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AN IMPROVED RESULT ON RAYLEIGH-TAYLOR INSTABILITY OF
NONHOMOGENEOUS INCOMPRESSIBLE VISCOUS FLOWS*
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Abstract. In [F. Jiang and S. Jiang, Adv. Math., 264, 831-863, 2014], the author and Jiang
investigated the instability of Rayleigh—Taylor steady-state of a three-dimensional nonhomogeneous
incompressible viscous flow driven by gravity in a bounded domain € of class C2. In particular, we
proved the steady-state is nonlinearly unstable under a restrictive condition of that the derivative
function of steady density possesses a positive lower bound. In this article, by exploiting a standard
energy functional and more-refined analysis of error estimates in the bootstrap argument, we further
show the nonlinear instability result without the restrictive condition.
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1. Introduction

The motion of a three-dimensional (3D) nonhomogeneous incompressible viscous
fluid in the presence of a uniform gravitational field in a bounded domain QCR? of
C?-class is governed by the following Navier-Stokes equations

Pt +va:03
pvs+pv-Vo+Vp=puAv—gpes, (1.1)
dive =0,

where the unknowns p:=p(t,z), v:i=v(t,z), and p:=p(t,z) denote the density, velocity,
and pressure of the fluid, respectively; p >0 stands for the coefficient of shear viscosity,
g >0 for the gravitational constant, e3=(0,0,1) for the vertical unit vector, and —ges
for the gravitational force. In the system (1.1) the equation (1.1); is the continuity
equation, while (1.1)s describes the balance law of momentum.

We studied the instability of the following Rayleigh—-Taylor (RT) steady-state to
the system (1.1) as in [16]:

v(t,x)=0 and Vp=—gpes in Q, (1.2)
where the steady density p satisfies:

peC?(Q), ;Ielg{ﬁ(x)} >0, and 0y, p(z9) >0 for some xg €. (1.3)

It is easy to show that the steady density p only depends on x3, the third component
of . Hence we can denote p’:=0,,p for simplicity. Moreover, we can give explicitly
the associated steady pressure p determined by p. The third condition posed on p in
(1.3) means that there is a region in which the RT density profile has larger density
with increasing 3 (height), thus leading to the nonlinear RT instability as shown in
Theorem 1.1 below. RT instability is well known as gravity-driven instability in fluids
when a heavy fluid is on top of a light one.
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1270 AN IMPROVED RESULT ON RAYLEIGH-TAYLOR INSTABILITY

To investigate the RT instability of the system (1.1) around the steady-state (1.2),
we denote the perturbation by

0=p—0p, u=v-0, q=p—D,
then, (p,u,q) satisfies the perturbed equations:

or+u-V(e+p)=0,
(o+p)ut+ (0+p)u-Vu+Vg=pulAu—goes, (1.4)
divu=0.

To complete the statement of the perturbed problem, we specify the initial and boundary
conditions

(0,u)|t=0=(00,u0) in Q (1.5)
and
ulgo =0 for any ¢>0. (1.6)

Moreover, the initial data should satisfy the compatibility conditions wug|so =0 and
divug=0. If we linearize the equations (1.4) around the steady-state (5,0), then the
resulting linearized equations read as

Ot +ﬁ/u3 = 07
puy+Vq=nulAu— goes, (1.7)
divu =0,

where u3 denotes the third component of w.

Here we briefly introduce the research progress for RT instability of continuous
flows, please refer to [12,13,22,24] for incompressible and compressible stratified fluids,
and [3,14, 19, 20] for stratified MHD fluids. Instability of the linearized problem (i.e.
linear instability) for an incompressible fluid was first introduced by Rayleigh in 1883
[23]. In 2003, Hwang and Guo [15] proved the nonlinear RT instability of ||(¢,u)|z2(q)
in the sense of Hadamard for a 2D nonhomogeneous incompressible inviscid fluid (i.e.
1=0 in the equation (1.4)) with boundary condition u-n|gg =0, where Q={(x1,29) €
R? | —l<x9<m} and n denotes the outer normal vector to 9. Jiang et al. [17] showed
the nonlinear RT instability of ||us||z2s) for the Cauchy problem of (1.4) in the sense
of Lipschitz structure, and further gave the nonlinear RT instability of [Jus||z2(q) in [18]
in the sense of Hadamard in an unbounded horizontal period domain Q.

Recently, for a general bounded domain €2, the author and Jiang showed that the
steady-state (1.2) to the linearized problem (1.4)—(1.6) is linear unstable (i.e., the linear
solution grows in time in H2(Q2)) by constructing a standard energy functional for the
time-independent system of (1.7) and exploiting a modified variational method. Based
on the linear instability result, they further showed the nonlinear instability of the
perturbed problem (1.4)—(1.6) by a bootstrap technique under the following restrictive
condition (i.e., the derivative function of steady-density enjoys a positive lower bound):

inf {7 (2)}>0. (1.8)

The bootstrap technique has its origins in the paper of Guo and Strauss [10,11]. Tt
was developed by Friedlander et al. [5], and widely quoted in the nonlinear instability
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literature, see [1,4,6-9,21] for example. However the Duhamel’s principle in the standard
bootstrap argument can not be directly applied to show the nonlinear instability of the
problem (1.4)—(1.6), see [16] for the details. To circumvent this obstacle, The author
and Jiang used some specific energy error estimates to replace Duhamel’s principle, in
which the key step is to deduce an error estimate for (o9,u?) in L2(Q) (i.e the L?(Q)-
norm of difference between a nonlinear solution (o°,u’) to the problem (1.4)—(1.6) and
a linear solution (p*,u®) to the problem (1.5)—(1.7)) in the bootstrap technique. To this
purpose, they introduced a new energy functional under the condition (1.8) to avoid
the integrand term

t
| <@+t > (1.9)
0

since the energy estimate of Gronwall-type (see (2.3)) does not directly offer any estimate
for the term ((0° + p)ud),. Here <-,- > denotes the corresponding dual product between
the two spaces H; 1(Q) and HL(Q), and H, () represents the dual space of H}(2):=
{ue H(Q2) | divu=0}. Using the new energy functional, they can get a sharp growth
Vel +llulzq)” Thus, applying
this property to the process of specific energy error estimates, they easily obtained the
desired error estimate, and thus showed the nonlinear instability.

This article is devoted to canceling the condition (1.8) in the proof of nonlinear
instability in [16]. More precisely, we establish the following improved result by using a
standard energy functional and more-refined analysis techniques to deduce the error es-
timate for [|(0®,u?)||12(q) in the bootstrap argument, which will be showed in Section 3.

[43

rate A of any linear solution (g,u) in the norm

THEOREM 1.1.  Assume that the steady density p satisfies (1.3). Then, the steady-
state (1.2) of the system (1.4)—(1.6) is unstable in the Hadamard sense, that is, there
are positive constants A, mg, €, and &y, and functions (o,1o) € H*(2) x H%(RY), such
that for any 6 €(0,00) and initial data (0o,uo):=(000,0Ug) there is a unique strong
solution (o,u) € CO([0,T™), H?(2) x H?(Q)) of (1.4)—(1.6) with an associated pressure
qeCO([0,T™ax) H(Q)), such that

1o(T%) |2y, (w1, u2)(T0) |22y, llus(TO)|lr2e) >

for some escape time T := %ln 2e
mo

of existence of the solution (o,u).

5 €(0,7™%)  where T™* denotes the mazimal time

By virtue of [16], the key step in the proof of Theorem 1.1 is to establish a error
estimate

(0%, u")|| 20y < C3%e** for some constant C (1.10)
without the restrictive condition (1.8) (i.e., Lemma 3.1). Here we sketch the main idea

in the proof of (1.10) without the presence of (1.8). In view of the property of standard
energy functional (see (2.1)), A is also a sharp growth rate of any linear solution (o,u)

«

in the norm “, /[lo[I72 +[ull32 ()", see [16, Proposition 3.3]. When applying the sharp

growth rate of the standard energy functional to the process of specific energy error
estimates, we need to deal with the difficulty arising from the term (1.9). However, by
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a classical regularization method, we can show that
t
2 / <((&°+pyu)r uld > dr
0
t
- / (& + P ()2 — / (0°(0) + ) s (0) 2d + / / o |uf Pdadr,
Q Q 0 Q

Then, we can deduce from the error equations (see (3.9)) that

t
IV 95+ﬁU?(t)lliz+2u/ IIVUEIIQdeTZ/gﬁ’lug(t)|2d$+31 + Ra(t),
0

where the two higher-order terms R; and Ra(t) (see (3.14) and (3.15) for their defini-
tions) can be controlled by d%¢3A*. Using the definition of sharp growth rate, we can
further estimate that

t
IV/& + Pl ()2 +2u / IVul|22dr
<NVt (8)| 2+ AT (1) 20 + O33N,

Based on the estimate above, by more-refined analysis, we can further infer the following
Gronwall’s inequality

d -
FIVe +outO7: +pl Vel ()7

t
<2 (IVZT )13+ | 90 adr) 4 O,
0

Since 0® 4 p possesses a positive lower bound, we immediately get the desired error
estimate (1.10) from the Gronwall’s inequality above and the mass equation. We men-
tion that the author and Jiang [16] used another energy functional and the restrictive
condition (1.8) to deduce the following Gronwall’s inequality

d d|2 ~,,d|2 d|2 =,,d|2
7/ |Qﬁ| +p|u | d1‘§2A/ |Qf| +p|u ‘ dCC,—'—C(SBGgAt
dt o g o g

and thus obviously got (1.10) under (1.8).

Finally, we end this section by explaining the notations used throughout the rest
of this article. For simplicity, we drop the domain 2 in Sobolev spaces and the corre-
sponding norms as well as in integrands over €2, for example,

LP:=1P(Q), H*:=W+%(Q), H}:= H:(Q), /::/.
Q

In addition, we denote I7:=(0,T") and I :=[0,T] for simplicity.

2. Preliminaries

This section is devoted to introduction of two auxiliary results, which were estab-
lished in [16] and will be used to prove Theorem 1.1 in next section. The first result is
about the instability result of the linearized problem (1.5)—(1.7).
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PROPOSITION 2.1.  Assume that the steady density p satisfies (1.3). Then the steady-
state (1.2) of the linearized system (1.5)—(1.7) is unstable. That is, there exists an
unstable solution

(0,u,q) =™ (=70 /A,0,D)
to (1.5)~(1.7), where (0,p) € H?> x H' solves the following boundary problem
{A?5@+AV;3AMM+ gp'Tses,
divi=0, 7|pa=0
with the positive constant growth rate A defined by

A2= sup gfﬁ'wgdle};;f9|vw|2dx
BeHg S plw[*dz

(2.1)

Moreover, ¥ satisfies 13 0, 93 +93% 0 and

ﬁ/1~}3 E/é 0, (22)
where v; denotes the ith component of © for i=1,2,3.

REMARK 2.2.  The linear instability was showed in [16, Theorem 1.1] except (2.2).
However, we can easily get (2.2) by contradiction. Suppose that p'o3 =0, then

VI .2 e i\
J7liPds

which contradicts. Therefore, (2.2) holds.

[IV5|*dz
—— <0
Jolofdr ="

The second result is about a local existence result of a unique strong solution to
the perturbed problem (1.4)—(1.6), which enjoys an energy estimate of Gronwall-type,
see [16, Proposition 3.3] for the detailed proof.

PROPOSITION 2.3.  Assume that the steady density p:= p(x) satisfies (1.3). For any
given initial data (0o,u0) € H? x (H?>NH}) satisfying inf,cq{oo(x)+p} >0, there exist
a unique strong solution (o,u) € CO([0,T™*), H? x H?) to the perturbed problem (1.4)-
(1.6) with an associated pressure g € C°([0,T™**), H'), where T™** denotes the mazimal
time of existence. Moreover,

(1) u; € CO([0,T™2x),L?) and
0< inf {oo(z) +p} < inf {o(t,z) + p} <sup{o(t,z) + p} <sup{oo(z) +p} < +oo
€N €N €0 zeQ
for any t€[0,T™2x).

(2) there is a constant 0o € (0,1), such that if E(t) <8y on some interval Ir C
[0,T™2x)  then the strong solution satisfies

t
E2(t) + (e, V) (1) |22 + / (Tt ey, Vg ) [20dlr

<c, (s§+ / t ||<g,u>||i2dr) (23
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for any t € Iy, where we have defined that

E(1):=E((0.)(1) =/ le(t) 132 +I|u(t) 13-

Eo:=E((0,u)(0)) =1/lleoll7= + luolF2

and the constant C1 >0 only depends on i, g, p and 2.

3. Proof of Theorem 1.1
Now we are in a position to prove Theorem 1.1. To begin with, in view of Proposition
2.1, we can construct a linear solution

(') =M (o, ) € H? x (HXNHL) for each t>0 (3.1

to the equation (1.5) with an associated pressure ¢! = e @y, where gy € H', and (go, o) €
H? x (H?*N H}) satisfy

2ol £2[|%0s [ 2 | (@01, wo2) || L2 > O, (3.2)

€((20:10)) =/ llooll 72+ 0|12 = 1,

where ug; stands for the ith component of ug for 1 =1,2,3.

Denote (03,u8) :=8(00,0), and Ca:= ||(20,%0)| r2- Keeping in mind that the condi-
tion inf,cq{p(x)} >0 and the embedding H? < L, we can choose a sufficiently small
se (0,1), such that

M Sggg{gg(x)-&-ﬁ(x)} for any 6 € (0,5).

Thus, by virtue of Proposition 2.3, for any 5<5, there exists a unique local solu-

tion (o%,ud) € CY([0,T™2%), H? x H?) to the perturbed problem (1.4)-(1.6) with an as-

sociated pressure ¢° € C°([0,7™%) H'), emanating from the initial data (o},ud) with

E((05,ul)) =6, where T™2* denotes the maximal time of existence. Moreover,

lnfxeﬂ{ﬁ(x)}
2

0< < inf {o”(t,2) +p} (3.3)

and

Sug{g (t,)+p} < Sup{@o( )+0} < Cslleoll a> + 1ol - (34)
S

for any ¢ € [0,7™2%), where Cj is the constant from the imbedding H? < L°°.

Let C; >0 and &y > 0 be the same constants as in Proposition 2.3, and o € (0,1) be
a constant, which will be defined in (3.33). Denote do=min{d,dy}, for given § € (0,6),
we define

2
7%= Xln%>0 ie., 36N =2¢, (3.5)

T* :zsup{te ITmax | g((Q67U6)(t)) S 50 } > 0
and

CZ—VM< =Ssup {t S ITmax

| (0°,u®) (t)HL2 <25C5e™}>0.
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Then 7™ and T** may be finite, and furthermore,
E((° W) (T*)) =08y if T* < o0, (3.6)
| (0°,u®) (T*%)]|,, =20C2e™™"if T** < T2, (3.7)

Now, we denote Ty, :=min{7T? T* T**}, then for all t€ Iz,
estimate (2.3) and the definitions of T and 7™* that

we deduce from the

t
E2((¢" u®)(1)) +[|ud (B)]22 + / IVl |2adr

t
2
§016252(<éo,ao))+01/ | (0°,u)|| - dr
0
<C10% 440102621 /(20) < C402e2M (3.8)

where Cy:=C;+4C1C3/(2A) is independent of §.

Let (0%,ud)= (0%, u®) — (o', u"). Noting that (o*,u®):=0d(o",u')€C® ([O,—I—oo),H2 X
H?) is also a linear solution to (1.5)—(1.7) with the initial data (o), uj) € H*> x H? and
with an associated pressure ¢* =dq' € C°([0,400), H'), we find that (o%,u?) satisfies the
following error equations:

of +p'ug =—u’- Ve’
(0° +p)uf — pAut + Vgt = f0 — goles, (3.9)
divu? =0
with initial and boundary conditions
(0%(0),u%(0)) =0, u|an =0
and compatibility conditions
u4(0)]aq =0, divu(0)=0,
where we have defined that
¢"=¢" —q*€C(Iz,,,, H") and [*:=—(0’ +p)u’-Vu’ — o uf.
Next, we shall establish an error estimate for (¢9,u?) in L?-norm.

LEMMA 3.1.  There is a constant Cy, such that for all telp

min 7

1o, u)(B)[[Z2 < Cad®e®™. (3.10)

Proof. Recalling that (o9, u?)= (0%, u°)—(0%,u°), in view of the regularity of
(0°,u°) and (o*,u*), we can deduce from (3.9)y that for a.e. t € I,

min ?

dt
= / (ff — goles)ulde —2u / VP — / ol P, (3.11)

d
L@+ D) Pdr=2< (¢ +p)ud)eul > — / o lud Pda

and ||/ 0+ pud||z: € CO(I1,,.), please refer to [2, Remark 6]. Noting that

d [_ _
T p’\ug|2dx:2/p’ug8tugdx7
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thus, using (3.9)1, we can rewrite the equality (3.11) as

d _ _
G 1PN~ gpud P do 20 [ (9

:/(th—f—qu‘s'Vg‘seg—gfutd) udda. (3.12)

Recalling that ug(0) =0, thus, integrating (3.12) in time from 0 to ¢, we get

t
H\/Q‘S+ﬁU?(t)||i2+2u/ ||Vuﬁlli2dT=/gﬁ'lug(t)lzd$+R1 + Ra(t), (3.13)
0
where
m= | [+ plusas] (3.14)
t=0
and
t
Rg(t):/ /(2f7+29u6~Vg‘563—gfu§)-ufd:ﬂdT. (3.15)
0

Next, we control the two higher-order terms R; and Ra(¢). In what follows, we denote
by C a generic positive constant which may depend on u, g, p, A, Q, and (gg,%g). The
symbol a <b means that a <Cb.

Multiplying (3.9)2 by ud in L2, we get

/(95+ﬁ)IU?\2de=/(f‘s—ggdes +pAut) - ud.
Exploiting (3.3) and Cauchy’s inequality, we get

(@ +plut P 1157~ gotesla+ 1 8u (316)
By the definition of v, it holds that
1607 u?|| e = AT 6eM||i]| e for 0< K, j <2, (3.17)
thus, using (3.4), (3.8), Hélder’s inequality, and the imbedding H? < L°°, we have

17° —goesllZe Sllo®lZ +11(0” + A7 Nl 2 + 1”122 [l 1
Sllet||72 + 6% e (3.18)
Noting that ¢4(0)=0, Au?(0)=0, and §€(0,1), chaining the estimates (3.16) with

(3.18) together, and taking limit for ¢ — 0, we immediately obtain the following estimate
for the first higher-order term Rj:

Ra=ti [ (& +p)lut(0)ds
t—0

Slim ([ ()17 + | Au ()72 +8%e*) =6" < 6°. (3.19)
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Now we turn to estimate the most complicated higher-order term Ra(t). Recalling
the definition of Ry (t), we see that

:72/ / O ul + (0" +p)ul -Vl + (o + p)u’ - Vul | -uldadr

+/ /[29u6~Vg‘563—gi (2ui+u‘3+2u5-Vu5)] uddrdr
0
I:R2’1(t)+R272(t).

Using (3.4), (3.8), (3.17), Holder’s inequality, and the imbeddings H? < L> and H' <
L*, the integral term Rg1(t) can be estimated as follows:

t
Rz,l(t)S/ (e’ llz2 s L2 +11(2° + Pl poe [l 2 g | )| 2
0

¢
5/ 52T (5eM 4 ||Vl || p2)dT

0
1 1
¢ 3/ gt 2
<o3e3M 4 < / 54e4ATdT) ( / ||Vuf||%2d7) <533, (3.20)
0 0
To estimate the second term Rs(t), we use the mass equation (i.e. o) =—(u®- Vo’ +

p'u3)) and the formula of integration by parts to rewrite Ry o(t) as follows:
t
R (1) Z/ / [(u Vo +p'uf) (202 +ul +2u’ - Vul) +29u’ - Vo' es] - uldadr
/ / ot u3 (2u? +ul +2u’ - Vu )u —2g0°u’ -V, u3] dxdr

_2/ /[Q6u6V(Uﬁ+u6VU‘S)Ug—&-géuéVu(Ti(uf_—i—u‘SVué)]dxdT
0
:R2’2,1(t)+R2’2,2(t).

Similarly to (3.20), we can estimate that
' 5 5
d
Rya(t) S / (sl ez (el 2+l |2 + e ) ug 22 + Nl |2 0 || 2 |V Or | 2] dr
0

t
g/ (63387 (14-6eM7) + 0227 ||V O ud | 2] dT S 8330 (1 +de), (3.21)
0

and

t
Rz,z,z(t)§/0 1% Izl 2 (V70 2l ] 2+ [l | e ] 2
a2 Vsl 2 + 0 |32 | Vg | £2)d7

t
5/ [63e30T (14 0eMT) +62*M || Vul || 2] dr S 6%e3M (1 +0eM). (3.22)
0

By the definition of £g € (0,1) in (3.5),

5 < el <(5eAT <2 for any t € I,

min *

(3.23)
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Thus, summing up the estimates (3.19)—(3.22), we get
Ri+ Ry (t) =R+ Rg’l (t) + R2’2}1 (t) + RQ’Q’Q(t) ,S 63€3At7 (324)
which, together with (3.13), yields that
Vel 012 +2u/ [Vudl3dr< [ gnudPdar o5%
Thanks to (2.1), we have
/gﬁ'|u§|2dx §A2/ﬁ\ud|2dx+Au/|Vud|2dx
:Az/(95+ﬁ)\ud|2dx+AM/|Vud|2dx—A2/Q5|ud\2dx
§A2/(95+ﬁ)\ud|2dx+Au/|Vud|2dx+05363“.
Chaining the previous two inequalities together, we obtain
t
I+l Ol +2u [ [Vulladr

<AV 08 + pul ()22 4 Apl|Vud (t)]|2. + Co3e30L. (3.25)

Recalling that ud e C%(Ir,. ,H?) and Vu®(0) =0, thus, using Newton-Leibniz for-

mula and Cauchy—Schwarz inequality, we find that

Ap||Vul ()2, = 2A,u// Z 8x1u]811uﬂdacd7
Q

1<4,5<3
t t
<A [ 190 e [ Vular, (3.26)
0

where u denotes the jth component of ud. Putting (3.25) and (3.26) together, we
have

IV P 1) 3+ V(1) 3
§A||\/Q57+ﬁud(t)||%2 +2Au/0 ||Vud||%2d7+05363m. (3.27)
On the other hand,
SIVF Tt =2 [0+ ot o [allutfas
< I+ prud B+ AV + put B+ [ el s
and
[ettutPas— [ Vet pudlut P
:/(2g6u6-Vu —pudud) -uddz

3 3At
<o°e
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Putting the previous three estimates together, we get the differential inequality

d -
& 0 () + T D)2
t
<o (IVZT a3+ [ IV adr) 4 O,
0

Recalling that u? =0, thus, applying Gronwall’s inequality to (3.28), one obtains

(3.28)

t t
Vo8 +pu(t))|22 +p / [Vud||2.dr < e / (C53e38)e 20 dr <53 (3.29)
0 0

for all t<Ir,, , which, together with (3.4) and (3.27), yields that

t
lu ()17 + [l (D122 +/O IVt |[Z2dr 6% (3.30)

Finally, using the estimates (3.8), (3.23), and (3.30), we can deduce from the equation

(3.9)1, that

t
lo* )2 < / o2 adr

t
S [ Qe + 1096 12)ar
0
t
,S/ ((S%e%T—k&QeQAT)dTS(S%e%t, (3.31)
0
which, together with (3.30), yields (3.10). This completes the proof of Lemma 3.1. 0O
Now, we claim that
T = Tinin, (3.32)
provided that small €, is taken to be
_ % C3 mg 3.33
€0 mln{4,804,04 , (3.33)

where we have defined that mo=:min{||2o||L2, |T03]| L2, ||(To1,%02)| 2} >0 due to (3.2).
Indeed, if T* =T nin, then T* < co. Moreover, from (3.5) and (3.8) we get

5((@5,u5) (T*) <6eM < 5eM” =24 < do,

which contradicts with (3.6). On the other hand, if T** < Ty, then T** < T <T™ax,
Moreover, in view of (3.1), (3.5), and (3.10), we see that

L2

(0 u®) (T*)]| 2 <N(23,u3) (T 2+ [[ (7 u) (T7)

<8 ) (1) + VG2
§602€AT**+ /0463/263AT**/2SéeAT**(Cz+ /20450)

<25C5eM
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which also contradicts with (3.7). Therefore, (3.32) holds.
Since T° = Tiin, (3.10) holds for t=T°. Thus, we can use (3.33) and (3.10) with
t=T?° to deduce that

16°(T°) | 2 2105 (T°) )| 2 = |0 (T°) | 2 = 610" (T°) | 2 = [ 0 (T°) | 2
5 o g S
Z(;GAT ||§0||L2*\/07453/263A T°/2
>2¢0ll00| 12 — V/ 0463/2 >2moeg —/ 0453/2 > mpEq,

Similar, we also have
[u§(T?)| 2 > 2moeo — \/5453/2 >mgeo,

and
[[(ud, ud)(T°)|| 2 > 2mogo — / 0458/2 > mo&o,

where ul(T?) denote the ith component of u®(T°) for i=1,2,3. This completes the
proof of Theorem 1.1 by defining & :=myeg.
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