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EMERGENCE OF FLOCKING FOR A MULTI-AGENT SYSTEM
MOVING WITH CONSTANT SPEED*

SUN-HO CHOI'" AND SEUNG-YEAL HA?

Abstract. We present a Cucker—Smale-type flocking model for interacting multi-agents(or par-
ticles) moving with constant speed in arbitrary dimensions, and derive a sufficient condition for the
asymptotic flocking in terms of spatial and velocity diameters, coupling strength and a communication
weight. In literature, several Vicsek-type models with a unit speed constraint have been proposed in
the modeling of self-organization and planar models were extensively studied via the dynamics of the
heading angle. Our proposed model has a velocity coupling that is orthogonal to the velocity of the
test agent to ensure the constancy of speed of the test agent along the dynamic process. For a flocking
estimate, we derive a system of dissipative differential inequalities for spatial and velocity diameters,
and we also employ a robust Lyapunov functional approach.

Key words. Cucker—Smale model, flocking, Lyapunov functional, unit speed constraint, Vicsek
model.
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1. Introduction

Emergent collective motions such as flocking and synchronization have often been
observed in biological complex systems [4, 6-8, 21, 22, 25, 29-32], and has received
considerable attention in biology, engineering, and physics because of their applications
in the controlling of man-made systems and networks [13-15,18,23,24,26-28]. The sys-
tematic studies of such emergent phenomena were initially addressed by two innovators,
Winfree [32] and Kuramoto [16,17] several decades ago. Why does a complex biological
system exhibit flocking and synchronous behavior? Such a question has long concerned
ecologists. One possible answer is that the collective behaviors are a better strategy
than individual behaviors from the viewpoint of survival. Indeed, the mechanism that
leads to flocking and synchronization is not that simple. In fact, in order to understand
this mechanism, we need to identify environmental information and agent’s individual
motion. In this paper, we do not attempt to answer this intriguing question. However,
we instead try to model such ordered phenomena using a simple dynamical system
for possible applications in the control theory of multi-agent systems. More precisely,
we propose a second-order multi-agent model with constant speed constraint in any
dimensions. As aforementioned, there are some previous works [10,14,15,23,24, 28, 31|
on the flocking dynamics of two-dimensional models for multi-agent systems with
the unit-speed constraint. In this case, since agents have unit speeds, the velocity
lies on the S' so that the dynamics of velocity is completely determined by that of
the heading angle. This is the point where the two-dimensionality of the underlying
dynamics crucially surfaces up. In contrast, for high dimensions, we have to employ
more angles, which make the dynamical systems will be so complicated if we use the
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generalized spherical coordinate. Recently, several Vicsek-type particle models with a
unit speed constraint were proposed in [3,5,9] for the study of alignment (or flocking).
In this paper, motivated by the works [19,20] on the quantum synchronization, we
present a new Cucker—Smale-type flocking model with a constant speed constraint so
that our proposed model generalizes the planar model introduced in [10], where the
two-dimensionality of the underlying physical space is crucially used. Before we move
on, we briefly discuss why constant speed constraint matters in the flocking modeling.
As far as the authors know, this is mainly due to the historical development of flocking
in physics literature. The modeling of flocking phenomena were first introduced
by Vicsek’s group [31] in the physics community and the unit speed constraint was
employed in relation with the phase models for synchronization, e.g., the Kuramoto
model [16,17], and Vicsek’s work advanced further research [7,14, 15,18, 22-24, 28]
on the collective dynamics of interacting multi-agent systems in engineering and
physics.  Unlike the Cucker—Smale model, where the constant speed constraint
was not imposed, the constant speed constraint will result in the shrinking of the set
of admissible initial configurations leading to the asymptotic flocking (see Theorem 3.1).

Let (x;,v;) denote the phase space coordinate of the ith agent. Then, the generalized
CS model reads as follows:
For:=1,...,N,

dx dv; a
@ TR,

where K is the coupling strength and I'(v;,v;) is the velocity coupling between v; and
v;. For a symmetric case in which

wij:,(/in) F(’l}i,’l}j):F(Uj,Ui), 1SZaJSNa (11)

the total momentum Zililvl- is a conserved quantity, and therefore, if flocking occurs,
then the velocities of individual agents will tend to the average initial velocity such
that the speeds of agents are not invariant along the CS flow. Therefore, to incorporate
the constant speed constraint and the Cucker—Smale flocking mechanism, we need
to disregard one symmetry in (1.1). Here we disregard the latter case, i.e., we do
not require the velocity coupling to be symmetric in the exchange of v; and v; in
I'. Recently, Ha, Jeong and Kang [10] attempted to combine these two mechanisms
and heuristically derived a simple planar model similar to the Viesek [31] and the
Justh—Krishnaprasad models [14,15]. This derivation crucially uses the polar coordinate.

There are two main results of this paper. First, we derive a Cucker—Smale-type
flocking model by incorporating the CS flocking mechanism and constant speed assump-
tion together in arbitrary dimensions. As aforementioned, we take a velocity coupling
I'(v;,v;) satisfying

F(U,‘,Uj)#r(’l)jﬂ}i) F(vi,vj)mi:O.

More precisely, let x; and v; be the spatial position and velocity of the ith particles,
respectively. For the Cucker-Smale flocking [4], the velocity coupling I'(v;,v;) is simply
defined as the relative velocity v; —wv;, and as mentioned before, this coupling does
not preserve the speed. Therefore, we instead employ the following velocity coupling
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motivated by [19,20] (see Section 2.1 for details):

<Uj "Ui>
(vi,v3)

F(Ui,’l}j)Z:’Ujf i

Second, we introduce the position and velocity diameters D(x) and D(v) (see Notation
at the end of Introduction), respectively, and show that these functionals satisfy a system
of dissipative differential inequalities for the metric dependent communication weights

Yij =p(||zi —z4])):
dD(x)
=

dD(v)
dt

< D(v),

<—KCo(D(z))A(vg)D(v), a.e.t>0.

Then we employ the Lyapunov functional approach for the above SDDI system to
derive the desired asymptotic flocking estimate (see Section 3.2 for more details).

The rest of the paper is organized as follows: In Section 2, we discuss our model
and present a key a priori estimates for the proposed model. In Section 3, we derive
the SDDI for the spatial and velocity diameters, and provide a flocking estimate using
the Lyapunov functional approach. Finally, Section 4 is devoted to the summary of our
main results. In Appendix A, we present an example leading to the nonexistence of a
global flocking in the absence of the geometric condition A(vg) > 0.

Notation: Throughout the paper, we set
= (@ean)s vi= (0r0x),
and for configuration (z,v), we introduce the position and velocity diameters as follows.

D(x):= max ||lr;—x; Dw):= max ||v; —vj]|.
()= max Jlai—ajll, D)= max lvi—o]
2. Preliminaries
In this section, we briefly discuss our model and present an a priori estimate
regarding the variation of angle between two distinct agent velocities.

2.1. Discussion of our model. First, we recall the Cucker—Smale flocking
model, before we discuss our proposed model. Let (z;,v;) be the position and velocity
pair of the ith agent and assume that the internal forcing from the neighboring field
agent j to the ¢th agent is given by the weighted relative velocity v;;(v; —v;). In this
setting, the Cucker-Smale (CS) model on the Euclidean configuration space R? x R?
reads as follows:

(2.1)

dv; N
i :K;%k(vk — ;).

Presently, we do not assume any specific ansatz for 1;;. For the symmetric weight

Y5 =1j;, the total momentum Zf;lvi is a conserved quantity, and therefore, if flock-
ing occurs, the agent’s individual velocity should converge to the averaged velocity
%Zilvi. Thus, the speed of agents is not preserved along the dynamics (2.1)
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(see [2,4,11,12]), unless the agent speeds are that of averaged one. To guarantee con-

stant speed, we employ Lohe’s idea as follows. In [19,20], Lohe introduced the following
first-order model on the sphere from the quantum synchronization model:

N
x; K (xi,xp)T; ,
i (xk—7>, i=1,...,N,
Tel? * N 2 T

<

T =8

where z; is the position of the ith particle. Note that the term ¢ represents an aggrega-
tion mechanism and make particle stay on the sphere. Following Lohe’s idea, we employ
the velocity coupling term T'(vg,v;):

which has the property:

This leads to the conservation of modulus for v; in the time-evolution of (2.2) (see
Lemma 2.1). To obtain Cucker—Smale-type system, we insert a communication weight
1;; in front of each coupling term to incorporate the degree of interactions between %
and jth agents. Based on the above discussion, we introduce the following modified CS
model:

=v;, 1 )
7 v >0 )
N 2.2
dv; <'Uk»vi>
=K 7 - i)
dt ;djk(vk <1)i,’Ui>,U )

where 1, is a non-negative metric dependent communication weight.
Note that even for the symmetric communication ), =1y;, the velocity coupling
is not symmetric in 7 and k, i.e.,

<U7€avi> '#UIL‘— <UZ‘,U]€>

v
(vi,vi) ' (Vg k)
Thus, the total momentum may not be conserved, i.e.,

N

N
>_uilt)# Y vi(0), >0,

i=1

so that we may achieve a constancy of the speeds. Then, the following lemma guarantees
the constancy of speed.

LEMMA 2.1.  Let (z;,v;) be a solution to system (2.2). Then, the speed of agents is
constant along the flow (2.2):

[lvi(®)]] =]lvioll, ¢>0.
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Proof. We take an inner product (2.2)s with v; to determine

1d||v; ;
2 ||;)t|| szlk( ’U,L,”Uk> <vk ! ><U'Lavi>) =0.

This implies that

d .
Zllil=0, i, Jlu®)ll =lvill, t>0.

o
Next, we discuss how the system (2.2) can be reduced to the model introduced
in [10] for the special case:

d=2 and |Jvpll=1, 1<i<N.
In this case, it follows from Lemma 2.1 that
[lvi(®)]|=1 forallt>0andi=1,...,N.
Thus, we can rewrite v; as a polar form:
v; = (cosb;,sind;). (2.3)
Then, we substitute the ansatz (2.3) into the equation (2.2)2 to obtain
(—sin9i,cost9i)9i

N
— KZ?/)Z-J- [(cos@k7sin9k) — (cos; cosby +sinb; sin@k)(cosei,sin&-)} .

We take an inner product with (—sinf;,cos6;) to obtain

do; al
tZ = K’;wzk sin(@k - 91)

Thus, our proposed model (2.2) becomes the model in [10]:

dmi ﬁei
e ,
dt N
de; .
e szkismwk —0;).
k=1
2.2. A priori estimates. In this part, we present a key a priori estimate for

the model (2.2). For later flocking estimates, we next introduce a functional A(v) to
measure the maximal angle between v;s

A(v) ::rir;éi?<vi,vj>.

Note that A(v(t)) measures a maximum angle between the velocities of distinct agents
in the sense that

(vi,v5) =r? cosfl;j, where 0;; is the angle between ith and jth particles.
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LEMMA 2.2. Let (z,v) be a solution to system (2.2) with initial configuration (x,vo)

satisfying
llviol|=7, 1<i<N,  A(vg)>0.
Then, the functional A(v(t)) is non-decreasing along the flow (2.2):
A(v(t)) > A(vg), t>0.

Proof. First, we note that Lemma 2.1 yields
[lv;(t)||=r, t>0,1<i<N.

We take an inner product with v; and v; to obtain

N
. <vkavi>
<’Uz’,’Uj>:KZ¢ik(<’Uk,Uj>* 2 <'Uz';vj>)-
k=1
On the other hand, we change the role of ¢ and j to obtain

(v4,05) KZ¢3k( Vi, Vg ) — M(vi,vﬁ).

We combine (2.4) and (2.5) to obtain

dt

We define a set T as follows:
Ti={teR  Aw(t) >0},
Since A(vg) >0, there exists some 6 >0 such that
A(v(t)) >0, te(0,9).

Thus, 0 €T, i.e., T is non-empty. We now claim

T, :=supT = .
Suppose not, i.e., Ty, <oo. Then it follows from the continuity of A(-) that

lim A(v(t))=0.

t—Ty —

For a fixed ¢, we take indices i; and j; such that
(vi,,vj,) =min(v;(t),v;(t)).
i#]

For such i; and j;, we have

d{v;, ,v; Vi, , Uk
“’ ]t _szlt (ijvk <Z;,_772><th7vit>>

N N
d{vi,v;) :Kz¢ik<<vk,vj> - <vlj~§vi> <”i,”j>) +K2¢jk<<v“vk> - @];772””
k=1

(2.5)

<'Ui’vj>)’
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Vi, Vk
+szh ( ’U“,’Uk %@}jﬁvit))
=11 +I12, [0 T, )

We use the minimality (2.7) of (v;,,v;,):

(i, , V%)

(v, , k)
-~ (Ve Uk)

r2 <’U]‘”U¢t> <

to obtain

N
Tn= szitk (<th SUk) — m;i;}k) <Uj“vz‘t>)

>szzt ( Ul”vk>><vjt,vk>

>0.
By the same argument, we have
T12>0.
Thus, A(v(t)) is a non-decreasing function on [0,7}) such that
A(v(t)) > A(vg) > 0.
This gives a contradiction to (2.6), and therefore, we have

T,=00, A(v(t))>A(vg), te[0,00).

3. Asymptotic flocking estimates

In this section, we derive a system of dissipative differential inequalities (SDDI) for
diameters D(z) and D(v), and for the metric dependent communication weight 1, >0,
we show that the flocking occurs asymptotically. Indeed, for the linear time dependent
weight 1(t), the flocking estimate will be directly followed by the SDDI(see Remark
3.2). First, we recall the definition of asymptotic flocking as follows.

DEFINITION 3.1. Let (x,v) be the solution to system (2.2). Then, the system
(x(t),v(t)) exhibits asymptotic flocking if and only if the following conditions hold.

sup ||x;(t) —z;(t)|| <oo, lm ||v(t) —v;(t)]| =0, 1<i,7<N.
0<t<oo t—o00

REMARK 3.1. Note that the asymptotic flocking is equivalent to

sup D(z(t)) < o0, lim D(v(t))=0.

t>0 t—o00
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3.1. Derivation of SDDI. In this part, we derive the SDDI for D(v) and D(x).
LEMMA 3.2. For a given T € (0,00], let (z(t),v(t)) be a solution to system (2.2)
satisfying

[lvi(t)||=r and D(z(t))D(v(t))A((t))>0, te(0,T).

Then, D(x) and D(v) satisfy

dD(v) _ KNty

<
<D(v), dt  — 2r2

‘dD(a:) A(v)D(v), a.e. t€(0,7), (3.1)

dt

where ’(/Jm = mini’j ’(/Jij .

Proof.
e (Derivation of the first inequality): It follows from (2.2)2 that we have

d
a(xi—xj):vi—vj. (32)

We take an inner product (3.2) with (z; —z;) to obtain

Now, we use Young’s inequality to obtain

= [(vi —vj,2; — x5)| < |Jvi — 5| || — 5],

d
H»”Uz'—ﬂfj”%Hxi—xjH

Thus, we have

—z||| <|Jvi —vj]| <D(v), for all i and j.

dt'"
e (Derivation of the second inequality): By assumption, we have
loi@)l =7, (vi(t),v;(£)) >0, t€(0,T), 1<i,j<N.

These yield
2 1 2
2~ o05) = gl 5] (33)
Now, we use the relation (3.3) to obtain

1 1
2 2 : 2 2
A —min(v;,v;) = = max||v; —v;||> = = D(v)?. 3.4
T (’U) T ! lj <’U Uj> D) la] ||’U Uj” B) (’U) ( )

On the other hand, note that

d . .
**||Ui—Uj||2=—£<Ui7vj>=—<viwj>— <'Uia'Uj>

N (R S
- szlk(<vj>vk> <UJ’U1>>

r2
k=1




S.-H. CHOI AND S.-Y. HA 961

—szjk( i,k — <”ﬂ’“’“> <vj,vi>). (3.5)

For a given t, we take indices i; and j; such that

D(U(t)) - ||Uit — Yy, ||
Then for such i; and j;, we use (3.4) and (3.5) to obtain

1 d iss
567 :_szu ( Ujig s vk <U 7,2vk> <’th7vit>)

—KZQ//]tk( Vi, Uk) — M(vj“vit>>. (3.6)

We use the minimality of (v;,,v;,) and
r? > (v,v;) >0, 1<ij<N
to obtain

Vi, , U Vj,,U
(o) )50, (g )~ U S0 @)

Now, we use (3.6) and (3.7) to obtain

N
FECOES0 (gm0, 0,)
= (v, v)
— Kt (0)Y ((010,00) = L5 (g 0s) ), (38)
k=1

where we used the notation ), (t) ::I;;inwij.
i#]

To obtain the desired estimate, we rearrange the terms in R.H.S. of (3.8) as follows:

N
liD(U(t))2 < Ki/Jm(t) Z (<th a'Uk> — <vj;7’2'0k><vjt ,U¢t>)

2 dt
k=
a Vi, Uk)
s Uk
— Ktpm (¢ Z( Vi, , Vk) %(%Wﬁ)
- (121 JrIzz)-
Next, we estimate 75, and Zsy separately.
We use
<vjtvvk>Z<Ujuvit>:“4(v(t))7 1<k<N,
(Viy55,)
1_% = §||vit _,th||2
to obtain
N

Vi, ,U
I21 :me Z( ’U]”’Uk M<Uj“'l]it>>

r2
k=1
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U U;
\Yije»Vig )
( o )<ijvk>
k=1

Kw
- m( Hvlt UJtH Z ijvk

_ ENA@®Ym()

- 272

Mz

=Kipm(t)

Hvit 7th”2

and

kzﬁl: <U]t ’Uk>
_me(t) (1 2 >< 1t7vk>
k=1

2
> 272 H Zt_thH
Thus, we have
d o KNAW)Ym(t) o KNA@)Ym(t) 1
S (D) < =y (O
This yields the desired result. 0

REMARK 3.2. For a linear communication weight with the property

C
(T+t)e”

min;;(t) > 0<a<l,
2,3

it follows from the second inequality in (3.1) and Lemma 2.2 that

D(z(t))<oo, lim D(z(t))=0.

t—o0

3.2. Asymptotic flocking estimate. In this part, we present an asymptotic
flocking estimate for system (2.2) with metric dependent ¢ introduced in [4,11,21]. For
this, we set ¢ to be non-increasing in the argument and bounded:

P(r)>0,  (P(r1) —1(r2))(r1—r2) <0,  supy(r) <ty <oo,

r>0
uyim: Bier ) vl 39)
> (|l — i)
k=1
Then, it is easy to see that
min{w%w,l}
mingy; > $(D(x)). (3.10)

@] - N
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It follows from lemmas 3.2 and (3.10) that

<D(v), a..t€(0,T),

'dD(x)
dt
dD(v)

— <—KCyy(D(x))D(v),

(3.11)

where the constant Cj is a positive constant defined by

1 1
CO(K,mpM,vU)::Tﬂmin{wJ}A(vo). (3.12)

Following [11], we introduce the Lyapunov-type functionals:
D(=(t))
Mo () = D(w(t)) £ KCo / w(s)ds, te(0,T). (3.13)
0

Note that the Lyapunov functional (3.13) looks like the same as the functionals
[11,12,21] for the CS models with symmetric and non-symmetric communication weights
[4,21]. However, in our case, the constant Cy in (3.12) has a geometric factor A(vg)
measuring the maximal angle between agent’s initial velocities. This is simply due to
the nature of nonlinear velocity couplings to make the unit modulus of velocities.

LEMMA 3.3.  For a given T € (0,00], let (z(t),v(t)) be a solution to system (2.2) and
(8.9) satisfying

[lv;(®)||=r and D(x(t))D(v(t))A(v(t)) >0, te(0,T).

Then, for any solution to system (2.2) with communication weight (3.9), we have

D(z(t))
/ Y(s)ds

D(zo)

D(v(t))+ KCo

SD(U()), tE(O,T).

Proof. 1t follows from (3.11) that

dHs dD(v) dD(x)
i +Cop(D(x)) dt "
<~ KCow(D(@))D(v) £ Cov(D(x)) 20
dD
— ~ KCw(D(@) (D)= 2
<0.
Thus, we have
Ha(t) <HL(0), 120,
This and (3.13) yield the desired estimate. O

We are now ready to present our main result for system (2.2).

THEOREM 3.4.  Suppose that the communication weight 1 and initial configuration
(zo,v0) satisfy (3.9) and

(i) [v:i(0)||=r, 1<i<N,  A(v)>0,
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o0

(73) 0< D(vg) <KComin{/ Y(s)ds, AD(xO)w(s)ds}.

D(z0)

Then, there exist a unique solution (x(t),v(t)) to system (2.2) satisfying the asymptotic
flocking conditions.

(4) fggD(w(t)) <D*,

(3.14)
(i1) D(v(t)) < D(wo)exp ( — KCou(D™)t), 20,
where D is a positive constant implicitly defined by the following relation:
Do
D(vo) = KCy / (s)ds. (3.15)
D(z0)

Proof. Since R.H.S. of (2.2) is linear and Lipschitz continuous, the standard
Cauchy-Lipschitz theory yields the global solution (z(t),v(t)) to system (2.2). Hence,
we focus on the flocking estimate (3.14). In order to use Lemma 3.3, we have to show
that

lzi@)l|=r,  D(x(t))D(v(t))A(v(t)) >0, te(0,00).
It follows from Lemma 2.1 and 2.2 that
[lx:(O)||=r, A(v(t))>A(vg)>0. (3.16)

Thus, it suffices to verify that the diameters D(x(t)) and D(v(t)) cannot be zero in
a finite-time. First, we show that the velocity diameter D(v(t)) cannot be zero in
finite-time. Suppose not, i.e., there exists the smallest time T, € (0,00) such that

D(U(T*)):O, ’U1<T*)=’U](T*), 1§Z,]SN
Then, it follows from (2.2) that

dt

0, 1<i<N.

On the other hand, by differentiating the equation (2.2), we also have

dk (Y (T* )

=0 k=2,

Then, there exists 6 >0 such that
vi(t)=v;(t), Ty—0<t<Ti+6.
This contradicts to the minimality of T}, and we obtain
D(v(t))>0, te€(0,00). (3.17)

Since ) is strictly decreasing and non-negative in its argument,

D(zo)
F(6):= KCO/ 1 (s)ds is a non-increasing continuous function in ¢.
)
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Thus, there exists a unique D,,, >0 such that

D(xo)
D) =KCo [ ¥(s)ds, Dy < Do)
D,

since
D(z0)
0< D(vg) < KCo / (s)ds=F(0), F(D(x0))=0,
0

We now claim
D(xz(t))> Dy, >0, te(0,00).
Suppose not, i.e., there exists 737 € (0,00) such that
D(x(T1)) < D,.
Then, by the continuity of D(x(-)), there exists §; >0 such that
D(x(t)) < Dy, te(Ty—0,11+9).

This yields
D(wo)
D(vy) <KCO/ P(s)ds. (3.18)
D(z(T1))
On the other hand, it follows from Lemma 3.3 that

D(x(t))
/ P(s)ds

D(zo)

KCO SD(U())7 tZO.

which is contradictory to (3.18). Therefore, we have
D(x(t)) > Dy, t>0. (3.19)
Finally, we combine (3.16), (3.17), and (3.19) to obtain
lzs(®)l| =7,  D(x(t))D(v(t))A(v(t)) >0, t€]0,00).

Therefore, we can use Lemma 3.3 for all £ > 0.

e Part A (Uniform boundedness of D(z(t))): Since 4 is strictly decreasing in its argu-
ment, we can choose a unique D satisfying the implicit relation (3.15). We now claim:

D(z(t))<D*>, t>0. (3.20)
Suppose not, i.e., there exists a T € (0,00) such that
D(z(T.))>D>.

Then, it follows from Lemma 3.3 that

D>

w(s)d8>KC’o/ ¥(s)ds= D(vp).

D(zo)

D(z(Ty))

D(Uo) 2 KC()/
D(z0)
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This is a contradiction. Thus, we have the desired claim (3.20).

e Part B (Exponential decay of D(v(t))): It follows from the second equation in (3.11)
that

D) < KCyi(D*)Dw).

This yields the desired exponential decay. 0

REMARK 3.3. In [1,11,21], similar Lyapunov functional approach has been applied
to the Cucker—Smale-type models without constant speed constraint. Due to the con-
stant speed constraint, we have to restrict admissible initial configurations to satisfy a
geometric condition:

A(vg) >0, (3.21)

which is not present the classical Cucker—Smale-type models. This geometric constraint
(3.21) is crucial in the flocking estimate. Once the condition (3.21) is violated, we can
find an explicit example for the nonexistence of a global flocking, see Appendix A.

4. Conclusion

In this paper, we introduced a Cucker—Smale-type flocking model with a unit speed
constraint in any arbitrary dimension. Since the original CS flocking model is not
compatible with the constant speed constraint, we introduced a new non-symmetric
velocity coupling leading to the constancy of speed. Previously, several Vicsek-type
flocking models with the unit speed constraint have been proposed in [3,5,9,10,14,15,31]
and a flocking estimate has been studied for the planar model in [10]. Our new velocity
coupling is motivated by the study of the quantum synchronization [19,20]. For the
flocking estimate, we introduced the position and velocity diameters and derived a
system of dissipative differential inequalities. Using the Lyapunov functional approach,
we showed that the flocking occurs exponentially fast for some restricted class of initial
configurations.

Appendix A. Nonexistence of global flocking. In this appendix, we provide
an explicit three particle configuration leading to the nonexistence of a global flocking.

Consider a symmetric initial configuration {(x;,v;)};_; on the planar domain R?
for system (2.2) for three particles

CBl(O)Z(O,M), 1’2(0):(0,0), {E3(0)=(0,0),
n(0)=(0,1), vs(0)=(1—e,—/T—(1—2)), (A1)
v3(0)=(—(1—¢),—/1—(1-¢)?), O<e<l.

In the sequel, we assume the Cucker—Smale communication weight:

P(s)= 5, 0<pB<1.

(145?)

Below, we use the notation vf to denote the jth component of v; €R?, ie., we set

’Ui:(vilﬂvzz)'

LEMMA A.1.  For a fived € €(0,1), there exists a large positive constant M =M (¢)
such that system (2.2) admits a solution (x,v) with initial data (A.1) satisfying

sup [0 (1) =03 (£)] <02 (0) = v5(0)].
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U1

vl =1

U3 U2

Fia. A.1. Configuration for particles of velocity.

Proof.  Note that by symmetry, the solution (z,v) satisfies the following relations:

Ul(t):(()?l)v ’U%(t):_vé(t)} U%(t):v?%(t)ﬂ .
2o (1) = (0, M +1), xg(t)z/ovg(s)ds, xg(t)z/ovg(s)ds, £>0.

This implies

Y(|lz2 —z1]) =¢(|ws —21]),  (v2,v1) = (v3,01),

A2
(v2,v3) = vavi + V303 = —vivg +vivi. (4.2)
We next claim:
d 1 3
%|v2 —vg|<0, a.e., t€[0,00).
Proof of claim: Tt follows from system (2.2) that
dv K
7; = 3(1/1(|=’C2 —x1|)(v1 — (v2,v1)v2) + (|22 — 23]) (V3 — (V2,V3)02)), 43)
3
dvs K
7; = 3(1/1(|=’C3 —x1|)(v1 — (v3,v1)v3) + (|23 — 22]) (V2 — (V2,03)V3)).

Then, we use (A.2) and (A.3) to obtain
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d

& a—u)
—5 (Wl =D on = {amn)ea) = ) o o))
=5 (V=01 = (o) + (s -z o~ (om0}
—5 (Wl =)oz, 01} + e, 00)00)

HM@%W%@N@WW+@N@%O

:% <—¢(|x2 —x1])(v2,v1) (v2 —v3) + (1 + (v2,v3) )9 (|w2 — x3]) (V3 —v2)>. (A.4)

We now take the first component of the above relation (A.4) to obtain

d 1 1
%(%_%)
:% <—¢(|aﬁ2—m1)<v2,v1>(v2 — )+ (14 (vg,03)) (|2 — 23]) (V2 _Ug))_ (A.5)

If we multiply both sides of (A.5) by (vi —v3), we obtain

1d
2dt U%—U§|2
K 12

=3 (—1/)(|x2 —z1]) (v2,01) |[vg —v3]? — (1+ (va,v3))0(|ze — x3]) vl — v )

We define a set 7.:

72::{T§(0,oo]: %|v§(t)f’u§(t)|§0, a.e.,t€[0,T)}, T :=supT.

Since
$(1a2(0) 21 (0)) =¥(M) 0 as M >0,
(©2(0),01(0) ==V I=(1=2,  [0}(0)~v}(0)| =2(1—2).
we have
sl =4,
=5 [ T T2 -2~ 8912 0) — 250} (1 ~2)?]
<0, by choosing M sufficiently large.

Thus, there exists 6 >0 such that

d
%|v§(t)fv§(t)|§0, a.e., t€[0,8), ie., 6€T.
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Hence, the set 7. is not empty and T™* is well defined. Next, we show that
T = 0.
Suppose not, i.e., T* <oo. Then for ¢ €[0,7*), we have

d
a|v%—v§|§0, vs=v3 <0, t€[0,T%). (A.6)

The relation (A.6), ||v;||=1 and vy (¢) =(0,1) imply
|xo —x1|>M+t, |xe—x3] <2t
and
(v2,v) =v303 + 0305 = —v3v; +v3v3
> ~v3(0)v;(0) +v3(0)v3(0)
=1-2(1—¢)?=1-2(1-2e+¢£%).
Thus, we have

1d
5@“’%‘”52

K (w<|x2x1|>|v;v§|2<1+<v2m3>>¢<|x2z3|>|v;v§|2)

IN

IN

B4 0)[0} — 03— (1+ {03 (2D —v§|2)

B 48) o} — 02— 26(26) v} — ] )

IN
w| X | X eo| X o
P Vi VN

z/)(M+t)—2€w(2t)> lvg — vz |2
Note that follows the relation

DM A1) —0b(28) = (1+(Ml+t)2> : —£<1+14t2> <0

is equivalent to

vl

1+(M+t)2—1+7ft2=1—%+M2+2Mt+ (1—42)t2>0.
ep ep e?
Thus, if we assume
—M—\/M2—(1—i%)(1—i%+M2)
0<t<ty:= i-24) ,

™|

€

then we have

N[

Y(M +1) —etp(21) (W) = <1+14t2>
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In conclusion, for ¢ € [0,min{T*,t, }), the following inequality holds:

d, Ke 1

$|v2 —us] < *?1/)(215””% — 3.

This yields

o3 (t) —vd (1) < e 5 Jo v @5l (0) vl (0)], ¢t <min{T* 1y},

Note that
b e () ()
lim = = lim = =
M—ooc M M—oo M(l—%)
1 e’
- +1 L 2
B EP+¢h
=== — >0
=z = 4—¢e?

1 2
MeB B
t+>—€ +i >T7.
2 —eF
This leads to
d Ke .
Sl vl S—=mv@hley—vsl,  te[0,T7).

Since we assumed |v3 () —v3 (¢)| >0 for t € R, by continuity we have

d

2 02(T) —v3(T7)[ <0.

This gives a contradiction. Thus, we have T = oo.

d

PROPOSITION A.2. For a fized € € (0,1), there exists a large positive constant M such

that system (2.2) admits a solution (x,v) with initial data (A.1) satisfying

v1(t)=(0,1), for allt>0, tl_i)m va(t) #(0,1), tlim v3(t) #(0,1),

i.e., there is no flocking behavior.

Proof.  To prove the nonexistence of flocking, it suffices to show that vy and w3
cannot converge to vy as t — oc. To do so, the relative difference |v —v3| should increase
from the initial distance for some time. However, it follows from Lemma A.1 that we

have

sup |03 (£) —v3(£)| < [v3(0) —v3(0)].

Thus, we cannot have a flocking.
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