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TRANSONIC SHOCK SOLUTIONS TO THE EULER-POISSON
SYSTEM IN QUASI-ONE-DIMENSIONAL NOZZLES*

BEN DUANT, ZHEN LUO%, AND JINGJING XIAO$

Abstract. In this paper, we study the transonic shock solutions to the Euler—Poisson system
in quasi-one-dimensional nozzles. For a given supersonic flow at the entrance of the nozzle, under
some proper assumptions on the data and nozzle length we first obtain a class of steady transonic
shock solutions for the exit pressure lying in a suitable range. The shock position is monotonically
determined by the exit pressure. More importantly, by the estimates on the coupled effects of the
electric field and the geometry of the nozzle, we prove the dynamic stability of the transonic shock
solutions under suitable physical conditions. As a consequence, there indeed exist dynamically stable
transonic shock solutions for the Euler—Poisson system in convergent nozzles, which is not true for the
Euler system [T.-P. Liu, Commun. Math. Phys., 83, 243-260, 1982].
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1. Introduction
We consider the compressible isentropic Euler-Poisson system in quasi-one-
dimensional nozzle

(A(@)p)e + (A(x) pu)z =0,
(A(x)pu)i + (A(x)pu?) s+ Alx)p, = A(z)pE, >0, l<z<L,  (L1)
(A(2)E)e = A(x)(p— b(x)).
(

System (1.1) characterizes the propagation of electrons in submicron semiconductor
devices and plasmas (see [24]). Here u, p, and p represent the macroscopic particle
velocity, electron density, and pressure, respectively. E is the electric field, b(z) >0
stands for the density of fixed positively charged background ions, and A(x)>0 is the
cross-section area of the given nozzle (semiconductor device). The typical examples are
1D, 2D rotationally symmetric, and 3D spherically symmetric Euler—Poisson systems,
where A(z) are 1, x, and 22, respectively.

We assume A(z) is C* smooth, b(z) is continuous, and the pressure p satisfies:

p(0)=p'(0)=0, p'(p)>0, p"(p)>0, for p>0, p(+00)=-+o0.

For polytropic gas, p(p)=ap” with constant a >0 and adiabatic exponent v>1. The
sound speed is ¢(p):=+/p'(p). The flow is called supersonic if |u|>c(p); subsonic if

|u| <e(p); sonic if |u|=c(p). The Mach number M is defined to be M = |(“p‘)
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First, we study the steady transonic shock solutions to
(A(2)pu). =0,
(A@)pu2),+ A(w)pe = A@)pE,  I<a<L, (1.2)
(A(z)E)e = A(x)(p—b(z)),

with boundary conditions

(p,U,E)(Z):(pl7’LLl,El)7 (13)

and
p(L)=pr- (1.4)

Suppose at the entrance of the nozzle the flow is supersonic with positive density and
velocity, i.e.

w>\/p(p), >0, w>0. (1.5)

The transonic shock solution means a piecewise smooth solution of (1.2) with two
smooth solutions separated by a shock connecting a supersonic state on the left to a
subsonic state on the right. We give the strict definition as follows.

DEFINITION 1.1. Set

p—(x),u_(z),E_(x), I<x<rs,
p+($),U+(1‘),E+(1‘), rs<z < L.

(p7u7E)={

We call (p,u,E) a steady transonic shock solution to (1.2)-(1.4) if

(i) (p+,us,FEy) satisfy (1.2)—(1.4) piecewisely, with M_ >1, My <1, here M1 are
the Mach numbers.

(ii) The following Rankine—Hugoniot conditions hold at x =rs,

[pu] =0,
[pu® +p] =0, (1.6)
[E]=0.

In the previous works, many purely subsonic and supersonic solutions are obtained
for both one-dimensional and multi-dimensional Euler—Poisson system (cf. [2, 3, 5, 6,
26, 34] and references therein). However, for transonic shock solutions, there are only
a few results even for one-dimensional Euler—Poisson system. In the one-dimensional
case, A(z)=1, a transonic shock problem with a linear pressure p(p) =kp and special
boundary conditions was discussed in [1]. To study a general case, phase plane analysis
was given in [32], however, there is no result for transonic shock solutions. In [7], Gamba
constructed a transonic shock solution, which may contain boundary layers due to a
technical limit. A thorough study of the transonic shock solutions for one-dimensional
Euler—Poisson equations with a constant background charge b(x) = by was given by Luo—
Xin in [20]. The existence, non-existence, uniqueness, and non-uniqueness of solutions
with transonic shock were obtained and the discussion is based on the different cases in
category with respect to the boundary data and the physical interval length. Later on,
Luo-Rauch—Xie-Xin [19] investigated the structural stability of one type of transonic
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shock solutions obtained in [20] under small perturbations of the background charge
b(z), and they also proved that transonic shock is dynamically stable if the electric field
FE is not too negative at the shock position. For a viscous approximation of transonic
solutions in the two-dimensional case (see Gamba—Morawetz [8]).

In this paper, we extend the results on one-dimensional transonic shocks in [19, 20]
to the quasi-one-dimensional case and we expect this may be helpful for studying the
multi-dimensional transonic shock problem for the Euler—Poisson system. We first prove
that under specific assumptions on the supersonic data (1.3) and the nozzle length L,
there exists a suitable range [pmin, Pmaz] Such that the steady transonic shock solution
to (1.2)—(1.4) exists for any exit density p, lying in [pmin, Pmaz]. Moreover, the shock
position is monotonically dependent on the exit pressure (density). (See Theorem 2.8
for the details.) One major difficulty compared with the one-dimensional problem in [20]
is that the powerful phase plane analysis technique is not applicable due to the effect
of the geometry of the nozzle A(x) and the non-constant background charge b(z). We
rewrite the system (1.2) into an ODE system, which is degenerate in the sonic state, and
derive the existence of purely supersonic/subsonic solutions via the ODE theory. The
key comparison Lemma 2.5 implies the monotone relation between the shock position
and the exit pressure as well as the uniqueness of the transonic shock solution.

Secondly, we study the unsteady transonic shock solutions to the initial bound-
ary value problem (1.1), (1.3), and (1.4) with given initial condition which is a small
perturbation of any steady transonic shock solution (p,u, E)(x) with shock position .
Suppose at the shock position g, the coupled effect of the geometry of the nozzle A’ (xq)
and the electric field E(z¢) is not too negative, then the unsteady transonic shock so-
lution exists globally and approaches (p,u, F)(z) at an exponential rate as time goes to
infinity, which implies the transonic shock solution is dynamically stable in this nozzle.
(See Theorem 3.2 for the details.) The main idea of the proof is inspired by Section 3 [19]
and also see Remark 7 [19]. First, we introduce a non-trivial transformation to refor-
mulate the problem into a second-order quasilinear hyperbolic equation. The linearized
problem resembles a Klein—-Gordon equation. Under our assumptions on the coupled
effect of the geometry and the electric field, we are able to prove the exponential decay
of a non-trivial energy functional for the solution to the linearized problem. Finally
the uniform a priori energy estimates for the original nonlinear problem, together with
the local existence result yields the global existence of the unsteady transonic shock
solutions.

It is interesting to compare our result with the transonic shock solution for quasi-
one-dimensional Euler system

{ (A(z)p)e + (Alz)pu)e =0,

(A(x)pu); + (A(x) pu?) s + A(z)ps =0. (L.7)

where p, u, and p denote, respectively, the density, velocity and pressure, and A(x) is
the cross-sectional area of the nozzle. In [16], a wave front tracking variant of Glimm’s
scheme was used by Liu to prove that when |A’(x)/A(x)]| is small, a weak transonic shock
is dynamically stable if A’(z) >0 and dynamically unstable if A’(zg) <0, where x is the
shock position. The smallness assumption was removed later by Rauch—Xie—Xin [28]
and they proved the exponential decay estimates for the transonic shock solution in
divergent nozzle. Since the effect of the electric force in the Euler-Poisson system has a
similar stabilizing effect as geometry of divergent domain in the Euler system, we prove
the dynamic stability without restriction A’(x)>0 in [16] for Euler system. The key
issue in the analysis is the comparison between the stabilizing effect and destabilizing
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effect from the electric force and the geometry of the nozzle, and the balance of the two
effects make the transonic shock solution stable.

The rest of this paper is organized as follows. In Section 2, we construct a class
of transonic shock solutions to (1.2)—(1.4), and the monotonic dependence between the
shock location and the exit density is shown in Theorem 2.8. Section 3 will be devoted to
the dynamic stability of the transonic shock solutions and Theorem 3.2 will be proved.

2. Steady transonic shock solutions

In this section, we investigate the existence of steady transonic shock solution to
(1.2)—(1.4) under suitable assumptions on the boundary data and the nozzle length. To
obtain the main existence result we need the following lemmas.

LeEmMA 2.1 (Local existence of supersonic/subsonic solutions). For any fized y>1 and
for any given supersonic/subsonic state (py,u., Ey) at y with p, >0,u. >0, there exists
L, determined by p., us, Ey, 1, b(x), A(x), and y such that the initial value problem

(2.1)

equation (1.2), fory<xz <L,
(p,U,E)(y) = (p*au*aE*)a

has a unique supersonic/subsonic solution (p,u,E)(x) on [y,L,).

Proof. A Direct computation from (2.1) shows that, a smooth non-sonic solution
(p,u, E) satisfies

2—u?2  Az) 2—u?’ (2.2)
_ A=)
r= iy PP

(P, E)(y) = (pss s, E).

By the local existence theory of ODE system, one can defined L, to be the lifespan of
the supersonic/subsonic solution (p,u,F) to (2.2). O

REMARK 2.2.  Consider problem (2.1) with given supersonic initial data (p;,u;, Ep)
at [ satisfying (1.5) and let L; be the lifespan of the corresponding supersonic smooth
solution (p,u,F)(x). Then (1.2); implies that

A(x)p(z)u(x) = A(l)prug=:J > 0. (2.3)

Therefore, any smooth solution must satisfy p(z) >0, u(z)>0. Furthermore, we claim
that for finite Ly, the smooth solution (p,u, E)(z) is sonic at = L;, which can be proved
by contradiction.

More precisely, suppose the smooth solution is supersonic on [I, L1], then the solution
blows up at x = L by the property of lifespan. Solve the equation m =¢(p) for p and

denote the smooth solution as ps(z), which is the density for the sonic state. Then the
flow being supersonic is equivalent to p < ps(x). Note that ps(x) is bounded on [I, L],
thus p and E are uniformly bounded at L;. Next, from (2.2)9, the velocity u satisfies
the estimate |u,| < u;‘flc2 <uC3 where C1,C5,C5 are constants depending on the bound
for p, E, and A(x). This estimate implies u grows at most exponentially, and therefore
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is bounded at L;. The boundedness of the smooth solution (p,u,FE)(z) at L gives a
contradiction to the blow up phenomena, by which, we finish the proof of the claim.

LEMMA 2.3.  Let (p—,u—,E_)(-) be the smooth supersonic solution to problem (2.1)
with initial data (py,u, E;) at x=1. For any point x €[l,Ly), the left supersonic state
(p—,u_,E_)(x) is fized. Then there exists a unique right subsonic state (pi,uy,E)(x)
such that the Rankine—Hugoniot conditions (1.6) hold at x.

Proof. According to Rankine-Hugoniot condition at x, we have

pr)m(x)zm(x)m(x)zﬁ,

p (@) () +plps) = p—(@)u_ () +p(p),

that is,

2 2
! +p(p+)=ﬁ+p(m) and  E(x)=E_(z),

A2(z)py

where J is as in (2.3). For fixed z, define F(p)= ﬁ;p—i—p(p)7 which is decreasing in
(0,ps(x)) and increasing in (ps(z),+00), where ps(z) is the same as the one in Re-
mark 2.2. Moreover, F' increases to infinity as p increases to infinity. Thus, for given
p— < ps, there exists an unique py, such that F(p1)=F(p_) and p_ < ps(x) < ps. De-
note the solution pi by s(p—(z),z) and set t(u_(z),z)= m, then the unique
right state is (s(p—(z),2),t(u_(x),z), E_(z)) which is subsonic, since s(p_(z),x) > ps.0

REMARK 2.4. For fixed supersonic initial data (p;,u;,E;) satistying (1.3), by
Lemma 2.1 we can always solve the IVP (1.2)-(1.3) to get a supersonic solution
(p—(z),u_(z),E_(z)) on [l,s] for any s€[l,L;]. Then we obtain the right state
(p+(s),us(s),Er(s))=(s(p_(s),s),t(u_(s),s),E_(s)) according to Lemma 2.3. Now
fix a s€ll,L;], by Lemma 2.1, we can solve the problem (1.2) with initial data
(s(p—(s),8),t(u_(s),s),E_(s)) at s to get a subsonic solution (p4 (z),u4(z),Ey(x)).

In the rest of this section, we will suppose L < Ly, where L; is defined as in Re-
mark 2.2. Next, we will discuss the relation between the exist density pi (L) and the
shock position s.

LEMMA 2.5 (Monotone Dependence). Let
() ) ) ,
(p<¢>’u(i>7Eu))(x):{(P yul, B2 () I<z <y,

(pﬁ),ugf),ES:))(x) r;<x<L,
i=1,2 be two transonic shock solutions to (1.2) with given supersonic initial data

(pr,ur, Ep) at =1, and p(l)(l):p(z)(l):pl, u(l)(l):u(Q)(l):ul, E(l)(l):E(Q)(l):El,
T1 <xo. Assume

u (x)t(uf)(x)w) >0, V&€ [r,xe], (2.4)

then we have

pI(L)> p ) (L).
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Proof. Define E,(x) on [z1,22] to be the solution to
{ (A(2) Ea)o = A(@)(s(p?) (2),2) =b(x)), € [21,22],
Eo(1)=EW (21)= Y (21) = E® (21).
Then we have

{ (A(@)(BY) — Eo))a=A(x) (0P —5(p® (2),2)) <0, welar,as),
(E® — E,)(21)=0,

since p® < p, <5(p£2),m) and therefore E,(x) > E(f)(x), x € [z1,22).

Differentiating the equation of 5(p£2) (x),x)

() J? @) J?
ps(pl(x),x))+ =p(p (1)) + ———,
el ) A2 (2)s(p? (x),) =) A2(2)p? ()
with respect to x, it holds for x € [x1,22] that,
dﬁ(p(_2)(x)7:v) , (2) J2
—— | (s(p(2),x) - ———m——
o (s(p=" (2),2)) FERPCIEY
o (2) (2) 2A/J2 A/J2
=B TR
As(p (), @)  A3p(x)
Al(x A J? A'J?
—® (E(” @ @) + -
() A35(pP (2),2)  A%p® ()
(2) <E(2) (x )(x)f( (2)( ),2) )+ AT . AT
Afa) " A3s(p? (2),2)  A3p) (a)
Al(x A’ A'J?
<Ea+A() <2><x>t<u<f><x>,x>)+ ® iy m 45,0
(@) A3s(p? (z),2)  A3pP ()
A/JQ

@) Bot— 2
—slo=whnFat s(p? (2),2)

where the assumption (2.4), the fact pg)( ) <5(,0( )(x) x) and E® )( ) < Eq(x) are used.
Therefore,

ds(p? (2),2) 1 @) A2
= 2 2 ( ( — (I),z)Ea+2—)7
da P00 @).0) - s W TP @)
dE,  Al(x) o
B = A Detslo= (@)0) = b(@),
5(p(,2)(1‘1),1‘1):p$)(x1)) Ea(xl):Esrl)(xl).

(2.5)
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Note that (pg_l)(sc),ES_l)(x)) satisfies

ap) _ 1 GWED L AT
= + Dt :
dx p’(pgrl)) AZ:IQ(I) 3PS_1)
Py

1 2.6
dE—(G-) :_Al(ﬁ) EW -I-p(l) —b(z) (2.6)
dx Az) * ’

P (1) =pP (1), B (1) = B (2),

then by the idea in [19], one can apply the comparison principle for ODE system to
(2.5)—(2.6) and obtain

s(p? (@),2) <pV (@), Ealz)< B (2), 2€(@1,m2]. (2.7)

Therefore, p\” (x2) =5(p' (x2),72)) < p (w2) and B (w2) = B® (w2) < Ba(22) <
Esrl)(.’lfg). Note that (pg),Eg)) and (p(f),E(f)) satisfy the same ODE system on [z3, L],
thus

p(L)>pP (L) and EMV(L)>EP(L) (2.8)
by the comparison principle again. 1]

REMARK 2.6.  We give another proof to (2.7). First, systems (2.5)—(2.6) give

ds(p® (z),) dpl
& @)<—g @),

which implies that there exist a xz3€ (x1,22] such that 5(p(2) (x),x)<p$)

h (z) for x€
(21,23)]. Thus,

(A(Eo— B (2) = A(s(p® (w),2) — p) <0, 2 € (w1,4],

and therefore E, (z) < Eg_l)(:z:) for © € (z1,23]. Define

" =sup{xs € (x1,22] :s(p(f)(x),x) < pgrl)(w),for z € (z1,23]}

If 2* < xq, then (2.7) holds for x € (x1,2*) with 5(p£2) (x*),x*)) :pgrl)(m*), Ey(z%) <

E.(l)( . q ds(p® (@),@) , . dp, he other h il
1 (x*), and ————(2*) — —(2*) > 0. On the other hand, (2.5) and (2.6) imply

ds(p@(2),2) . dpl |
& @) g @<l

which leads to a contradiction. Thus z* =x9 and (2.7) holds for x € (z1,22). By using
the same contradiction argument, (2.7) is true at z=ux,.
Finally, (2.8) can be proved by the same contradiction argument again.

REMARK 2.7. The assumption (2.4) is essential to guarantee the monotone relation
between the position of transonic shock and the exit density. Thus, in order to obtain
the following main existence theorem, we assume the upstream boundary data satisfies
the following condition,

A'(l)
A(l)

E+ ult(ul,l) >0. (2.9)
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Now we state our main result for this section:

THEOREM 2.8. Assume the upstream boundary data (p;,u;, E;) satisfies (1.5) and
(2.9). Then there exists a constant L* = L*(py,u;, By, A(x),b(x),l) such that if the nozzle
length L < L*, then there exist two constants ppin,Pmaz Such that the boundary value
problem (1.2)—(1.4) with p, € [pmin,Pmaz] has a unique transonic shock solution on
[[,L]. Moreover, the position of the transonic shock depends on the exit density p,
monotonically.

Proof. For given supersonic state (p;,u;, E;) at =1, let L; be defined as in Re-
mark 2.2 and the corresponding supersonic solution be (p_(x),u_(x), E_(z)). Assume

L< Ly and for any x in [[,L], the function F_(x)+ f:'((;«‘))uf(x)t(u,(x),x) is continuous

with respect to x. Since the upstream boundary data satisfies (2.9), we can define

A'(z)
A(z)

Lo ::sup{y: E_(z)+ u_(z)t(u_(z),z) >0 for all z€ [l,y]}.

[, L]

It is clear that Lo > 1.

Next, suppose [ < L<min{Ly,Ls}, and the shock occurs at the entrance [. By
Lemma 2.1, we obtain the local subsonic solution (p, (z),u!, (z), E (z)) to the problem
(1.2) with boundary data (s(p;,1),t(u;,l), E;), whose lifespan is denoted by Lg > 1.

Set L*=min{L;,Lo,L3}, and let I<L<L*  As in Remark 2.4, for any
shock position s€[l,L], one can solve the IVP (1.2)-(1.3) to get the supersonic
solution (p_(z),u_(z),E_(x)) on [l,s], and then obtain the right subsonic state
(s(p—(s),8),H(u_(s),s),E_(s)) by Lemma 2.3. Next, we solve the problem (1.2) with
boundary data (s(p—_(s),s),t(u_(s),s),E_(s)) at s to get a local subsonic solution
(p%(z),us (x), B3 (z)). We claim that such local subsonic solution exists on [s, L]. To this
end, we apply Lemma 2.5 to compare (p%.(z),u%. (z),E% (x)) with (o' (z),u!, (z), B (2))
and deduce that p% (z)<pl (z). Similarly, we have p%(x)>s(p_(z),2))>ps(z) for
x€[s,L]. Therefore, p% (x) never blows up or touches sonic state for x € [s,L], and
as a consequence, the subsonic solution exist upto L.

Denote by pmin the exit density corresponding to s =L and by ppq. to be the exit
density corresponding to s=1. Then, if p, € [pmin,Pmaz], We can find a unique shock
front s such that (1.2) -(1.4) has a transonic shock solution on [I,L] and the shock
position depends monotonically on the exit density p, by Lemma 2.5. ]

REMARK 2.9. In the proof of Theorem 2.8, Lj is the lifespan of the subsonic solution.
It is not clear whether the solution blows up at L3 or the sonic state occurs first. In
contrast, for the supersonic solution, by Remark 2.2, the sonic state occurs before the
blow up of the solution.

REMARK 2.10. The background charge b(x) does not need to be a constant, and there
is no restriction on b(z) < ps(x) or b(x) > ps(x) as in [20].

3. Dynamical stability of transonic shock solutions
Denote (p,u,E)(z) to be the steady transonic shock solution to (1.2)—(1.4) with
shock position xy. Suppose the solution is away from vacuum

inf p(x)>0. 3.1
zgﬁ’L]p(w) (3.1)
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Consider the initial boundary value problem of system (1.1) with boundary condi-
tions

E)(tl)= E
(p,u, B)(t,1) = (p1,u, Ey), (3.2)
p(t,.L)=pr,
and the initial condition
(p7u’E)<O’$) = (pO’UO’EO)(x)' (33)
Assume the initial data (pg,uo, Eo)(x) with the form
g )(x), if l<x <o,
(pO;UO)(x): (pO 0 )( ) o 0 (34)
(pot,uos)(z), if Zg<z <L,
and
Eo(a)=Ei + / (po(s) —b(s))ds, (3.5)
1
is a small perturbation of (5,1, F)(z) in the sense that
|0 —Zol + [|(po+> w0t ) — (P, U )| v +2 ([0, 1)) (3.6)

+l(po—,uo-) = (P, u )l mrr+2((1,307) <

for some small constant € >0, and some integer k>15, where #o=min{xg,Zo} and
ZFo=max{xg,Zo}. Moreover, (pg,ug,Fp) is assumed to satisfy the Rankine-Hugoniot
conditions as =1,

(((po+) +po+ugs. — (P(po-) +po-uj_)) - (po+ — po-) (o)
=(po+uo+ — po-uo-)* (o). (3.7)
We will study the global existence and asymptotic behavior of the transonic shock
solutions to the initial boundary value problem (1.1), (3.2), and (3.3). The transonic

shock solutions are time-dependent piecewise smooth entropy solutions, which are de-
fined as follows.

DEFINITION 3.1. Assume

p—(t,x),u_(t,z),E_(t,x), <z <s(t),
p+(tx)ug (t,z), By (t,x), s(t)<ax< L.

(p7u,E)(t7£E)={

Then we call (p,u, E)(t,x) a piecewise smooth entropy solution to (1.1), (3.2)-(3.3) if:

(i) (px,us,Ey) satisfy (1.1), (3.2)—(3.3) piecewisely, with M_>1, M, <1, where
M is the Mach number.

(ii) the following Rankine—Hugoniot conditions hold at x=s(t),

t,s(t)+) — (p(p) + pu®)(t,s(t)—)
= (pu(t,s(t)+) — pult,s(t)—))s(t),

pu(t,s(t)+) — pu(t,s(t)—) = (p(t,s(t)+) — p(t,s(t)—))5(t),
E(s(t)+,t) = E(s(t)—,1).

(3.8)
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(#1i) the Lax geometric entropy condition holds,

(u=vp' (p)(t,5(t)=) > 5(t) > (u—/p'(p))(t,5(t)+),
(utv/P'(p))(t,s(t)+) > ().
The dynamical stability result in this paper is the following theorem.

THEOREM 3.2.  Let (p,u,E) be any steady transonic shock solution to (1.2)-(1.4)
satisfying (3.1). Then there exist positive constants 8, eg depending on (p,u,F,A,b,l,L)
such that if e<ey and

E_(zg)+ U_(z0)t4 (zg) > —0, (3.9
and if the initial data (po,uo,Fo) satisfies (3.4)-(3.7) and the (k+2)th order compat-
ibility conditions hold ot x=1, x=x¢ and x=L, then the initial boundary value prob-
lem (1.1), (3.2)-(3.3) admits a unique piecewise smooth entropy solution (p,u,E)(x,t)
for (t,x) €]0,00) x [I,L] containing a single transonic shock x=s(t) (1<s(t)<L) with
s(0)=Zo. Furthermore, there exist Ty >0 and A>0 such that

(p—yu_,E_)(t,x)=(p_,ui_,E_)(z), for I<z<s(t), t>Tp
and

(s t5) () = (P54 ) O lwro0 s,y + 1 B (58) = B () w600 (a(1), 1) < Cee ™,

k—6
D107 (s(t) = wo)| < Cee™,
m=0

for t>0, where (py,u+,Ex) are the solutions of the Euler—Poisson equations in the
associated regions.

REMARK 3.3. The compatibility conditions for the initial boundary value problems
for hyperbolic equations were discussed in detail in [21,25,29].

3.1. Formulation of the problem. It follows from the argument in [14] that
there exists a local piecewise smooth solution containing a single shock x=s(t) (with
s(0) =Zy) satisfying the Rankine-Hugoniot conditions and Lax geometric shock condi-
tion (3.8) of the initial boundary value problem (1.1),(3.2)~(3.3) on [0,7] for some T >0,
which can be written as

(p,u,Exx,t)—{(p’“’E% it << (1)

(p+au+7E+)? lfS(t) <z <L.

Note that, when ¢>Ty for some Ty >0, (p—,u—,E_) depends only on the boundary
conditions at z=1[. Moreover, when ¢ is small, by the standard lifespan argument, we
have Ty <T (see [14]). Therefore,

(p—u_,E_)=(p_,u_,E_)fort>Ty. (3.10)

Without loss of generality we assume 7o =0. Then the key point to extend the local
solution to global solution is to obtain uniform estimates in the region x> s(t),t>0.
First, from the Rankine-Hugoniot conditions (3.8) one has

[pu® +pl[p] = [pu]?,
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which is equivalent to

J2 (t,s(t J2(t,s(t
(p<p+><t,s<t>>+ A2<S(;)()pf(t)fs(t)) p(o)(t,5(1)) Ag(s(t)()p<(t)”s(t)))-<p+—p_>
(J+<t,s<t>>J_<t,s<t>> .
AG(D) ’

where J(t,2) = A(x)p(t,z)u(t,x). It follows from (3.10) that,

J(t,s(t)—)=J=A)pu.

Then the Taylor expansions and the Rankine-Hugoniot conditions imply that

72
{p’(ﬁ+)(8(t))(p+(tvs(t)) —p+(s(t) - fé,oi(s(t)) (1 (t5(t) =1 (s(1)))
2.J . J?

+ 5 (6 (Ja(t() = T(s(1) + 0a(p(ps) + =

)(wo) - (5(8) - 0)
j2
0u0(p-) + gy ) (5(0) ~20) + B | (7 20) = p-(a0) + o)

Ri=0((p4—p4)*+(J4 = J)*+(s(t) —z0)?),
Roy=0(|p+ —p+|+1(s(t) —x0)I).

Thus, by the implicit function theorem,

(T =) (t5(8) = A ((ps — 1) (1,5(8)), () = 20), (3.11)

where A; is considered to be a function of two variables satisfying .4;(0,0) =0 and

¢| 0.0 :,M(gjo)
Aps—ps) "7 2ty 7
0A; o A AFE
8(5_1_0)|(0,O)__(p+_p*)( 2 2a+)(x0)

Substituting (3.11) into the Rankine-Hugoniot conditions yields

s'(t) = Az(p+ — p+,5(t) —20), (3.12)
where Aj satisfies A5(0,0) =0 and
P (py) —ud DAy Au_ By

0A;
_ 92 o), —_(4u=
a(PJr—ﬁJr)‘(O’O) 2ﬂ+(ﬁ+—ﬁ—)( o) 8(&‘9(t)—330)|(0’0) ( 24 2uy

It follows from (1.1)3 that

s(t) z

A(x) By (z,t) = A(l) B + l A(y)(p——b)(y)dy+/(t)A(y)(p+—b)(y)dy
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for s(t) <z < L. The equation (1.1); and the Rankine-Hugoniot conditions (3.8) give
O(A(z)Ey)=—J4(t,x)+J.

Let Y = A(x)(E4 (z,t)— E4(x)). Then
Yi=J—Jp, Yo=Alps —ps).

Therefore, it follows from (1.1) that

(=) Y, _ YY,
Y iy e A 0. )—p(p — Y.E 0+Y =0.
Or +aw<Aﬁ+ A,5++YI)+ 8I<p(9+) p(p++ A)>+ ey +pp Y + 1 0
(3.13)
Set £ =(&p,&1) = (t,z), then we have
Z aij(2, Yy, Ye)0iY + Z bi(x,Y:,Y,)0;Y +&(x,Y;,Y,)Y =0, (3.14)

0<i,j<1 0<i<1

where @;;, b; and ¢ are smooth functions of their arguments, and satisfy

LoY= > a;(2,0,000;Y + Y bi(2,0,000;Y +¢(x,0,0)Y
0<4,5<1 0<:i<1

Y, - 2J _ _
) = 0p (U3 Yy) +0n (== Y2) + EL Yy + L Y.

=04 Y +A0,(p' (py)— =
tt ( (P+)A A

Furthermore, the Rankine-Hugoniot conditions (3.11) and (3.12) yield
Ya
Yt:—Al(Z,s(t)—a:o), (3.15)
and
s—ap). (3.16)

Direct computation yields

Y(s(t),t) = A(s(t)) (Ex(s(t),t) — E1(s(t)))
= (02(AE_) = 05 (AEL))(w0) - (s(t) —w0) + O((s(t) —20)?).

Then from (1.1)3 one has

s(t) —zo=As(Y (,5(t))) (3.17)
with A3(0)=0 and %42 (0) = m(mo). It follows from (3.15) and (3.17) that
Y =A4(Y,,Y), at x=s(t), (3.18)
where
B 6.,44 o C2 (,64_) —’IZ%’_ 8A4 E+ Alu_
A4(O7O) =0, oY, (0,0) - 2y (Jfo), Y (070) —2ﬂ+ (1’0) - 24 (.730)
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Note that on the right boundary, x =L, Y satisfies
0,Y =0, at = L. (3.19)

Our goal is to derive uniform estimates for Y and s which satisfy (3.14), (3.17)—(3.19).
To transform the problem to the fixed domain [z, L], we introduce the transforma-
tion

Set
ql(f’a):l/—io_—ja(f)’ q2(0) Lo
Then (3.13) can be rewritten as
o"(0)q10:Y
1(1))2
maﬂ

i) 5 Vi J? J=Y;+o' (D)1 Yz)?
+AQ235(p(p+)p(p++q2;4 ))+q2856< (J=Yi+o' (o ))

@YYz
A

=07Y + (q10'(£))?0::Y — 20" (1)1 05 — 1

Apy P++a2Yz
+p1Y + E+q20:Y +

By straightforward computation, the equation (3.17) becomes
o=A3(Y (t,2=u1yp)). (3.20)
The equation for the shock front, (3.16), becomes

1 — a2 (i),

Applying (3.20) in order to represent the quadratic terms for o in terms of Y, at & =z,
we have
do E+ A/ U_

Eﬂ’(%@ Y

Nz0) =C2(Y5,Y), (3.21)

where Cy satisfies

Apy) —at

C YCE7Y +f
2 ) 2(p+ —p-)us A

(20)Yz| <C(YZ+Y?).

It follows from (3.20) and (3.21) that one can represent (o,0’) in terms of Y and the
derivative Yz at & =xg. Thus, by (3.18), (3.20), and (3.21)

ng:Cl(Yj,Y), at SE':LE().
Or, equivalently,

Yj:C3(}/%',Y)7 at:i‘:l'o,
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where C3 satisfies

%ty B At
Cs(ny)*m(xo)Yf*m(xo)y <SC(F+Y?).

We drop ~ both in # and £ for simplicity. Then the original problem can be formu-
lated into the following compact form

L(z,Y,0)Y =0"(t)q10,Y, (t,z)€[0,00) x [z, L],
0. Y =d1(Y1,Y)Yi+e1 (Y2, Y)Y, at x =z,

0.Y =0,atz=1L,

o(t)=As(Y(t,20)),

where, by using &, and &; to denote ¢t and x, respectively,

(3.22)

1 1
L(x,Y,0)Z= a;j(z,Y,VY,0,6")0;Z+ Y bi(x,Y,VY,0,0)0;Z

i,j=0 i=0

+9(2,Y,VY,0,0')Z

with
1 1
803 aCS
di(Ye,Y)= —(0Y;,0Y)dé Y., V)= 0Y;,0Y )do.
1( ty ) 0 a}/t( ty ) 761( ty ) 0 3Y( ty )
Furthermore, one has £(x,0,0)Z =LyZ, and
J
aOO('raKvKO'7OJ) = la aOl(an707070) :alo(xa0707050) = H :ﬂ+a
+

a11(2,0,0,0,0) =— (*(p4) — %),
. 2y 2y, AC(py)
bO(x7070a070) :aab (2u+)7 bl(ﬂ?,0,0,0,0) = _al (C (IO+) —U+) +E+ + T

2u4

g(x,070a070) :ﬁ ) dl(oao) = f(xo), 61(050) = 5/~ -5

* (ps)— 2 (py)

3.2. Linearized problem. This subsection is devoted to the study of the lin-
earized problem.

LEMMA 3.4. LetY be a smooth solution of the linearized problem

L(x,0,0)Y =0, ro<ax<L,t>0,
0.Y =d1(0,0)0;Y +¢1(0,0)Y, at x=xg, (3.23)
0;Y =0, at =1L, ’
Y (0,2)=h1(z), Yi(0,2) =ho(x), zo<z<L.
Then the following dissipation identity holds:
p(Y,t)+D(Y,t) =¢(Y,0), (3.24)

where

/

o= (Bt Sada ) (@) (.m0

L
[ (oY () - 1) .Y+ (0Y)°) (ta)do

o]
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and
D(Y,t)=2 (/Otui(atY)Z(&L)dH/Otui(atyf(s,xo)ds) .

Proof. Multiplying the first equation in (3.23) by @;0;Y on both sides and
integrating the result equation on [0,t] x [zg, L], we have

I 2 = ) 2, - v2
0=5 [ a {0 P+ (5. =3) (0.5, Y?) (b

0

5 [ @Y+ (1) ) (2.Y) 4 ¥} 0.2)d

2 0
t
+ [ @Y (@ - )n vy = ds
0
t pL B A
+// <ﬂ+E+5'mﬁ+(ﬂi02(ﬁ+))+Aﬂ+02(/3+))d$d5
0 o

=Y I. (3.25)

i=1
. — —u. E A'(z) uyc?(p
Since 0,u4 = Cz(ﬁ:)*%i — A((w)) 02(+/3+)( t)z , we have

1,=0, (3.26)

which together with the boundary condition (3.23) implies that

1 y? A’ o
Iy =3 D(Y,) + - (s Ba+ —wh )| (g50). (3.27)
Then the lemma follows from (3.25)—(3.27). d

The estimate in Lemma 3.4 implies the decay of the solution to (3.23) is exponential.

LEMMA 3.5.  There exists 6 >0 such that if (3.9) holds, then the solution Y of (3.23)
satisfies

(Y1) < Ce_)‘ottp(Y,O),

and
/ 1 (10, P (t,20) +|0:Y [2(t, L)) dt < Cep(Y,0),
0

for some constants Ao >0 and C > 0.

Proof.

Step 1: (The Rauch—Taylor-type estimates). Using the boundary conditions
at == and the fact that Lﬁ( 0) > C for some constant C'> 0, it is easy to see
that

¢ t
D(Y,t)ZCl/ (Yf—i—Yf)(s,xo)ds—Cg/ Yz(s,xo)ds,
0 0
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for some positive constants C; and C5 independent of ¢. Therefore,
t t
tp(Y,t)—FC’l/ (YE+Y§)(s,x0)dsg<p(y,0)+02/ Y2 (s,20)ds.
0 0

By the ideas in [19], there exist T'>0 and ¢ € (0,7/4) such that

T+s

T T
/ (Y;2+Yf)(t7:v0)dt2/ gp(Ks)dS—Cg/ Y2 (t,20)dt.
0 0

T_s

Note that ¢(Y,t) is decreasing with respect to ¢ by (3.24). Thus
T T T
0 0
T
>50(Y.T)— Cy / Y2(t,20)dt,
0
which together with (3.24) and (3.2) gives

T
(14 Cop(Y.T) <V 0)+Cs [ V¥ (tau)i

for some positive constants Cy and C5 independent of t.

Step 2: (The spectrum of the solution operator). Define a new norm || ||x
for the function h=(hy,hs) € H x L*([z0,L]),

/!

N
1215 =(B i+ —pada- ) (wo) |l (wo)

L
[ {lhaP + () = @)+ P 2
zo
By Sobolev embedding theorems, there exists a constant ¢ >0, such that if (3.9) holds,
then the new norm |[|(h1,h2)||x is equivalent to ||hy|| g + ||ha]|L2.

The associated complex Hilbert space will be denoted by (X,|-||x). Define the
solution operator S;: X+ X as

St(h) = (Y(tv ),}/t(ta ))a

where Y is the solution of the problem (3.23) with the initial data h=(hy,h2).

According to the standard Fredholm-type lemma in [27], there are only finitely
many generalized eigenvalues for the operator S¢ in the annulus {ﬁ <|z| <1} on the
complex plane. Each of these eigenvalues has finite multiplicity. More precisely, by the
computations in [19] we can show that the spectrum o(S7) does not touch the unit
circle. Therefore, there exists 0< 3y <1 such that o(St)C{|z| <+/Bo}, which implies
that

e(Y,T) < Bop(Y,0).

Step 3: (Exponential decay). Noting that ¢(Y,t) is decreasing in ¢, for any
te[nT,(n+1)T), neN, one has

o(Y,1) <p(Y,nT) < io(Y,0) < BT L o(Y,0) = e 35 Lo (Y;,0),
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where we have chosen \g=— h‘f o,

According to (3.24),

gitlq ot
/ (10, 2(t,20) + |0,V [2(4, L) )t
2

T
<02 T (Q(Y,2'T) — p(Y,2771T))
Sce,\ozlflTﬁale—,\ole@(K0) _ C,Bofle_k"yflT(p(Y,O).

Thus

/ 4 (10,Y 2 (t,20) + |00V [2(t, L)) dt
0

00 oitlp ot k+1

— e Y (10 P(tw) +10:Y (¢, L))dt
i=072'T 1=1

> 1 i—1
<O By te T p(Y,0) < Cp(Y,0).
i=0
Thus completing the proof of the lemma. ]

Since the coefficients of the equation and the boundary conditions in (3.23) are
independent of ¢, we can take differentiation with respect to ¢t and apply Lemma 3.5 to
OLY to get the following corollary.

COROLLARY 3.6.  Suppose (3.9) holds and § >0 is chosen as in Lemma 3.5. For any
0<keN, define @k(Y,t):Zfzogo(@éY,t), then
pr(Y,t) < Cem™p(Y,0),

and

oo | k¥l
| e S0k Ptamo) + 10k Pt L)t < Con(Y-0),
0 1=1

where Ao >0 is the constant in Lemma 3.5.

3.3. Uniform a priori estimates. The existence of local-in-time solutions for
the problem (1.1), (3.2)—(3.3) satisfying the conditions (3.1), (3.4)—(3.7) is standard,
see [14]. In order to get the global existence, it suffices to derive the global a priori
estimate for the problem (3.22) with the initial condition

Y (0,2)=hq(z), Yi(0,2) =ho(x), zo<x<L, and o(0)=o0p. (3.28)

The following computations are similar to the computations in [19]. First we choose
T large enough such that

ag:=Ce 2T <1,

where C,\g are the constants in Lemma 3.5. Then choose an integer k> 15, and define

11(Y,0)[| =[(Y,0)[+](Y,0)

E
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where

AT — AT d a
(Voo)=sup > | D e 00TV (7)o qwoo +e |

dt'IYL
€00 o< m<k—6 \0<i<m

(1)

1Y, o)l = w, SN0 Y (r ) 2oy + Y 10105 Y (7, 22 (w0, )

o<i<m, 0<I<k
0<m<k

su
0<

bt dk+10
+Oiugt 10,7 Y (7,) — WQl('aJ)amY(Ta ')”L?([xU,L])

+ > (19007 71Y Coxo)llwepo.n + 10107 Y (L) 2 p0,0)

0<i<m,
O<m<k+1

>

0<m<k+1

d"o

dgm

)
L2[0,¢]

with A will be defined in (3.46).
Furthermore, for any [ €N and given Y and o such that |||(Y,0)]]] < oo, we define

L
CI)(Z,t;)/,O') = CL11€1’L_L+ ((9,5Z)2(t,1?0) —|—/ {ﬂ+ (8tZ)2 - a11ﬂ+ ((%cZ)Q +gﬂ+Z2}(t,x)d1:

t t
D(Z,t,}/,a):—2/ ﬂ+((a11d1 +a01))(a§+12)2(7',$0)d7'+2/ ﬂ+a01(ai+12)2(T,L)dT,
0 0
l l
O(Z,6:Y,0)=Y ®(0"Z,t;Y,0), Di(Z,t;Y,0)=> D@O]"ZtY,0),
m=0

m=0
a dl
O Z,t;Y,0) =8 1(Z,t;Y,0)+Po(0.Z — q1(2,0)Y, ITRCE o),
dl
Cd

It is easy to see that if ||[(Y,0)]|| <€ for some € >0, then

Dy(Z,t;Y,0) =Dy_1(Z,t;Y,0) +Do(0' Z — q1 (x,0) Y, t;Y,0).

L

O(Z,t;Y,0)(t) zc/ (O:Z)* +(0.2)* + Z%)(t,x)dx,

0
for some constant C' >0 independent of .
PROPOSITION 3.7. Assume (3.9) holds, then there exists an ey >0 such that for any

e€(0,e9), if (Y,0) is a smooth solution of the problem (3.22) and (3.28) with (hi,hs)
and oy satisfying

|UO| + Hh1||Hk+2 + ||h2HH1c+1 §62 SG(Q)

and |||(Y,0)|||<e for t >T, then

liv.oll <3 (3.29)
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Proof. Step 1: (Lower order energy estimates). Taking the mth (0<m <
k—1) order derivative for the equation (3.22) with respect to ¢, then

L(@.Y,0)0"Y = Fin(2,Y,0) + Fn(,Y,0), (3.30)
where
L 1
n(@Yo0)= 3, Oy = D Oioig0udi" ™'Y =3 OO 0.0 Y
1<Ii<m i,j=0 P
and
Fa Y= Y 0SS0 o),
m\Z,¥,0)= mdtl+2 qGi(x,0
0<i<m

m
l

Multiplying both sides of (3.30) by @, 07" *'Y and integrating the result equation
on 2=:[0,t] x [zg, L] implies

with the standard binomial coefficient C! =

/ Qﬁ(x,Z,o)atha+8f”1Y(T7x)dex

-/ L (@Y (@00 P g0 ) (1)
+ [ o =0 (ami ) @+ Y P (ra)drda
+//Q (bitiy — 0y (a1114 )OO, Y O Y (1,2)drdx

m 2 m 2
—|—// a+8tallw(t,x)—ﬂ+8tg%(7,x)d7dm
Q

t
+/ (a11040.07"Y 0" Y +agiuy (0] T'Y)?) (r,L)dt
0
t
- / (a11040,0"Y 0" Y +ap1 4 (07" T'Y)?) (1,20 )dr
0

L —
7/ %((8:"4-1}/’)2,all(ﬁzatmy)?+g(ath)2)(0’z)dx

Since the coefficients in the integrals J, and J3 vanish at (Y,0)=(0,0), we have

t 2 l
|J2+J3|§C/0 lz (Z”azailY”L‘X’([xo,L])+|8i0|(7)>1
=0 \i=0
m—+1 1

x D 0T 0 Y (7)1 gy

=1 i=0
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2 l
< s | |3 (S0 Ve + b)) |
/ ~51 3, (Y,7;Y,0)dr
<C|||(Y,0)|] /*27 (Y, 7;Y,0)dr. (3.31)
Similarly,
|J4|<O|HYU|||/ ~3%G,, (V.rY,0)dr (3.32)

The boundary condition Y, (¢,L)=0 implies

t
J5:/ 401 (gmA1y V2 (7, L)dt >0, (3.33)
0 P+

if [||(Y,0)]]| is sufficiently small.
Differentiating the boundary condition

0.Y =d1(Y,Y)Yi+e1(Y,Y)Y
m times with respect to ¢, one has
8;”YI:d18;”HY+e18th—|—gm, at r=uxg,

where G,,, satisfies

NB

]+l
|Gm|<C S oy lloy =iy |+ oy |lo Y )

=0 =0

Therefore,
t
Jo= _/ Ty (a11dy +aor) (07 TY)2 (1, 20) + (a1161a+8Z”Y6?+1Y) (t,zo)dr
0

¢
*/ Gmar iy 07 Y (1,20)dT
0

t my”
Z—/ 'aJr(al]_d] +a01)(8;n+1Y)2(T,$0>(T,.’L'())dT— (a1161U+ t2 ) )(t,.’l?o)
0

tm—+1

aeﬂ(a;ny)2 To)— o 'Y)2(r,x0)dr
# (anerns 0 —cllcll [ S0 i

Summing up all the estimates in (3.31)—(3.34) yields
/ L(z,Y,0)0mY u, 0" Y dtdx
Q

1 1 1
Ziém(Y,t;Y,J) - §<I>m(Y,();Y,J)+§Dm(Y,t;Y,J)
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t
=Y o) [/ 6_64@m(Y,T;Y,U)dT—i—Dm(Y,t;Y,J)] . (3.35)
0

On the other hand, it holds that

‘ / / Fliy O Y dtda
Q

t m—+1 1 2
_ar | = d'o
SCHI(Y,U)IH/0 e | B (Y Y 0)+ (Vo) D T ]dT (3.36)
=0
and
. omtly t e m+2) a2

’//]-‘mat dtdz §C||\(Y,cr)|||/ e | D (ViYoo) + Y —(l’ dr, (3.37)

Q P+ 0 — | dt

where the following estimate

d+%e
dti+2

d+2%e
Att+2

has been used. Combining the estimates in (3.35)—(3.37), one has

t
_ AT
[
0

L2([wo,L])

m+2 2

O (Y, 75Y,0)+ Y
=0

l

<, (Y,0:Y,0) +C[[(Voo)]| i

dr+Dp, (Y, t;Y,0)

)

(3.38)

for m=0,1,...,k—1.

Step 2: (The highest order energy estimates). Take the kth order derivative
for the Equation (3.22) with respect to ¢, then

i d 2y (A0
L(x,Y,0)0, Y:]-'k(:v,Y,a)Jqul(a:,a)Yer Z C dpi+2 O (qa(w,0)Yz).
0<I<k—1
In order to handle the term %, we consider the equation for Y = OFY —qy(z,0)Yy %@’,
L(x,Y,0)Y = Fi(x,Y,0)+F(z,Y,0), (3.39)

where

. d¥tlo d*o

]-"(x,Y,a):—2W8t (Q1($’U)Yz)—ﬁat2 (q1(x,0)Yz)

1
dk
— (2a018t8$ —|—a116§ +Zb132 —|—g) <dt:’ql($70)yx) .

i=0
Multiplying both sides of (3.39) by @, 9;Y and integrating on 2, one has

Oy (Y, t;Y,0) +Do(Y,1;Y,0)
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t k+1 l 2
<®o(Y,0;Y,0) +C|||(Y,0)]|l [/ e~ |Op(Y,7;Y,0)+ Z T dr+D(Y,1;Y,0)| .
0
(3.40)
Then (3.40) and (3.38) imply
&4 (Y,1;Y,0)+Di(YV,1;Y,0)
R t . k+1 l(]‘ 2 R
S(I)k(Y,O;Y,O')-‘rC”KKU)m{/ o | O (Y, 7Y 0) + Z T dT+Dk(Y,t;Y7O'>}.
0 1=0

(3.41)

Step 3: (The boundedness of the energy). Differentiating the equation for
the shock front

O’(t) :Ag(Y(t,l‘o)) (342)
with respect to ¢, we have
1 gl 12 k+1
> | (1=C <|0(7)|2+Z|8£Y(T,x0)|2> : (3.43)
=0 1=0
Therefore,
1 dlo' 2

dtt

kt
1=0
which together with (3.43) gives

I

Thus, the energy estimate (3.41) is equivalent to

k
<CY|0Y (r,z0) P +]0Y 2,
=1

k+1 2

t
d’r§C’(/ eél¢O(Y,T;K0)d7'+15k(Y,t;Y,a)).
0

O (Y,1;Y,0) +Dy(Y. 1Y, 0)

t
<®,(Y,0;Y,0)+Cl|(Y,0)]|]| (bk(ym;yﬁw/ o, (Y,T;Y,U)dT).
0

If [[|(Y;0)[[| <€, then
O (Y,1;Y,0) + Di(Y,1Y,0) <CO(Y,0;Y,0) < Ce.

This yields

ﬂ(Y,U)HSC( sup &,/2(V,7; Ya)+D1/2(Y,t;Y,a)> <0< (3.44)

0<r<t

w1

Step 4: (The decay of the lower energy and the shock position).
The basic idea is to estimate the deviation of the solution Y to the nonlinear problem
(3.22) from the solution Y to the linear problem (3.23).
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- At time 7=tg, choose hi € H* and he € H*~! such that there ezcists a sc_)lution
Y € CF~17([tg,00); H' ([, L])) of the linear problem (3.23) satisfying Y (to,-) =h1 and
Y;(to,-) =hs. Additionally Y satisfies

k—

ZZW@Z 'Y (to, )l 2 w0, < CIII(Y,0)]

=01
for some uniform constant C', and
B _4(Y =Y ,t0;Y,0) <C|[|(Y,0)||®r_a(Y,t0;Y,0).

Note that Y —Y satisfies the equation

Z (2,Y,0)0;;(Y =Y) 4+ _bi(2,Y,0)0;(Y =Y) +g(x,Y,0)(Y -Y)
=0 j=0

= Z a;j(z,Y,0)—a;;(z,0,0)) 813Y+Z (z,Y,0) —b;(2,0,0))0;Y
— j=0

( (2,Y,0) = 9(2,0,0)Y +0"(t)q1(2,0)0:Y,
and the boundary conditions

0x(Y =Y) =dy (Y1, V)0 (Y =Y) + 1 (Y2, V) (Y =)
+(d1(Y3,Y) —d1(0,0))0,Y + (e1(Y3,Y) —e1(0,0))Y, at x =g,
0.(Y -Y)=0, at z=L.

Then the energy estimate for Y —Y implies:

D) _o(Y — Y, tg+T;Y,0) +Dy_a(Y =V, tg+T;Y,0) — Dy_4(Y — Y ,to;Y,0)

k—3 2
/to +T < dlo
to

datt
to+T = \/
+/ (®2,rmv,0)8,% (v YTYa>+<I>k—4<YvaTsW>)dT
to

+(Dra(Y =Y to+T;Y,0) = Di_a(Y =Y ;Y. 0))

<Pp_a(Y =Y, t0;Y,0) +C|||(Y,0)]|

+ |5§3§‘3‘i(Y—Y)II%z> dr

+(Dy—a(Yto+T;Y,0) = Dy—a(Y,t0;Y,0)) |-

~ Using the contraction of the energy for Y and noting that the derivation of Y and
Y at tg is of higher order, one has

34430 -

2"‘300&0
) Y.to+T:Y, _—
ol r—a(Yto+ o)< 3

(ﬁk 4(Y to,Y O’) (345)

if € is sufficiently small. Using the method in Lemma 3.5, one obtains immediately from
(3.45) and the shock front equation (3.42) that

D4V, 1;Y,0)+0%(t) <C(Pp_4(Y,0;Y,0) +0%(0))e~ 2,
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where
In 52 2+ 30a
2 0
=- =" 4
o7 M T T 1500 (3.46)
Thus
k—6
SV () mg.r) < CePe™, (3.47)
1=0
provided ff’;f_4(Y, 0;Y,0) <e*. This yields that
k—6
dl
> de <Cete™. (3.48)
1=0

By combining (3.44), (3.47) and (3.48), (3.29) holds. This completes the proof. d

Proposition 3.7, together with the local existence, implies Theorem 3.2 by a contin-
uation argument.
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