principles (that is,

occupy the lower energy states with no more than two electrons per state). As

a consequence, and as already mentioned in Remark 2.6, the all-electron Fermi

level € p and the pseudo Fermi level € can be chosen equal, and if €]  is

not an accidentally degenerate eigenvalue of H2*, then ESF :eg’F cannot be
an accidentally degenerate eigenvalue of HX'Y;

e it also follows from (3.13) that the €, ,:  ;’s are the only eigenvalues of HPP in

the energy range (—oo, Ey). This property is referred to as the absence of ghost
states in the physics literature;

e out of the core region, (3.11) is compatible with (3.17) and (3.19). Indeed,
(3.17) and (3.19) imply that

VreR*\ B, pi(r)= p(z),v (r) and  Wioe(r) +Vau(r) = WA (x),
hence, applying Gauss theorem, that pOx[-|~'=p? «|-|7" in R*\ B, , which
finally leads to
_Z

N

o the core energies and the core pseudo-densities pg . of the atoms appearing in
(2.6) are defined in such a way that for an isolated atom, the pseudopotential
calculation gives the same energy as the all-electron model. In the Hartree case,
the core energy of atom z is therefore given by

Vitoe+ Vi :WZAA*pg,vﬂ It= +pg’c*| 47" in R3*\B,;

EZ;::I?A_inf{EfP(§)?:7'€K:Nz,v}

1 ~ 1
=M _Tr (<—2A+pr> 72) - 5D (72,79
lz

1
= I%AA - Z(2l+ 1)pz,n;l,l€z,n;’l,l + §D (ﬁg,f)g) .
=0

The core pseudo-density of atom z is defined by
) (3.21)

Note that atomic core pseudo-densities do not play any role in the Hartree
model, since they are only involved in the exchange-correlation energy func-
tional.

The rest of this section is devoted to the study of the set M, ap . s. We assume
here that z € N* is such that € , <0 and that AE=(E_,Ey) is a fixed energy window
satisfying (3.9)—(3.10). It readily follows from the definition of M, aAg s that

V0<rcgré<+oo, Mz,AE,rc,sCMz,AE,ré,sa (3.22)

V0<s<s' <400, MyaEr.s CMoAEr.s (3.23)
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Let
- -1
TaaBe T I (masz,n;l,l(O)) >0
be the maximum over 0<[<[, of the largest node of the function R nx - If r.<

T AR then (3.19) and (3.20) are obviously inconsistent, and M, ag . s=0. On the
other hand, we are going to see that M, ag s is not empty, for any s>0, as soon

as r. is large enough. To any potential WELB/ 2(}R3), we associate the function Ty :
(0,4+00) = R_ defined for all >0 by

Tw(r):=  inf /C(;V¢|2+W¢2),

HA (B
1415 58

where B =R3\ B,. We will prove in Section 5.3 that Twaa is continuous and non-
decreablng, and that it maps (0,4+oc0) onto (e, 1,0] (Where we recall that €, is the
lowest eigenvalue of HAA | see (2.5)).

LEMMA 3.5. Let z€N* be such that 6271: <0. Let AE=(E_,E}) be an energy window
satisfying (3.9)-(3.10). The equation Tyaa(r)=E, has a unique solution TZAE.C >0.
In addition, T AR < TZAE,C and for all ro > ?"::AE’C and all s> 0, the set MZ,AE;TQS 18
nonempty.

We were not able to provide a simple characterization of the critical core radius
0 - 0 +
T AEe ToARe ST AR ST, AR Such that for all s >0,

0 0
Vre<riape MaaBrs=0 and Vre>rlapo Meapr.s#0.

We can only show, using the same regularization argument as in the proof of Lemma 3.5,
that 7‘27 AR, 1s indeed independent of s.

REMARK 3.6. We have seen that r. cannot be chosen too small. On the other
hand, it should not be chosen too large for transferability issues. In particular, the
core regions of the atoms of the molecular system under study should not overlap. In
practice, the radius 7.; in (3.19) is chosen by trial and error procedures in the range

—1
(maxR l(O) maxdi:”'l (0)) between the outermost node and the outermost

peak of the radial orbital R, ;- e

REMARK 3.7. The smoothness parameter s affects the numerical properties of the
pseudopotential, and more precisely the convergence rate of the numerical solution
toward the exact solution of the pseudopotential model with respect to the discretization
parameters [4]. For example, Troullier—Martins pseudopotentials [28] are constructed
in such a way that the pseudo-orbitals E;Hl\/[ are of the form

(3.24)

éTM( )= plt1 gPetre (1) fo<r<rey,
Rz,n"z‘yl,l (T) if r > Te,ls

where p. ., is an even polynomial of degree 12 whose seven non-zero coefficients
are fitted so that RTM is L%-normalized and of class C* in the vicinity of rc;. The
additional condition allowmg one to unambiguously determine the seven non-zero coef-
ficients of p. ., , is that the second derivative of (W. (W2 10c + Vz,1) vanishes at r=0. It can
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be checked that this implies that Troullier-Martins pseudopotentials are in M, Ap r. s
for all 0<s<7/2.
Our next results will be established under the following:

Assumption 1: z € N* is such that 627F is negative and is not an accidentally degenerate
eigenvalue of HA AE=(E_, E,) satisfies (3.9)—(3.10), 7. > ) ap.c and 5>0.

Consider now the Hilbert space

L
XZ,AE,T'C,S{,UUIOC+ § ]Dlvlpl
=0

= (H(Br,))" "2,

(Vioc, (V1)o<i<i.) € (HS,r(BrC))lZH}

where H§ (By,) is the closure in H*(RR?) of the space of radial, real-valued, C*° functions
on R? with compact supports included in the open ball B, :={r e R?|[r|<r.}, and the
affine space

.
X ABre,s = {V= Vioe + ZPlVlPl

such that (3.11) — —(3.12) hold} .
1=0

Note that
vveXz,AE,TC,& XZ,AE,’!‘C,S:V+XZ,AE,7‘C,S'

As M, AE r..s is a subset of X, Ap.r. s, we can endow the former set with the topology
of the latter, and say that a sequence (Vzli,z,D Jken € M AE - s Of admissible pseudopo-
tentials

e strongly converges to some V € X, ap . s if (with obvious notation)

l

V2 10k = Vi3 +l; IV =Villfze =0 (3.25)

e weakly converges to some V € X, ap . s if

L

W'eX. AB s, (Veloek = Vioe Vine) = Jr; Vauk =V, Vi) e kjooo-
(3.26)
THEOREM 3.8 (properties of the set of norm-conserving pseudopotentials). Under
Assumption 1, M, Ag,r..s is a nonempty weakly (hence strongly) closed subset of the

affine space X, ARy s-

In practice, some classes of pseudopotentials are constructed by first defining the
pseudo-orbitals R, ;, 0<[<[,, and then deducing from these functions the local and
nonlocal components of the atomic pseudopotential using the relations

LRY(E))  1(+1)
Ve eR3I\{0}, Viioe®)+Voi(r)=€spr 14+ —=2 — — (P9 |- |7Y) (),
\ {0} Joo(T) +Veu(r) =€z nr 0 27 () 2P (P2x]-171) (x)

where p? is defined by (3.14) and (3.15). This is notably the case for the Troullier—
Martins pseudopotentials mentioned in Remark 3.7. The reason why pseudopotentials
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are usually constructed in this way is that it is easy to enforce the constraints (3.16)—
(3.20) when dealing with explicit pseudo-orbitals (as in (3.24)).

The following lemma is useful to select admissible functions R ;.

LEMMA 3.9. Let VI¥ € M, ap.,.s for some s> % (so that the functions V 1oc and Vi

are continuous). For each 0<1<l,, the radial function ﬁz’l, defined by (3.16)—(3.20)
in is HST2(R) and

R, (r)=0("*Y) as r—0.

One can check that the Troullier—-Martins pseudo-orbitals defined in (3.24) indeed
satisfy the above property.

3.6. Some stability results. Let z,AF,r.,s satisfy Assumption 1. Let VI €
M, AEr.,s be a reference pseudopotential. It follows from Proposition 2.5 and the
definition of M Ap,. s (see also Remark 2.6) that ¢  is not an accidentally degenerate
eigenvalue of H'Y and that the ground state pseudo-density matrix 79 corresponding
to VFT is unique.

We can study the sensitivity of 70 with respect to both an external perturbation
and the choice of the pseudopotential by considering the minimization problem

EVZPP (”U, W) :=inf {EVZPP (5,’0, W), ~E ICNZ,V } s (3.27)
where the energy functional Evzpp is defined on Ky, , x X; Ag,r.,s XC' by

~ 1 ~ 1
Fure 1 (-3 0)3) s 30t f o
R3

and where we have denoted by
C'={WeLR?|VW e (L*(R?)*}

the space of potentials with finite Coulomb energies, endowed with the scalar product
defined by

V(Wl,Wg)EC/XC/, (Wl,Wg)c/:/ VWi -VWs.
R3
For n>0 and X a normed vector space, we denote by B, (X) the open ball of
X with center 0 and radius 7. The following result guarantees the stability of the
pseudopotential model with respect to the choice of the pseudopotential.

ProrosiTiON 3.10. Let 2,AE,r.,s satisfy Assumption 1. Then, for all VF¥ €
M. AE,r. s, there exists n>0 such that for all (v,W) € By(X. AEr..s) X By(C'), problem
(3.27) has a unique minimizer ¥, w(VEY). Moreover, for each VE¥ € M, ap.r. s, the
function (v,W) =7, w(VEP) is real analytic from By(X. aAp,r..s) % By(C') to the space

S1,1:={T €& (L*(R*)NS(L*(R?)) ||V|T|V|€ &1 (L*(R?))},

G&1(L?(R?)) denoting the space of the trace-class operators on L*(R3). For all ve
X AE s, allWeC, and all real numbers o and B such that

—nlollx o, <a<alvllxl ., . and —n|Wlig! <B<n|W]/,



E. CANCES AND N. MOURAD 1333

we have

Faw,sw (VET) =70+ > ol BFAU (VEP), (3.28)
(J,k)e(NxN)\{(0,0) }

where 70 is the ground state density matriz for the pseudopotential VEY, where the
coefficients %{{,@)(VZPP) of the expansion are uniquely defined in &1 1, and the series is

absolutely convergent in &y ;.

In the next section, we will define optimality criteria based on first-order pertur-
bation method for choosing the “best” pseudopotential in the class M, aAg ., s. These
criteria will involve the difference between the first-order response of the all-electron
model and that of the pseudopotential model to a given external perturbation W. A
natural external perturbation is the one obtained by subjecting the atom to an external
uniform electric field (Stark effect):

whtark(p) = _r.e, (3.29)

where e is the unit vector of the vertical axis of the reference frame. As the unperturbed
system is rotation-invariant, the direction of the electric field is unimportant. So is its
magnitude since we only consider here first-order perturbations (linear responses).

Note that it is not possible to apply the results in Proposition 3.10 to the perturba-
tion (3.29) since WStk is not in C’. In the framework of the linear Schrédinger equation
(see e.g. [22] for a detailed analysis of the case of the Hydrogen atom), the spectrum
of a molecular Stark Hamiltonian is purely absolutely continuous and equal to R for
all non-zero values of the electric field. The eigenstates of the unperturbed Hamilto-
nian turn into resonances. On the other hand, the perturbation series is well-defined;
its convergence radius is equal to zero, but the energies and widths of the resonances
can nonetheless be computed from the perturbation expansion using Borel summation
techniques.

For the atomic Hartree model under consideration here, the perturbed energy func-
tional has no minimizer: for all 5#0,

wt{E240) -5 [ pfr-ehrer. =
R3

The same holds true for the corresponding pseudopotential model for any VPP e
M. AEr.,s- Physically, this corresponds to the fact that the infimum of the en-
ergy is obtained by allowing the electrons to go to infinity towards the regions where
W(r)=—pr-e goes to —oo. As in the linear framework, each term of the perturba-
tion series is well-defined, but the convergence radius of the series is equal to zero. We
will only prove here the part of this result we need, namely that the first-order term
of the perturbation expansion is well-defined, and, in the pseudopotential case, that
the linear response is continuous with respect to the choice of the pseudopotential (see
Theorem 3.11 below). We are not aware of an extension of the theory of resonances to
nonlinear mean-field models of Kohn—Sham type.

For VFP e M, ap.r,.s and W eC’, we denote by %@(VZPP):%?V’?(XQPP), where

the right-hand side is defined in Proposition 3.10. We also denote by 'yik%, the kth-
order perturbation of the all-electron ground state 40 when atom z is subjected to an



1334 A TYPE OF OPTIMAL PSEUDOPOTENTIALS FOR KOHN-SHAM MODELS

external potential W e(C’. A consequence of [5, Theorems 5 and 12] and of the above
Proposition 3.10 is that the linear maps

C’aWn—wS&VE&J and C'3WeF P VP e6,, VPP eMonpr. (3.30)

are continuous.

THEOREM 3.11 (Stark effect). Let z,AE,r¢,s satisfying Assumption 1. The continu-
ous linear maps defined by (3.30) can be extended in a unique way to continuous linear
maps

V.oWerle®y and Y.5W—3D (V) e, VP eM.ap,s (331)

where Y, is the Banach space

V.:=C'+L? where

_ 0
2= {We L2 .(R%) | /R [W (r)|2e~ VIrlll gr < oo}.
In addition, WSk €Y. and the mapping M, ag.,.s>VET 0—>’YI(,‘1,)smk (VPPYe &y is
compact.

3.7. Optimization of norm-conserving pseudopotentials. A natural way
to choose a pseudopotential in the class M, Ag s is to optimize some criterion J(VZPP)
combining the two requirements that the pseudopotential must be as smooth as possible
and as transferable as possible. The smoothness requirement leads us to introduce the
criterion

l
! :
T(VEP)i= L WEP = 2 (nwz,loc@s +Z||vz,z|%,s> : (3.32)
=0

where WFT is the self-consistent pseudopotential corresponding to the pseudopotential
VPP (see Proposition 2.5). Note that it is natural to use the self-consistent pseudopo-
tential WEF rather than VI in the right-hand side of (3.32) since the smoothness of
the Kohn—Sham pseudo-orbitals is controlled by WFP. Let us first state a general result.

THEOREM 3.12. Let z,AFE r.,s satisfying Assumption 1. Consider the criterion

J(V2T)=ads(VIP) + 2 (VD)

where the smoothness criterion Js is defined by (3.32), where the transferability crite-
rion Jy: M. Apr.,s =R is a bounded below weakly lower-semicontinuous function, and
where a>0 is a parameter allowing one to balance the smoothness and transferability
requirements. Then, the optimization problem

inf {J(VFT), VIP e M. ap s} (3.33)

has a minimizer.

Many different transferability criteria Ji, based on various physical and chemical
properties, can be considered. A natural choice is the criterion

2
ar 1
‘]St k(VPP . 2 H]le\B (ﬁ(W)Stdrk(VPP) i i)/VSt‘“k> HC7 (334)
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(1) _ ~(1) PPy _ ;
where P, yystark 7p7£1évswk and pyyseanc (V )7p7y‘(}‘1/>smk(vzpp) are respectively the first-

order perturbations of the all-electron and pseudo densities of atom z, when the latter
is submitted to the Stark potential (3.29). The Coulomb space C is defined as

C={peS'(R%)|pe Lic(R?), ||pll¢ := D(p,p) < o0},

where
D(f,g)::47r/RS f(l|{l)<|§2(k)dk' (3.35)

Let us recall that LS/°(R3) CC, that the definitions (2.3) and (3.35) agree for (f,g)€
LS/5(R3) x L5/5(R3), and that C is therefore the space of all charge distributions p with
finite Coulomb energy.

The following lemma shows that the transferability criterion JSt'* is well-defined
and falls into the scope of Theorem 3.12.

LEMMA 3.13. Let 2,AE,r.,s satisfying Assumption 1. Then, J>%®™% is a well-defined
bounded below weakly continuous mapping from M, apr. s to R.

4. Extensions to the Kohn—Sham LDA model

It is probably quite difficult to extend to the LDA model the results established
above for the Hartree model. As usual in the mathematical analysis of Kohn—Sham
models, the main obstacle is that we do not know whether the atomic ground state
density of atom z is unique. We will therefore limit ourselves to comment on the
extensions of our main results under some additional assumptions on the Kohn-Sham
LDA ground state.

Assuming that the LDA ground state density p? of atom z is unique, hence radial,
and that the LDA Fermi level of atom z is negative, it is then easy to show that
the properties of the ground state density and of the atomic Hamiltonian listed in
propositions 1 and 8, as well as the result of uniqueness of the ground state density
matrix, still hold for the all-electron Kohn—Sham LDA model. Likewise, the results in
Proposition 5 are still valid for the LDA model under the assumption that the ground
state pseudo-density pY of atom z is unique. Note that the self-consistent potentials are
then given, in the all-electron setting, by

z

(p9) is the exchange-correlation potential, and, in the pseudopoten-

W === x| [ o (0),

where vy (p%) = dggc

tial setting, by

WEP =V 4 p0x |- |71 +ue (P2 .+ 52).

Still under the above assumptions, Lemma 11 (nonemptyness of the set M, ag .5 Of
admissible pseudopotentials), Theorem 11 (M, ag,r. s is a weakly closed subset of the
affine space X, ap,r..s), and Theorem 16 (existence of an optimal pseudopotential in an
abstract framework) can all be extended to the LDA setting.

Note that, in practice, the calibration of pseudopotentials is made under the assump-
tion that the LDA ground state density (with or without pseudopotential) is radial. The
calculations then boil down to solving coupled systems of radial Schrédinger equations
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(see [6, 18, 28] for details). To the best of our knowledge, no numerical evidence that
the radial LDA ground state of an atom might not be unique has been published so far.

The extensions of our results involving nonlinear perturbation theory (Proposi-
tion 14, Theorem 15, and Lemma 17) require, on top of the above assumptions, an
additional assumption on the uniform coercivity of the Hessian of the energy functional
at the unperturbed local minimizer. As the exchange-correlation energy density is not
twice differentiable at 0 (it behaves as the function R, 3 p+s —p*/3 €R_), it is not clear
that such an assumption is satisfied. As already mentioned in [5, Section 5], this tech-
nical problem is not encountered in Kohn—Sham calculations with periodic boundary
conditions due to the fact that the ground state density then is both bounded and
bounded away from zero.

5. Proofs

5.1. Proof of Lemma 3.1.  The three-dimensional Fourier transform of a radial
function u € L2(IR?) is related to the one-dimensional Fourier transform of the function
R, =R(u) by the simple relation

1
F3(u)(k) = —=—Fi(R.)(k]).
3(u)(k) VK] 1(Ru)(Jk))
The above expression is a special case of the Grafakos—Teschl recursion formula [13].
We therefore have

L[ (k)
2 _ 2\s 2 _ 2
el sy = / Py 1700 Pae= - [ S A () i P
o0 —+o0
- / (1 k)| Fy (R (k) dk = / (k2 | B (R B2k = | Ru 2 -
0 —00

5.2. Proof of Proposition 3.2.  The proof of Proposition 3.2 is based on the
following observation.

LEMMA 5.1.  Let z€N* such that 62,F <0. The Hartree potential WA% is a radial
increasing negative function of L?(R3)NC>(R3\ {0}) converging exponentially fast to
0.

Proof.  The Hartree potential WA satisfies —AWAA =47 (p? —26¢), where the
ground state density p? is in C and satisfies fRS p% = 2. We also know from Proposition 2.1
that p? is a radial positive function belonging to C>°(R?\ {0}). Therefore, W24 is radial
and belongs to C*°(R3\ {0}), and we infer from Gauss theorem that for all r >0,

deA
dmr? = (r) = —4r (—Z+/ pg) =47T/ p2>0,
r B R\ B,

T

where B, is the ball of R? with center 0 and radius r. Hence, W24 is a radial increasing
function. Its limit at infinity is necessarily equal to zero since WAA = —ﬁ—l—pgﬂ |1

with plx[-|7teC’ C LO(R?). As €) <0, the ground state density of the atom z is of
the form

PE(T)ZZM|¢¢(T)|27
i=1
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where the occupation numbers p; are such that 0<p; <2 and Z?:l p; =z, and where
the orbitals ¢; satisfy

1
GEHPRY), ~3AdtWIoi—coi [ 00,
R
Ase < 62,F <0 and W24 goes to zero at infinity, we deduce from the maximum principle

for second-order elliptic equations (see e.g. [9]) that for each 1<i<n, ¢;eV 2wl /2 ¢
L>(R?). Therefore, there exists C, € R, such that

VreR3, 0<pl(r)<C,e VItrlk, (5.1)
Hence,
dWAA 1 C, ,
Vr>0, 0< < (T):—2/ p2§7 e*\/\€2,p|\r L v’
d’f’ T ]Rs\BT T R3\BT

Integrating the above inequality leads to

2
Vr > 2 ) OZWZAA(T)Z—ZLWT G e VITslr,
1/ |€2,F A/ |€2,F

Together with the fact that WAA = — 2 4+ p%x|- |71 € L2 (R?), this bound implies that

] loc

WAA € L2(R3). O

The proof of Proposition 3.2 then follows from classical results on the spectra of
rotation-invariant Schrodinger operators (see e.g. [22]), which we recall here for com-
pleteness. First, as the function WA is in L2(R?), the operator WAA(1—A) 7y, =
(WAA(1—A)~1)|3, is Hilbert-Schmidt for each [ € N by the Kato-Seiler-Simon inequal-
ity [23] and the continuity of P;. Therefore, WZAA is a compact perturbation of the op-
erator —3Aly,, and we deduce from Weyl’s theorem that o’ess(Hf’lA) =0Oess(—2A|y,) =
[0,4+00).

The absence of strictly positive eigenvalues of H24 is a consequence of Lemma 5.1 and
[22, Theorem XITL.56]. The set of the negative eigenvalues of HA* is the union of the
sets of the negative eigenvalues of (3.4) for [ €N; this is a straightforward consequence
of the decomposition (3.2).

The fact that for each [ €N, the negative eigenvalues of (3.4), if any, are simple and
that the eigenfunctions associated with the nth eigenvalue have exactly n—1 nodes
on (0,+00) is a standard result on one-dimensional Schrédinger equations (Sturm’s
oscillation theory), which can be read in [7, 16] for instance.

Lemma 5.1, together with [22, Theorem XIIL.9], implies that for each [ €N, (3.4) has at
most (2/+1)~* fO+OOT|W?A(r)|dr < 00 negative eigenvalues. Since this number is lower
than 1 for [ large enough, H f’lA has no negative eigenvalue for [ large enough. The
monotonicity of the sequence (n.;)en readily follows from the minmax principle. So

does the last assertion.

5.3. Proof of Lemma 3.5. Let us first establish a couple of intermediate
results.
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LEMMA 5.2. Let WeLY*(R3)NCO(R3\{0}). We denote by B, =R3\B,, by Tw.,
the self-adjoint operator on L2(B..) with domain HY(B.)NH?2(B.) defined by Ty, ¢ =

~LA¢+Wo for all p€ HY(By)NH?(B,), and by

Tw (r):=min(c(Tw,)) = inf /7
Hqﬁ\if{%gii B

1
(5vopwe).
We also introduce the self-adjoint operator Ty,o on L*(R?) with domain H*(R3) defined
by Twop= ,%A¢+W¢ for all g€ H*(R?). Then, two situations may occur:

o cither min(o(Tw,)) =0, in which case the function Ty is identically equal to
zero on (0,400);

e or min(o(Tw,)) <0, in which case there exists 7€ (0,400) such that the
function Tw is differentiable, strictly increasing, and bijective from (0,7.) to
(min(o(Tw,0)),0), and identically equal to zero on (¢, +00).

Proof.  Let W e LyY/? (R3)NCO(R3\ {0}). Since for any 0<r <7’ <oo, we have
B;, C B, the function Tyy is non-decreasing on (0,+00). As Gess(Tiv,,) =[0,400), we
have for all 0 <r < oo,

1
0>Tw(r)> inf / (v P4lge W 2),
W2 e @ am oo \ 31O B IO
and it follows from [22, Theorem XIII.9] that the right-hand side is equal to zero for r

large enough.

It also holds that oess(Tw,0) =[0,+00). If Tiy,o has no negative eigenvalue, then the
function Ty is identically equal to zero by the minmax principle. Otherwise, denoting
by €; the lowest negative eigenvalue of Ty, we have

Th_% Tw (r)=¢€1.
This follows from the fact that C2°(R?\ {0}) is dense in H!(R?).

Lastly, for any r e (0,400) such that 7w (r) <0, the operator Ty, has a nega-
tive non-degenerate ground state eigenvalue and a radial ground state ¢, € H} (E:) N
H?(B.) such that l[éw,rllp2ze) =1 and ¢w,r >0 in B,. By the Hopf’s maximum prin-
ciple for second-order linear elliptic equations [9], 6%”:” >0 on B, =0B,. It is then
well-known [24] that Ty is differentiable at r and that

/ _ 8¢W,T_/ ad)W,r
T (r) = /aB: on = oy or >0.

Therefore, if Tiyo has a negative eigenvalue, then the function 7y is continuous, there
exists 0 <7.<+oo such that Ty is differentiable and strictly increasing on (0,7.), and
identically equal to zero on [r¢,+00), and Ty maps (0,+00) onto (e1,0]. O

It follows in particular from Lemma 5.2 that, since WA € L§/2(R3) NCO(R3\ {0})
by Lemma 5.1, and ¢ ; =min(c(H2*)) < E; <0, Tyyaa maps (0,400) onto (e,1,0] and
the equation Tyyaa(r) = E4 has a unique solution SN

The second intermediate result we need is the fdllov;/ing.
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LEMMA 5.3.  Let ZEN seR,, £y <0 and WGLf/Q(R3) vanishing at infinity and
such that W € H*(B.), for any e >0. Let Ry € H2(R) and e < E be such that

I(141)
2r2

—%Rf’(r)—i— Ri(r)+ W (r)Ry(r) = Ry (r /32_1

Let r be the unique positive real number such that Ty (rf)=E,. Then, for allr.>r],
there exists W € HE(R3) such that

R e H\(R), (5.2)
B0+ DR s W R =), (53)
/ﬁ:L (5.4)
N]R

Ri=R; on (re,+00), (5.5)
R;>0  on (0,4+00), (5.6)
a<<;A+W) >\{61}C[E+,+oo). (5.7)

Hi

Proof. Using the notation and the results in Lemma 5.2, we see that ¢ is an
eigenvalue of (Tw,0)ly,,, so that E € (min(o(Tiv,0)),0), which implies that there exists
a unique positive real number r} such that Ty (rf)=FE,.

The rest of the proof is dedicated to constructing an explicit solution to (5.2)—(5.7).
Let re >rT and m.= OTC RIQ. We denote by R the unique odd function in Hl(—rc,rc)
such that

1(1+1)
2r2

1
fiR”Jr R—¢R=0, R(r.)=1,

and by

re—d
F(d)= /O R2(r)dr.

Note that the function u(r):L(M)yl (ﬁ) is the unique solution in H'(B,.) to

the boundary value problem —iAu—egu=0 in B, , ulgp, =Y, and that F(d)=
r? [ , |u|?. For all 0 < a< 1<<A<oo7 we introduce

0, 4 =arcsin(a/A), 07 ,=m—arcsin(Ry(re)/A) =0, 4,
dy, 4 the unique solution in (0,7¢) of

d sin(2 0;‘ +07, —sin(20,
sy 2 (1 RO ) )
29a7A

g kayAAcos(G;,A) R'(re—da,n) . Ri(rc) —kayAAcos(G;r,A+9;7A)
oA 2a 2R(re—da,a)’ oA 2R;(r¢) '
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R;':: Te :I
4

|
I
|
|
|
Ve A | —
I

—
| (.!l”__al |

FiG. 5.1. Sketch of the function Ry a (green) and of the potential We, 4 + %1(%,% o) (Ted).

When a— 01 and A — 400, the above quantities behave as follows

2m TA? w2 A%
- + + — ~ 20 ~ o4
GQ)A%O ; ea)A_>7T ’ da,A A2 ka,A cha Va, A 8m§ 5
(5.8)
5 wA3 gt TA3
A dmea” T dmeRy(re)

Consider the function R, 4 € H}(R) defined on (0,400) by

RQ,A =« ]]'(Ovrc_da,A) +ASln (kavA (/r - TC) + 0;,14 + gl;t,A) 1(7‘c_do¢,A7rc)

R
R(’I“C — dmA)
+Rl]l(rc,+oo) .

It is easily checked that R; =R, 4 is solution of (5.2)~(5.6) for W:WQ,A € H1(R3),
with radial representation given by

I(1+1)

Wa,a=B, A0rc—da 4+ <va,A - ) Lre—do are) + B a0re T Win, 400)-

Denoting by
1
Hoz A= _§A+WQ,A7

i

we are going to show that for a >0 small enough and A < +oc0 large enough

g (Hoc,A

Hi

> \{e&} C (B4, +00).
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Let ftq, 4 =min (0’ (HQ,A > \{el}) . Assume that p1o, 4 <Ey. AS Oess(Ho aln,) =Ry,
Hi

Lo, is a discrete eigenvalue of Hy 4lz,. We denote by U, 4 an associated normalized
eigenfunction and by u, 4 € H! (R) the odd extension of its radial component multiplied
by 7. As o 4 is in fact the second lowest eigenvalue of H, 4|y, (counting multiplicities),
the function u, 4 satisfies

B Gt )
2 AT 92

and has exactly one node 79, 4 in (0,+00). This node cannot lay in the interval

Ua, A + Wa7Aua,A = Ha,AlUa, A,

[re,+00); otherwise, the function ¢(r)=Ua,a(r)Lj0 A’+Oo)(|r|)ylo <:|> would belong
to Hi (B )\{0} and we would have

(@ Tw,o ,10)
By =T () <Tor () € =

which contradicts the assumption that jio, 4 < Ey. It cannot either lay in the interval
(0,7¢ —dq, al; otherwise, as the potential W, 4 is equal to zero on this interval, we would

have
L[rer g WD) [T fug,a(r)? AL
5 |uoc7A‘ + 2 dr:,u/a,A ‘ua,A| <07
0 0 0

= Mo, A,

2 2 T

which is obviously not possible. We therefore have rqo 4 € (rc —da,a,7c), and without
loss of generality, we can assume that uq, 4 is positive in the neighborhood of +oc0. As
W, 4 is equal to zero on (0,rc —da,4), Ua,4 is negative and concave on this interval, so
that uq a(re —da,a) <0 and u’a,A((rc —doa)T) < U;’A((Tc —dp,4)7)<0. We therefore
have

Vr€[re—da,a,re], Uaa=Aq asin (EQ,A(T —(re—da,a))+ 5a,A) )

with EQYA <0, %a7A= \/Q(NQ,A—UQYA), 0<504,A <7T/2, and 7T<Ea,Ada,A+§a,A <27 It
follows from the jump condition at ro —dq, 4 and from the fact that u,, 4 is negative and
concave on (0,7 —d,, 4) that

7fia,A _“;,A((rc_daﬂ)—i_) u:x,A«Tc_da,A>+)_u:x,A((Tc_da,A>_) _ 8-
tan(féo“A) ua,A(Tc_da,A) o ua,A(rc_da,A) o’
Thus,
~ Ko 2 4
tan(fa,a) < A T 2 When a— 0" and A— +oo. (5.9)

ﬂ;,A B B;,Ad(%A A’
We can distinguish two cases:
e case 1: u, 4(re—0) <0. In this case, ko, ada, 4 +0a,4 > 37”, which, together with
(5.9), implies that for o >0 small enough and A >0 large enough,
9 92 A

- 5 )
koA > Zka’A or equivalently fin,4 > € — EUQ’A ~ ng,

which contradicts the assumption that pe 4 < Ey;
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e case 2: uy, 4(r.—0)>0. In this case, the function uq, 4 is positive on (rc,+0o0)
and the pair (ua,A,/a,4) is solution to the spectral problem on (7¢,+00) with
Robin boundary conditions

1 (141
—iug,A(r)+%UQ,A(T)+W1LQ7A(T)zua7Aua7A(r), 7€ (re,+00)

ko, A
ul, 4(re+0)= % 4+ 87, Jua.a(re).
al ) (tan(ka,Ada,AJrﬁa,A) oA | Ua,a(re)

(5.10)

+ ;A goes to

ka,A
tan(%a,Ada,A +5Q,A)
+00, so that 4 converges to the ground state eigenvalue of Ty, |%,, which

implies

When a— 0" and A— +o0, the parameter

li = > H=E,.

ol Haa=Tw(re) >Tw(re)=Ey

Choosing «>0 small enough and A large enough, we obtain a contradiction
with the assumption that p, 4 <E..

We therefore have obtained a function El:Ra, A€ HL(R) and a potential W=
Wa,a € HT1(R?) such that (5.2)-(5.7) are satisfied. As R, 4 is in C®°(R\ {%(r.—
do.4),%r.}) and is positive on (0,4+00), we can construct a sequence (R p)nen of odd
functions of C*°(R)NH(R) positive on (0,400) and converging in H!(R) to R, a,
such that Ez,n:Ra,A:Rz on (re,+00), El’n:RmA on (0,rc—dq,4) and fR|Elv"|2:1'
Consider the sequence of radial potentials defined by

— LR, (1) 1(1+1
VneN,Vre(0,+00), Wy(r)=e+— J’n( )— ( +2 )
2Rl7n(r) 27’

As Ry, (r) is bounded away from zero on the interval [(ro —du, 4)/2,r.+ 1] uniformly
in n, each W, is in H?(R?) for all s >0, and the sequence (W, ) en converges to W, 4 in
(¢l — LA+ W,|¢)

112

for any ¢ € H;NH*(R?), which implies, by the minmax princi-

H1(R3). Consequently, the Rayleigh quotients R, (¢) = converge to

(¢l - A+ TWe)
R ="

ple, that the kth negative eigenvalue of (—%A—l—ﬁn)

y converges to the kth negative
1

eigenvalue of (—%A +Wq.a when n goes to infinity. Therefore, for n large enough,

),
conditions (5.2)—(5.7) are satisfied for W =W,,. o

We are now in a position to prove the non-emptiness of M, ap . s under the
agsumptions of Lemma 3.5. Applying Lemma 5.3 successively for each 0<[<I,
with W:WZAA, Rl:Rz’n;l,l, € =€znz I and r,>rt., we obtain [,+1 functions

z,¢9

Wi e H?(R3) and [, + 1 functions Ry, satisfying for each 0<1<1.,

R e H\(R), (5.11)
I(1+1)
272

1~ - — -
*iRZI(T)+ RZ(T)+W1R1(7‘):szz’l’lRl(’r'), (5.12)
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/R%:L
R

Ri=R.p: o and  Wi=W>M  on (re,+00),
Ri>0 on (0,400).

We then introduce the functions

Ty = YERU) <r) —1<m<l,

x| x|

and the density

1y l
P’ r):Z Z pz,n;l,l|¢;n(r)|27

I=0m=-1

(5.16)

and we consider a sequence (Wioc x)x>1 of local potentials in the class H?(R?) such that
Wioe,k > WZAA on R3, Wioe,k :W?A in Eic, and Wiger =4k on B, _y/;. We finally set

Vioc,k:vvloc,k_ﬁo*|'|_l and voglglzv Vz,k:’W/l_vvloc,ka

and

l-
Vi =Vioek + > _ PViiPi.
=0

By construction, the self-adjoint operator
1
Hy=—5A+Vi+p" |7,

on L?(R3) is rotation-invariant, and for all 0<1<1,,

1 —
n<_oo,E+)<Hm,>n(_m,E+)<(2A+wl)‘ ) S e

m=—I1

Lastly, for all I >1,,

1
mino(Hg|y,) > mino (—2A+ VVIOCJC> k—) Twaa(re) > Tyaa(rl.)
—00 = z )

Therefore, for k large enough, Vi, e M, AE 1.5

:E+.

5.4. Proof of Theorem 3.8. Let us prove that M, ag. s is weakly closed
in the affine space X, A 5. For this purpose, we consider a sequence (VZI’)E)%N of

elements of M, Ap . s weakly converging to some VPP in X AEre.s-

We denote by

HZF:E the Hartree pseudo-Hamiltonian obtained with the pseudopotential V;,f and by

&;fl’k its eigenfunctions of the form (3.15). We have for all k€N,

1 ~
sz77§A+Wk7 zk¢zlk GznzzleSZlk’ ||¢7zrfl=k||L2:1’

(5.17)
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L. l _
p r):Z Z Pznx il o)

TP ve=pek] T
=0 m=-—1

L

Wi = V. 1oc,k + Uk +ZPsz,z,sz-
1=0

Note that for all 0<I<I,, —I<m<I, and k€N, we haveqb TE=0n lonR \ B,
and
WAA(r)T,. () if [v| >,

Wil 1) (r) = 5
(WiedZ1)(x) {(‘/ZJOC,;C(I')+Uk(r)+Vz,l,k(r))¢2l7k(r) if |r| <re.

As €2,nt .l <0, v; >0 in R3, and ngbl,k”LQ =1 we obtain, using the Sobolev inequality
Jken, and Lemma 5.1, that for all

in R3, the boundedness of the sequence (||V,,
keN,

1~ ~ ~
B HV(bZZ,kH%? = (7K WldZ k) teznz

< / (Vasoess + Vo) |37 12 — / WA, [
B R3\

Tc Tc

< (Ve ock + Vel 2167 L0075+ IWAS | oo o3, )
<O+ VO,
where the constant C' is independent of k. This implies that for all 0<I <[, and all
—1<m<l, the sequence (¢7 ;) ren is bounded in H'(R?). We can therefore extract
from ((;Sz 1, ) keN a subsequence (gbz "I k,, Jnen Which Weakly converges in H'(R?) to some
function ¢> € HY(R3)NH;. As for all k€N, (/ﬁz k=0 40 R3\ B, , we can assume,

without 1055 of generality, that the convergence of (ngZ Lk )neN to ~Zfl also holds strongly
in LP(R3) for all 1 <p<6 and almost everywhere in R3. In particular,

VO<LI<l,, Y—I<m<l, V-UI'<m'<l, /5;*}151;7;,:5”/5%,,
R3

and the associated functions ]-NEZJ defined by (3.15) satisfy (3 16) and (3.18)-(3.20). We
also infer from the strong convergence of (¢ ; )nen to (bm in L?(R?®)NL*(R3) that

the sequence (pg, Jnen strongly converges in L'(R3)NL? (R3), hence in L5(R3) to the
function p defined by

l. l
A= D penr aloTa(0),

1=0m=-—1

which, in turn, implies that the sequence (vg, )nen strongly converges in C’, hence in
L5(R3), to the function v=px|-|~!. Lastly, as (V. ., )nen weakly converges to V.,
in Hg,.(B,,) for s>0, we can assume without loss of generality that the sequence
(Va ik )k en strongly converges to V., in L?(B,.). Passing to the limit in (5.17), we

obtain that the functions Ez,l satisfy

D B i)+ o)+ Vo) Rea(r) = s 4 Bea(r),
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To conclude that VF¥ € M, ap . s, we just need to show that

L oomy)(H Z Z \¢zz o, (5.18)

I=0m=-1

where HYP =—1 A4 VFP +o. If this was not the case, there would exists A< E; and
. 1
¢eH2(R3)m(span{ Zl,ogzgz,fzgmgz})

such that [|¢||z2 =1 and HEF ¢ = A¢. Consider, for n large enough, the function

6= (@Tk D) L2071k,

I=0m=-1
¢n: I !
H¢ Z BTk ®) 20Tk,
I=0m=-—1 L2
We have
1
b€ H2(R3)N (Span{ Zlk,Oglglz,flgmgl}) o onllz=1,  (5.19)
and
—2
(onlHLY |6 H¢ ZZ zlkn7¢ L2¢zlkn ()\+<</>|Vzkn VPlg)
I=0m=-—1 L2
/ Vg, —V (b Z Z €znzl, zlkna¢)L2‘ )

1=0m=—1

Using the weak convergence of VZP,S to VFY in X, ap,.s, the strong convergence of vy,
to v in L?(R?) and the strong convergence of (;52 Lk, O (bm in L?(R3), we obtain that

lim (¢n|HTY, |6n) =X

Together with (5.17) and (5.19), this implies that for n large enough, HT} has at
least (I,+1)2+1 eigenvalues in (—oo,E,), which contradicts the fact that Vj,f;e

M. AEr.s- Therefore, VFPP ¢ M. AE,r. s, Which proves that M, ap . s is weakly closed
m XZ,AE,T'C,S'

5.5. Proof of Lemma 3.9. The function ¢7Z,l7m is an eigenfunction of the
Schrodinger operator —2A+W, oo+ V., on L*(R3), with W, 100+ V., € HS(R?). By
elliptic regularity, (;Nﬁz)n,l € HT2(R?3), and therefore Ez)l € H:T2(R) in view of Lemma 3.1.
It follows from the unique continuation principle for nonnegative solutions of second-
order ordinary differential equations that R, ;>0 on (0,+00). The function R, ; is an
odd function which solves a differential equation, with regular singular point, of the
form

2y =11+ 1)y +Vi(r)y=0, with V;(0)=0. (520)
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Its indicial equation is
s(s—=1)=1(I4+1)=0,

with roots s1 =1+1 and sy =—I. Since s; — s3 =20+ 1 is an integer, Fuchs’ theorem [16,
30] states that the fundamental system of solutions of (5.20) is

{ yi(r)=r=p(r)

y2(r) =cp(r)r* In(r)+r*2q(r),
where p(0)#0, ¢(0)#0, and ¢ is a constant. As ys does not vanish at zero, Ez,l is
proportional to .

5.6. Proof of Proposition 3.10.  Observing that
_ 1 - 1 ~
Byse oo t¥) =Tr ( (=384 VE7)3) + 5 D(os.ps) + T G0+ 1)

allows us to follow the same lines as in the proofs of [5, theorems 5 and 12] (see also the
first point in [5, Section 5]). Indeed, the operator HE'" has the same spectral properties
as the operator Hy in [5], and the key property on the perturbation that we need to
proceed as in [5] is that there exists a constant C'€ Ry such that

Tr Fo+WNI<C (VX spee HIWler) [Flls, s (5.21)

for all (7,0,W) €611 x X, Ap.r..s XxC'. Let us prove that (5.21) actually holds true. On
the one hand, we have for all (7,W) e &1 x(’,
T GW)]=|Tr (1= 2)/2(1= 8)/25(1- 8) 21— )2 )|
<[ =A) "2 =2)PH(1=A) e, (1= 2) 2w
<[ A=) =A)2F(1 =8 le, I(1-A) 72 W s,
<ClAlle:: WllLe <ClAlle1 1 Wlers

where we have used the Kato—Seiler-Simon inequality [23] in the Schatten class
Se(L2(R?)) :={T € B(L*(R*))||T|lgs :=Tr(|T|®)*/® <oo}. Likewise, we have for all
(V,v) €611 X X2 AE re,s5

L2
ITr (Fv)| = ‘Tr <<v106+ZPsz> ﬁ)

=0

< ’Tr (1= 2) 200 (1- 2) 21— 8) 251 - 4)12) ]

L.
+2

=0

Ty (Pl(l—A)_l/Qvl(l—A)_l/zpl(l—A)l/zﬁ(l—A)1/2>‘

l

z
<ClHlle:, (IIvloclle + ||L2> <ClAllers vlix. am e
=0

where we have used that the P;’s commute with the Laplace operator and the fact that
for all we L*(R3),

1= A) 21— A) 2 < ]2 (1= A) 22 < lfw] 2 (1= 2) 7RG, < Cllwl e,
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by the Kato—Seiler-Simon inequality for p=4.

Proceeding as in the proofs of theorems 5 (non-degenerate case) and 12 (degenerate
case) in [5], we obtain that there exists 7> 0 such that for all (v,W) € B,(X. AEr..s) ¥
B,(C"), problem (3.27) has a unique minimizer ¥, 1w (VFF) and that, for each VFF e
M, AR s, the function (v+W) 5, w (VEF) is real analytic from B, (X. ABr.s)+
B, (C') to &1,1. Expanding v Fa(urw) (VET) as

k
’Ya(v+W) ’Y +Zak71(;+)W VPP)

the coefficients 7(]’ ) (VFPY in (3.28) are connected to the coefficients 7( ) (VPP in the
above expansion by the relation

k
k PP i ak—j~(3:k—7) (1, PP
W o (VEP) =3 ad B33 0 (VEF),
j=0
5.7. Proof of Theorem 3.11. It suffices to prove the results in the degenerate
case, since, in this setting, the non-degenerate case can be seen as a special case of the
degenerate case (take N, =0 in [5, Section 4]). We can also restrict ourselves to the
pseudopotential case, as the all-electron case works the same.
Let Vier € M AE r.,s De a reference pseudopotential fixed once and for all and M €
R ;. We are going to establish a series of uniform bounds valid for all V't € M. AE s
satisfying
IVEY = Vietllx <M. (5.22)

2, AE,re,s —

In the sequel, we will denote by Cj; constants depending on z, Ve, and M, but not
on VFP. Tt follows from the arguments used in Section 5.4 that the pseudo-orbitals
associated with VFF satisfy

<C
Jnax ‘rﬁlaé(ln¢leH1 M

which implies that ||p?]| 113 < Cas, and therefore that ||p2* || 7| L < Cir, from which
we infer that

Olglax W 10c + Vel a2 < Chr- (5.23)

Finally, using the Sobolev embedding H?(R?) < L>°(R?), and the fact that for all ¢ €
H2(R3), ||¢|ln < ||¢] 2, we obtain

Jnax Wéllaﬁzz”m < gmax ImaXHd> sallaz <Cwr (5.24)

Using the fact that WFP =WAA in P‘;C and the maximum principle for second-order
elliptic equations [9], we obtain that

max max ||¢m Vies el ‘/QHLOO <Cuy. (5.25)

0<I<l. |m|<l

Asin [5], we decompose L?(R?) as the orthogonal sum of the fully occupied, partially
occupied, and unoccupied spaces

L*(R®):=H; DH,p O Ha, (5.26)
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where H¢=Ran (1o o S(HET)), Hp—Ran(]l{ 0 }(HPP)) and
Hy=Ran(1 o pv+00)(H§P))’ and where P, P, and P, are the orthogonal projectors
from L?(R3) to Hg, Hp, and Hy, respectively. We then introduce

e the spaces
s = { Au € B(Hoe 1) | (Pu(HET = @) Pa) "/ A € B(Ho o) |
for x € {f,p}, endowed with the inner product
(Aue Bux) Ay = Tr (AL Pu(HE? = 0) P, Bo):
e the finite dimensional spaces
Ape:=B(He, Hp)  and  App:={App €S(Hp) [ Tr (App) =0}
e the product space
A= Aug X Aup X Apt X App,
which we endow with the inner product
(AB)a= > (AwoBudawt+ Y, Tr(AnBr,).
xe{f,p} xe{f,p}

Note that the decomposition (5.26), as well as the space A, depend on V. Following
[5, Equation (43)], let us first show that the continuous linear map

¢:C'— A
W s —(PaW Pe, PaW ByA, (2— A) P, W P, Py W By),

where A is the diagonal matrix containing the partial occupation numbers at the Fermi
level, can be extended in a unique way to a continuous linear map from C’+ L2 to
A’. We first observe that for all W€ C°(R?) (where C2°(R?) is the space of the C>°
functions on R? with compact support), and all A€ A,

|T1" ((PuWPf)*Auf>| = ‘TI" (PfWPuAuf)‘

_ ’Tr (PfW(HfP 1z

|H (Py(HFP — &) P12 A, )

where (HIF —€d)|,, Hy /2 denotes the bounded operator on L?(R?) block-diagonal in the
decomposition (5 26) identically equal to zero on Hf ®Hp and equal to the inverse square
root of the invertible positive operator (HLT — €9, ’,H on H,. As the space Ays consists
of finite-rank operators with rank lower or equal to N¢, the operator and trace norms
are equivalent on this space, and we therefore obtain

VAEA, |Tr(PWF) Aup)| < (B =L p) ™2 Py WL Aul| 4,
0

< (B =) ™2 max [Wonlz [ Aulae

where (¢n)1<n<n; is an orthonormal basis of H;. Similar arguments applied to the
other components of ((W) lead to

YW eCP(R?), [|C(W)|law<Crn  max_ Wl

0<I<I,, —1<m<l
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Using (5.25), we deduce from the above inequality that
YW eCERY),  [IC(W)llar <Cor W1z,
As ¢ is continuous from C’ to A’ (see [5]), we also have
YW eCE(R?), [IK(W)lla <CulWllersrz. (5.27)

The space C°(R?) being dense in C'+ L2, we obtain that the linear map ¢ can be

W

extended in a unique way to a continuous linear map from C’+ L2 to A’

Let us now consider a sequence (VZP,E Jken of elements of M, Ag.r. s which weakly

converges to some VP in M, Ap..s. As V. joc i coincides with —ﬁ +pY ox|-| 7! outside

B,.., we obtain that (Vf,f)keN converges to VFF strongly in M. AB,r.,s/2- To prove the

compactness of the mapping M, ap.. s3> VEF ;?‘(}[1/)%“ (VEP)e &, 1, it is therefore

sufficient to show that the mapping V' Hﬁl(/ll,)smk(vpp) is strongly continuous from

M ABr. s to &1 1 for any s>0. Let us therefore consider a sequence (V;’,f)keN of

elements of M, A . s which strongly converges to some VzPP in M, Agr.,sand M eRy
such that

supl|V2k —Veetx. ap,rc.0 <M.
Using [5, equations (42)—(43)], (5.27), the bound
IHZY (1= A) M| < Car,
and the fact that there exists 0 < cps < Chr < +oo such that
V(A A eAx A, (O(A),A) cm| A% and  (O(A),A") <Curl| A all 4[|,

where the bilinear form © is defined in [5, equation (59)], we obtain that
sup I (Ve < Car[Wlers 2. (5.28)

Let £>0 and W e C®(R?) be such that [|[W —WS%%|o,, 1> <e/(3C)), where Cyy is
the constant in (5.28). By the triangular inequality,

~ ~ 2 - ~
174y 5vam (VI ) =Ty kv (VED e < 5+ I (VER) =3 (VD)

2e
< —
,3+

lim 67" (Fyep e sw (V) 300w (V)

S

We then infer from the analyticity properties of the mapping (v, W)~ 5, w(VFF) (cf.
Proposition 3.10) that for k large enough, the second term of the right-hand side is
lower than e/3. Therefore, the mapping VZPPHWI(;/)SCN (VFP) is strongly continuous

from M, Ap,r. s to &11.

5.8. Proof of Theorem 3.12. Let (V;;f)keN be a minimizing sequence for
(3.33). As a>0 and J; is bounded below, the sequence (W;E)keN is bounded for
the norm |- |- defined in (3.32). As WE} coincides with WA* outside B, , we can

assume, without loss of generality, that (WZP Y )ken converges to some WEP :WZF: Pt



1350 A TYPE OF OPTIMAL PSEUDOPOTENTIALS FOR KOHN-SHAM MODELS

Z;;OPZVZJB, weakly for the norm |- || gs, and strongly for the norm || -||z7s—» for any
1n>0. We then have

1
SIWT . <timint J,(VEF). (5.29)

Reasoning as in the proof of Theorem 3.8, we obtain that the ground state density ps
of

1 1 _
inf{Tr (<2A+Vf;f> 7) + QD(pmm),veiCNz,v}

converges, when k goes to infinity, to some p in H*(R?), which is in fact the ground
state density associated with the self-consistent pseudopotential WY, This implies that

PP _ /PP ~ -1 PP ._1/PP = | |-1: s (o3
Vioe =W ock —pr*|-|71 weakly converges to VZ’IOC.—WZJOC—pﬂ |7t in Hf (R?).
. I
Therefore, (V' )ren weakly converges in X, apr.s to VI¥=VIE +>72 PV.,P,

which belongs to M, A . s by virtue of Theorem 3.8, and WPFP is the self-consistent
pseudopotential associated with VFF. Using (5.29) and the weak lower-semicontinuity
property of J;, we finally obtain that

J(V'7) <liminf J (V)

which implies that VFF is a minimizer to (3.33).

5.9. Proof of Lemma 3.13. Let (V;,f)keN be a sequence of elements
of M, AE.c,s weakly converging to VZPP in X, Agcs. By Theorem 3.8, VZPPG

M, AEr.,s and by Theorem 3.11, the sequence (ﬁ‘(,il,)smk(V;lf))keN strongly converges

~(1 . 1 1
to Vév)s,mk(VZPP) in &;,;. Consequently, (ﬁ{W)smk(V;lf))keN converges to ﬁ{W)Smrk(VZPP)

strongly in LS/5(R3), which implies that (Igs\s,, ﬁ{vz,)Stark(Vz}jzf ))ken converges to
Tgs\3,, ﬁ{wl/)smk(vzpp) in L%/°(R?) and, hence, converges in C, which implies that the
sequence of non-negative real-numbers (JtStark(Vzlf,f ))ken converges to Jotark(V PP,

Appendix A. List of the main symbols used throughout the article.
z: atomic number of the atom (atom z: atom with atomic number z);
Kn: set of admissible (one-body) density matrices with N electrons.

Functional setting:

H;=Ker(L?—1(I+1)): eigenspace of L? (square of the angular momentum operator);
Py: orthogonal projector on H; (in L?(R?) or any Sobolev space H*(R3));

(Y™)ien, —i<m<i: real spherical harmonics;

B, (H): open ball of the Hilbert space H with center 0 and radius 7;

B(H): space of bounded linear operators on the Hilbert space H;

S(H): space of bounded self-adjoint operators on the Hilbert space H;

S, (H): Schatten class of order p on the Hilbert space H;

&1, = {T €6, (L2(R?) NS(L2(RY)) | |V|T|V| € & (L2 (R%)) };

LP(R3), H?(R?), HIZC’T(R:S): spaces of radial LP, H*, H{  functions on R3;

L2(R), H:(R): spaces of odd L?, H® functions on R;

R: unitary mapping between H?(R?) and H?(R) (for any s>0);

C: Coulomb space, D(,-): Coulomb bilinear form (inner product of C); C’: dual of C.
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All-electron Hartree model:
EAA: all-electron energy functional of atom z (Hartree model);

IAA ) p2 40 Hartree ground state energy, density and density matrix of atom z;
HAA = —lA +WAA: all-electron Hartree Hamiltonian of atom z;

€ g Ferml level for atom z;
€5+ lowest jth negative eigenvalue of H; AA | counting multiplicities;
n.,: number of distinct negative elgenvalues of H AA =HM|y,;
€210 <€:21<-<€yn,, - cigenvalues of H
(pz n l)1<n<nz .- occupation numbers of the states with energies (€. n.1)1<n<n. ;;
(¢z,n,l>*mﬁl§m' Hartree orbitals associated with €, ,, ;;
R, 1 eigenfunction of the radial Schrédinger equation (3.4) associated with €, ;.

Pseudopotential model:

AFE=(E_,E;)CR: energy window partitioning core and valence electrons;
n; ;: unique integer such that €, n- 1 € AE;

N ¢, N, v: number of core and valence electrons of atom z (for a given AE);

g —min{l €N|nz 1+1=0}; 17 =max{0<I<Ilf|p,1,>0}; 17 <, <l};

VZPP . 106—1—21 o PV P (generic norm-conserving) pseudopotential for atom z;
V2 loc: local component of the pseudopotential;

p%: ground state pseudo- density of atom z (for a given VFF);

WEPP =VPP L 504 |7t =W, lochZl 0PV P: self-consistent pseudopotential;
W loc = Z,loc+pz*| |* : local component of the self-consistent pseudopotential;
HPP = —%A +WPEP: pseudo Hartree Hamiltonian;

~0

€ p: pseudo Fermi level (can be chosen equal to € p);
RZJ: radial part of the pseudo-orbital associated with R ons s

pY o, p2.: core and valence all-electron ground state densities;
7. =pg—pY: core pseudo-density; E. .: core energy;
e, core radius for shell [; re =maxg<j<;, rc;: core radius;
7'27 AR critical core radius for atom z and energy window AFE;
T Ap.e T2 Ape: (computable) lower and upper bounds of NI
’Z,A’E,TC,S’: set of admissible pseudopotentials for atom z,/energy window AFE, core
radius r. and Sobolev regularity s.
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